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Abstract
This thesis presents methods and applications of Fuzzy Logic and Rough Sets
in the domain of Telecommunications at both the network and physical layers.
Specifically, the use of a new class of functions, the truncated π functions, for
classifying IP traffic by matching datagram size histograms is explored. Fur-
thermore, work on adapting the payoff matrix in multiplayer games by using
fuzzy entries as opposed to crisp values that are hard to quantify, is presented.

Additionally, applications of fuzzy logic in wireless communications are pre-
sented, comprised by a comprehensive review of current trends and applications,
followed by work directed towards using it in spectrum sensing and power con-
trol in cognitive radio networks.

This licentiate thesis represents parts of my work in the fields of Fuzzy
Systems and Wireless Communications. The work was done in collaboration
between the Departments of Applied Signal Processing and Mathematics at
Blekinge Institute of Technology.
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Introduction
Fuzzy Set Theory, or Fuzzy Logic, is an uncertainty theory, distinct from proba-
bility, originally conceived by Lotfi A. Zadeh [52]. With this theory it is possible
to represent imprecise knowledge, as well as to assess the nature of things qual-
itatively.

Fuzzy Set Theory was the overall name given to include such terms as a fuzzy
set, a fuzzy event, fuzzification, fuzzy quantification etc. It would take some
time for Zadeh’s ideas to find resonance, but over the past three decades, the
impact has been massive. Applications of fuzzy sets can be found in computer
science [54], artificial intelligence [48], control theory [6, 18, 57], decision theory
[11, 12], expert systems [53], pattern recognition [30, 31], operations research
[41], robotics [7, 38], management science [3], and many other fields of research
and engineering [27, 37].

While most of our traditional tools have been crisp in nature and merely
adapted for dual logic, Fuzzy Set Theory is a tool for modelling situations
when taking into consideration ambiguity, feeling criteria and the vagueness of
language. If the question: "Is it cold?" is posed, there is no definite answer,
because there are no predefined rules to determine how different people feel
temperature.

It is difficult to attribute specific descriptions to real situations and systems,
as these are often vague and inexact. The main problem is how to develop factual
models or modelling languages when dealing with these systems. Uncertainty of
a stochastic character has been handled in an appropriate manner by probability
theory and statistics. Fuzziness on the other hand deals with the description of
the semantic meaning of events, phenomena or statements themselves. Thus, it
is in decision making, learning, reasoning, or generally when human judgement
is involved that Fuzzy Set Theory will find its niche.
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During the last five decades fuzzy set theories have been developed along the
lines of fuzzifying classical mathematical areas such as algebra [13], topology
[14, 24, 51] and graph theory [25, 42]. These have also become a powerful
modelling language adapted to specific frameworks and contexts.

Fuzzy Logic has been successfully applied in various areas pertaining to
wireless communication systems. As fuzzy logic is used to model systems and
situations, taking into consideration uncertainty and ambiguity, it can be an
efficient tool to be utilized in problems for which knowledge of all factors is
insufficient or impossible to obtain. Methods furnished with fuzzy logic have
been shown to be useful in difficult conditions with respect to non-linear and
time-variant systems. Additionally, the often mentioned advantages of using
fuzzy logic in practical applications is to reduce complexity as well as to add
robustness to the system under study.

Fuzzy logic and, more specifically, fuzzy control traditionally incorporates
human expert knowledge into a rule-based framework [6, 18, 50]. It may, how-
ever, be further expanded with learning algorithms to derive the fuzzy control
parameters from sample data. These parameters may be obtained by combining
fuzzy logic with related soft computing disciplines such as, e.g., neural networks
[15, 21, 22] and evolutionary computation techniques.

The characteristics of Fuzzy Logic and Fuzzy Control discussed above, makes
it a suitable candidate for several applications in modern telecommunication
applications. For instance, several methods make use of Fuzzy Logic in channel
estimation and equalization as well as channel decoding [5, 20, 23, 29, 40, 46,
55, 56]. Combinations of adaptive filters and other soft computing techniques
such as neural networks are commonly used in these cases [19, 44, 47].

In particular, the field of Cognitive Radio, in which radio users use unutilised
spectrum is an interesting avenue of research. Cognitive Radio implies several
decision points, both locally for radio users, as well as globally in the network,
in which soft computing methods may prove useful. Such applications of Fuzzy
Logic may be spectrum sensing, for detecting available spectrum holes [1, 8, 17],
transmit power control [43, 45], cross-layer optimization [2], and rule fusion in
distributed cognitive radio networks [26].
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Papers included in thesis

This section lists the papers chosen for inclusion in this thesis. They are a
representative subset of my research in the fields of Fuzzy Logic and the appli-
cations thereof in telecommunications. The first three papers, comprising Part
I, concern Fuzzy Logic, while Part II relates to telecommunication applications.

• E. Rakus-Andersson and M. Salomonsson. Truncated pi-functions in ap-
proximation of multi-shaped polygons. In EURO WG on Fuzzy Sets, pages
444–452. EXIT - the Polish Academy of Sciences, 2004. [32]

• E. Rakus-Andersson and M. Salomonsson. Pi-truncated functions and
rough sets in the classification of internet protocols. In Eleventh Inter-
national Fuzzy Systems Association World Congress - IFSA 2005, pages
1487–1492. Tsinghua University Press - Springer, 2005. [33]

• E. Rakus-Andersson, H. Zettervall, and M. Erman. Prioritisation of weighted
strategies in multiplayer games with fuzzy entries of the payoff matrix. In-
ternational Journal of General Systems, 39(3):291–304, 2010. [36]

• M. Erman, A. Mohammed, and E. Rakus-Andersson. Fuzzy logic appli-
cations in wireless communications. In IFSA2009/EUSFLAT09. EURO-
PEAN SOC FUZZY LOGIC & TECHNOLOGY, 2009. [10]

• J. Chakraborty, J. V. K. C. Varma, and M. Erman. ANFIS based oppor-
tunistic power control for cognitive radio in spectrum sharing. In 2013
International Conference on Electrical Information and Communication
Technology (EICT), pages 1–6, Feb 2014. [4]

• S. H. O. Salih, M. Erman, and A. Mohammed. A Novel Spectrum Sensing
Scheduling Algorithm for Cognitive Radio Networks. In A. Al-Dulaimi,
J. Cosmas, and A. Mohammed, editors, Self-Organization and Green Ap-
plications in Cognitive Radio Networks, pages 136–153. IGI Global, 2012.
[39]

The complete list of publications related to this thesis are included as cita-
tions [4, 9, 10, 16, 28, 32–36, 39, 49].
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Contributions

In this section, we describe the main contributions of each of the constituent
papers of the thesis.

In [32], the concept of the “sampled, truncated π-function” for polygon ap-
proximation is introduced, and the usefulness of the method is exemplified by
describing a sample set of IP DNS data. By combining these concatenated con-
tinuous π-functions, a method for matching histograms that avoid some of the
drawbacks with regular closed-form mathematical expressions is described.

In [33], the work in [32] is extended by employing Rough Sets to classify IP
data described using the truncated π-functions introduced in [32]. This allows
for, given adequate prerequisite training for proper parametrisation, classifying
IP traffic without resorting to computationally expensive deep packet inspection.

In [36], the classical model of a two-player game is explored. By using fuzzy
linguistic sets as payoff values the process of assigning values for human players
is simplified. Additionally, players are allowed to rank their strategies according
to their assumed effectiveness.

[10] is a comprehensive survey of fuzzy logic applications and principles in
wireless communications. The work is intended as a foundation for future re-
search targeted to practice-oriented researchers and engineers, as well as our
own future research.

In [4], work directed towards fuzzy inference system for optimal power control
in cognitive radio is presented. By using only two primary user ratios as input
for an optimal adaptive neuro fuzzy system, it is shown that secondary users
QoS is increased without affecting primary user QoS.

In [39], an algorithm for distributed spectrum sensing scheduling is pre-
sented. The algorithm increases the probability of detecting a vacant spectrum
slot, while decreasing the probability of interference with primary networks.
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Chapter 1

Truncated Π-functions in
Approximation of
Multi-shaped Polygons

This paper has been published as:
E. Rakus-Andersson and M. Salomonsson. Truncated pi-functions in approxi-
mation of multi-shaped polygons. In EURO WG on Fuzzy Sets, pages 444–452.
EXIT - the Polish Academy of Sciences, 2004



Truncated -functions in Approximation of 
Multi-shaped Polygons 

Elisabeth Rakus-Andersson Maria Salomonsson
Blekinge Institute of Technology Blekinge Institute of Technology 

School of Engineering School of Engineering 
Department of Mathematics and Science Master of Science Student 

37179 Karlskrona, Sweden 37179 Karlskrona, Sweden 
E-mail: Elisabeth.Andersson@bth.se E-mail: di98msa@student.bth.se 

Abstract The studies of data, which result in sampled information in the form of 
finite fuzzy sets, give rise to the creation of polygons consisting of finite numbers 
of points tied together. Since the polygons are not formalized by some 
mathematical expressions it would be desirable to find continuous functions 
approximating them rather thoroughly in spite of their irregular shapes. An 
approximation by the standard curves is sometimes too rough to be a reliable 
source of a further analysis of the polygons. To improve the accuracy of 
approximating we test a continuous function consisting of joined π-class functions 
with seven parameters. The function, called by us “the sampled, truncated π”, is 
very sensitive for each little deviation in the polygon’s shape, which allows us to 
classify it exactly without large errors usually accompanying a process of standard 
approximation.  

Keywords: truncated π-functions, a polygon approximation, IP traffic 
characterization

1   Introduction 

In some experimental domains of science, e.g., in the classification of IP (i.e. 
Internet Protocol, a protocol which provides the necessary functions to deliver 
Internet information units called datagrams) traffic we encounter polygons as results 
of the accomplished observations. For instance, we observe the density of the 
Internet datagram size in the universe X to determine a finite set of pairs (datagram 
size, density of datagram size). Computing technique methods exist, converting the 
obtained statistical data in the form of densities to membership degrees of fuzzy sets 
[1, 2, 4, 7, 8]. We have adopted the method based on a discrimination degrees 

CHAPTER 1. TRUNCATED Π-FUNCTIONS IN APPROXIMATION OF
MULTI-SHAPED POLYGONS
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coming from [7], combined with the solutions in [1], to state the membership 
degrees in a fuzzy set A = “presence of datagram size” as the set of pairs (x, y = 
µ”presence of datagram size”(x)) further treated as the coordinates of corresponding to them 
points. The set A is finite, thus it can be illustrated as a polygon when joining 
together the points by segments of straight lines. 

An average IP-datagram size experiment, after interpreting its data as compounds 
of the fuzzy set A, delivers the polygon consisted of parts, which look like some 
bells (or hills), e.g., like p(x) sketched in Fig.1.  
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Figure 1: The example of the multi-shaped polygon illustrating a fuzzy set A 

 
These unusual multi-shapes have inspired us to use π-truncated functions 

piecewise in the approximation of the obtained polygon. The π-functions, which 
approximate the irregular bells, are also tied by pieces of straight lines if needed. We 
assume that a continuous function, mathematically defined and composed of pieces 
created by the second and the first grade polynomials, is more useful in further 
investigations of polygons like their comparison and recognition. The π-function 
possesses six parameters. We intend to add the next parameter for adjusting the 
height of a polygon piece. Since the pieces of the examined polygon usually do not 
intersect the x-axis we should reconstruct values of the π-parameters on the basis of 
the existing data. 
 
2   The Adjustment of a Π-function to the Shape of the Polygon 
 
Let us first consider only one part A1 of the obtained polygon A, whose shape 
resembles a bell. Suppose that the pairs =),( yx ))(,( xx Aµ represent the finite fuzzy 
set A1⊆A⊆X produced as a polygon p1(x). 
 
Example 1 
We have appreciated the values of pairs included in the set A1, which constitutes the 
first part of A presented by Fig.1, as A1 = {(34, 0.11), (37, 0.19), (38, 0.16), (40, 
0.26), (43, 0.31), (45, 0.37), (48, 0.41), (50, 0.44), (52, 0.39), (55, 0.4), (57, 0.31), 
(60, 0.26), (62, 0.18), (64, 0.12), (67, 0.12)}. The points corresponding to the pairs 
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given above are tied together to build the polygon  sketched in Fig. 2. A)(1 xp 1, as a 
segment of the polygon A under consideration, does not need to be a normal fuzzy 
set. 
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Figure: 2 The polygon representing the set A1 

 
The appearance of a π-function, introduced in [3, 5, 6, 9, 10] as 
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fits best to the shape of the polygon p1(x). The parameter ε, added by us in (1), 
accommodates the height of the function to the real data existing in the set A1. The 
parameters β1 and β2 are estimated as  
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Example 2 
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We now intend to recall how the π-function inserted by (1) and (2) looks like. If we 
suppose that α1 = 30, γ1 = α2 = 50, γ2 = 70, 4021

11 == +γαβ , 6022
22 == +γαβ , ε = 

0.5 then the function will have the graph depicted in Fig. 3. 
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Figure: 3 The π-function for α1 = 30, γ1 = α2 = 50, γ2 = 70 and ε = 0.5 

 
The pairs in the set A1 from Ex. 1 have no y-coordinates equal to zero, which 

means that the values of α1, γ1 = α2, and γ2 in the π-function, which is expected to 
approximate A1, are unknown. Accepting the value of ε as the largest y-coordinate in 
A1, corresponding to the x-coordinate equal to γ1 = α2, we reconstruct the values of 
remaining parameters α1, γ2 according to the following patterns: 
–If the pair  begins the set A))(,( minmin xyx 1 ( )(supp,min 11min Axxx kknk
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The modified π constitutes a segment of the  classical π-function; therefore we 

will name it a truncated π-function. 
By selecting the minimal and the maximal x-values as well as the maximal y-

value existing in the set A1 we prepare the mathematical apparatus with (3)–(6) for 
computing the unknown parameters α1 and γ2. The point, in which the y-coordinate 
takes an ε-value, belongs both to the polygon and the function π. In spite of 
reconstructing the theoretical values of α1 and γ2 the approximating function 
practically is not intersected by the x-axis. The domain of π begins with the minimal 
x-value and is ended by the maximal x in the set A1. This warrants that the polygon 
and the curve lie very close to each other. 
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Example 3 
The adjustments accomplished for the data describing A1 in the approximating 
process of A1 from Ex. 1 by )(xπ  should be done by applying both (3) and (5). 
Figure 4 shows the total effects of evaluating the distinct, finite membership 
function of A1 by a continuous function )(1 xπ  possessing the reconstructed 
parameters α1 = 29.098, β1 = 39.549, γ1 = α2 =50, β2 = 61.2, γ2 = 72.515, and ε=0.44. 
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Figure: 4 The comparison of the polygon and the π-function made for A1 

 
By using the same procedure to the other “bell” that is included in A represented 

by p(x) in Fig 1 we obtain another function of the π type. We join both functions by 
inserting the equation of a straight line to plot a full continuous curve π(x) 
approximating A entirely. Without quoting the obtained equations in the 
approximation mentioned above we only would like to present its final effect in 
Fig.5. 
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Figure 5: The approximation of A by the sampled truncated π 

 
It is worth noticing that the collective error that measures the deviations of 
)(xπ  from  is not large, which is very important for the approximation of a 

composed polygon consisting of many “bells”.  
)(xp
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The practical example based on a true material coming from IP-traffic 
investigations, presented in the next section, explains the more sophisticated 
procedure of approximation by means of “sampled, truncated π”. 
 
3   Sampled π-Approximation of IP Traffic 
 
A central issue regarding Internet traffic measurements and engineering today, is 
gaining enough information from measurements taken without compromising the 
integrity of users. These are important tasks for Internet Service Providers to 
perform in order to be able to provide users with the level of service that they 
expect. To overcome privacy issues and the unreliability of using Internet 
application protocol specific information, an approach to the classification of 
Internet traffic can be made by using information obtained from IP itself. Basing our 
observations on the presence of datagram size frequencies which constitute the basis 
of determining the membership degrees of fuzzy sets, the objective is to extract 
characteristic data for various application protocols such as HTTP (Hypertext 
Transfer Protocol), FTP (File Transfer Protocol), DNS (Domain Name Service) etc. 
By using parameterised continuous functions instead of discrete values, in most 
cases the result will be a system with fewer parameters. 
 
Example 4 
Fig. 6 is an example of a DNS traffic distribution, showing a characteristic mix of 
datagram sizes, computed from our own measurements typical of the accomplished 
observations carried out, with regards to frequencies with which the Internet 
datagrams occur. As has already been mentioned in Section 1, the obtained densities 
have been used to compute the associated membership degrees, taking place in 
A=”the presence of datagram size” plotted below. 
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Figure 6: The sampled π in the approximation of IP datagram

The graphs represent the sizes of IP datagrams carrying DNS traffic, where y
describes the presence of datagram sizes, expressed by the membership degrees, in
the interval [0,1]. The p(x) graph is a 50 bin linear approximation of the obtained
data, in which the original datagram sizes range from 0 to 1500 bytes. The π(x) 
graph is the proposed sampled, truncated π-approximation of the same, save for the
linear approximations used in order to make the function continuous. In the
approximation of the p(x) graph, when using the π-function, the following formulae 
yielded satisfactorily results: 

21



⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

≤≤−

≤<
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−

=

<≤
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−

<≤⎟
⎠
⎞

⎜
⎝
⎛ −

<≤

<≤⎟
⎠
⎞

⎜
⎝
⎛

−
−

<<
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−

=

<≤
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−

<≤⎟
⎠
⎞

⎜
⎝
⎛

<

=

5049for55.2052.0)n(
...

1412for
8
1221 31.0)11(

12for31.0)10(

1211for
2
1221 0.31)9(

117.10for
2
1062.0)8(

7.109for0.33-0.037x)7(

95.6for
49
92)6(

5.64for
49
421 )5(

4for1)4(

42for
4

421 )3(

20for
4

2)2(

0for0)1(

)(

2

2

2

2

2

2

2

xx

xx
x

xx

xx
x

xx

xx
x

xx

xx
x

xπ

 

 
The formulae were derived by using the Maple 9 software package. 
 
4   Conclusions 
 
The membership functions of some finite fuzzy sets are often interpolated by 
polygons, which seldom have mathematically expanded equations. We thus suggest 
applying continuous membership functions, originating from the standard  π-
functions, in the truncated form that smoothly approximate the irregular parts of the 
polygons. The functions, called by us “the sampled, truncated π” are described by 
the equations in the form of split definitions. These make possible the further 
analysis of the finite and discrete fuzzy sets as, e.g., the classification of unknown 
polygons. This has been the first approach to the information obtained by applying 
the truncated π functions. 

We also notice that “the sampled, truncated π” sensitively follows the changes 
of the polygon’s pattern, which guarantees the thoroughness of approximation 
results. 
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ABSTRACT: The studies of Internet Protocol data give
rise to the creation of polygons consisting of finite
numbers of points tied together. Since the polygons are
not formalized by some mathematical expressions, we
suggest creating continuous functions, which
approximate them thoroughly in spite of their irregular
shapes. To warrant a high accuracy of approximating,
otherwise impossible to obtain when using standard
curves, we test a continuous function, which is composed
of joined truncated π-class functions with seven
parameters.

By operating with the functions representing sparse
polygons, we attempt a classification of Internet traffic
data, based on datagram sizes. We adopt rough sets to
assign the members to an investigated Internet class even
if their origin sometimes is unknown.
Keywords: truncated π-functions, a polygon
approximation, indiscernibility relation, rough lower and
upper sets in IP traffic characterization

1 INTRODUCTION

In some experimental domains of science, e.g., in the
classification of Internet Protocol traffic we encounter
polygons as results of the accomplished observations. We
wish to explain that an Internet Protocol (IP) is regarded
as a protocol, which provides the necessary functions to
deliver Internet information units called datagrams.

We observe the density of the Internet datagram
size in the universe X = {sizes} to determine a finite set
of pairs (datagram size, density of datagram size).
Computational techniques, that convert the obtained
statistical data like densities to membership degrees of
fuzzy sets [1, 2, 4, 9], allow us to state the membership
degrees in a fuzzy set A = “presence of datagram size” as
the set of pairs (x, y = μ” presence of datagram size ” (x)). The values
of x and y are further treated as the coordinates of points
corresponding to the pairs. The set A is finite, thus it can
be illustrated as a polygon with its points joined together
by segments of straight lines.

An average IP-datagram size experiment delivers
the polygon (the set A) consisting of some parts looking
like bells (or hills), e.g., like p(x) sketched in Fig. 1.

These multi-shapes inspire us to use π-truncated
functions piecewise in the approximation of the obtained
polygon, which constitutes the first part of the paper. The

π-functions, approximating the irregular bells, are tied by
pieces of straight lines if needed. We assume that a
continuous function, mathematically defined by second
and first grade polynomials, is more useful in further
analysis of polygons, e.g. their comparison.

Figure 1: The example of the multi-shaped polygon
reflecting A = “presence of datagram size”

The elements of Rough Set Theory appear in the
second part of this work as important instruments of
Internet traffic classification. The aim is to extract
characteristic data for various application protocols such
as HTTP (Hypertext Transfer Protocol), FTP (File
Transfer Protocol), DNS (Domain Name Service) etc.
We possess six polygons of the type (datagram size,
density of datagram size), converted to fuzzy sets.
Among the sets four belong to the same class DNS, one
is a member of the HTTP class and one of them is
unknown. By accepting the membership in the DNS
class as a decision attribute in the indiscernibility
relation, we are able to place the unknown polygon
within the classes under consideration.

2 SAMPLED TRUNCATED Π IN THE
APPROXIMATION OF CLOCK-LIKE
POLYGONS

The approach to approximation of irregular polygons
presented below constitutes the authors’ own and new

1

CHAPTER 2. Π-TRUNCATED FUNCTIONS AND ROUGH SETS IN THE
CLASSIFICATION OF INTERNET PROTOCOLS

26



solution, which deviates from standard procedures of
seeking approximation curves [8].

2.1 The adjustment of a π-function to the shape of
the polygon

Let us first suppose that one part A1 of the obtained
polygon A, whose shape resembles a bell is determined

by a set of pairs = , which represent
the finite fuzzy set A1 ⊆A⊆X produced as a polygon
p1 (x).

Example 1
We examine the values of pairs included in the set A1 ,
which constitutes a part of A presented by Fig. 1 over the
interval (30, 35). We find that A1 is determined by A1 =
{(30, 0.03), (31, 0.06), (31.5, 0.17), (32, 0.20), (33,
0.25), (33.5, 0.23), (34, 0.14), (35, 0.06)}. The points
corresponding to the pairs given above are tied together

to build the polygon sketched in Fig. 2. A1 , which
is a segment of the considered polygon A, does not need
to be a normal fuzzy set.

Figure 2: The polygon representing the set A1

The shape of a π-function, introduced by [3, 8, 10,
11] as

(1)

fits best to the appearance of the polygon p1 (x). The
parameter ε, added in (1), accommodates the height of
the function to the real data existing in the set A1 . The
parameters β1 and β2 are estimated as

. (2)

Example 2
We now intend to recall how the π-function inserted by
(1) and (2) looks like. If we suppose that α1 = 30, γ1 = α2

= 32.5, γ2 = 35, , ,
ε = 0.25 then the function will have the graph depicted in
Fig. 3.

Figure 3: The π-function for α1 = 30, γ1 = α2 = 32.5,
γ2 = 35 and ε = 0.25

The pairs in the set A1 from Ex. 1 have no
y-coordinates equal to zero, which means that the values
of α1 , and γ2 in the π-function, which is expected to
approximate A1 , are unknown. By accepting the value of
ε as the largest y-coordinate in A1 , corresponding to the
x-coordinate taken as γ1 = α2 , we reconstruct the values
of remaining parameters α1 , γ2 according to the following
patterns:

* If the pair begins the set A1

( ), then

a) for . This case
entails the changes in (1) in accordance with

(3)

2
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b) for . The
formula thus appears as

(4)

** The pair ends the set A1

( ).
Hence

c) for . We
suggest the following changes in (1) to adapt it to the
new assumptions

(5)

d) for . We adjust

the formula as

(6)

The modified π constitutes a segment of the
classical π-function; therefore we will name it a
truncated π-function.

By selecting the minimal and the maximal x-values
as well as the maximal y-value existing in the set A1 , we
prepare the mathematical apparatus with (3)–(6) for
computing the unknown parameters α1 and γ2 . The point,
in which the y-coordinate takes the ε-value and the
x-coordinate – the α2 = γ1 value, belongs both to the
polygon and the function π. In spite of reconstructing the
theoretical values of α1 and γ2 the approximating function

is not intersected by the x-axis. The domain of π begins
with the minimal x-value and is ended by the maximal x
in the set A1 . This warrants that the polygon and the
curve lie very close to each other.

Example 3
The adjustments accomplished for the data describing A1
in the approximating process of A1 from Ex. 1 by a
π-function should be done by applying both (3) and (5).
Figure 4 shows the total effects of evaluating the distinct,
finite membership function of A1 by a continuous

function possessing the reconstructed parameters
α1 = 29.581, β1 = 31.291, γ1 = α2 =33, β2 = 34.210, γ2 =
35.419, and ε=0.25.

For instance, since y(xmin ) = 0.03 satisfies the

assumed condition , then we will compute

α1 as
The truncated π-function, accommodated to the set A1 ,
has a full expansion as

Figure 4 as it has been already mentioned lets us
compare the approximation effects in the case of A1
introduced by Ex. 1.

Figure 4: The comparison of the polygon and the
π-function made for A1

3
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By using the same procedure to all “bells” visible in
A represented by p(x) in Fig. 1 we obtain other functions
of the π type. We join the functions by inserting
equations of straight lines to plot a full continuous curve
π(x) approximating A entirely. The final effect of
approximation of the set, taking place in Fig. 1, is
explained in the next subsection.

Since we adapt several π functions to truncated
forms, then we will call a sampled approximation
“sampled, truncated π”.

2.2 The sampled truncated π in the approximation
of a DNS polygon

A central issue, regarding Internet traffic measurements
and engineering today, is gaining enough information
from measurements taken without compromising the
integrity of users. These are important tasks for Internet
Service Providers to perform in order to be able to
provide users with the level of service that they expect.
To overcome privacy issues and the unreliability of using
Internet application protocol specific information, an
approach to the classification of Internet traffic can be
made by using information obtained from IP itself.
Basing our observations on the presence of datagram size
frequencies, which constitute the foundation of
determining the membership degrees of fuzzy sets, the
objective is to extract characteristic data for various
application protocols such as HTTP, FTP, DNS and the
like. By using parameterized continuous functions
instead of discrete values, in most cases the result will be
a system with fewer parameters.

Example 4
Figure 5 is an example of a DNS traffic distribution,
showing a characteristic mix of datagram sizes. These
have been computed as results of our own measurements
typical of the accomplished observations, with regards to
the frequencies with which the Internet datagrams occur.

As it has already been revealed in Subsection 2.1,
the obtained densities have been used to calculate the
associated membership degrees taking place in A=”the
presence of datagram size” computed for a DNS traffic
distribution already plotted in Fig. 1. Figure 5 gives an
image of an approximation of the shape from Fig. 1 by a
collection of truncated π functions.

Figure 5: The sampled π in the approximation of a DNS
datagram

It is worth noticing that the collective error that

measures the deviations of from is not
large, which is very important for the approximation of a
composed polygon consisting of many “bells”.

The graph reflects the correlation between x and y
values provided that the x values are determined as the
sizes of IP datagrams carrying DNS traffic, while the y
values describe the presence of datagram sizes expressed
by the membership degrees belonging to the interval
[0,1]. The p(x) graph is a 50 bin linear approximation of
the obtained data, in which the original datagram sizes
range from 0 to 1500 bytes. The π(x) graph is the
proposed sampled, truncated π-approximation of the
same, save for the linear approximations used in order to
make the function continuous. In the evaluation of the
p(x) polygon, when using the π-function, the following
formulas have yielded satisfactory results:

The formulas have been derived by adopting the Maple 9
software package.

3 ROUGH SET THEORY IN THE POLYGON
CLASSIFICATION

In order to include the unknown sets defined as
“presence of datagram size” within classes already
possessing the declared members, we apply some
elements of Rough Set Theory [5, 6, 7], which have
proven useful in the process of a polygon classification.

4
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3.1 The theoretical background of classification

The y-axis in Fig. 5 is divided in five regions assigned to
the fuzzy sets describing the growing density according
to the pattern given by their membership functions as
follows:

By recognizing the α-cuts of the last sets for the
common value of α = 0.5, we will assign codes
associated with the cuts to the densities converted to
membership degrees. Table 1 presents this association
thoroughly.

Table 1: The relationship between codes and densities

Code Interval Density
1 (0.0, 0.2) “very small”
2 (0.2, 0.4) “small”
3 (0.4, 0.6) “average”
4 (0.6, 0.8) “big”
5 (0.8, 1.0) “very big”

Each considered polygon now has an envelope
created by a continuous function that approximates it.
When regarding any datagram size represented by a
value placed on the x-axis, we are capable of establishing
the association between the x-value and the code. To
achieve this we should at first compute the π(x)
membership degree and then place the degree in the
appropriate interval from Table 1, which corresponds to
the code already announced by Fig. 5.

We can thus accept the set A = “presence of
datagram size” = {(x, y = μ” presence of datagram size ” (x))} = {(x,
code(x)}.

Let us introduce a universe set U={H1 , …, Hn }
composed of the polygons reflecting the sets of the type
“presence of datagram size”. The objects of U are
determined by two groups of attributes, so called
condition and decision attributes presented by the sets B
and D respectively. We assume that the set B consists of
datagram sizes xj , mapped into a set of values

, i = 1, …, n, j = 1, …, m, which are equal to

the integers 1, 2, 3, 4, 5. The set D has an attribute stated
as “the membership of a polygon in the DNS class”,
where the membership is expressed as “yes”, “no”,
“unknown”.

The triple I=(U, B, D) forms the decision table,
which constitutes a data basis for an equivalence relation
I(B) called the indiscernibility relation and defined by a
relationship

(7)

where j = 1, 2, …, m, i, k = 1, 2, …, n.
We find the equivalence classes of the relation I(B),

i.e, the blocks IB(Hi ) as the sets

. (8)

By following a general rough set procedure we
create a set X = {Hi : which have the decision “yes”
assigned}.
The first decision set (the lower approximation)

(9)

reveals the polygons which surely match the DNS class.
The other decision set (the upper approximation)

(10)

contains the members of U, which may belong the
considered class DNS.

The elements of a boundary set

(11)

are interpreted as members of DNS in a certain grade.
The membership degree of Hi , interpreted as a

degree of being a member in DNS, is computed as

.
(12)

3.2 DNS classification by means of rough sets

We collect the data concerning the six polygons as
shown in Fig. 6.
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Figure 6: Polygons representing different IP classes

These have been approximated by “sampled
truncated π” in the manner presented by Fig. 7.

Figure 7: The approximation of polygons by a sampled
truncated π

We state .
The decision table I = (U, B, D), made for the

attributes listed in Subsection 3.1, has the properties
expanded in Table 2.

Table 2: The decision table I = (U, B, D)

Hi /xj 0 4 8 12 16 20 24 28 DNS
H1 1 5 1 2 1 1 1 1 yes
H2 1 5 1 1 1 2 1 1 yes
H3 5 5 1 2 1 1 1 1 yes
H4 1 5 1 2 1 1 1 1 yes
H5 5 1 1 1 1 1 1 1 no
H6 1 5 1 2 1 1 1 1 unknown

The equivalence relation I(B) provided in
accordance with (7) is formed by a set of pairs

The equivalence classes of I(B) are created as the
sets

according to (9).
The value of the decision attribute DNS = “yes”

generates the set , which in turn is

an essential factor implementing ,

, .
The polygon membership degrees whose sizes

confirm the membership in the DNS class are obtained as

We can assume that H1 , H2 and H3 are the true
members of DNS class in U while H4 and H6 may belong
to the investigated class to certain degrees. We can also
notice that H6 affects a status of H4 negatively and, on the
contrary, we can see that H4 upgrades an importance of
H6 in the DNS class.

4 CONCLUSIONS

The authors should emphasize that their approaches to
the approximation and the classification of polygons are
original contributions into the subjects.

The membership functions of some finite fuzzy
sets are often interpolated by polygons, which seldom
have mathematically expanded equations. We thus
suggest applying continuous membership functions,
originating from the standard π-functions, in a truncated
form that smoothly approximate the irregular parts of the
polygons. The functions, called by us “the sampled,
truncated π” are described by the equations in the form
of split definitions. We also notice that “the sampled,
truncated π” sensitively follows the changes of the
polygon’s pattern, which guarantees the thoroughness of
approximation results.

By applying the Rough Set Theory we could
classify polygons within the same class even if they have
an unknown origin. Two introduced sets B* and B* act as
a lower and an upper approximation of the investigated
class. This makes possible to assign its sure members as
well as such ones that have most of the properties
characteristic of the class. Moreover, we can easily
exclude the polygons, which do not satisfy the class’s
attributes.
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We explore the classical model of a two-player game to select the best strategies, where
action is expected to maintain the values of a certain variable on the neutral level.
By inserting fuzzy sets as payoff values in the game matrix, we facilitate the procedure
of formulations of payoff expectations by players. Instead of making inconvenient
decisions about the choice of accurate numerical entries of the matrix, the players are
able to use words, which should simplify communication between them when
designing the preliminaries of the game. The players also have the possibility of
making a ranking of their favourite strategies. At the next stage of the play, we involve
group decision-making in order to aggregate results coming from several paired games,
when more than two players contradict each other.

Keywords: two-player game; fuzzy payoff matrix; weighted strategies; group
decision-making

Introduction

Nowadays, a large number of contributions to fuzzy games can be found in the literature,

e.g. in Butnariu (1978), Song and Kandel (1999), Arfi (2006), Hwang (2007) or Kacher and

Larbani (2008). The majority of models are based on crisp methods of maintaining the

equilibrium, directly from the classical works of Nash (1950) and Shapley (1953), despite

the considerable difference a fuzzy approach should assume. We can mention the models

based on coalitional structures of a game (Butnariu 1978), the models involving

multi-criteria of fuzzy decision making (Song and Kandel 1999), the algorithms using

fuzzy rules of inference (Arfi 2006), the algorithms applying axiomatisation of the game

core by means of consistency (Hwang 2007) or non-cooperative games with fuzzy

parameters (Kacher and Labarni 2008).

We sketch an original counterpart of the two-player unique game based on a game

matrix with imprecise initial payoffs (Rakus-Andersson et al. 2008a) and weighted

strategies (Rakus-Andersson et al. 2008b). The execution of the algorithm when seeking a

saddle point provides us with a sample of ranked tactics prepared by the players, on

condition that an objective of the game is to keep the balance status of a profit variable.

One player is able to be involved in several controversies against other partners to

prove his strategies again. He thus obtains different priorities in the sequence of his

strategies, which we concatenate by proposing the computational technique of group

decision-making (Blin and Whinston 1974, Rakus-Andersson 1999, 2007b).
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To make our debate clear, we first explain a theoretical aspect of the two-player game

in Section 2. The addition of some strategy importance indices is accomplished in

Section 3. Section 4 is devoted to discussion of the algorithm that samples results of several

two-player games performed by one player against a number of opponents. Finally, we

practise the action of our proposal on medical and technical examples in Sections 5 and 6.

It may be nevertheless important to stress that we do not want to repeat any game. As it

will be shown, we want to keep the values near the balance level, allowing the players to

use their strategies only once. For instance, someone with diabetes goes to the doctor to

have medicine prescribed for diminishing sugar level (medicine is a strategy). The

medicine causes growth in his weight. Then, to keep the weight on the balance level, the

patient tries to use a diet (strategy contra medicine). The patient proves this result only

once. A payoff matrix will exist with the representation of words, which we need instead

of real money sums. Nice membership functions depending on a parameter will be

constructed in our fuzzification process.

The two-player game with imprecise payoff values

Let us first remind ourselves that in a classical zero-sum game, it is assumed that there

exist two players A and B (A and B may represent teams) who adopt their action plans,

called strategies, to win. The row player A uses his strategies Rr, r ¼ 1, . . . , m, whereas the

column player Bmakes a selection among his strategies Kk, k ¼ 1, . . . , n. Suppose, further,

that A and B choose their strategies independent of each other. Both A and B select their

strategies Rr and Kk, respectively, which result in a gain being obtained by one of them and

a loss by the other. The gains and the losses are preliminarily determined for each pair of

strategies (Rr, Kk) due to a profit plan yielded by a payoff matrix P ¼ {((Rr, Kk),

mPðRr;KkÞ)}, where all mPðRr;KkÞ represent fuzzy sets attached to verbal descriptions of

the profit, r ¼ 1, . . . , m, k ¼ 1, . . . , n.

Let us now explain our particular interpretations of profits, gains and losses. By ‘profit’,

we mean the deviations of values of a certain variable in either positive or negative

directions. We wish to preserve the achieved variable values on a balance level, stated

as the neutral variable quantity, after using the most accurate strategies for that purpose.

A thus aims at finding the strategy that, used against B’s strategies, allows A to keep his

gain near the zero-balance level established for the variable changes. B intends to test his

strategies contra A’s, providing him with a loss near zero. These strategies are involved in

one game between A and B.

Then the players may wish to determine the matrix P as a collection of words at the

initial stage of the game. Each entry of P constitutes a prognosis of the change in the

variable status when letting the pair (Rr, Kk) affect the variable values. Let us differentiate

changes in the profit variable as terms of a linguistic variable ‘changes of the profit

variable’ ¼ {L0 ¼ ‘nb’ ¼ ‘negative big’, L1 ¼ ‘n’ ¼ ‘negative’, L2 ¼ ‘ns’ ¼ ‘negative

small’, L3 ¼ ‘z’ ¼ ‘zero’, L4 ¼ ‘ps’ ¼ ‘positive small’, L5 ¼ ‘p’ ¼ ‘positive’, L6 ¼

‘pb’ ¼ ‘positive big’}. Each notion is assimilated with a fuzzy set that constitutes the

primary entry ofP intended for the pair (Rr,Kk) to be finally translated inmPðRr;KkÞ [ [0, 1].

All mPðRr;KkÞ observed in P denote the gains of A, provided that the gains are related

to A’s ability to increase the variable values. Thus, larger mPðRr;KkÞ correspond to

positively directed changes of the profit variable for A, whereas lower mPðRr;KkÞ in A’s

case are associated with negative deviations in the variable range. The same quantities of

mPðRr;KkÞ are interpreted for B as his capacity to affect the variable values negatively,

which answers to his losses. The presence of mPðRr;KkÞ ¼ 0.5 in the matrix emphasises
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the existence of the zero level in the variable value deviations when using Rr against Kk.

If, for example, mPðRr;KkÞ ¼ 0.25, then B’s power of producing negative effects in the

variable range is stronger than A’s possibility to balance the range positively.

All fuzzy sets are impacted over the interval of variable changes [amin, amax]. Suppose

amin , 0, amax . 0.

We first fuzzify the expressions concerning the items of the list to continue further

with their defuzzification in order to attach numerical equivalents to the words from

the list. Each word assists now a fuzzy set Ll, l ¼ 0, . . . ,6, whose constraint is grounded on

an s-class mapping defined for x in X ¼ [amin, amax] as in Rakus-Andersson (2005, 2007a,

2007b, 2009):

mLlðxÞ ¼ mL0ðlÞðxÞ

¼
leftðmL0ðlÞðxÞÞ ¼ sðx;aL0 ;bL0 ; gL0 ; l·hÞ; for x # gL0 ;

rightðmL0ðlÞðxÞÞ ¼ 12 sðx;aL0 þ h;bL0 þ h; gL0 þ h; l·hÞ for x . gL0 :

(
ð1Þ

We clarify the fact that formulas of all membership functions are derived from only

one predetermined subject defining mL0 ðxÞ. The equality mLlðxÞ ¼ mL0ðlÞðxÞ reveals that

mLl ðxÞ is dependent on a parameter l equal to variable change level l, l ¼ 0, . . . , 6. The h

unit determines a distance between aLl and aLlþ1
(respectively, bLl and bLlþ1

or gLl and

gLlþ1
) for symmetric functions s.

For aL0 ¼ amin 2 h, bL0 ¼ amin 2 ð1=2Þh and gL0 ¼ amin, we derive (Rakus-

Andersson 2009)

leftðmLlðxÞÞ¼

2
x2 ððamin2hÞþ l·hÞ

amin2 ðamin2hÞ

� �2

for ðamin2hÞþ l·h# x, ðamin2 ð1=2ÞhÞþ l·h;

122
x2 ðaminþ l·hÞ

amin2 ðamin2hÞ

� �2

for ðamin2 ð1=2ÞhÞþ l·h# x,aminþ l·h;

8>>>><
>>>>:

ð2Þ

and

rightðmLlðxÞÞ¼

122
x2ðaminþ l·hÞ

ðaminþhÞ2amin

� �2

for aminþ l·h#x, ðaminþð1=2ÞhÞþ l·h;

2
x2ððaminþhÞþ l·hÞ

ðaminþhÞ2amin

� �2

for ðaminþð1=2ÞhÞþ l·h#x, ðaminþhÞþ l·h:

8>>>><
>>>>:

ð3Þ

For example, for [amin, amax] ¼ [29, 9] and h ¼ 3, we prepare constraints for Ll,

l ¼ 0, . . . ,6, in the form of the curves sketched in Figure 1.

Actually, we have an intension to emphasise the meaning of parametric nature of the Ll
membership functions, which deprives the model of many distinct formulas. Apart from

this advantage, we focus on generating the functions that expand elegant structures

mathematically formalised.
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In the process of defuzzification, we consider only x-values for which the sets L0–L6
get the status of normal sets, i.e. x‘nb’ ¼ amin, x‘n’ ¼ ð2=3Þamin, x‘ns’ ¼ ð1=3Þamin, x‘z’ ¼ 0,

x‘ps’ ¼ ð1=3Þamax, x‘p’ ¼ ð2=3Þamax and x‘pb’ ¼ amax.

We construct another fuzzy set ‘changes of the profit variable’ over [amin, amax]

stressed by a linear membership function

m‘change of the profit variable’ðxÞ ¼

0 for x , amin ;

1
2

2 x
amin

þ 1
� �

for amin # x # 0;

1
2

x
amax

þ 1
� �

for 0 # x # amax;

1 for x . amax;

8>>>>>>><
>>>>>>>:

ð4Þ

to find membership values for all representatives of terms from the list ‘changes in the

profit variable’. We list the results in Table 1.

Table 1. The representatives of fuzzy sets from ‘changes of the profit variable’.

Fuzzy sets x m‘change’ (x)

‘negative big’ x‘nb’ ¼ amin 0
‘negative’ x‘n’ ¼ ð2=3Þamin 0.167
‘negative small’ x‘ns’ ¼ ð1=3Þamin 0.333
‘zero’ 0 0.5
‘positive small’ x‘ps’ ¼ ð1=3Þamax 0.667
‘positive’ x‘p’ ¼ ð2=3Þamax 0.833
‘positive big’ x‘pb’ ¼ amax 1

Figure 1. The terms of ‘changes of the profit variable’ as fuzzy sets L0–L6.
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In matrix P, the entries are predetermined by the sets: ‘nb’, ‘n’, ‘ns’, ‘z’, ‘ps’, ‘p’ or

‘pb’ to be later replaced by mPðRr;KkÞ being one of the values: 0, 0.167, 0.333, 0.5, 0.667,

0.833 or 1. We can always extend the number of notions in the list in conformity with

demands of a model.

Having obtained the numerical data in P, we try to rank A’s and B’s best strategies to

let the players keep the variable divergences invariable near zero. In accordance with the

saddle point algorithm, A thus maximises his minimal influence on making the variable

values positive when testing Rr one by one. B replies to Rr with one strategy among

K1, . . . , Kn, whose choice is unknown for A. The selection of the best strategy R* for A is

supported by a value mAðR* Þ introduced by the formula according to Rakus-Andersson

et al. (2008a, 2008b)

mAðR* Þ ¼ max
1#r#m

ðminðmPðRr;K1Þ; . . . ;mPðRr;KnÞÞÞ: ð5Þ

If the value of mAðR* Þ appears in row r, then strategy Rr, marking the row r, will be

considered as the optimal strategy R* ¼ Rr, r ¼ 1, . . . , m.

Since B should minimise the largest decreases in values caused by his strategies Kk,

then we select the optimal K* strategy used against an unknown choice of R1, . . . , Rm to

maintain the profit around zero. We compute mBðK
* Þ, which helps to recognise K*, like in

Rakus-Andersson et al. (2008a,2008b)

mBðK* Þ ¼ min
1#k#n

ðmaxðmPðR1;KkÞ; . . . ;mPðRm;KkÞÞÞ: ð6Þ

Strategy K* ¼ Kk will be accepted as B’s optimal method used in the game if the value

of mBðK* Þ is found in column k, k ¼ 1, . . . , n.

After having found R* and K*, we determine the preliminary hierarchies of strategies

for both players (there can be more than one optimal strategy assigned to the player)

remembering that the objective of the game is to prohibit the variable from either positive

or negative extreme changes of its values.

Unequal strategies supporting the game

The players A and B can also make own judgements of importance concerning their

favourite strategies used in the game. The preliminary ranking made in the end of Section 2

is expected to provide the players with useful hints to set preferences for their strategies,

which will be followed by numerical values of weights assigned to strategies. For A, let us

denote the weights by v1; . . . ;vm and for B, the weights will be marked by n1; . . . ; nn.
For A’s m strategies, we adopt a procedure of obtaining an importance ratio scale due to

Saaty (1978).

Assume that for m strategies we wish to construct a scale, rating them as to their

importance for making the decision. We compare the strategies in pairs to judge the

importance of the first pair component over the second one when affecting a neutral result

of the game. If we confront strategy Rj with strategy Rb, then we can assign the values cjb
and cbj to the pair (Rj, Rb) as follows, j, b ¼ 1, . . . , m:

(1) cbj ¼ 1=cjb.
(2) If Rj is more important than Rb, then cjb gets assigned one of the numbers 1, 3, 5, 7

or 9 due to the difference of importance being equal, week, strong, demonstrated

or absolute, respectively. If Rb is more important than Rj, we will assign the value

of cbj.

Having obtained the above judgements, an m £ m matrix C ¼ ðcjbÞ
m
j;b¼1 is constructed.
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A’s weights v1; . . . ;vm are decided as components of the eigenvector corresponding

to the largest in magnitude eigenvalue of the matrix C. We normalise the weights vr,

r ¼ 1, . . . , m, by dividing all of them by the largest weight vlargest. We suggest this simple

operation to keep all vr within interval [0,1]. Let us denote the normalised vr by

v̂r ¼ vr=v largest. We assume that the higher value of v̂r points out the more significant

influence of Rr on reaching the game objective. If we multiply entries of P, belonging to

the row characterised by the strongest strategy, by the value of one, then we will not

change their magnitudes. Since we multiply other rows of P by fractions belonging to

[0, 1], then we will decrease the values placed in the rows. In these circumstances, after a

selection of maximum of minimal values made by A, we still prefer the same strategy as

before to be optimal. We thus suggest the introduction of weights v̂r in matrix P in the

shape adapted to A, i.e. we design matrix PA ¼ {((Rr, Kk), mPðRr;KkÞ·v̂r)}, r ¼ 1, . . . , m,

k ¼ 1, . . . , n. To select the optimal strategy R* of A, we estimate m
weighted
A ðR* Þ by

modifying (5) as

m
weighted
A ðR* Þ ¼ max

1#r#m
ðminðmPðRr;K1Þ·v̂r; . . . ;mPðRr;KnÞ·v̂rÞÞ; ð7Þ

when assuming that A does not know anything about B’s importance priorities. By creating

a descending order among minðmPðRr;K1Þ·v̂r; . . . ;mPðRr;KnÞ·v̂rÞ values for r ¼ 1, . . . ,m,

we can also rank the strategies in the sequence Rr1 s · · · s Rrm , where Rr1 ; . . . ;Rrm are

permutation strings of R1, . . . , Rm, and the notion Rrj s Rrb indicates the dominance of Rrj

over Rrb , j, b ¼ 1, . . . , m.

Another matrix D ¼ ðdi;f Þ
n
i;f¼1, determined in compliance with Saaty (1978), sums up

the effects of B’s comparison made for importance degrees of K1, . . . , Kn. The expected

weights n̂1; . . . ; n̂n are obtained as normalised coordinates of the eigenvector associated

with the largest real eigenvalue of D. B still wants to find the minimum of maximal values

computed for entries of P’s columns. In order to exhibit the values of column k assisting

K*, as the most suitable for the choice of the minimal maximum number, we multiply it by

the least weight among n̂1; . . . ; n̂n. We reverse the order in the sequence of n̂1; . . . ; n̂n as to
their importance to assign the value of one to the weakest strategy and the least power to

the strongest one. We denote strategy v̂k by v̂
reversed
k after the replacement to implement B’s

version of the payoff matrix PB designed as PB ¼ {((Rr, Kk), mPðRr;KkÞ·v̂
reversed
k )},

r ¼ 1, . . . , m, k ¼ 1, . . . , n. To select the optimal strategies K* that B uses in his responses

against A’s moves, we evaluate m
weighted
B ðK* Þ as another version of (6) proposed by

m
weighted
B ðK* Þ ¼ min

1#k#n
ðmaxðmPðR1;KkÞ·v̂

reversed
k ; . . . ;mPðRm;KkÞ·v̂

reversed
k ÞÞ: ð8Þ

We assume that B is not familiar with A’s expectations concerning strategies

Rr, r ¼ 1, . . . ,m. We organise the hierarchy Kk1 s · · · s Kkn by setting maxðmP

ðR1;KkÞ·v̂
reversed
k ; . . . ;mPðRm;KkÞ·v̂

reversed
k Þ, k ¼ 1, . . . , n, in the ascending sequence.

Group decision-making in the results of multiplayer games

In our previous investigations, accomplished in Sections 2 and 3, we have considered a

paired confrontation between A and B, named further T1 ¼ A and T2 ¼ B. In spite of the

firstly obtained arrangements of strategies in the single game, one of the players, e.g. T1,

desires to make a revision of results in the next game trials against other opponents. On

condition that T1 is a member of the group T1, . . . ,TN, consisting of N players, T1 can meet

N–1 contradictors in two-player games accomplished in pairs. Suppose that each Tt,

t ¼ 1, . . . , N, wants to verify his/her results in the games with the rest of his/her partners.
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If Tt’s strategies constitute the contents of a set S ¼ {S1, . . . , Sp}, then we can expect to get

different replacements of strings S1, . . . ,Sp among p! permutations of S1, . . . ,Sp.

The number N–1 of Tt’s co-players is confirmed by the value of the binomial

coefficient
N 2 1

1

 !
, when selecting one partner for Tt from N–1 players of the sequence

T1, . . . ,Tt–1,Ttþ1, . . . ,TN without repetitions and without a significant order.

Suppose that the judgements of strategies J(Tt, Tz) ¼ Sðt;zÞ1 s · · · s Sðt;zÞp have been

witnessed in the single two-player games, carried out by the pair of players (Tt, Tz),

z ¼ 1, . . . ,t–1,t þ 1, . . . ,N. To furnish Tt with an image of his strategy power in general,

we concatenate all results by proposing the action of the group decision-making method

proposed in Blin and Whinston (1974).

For J(Tt, Tz) ¼ Sðt;zÞ1 s · · · s Sðt;zÞp that appreciate Tt’s tactics ranges in games against

T1, . . . ,Tt–1,Ttþ1, . . . ,TN, respectively, a fuzzy relation R , S £ S with the membership

function mR : S £ S ! [0, 1] called the group order is represented by membership degrees

mRðSc; SdÞ, c, d ¼ 1, . . . , p. These, in turn, appreciate the intensity grade of a sampled

preference concerning strategy Sc in comparison to Sd. We first generate a set (Blin and

Whinston 1974)

dcd ¼ {JðTt; TzÞ : in which Sðt;zÞc s Sðt;zÞd}; ð9Þ

to state, on its basis

mRðSc; SdÞ ¼
jdcdj

N 2 1
: ð10Þ

The a-level Ra of the relation R is decided as the set

Ra ¼ {ðSc; SdÞ : mRðSc; SdÞ $ a}: ð11Þ

For the greatest a, we seek the graph assimilated with a set Ra, which contains all

tactics Sc, c ¼ 1, . . . , p, and is totally ordered. We treat Sc strategies as vertices in the

directed graph. The order in the pair (Sc, Sd) indicates the direction of an arrow that ties Sc
and Sd together. We should explain that the order in the graph is interpreted as total if each

pair of nodes has a connection formed by the arrow. The vertex, which concentrates the

most endpoints of the arrows in accordance with Ra, will indicate a group decision.

The steps that follow the determination procedure of selecting an optimal strategy of

Tt, when playing against the rest of the N-team members, are collected in the algorithm

developed below (Rakus-Andersson 1999, 2007b).

Algorithm 1

(1) Find ‘a values’ ¼ {mRðSc; SdÞ: mRðSc; SdÞ are different inR}¼ {a1;a2; . . . ;ah}

as a set of values arranged in the descending order.

(2) Set i ¼ 1.

(3) Find Rai
, i ¼ 1, . . . , h, and sketch a directed graph for Rai

due to the pair order.

The notation Sc s Sd corresponds to the ordered pair (Sc, Sd) generating the

direction Sc ˆ Sd.

(4) Is the order inRai
total?

!No: Set i¼iþ1:Go to step 3
!Yes: Choose the vertexwith the largest number of arrow endpoints as an optimal decision:

By circulating the algorithm function among all players, we aggregate their individual

judgements in a final list of optimal strategies.
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Optimal strategies in the maintenance of blood pressure level

A patient with coronary heart disease has to keep changes of systolic blood

pressure near zero change level. The changes are expected to happen in ½amin; amax� ¼

½230Hgmm; 30Hgmm�. Two groups of specialistsA andBwant to help him inmaintaining

the changes on the balance level, that is, near 120 Hgmm. A prepares strategies R1, R2, R3

(e.g. medicines, diets and physical exercises) contra B’s responses K1,K2,K3. Both A and B

are aware of effects of their joined-in-pair strategies. The effectiveness of the strategies is

presented in the following matrix:

P ¼
R1

R2

R3

K1 K2 K3

‘ns’ ‘z’ ‘ps’

‘nb’ ‘n’ ‘p’

‘z’ ‘p’ ‘pb’

2
664

3
775 ¼

R1

R2

R3

K1 K2 K3

0:333 0:5 0:667

0 0:167 0:833

0:5 0:833 1

2
664

3
775 :

For A, due to (5),mAðR* Þ ¼ max(min(0.333, 0.5, 0.667), min(0, 0.167, 0.833), min(0.5,

0.833, 1)) ¼ 0.5. A should thus prioritise the strategies as the sequence R1 < R3 s R2. We

evaluate the optimal strategies for B according to mBðK* Þ ¼ min(max(0.333, 0, 0.5),

max(0.5, 0.167, 0.833), max(0.667, 0.833, 1)) ¼ 0.5, emphasising the orderK1 < K2 s K3.

The weights of strategies, being the factors of A’s judgements in accordance with his

own preferences R1 s R3 s R2, are effects of priorities made for pairs of strategies in

matrix C stated as

C ¼
R1

R2

R3

R1 R2 R3

1 7 5

1
7

1 1
3

1
5

3 1

2
664

3
775 :

The normalised coordinates of the eigenvector, associated with the largest eigenvalue,

constitute the weights v̂1 ¼ 1, v̂2 ¼ 0.111 and v̂3 ¼ 0.258. We insert these values in the

matrix P to get its version as

PA ¼

0:333 0:5 0:667

0 0:019 0:092

0:129 0:215 0:258

2
664

3
775:

By (7), we obtain: m
weighted
A ðR* Þ ¼ max[min(0.333, 0.5, 0.667), min(0, 0.019, 0.092),

min(0.129, 0.215, 0.258)] ¼ max[0.333, 0, 0.129] ¼ 0.333, which even more strongly

confirms the advantage of R1 in the process of keeping the blood pressure balance level.

Since B sets his strategies in order K2 s K1 s K3, then matrix D takes the form

D ¼
K1

K2

K3

K1 K2 K3

1 1
3

5

3 1 7

1
5

1
7

1

2
664

3
775 :

By means of D, we obtain v̂1 ¼ 0.43, v̂2 ¼ 1 and v̂3 ¼ 0.11. After reversing the order

of weights according to the rules described in Section 3, we determine v̂reversed1 ¼ 0.43,
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v̂reversed2 ¼ 0.11 and v̂reversed3 ¼ 1, used to design matrix PB as

PB ¼

0:143 0:056 0:667

0 0:019 0:833

0:215 0:093 1

2
664

3
775:

In compliance with (8), m
weighted
B ðK* Þ ¼ min[max(0.143, 0, 0.215), max(0.056, 0.019,

0.093), max(0.667, 0.833, 1)] ¼ min [0.215, 0.093, 1] ¼ 0.093. Since 0.093 belongs to

the column marked by K2, then this strategy is recognised as optimal, which completely

agrees with the prognosis previously made.

To test the group decision-making model in the case of team A ¼ T1, which intends to

assist the patient in his/her trials to keep the blood pressure on unchangeable level, let us

suppose that the team wants to meet some offers of other treatments advertised by staffs

C ¼ T3, D ¼ T4 and E ¼ T5 (with B ¼ T2, the team has already been confronted).

We sample all results from single-pair games as

JðA;BÞ ¼ R1 s R3 s R2; JðA;CÞ ¼ R3 s R1 s R2; JðA;DÞ ¼ R1 s R2 s R3;

JðA;EÞ ¼ R1 s R3 s R2:

The matrix R is then designed as a table

R ¼
R1

R2

R3

R1 R2 R3

0 1 0:75

0 0 0:25

0:25 0:75 0

2
664

3
775 ;

where, e.g. mRðR1;R2Þ ¼ ðj{JðA;BÞ; JðA;CÞ; JðA;DÞ; JðA;EÞ}j=4Þ ¼ 1, whereas mRðR2;
R3Þ ¼ ðj{JðA;DÞ}j=4Þ ¼ 0.25.

Due to Algorithm 1, the ‘a-values’ set is sorted as ‘a-values’ ¼ {1, 0.75, 0.25, 0}.

The first a-cut of R, R1 ¼ {ðR1;R2Þ} initialises the graph, plotted in Figure 2, which

does not reveal the total order (but see a discussion on the debatable assumption of total

orders in Gómez et al. (2004)).

Figure 3 is a graphical interpretation of the next a-cut, R0:75 ¼ {ðR1; R2Þ; ðR1;R3Þ;
ðR3;R2Þ}.

In Figure 3, all vertices are tied to each other in the paired connections, which mean

that R0.75 produces the total order in the graph addressed to it. By counting the number of

arrow endpoints for each node, we state A’s strategy arrangement R1 s R3 s R2 as the

final priority of medical treatments proposed in order to stabilise the patient’s

hypertension.

Team B and other teams can check the efficiency of their resources when revising the

steps of Algorithm 1 in the analogous way as A has done.

The constant radio transmission rate in patient-monitoring products modelled as a

fuzzy game

Wireless communication is increasingly being used in a variety of medical applications.

Consider the following example of two proprietary wireless patient-monitoring products
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using cognitive radio, whose main function is that of detecting and selecting appropriate

frequency bands to be used for transmission.

If the aim is to keep the data transmission rate constant and equally divided among the

monitoring products, the problem can be modelled as a two-player game, using a

linguistically formulated payoffmatrix. The patient-monitoring products are represented by

players A and B, choosing among different frequency bands or channels (they may choose

more than one channel) independently of each other. More data can be transmitted in the

same period of time using more channels. However, if several transmissions are attempted

on the same channel, less data per second can be transmitted due to the overlap.

A uses the strategies R1, R2, R3 and B the strategies K1, K2, K3. All strategies refer to

specific channel selection configurations which may be placed in order of precedence, thus

weighted. The changes are expected to happen within ½amin; amax� ¼ [–3 Mbps, 3 Mbps].

An illustrative payoff matrix can be formulated as

P ¼
R1

R2

R3

K1 K2 K3

0:5 0:5 0:667

1 0:667 0:333

0 0:333 0:667

2
664

3
775 :

From the payoff matrix, we can evaluate mAðR* Þ ¼ 0.5. A should hence use the

preference R1 s R3 < R2 to maximise his minimal profits, i.e. to keep a balanced data rate

for both players. Evaluating mBðK* Þ ¼ 0.667 indicates that player B should choose the

strategies K2 and K3 (K2 < K3 s K1) to give a transmission rate change to the advantage

of player A.

Figure 3. The graph representing R0.75.

Figure 2. The graph representing R1.
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If players A and Bwish to rank their strategies in accordance with their preferences, we

will introduce the preference matrix C for player A, and the preference matrix D for player

B designed as

C ¼

R1

R2

R3

R1 R2 R3

1 7 5

1
7

1 1
3

1
5

3 1

2
664

3
775 D ¼

K1

K2

K3

K1 K2 K3

1 1
7

1
3

7 1 5

3 1
5

1

2
664

3
775 :

After the introduction of weights in P, we obtain

PA ¼
R1

R2

R3

K1 K2 K3

0:5 0:5 0:667

0:111 0:074 0:037

0 0:086 0:172

2
664

3
775 ;

and

PB ¼
R1

R2

R3

K1 K2 K3

0:5 0:055 0:287

1 0:073 0:143

0 0:037 0:287

2
664

3
775 :

We may consequently evaluate the optimal strategies for players A and B as

m
weighted
A ðR* Þ ¼ 0.5 and m

weighted
B ðK* Þ ¼ 0.073.

Thus, player A should use the order R1 s R2 s R3 and player B ought to trust on

preferences K2 s K3 s K1 to keep the data transmission rate constant.

When testing data transmission in single trials against C,D and E, B samples the tactics

in the following database:

JðB;AÞ ¼ K2 s K3 s K1; JðB;CÞ ¼ K3 s K2 s K1; JðB;DÞ ¼ K1 s K2 s K3;

JðB;EÞ ¼ K3 s K1 s K2;

being the foundation for

R ¼
K1

K2

K3

K1 K2 K3

0 0:5 0:25

0:5 0 0:5

0:75 0:5 0

2
664

3
775 :

The cut R0.5 provides B with the final hierarchy K2 ¼ K3 s K1 evaluated on the basis

of the graph revealed in Figure 4.

Conclusions

The own and original attempt, initially made for the achievement of a balance level in

the two-player game and supported by a fuzzy payoff matrix, results in the formulation

International Journal of General Systems 301

CHAPTER 3. PRIORITISATION OF WEIGHTED STRATEGIES IN
MULTIPLAYER GAMES WITH FUZZY ENTRIES OF THE PAYOFF
MATRIX

44



of a method providing two players with the ranking of strategy effectiveness.

The membership functions of fuzzy sets, assisting verbal expressions used in the

description of variable change intensities, were derived as parametric classes of s-functions.

We emphasise that the parametric approach to the design ofmembership functions deprives

the model of many distinct formulas when exploiting few of general function patterns to

obtain all forms dependent on the parameter. We hope that it should highlight the meaning

of the logical and smart scenario adopted in the mathematical formulations.

The introduction of linguistic imprecision in the model should improve the

communication between players at the stage of determining initial assumptions of

the game. Obviously, it must be more convenient to express payoff expectations verbally

instead of guessing their numerous replacements. As pointed out in Pietarinen (2004),

games are open systems where semantics are used to play a relevant role.

In this paper, the strategies were also furnished with weights confirming the players’

beliefs in the effective powers of these tactics. This complement, added to the preferences

preliminarily made in the first part of the model, has unambiguously resulted in revealing

the best strategies.

Lastly, we assume that each player wants to equip himself with additional strategy

ranks by arranging several single-paired games with other partners. The strings of his

strategies, unpredictably permuting from game to game, are concatenated in one collective

order final for the player. In the process of strategy aggregation, we propose the scheme of

group decision making.

The function of null-level maintenance was practically tested in two proposed

applications.
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Abstract— A survey of fuzzy logic applications and principles in
wireless communications is presented, with the aim of highlighting
successful usage of fuzzy logic techniques in applied telecommuni-
cations and signal processing. To the best of our knowledge, this is
the first such study of its kind. This paper will focus firstly on dis-
cerning prevalent fuzzy logic or fuzzy-hybrid approaches in the areas
of channel estimation, channel equalization and decoding, and sec-
ondly outlining what conditions and situations for which fuzzy logic
techniques are most suited for these approaches. Furthermore, after
insights gained from isolating fuzzy logic techniques applied to real
problems, this paper proposes areas for further research targeted to
practice-oriented researchers.

Keywords— Channel Equalization, Channel Estimation, Decod-
ing, Fuzzy-hybrid systems, Fuzzy Logic, Wireless Communications

1 Introduction
Fuzzy Logic has been successfully applied in various areas
pertaining to wireless communication systems. As fuzzy logic
is used to model systems and situations, taking into consider-
ation uncertainty and ambiguity, it can be an efficient tool to
be utilized in problems for which knowledge of all factors is
insufficient or impossible to obtain. Methods furnished with
fuzzy logic have been shown to be useful in difficult con-
ditions with respect to non-linear and time-variant systems.
Additionally, the often mentioned advantages of using fuzzy
logic in practical applications is to reduce complexity as well
as to add robustness to the system under study.

Fuzzy logic and, more specifically, fuzzy control tradition-
ally incorporates human expert knowledge into a rule-based
framework. It may, however, be further expanded with learn-
ing algorithms to derive the fuzzy control parameters from
sample data. These parameters may be obtained by combin-
ing fuzzy logic with related soft computing disciplines such
as, e.g., neural networks, evolutionary computation techniques
etc. On the other hand, a method developed by Wang and
Mendel [1] derives the fuzzy rule base by using a combination
of human experience and numerical data.

Wireless communications is a rapidly evolving industry,
constantly challenging researchers for new techniques in or-
der to meet the demands of ever higher performance and ef-
ficiency. The most obvious products of wireless communica-
tions, e.g., the worldwide adoption of the mobile telephone,
wireless local area networks etc., exert a strong influence on
many people’s lives today.

In a wireless communication system, the channel is the
medium by which information-bearing signals are transferred

from a transmitter to a receiver. The characteristics of the
channel are generally unknown, and, barring any distortion
imposed by the channel, i.e., in ideal conditions, the transmit-
ted data will be received without any errors.

In practice, however, it is unavoidable for the channel to be
affected by distortion, hence degrading the performance of the
receiver, severely limiting the throughput of the system. The
wireless channel poses tough challenges for achieving reliable
and fast transfers. While interference typically is not a major
concern in wired transmission, i.e., in predicting the behav-
ior of the signal in the transmission channel, it poses a great
challenge in wireless transmission.

When there is no line-of-sight between the transmitter and
the receiver, distortions to the signal in the form of effects such
as scattering and reflections, etc. will follow, all of them re-
sulting in a phenomenon called multipath propagation. Due
to multipath propagation, the receiver encounters many sig-
nal paths from the transmitter, where each of these paths is
delayed by an arbitrary amount and attenuated by various fac-
tors. As a result there will be a superposition of the different
copies of the signal being in different phases, hence causing an
amplification or attenuation of the signal power – also referred
to as fading. Multipath propagation will cause previously sent
data bits to smear into current data bits, referred to as inter-
symbol interference. The aim of the receiver in the communi-
cation system is to overcome the disturbances of the channel,
intersymbol interference and noise, and correctly decode the
data having been transmitted.

2 Contemporary Uses of Fuzzy Logic in
Wireless Communications

In this section we will focus on fuzzy logic applications in
channel estimation, channel equalization and decoding. The
purpose of channel estimation is to accurately describe the
channel and track its variations, and with the aid of chan-
nel equalization and decoding recover the original transmit-
ted data. In the case of time-varying channels, adaptive tech-
niques have to be employed and it is in this area that fuzzy
techniques and/or neural networks find their main uses.

2.1 Channel Estimation
In [2] channel estimation is performed by tracking the channel
coefficients, applying a fuzzy tracking method in a multipath
fading Code Division Multiple Access (CDMA) [3] channel.
CDMA is a spread-spectrum technology that makes it possi-
ble for transmitters to share the same frequency range. The
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fuzzy tracking method is based on Kosko’s fuzzy associative
memory models [4]. The fuzzy associative memory models
combines fuzzy logic and a single-layer feed-forward neural
network that saves the fuzzy logic rule-base in matrix form.
The tracking used in [2] is iterative with the estimated sym-
bol being used in the prediction of the coefficient. There are
two inputs to the fuzzy tracker: the difference between the
measured and predicted coefficients, and the change of dif-
ference between current and previous differences between the
measured and predicted coefficients. The output of the fuzzy
tracker yields a correction term for the next coefficient.

The motivation in [2] for using fuzzy channel estimation
is due to fuzzy estimation not needing exact process models.
Comparisons are made between the fuzzy tracker and a non-
fuzzy tracker, a.k.a. the alpha tracker, where it is shown that
the fuzzy tracker performs better under noisier multipath con-
ditions.

Channel estimation using a fuzzy approach has also been
performed with a multi-carrier modulation technique called
Orthogonal Frequency Division Multiplexing (OFDM) [5]. In
OFDM, multiple orthogonal subcarriers are used for the same
channel. The data stream is divided into lower bit-rate data
streams, each modulating a separate subcarrier.

There are two different methods for estimating the channel
parameters at each subcarrier: blind channel estimation tech-
niques and pilot assisted channel estimation, with the pilot be-
ing a reference signal used by the transmitter and the receiver.
The blind channel estimation techniques do not use pilot sam-
ples and are thus more spectrally efficient, but at the cost
of higher computational complexity and slower convergence
rate. Pilot assisted channel estimation has typically been based
either on the Minimum Mean-Square-Error (MMSE), the LS
(Least Square) or the LMS (Least Mean-Square) algorithms
[6], with the MMSE algorithm being more robust and per-
forming better in time-varying channels.

In [7] a Takagi-Sugeno-Kang (TSK) [8] model is used for
the pilot assisted channel estimation in an OFDM system.
The TSK method is similar to that of the traditional Mam-
dani method – the difference being that the output of the TSK
model is a linear function of the input variables instead of
fuzzy sets. Pilot symbols are used in order to train the TSK
fuzzy model as well updating the fuzzy model in order to track
the channel. A Gaussian membership function is chosen, as it
has been shown that a fuzzy system with bell-shaped Gaus-
sians can approximate any continuous functions on compact
sets to any degree of accuracy [9]. The TSK learning algo-
rithm consists of defining the center and width of the rules
dependent on the number of rules chosen, after which an ad-
justable parameter of the TSK model is trained from the first
snapshot of the pilot subcarriers. Finally the channel transfer
function is estimated and the adjustable parameter updated to
track the channel. Simulation results show that the proposed
TSK channel estimation model performs closely to the ideal
MMSE, but with lower computational complexity.

The TSK fuzzy modeling technique used in [7] has been
updated for a multiple-input multiple-output (MIMO) OFDM
system in [10] with two transmit and two receive antennas.
MIMO [11] is a way to increase system throughput with-
out the need for higher transmit power or bandwidth, and
has hence become a highly popular research topic. MIMO

achieves increased throughput by using multiple antennas at
the transmitter and the receiver. It is shown in [10] with com-
puter simulations that the Word Error Rate (WER) is close to
the MMSE method with lower computational complexity.

In [12] an MMSE linear receiver was proposed in which a
fuzzy inference system was inserted into the LMS algorithm.
The motivation to use fuzzy logic was for convergence and sta-
bility reasons. The LMS algorithm was modified with a fuzzy
logic controlled adaptive step size and partial update. This
modified algorithm was then used in simulations of noise can-
cellation in a space-time joint direct-sequence (DS) CDMA
system in a dynamic fading multipath channel. It was shown
that the performance of the authors’ modified LMS algorithm
was superior to that of the LMS algorithm.

The proposed algorithm in [12] was further used in [13] for
channel estimation and tracking in OFDM systems for a time-
variant channel. Simulation results indicated that the modi-
fied LMS algorithm had lower steady-state Mean-Square Er-
ror (MSE) and faster convergence speed compared to the or-
dinary LMS algorithm.

In [14], an adaptive neuro-fuzzy inference system (ANFIS)
was evaluated for channel estimation in OFDM systems. The
ANFIS uses a hybrid learning algorithm based on the LS and
the gradient descent methods in order to train the parameters
of the membership functions of a TSK fuzzy inference system.
Clustering is used in order to group data and from this generate
the TSK fuzzy rule-base. From the results of the computer
simulations performed in [14] it can be seen that the ANFIS
performs very closely to that of the MMSE algorithm albeit
with less computational complexity.

2.2 Channel Equalization

Channel equalization is the process of removing the degrada-
tion caused by the channel with the aim of reconstructing the
transmitted data. The wireless channel is time-variant, and in
this kind of channel, non-linear distortion is usually encoun-
tered. Due to linear equalization not performing very well in
these channels, efficient equalization should be both adaptive
and non-linear.

The first results that seem to appear in the literature with
regards to fuzzy logic applications in channel equalization
are [15, 16]. Here fuzzy adaptive filters based on both the
LMS and the Recursive Least Squares (RLS) algorithms are
constructed and applied to channel equalization. Initially the
fuzzy sets are defined over the filter input space, after which
linguistic information from human experts and numerical data
are combined and incorporated into the filter. The algorithms
are then used to update the free parameters. The objective of
using fuzzy adaptive filters is to improve the adaptation speed
of the algorithms with the extra help of linguistic inference
rules. The results indicate that the bit error rates of the fuzzy
equalizer is close to that of the optimal equalizer.

Whereas Wang and Mendel in [15, 16] assumed a fixed de-
lay, in [17] the delay and the membership functions are de-
rived from training data. Two membership functions and two
rules are defined that correspond to the input of the channel,
which is binary, i.e. it takes on two different values. To-
gether they form an output grounded on the conclusion of a
fuzzy rule, from which an independent decision results. Test
symbols are transmitted and the correlation between the de-
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sired outputs and the received signals are determined and form
weights assigned to fuzzy outputs. A weighted sum of all the
rules is used in the fuzzy inference, after which the defuzzified
value is fed through a thresholding device for the final decision
of the equalizer. The results from the simulations performed in
[17] show that the fuzzy logic equalizer outperforms the LMS
in non-linear channels as well as a neural network equalizer
using the backpropagation algorithm. The fuzzy logic equal-
izer also needs fewer training samples compared to the LMS
in linear channels for the same error performance.

The Wang-Mendel RLS Fuzzy Adaptive Filter [16] is ex-
tended in [18] to a complex fuzzy filter that can handle com-
plex channel models and signals. In [19] human expert knowl-
edge and heuristic reasoning are replaced altogether by a Mul-
tilayer Perceptron (MLP) preprocessor unit. The MLP unit
consists of a 3-layer network, the training of which provides
information to the fuzzy logic system. The LMS algorithm,
less computationally complex than the RLS algorithm, is then
used to update the free parameter of the system.

In [20] a Bayesian equalization architecture has been de-
veloped by using a fuzzy adaptive filter construction as in
[15]. The adaptive equalization is visualized as a classifica-
tion problem in which an observation vector is mapped to sig-
nal constellations. In contrast to a channel equalizer such as
the maximum likelihood sequence estimation (MLSE) there
is no need to include a channel estimator, thus making the
equalization process less computationally complex. The de-
rived fuzzy filter function in [20] using fuzzy basis functions
[21], product inference, a center of gravity (COG) defuzzifier,
and Gaussian membership functions, is able to properly rep-
resent the Bayesian decision solution. The performance of the
fuzzy equalizer is close to the Bayesian, with the advantage of
reduced computational complexity.

In [22] a further development of the fuzzy adaptive filters is
presented: the type-2 fuzzy adaptive filter, which based on an
unnormalized type-2 TSK fuzzy logic system using a training
sequence. This is used to implement the Bayesian equalizer
with a decision feedback structure, reducing the complexity
of the equalizer compared to that of the transversal equalizer
(TE). In contrast to a traditional transversal equalizer or filter,
the decision feedback equalizer uses previous detector deci-
sions to cancel intersymbol interference. The type-2 fuzzy
sets [23] is an extension of ordinary fuzzy sets in that the
membership grades are fuzzy as well. It is shown that an un-
normalized output type-1 TSK fuzzy logic system is able to
implement a Bayesian equalizer for a time-invariant channel,
albeit being model free and not based on a Gaussian probabil-
ity model. This is further developed into a more generalized
form with the type-2 fuzzy adaptive filter to accommodate a
time-varying channel.

To a lesser extent, work has also been conducted on blind
methods for channel equalization. Blind methods are distin-
guished by only using information contained in the received
signal, thus making both channel estimation and training data
unnecessary, with the advantage of higher spectral efficiency.
However, this also means that they are strongly dependent on
the obtained statistical data.

In [24] the fuzzy-C-means (FCM) algorithm is used to per-
form joint equalization and demodulation of a signal mod-
ulated with the Quadrature Amplitude Modulation (QAM)

scheme. The receiver mapping the signal onto a set of sym-
bols can be reduced to a classification problem, rendering a
clustering analysis useful. The aim of clustering analysis is
to classify objects into groups or classes (clusters) with the
objects in the same group having similarities. The FCM algo-
rithm is an unsupervised algorithm, i.e., no external informa-
tion outside the data itself is needed on which the algorithm
operates. The membership functions are used as a measure
of what degree the data is connected to the clusters, which in
this particular application depends on the amplitude and the
phase distances between the received symbols, i.e. the sig-
nal constellation points. The results, for a test environment
with a static channel, indicate that the algorithm converges
very quickly, is robust and has lower computational complex-
ity than that of conventional MLSE receivers. One of the prob-
lems with the FCM algorithm however is that it forces points
seriously degraded by noise to belong to one or more clusters
with some degree, instead of giving it low or no membership
in any cluster.

The FCM algorithm in [24] is improved on in [25] by in-
troducing what is referred to as a fuzzy possibilistic C-means
(FPCM) assisted blind channel equalization scheme for time-
varying channels. The FPCM algorithm solves the problem
with the FCM algorithm above by making it less sensitive to-
ward the highly noisy symbol samples. The scheme also al-
lows the receiver to take into account cluster center informa-
tion in previous data, thereby improving the accuracy of the
cluster centers with more data samples. However, it is also
suggested that a forgetting factor might be taken into consid-
eration to reduce the significance of cluster centers in previ-
ous data in a time-varying channel. Due to a rather large co-
herence time in high speed wireless transmission systems, it
is stated in [25], that the accumulation of cluster centers is
feasible even under time-variant conditions. The FPCM out-
performs the FCM algorithm due to the former’s capability of
rejecting the interference of data seriously degraded by noise.
It is also shown that the performance of both algorithms de-
pend on the amount of data involved, as can be expected.

In [26] and [27] a blind equalization algorithm based on a
fuzzy neural network is outlined. Equalization is performed
with a combination of channel estimation and a fuzzy neu-
ral network classifier. The algorithm first blindly estimates
the channel by using the fourth cumulants of the received se-
quences [28]. Afterward, an approximate deconvolution is
carried out. The output from the deconvolution is then fed into
a fuzzy neural network classifier. Simulations undertaken in
time-invariant channels with 64-QAM, indicate that the con-
vergence speed as well as BER are improved compared to that
of a feedforward neural network blind equalization algorithm.

Similarly, in [29] an improvement of a feedforward neural
network blind equalization algorithm is proposed by using a
fuzzy neural network consisting of an input layer, a fuzzifica-
tion layer, a rule layer, a normalization layer and a defuzzifi-
cation layer with the aim of improving the convergence rate.
Simulation results for 16-QAM shows that the fuzzy neural
network has faster convergence speed and lower BER com-
pared to that of the feedforward neural network blind algo-
rithm.
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2.3 Decoding and Equalization

In contrast to conventional communication systems where en-
coding/decoding and channel equalization are performed sep-
arately, turbo equalization schemes combine the two mecha-
nisms. This combination is carried out by iterating the equal-
izer and the channel decoder on the same set of received
data. Since turbo equalizers have been implemented with the
Bayesian algorithm, and it was shown that a TSK fuzzy logic
system is able to implement a Bayesian model in [22], a turbo-
fuzzy equalization approach should be feasible. Such an ap-
proach was introduced in [30], where a turbo equalizer using
fuzzy filters is proposed. The fuzzy turbo equalizer is intro-
duced with the motivation that fuzzy filters could deal with
uncertainty characterized by impulse noise, and also has lower
computational complexity compared to the Bayesian equal-
izer. To adapt the parameters of the fuzzy equalizer, the back-
propagation algorithm is used.

A critique against the turbo-fuzzy equalizer in [30] can be
found in [31] where it is stated that the turbo-fuzzy equalizer
in [30] is unable to use the a priori information provided by
the decoder, hence not having an iterative extrinsic informa-
tion exchange between the fuzzy system and the decoder. This
is improved on in [31] and [32] where fuzzy turbo equalization
schemes with low complexity are proposed.

In [32] a turbo equalization scheme, based on the radial ba-
sis functions (RBF), is proposed by using an extended FCM
algorithm. An emphasis is made on the low computational
complexity this scheme provides compared to a turbo equal-
ization scheme based on the Jacobian RBF in the context of
binary phase-shift keying (BPSK) modulation in a Rayleigh-
fading channel. Simulation results show that the scheme pro-
posed performs closely to that of the Jacobian RBF based
turbo equalization scheme but with a significant reduction in
computational complexity.

In [31] the Jacobian RBF turbo equalization scheme is
modified by using the same Bayesian equalization architec-
ture based on a fuzzy adaptive filter structure as introduced
in [20]. The simulations are performed for BPSK and QAM
in a Rayleigh fading channel, and indicate that the proposed
fuzzy adaptive filter TEQ scheme considerably reduces the
computational complexity with only a slight degradation in
performance compared to the Jacobian RBF turbo equaliza-
tion scheme, providing a trade-off for highly low complexity-
oriented circuit implementation.

3 Conclusions

In this paper we have traced the research being conducted
over the last two decades, leading up to current research, in
which the usage of fuzzy logic in wireless communications
has yielded successful results. To the best of our knowledge,
this is the first such study of its kind. The three areas in
wireless communications focused on in this paper have been:
channel estimation, channel equalization and decoding.

In channel estimation, the fuzzy based methods to have
been applied have ranged from fuzzy tracking based on
Kosko’s fuzzy associative memory models and the TSK
model, as well as fuzzy logic used in combination with adap-
tive algorithms such as the LMS and RMS algorithms or a
neuro-fuzzy inference system. The neural network and adap-

tive algorithms are commonly used in order to train the param-
eters of membership functions in a fuzzy inference system.

In channel equalization the research in fuzzy adaptive fil-
ters, both type-1 and more recently type-2 TSK fuzzy logic
systems, from Wang and Mendel have been highly influential.
These fuzzy adaptive filters are able to use input from both
human experts and/or training data. Using as a foundation
the adaptive fuzzy filters, a Bayesian architecture has been de-
veloped which incorporates fuzzy basis functions and Gaus-
sian membership functions, being able to properly represent
the Bayesian decision solution. Another category in channel
equalization is the blind methods which uses variants of the
fuzzy-C-means algorithm or a fuzzy neural network. Turbo
equalization has either been based on the Bayesian equaliza-
tion architecture or the clustering approach with the fuzzy-C-
means algorithm.

Conclusions that can be drawn from the research collated
and presented in this paper with regards to the main benefits
of using fuzzy logic based methods are:

• Fuzzy logic based methods particularly perform well un-
der non-linear and time-variant conditions, where adap-
tive techniques have to be employed.

• When dealing with complex models that are not com-
pletely known and varying with time, fuzzy logic based
methods can be used for faster convergence and re-
duced complexity with a slight degradation in perfor-
mance compared to that of standard methods.

• When human expert knowledge is available, a fuzzy ap-
proach is highly suitable to incorporate this knowledge to
complement available numerical data.

Building on the study we have presented in this paper, there
are a few research areas that we consider merit further at-
tention. These are: fuzzy adaptive equalization techniques
for time-varying MIMO-channels, and fuzzy power control
in MIMO-OFDM systems. Furthermore, another interesting
area in which research is being conducted, is in cognitive ra-
dio [33]. Cognitive radio is an intelligent wireless communi-
cation system that adapts to its environment with the purpose
of improving the spectrum efficiency. Both signal processing
and machine learning techniques are of interest in cognitive
radio, with, e.g., game theory being a commonly used method
to model the transmit-power control problem. Research has
also been conducted in fuzzy based game theory with the aim
of application in cognitive radio in [34].

The purpose of this paper has been to give a background to
common problems in wireless communication systems. More-
over, a survey of relevant research has been presented in wire-
less communication systems in which fuzzy methods have
been used successfully. The aim has been to give a condensed
and clear overview of conducted research as well as highlight-
ing the common features of the problems in which fuzzy logic
has been used in order to discern future areas to be investigated
further by the ambitious researcher.
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ABSTRACT

Cognitive Radios are recognized as a novel approach to improve the utilization of a precious natural 
resource of wireless communications: the radio frequency spectrum. Historically, telecom regulators 
assigned fixed spectrum bands to the licensed wireless network operators. This spectrum management 
approach guarantees an interference free environment, except for some configuration faults or illegal us-
age. However, with the increasing demand for more bandwidth in the finite radio spectrum, the spectrum 
becomes underutilized. Hence, the concept of secondary operators have emerged, but with emphasis not 
to influence licensed operators. Consequently, the Cognitive Radio Network (CRN) architecture enters 
the market as an intelligent solution to these issues, with concentration on spectrum sensing procedures 
to achieve the regulatory constraint. The most successful sensing algorithms are those applying coop-
eration and scheduling to have better scanning information; however, those algorithms are developed 
based on the primary network activities, which are good in terms of reducing expected interference, 
albeit with more computational load on the CRN. In this chapter, a novel sensing scheduler algorithm 
is proposed. The idea is to utilize the CRN by fairly distributing the sensing task among the sensors and 
afterwards utilizing the radio spectrum shared with the primary networks.
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1. INTRODUCTION

Most telecom regulatory authorities adopt the 
command-and-control approach when managing 
the Radio Frequency (RF) spectrum. This meth-
odology has been successful in mitigating the 
effects of harmful interference in multi-operator 
environments. However, its usage has resulted in 
inefficient RF spectrum allocation. The Federal 
Communications Commission (FCC, 2003) has 
reported that 15% to 85% of the licensed spectrum 
is idle in various spatial and temporal accesses 
depending on the customer distribution and their 
individual usage.

In the future, such rigid assignments will not 
be able to accommodate the dramatically increas-
ing demands for more spectrum bandwidth in 
meeting user requests for broadband access. In 
fact, even the unlicensed spectrum bands, such 
as the Industrial, Scientific, and Medical (ISM) 
band, need an overhaul. Congestion, resulting 
from the coexistence of heterogeneous devices, 
operating in these bands, is on the rise. Hence, 
with an increased saturation of wireless devices, 
the fixed spectrum usage strategy has been shown 
to strain the available spectrum.

This necessitates a new license regime ap-
proach, known as secondary operators, which 
is more effective in utilizing the RF spectrum. 
However, there are concerns about a possible 
decrease in primary network transmission capac-
ity, due to interference from unlicensed operators. 
In parallel, when increasing demands for more 
bandwidth and its scaling growth in applications 
are addressed, the situation becomes even worse. 
Hence, a scarcity with the inefficient usage of the 
spectrum further imposes a new spectrum man-
agement model to utilize the wireless spectrum 
resource opportunistically.

Technically, Cognitive Radio (CR) is rec-
ognized as an emerging technology to mitigate 
the unutilized scarce radio frequency spectrum 
dilemma. Thus, dynamic spectrum access is 
proposed to share the available spectrum through 

opportunistic usage of the frequency bands by 
secondary operators without interfering with the 
primary networks. When the CR Network (CRNs) 
approach is used, it will enable the secondary 
networks to perform the following tasks:

1.  Spectrum Sensing: Determining instan-
taneous available spectrum portions and 
detecting the presence of primary users when 
they appear.

2.  Spectrum Management: Coordinating the 
assignment of radio channels to the CRN 
clients from the available channel list.

3.  Mobility Management: Vacating the chan-
nel when the licensed user is detected and 
handoff to another available channel.

Due to the CRN being responsible for detecting 
the existence of the primary user transmission, no 
additional protocols are needed in the primary 
networks. Hence, spectrum sensing accuracy is 
the key challenge in CRN deployment in order to 
avoid harmful interference to primary networks. 
This necessitates intelligent algorithms for sensing 
and scheduling in the access layer of the CRN ar-
chitecture (Cabric, Mishara, & Brodersen, 2004). 
Accurate sensing information facilitates the CRN 
to efficiently optimize the spectrum access, assist 
in reducing interference probability, and adapt an 
instant spectrum slots available from the unutilized 
spectrum pool. This chapter addresses the issue 
of spectrum sensing in the CRN and proposes a 
novel scheduling algorithm to utilize the sensing 
task schedule in CRN and hence utilizing the 
radio spectrum.

This chapter is organized as follows: in section 
2, an overview of spectrum sensing techniques are 
presented with a derivation of the performance 
parameters affecting the operation of the CRN. A 
novel algorithm for spectrum sensing scheduling 
is proposed, after which its performance is inves-
tigated according to the parameters mentioned in 
section 3 and 4, respectively, whereof conclusions 
are presented in section 5.
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2. SPECTRUM SENSING OVERVIEW

By definition, CRNs have to continuously sense 
their surrounding environments, scanning all 
available spectrum bands, and use the sensing 
information to allocate vacant wireless channels, 
most suited to the CR clients’ requirements. CR 
clients are considered as secondary users (unli-
censed users) which operate in the RF spectrum, 
already assigned to primary users (licensed users). 
As a consequence, the crucial requirement for the 
CRN is to avoid interference to the primary users 
in their vicinity. In contrast, primary networks 
are not related to the opportunistic dynamic 
spectrum access. Thus, no changes are required 
in their infrastructure. Therefore, the CRN should 
independently be able to detect the primary us-
ers’ presence through continuously scanning the 
radio spectrum. The techniques used as well as the 
performance parameters of the spectrum sensing 
techniques are presented in subsections 2.1-2.3.

2.1. Spectrum Sensing Techniques

Generally, spectrum sensing can be performed 
at one of the communication ends (transmitter or 
receiver) as illustrated in Figure 1. Therefore, the 

spectrum sensing techniques can be classified into 
two main categories based on the detection end.

2.2. Primary Transmitter Detection

In this approach, secondary users continuously 
scan the desired frequency bands to detect the 
primary signal, appearing in the CRN area. The 
received signal X(t) can be modeled as:

X t AS t n t( ) = ( )+ ( ) (1)

where S(t) is the transmitted signal, n(t) is the 
Additive White Gaussian Noise (AWGN), and A
is the antenna gain. Thus, primary user activity is 
detected if the power level of the received signal 
exceeds a predefined threshold. This scheme is 
referred to as Energy Detection (Akyildiz & Lee, 
2006). Other intelligent schemes used to detect 
primary user presence are known as Matched 
Filter (Wild & Ramchandran, 2005) and Feature 
Detection (Yang & Fei, 2008). However, they 
require additional information about the primary 
user signal, such as modulation scheme, coding 
technique, frequency ranges, and/or other features 
to recognize the primary signal when it appears. 

Figure 1. Spectrum sensing techniques
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These schemes are more precise than energy 
detection, even though they consume more com-
putational resources in the CRN. Table 1 provides 
tabular comparison between transmitter detection 
sensing techniques.

The main problem with transmission detection 
schemes is the effect of the hidden node problem 
(Krenik & Batra, 2005). As shown in Figure 2, 
when the secondary user is located out of the 
primary transmitter range, its signal cannot be 
detected, and hence the CRN assumes that the 
spectrum is free. However, interference occurs 
when the secondary user starts to transmit, which 
affects the primary receiver and decreases the 
licensed network capacity. Therefore, cooperative 
transmission detection (Akyildiz, Brandon, & 
Ravikumar, 2011) schemes are proposed where 
CR clients cooperatively sense the primary trans-
mitter signal and periodically report to a central-
ized station. In this scenario, the primary transmit-
ter is detected if one of the CR Customer 
Premises Equipments (CR-CPEs) notices its 
signal.

Cooperative detection schemes are more ac-
curate in terms of detecting the primary transmit-
ter activities and consequently these schemes 
increase the detection probability defined as:

Pd Pd
c N

= − −( )1 1 (2)

where N is the number of cooperative CR-CPEs.
On the other hand, these schemes will also 

increase the false alarm probability which is 
defined as the probability of missed spectrum 
opportunities:

Pf Pf
c N

= − −( )1 1 (3)

2.2.1. Primary Receiver Detection

In modern radio receivers, which use multi-stage 
super heterodyne architecture, the primary receiver 
emits leakage power from its local oscillators 
which can be sensed to detect the activity of the 
primary user (Won-Yeol & Akyildiz, 2008). These 
schemes shift the sensing spots to the receiver side 
which in reality is affected by the interference 
rather than the transmitter. In other words, the 

Table 1. Comparison between primary transmitter detection schemes 

Sensing Scheme Energy Detection Matched Filter Feature Detection

Implementation Complexity Easy Fair Complex

Primary Signal Properties Not required Required Requires a cyclostationary signal

False Alarms Highly probable Less probable Less probable

Samples Required O (SNR)-2 O (SNR)-1 Primary signal cycle

Noise Effects Sensitive due to threshold Less affected Not affected

Synchronization between the 
Primary User and the CR-CPEs Not at all Required Not required

Weak Point Uncertainty in noise power Dedicated receiver for every 
primary user

Consumes more computational 
power

Strong Point Simplicity Fast decision Robustness

Figure 2. The hidden node problem in CRN
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sensing task has become receiver-centric instead 
of transmitter-centric. Adopting a similar ap-
proach, the FCC has introduced the Interference 
Temperature (IT) model (FCC, 2003) to measure 
interference when its effects take place (i.e. at 
the receiver). This model, as shown in Figure 3, 
provides licensed operators with greater certainty 
regarding the maximum acceptable interference 
and hence greater protection can be achieved 
against harmful interference. To the extent when 
the specified IT limit is not reached, there could 
be opportunities for secondary transmitters to 
operate. The main obstacle facing CRNs to adopt 
this approach is the lack of techniques to measure 
IT at the primary receiver, taking into account that 
primary networks do not cooperate with CRNs. 
For the time being, there is no way to obtain this 
measurement from the primary receiver, and 
thus the CRN has to estimate this information 
independently. For this model to work, limited 
interaction may be needed between CRNs and 
primary networks in order to obtain more accurate 
measurements and save computational resources 
of the CRNs.

2.3. Scheduling Spectrum Sensing 
Tasks

The objective of spectrum sensing techniques 
in the CRN, as described in the cognitive radio 
cycle proposed by Mitola and Gerald (1999), is 
to provide accurate spectrum access opportunities 
without affecting the transmission capacity of the 
primary network by harmful interference. Thus, 
the sensing accuracy and precision are the key 
factors in determining the performance of CRNs.

For the sake of simplicity, portability, and af-
fordability of the CR-CPEs, a single RF front-end 
circuit is assumed in each node. Consequently, 
to perform both sensing and data transmission, 
clients must switch between these two modes in 
time division manner as in Figure 4, which shows 
the periodic cycle of the CR-CPE.

Sensing time (ts) directly influences the sens-
ing accuracy, which is important to guarantee that 
the interference level (TI) can be tolerated by the 
primary network (TP) (Akyildiz & Lee, 2006). In 
contrast, transmission time (Ts - ts) is propor-
tional to the CRN throughput and is defined as:

η =
+
T
T ts

(5)

Figure 3. Interference temperature model
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In the cooperative sensing environment, with 
CR-CPEs sensing the RF spectrum and report-
ing to a centralized station, all clients have to be 
synchronized on the same time period for sensing 
and transmission. Thus, all CR-CPEs should stop 
their transmission and undertake sensing tasks 
concurrently to prevent false alarms when an-
other CR-CPE transmits. Preventing false alarms 
is necessary to increase network performance. 
However, having all CR-CPEs adjust their trans-
mission period in a fixed manner puts a limitation 
on the network operators with regards to offering 
a single service package, taking into account that 
each application has a specific traffic pattern.

2.4. Performance of 
Spectrum Sensing

In unwanted cases, CRNs affect the primary 
network by interference either due to a sensing 
failure as shown in Figure 4(A) or due to primary 
transmission starting during the CRN transmis-
sion time as in Figure 4(B). In the former case, 
none of the CR clients detect the presence of the 
primary user when it is actually transmitting dur-
ing the sensing period; this type of interference is 
known as interference during busy period (IBusy). 
In the latter case, interference has occurred due to 
the status change of the primary transmitter after 
the sensing period and during the secondary user 
transmission; this type is known as interference 
during idle period (IIdle). Although interference 
is highly related to the primary network activi-
ties in both cases, primary networks are without 
options to reduce the interference occurrence 
probability. Hence, it is the responsibility of the 

CRNs to resolve this issue in accordance with 
primary network activities. Thus, an estimation 
of these activities is a very crucial issue in order 
to examine the spectrum sensing performance 
(see Figure 5).

As shown in Figure 6, the probabilities of the 
BUSY and IDLE states of the primary user follow 
the Birth-Death process with β and α representing 
the birth and death rate of the primary user ac-
tivities, respectively.

P
Busy
=
+
β
α β

(6)

Figure 5. Interference scenarios

Figure 4. CR-CPE timing structure

Figure 6. Birth-death processes
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P
Idle
=
+
α
α β

 (7)

The probability of the primary user activity 
changes during the transmission time T is obtained 
from the Poisson Arrival Process as e-αT (Chen, 
Zhao, & Swami, 2008), and consequently the 
expected interference for the BUSY and IDLE 
states during the transmission time T are:
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−( ) −( )
+
×−  1 1 β β

α β

 (9)

The Interference Avoidance (TI) is an important 
parameter to protect the primary network from 
possible interference to ensure that its capacity 
will not decrease because of the activities of the 
CRN. The expected interference ratio is obtained 
by combining both the expected busy and idle 
interference during the CRN transmission with 
the primary user being in the busy state:

T
E I E I

T PI

Busy Idle

Busy

=




 +






⋅
 (10)

Furthermore, another important factor influ-
encing the performance of the CRN is the Lost 
Spectrum Opportunity (TL) parameter. Missed 
spectrum opportunity due to false alarms, will 
obviously decrease the CRN throughput. This 
ratio is obtained by combining both the busy and 
idle interference during CRN transmission with 
the primary user being in the idle state. The TL 
is given as

T
E I E I

T PL

Busy Idle

Idle

=




 +






⋅
 (11)

In the following section 3, a novel scheduling 
algorithm for spectrum sensing is proposed for 
the multi-user multi-band network environment.

3. INTERCHANGED SENSING 
SCHEDULER ALGORITHM (ISS)

Previous sections have explained the performance 
parameters used to evaluate the coexistence be-
tween primary and secondary networks, sharing 
the radio spectrum resources for single-band/
single-user sensing. However, in reality, in order to 
mitigate the fluctuating nature of the opportunistic 
spectrum access, the CRN is supposed to exploit 
multiple spectrum bands. To do so, Wu, Yang, 
and Huang (2010) describe two different types of 
sensing strategies can be used: wideband sensing 
and sequential sensing. The former provides more 
precise sensing information, but complex arrays of 
sensors are required, while the later requires less 
hardware to sense a limited number of spectrum 
bands on a time division base. In this section, a 
novel spectrum sensing scheduler is proposed to 
perform virtual wideband sensing by distributing 
the sensing task among the CR-CPEs, which re-
duces the hardware requirement while maintaining 
precise sensing information.

3.1. Operation Hypothesis

This subsection presents the operating environ-
ment of the CRN, as well as the architectures of 
the CRN, which may either be infrastructure based 
or ad-hoc based.
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3.1.1. CRN Operating Environment

A multiband radio spectrum environment struc-
ture is shown in Figure 7. In this environment 
the CRN is placed in geographical vicinity of 
various licensed networks, such as TV, GSM, and 
WiMAX to name a few. Each of these networks 
utilize different frequency bands with guard bands 
in between to prevent any possible interference 
among them as specified in the license issued by 
the regulatory authority and according to interna-
tional regimes recommended by the International 
Telecommunication Union (ITU). Among them, 
neither spectrum sharing, nor interference is ex-
pected; hence each of them serves its customers 
independently from the others. Moreover, the IT 
level is always below the specific limit of each 
sensor (i.e. the receiving antennas). Furthermore, 
all those licensed networks have exclusive rights 
to access their assigned spectrum bands.

3.1.2. CRN Architecture

CRNs do not have the authorization to operate at 
any RF spectrum band, and consequently it can 
only serve their customers opportunistically with-
out interfering with any licensed operators. The 
architecture of CRNs can either be infrastructure 
based or Ad-hoc based.

3.1.2.1. Infrastructure Based CRN (IBCRN)

In this scenario, a centralized architecture for 
a secondary network is assumed, as shown in 
Figure 7. A single base transceiver station pro-
vides coverage to the area of interest. The other 
element of the IBCRN is the CR-CPEs, so called 
CRN clients, each of which is assumed to have 
several transceivers, and in the case of a single 
transceiver, the sensing period is defined to have 
several sensing slots. Finally, a well established 
error free signaling channel is assumed between 
the CRN components, and thus synchronized 
control information is available all of the time.

Figure 7. CRN working environment
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3.1.2.2. Ad-Hoc CRN (AHCRN)

The architecture of an Ad-Hoc CRN (AHCRN), 
as shown in Figure 7, consists of a mesh Ad-hoc 
Relay (AhR), which provides services to the sec-
ondary users which called in this architecture the 
Ad-hoc Clients (AhC). This subsection proposes 
two levels of mesh in accordance with spectrum 
allocation methodologies.

3.1.2.2.1. Relay Mesh
Mesh architecture is proposed for AhR connectiv-
ity. At this level, each access point utilizes the ISM 
band to setup the wireless link among its neighbors 
in the access layer (i.e., physical and D-link), and 
have the whole network topology in the network 
layer using multi-hop routing protocols such as 
AODV, OLSR (Sunil & Jyotsna, 2010).

The open and shared ISM band is utilized at 
this level of the AHCRN to exchange the surround-
ing environment information as well as handling 
multi-hop user data transmission. A D-link layer 
provides next hop information for the AhRs while 
they are operating independently with their close 
neighbors. Routing tables are more complex in 
mesh architectures; however, fortunately, in most 
scenarios, mesh networks requires a centralized 
facility (a gateway to access Internet for example). 
These centralized points help to provide the net-
work topology, which is used to locate the available 
routes from source to destination in multi-hop 
communications.

3.1.2.2.2. Local Mesh
The AhRs provide services to their associated 
AhCs in their local vicinity using star topology. 
Moreover, each client has direct access to the 
other clients served by the same access point 
which perform full mesh architecture. The local 
mesh uses an AhR as a gateway to access remote 
clients. In this level of the AHCRN, where the 
area covered by the AhR is relatively small, the 
effects of the environment (e.g., multipath prop-
agation and hidden node) can be neglected and 

accordingly the sensing information may be as-
sumed to be the same in the local clients mesh. 
Hence, AhCs can perform cooperative sensing 
and report their corresponding AhRs with the 
sensing information to allocate vacant spectrum 
portions to the clients opportunistically. This 
implies that a control signaling channel should 
be fully supervised by the AhR to perform spec-
trum management tasks. Indeed, no data transmis-
sion will be handled by the access point, unless 
the destination is located outside the local mesh. 
Consequently, the client network is a full mesh 
network with a maximum of 

2
n( )  links required. 

To provide these resources, a local mesh has to 
utilize multiple spectrum bands and opportunisti-
cally allocate vacant spectrum portions by con-
tinuously sensing the primary network activities.

3.2. ISS Philosophy

CRN transmission time (T) is the key performance 
parameter to achieve the maximum benefit from 
the opportunistic approach of the unlicensed CRN. 
To capitalize on this, a novel scheduling concept 
is proposed in this section according to the operat-
ing environment and the architecture of the CRN 
presented in 3.1.1 and 3.1.2, respectively.

As illustrated in Section 2.3 and Figure 4, 
increasing the CRN transmission time (T) will 
efficiently increase the CRN efficiency; however, 
long CR transmissions may dramatically increase 
the interference probability to the primary net-
works, decreasing their capacity. This tradeoff 
necessitates the designers to calculate the optimal 
CRN transmission period. Taking into consider-
ation the varying nature of the radio environment, 
the system will need to recalculate this parameter 
frequently, which will further increase the com-
putational load on the CRN.

The concept of the proposed scheduling algo-
rithm is to divide the spectrum sensing tasks into 
groups according to the available spectrum bands. 
Therefore, each sensor (CR Client) has to sense 
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the presence of the primary users in all bands. 
Ultimately, the sensing information is collected 
and processed at the centralized point (base station 
in the case of IBCRN or AhR in the AHCRN); 
from the perspective of the CRNs, it is arbitrary 
which source provides the sensing information. 
The main objective of this new scheduling algo-
rithm is to enable CRNs to sense the spectrum 
band from CR client use different band for their 
actual transmission. Thus, each client senses its 
own spectrum band while providing sensing in-
formation to other CR clients, using other bands 
interchangeably, hence the suggested name of In-
terchangeable Sensing Scheduler (ISS) algorithm. 
Figure 8 demonstrates the operation of the ISS 
algorithm. With n available spectrum bands, each 
sensor allocates sensing slots to provide sensing 
information for the other band while benefiting 
from the other clients scanning its spectrum. This 
approach enables CRN clients to transmit and 
sense simultaneously.

3.3. Performance of ISS

Applying ISS will dramatically decrease the 
probability of interference. Both IIdle and IBusy will 
improve due to a virtual decrease in transmission 
time T from the primary network perspective, by 
having more sensing slots from the interchanged 
cooperative sensors during the transmission time 
of the CRN clients. Consequently, from the point 
of view of the CRN, T can safely be increased 
without affecting the performance parameters.

ISS performance is highly dependent on the 
number of CRN clients involved in the algorithm. 
Hence, the more users operating in different radio 
spectrum band, the more interchangeable sens-
ing information, which provides more precise 
decisions.

Sensing time offset among different bands, as 
shown in Figure 7, have to be carefully managed 
by the central controller in order to harmonize the 
sensing and transmission period for each band. 
To have equivalent sensing intervals during the 
transmission period of the CRN clients, the central 
controller has to synchronize the sensing tasks 

Figure 8. Interchangeable sensing scheduler approach

67



146

A Novel Spectrum Sensing Scheduling Algorithm for Cognitive Radio Networks

offset time among the clients, and this synchro-
nization can be modeled in matrix as:
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where Sij represents the sensing interval, m is the 
number of time slots sensed in the same frequency 
band, and n is the number of spectrum bands 
utilized by the CRN.

For a specific spectrum band, a group of m 
CRN clients synchronously senses the presence 
of primary users. Synchronization is needed to 
avoid false alarms intended when other clients are 
transmitting during the sensing period as described 
in Section 2.3. Therefore, the ordinary cooperative 
spectrum sensing scheduler is a special case of the 
proposed ISS when n=1. However, the usefulness 
of ISS is recognized when a multi-band environ-
ment is considered as in section 3.1.1 and Figure 7.

Each CRN client contributes to the sensing 
information matrix by assigning sensing intervals 
to different spectrum bands than the one used for 
its own data transmission. These sensing measure-
ments are concatenated to form the sensing infor-
mation for the whole spectrum (as in wideband 
sensing). Indeed, this approach provides multi 
dimension spectrum sensing information instead 
of just sensing before transmission as in the one 
dimension sensing algorithms. Thereafter, the 

central controller constructs the sensing infor-
mation matrix, which helps the CRN to properly 
and instantaneously allocate idle spectrum to its 
clients as needed.

From the central controller point of view, the 
periodic cycle for each band is identified as in 
Figure 9. As shown in the figure, sensing inter-
vals conducted by other CR-CPEs will split the 
transmission time in n sections. This segmentation 
does not affect CRN transmission efficiency since 
it is performed by other users.

4. MODELING OF THE ISS

In this section, behavioral simulation is imple-
mented to examine the operation of the proposed 
algorithm. Essentially, ISS is sensitive to CRN 
activities as well as the primary network activi-
ties. Hence, the sensing algorithm must consider 
the traffic pattern of both networks. More spe-
cifically, the number of sensing slots assigned 
to CRN clients is dependent on its utilization. 
For instance, as Figure 10 shows, when the cli-
ent generates coherent traffic, the base station 
can assign a single sensing schedule interval in 
between the transmitting packets. In contrast, for 
burst traffic, several sensing slots can be fitted 
between successive bursts.

Figure 9. Sensing band i
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4.1. Theoretical Modeling

Mathematically, the expected interference is given 
as the linear combination of the interference in the 
busy (IBusy) and the idle (IIdle) states of the primary 
user as in Equation 10. Both are highly sensitive 
to the transmission period of the CR-CPE (T) as 
shown in Equations 8 and 9. The ISS algorithm 
virtually divides this period into n splits, where n
is the number of radio spectrum bands as:

T T n
ISS
= / (12)

For Equations 8-11, when replacing the 
transmission time with the new virtual split time 
after adopting ISS (TISS) as in Equation 12, the 
performance parameters, regardless of the other 
factors, will follow the multiplicative inverse 
function. Thus, the performance of the algorithm 
improves based on the number of sensing bands, 
while the number of cooperative users scanning 
each band will further improve the accuracy of 
the sensing performance.

4.2. Behavioral Simulation

To illustrate the operation of the ISS algorithm, 
a random channel status has been generated ac-
cording to the Poisson prossess with birth and 

death rates of 1 and 9, respectively. A behavioral 
simulation has then been conducted to demonstrate 
the operation of the spectrum sensing task, while 
the CRN transmits data in order to increase the 
throughput of the CRN. In this example, since the 
transmission time (T) is three times as high as the 
Sensing time (ts), the CRN effeciency is 15/16= 
93.75%. In contrast, this time extension does not 
affect the primary networks, since the sensing 
tasks are performed every four bits. Hence, from 
the point of view of the primary networks, the 
continuous transmission time is four bits. The 
complete behavioral simulation output is presented 
in Figure 11.

Figure 12 represents the first three (out of 1024 
slots) time slots for the transmission of the pri-
mary users. Each row represents the spectrum 
band assigned to a specific licensed user, e.g., in 
the case of this simulation, there are four spectrum 
bands. From the channel status in Figure 12, it 
can be seen that the first band has not been utilized 
in the first and the third time slot, as represented 
by all the zeros.

Consequently, the sensing matrix is con-
structed by the ISS algorithm, representing the 
channel status and determining the operating band 
of the client which detects primary user activity. 
As shown in Figure 12, the first and the third time 
slot of the first band appear vacant and can be 
utilized by the CRN since none of the clients 

Figure 10. Sensing time slot in burst and coherent data traffic pattern
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detect the primary signal. As in the second band 
of the first time slot, primary user activity has 
been detected by a CR-CPE operating in band 
four. This is due to the first activity (represented 
by a logic ‘1’) appearing at the 14th bit, sensed by 
clients in band four as shown in Figure 13.

As unwanted results from the constructing of 
the sensing matrix in Figure 12, the CRN will 
affect the primary network due to some of the 
activities of the licensed users not being detected 
by the algorithm. For instance, in the second and 
third bands of the second time slot, none of the 
CR-CPEs detect the presence of the primary users 
because of their appearing on transmission bits, 
not having been sensed by any of the interchange-
able sensing slots. However, considering ISS 
performance in terms of detecting primary user 
activity, it is much better to use the same client 
for sensing and transmission, as illustrated in the 
next subsection.

4.3. Performance Evaluation

The graph in Figure 14 demonstrates the con-
tribution of ISS with regards to the interference 
probability. This result is obtained by compar-
ing the interference probability before and after 
applying ISS. As can be seen in the figure, with 
two interchangeable bands, ISS decreases the 
expected interference by 50% when the primary 
network activities are very low. The improvement 
is increased to about 75% of decreased interfer-
ence, when using four bands with interchangeable 
scheduling. As the primary network increases its 
spectrum utilization, ISS can still perform about a 
30% of decrease over the legacy cooperative ap-
proaches. A numerical analysis has been conducted 
1000 times for 1024 bits per spectrum band for 
the CNR transmission.

Figure 11. Operation of ISS in four spectrum bands
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5. IMPLEMENTATION ISSUES OF ISS

The positive impacts of the proposed scheduling 
algorithm in reducing the expected interference 
and increasing the opportunities to find vacant 
spectrum slots have been shown in the previous 
section. This section demonstrates other advan-
tages of the ISS algorithm and how they pertain 
to implementation. Indeed, the performance of 
the proposed scheduling algorithm depends on 

several factors which form research challenges 
listed below.

5.1. Supports CPE Diversity

The proposed scheduling algorithm pertains both 
to the CRN activities as well as the primary net-
work activities. Hence, the CRN first distributes 
the sensing tasks among its CRN clients accord-
ing to their computational power and the type of 

Figure 12. Construction of the sensing matrix
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application used. Further, its aim is to utilize the 
shared radio spectrum with the primary networks. 
The amount of sensing tasks assigned to the CR 
clients is dependent on the instantaneous ability 
and the utilization of their transponders. Therefore, 
different customer devices can be involved in 
the CRN with no emphasis on their capabilities. 
Consequently, the central controllers have to man-
age this diversity which offers, from a marketing 

point of view, a wide variety of customer devices 
according to their affordability and needs.

5.2. Inter-Band Softer Handover

When idle spectrum slots are registered in a central 
database at the centralized controller, the controller 
then can decide on the communication parameters 
used for the secondary network depending on the 

Figure 13. Sensing matrix legend

Figure 14. Performance of ISS in multiband environment
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sensing information sent by the CR-CPEs. There-
fore, the controller can assign a primary channel 
on a specific band and other auxiliary channels 
depending on availability. Subsequently, in case of 
a primary user being detected, the controller can 
perform Inter-Band Softer Handover (IBSHO) to 
one of the auxiliary channels. By doing so, CRN 
can guarantee a certain Quality of Service (QoS) 
level to its customers, particularly for operators 
providing real-time applications which are very 
sensitive to the stability of the communication 
channel. Therefore, the adaptation process not 
only depends on the access layer conditions, but 
also the requirements of the upper layers.

5.3. Hybrid Sensing Schemes

As mentioned in Table 1, there are several schemes 
to detect primary user activities, each of which has 
its own specific pros and cons. Thus, according to 
the situation of the CRN, any one of the schemes 
can be applied for each sensing slot; hence, the 
central controllers may assign different sensing 
schemes in different sensing slots, forming Hybrid 
Sensing Schemes (HSS) to maximize the CRN 
utilization.

5.4. Optimal Number of CR Clients

Even though Figure 14 shows a decrease in the 
expected interference by increasing the number 
of CR-CPEs, a continuous increase of CR-CPEs 
serviced under a single controller, will eventually 
lead to an over-utilization of the RF spectrum in 
the vicinity. Therefore, the size of the network 
should be carefully adjusted to serve the optimal 
number of CR clients. Furthermore, considering 
the varying nature of primary networks and CRNs, 
the optimal number of clients changes according 
to the instantaneous traffic in both networks. 
Hence, when implementing ISS in a geographic 
area covered by a cluster of central controllers, 

the cell size of each controller can be adaptively 
modified to balance the traffic amount, which 
can be performed by Adaptive Cell Breathing 
(Bejerano & Seung-Jae, 2009).

5.5. CRN Cross-Layer 
Considerations

The proposed algorithm combines CRN activities 
with primary user activities. Thus, ISS utilizes 
the CRN first and then shared spectrum with the 
primary networks. Therefore, for the CR system 
to fit in accordance with the variations of the pri-
mary networks, it is better for the CRN to deliver 
various applications with diverse traffic patterns, 
which can be accomplished by offering diverse 
packages to the customers. This diversity will 
further support the harmonization of the CRN 
operation, and therefore the upper layer data flows 
will affect, and be affected, by the performance 
of the CRN. Consequently, simulation platforms 
are needed to examine the cross layer influence 
on the ISS performance.

6. CONCLUSION

The development of the CR architecture has 
opened the doors for communication networks to 
be implemented with a minimum of available radio 
spectrum resources. Consequently, the command-
and-control spectrum management policies will 
no longer apply and the time has come to develop 
intelligent networks which can efficiently utilize 
the resources and fairly allocate radio spectrum 
on a usage basis.

This chapter has addressed the spectrum sens-
ing issue as a crucial routine for the unlicensed 
CRNs to co-allocate with licensed networks. 
Indeed, the CRNs share the spectrum bands in an 
opportunistic manner with the primary networks. 
So far, the primary networks do not cooperate 
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with the CRNs and regard their signals as noise. 
This hypothesis puts the coexistent load on the 
CRNs, which consume considerable computa-
tional resources. From another perspective, this 
hypothesis facilitates a fast emergence of CRNs, 
without any modifications to the existing networks. 
Thus, this approach is helpful in the early stages 
of deploying the primary/secondary spectrum 
sharing paradigm. However, in the near future 
when the concept matures, it would beneficial 
for the primary networks to share information 
with the CRNs in order for them to gain a better 
understanding of the surrounding environment. 
In addition, CRNs would then have to enroll in 
a light regulatory framework such as a General 
Authorization and compensate for some of the cost 
of the individual licensed operators, encouraging 
the cooperation of the primary network operators 
with the CRNs.

This chapter has also proposed a novel 
spectrum sensing scheduling algorithm, named 
Interchangeable Sensing Schedule (ISS). The 
impact of this algorithm in reducing the interfer-
ence with the primary networks while increasing 
the opportunity of the AHCRN to detect a vacant 
spectrum slot has been shown. Furthermore, 
other implementation benefits of ISS have been 
considered and compared with their operational 
necessities. Since this algorithm presents new 
scheduling concepts, various open issues remain 
for researchers in order to implement ISS to gain 
a further understanding of its behavior in a real 
world environment. Moreover, ISS introduces 
new CRN procedures such as IBSHO and HSS, 
which need a further discussion.
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Abstract—Cognitive radio is a intelligent technology that 

helps in resolving the issue of spectrum scarcity. In a spectrum 
sharing network, where secondary user can communicate 
simultaneously along with the primary user in the same 
frequency band, one of the challenges is to obtain balance 
between two conflicting goals that are to minimize the 
interference to the primary users and to control the power of 
the secondary user. In our paper we have considered a primary 
link and a secondary link (cognitive link) in a fading channel. 
To improve the performance of the secondary user by 
maintaining the Quality of Service (Qos) to the primary user, 
we considered varying the transmit power of the cognitive user. 
For this we proposed ANFIS based opportunistic power 
control strategy with primary user’s SNR and primary user’s 
interference channel gain as inputs. By using fuzzy inference 
system, Qos of primary user is adhered and there is no need of 
complex feedback channel from primary receiver. The 
simulation results of the proposed strategy shows better 
performance than the one without power control.  
 

Index Terms—ANFIS, Fuzzy inference system, spectrum 
sharing 
 

I. INTRODUCTION 
OGNITIVE RADIO is a technology which helps in the 
efficient utilization of the spectrum. Spectrum is a 

limited resource, hence the use of spectrum is regulated by 
government agencies like the Post and Telecom service( 
PTS) in Sweden, Federal Communications Commission 
(FCC) in United states, Telecom Regulatory Authority of 
India(TRAI) in India, Bangladesh telecommunications 
regulatory commission (BTRC) in Bangladesh.  It has been 
found that most of the time the spectrum is underutilized 
even in highly populated urban areas.  There are two types 
of users who use the spectrum. They are the Primary users 
(licensed) and the secondary users (Unlicensed).  The 
Primary users (licensed) are those that have a license to use 
the spectrum. The Secondary users (Unlicensed) are those 
who don’t have a license to use the spectrum.  When the 
assigned spectrum is not completely or if only partially 
utilized by the primary user, the unutilized spectrum is 
referred to as a spectrum hole or a white space. Cognitive 
radio identifies these spectrum holes and assigns them to the 
secondary users without causing any interference to the 
primary users.  The concept of Cognitive radio was first 
introduced by Joseph Mitola III and Gerald Q. Maguire Jr. 
from Royal  Institute of Technology, Sweden  in 1999 
[1],[2]. 

Cognitive radio comprises of spectrum sensing, spectrum 
management and spectrum mobility. The process of sensing 
the spectrum, identifying the primary users and spectrum 

holes without causing interference to primary users is called 
spectrum sensing.  The process of selecting spectrum bands 
which is appropriate to perform communication by the 
cognitive user is called spectrum management. It depends on 
the cognitive user’s requirement and the quality of service to 
the primary users. The process of exchanging the operating 
frequencies by the cognitive users for better communication 
is called spectrum mobility.  

For Cognitive radio users, optimal power control in 
spectrum sharing is one of the most important research 
issues. Opportunistic spectrum access and spectrum sharing 
are two types of mechanisms in cognitive radio networks. In 
opportunistic spectrum access either the primary user (PU) 
or the secondary user (SU) can use the spectrum. When the 
PU is idle, the SU will be able to use the spectrum. When 
the PU needs to use the spectrum again, SU has to vacate the 
spectrum. In Spectrum sharing both PU and SU can access 
the spectrum simultaneously as long as there is no 
interference to PU’s Quality of service (QoS). The operation 
of the SU depends on the peak transmit power constraint 
and an average interference constraint at the primary 
receiver [4]. It is important to balance the interference to the 
PU and improve the performance of the SU. Power control 
is one of the constraints to improve the performance of the 
secondary users.  

In this paper we proposed that  Adaptive neuro fuzzy 
inference system (ANFIS) can be efficiently used for 
optimal power control in cognitive radio network by using 
the ratio of primary user’s signal to noise ratio (SNR) to the 
threshold value and the ratio of primary user’s interference 
channel gain to its maximum value as two inputs. There by 
improving the performance of the secondary user without 
disturbing the Quality of service (Qos) of the primary user.  

 

II. SURVEY OF RELATED WORKS 
In [5], the authors have considered a spectrum sharing 

network with a pair of primary users and secondary users in 
a fading channel. Using three input parameters: The PU’s  
SNR, the PU’s interference channel gain and the relative 
distance between PU’s link and CR’s link, a fuzzy based 
opportunistic power control strategy using mamdani fuzzy 
control has been proposed. For mamdani based FIS, 
input/output membership functions and fuzzy rules has to be 
formulated by using human expert knowledge and also a 
feedback is needed from the primary receiver. 

Optimal power control under four different power 
constraints are derived via convex optimization by 
considering interference and transmission power constraints 
in [6]. The peak power constraint at the secondary 
transmitter is considered to characterize the power adaption 

ANFIS based Opportunistic power control for 
cognitive radio in spectrum sharing 

Joyraj chakraborty, J. V. K. C. Varma, and Maria Erman 

C 

CHAPTER 6. ANFIS BASED OPPORTUNISTIC POWER CONTROL
FOR COGNITIVE RADIO IN SPECTRUM SHARING

78



 
 

2 

strategies that maximize the SNR and capacity of the 
secondary user in [4]. In [9], a cognitive user can adapt 
transmit power opportunistically to achieve maximum 
transmission rate without affecting the outage probability of 
the primary user. 

ANFIS is used for copper grade prediction in 
Sarcheshmeh porphyry copper system in [7] and for 
predicting data rate of a particular radio configuration in 
[10]. A FIS and ANFIS based downlink power control 
schemes are proposed for fixed broadband wireless access 
system in [8]. 
 

III. OVERVIEW OF COGNITIVE RADIO 
“Necessity is the mother of invention.”  Scarcity of 

Spectrum has lead to the invention of new technology called 
Cognitive radio, which can be used for effective utilization 
of spectrum. Cognitive radio is a technology used by the 
unlicensed users to use underutilized spectrum without 
causing any interference to the licensed users. 

According to Simon Haykin [3] , the definition of 
Cognitive radio is  “Cognitive radio is an intelligent 
wireless communication system that is aware of  its 
surrounding environment (i.e., outside world), and uses the 
methodology of understanding-by-building to learn from the 
environment and adapt its internal states to statistical 
variations in the incoming  RF stimuli by making 
corresponding changes in certain operating parameters 
(e.g., transmit-power, carrier-frequency  and modulation 
strategy) in real-time, with two primary objectives  in mind: 

• Highly reliable communications whenever and 
wherever needed; 

• Efficient utilizations of the radio spectrum.” 
Most important features of cognitive radio is awareness, 

intelligence, learning, adaptability, reliability, 
reconfigurability.  Different technologies like Software 
defined radio, digital signal processing, networking, 
machine learning and computer software & hardware helped 
to bring these features together in the form of Cognitive 
radio. 

There are three fundamental tasks in the operation of 
Cognitive radio as shown in Fig. 1. They are  

1. Radio scene analysis. 
2. Channel state estimation and predictive modeling. 
3.  Transmit power control and spectrum management. 
The first and second tasks are performed at receiver’s end 

however the third task is performed at the transmitter end. 
In Radio scene analysis there are two important actions. 

One is to estimate the interference temperature. Second is to 
identify spectrum holes.  These actions are performed at the 
receiving end and the information is transmitted back to the 
transmitter through a feedback channel.  This information is 
necessary for the transmitter in order to perform the third 
task. Channel state estimation and predictive modeling 
comprises of estimating the channel state information and to 
calculate the channel capacity of the cognitive link which is 
used by the transmitter. Transmit power control and 
spectrum management is performed at the transmitter end. It 
comprises of selecting the best transmit power levels of the 
unlicensed users which maximizes the data transmission 
rates without exceeding interference temperature.  Spectrum 

management is necessary for effective utilization of the 
spectrum. 

 
Fig.  1. Basic structure of Cognitive radio cycle 

 

IV. OVERVIEW OF ANFIS 
Adaptive neuro fuzzy inference system(ANFIS)  is a type of 
fuzzy inference system (FIS)  which formulates  the 
mapping of inputs to output.  It uses both fuzzy logic(FL) 
and artificial neural networks(ANN) in the process of 
mapping the inputs to output.  In FIS the most difficult part 
is to obtain membership functions, distribution of 
membership functions and setting fuzzy rules. These 
parameters are obtained by using trial and error method. 
ANFIS uses neural networks to adjust these parameters. The 
ANN part in ANFIS helps in reducing the error and 
optimizing the parameters. FL deals with uncertainty very 
well and known for structured knowledge representation. 
ANN has the learning capability. ANFIS has the advantages 
of both FL and ANN. Hence it has became  an important 
step  of research in the fields of automatic control, data 
classification, decision analysis, expert systems and 
computer vision where FIS has been successfully used. The 
main objective of ANFIS is to identify the near optimal 
membership functions and other parameters of the 
equivalent fuzzy inference system by applying a hybrid 
learning algorithm using input-output data sets and then to 
achieve a desired input-output mapping. 
 ANFIS has a layered architecture just like neural 
networks. ANFIS consists of five layers. The nodes in these 
layers can be adaptive or fixed. For identification, the 
adaptive nodes are represented by squares and fixed nodes 
are represented by circles in the architecture. The general 
architecture of ANFIS is shown in Fig. 2.  For description of 
the architecture, we consider first order sugeno with two 
inputs x and y. A  Takagi-sugeno based ANFIS has rules of 
the form of  
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Fig.  2. Generalized structure of ANFIS.

Fig.  3. Calculation of output from inputs

Layer 1 : In this layer the nodes are adaptive. The 
membership values of the inputs are calculated in this layer.  
The output of the nodes is a membership grade of the inputs.

                               ( )
                               ( )

x and y are the inputs to the node i.   and   are the 
linguistic labels like small, medium, large etc.     ( ) and
   ( ) can be any membership function like bell shaped, 
triangular or trapezoidal shaped etc. The number of nodes 
represents the number of fuzzy sets into which each input is 
quantified. Usually all the membership functions are in the 
interval of [0,1].   and   are also called as antecedent 
parameters or premise parameters which are determined and 
adaptively modified during the training process of ANFIS.

In this paper we used trapezoidal membership functions 
which are expressed as

   ( )  
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Where  and  are left and right bounds.  is the center of 
the trapezoid and  is the top width of the trapezoid.
Layer 2: In this layer the nodes are fixed. In this layer the 
firing strength of each rule is calculated and it represents 
each node output. T-norm operators are used like min, 
product, fuzzy AND etc.

      ( )    ( )         
Layer 3: The nodes are fixed in this layer. In this layer all
the rules or firing strengths are normalized. The ratio of a 
particular rule to that of sum of all the rules. The output of 

the node is usually called as normalized firing strength and 
is fed to layer 4.
                  ̅̅̅  

  
∑  

           
Layer 4: The nodes are adaptive in this layer. The output or 
the consequent parameters are determined in this layer. The 
function of each node is a combination of the output of the 
layer 3 and a simple linear equation (sugeno rule). In this 
layer, the contribution of each rule to the overall output is 
calculated.
                  ̅̅̅      ̅̅̅ (          )

Layer 5: This layer is the output layer. There is only a single 
node and it is fixed. The function of this layer is the 
summation of all the inputs or incoming signals (outputs 
from layer 4). In Fig. 3 it is shown as   .
                ∑   ̅̅̅     ∑       

∑    
From layer 1 to layer 4 represents the “if -then” rules of 
takagi sugeno fuzzy model and also determines the number 
of fuzzy rules. In layer 1 the input membership functions 
and antecedent parameters are determined and in layer 4, the 
consequent parameters are determined. If a zero order 
sugeno model has to be implemented, all the steps will be 
similar expect the output in layer 4 where p=0 and q=0. The 
performance of the system is evaluated using root mean 
squares error (RMSE) and is defined as

     
 
 
√∑(     ) 

 

   

Where   is the desired output and   is the actual output 
obtained.  is the number of training samples.

V. SYSTEM MODEL

In this paper we have considered a single primary link (a 
transmitter and receiver) and a single secondary or cognitive 
link(transmitter and receiver) in a fading channel as shown 
in Fig. 3.   and   are the transmitted powers of primary 
and secondary(cognitive) transmitters.    and    are the 
channel gains between the primary link and the secondary 
link.    and    are the interference channel gains of 
secondary transmitter to primary receiver and primary 
transmitter to secondary receiver. All the channel gains are 
assumed to be random variables acting independently with 
continuous probability density function.   is the variance 
of the additive white Gaussian Noise that affects both the 
primary receiver and the secondary receiver independently 
in the same way. In this spectrum sharing network, primary 
link has high priority to transmit data then secondary link. 
As long as the Qos of the primary user is maintained, the 
secondary user will be able to use the spectrum.

Fig.  4. System model
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We have considered the propagation environment without 
path loss. In this scenario we have considered the ratio of 
primary user’s signal to noise ratio (SNR) to a threshold 
value as one input and the ratio of    to its maximum 
value as the second input to the ANFIS. The output we
considered is the ratio of    to its maximum value.
The primary user’s Signal to Noise Ratio without the 
presence of Cognitive user is defined in [9] as

      
     
  

he primary user’s Signal to interference noise ratio with the 
presence of cognitive user in the spectrum sharing network 
is given in [9] as

      ( )  
     

             
     is the peak power transmitted by the cognitive user 
and k  is the instantaneous power control parameter or  
power scale ratio. The value of k varies in between 0 to 1 
whose value will be determined by the power control 
strategy [9].
In order to maintain the Qos  a threshold level    is 
considered which is given in [9] as      .   is the data 
rate of the primary link. Primary user’s SINR should be 
greater than the threshold value during spectrum sharing.  
The Cognitive user varies its power to keep the primary 
user’s SINR greater than the threshold value.  
When the SNR of the primary link falls below the threshold 
level the primary link is already in outage. In this case the 
transmission from the cognitive user does not have any 
negative affect on the primary user, no matter how much 
transmit power it uses.  Hence cognitive user can transmit 
with its peak power.
In case when the SNR of the primary link is near to the 

threshold value then the primary user in not in outage and 
sensitive to interference from the Cognitive user.  In this 
case the cognitive user transmits with fraction of its peak 
power to maintain Qos to Primary link, so that the primary 
user can still transmit   with    .  
In case when the SNR of the primary link is far above the 
threshold value, the primary user’s SINR will be greater 
than the threshold value even if the cognitive user transmits 
with its peak power. As the Qos is assured regardless of 
cognitive user’s transmit power, The Cognitive user 
transmits with peak power.
When the primary user’s interference channel gain (   ) is 
low, the Primary user’s received interference intensity from 
the Cognitive link is low. In this case the Cognitive user can 
transmit with peak power. When the primary user’s 
interference channel gain (   ) is high, the primary user’s 
received interference intensity from the Cognitive link is 
high and the Cognitive user should transmit with low power.

VI. IMPLEMENTATION OF ANFIS
The training of ANFIS is carried either by back propagation 
algorithm or Hybrid algorithm. In this paper we have used 
hybrid algorithm for training purpose. A hybrid algorithm is 
an algorithm which uses both back propagation algorithm 
and least mean squares algorithm to determine the input 
(antecedent) and the output (consequent) parameters. 
Usually the consequent parameters are updated first by 
using least mean square algorithm and the antecedent 

parameters are updated later by back propagating the errors 
that still exist using gradient descent algorithm. Since two 
different types of algorithms are used to reduce the error it is 
called as hybrid algorithm. The training data is manipulated 
from the concepts discussed in system model and used for 
training purpose. We used 45 sets of noisy data and trained 
for 80 epochs. The error is reduced to 0.082 after 40 epochs 
as shown in Fig. 5. We performed simulations using 
MATLAB 2010a. After training, the obtained structure of 
ANFIS and the membership functions are shown in Fig. 4.

Fig.  5. (a) structure of ANFIS.  (b) membership function of input 1 ( 
  
).     

(c) memberhsip function of input 2 (    
      

)

The inputs that we considered for ANFIS are the ratio of 
primary user’s SNR to threshold value ( 

  
) and the ratio of  

primary user’s interference channel gain to its maximum 

value (    
      

) as inputs 1 & 2 respectively.

Fig.  6. Error plot
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VII. RESULTS

The surface graph of the two inputs is shown in Fig. 5.
From the surface graph we can tell how the inputs affect the 
output.  

Fig.  7. Surface graph

We have applied ANFIS based power control strategy to 
improve the BER when there is no power control or when 
other fuzzy based power control techniques are applied. The 
performance of a system can be observed by plotting the Bit 
Error rate versus the ratio of energy per bit to Noise power
using BPSK modulation scheme. We did the comparison 
between system without power control and system with 
ANFIS based power control in the propagation environment 
without path loss in a fading channel. From the graph we 
can say that the bit error rate is considerably reduced for the 
one with ANFIS based power control. From this we can say 
that the BER is improved where ANFIS base power control 
is used with maintaining the Qos of the primary link.

Fig.  8. Performance of secondary user

VIII. CONCLUSION

In a spectrum sharing network, improving the 
performance of the secondary user and minimizing the 
interference to the primary link are two conflicting goals.  In 
our thesis we proposed ANFIS based power control strategy 

to improve the performance of the secondary user by 
maintaining the Qos to the primary link. Simulation results 
show that bit error rate of the proposed strategy is less than 
the one without power control. Thus we conclude that 
ANFIS can be efficiently used for power control in 
cognitive radio which helps in improving the performance 
of the secondary user. Using FIS, Qos of the primary user is 
adhered and there is no need of complex feedback channel. 
Depending on user’s requirement or model design and 
human expert knowledge, one can use either ANFIS or FIS.  
However using ANFIS reduces the efforts of human 
calculations. It can learn and adapt from the environment 
(data sets).

For Future work, the proposed strategy can be extended to 
the network with multiple primary users and multiple 
cognitive users so that each cognitive user has a choice to 
select the best primary link that it can coexist with, in order 
to improve the efficient utilization of spectrum.
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