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Abstract 

During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract

It is a common belief that embedded expanding inclusions are subjected to an internal homogeneous compressive hydrostatic
stress. Still, cracks that appear in precipitates that occupy a larger volume than the original material, are frequently observed. The
appearance of cracks has since long been regarded as a paradox. In the present study it is shown that matrix materials that increases
its volume even several percent during the precipitation process develop a tensile hydrostatic stress in the centre of the precipitate.
This is the result of a complicated mechanical-chemical phase transformation process. The process is here studied using a Landau
phase field model. Before the material is transformed and incorporated in a precipitate it undergoes stretching beyond the elastic
strain limit because of the presence of already expanded material. During the phase transformation, the accompanying volumetric
expansion cannot be fully accommodated which instead creates an internal compressive stress and adds tension in the surrounding
material. As the growth of the precipitate proceeds, a region with increasing tensile stress develops in the interior of the precipitate.
This is suggested to be the most probable cause of the observed cracks. First the mechanics that lead to the tension is computed. The
influence of elastic-plastic properties is studied both for cases both with and without cracks. The growth history from microscopic
to macroscopic precipitates is followed and the result is compared with observations of so called hydride blisters that are formed on
surfaces of zirconium alloys in the presence of hydrogen. A common practical situation is when the zirconium is in contact with an
object of lower temperature. Then the cooled spot attracts hydrogen that make the zirconium transform to a metal hydride with the
shape of a blister. The simulations predicts a final size and position of the growing crack that compares well with the experimental
observations.
c© 2017 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientific Committee of IGF Ex-Co.
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1. Introduction

Zirconium alloys are frequently used as a part of structural material in the core of nuclear reactors because of its
high strength, corrosion resistance at high temperatures and especially because of its small cross section for thermal
neutrons, cf. Cochran et al. (1990). The latter property means that interference between the material and the reactor
operation is avoided. However, failures that are associated with hydrogen is a weakness that has lead to accidents in
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(a) (b)
Figure 1. a) A zirconium hydride, shaped as a blister on the surface of a zirconium tube. A cut through the centre of a blister shows an edge crack
grown from the top of the blister. The diameter of the blister is around a millimetre. Regions I - solid hydride; II - hydride platelets preceding the
advancing hydride front; III - platelets present already before the appearance of the blister, cf. Macdonald et al. (2014). b) The mesh covering the
right half of the blister. The hydride is, in the calculations, never allowed to grow outside the dense mesh around x1 = x2 = 0. The elements in the
dense region have equal length in the radial direction. The radius is taken from x1 = x2 = 0. The rest of the mesh has a consecutive element length
ratio of 1.3 in the radial direction.

the past. The dramatic failure in the Pickering nuclear generating station in Ontario, Canada, is an example, cf. Field
(1985).

In the presence of hydrogen zirconium forms zirconium hydride that is a very brittle ceramic like material. Cracks
that are initiated in the hydride may grow and penetrate into the surrounding metal. One such crack is observed in
Fig. 1a. The curved upper and lower surfaces are the outer and the inner surfaces of a long zirconium tube. The bright
part is a hydride. The type of hydride is called a zirconium hydride blister because of its resemblance with a blister
when viewed from the outside of the pipe. Conducted experiments revealed one or more cracks in the centre region
of hydride blisters, Singh et al. (2007). Intuitively it is expected that an expanding precipitate should be subjected to
compressive stresses due to resistance from disinclination of the surrounding material to deform. Also a simplified
analysis of expanding ellipsoidal hydrides by Vanderglas and Kim (1986) lead to the conclusion that the hydride
should be in a state of compressive stress. In fact, they found that there should be a relatively high compressive stress
in the centre of blister surface which is contradicted by the presence of cracks. A derivation by Ståhle et al. (2010),
shows that the interior of at least fully embedded spherical precipitates is subjected to tension. The model is more
accurate than previous models in that it considers the mechanics of the boundary layer that contain the interface
between the metal and the metal hydride. The present study is conducted to understand if a correct treatment of the
interface leads to tension also in the centre of the blister. The expansion of precipitates that is subjected to elastic and
plastic deformation is studied, taking into account the growth history of hydride blister.

In the model the matrix and the precipitate are defined at each end of a continuous scale that is given by a phase
variable. The meaning of this is that the system is one single material with properties that depending on the value
of he phase variable varies between the two poles constituted as the matrix and the precipitate respectively. The
important difference between the model, a so called phase model, and classical models with sharp interfaces between
distinctly different materials, is that in the phase field model, the material varies continuously between the matrix and
the precipitate. Initiation and growth of the precipitate is determined by the available amount of free energy.

In Section 2, a simplified crack growth criterion is motivated by the extremely poor fracture mechanical properties
of many hydrides. Here examples are taken from zirconium and zirconium hydride material properties. Then, in
Section 3 the mechanical model is given as an elastic-plastic-expansion stress strain relationship. The free energy is
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used to derive a governing time dependent partial differential equation for phase variable and a governing equation for
the deformation of the structure. The equations are mutually coupled. In Section 4 the numerical method is described.
Results for high and low yield stresses and likewise results for high and low hardening rates are examined. Cases for
a growing crack are also studied for different yield stresses. Finally, conclusions and a proviso is found in Section 5.

2. Initiation and growth of cracks

Precipitates that appear inside the bulk of bodies, at local pockets or micro-cracks and weaken the overall strength
of a material. When considering crack growth the orientation of a precipitate is of importance. Ideally precipitates
should be aligned with their long side towards the crack. This limits the length a crack can penetrate through the brittle
precipitate before having to grow through presumably ductile matrix material. Otherwise if the growth direction of a
crack and a precipitate are aligned with the crack that would enhance the crack growth. A precipitate that appears as a
surface blister the brittle area is an ideal location for a crack to initiate and then penetrate deeper into the surrounding
material. Initiation and growth of cracks under compressive stress is not impossible but does, to the authors knowledge,
only happen at large shear stresses, cf. Isaksson and Ståhle (2002), and possibly during cyclic compression loads as
described by Suresh (1991). Therefore, an opening mode crack criterion is needed for a successful fracture simulation.

In Simpson (1979), results from fracture tests on hydrided zirconium alloy (Zr-2.5%Nb) specimens reveal that KIc
decays when the hydrogen concentration increases. When the molar hydrogen to zirconium ratio is 0.2 a KIc value of
40MPa

√
m is measured. When the molar ratio increases to 1.6, KIc decreases to about 3MPa

√
m. The hydride is in

the present study assumed to form at around that relative molar concentration which means that the zirconium hydride
is very brittle and that fracture occurs at a toughness that is less than a tenth of the toughness of the metal. Simpson
(1979) suggested that the fracture mechanical test might be geometry dependent and possibly real components could
give different results. Never the less, the experiment shows that given enough time hydrogen can make the fracture
toughness practically vanish. Further, during production of larger quantities of zirconium hydride, larger chunks often
disintegrate into gravel at the same pace as the hydride is formed, cf. Cochran et al. (1990). Therefore, since the
fracture seems to be very small, the fracture criterion is here simplified to assume that the crack grows in the presence
of any tensile stress.

3. The material model

The material is modelled as an isotropic linearly work hardening elastic plastic material. The parameters defining the
material behaviour are Young’s modulus, E, Poisson’s ratio, ν, the yield stress, σY , and the strain hardening parameter
κ. A small strain theory is used with the Cauchy stress tensor. The total strain is composed of elastic, plastic and
expansion strains as follows:

�i j = �
e
i j + �

p
i j + �

s
i j . (1)

The elastic strains are given by the stresses σi j using Hooke’s law. The plastic strain is because of its history depend-
ence is defined as integrated increments over its stress history. von Mises’ yield criteria is used with an associated
flow rule. Finally, the expansion or swelling strains are changing with the phase. They are �s in the precipitate and are
absent in the matrix. With the continuous phase variable ψ also the expansion strain is changing continuously between
the two phases. The expansion of the precipitate is assumed to be isotropic to simplify the calculations.

The following gives the relevant strain components,

�ei j =
1

2μ
(σi j −

λ

2μ + 3λ
δi jσkk), � p

i j =
3
2κ

∫ si j

σ
dσ, � s

i j =
1
4
δi j(−ψ3 + 3ψ + 2)�s , (2)



480 W. Reheman et al. / Procedia Structural Integrity 3 (2017) 477–483
4 W. Reheman et al. / Structural Integrity Procedia 00 (2017) 000–000

where the Lamé constants μ = E/[2(1 + ν)] and λ = Eν/[(1 + ν)(1 − 2ν)], the tensor δi j is the Kronecker delta, with
the properties δi j = 1 if i = j and zero otherwise. The summation rule applies for double indices. The deviatoric
stress si j = σi j − 1

3δi jσkk, von Mises’ effective stress σ =
√

(3/2)si j si j, and the effective plastic strain increment

d� p =
√

(2/3)d� p
i jd�

p
i j. The isotropic strain hardening gives σ = σY + κ�

p, where σY is the yield stress. Plastic
deformation only occur when the yield condition is fulfilled and the plastic strain increment is non-negative. The
parameter �s is the linear expansion strain of the precipitate, and the expansion strain � s

i j is assumed to be an isotropic
function of the phase ψ. The negative dilatation free stress σs is used as a scaling parameter of the resulting stresses
and is defined as σs = −E�s/(1 − 2ν).

The free energy density is a function of the phase. Here the total energy density is given as

F = Fel + Fch + Fgr , (3)

which includes an elastic energy, Fel, a Landau chemical energy, Fch, and a gradient energy, Fgr (cf. Reheman (2017))
that are given as follows

Fel =

∫

�i j

σi j(��i j)d�
�
i j, Fch = p(

1
4
ψ4 −

1
2
ψ2) and Fgr =

gb

2
ψ,iψ,i. (4)

Here, the parameter p is the Landau potential coefficient and gb is the gradient energy coefficient which is related
to the thickness of the interface. The notation ( ),i is used for the partial derivative with respect to the coordinate xi,
i.e., ∂( )/∂xi. The temperature effect also influence the formation of the blister, however the expansion due to the
temperature differences is insignificant as compared expansion due to the phase transformation. Thus, in the present
analysis the influence of temperature differences is neglected.

The mechanical state is assumed to be in equilibrium instantly as compared with the rate of transport of hydrogen.
The Euler-Lagrange equation provides us with the governing time dependent equation for ψ and a governing equation
for quasi-static equilibrium as follows:

∂ψ

∂t
− Lψgbψ,ii = Lψ[pψ +

3
2

1 + ν
1 − 2ν

E�s uk,k](1 − ψ2), ui, j j +
1

1 − 2ν
u j,i j = 2� p

i j, j +
3
2

1 + ν
1 − 2ν

�s(1 − ψ2)ψ,i . (5)

The only free parameter is �s
√

E/p. Other parameters are annulated from (5) by using the length unit
√

gb/p and
the time unit 1/(Lψp) to scale the coordinates xi and the time. The displacements are scaled with

√
E/gb.

4. Method and results

In the present context only two length scales are present, i.e. one is characterising the width of the bi-material interface
between the matrix and the precipitate and the other is the linear extent of the precipitate. The result provides solutions
for precipitate that are ranging from small to big compared with the width of the bi-material interface.

The Eqs. (5) are in a complete analogy with a coupled temperature-displacement analysis. In the present study
this is utilised by using a commercial finite element program Abaqus Hibbit et al. (2007). It offers the possibility to
adding the phase equation and relate the expansion, which is a function of phase, to the mechanical problem and solve
this fully coupled equation numerically. The model implemented by using 9801 four-node isoparametric plane strain
elements, with three nodal degrees of freedom, two for the in-plane displacements and one for the phase, cf. Reheman
(2017) for further details.

The precipitate is assumed to maintain symmetry around the x2 axis. Thus only half of the full geometry is modeled.
Symmetry boundary conditions are used for the plane as x2 = 0 for case without a crack. In cases with a crack with
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(a) (b)

Figure 2. a) σ22 for different hardening rates as a function of x1 along the symmetry plane x2 = 0. The curves are for decreasing hardening from
bottom upwards on the left side elastic, κ = 1, etc. The curves for hardening rates κ ≤ 0.01 coincide. b) same as a) for different yield stresses. The
curves are for the normalised yield stresses and calculation is performed for σY/σs=0.1, 0.3 and 0.5.

the length a in the region 0 ≤ x1 < a, the symmetry boundary conditions for the displacements are replaced with
traction free surfaces. The surface of the body including the part of the blister at x1 = 0 is free from tractions and flux
of hydrogen. The remote boundaries have been chosen to be free from tractions and flux of hydrogen.

Calculations are made for five dimensionless strain hardening rates κ/E between 5×10−11 and 100. The motivation
is to find the relevant region of variation of κ, while it is anticipated that κ at and below some value well approximates
an ideally plastic value and at and above a higher value well approximates an elastic material. One reason is that it
opens for saving numerical effort when computing that have extreme strain hardening rates.

Figures 2a) shows the stress σ22 along the symmetry plane for different hardening rates. The length scale R is
the maximum depth of the precipitate, see Fig. 1a. A noteworthy difference as compared with the elastic case is that
the tensile stress along the symmetry plane, inside of the precipitate, increases with decreasing hardening rates. The
increase for an ideally plastic as compared with an elastic material is about six times. Also notable in both Fig. 2a is
that all cases with κ ≤ 0.01E qualify as perfectly plastic and the cases for κ ≥ 10E qualify as ideally plastic.

Three cases of different yield stresses are examined, i.e., σY/σs = 0.1, 0.3 and 0.5. In all cases the strain hardening
rate is put to κ = 0.01E. The result for stresses for plastic cases with different yield stresses are displayed in Fig.
2b. The stresses σ22 are scaled with the yield stress. The stresses in the elastic case are normalized with the largest
effective stress that appear in the symmetry plane. It is observed that the stress at the origin of the precipitate is
decreasing with decreasing yield stress, but in contrast to the elastic case and the yield stress σY/σs = 0.5 , the cases
with the lower yield stresses σY/σs = 0.3 and 0.1, do not produce tensile stresses in the symmetry plane inside the
precipitate. Immediately outside the tensile stress is large in all cases, but here the material is supposed to be very
tough and cracking is not expected.

As it is described in Section 2, the fracture toughness of the precipitates is more or less insignificant. Here the
toughness is assumed to vanish with the consequence that a crack opens at any normal tensile stress. In this section
the analysis is done for the case that a crack is opened. Contact conditions are considered by using contact elements
along x2 = 0. The contact elements will cause the crack to open because of the requirement that the contact only can
transmit a compressive load. The condition becomes

σ22 ≤ 0 and u2 = 0 or σ22 = 0 and u2 ≥ 0 . (6)

The condition determines the crack length a. The condition removes the stress intensity factor, KI, meaning that
the crack grows (or retracts) to maintain the condition KI = 0. As observed in the previous result, a tensile stress is
present and therefore fracture is expected.

Figure 3 shows the normal stress and the crack opening displacements along the symmetry plane. The cases are
for the elastic and the yield stress σY/σs = 0.5. The plastic material behaviour gave the largest crack. The growth
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Figure 3. Displacements u2 dashed black and stress σ22 along the symmetry plane x2 = 0. Elastic result (red) and elastic plastic result for
σY = 0.5σs and hardening rate κ = 0.01E (blue).

maintains a crack length of 0.2R in the elastic case and 0.06R in the elastic plastic case. This is less than observed in
the experiments, i.e., around 0.5R.

5. Conclusions

A phase field model is used to analyse a precipitate located at the surface of a body. The problem has two length
scales, the width of the interface region and the size of the precipitate. Apart from the purely elastic case solutions for
yield stresses between 0.1σs to 0.5σs and strain hardening rates κ from 0.01E to 100E are examined.

The depth of the region with tensile stress decreases with decreasing yield stress. The region with tensile stress
becomes very small and it is uncertain if it appears at all for the lowest yield stresses 0.1σs.

It is observed that hardening rates at and below 0.01 give a result almost identical to the perfectly plastic material
and at and above 100 may be treated as purely elastic. Lower hardening rates give increasing stress in the symmetry
plane x2 = 0 and the region with tensile stress penetrates deeper into the precipitate.

The examination of a crack growing at infinitesimal crack tip load shows that the crack grows a shorter distance in
the elastic plastic case. The growth maintains a crack length of 0.2R in the elastic case and 0.06R in the elastic plastic
case. This is less than observed in the experiments, i.e., around 0.5R.

A shortcoming of the present analysis is that the material is assumed to be isotropic while it is known that the
developing precipitate is approximately orthotropic and has ratio of largest to smallest principal expansions of around
1.6. This would require a second phase parameter that keeps track of the direction of the principal expansions, which
was not available in the present study.
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