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ABSTRACT 
 
Context: 
                 The visual processing in real world is different from the digital world. Monkey’s and a 
human’s visual world is richer and more colorful affording sight of flies, regardless of whether they are 
immobile or airborne. The study of the evolutionary process of our visual system indicates the existence 
of variationally spatial arrangement; from densely hexagonal in the fovea to a sparse circular structure 
in the peripheral retina. Normally we use a rectangular grid for the processing of images. But as per the 
perspective of the human eyes, the new approach is to change the grid from rectangular to hexagonal. 
Applying hexagonal grid in image processing is very advantageous and easy for mimicking human 
visual system. The main advantages for using the hexagonal structure in image processing is its 
resemblance with the arrangement of photoreceptors in the human eyes. 
 
               Despite more than three decades of research in computer vision there does not exist today any 
machine vision system which comes anywhere near the human visual system in its combination of 
versatility and speed. Computer systems are all very similar, be it in gathering information or in their 
processing. The sensors are designed, typically based on square or rectangular arrays which are 
individually addressed to access the visual information. Today’s sensor spatial arrangement is inspired 
by our visual system. However, we have not come further than rigid rectangular and, in a minor scale, 
hexagonal sensor arrangement. Hence, there is a need to directly access differences between the 
rectangular and hexagonal grid arrangement. For the hexagonal grid sampling the images are converted 
to two different methods of the half-pixel shifting method and virtual hexagonal method.[1]  
 
Objective: 
                The main objective of this thesis is to study the effect in amplitude spectrum by changing the 
sampling lattice from regular rectangular to hexagonal sampling lattice. And provide with the 
information of the amplitude spectrum in the Half-Pixel shift lattice and Hexagonal sampling lattice. 
 
Method:  
                The methodology used in this experiment is Half-Pixel shift and Virtual Hexagonal sampling 
lattice[1] through which the rectangular sampled images are converted to hexagonal sampled images. 
To observe the changes of the average power spectrum, normally with a form   between the natural 
images and the hexagonally sampled images, the Fourier transform is obtained radially using a fast-high 
accuracy Polar FFT Algorithm. [2] 
 
Result: 
                In this experiment, a group of 25 texture discrete images are taken as a database of natural 
images. Then, the Fourier transform is obtained radially from each of the discrete images to access the 
average amplitude spectrum between the original rectangular grid image and its corresponding half-
pixel shift image and the hexagonally sampled grid image. And hence we observe that the average power 
spectrum of the natural images is not the same if the sampling lattice of the natural images is changed 
to hexagonal sampling lattice.  
 
Keywords: Visual Processing, Natural Images, Power Spectrum, Rectangular Grid Images, 
Hexagonal Image Processing, Hexagonal Grid Sampling, Fast Fourier Transform, Frequency domain, 
Polar Fourier Transform. 
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Chapter 1 
 

Introduction 
 
1.1 Overview of Power Spectrum: 
 
Human eyes adopted to dim environments tends to be larger, and have a greater predominance of rods 
over cones, and achieve greater numerical apertures. The most important aspect of these luminous 
environments is the pattern of light fluctuations that reach the eye, which is the information conveyed 
through signals about the environment. To understand the representation of images by the mammalian 
visual system, it might therefore be useful to consider the statistics of images from the natural 
environment. The early visual system samples the visual field rather coarsely relative to the full 
information content, so that an efficient image-coding scheme is an important part of visual processing. 
An efficient coding scheme depends on the statistics of the input and the information required in the 
output. It has been argued that the visual system has developed in such a way that the coding scheme is 
optimized for the properties of the visual world, as a way of removing image redundancy.[3]  
 
Images from the natural environment, that we refer to as natural images, are not random patterns, but 
show several consistent statistical properties. The study of such properties is therefore of relevance to 
the detailed makeup of the visual system. Since modern techniques of image displays are based on image 
models as well as models of visual perception, such properties of images are of technological interest 
also. A property of natural images that has received considerable attention in the image processing is 
the characteristic that the rotationally averaged spatial power spectrum of image ensembles  
behaves approximately as  where  is spatial frequency and .  
 
It is demonstrated that simple optimization principles combined with knowledge of image statistics can 
predict visual processing strategies which are found in nature. 
 
What does a power spectrum show? 
 
The power spectrum of a time series describes the distribution of power into frequency components 
composing that signal. According to Fourier analysis any physical signal can be decomposed into several 
discrete frequencies, or a spectrum of frequencies over a continuous range. 
 
1.2 The salient statistical characteristics of natural images:  
 
A visual scene is generally made up of opaque objects. The objects have a wide range of sizes and 
shapes, and the luminosity of individual objects is relatively constant. In other words, partially 
transparent objects and objects with continuously graded luminosity tend to be quite uncommon in the 
natural environment. Since the objects are opaque, they occlude other objects, or parts of objects, behind 
them. In this sense then, a simple model of the visual environment is a collage of occluding, constant 
intensity objects with a wide range of sizes. There is evidence that the distribution of the object sizes is 
self-similar, which we refer to here as scaling. An important consequence of this observation is that such 
a scene will contain many sharp amplitude edges, with a characteristic range of spacings between them, 
at the boundaries between the occluding constant intensity regions. [4], [5] 
 
Occlusion, edges and/or scaling are the source of the characteristic dependence of the power spectrum 
on spatial frequency. This has been investigated by several authors, although a clear answer is still 
lacking. Issues revolve around the relative importance of scaling and edges, and the range of spatial 
frequencies over which power law behavior of the power spectrum is present. [4], [6] 
 
The statistics of natural images strongly vary as a function of the interaction between the observer and 
the world. The second-order statistics of images are correlated with scene scale and scene category and 
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provide information to perform fast and reliable scene and object categorization. Statistical regularities 
might be a relevant source for top-down and contextual priming, very early in the visual processing 
chain. The visual categorization is based directly on low-level features, without grouping or 
segmentation stages, can benefit object localization and identification and can be used to predict the 
presence and absence of objects in the scene before exploring the image. 
 
1.3 Problem Description: 
 
computer vision systems are all very similar, be it in gathering visual information or in their processing. 
The sensing systems are designed similarly, typically based on square or rectangular arrays of sensors.  
All computer vision systems can be said to see the world with the same eyes. This monograph endeavors 
to study the effect of changing one aspect of the sensing methodology used in computer vision, namely 
the sampling lattice. The change considered is from a square to a hexagonal lattice. Why hexagons? 
Two simple reasons: geometry and nature. Hexagonal lattices have been of interest to humans for over 
two millennia.  Taking cues from science and nature it is then interesting to ask what happens when you 
use a hexagonal lattice instead of a rectangular lattice to gather visual information. The primary 
motivation was to recreate the abilities of the visual system in modern computing devices. 
 
Several studies have examined the scale invariance properties of natural image statistics. These studies 
have focused on the similarity between the statistics of wavelet outputs at different image scales. Results 
indicate that some image statistics are scale invariant. Here, we differentiate between image scale, that 
refers to scales in terms of spatial frequencies, and scene scale, that refers to the mean distance between 
the observer and the elements that compose the scene. The most important modification of the spectral 
signatures is observed across scene scales. When modifying scene scale, the shape of the polar plots 
evolves by changing the amount of energy at each orientation. However, across image scales, there is 
little variation. This observation is more striking for natural environments than man-made scenes. 
 
1.3.1 Receptive fields for scene recognition: 
 
The level of organization achieved by the SPCs suggests that the variability in the second order 
statistics of natural images may be relevant for categorization purposes. According to Baddeley 1997, it 
is observed that second-order image statistics vary along the naturalness dimension (man-made versus 
natural landscapes) and openness dimension. This suggests that the categorical status of an 
environmental view, along those two perceptual dimensions, could be computed in a feedforward 
manner, from a set of low-level detectors encoding information like the one provided by the power 
spectrum. Spectral statistics providing discrimination between man-made, natural, open and closed 
scene categories. [7] 
 
1.4 Motivation: 
 

 Human Vision System: The human vision system is a nonlinear, spatially varying, non-
uniformly sampled system. Rods and cones on the retina, which spatially sample are not 
arranged in rows and columns.

Fig 1.1: A close up of the foveal region [8]
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 Hexagonal Sampling: when modeled as a linear shift-invariant system, the human visual 
system is circularly bandlimited (lowpass in radial frequency). The optimal uniform sampling 
grid is hexagonal. Optimal means that we need the fewest discrete-time samples to sample the 
continuous-space analog signal without aliasing. 

 
 Foveated grid: This is based on the fovea in the retina. When you focus on an object, you 

sample the object at a high resolution, and the resolution falls off away from the point-of-focus.  
 

 Efficiency: The hexagonal pixel is very superior in efficiency, for describing data 
with a given resolution. The visual inspection of a square grid versus a hexagonal grid show 
that the hexagonal grid can convey more information with the same number of pixels. Signals 
in Fourier space requires only 13.4% lesser samples to represent the same image data in 
hexagonal grid compared to the rectangular one. [9] 

 
 Smaller Quantization Error - Quantization is compulsory for the image processing operations 

because of the limited capable sensors to represent the real-world scenes. Quantization error is 
an important measure to analyze the merits of the configurations of different types of sensors. 
Kamgar-Parsi [10] showed that hexagonal sampling gives lesser quantization error when 
compared to square. 

 
 The neighborhood of a hexagonal pixel grows at a decreased range: the neighborhood of square 

pixels grows at 8 per growth, while hexagons grow at 6 per growth. 
 

 
Fig 1.2: various layers of pixels of a square grid (left) and a hexagonal grid (right) 

 
 Greater Angular Resolution - For representing curved images hexagonal grid is efficient. 

Adjacent pixels in hexagonal grid are separated by sixty degrees instead of ninety degrees in the 
existing one. So, curved images can be represented in a better way. Main reason behind this is 
the consistent connectivity that we have already studied. Human eyes have a special visual 
preference of seeing the lines which are at oblique angle. So, this is another reason for 
representing lines also in a better way in hexagonal grid. [11] 

 
 Connectivity Definition - There are neighborhood variants, of some filters which vary between 

4 and 8-pixel connectivity in rectangular grids, this eliminates the problem of choice.[11] 
 
 Equidistance - In the normal grid that is the square grid, we have two types of distant measures. 

The distance between the diagonal pixels are √2 times than that between the horizontal pixels. 

 
Fig 1.3: Distance in square grid and hexagonal gird 
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 Higher Symmetry - Many morphological operations are developed by Serra and are been 
widely used in Image processing. He studied the same on different grids and identified the fact 
that hexagonal grid has higher symmetry and simple operations. [12] 

 
 The packing of hexagons is tighter than that of squares, resulting in a more approximate 

simulation of the reality of the retina. 

 
Fig 1.4: Arrangement of rods and cones in eye 

 
1.5 Scope of Hexagonal Image Processing 
 
Hexagonal Image processing is proved to have better results compared to regular square sampling lattice 
and is helping in many areas with the data from the computer vision by accessing the spatial and 
frequency domain to mimic the Human Visual System. Some of the applications in which HIP will be 
helpful is  

1. Image Recognition 
2. Face Recognition, Edge detection 
3. Artificial Intelligence 
4. Robotics 
5. Satellites  

 
1.6 Outline: 
 
This paper follows the structure shown below 
 
Chapter 1: Outlines the important concepts for understanding this thesis.  
 
Chapter 2: Presents the related work.  
 
Chapter 3: Describes in detail, the methodology of implementation and evaluation of the solution.  
 
Chapter 4: Provide the results of the evaluation along with analysis and discussions.  
 
Chapter 5: Provides the conclusion and future work of this thesis work. 
 
Chapter 6: References 
 
1.7 Research questions  
 
1. How does the average power spectrum look like in Hexagonally sampled images?  
2. How will the spatially averaged power spectrum in Natural images differ from the Hexagonally 
sampled images? 
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Chapter 2 
 

Related Works 
 
According to Ruderman & Bialek, the Scaling in natural images presents itself in statistics beyond the 
second-order measure given by the power spectrum; the shapes of entire histograms of pixel values and 
other statistics are invariant to changes in scale which demonstrates scaling to higher than just second-
order. That the process of geological formation of hillsides and valleys, or the structure of forests due to 
the succession of flora, can exhibit scaling through their images is perhaps not altogether surprising. 
Many natural processes such as diffusion-limited growth formation hard turbulence, earthquakes, and 
even the large-scale structure of the universe produce scale-invariant patterns, with the universal 
presence of power-law correlations. [5] 
 
Burton, Moorhead and Field studies have shown that, the statistics of natural images have been found 
to follow regularities. Seminal studies have observed that the average power spectrum of natural images 
falls with a form  with  or  considering the amplitude spectrum.[13] 
 
Baddeley, Switkes, Van Der Schaaf and Van Hateren [7], [14], [15] suggested that in real-world images, 
including both natural landscapes and man-made environments, vertical and horizontal orientations are 
more frequent than obliques. A more complete model of the mean power spectra using polar coordinates 
can be written as 

 

in which the shape of the spectra is a function of orientation. The function  is an amplitude scaling 
factor for each orientation and  is the frequency exponent as a function of orientation. Both factors 
contribute to the shape of the power spectra. The above equation is used when considering the power 
spectra of man-made and natural scene images separately. 
 
Torralba 2001[16] studies prove that different categories of environments also exhibit different 
orientations and spatial frequency distributions, captured in the averaged power spectra. According to 
the author, average power spectrum of various man-made categories and natural environments have a 
broader variation. And the differentiation resides mainly in the relationship between horizontal and 
vertical contours of the spectral signatures at different scales. 
 
 According to Fitz and Green,[17] an approximation to the hexagonal lattice that is simple and easy to 
generate is a brick wall. The pixels in alternate rows are shifted by half a pixel to simulate the hexagonal 
lattice. First, they perform weighted averaging and subsampling on an image to halve the resolution in 
both directions and then they perform the pixel shift in alternate rows. The resulting image is like a brick 
wall made of square pixels.  
 
And then from the author Overington’s [18] work, a different implementation of the brick wall is found. 
It was noted that a hexagonal lattice is achievable with an array of square pixels where the horizontal 
separation is 8 pixels and the vertical separation is 5√ 2, with alternate rows being staggered by 4 pixels. 
This can be approximated by a brick wall of rectangles having an 8 × 7 aspect ratio. The author observed 
that there are no measurable errors in this approach, even though the shapes are incorrect. The process 
to generate hexagonal images in this case then involves first generating 8 rows of data from each 7 rows 
in the original image. Alternate rows are computed using the mean of adjacent pairs of data. These two 
steps are illustrated in the below figures. The first step is a simple interpolation with a linear kernel and 
the second step is a nearest neighbour interpolation. 
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Hexagonal sampling scheme (Half-Pixel Shift): 
 

 
Fig 2.1: Making 8 rows from 7 
 

 
Fig 2.2: Combining alternate rows 
 
Authors, A. Averbuch, R.R. Coifman, D.L. Donoho, M. Elad, M. Israeli have developed a fast-high 
accuracy Polar FFT, in which for a given two-dimensional signal of size N × N, the proposed algorithm’s 
complexity is  just like in a Cartesian 2D-FFT. A special feature of their approach is that 
it involves only 1D equispaced FFT’s and 1D interpolations. A central tool in this method is the pseudo-
Polar FFT, an FFT where the evaluation frequencies lie in an oversampled set of no angularly equispaced 
points. [19] 
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Chapter 3 
 

Methodology 
 
3.1 Human Visual System: 
 
                  The advancements in the modern physics have come from observing the world around us. 
We build systems to take advantage of our newly acquired knowledge by understanding the nature and 
its laws. The early understanding of the nature of light came from understanding and trying to mimic 
our eyes. The primary motivation was to recreate the abilities of the visual system in modern computing 
devices.  
 
                  HVS occupies two thirds of the human brain’s volume. Eye is the major part of HVS and 
performs similarly like a smart sensor array in a modern camera. The key feature of the visual system is 
that it performs the processing of the information using a hierarchy of cooperative processes. Eye 
consists of two distinct sorts of photoreceptors, namely, rods and cones, with their nomenclature 
stemming from their shapes. A remarkable feature of the photoreceptive layer of the retina is that the 
rods and cones are distributed non-uniformly as illustrated in the above fig 1.4. 
 
3.1.1 Image processing in computer vision: 

 
Fig 3.1: Simple image processing system with the information flowing from one end to another 
 
Acquisition: In this stage the image data is generated from the real-world source. This can be performed 
via a camera, a scanner, or some more complex input device. The data may require additional processing 
before the acquisition is complete. In terms of the visual system the acquisition stage is equivalent to 
the eye.  
 
Processing: This stage involves manipulation of the image data to yield meaningful information. This 
could be the application of a simple linear filtering algorithm using a convolution operator or something 
more complicated such as extracting a detailed description of the structures contained in the image.  
 
Visualization: This stage is very useful and often essential for human observers to make sense of the 
processed information.  
 
Underpinning these three components is the use of a lattice or a grid on which the visual information is 
defined. The acquisition stage uses this to capture the image of the real world while the processing stage 
uses it to define appropriate data structures to represent and manipulate the image. 
 
Normally the lattice used for the representation of the digital images is a rectangular or square. But 
considering the advantages of the hexagonal sampling lattice over the rectangular sampling lattice which 
have been of interest to humans for over two millennia, we will go with the hexagonal image processing.  
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3.2 Sampling: 
 
3.2.1 Rectangular Sampling: 
 
In Rectangular sampling, a 2-D signal for example is sampled according to the following V matrix. 
 

 where  are the sampling periods along the horizontal and vertical 

directions. 

 
Fig 3.2: Fourier domain representation with a rectangular ROS 
 
3.2.2 Hexagonal Sampling: 
 
In Hexagonal sampling, the V matrix assumes the following general form 

 

 
Fig 3.3: Fourier domain representation with a hexagonal ROS 
 
In the above figures, the difference in the efficiency of the two schemes is highlighted using a 
bandlimited signal with a circular region of support of radius R. The circle can be inscribed in a square 
of length 2R or a rectangular hexagon of length . Consequently, the region of support is now 
transformed into a square and a hexagon respectively. If these regions are periodically replicated in the 
frequency domain such that there is zero overlap between any two regions, then by periodically 
replicating the square region of support, we effectively sample the continuous signal on a rectangular 
lattice. Similarly, periodic replication of the hexagonal region of support maps to sampling the 
continuous signal on a hexagonal lattice. 

By adapting a hexagonal sampling scheme, our eyes can process images much more efficiently. The 
importance of hexagonal sampling lies in the fact that the photoreceptors of the human vision system lie 
on a hexagonal sampling lattice and, thus, perform hexagonal sampling. [8]  
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Fig 3.4: Database of Natural Images 
 
The above shown figure is the collection of 25 texture discrete images are taken as a database of natural 
images. 
 
3.3 Acquisition of hexagonally sampled images: 
 
Since conventional acquisition devices acquire square sampled images and there are no devices that can 
capture the images in hexagonal sampled images, there are two main approaches to acquiring 
hexagonally sampled images.  

 The first approach is software-based approach in which the square sampled image is 
manipulated to hexagonal sampled image using software. 

 The second approach is to use dedicated hardware to acquire the image.  
 
3.3.1 Software-based acquisition: 
 
Manipulating data sampled on one lattice to produce data sampled on a different lattice is termed 
resampling. In the current context, the original data is sampled on a square lattice while the desired 
image is to be sampled on a hexagonal lattice. 
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3.3.2 Hardware Based Acquisition: 
 
A hexagonal image can be acquired in a cost-effective way by modifying an existing hardware system 
to perform hexagonal sampling. Staunton designed a pipeline architecture to take video images and, by 
introducing a delay to alternate lines, produced a hexagonal sampled image. [20]  
The superior ability of hexagonal grids to represent curves has motivated a CMOS fingerprint sensing 
architecture to be developed based on the hexagonal lattice. [21] 
Several projects have been performed to grow hexagonal sensing arrays for applications such as satellite 
sensors and replacing the human retina after it has been damaged. [22] 
Hexagonal sensors also find a place in medical imaging and remote sensing. 
 
3.3.3 Half-Pixel Shift: 
 
Image sampling on the regular rectangular grid is the most commonly used sampling grid structure 
because many display systems such as TV use raster scanning, that is, scanning from left to right and 
top to bottom. Also, most digital cameras have their sensors built in rectangular grid arrays. 
However, it is possible to use nonrectangular grids, such as hexagonal sampling grid, to acquire a digital 
image. Let us briefly describe here the process of converting pixels from rectangular to hexagonal 
sampling grids and vice versa. The set of points in the -plane are transformed linearly into the 
set of points  using the transformation 
 

 
 
In the above equation the vectors  and  are linearly independent. For the 
set of points  to be on a hexagonal sampling grid, the transformation takes the form 
 

 
 
From the MATLAB simulation of the regular rectangular grid image as the input converted to non-
rectangular sampling grid called Half-Pixel shift image. The Half-pixel shift image is one form of 
obtaining the hexagonal sampling grid image. 
 

 
Fig 3.5: Zoomed version of the regular square grid image, Half-pixel shift image 
and Hexagonal sampled grid image. 
 
3.4 Addressing on hexagonal lattices: 
 
Addressing on hexagonal lattices are quite difficult as the pixels in hexagonal lattice are not labeled in 
row and column order as in the traditional rectangular structure. To properly address and store hexagonal 
images data, Sheridan proposed a one-dimensional addressing scheme for a hexagonal structure, 
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together with the definitions of two operations, Spiral Addition and Spiral Multiplication. This 
hexagonal structure is called the Spiral Architecture (SA). [23] 
 
3.4.1 Spiral Architecture: 
 
Image processing based on the hexagonal structure can be implemented using this structure. Because 
the geometrical arrangement of pixels on Spiral architecture can be described in terms of a hexagonal 
grid, addressing on the hexagonal lattices can be understood easily. Spiral Architecture is a relatively 
new and powerful approach to machine vision system.  
 
There have been many simulation schemes to simulate a hexagonal grid on a regular rectangular grid. 
But none of those schemes are successful without suppressing the advantages that a real hexagonal 
structure possesses. The simulation schemes are those using the rectangular pixels, pseudo hexagonal 
pixels, mimic hexagonal pixels and virtual hexagonal pixels. 
 
To retain the advantages of the real hexagonal system such as higher degree of symmetry, uniformly 
connected and closed-packed form we go with the below method to mimic the spiral architecture. [24]  
 
As discussed earlier the arrangement of a hexagonal grid is different from a rectangular grid as seen in 
Fig. And on a hexagonal image structure, each pixel has only six neighboring pixels which have the 
same distance to the central pixel. 

 
(a) Rectangular                  (b) Hexagonal 

Fig 3.6: Neighboring pixels in rectangular and hexagonal. 
 

3.4.2 Spiral Addressing: 
 
The first step in Spiral Addressing formulation is initially labelling each of the individual hexagons with 
a unique address. Each of these seven hexagons is labelled consecutively with addresses 0, 1, 2, 3, 4, 5 
and 6 as displayed in below fig 3.7. 

 
Fig 3.7: Collection of 7 hexagons with unique addresses. 
 
Dilate the structure so that six additional collections of seven hexagons can be placed about the 
addressed hexagons and multiply each address by 10. For each new collection of seven hexagons, label 
each of the hexagons consecutively from the center address as we did for the first seven hexagons. The 
repetition of the above steps permits the collection of hexagons to grow in powers of seven with uniquely 
assigned addresses. It is this pattern of growth of addresses that generates the Spiral as illustrated in fig 
3.8. 
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Fig 3.8: Spiral rotating direction. 
 
The location of the pixel with a given spiral address 

 

Can be found from the locations of 
 

 
For example, to find the location of the pixel with spiral address 43, we need only the locations of the 
pixels with spiral addresses 40 and 3. 
 
3.4.3 Construction of Hexagonal Pixels: 
 
To construct hexagonal pixels, each square pixel is first separated into 7×7 smaller pixels, called sub-
pixels. To be simple, the light intensity for each of these sub-pixels is set to be the same as that of the 
pixel from which the sub-pixels are separated. Each virtual hexagonal pixel is formed by 56 sub-pixels 
arranged as shown in fig 3.9. To be simple, the light intensity of each constructed hexagonal pixel is 
computed as the average of the intensities of the 56 sub-pixels forming the hexagonal pixel. A 
hexagonal pixel, is simulated using a set of many square pixels. The MATLAB function is used to 
simulate a hexagonal pixel on a square grid according to fig 3.9. 

 
Fig 3.9: The structure of a single hexagonal pixel. 
 

Note that the size of each constructed pixel is bigger than each square pixel. Hence, the 
number of hexagonal pixels is 12.5% less than the number of square pixels to cover the same image. 
Because of this percentage, the hexagonal pixels constructed in the way above will not lose image 
resolution if proper light intensities of hexagonal pixels are assigned or interpolated.  
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3.4.4 Simulation of Spiral Architecture: 
 
From the below fig 3.10 it is easy to see that the hexagonal pixels constructed in this way tile the whole 
plane without spaces and overlaps. The distance from pixel 0 to pixel 1, pixel 2, pixel 3, pixel 5 or pixel 
6 is  This is close to 8. Hence, the feature of equal distance is almost retained and 
hence this construction hardly introduces image distortion. 

 
Fig 3.10: A cluster of seven hexagonal pixels. 
 
3.4.5 Locating Hexagonal Pixels:  

To simulate spiral architecture, we only need to derive the way to locate the pixel with spiral 
address in the form of  . Let us use vector [0 0] to denote the location 
of the hexagonal with spiral address 0, and vector [j k] to denote the location of a that is obtained by 
moving from [0 0] down or up if j is negative for |j| sub-pixels and towards right or left if k is negative 
for |k| sub-pixels. If we also use L(a) to denote the location of the hexagonal pixel with spiral address a, 
then we have L(0) = [0 0]. From fig 3.8, it is easy to see that 

L(1) = [8 0], L(2) = [4 -7], L(3) = [-4 -7], L(4) = [-8 0], L(5) = [-4 7] and L(6) = [4 7] 

The location of hexagonal pixel with address 10 is obtained by moving from pixel 1 in the direction 
from pixel 6 towards pixel 1 for two pixels distance. The MATLAB function is used to calculate the 
shift from the pixel with 0 spiral address. The shift for addresses 0 to 6 are base cases for the recursive 
algorithm. The algorithm for multiples of 10 is given by. 

 

     for  

While the location of the pixel with a given spiral address 

  can be computed by  

 



 

22 
 

3.5 Fourier Transform: 
 
The Fourier Transform is a tool that breaks a waveform into an alternate representation, characterized 
by sines and cosines. The Fourier Transform shows that any waveform can be re-written as the sum of 
sinusoidal functions.  
 
3.5.1 Why Fourier Transform? 
 
Digital filters are easy to design and interpret if we adopt the Fourier transform domain. Another 
interesting aspect of using a frequency domain representation of an image stems from the fact that it is 
much more efficient to decorrelate an image in the frequency domain than in the spatial domain. Again, 
it is more efficient to capture certain features of an image in the frequency domain for pattern 
classification and identification purposes than in the pixel domain. This is so because of the reduction 
of dimensions in the frequency domain and the resulting reduction in the computational load. 
 
The Fourier Transform produces a complex number valued output image which can be displayed with 
two images, either with the real and imaginary part or with magnitude and phase. In image processing, 
often only the magnitude of the Fourier Transform is displayed, as it contains most of the information 
of the geometric structure of the spatial domain image. However, if we want to re-transform the Fourier 
image into the correct spatial domain after some processing in the frequency domain, we must make 
sure to preserve both magnitude and phase of the Fourier image.  
 
The Fourier domain image has a much greater range than the image in the spatial domain. Hence, to be 
sufficiently accurate, its values are usually calculated and stored in float values. 
 
3.5.2 Discrete Fourier Transform: 
 
The discrete Fourier transform (DFT) is a transform such as the Fourier integral transform or the Fourier 
series transform. It is a powerful reversible mapping operation for time series. As the name implies, it 
has mathematical properties that are entirely analogous to those of the Fourier integral transform.  
The DFT is the sampled Fourier Transform and therefore does not contain all frequencies forming an 
image, but only a set of samples which is large enough to fully describe the spatial domain image. The 
number of frequencies corresponds to the number of pixels in the spatial domain image, i.e. the image 
in the spatial and Fourier domain are of the same size. 

For a square image of size N×N, the two-dimensional DFT is given by: 

 

 
3.5.3 Fast Fourier Transform: 
 
The fast Fourier transform (FFT) is an algorithm for efficiently computing the DFT of a time series 
(discrete data samples). It takes advantage of the fact that the calculation of the coefficients of the DFT 
can be carried out iteratively, which results in a considerable savings of computation time. And hence 
the efficiency of this method is such that solutions to many problems can now be obtained substantially 
more economically than in the past. This is the reason for the very great current interest in this 
technique.[25] 
 
3.5.4 Hexagonal Discrete Fourier Transform: 
The HDFT is the Fourier representation for hexagonal arrays with a finite number of nonzero samples. 
It assumes the form of a hexagonally sampled Fourier transform, thus with the HDFT a duality can be 
established between the spatial and Fourier domains. HDFT has much in common with the rectangular 
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DFT. The similarities are: both have a fast Fourier transform algorithms for their computation, both are 
sampled Fourier transforms, and both admit high-speed convolution algorithms. And the important 
differences are: the hexagonal Fourier kernel is not separable, the hexagonal expression is more 
complicated, and in their fine details the two Fourier transforms are quite different.[9] 
 
3.6 Fourier Transform for Hexagonally Sampled Images: 
 
HFFT: 
The orthogonality of rectangular sampling allows the separability of the Fourier kernel which enables 
the use of the Cooley-Tukey algorithm on two dimensional digital images that have been sampled 
rectangularly. But in the hexagonal sampling, it does not result in the orthogonal rows and columns 
that can be transformed independently as is done with rectangular samples. Use of the Array Set 
Addressing (ASA) coordinate system for hexagonally sampled images has been shown to provide a 
separable Fourier kernel, leading to an efficient FFT, however its implementation is composed of 
nonstandard transforms that require custom routines to evaluate. 
 
Hence the hexagonal discrete Fourier transform (HDFT) developed by Mersereau can be represented 
in ASA coordinates, and the HFFT can be implemented with standard FFT routines. And the Fourier 
transform of the hexagonally sampled images are done using the HFFT algorithm. [26] 
 
3.6.1 Array Set Addressing: 
 
The ASA coordinate system means representing the hexagonal grid as two interleaved rectangular arrays. 
Each of these arrays can be individually indexed using familiar integer-valued row and column indices 
while the arrays are distinguished by a single binary coordinate so that a full address for any point on 
the hexagonal grid is uniquely represented by three coordinates 
 

  
 
where the coordinates represent the array, row, and column respectively. The hexagonal grid is separated 
into rectangular arrays by taking every other row as one array and the remaining rows as the other array. 
The rectangular arrays are referred to as the 0-array and the 1-array, reflecting the value of the binary 
coordinate. 

 
Fig 3.11: An example of how the hexagonal grid is separated 
into two rectangular arrays using ASA. 
 
Array Set Addressing system is the efficient way to process hexagonally sampled images on modern 
digital processing architectures. [27] 
 
3.7 Separating Luma Component: 
 
To separate the Luma component from the images, the RGB images should be converted to YCbCr. In 
which Y is the luminance and Cb, Cr are the Chrominance components. 
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3.7.1 Why RGB to YCbCr: 
 
Bitmap images used the R-G-B planes directly to represent color images. But medical research proved 
that the human eye has different sensitivity to color and brightness. And hence the conversion from RGB 
to YCbCr. 
 
Y: Luminance; Cb: Chrominance-Blue; and Cr: Chrominance-Red are the components. Luminance is 
very similar to the grayscale version of the original image. Cb is strong in case of parts of the image 
containing the sky (blue), both Cb and Cr are weak in case of a color like green, and Cr is strong in 
places of occurrence of reddish colors. 

Medical investigation of the eye has led to findings that the rods some 120 million in number, are much 
more sensitive than the cones which are around 6-7 million in number. The rods are not sensitive to 
color, while the cones which provide much of the eye’s color sensitivity are found to be located close to 
a central region called the macula. 

And the point of all this is that, the Cb and Cr components information is really do not needed and are 
usually sub-sampled (like in JPEG compression).  

The formulae for converting from RGB to YCbCr are given below 

 

 

 

The down-sampling of chrominance is done in 2 major variants used for most of the codecs. 
 4:4:4 – In this, there is no sub-sampling of the chroma components, and can be as well referred 

and used directly as a RGB image. High-end scanners / cameras / capture devices use this format 
to not lose any data. 

 4:2:2 – The chroma components are horizontally sub-sampled and their resolution is halved as 
compared to the luminance counterpart in this scheme. High-end digital video formats and still 
images generally employ this scheme. 

 4:2:0 – In this variant, the chroma components are sub-sampled by a factor of 2, both 
horizontally as well as vertically, thus reducing to a factor of a quarter. The standard video 
compression MPEG uses this scheme. 
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Fig 3.12: Separated Luminance Images from Natural Images Database. 
 
3.8 Polar Fourier Transform: 
 
In a wide range of applied problems of 2D and 3D imaging a continuous formulation of the problem 
places great emphasis on obtaining and manipulating the Fourier transform in Polar coordinates. 
However, the translation of continuum ideas into practical work with data sampled on a Cartesian grid 
is problematic. To overcome that problem, fast high accuracy Polar FFT is developed. For a given two-
dimensional signal of size N × N, the proposed algorithm’s complexity is O(N2 log N), just like in a 
Cartesian 2D-FFT. A special feature of this approach is that it involves only 1D equispaced FFT’s and 
1D interpolations. A central tool in this method is the pseudo-Polar FFT, an FFT where the evaluation 
frequencies lie in an oversampled set of non-angularly equispaced points.  
 
For a given two-dimensional signal of size N × N, the algorithm produces a Polar FFT with C × N2 
coordinate samples, where C is a chosen parameter (e.g., C = 4). The complexity of this algorithm is 
O(CN2 log N), just like in a Cartesian 2D-FFT. Two special features of this algorithm are  

(i) it involves only 1D equispaced FFT’s and 1D interpolations, leading to a highly cache-
aware algorithm; and  

(ii) (ii) it has very high accuracy for moderate oversampling factors. 
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Thus, applying the Polar FFT to a general image of size N × N, resulting with an output Polar Fourier 
transformed array of size 2N × 2N.  [19] 
 

 
Fig 3.13: Fourier Transform of the square grid image. 

 
Fig 3.14: Polar FFT of the Luminance Image. 
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Chapter 4 
 

Results and Analysis 
 

This chapter was concerned with a comparison of regular square sampled image and hexagonal sampled 
image from the outputs obtained in MATLAB. The major themes that have run throughout the entire 
chapter are Fourier Transform, Hexagonal sampling lattice, Average power spectrum and Polar Fourier 
transform. Changing the sampling lattice has an interesting impact on computational requirements of 
image processing. An obviously negative one is the overhead computational time and high-speed 
computers incurred to acquire and display hexagonal images. This is due to the unavailability of suitable 
hardware at present. The FFT developed for the HIP framework is also more efficient than the equivalent 
algorithms for square images.  
 
Overall, the findings of this results and comparative study suggest that the impact of changing the 
sampling lattice from regular square grid to hexagonal sampling grid on image processing is large.  
 
4.1 Hexagonal Fast Fourier Transform and Polar Fast Fourier Transform of the images: 
 
After observing the fig 4.2, the Half-pixel Shift image and the fig 4.5, the Hexagonal sampled grid image 
processed in MATLAB using the HFFT function, each of the constituent linear transforms of the 
Hexagonal Fast Fourier Transform can be computed directly from the standard DFT by exploiting the 
symmetry and circular shift properties of the DFT. This change of transform basis enables the use of 
any correct one-dimensional FFT algorithm for the efficient computation of the Hexagonal Discrete 
Fourier Transform. Indeed, any DFT like non-standard transform with a constant rational offset and 
integer multiple periodicities can be employed as the sole basis transformation of the Hexagonal Fast 
Fourier Transform. Now, because no custom DFT functions are necessary, the most computationally 
intensive and challenging aspects of the HFFT are dissolved from the perspective of the implementer. 
The HFFT follows efficiently and straightforwardly from its popular rectangular companion. 
 
To obtain the average power spectrum radially the luminance component of the Natural images and the 
Hexagonal sampled images are processed through Polar FFT. And from the obtained matrix the average 
power spectrum is calculated to see the form of the image and have the best regression fit.  
 
For Half-pixel Shift (HS) Images: 
 

 
Fig 4.1: Half-Pixel Shift Image.   
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Fig 4.2: Hexagonal Fourier transform of HS (Half-Pixel shift) image. 
 
 

 
Fig 4.3: PFFT of HS image. 
 
For Hexagonal sampled grid images: 
 

 
Fig 4.4: Hexagonally sampled grid image. 
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Fig 4.5: Hexagonal Fourier transform of Hexagonally sampled grid image. 
 

 
Fig 4.6: PFFT of Hexagonal grid image. 
 
4.2 Radial Averaged power spectrum: 
 
Here we can see the radially obtained average power spectrum for different sampling lattices. 
 

 
Fig 4.7: Radially averaged power spectrum(PFFT) of the Natural images.  
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Fig 4.8: Radially averaged power spectrum(PFFT) of the HS images.  
 
 

 
Fig 4.9: Radially averaged power spectrum(PFFT) of the Hexagonally sampled images.  
 
4.3 Best Fitting regression: 
 
In this we fit the curve obtained from the radial average power spectrum of the images, which is 
exponentially decreasing function. From observing the results obtained through each sampling lattice it 
is found to be, the best-fitting regression is . As mentioned earlier in the chapter-1 the rotationally 
averaged spatial power spectrum of image ensembles  behaves approximately as  where  is 
spatial frequency and . 
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For Natural images with regular square sampling grid: 

 
Fig 4.10: The fitting regression for the Natural images with regular square grid sampling. 
 
 
For Natural images with Half-pixel Shift (HS) grid: 

 
Fig 4.11: The fitting regression for the Natural images with Half-pixel Shift grid sampling. 
 
For Natural images with Hexagonally sampled grid images: 
 

 
 

Fig 4.12: The fitting regression for the Natural images with Hexagonal grid sampling. 
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4.4 Analysis: 
 
4.4.1 How does the average power spectrum look like in Hexagonally sampled images?  
 
Fig 4.7(PFFT of Natural Images), fig 4.8(PFFT of Half-pixel Shift Images), and fig 4.9(PFFT of 
Hexagonally sampled Images), shows the spectral power, averaged over orientation, as a function of 
spatial frequency. On a log-log scale, the data points lie approximately on a straight line, which means 
that spectral power and spatial frequency are related by a power law shows the spectral power, averaged 
over spatial frequency, as a function of orientation. The spectral power is not isotropically distributed, 
but is larger at horizontal and vertical orientations than at other orientations This result is approximately 
the same for subsets of images showing exclusively man-made objects or exclusively scenes of nature. 
The effect is not caused by the square geometry of the images, because we apply an almost circular 
window (Radially through PFFT). 
 
4.4.2 How will the radially averaged power spectrum in Natural images differ from the 
Hexagonally sampled images?  
 
The average power spectrum in the form  exponent gives the frequency behavior of the images. In this 
study after the investigation, we found that the form of the radially averaged power spectrum of the 
natural images with the different sampling lattices falls of the form , (In which being in the range 
of 1-2). Considering the square lattice and hexagonal lattice we can see that the normal form is an 
exponentially decreasing function. But they differ a lot if we closely examine the function of the curve 
of each sampling lattice.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

33 
 

Chapter 5 
 

Conclusion and Future Scope 
 
This monograph focused on the power spectrum of the natural images with the change in the regular 
square lattice to hexagonal sampling lattice. The hexagonal sampling lattice is produced in two ways. 
One is Half-Pixel Shift and the other is virtually through software. And considering the statistics of the 
natural images, the investigation of changing the sampling lattice and calculation of the average power 
spectrum is done radially. And we can clearly observe the difference in the average power spectrum for 
different sampling lattices. The work reported in this monograph covers many of the basic techniques 
in image processing implemented using the HIP framework. 
 
As mentioned above in the chapter 1, the interest in using hexagonal sampling grids for images has been 
since more than 40 years. But there is not much progress in this area of research compared to the 
advances in the research on processing images defined on a square lattice. Does this imply that 
hexagonal image processing is an opportunity lost forever? Hence, the answer to the question appears 
to be a simple NO. This thesis began by observing that nature and statistics (Power Spectrum) of the 
natural images favor the hexagonal lattice and revealed that image processing can also benefit from 
using this lattice for defining images. The work presented in this monograph included practical solutions 
for processing hexagonal images and investigation of the power spectrum in both types of hexagonally 
sampled images. Thus, it sets the stage for further development of hexagonal image processing.  
 
This chapter outlines some avenues for such development. There are several distinct areas in which 
future work could be concentrated. These include study of key areas in general and improvements to the 
HIP framework. One of the hurdles in using hexagonal image processing is the lack of supporting 
hardware for image acquisition and display. This scenario needs to change.  
 
And for the further improvements is to use an existing CCD sensor and build some custom hardware to 
perform the sampling process. This could be performed using simple reprogrammable hardware such as 
Field Programmable Gate Arrays(FPGA). 
 
And another area which can be examined in the future is speeding up the addressing part of the scheme. 
Additionally, a hardware system could be built which exploits the HIP framework and then converts the 
result to square images to help implement mixed system designs. For a full hexagonal image processing 
system, a hardware solution needs to be developed for resampling and for display to further improve the 
efficiency of the HIP framework. 
 
Furthermore, there is an incentive to do so with many of the application areas for 3-D reconstruction 
being in medical imaging. Here, the natural structures, such as various organs, being imaged contain an 
abundance of curved features which are best represented on a hexagonal lattice. 
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