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Abstract 

During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract

A model is established that describes stress driven diffusion, resulting in formation and growth of an expanded precipitate at the tip
of a crack. The new phase is transversely isotropic. A finite element method is used and the results are compared with a simplified
analytical theory. A stress criterium for formation of the precipitate is derived by direct integration of the Einstein-Smoluchowski
law for stress driven diffusion. Thus, the conventional critical concentration criterium for precipitate growth can be replaced with
a critical hydrostatic stress. The problem has only one length scale and as a consequence the precipitate grows under self-similar
conditions. The length scale is given by the stress intensity factor, the diffusion coefficient and critical stress versus remote ambient
concentrations. The free parameters involved are the expansion strain, the degree of anisotropy and Poisson’s ratio. Solutions are
obtained for a variation of the first two. The key result is that there is a critical phase expansion strain below which the growth of
the new phase is stable and controlled by the stress intensity factor. For supercritical expansion strains, the precipitate grows even
without remote load. The anisotropy of the expansion strongly affects the shape of the precipitate, but does not have a large effect
on the crack tip shielding.
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1. Introduction

Presence of hydrogen in metals often manifests itself as loss of ductility and fracture (cf. Louthan (2008); Puls
(2012)). Increased brittleness, localised plasticity, grain boundary decohesion are some examples of mechanisms that
have been observed. A group of metals, e.g., zirconium, titanium, niobium, vanadium form metal hydrides, ceramics
which are very brittle compared with the unaffected metal. The phenomenon causes delayed hydride cracking, DHC,
observed as slow crack growth, generally accepted to be caused by hydrogen migration along the hydrostatic stress
gradient and one or many hydrides growing in the crack tip vicinity. DHC is a serious problem in hydrogen based
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transportation and in nuclear power plants, where zirconium is widely used for its low neutron absorption Singh et al.
(2002).

The volume occupied by the metal increases with increasing concentration of hydrogen in solid solution and when
a critical concentration is reached a hydride is formed accompanied by an abrupt expansion. The expansion relaxes
the hydrostatic stress and releases elastic energy that drive the migration of hydrogen and the formation of hydride,
cf. Turnbull (1996).

Several experimental and theoretical studies have focused on hydride formation at crack tips and its effect on
strength, e.g., Bertolino et al. (2003); Cahn and Sexton (1980). Also models of crack propagation based on diffusion
controlled mechanisms have been studied by Svoboda (2012); Varias and Feng (2004).

In the present work, the transport of hydrogen and the formation of expanding precipitates are modeled. The hydride
growth is based on a critical hydrogen concentration. Isotropic and anisotropic expansion are compared. The hydride
is assumed to be embedded in a KI controlled stress field. The hydrogen distribution is considered to be in chemical
equilibrium. The materials are assumed to have the same mechanical properties as both metal and metal hydride, with
volume change as the only difference.

2. Model

First the Einstein-Smoluchowski law, Einstein (1905); Smoluchowski (1906), for stress driven diffusion is used to
show that a critical hydrostatic stress is identical to a critical concentration condition for formation of hydride. After
that, the hydride formation process is modelled based on a critical stress.

A large body containing a straight crack, as shown in Fig. 1, is considered. A Cartesian coordinate system xi is
attached to the crack tip. The crack occupies the region x1 ≤ 0 and x2 = 0. Subscripts i, j, k assume values 1, 2 or 3.

The diffusive transport of hydrogen is assumed to be driven both by the negative gradient of the concentration and
by the gradient of hydrostatic stress, cf. Einstein (1905); Smoluchowski (1906). The governing equation for the flux,
Ji, is given as

Ji = −DC,i +
DCV
RT
σh,i , (1)

where D is the diffusivity constant, C is the ion/atom concentration, V is the partial molar volume, R is the universal
gas constant, and T is the absolute temperature, and σh = σ j j/3 is the hydrostatic stress. The writing ( ),i denotes the
derivative with respect to the spatial Cartesian coordinate xi. On these Einstein’s summation rule applies.

Under quasi-static conditions the flux J is negligible. Thereby, Eq. (1) is readily integrated with respect to the
coordinates xi. It is assumed that the stress in the vicinity of the crack tip is much larger than the remote stress. By
putting σh equal to the critical stress, σc, one obtains the a stress equivalent to the critical concentration condition as
follows,

σc =
RT
V

ln
(
Cc

Co

)
, (2)

where Co is the ambient concentration at large distance away from the crack tip. A precipitate is formed or added to an
already formed precipitate when the hydrostatic stress reaches the critical stress, σh = σc. Equivalently precipitation
commence if the ambient concentration exceeds a critical value, i.e.

Co = Cc exp
(
−σhV

RT

)
. (3)

The total strains are decomposed into an elastic part εei j and an expansion part ε s
i j, ε i j = ε

e
i j + ε

s
i j. The elastic strain is

defined by Hooke’s law, with a modulus of elasticity, E, Poisson’s ratio ν and the expansion strain is assumed to be
transversely isotropic and defined as

ε s
i j = Λ(δi1δ j1e1 + δi2δ j2e2 + δi3δ j3e1), where e1 = (1 − q)εs and e2 = (1 + 2q)εs. (4)

http://crossmark.crossref.org/dialog/?doi=10.1016/j.prostr.2018.12.359&domain=pdf
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transportation and in nuclear power plants, where zirconium is widely used for its low neutron absorption Singh et al.
(2002).

The volume occupied by the metal increases with increasing concentration of hydrogen in solid solution and when
a critical concentration is reached a hydride is formed accompanied by an abrupt expansion. The expansion relaxes
the hydrostatic stress and releases elastic energy that drive the migration of hydrogen and the formation of hydride,
cf. Turnbull (1996).

Several experimental and theoretical studies have focused on hydride formation at crack tips and its effect on
strength, e.g., Bertolino et al. (2003); Cahn and Sexton (1980). Also models of crack propagation based on diffusion
controlled mechanisms have been studied by Svoboda (2012); Varias and Feng (2004).

In the present work, the transport of hydrogen and the formation of expanding precipitates are modeled. The hydride
growth is based on a critical hydrogen concentration. Isotropic and anisotropic expansion are compared. The hydride
is assumed to be embedded in a KI controlled stress field. The hydrogen distribution is considered to be in chemical
equilibrium. The materials are assumed to have the same mechanical properties as both metal and metal hydride, with
volume change as the only difference.

2. Model

First the Einstein-Smoluchowski law, Einstein (1905); Smoluchowski (1906), for stress driven diffusion is used to
show that a critical hydrostatic stress is identical to a critical concentration condition for formation of hydride. After
that, the hydride formation process is modelled based on a critical stress.

A large body containing a straight crack, as shown in Fig. 1, is considered. A Cartesian coordinate system xi is
attached to the crack tip. The crack occupies the region x1 ≤ 0 and x2 = 0. Subscripts i, j, k assume values 1, 2 or 3.

The diffusive transport of hydrogen is assumed to be driven both by the negative gradient of the concentration and
by the gradient of hydrostatic stress, cf. Einstein (1905); Smoluchowski (1906). The governing equation for the flux,
Ji, is given as

Ji = −DC,i +
DCV
RT
σh,i , (1)

where D is the diffusivity constant, C is the ion/atom concentration, V is the partial molar volume, R is the universal
gas constant, and T is the absolute temperature, and σh = σ j j/3 is the hydrostatic stress. The writing ( ),i denotes the
derivative with respect to the spatial Cartesian coordinate xi. On these Einstein’s summation rule applies.

Under quasi-static conditions the flux J is negligible. Thereby, Eq. (1) is readily integrated with respect to the
coordinates xi. It is assumed that the stress in the vicinity of the crack tip is much larger than the remote stress. By
putting σh equal to the critical stress, σc, one obtains the a stress equivalent to the critical concentration condition as
follows,

σc =
RT
V

ln
(
Cc

Co

)
, (2)

where Co is the ambient concentration at large distance away from the crack tip. A precipitate is formed or added to an
already formed precipitate when the hydrostatic stress reaches the critical stress, σh = σc. Equivalently precipitation
commence if the ambient concentration exceeds a critical value, i.e.

Co = Cc exp
(
−σhV

RT

)
. (3)

The total strains are decomposed into an elastic part εei j and an expansion part ε s
i j, ε i j = ε

e
i j + ε

s
i j. The elastic strain is

defined by Hooke’s law, with a modulus of elasticity, E, Poisson’s ratio ν and the expansion strain is assumed to be
transversely isotropic and defined as

ε s
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Fig. 1. Semi-infinite crack, near crack tip precipitate zone under remote mode I loading. The boundary conditions are prescribed displacements on
the half circular contour, traction free crack surfaces and symmetry conditions in the crack plane ahead of the crack tip.

The e1 and e2 are the principal expansion strains. The largest, e2, is assumed to be perpendicular to the crack plane
x2 = 0 and, hence, parallel with x2. The parameter Λ is put to one in the precipitate and zero in the matrix material.
An anisotropy parameter 0 ≤ q ≤ 1 with q = 0 for isotropic materials and e.g. q = 0.1613 giving e1/e2 = 0.634 which
is a suggested value for the ratio of the principal expansion strains of zirconium and titanium hydrides.

A hydrostatic pressure corresponding to stress free expansion, ps, is defined as follows,

ps =
E

1 − 2ν
εs . (5)

Under these premisses the stress and strain distributions are obtained using an FEM. Initially the body is stress free
and free from precipitates. The crack surface is traction free and the remaining remote boundary is given as a boundary
layer of given displacements between the near tip region and remote constraints. The displacements are imposed at

the distance R from the crack tip, see Fig. 1. Polar coordinates r =
√

x2
1 + x2

2 and θ = arctan(x2/x1) are attached to the
crack tip. The radius R limiting the analysed body is chosen to be around 10 times the largest extent of the precipitate,
rh. The remote constraints are applied according to mode I loading. Because of the symmetry only the upper half of
the body is modelled. The imposed displacements are given by

ui =
2(1 + ν)KI

E

√
R
2π

gi(θ, ν) for 0 ≤ θ ≤ π, (6)

where KI is the mode I stress intensity factor and gi are the known angular functions, cf. Broberg (1999).

2.1. Governing equations on non-dimensional form

A length unit (σc/KI)2 is used for scaling lengths, (Eσc/K2
I ) is used for scaling displacements and σc for scaling

stresses and other related quantities. On non-dimensional form the constitutive Hooke-Duhamel’s equation is written,

σ̂i j =
1

1 + ν

{
ε̂i j − ε̂ s

i j + δi j
ν

1 − 2ν
(ε̂kk − ε̂ s

kk)
}
, ε̂ s

i j = Λ̃(1 − 2ν)
{
δi j(1 − q) + 3δi1δ j1q

}
p̂s, (7)

and

p̂s =
ε̂ s

kk

3(1 − 2ν)
, Λ̃ =

{
1 if σ̃h ≥ 1
0 if σ̃h < 1 , and BC’s ûi = (1 + ν)

√
2R̂
π

gi(θ, ν) on r̂ = R̂, 0 ≤ θ ≤ π . (8)

where σ̃h = (σh)max/σc, in which the (σh)max is the largest hydrostatic stress. Strains are defined as ε̂i j = (ûi, j+ û j,i)/2.
Applied coordinates are the non-dimensional counterparts x̂i. As is readily observed, p̂s, q and ν are the only free
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Fig. 2. The shape of precipitates for a) the isotropic (q = 0) and b) the anisotropic case with anisotropy factor q = 0.16, for different dilatation free
pressure p̂s. The dashed curve is the exact result for p̂s = 0.

parameters. The equations are solved for a variation of p̂s and two values of q. Poisson’s ratio ν is kept the same.
Apart from the expansion the mechanical properties of metal and hydride are the same.

The FE code Abaqus Hibbitt et al. (2003) is used in conjunction with a user defined subroutine that implements
the mechanical behaviour of the material and keeps track of the transition from metal to hydride. The calculations are
performed for variations of swelling p̂s. The anisotropy factor is set to q = 0 and q = 0.1613 which gives an isotropic
precipitate and an anisotropic precipitate corresponding zirconium and titanium hydrides. The latter choice gives a
relationship between the pricipal expansion strains of e1/e2 = 0.634, cf. Singh et al. (2007); Tal-Gutelmacher and
Eliezer (2004). Poisson’s ratio is set to ν = 0.34, which is a suitable choice for zirconium and titanium Francois et al.
(2012). The selected Poisson’s ratio is also acceptable for many metals such as steel, copper, aand aluminum.

The upper half of the body, is covered by an irregular mesh consisting of 2175 four-node isoparametric plane strain
elements. The linear extent of the elements near the crack tip is around 0.001R̂.

3. Results and discussion

The single physical length scale imply self-similar solutions. To confirm that the element size is sufficiently small
and that the mesh is sufficiently large a range of hydride to mesh ratios is calculated. Acceptable results regarding size
and shape of the hydride is found for rh ≈ 0.1R for isotropic cases and rh ≈ 0.14R for anisotropic cases.

The calculations are performed for five different values of p̂s = 0, 1, 1.5, 2, 2.5 and 3 that all a well below the
critical value. The only effect induced by the precipitate on mechanical state is the material expansion. Therefore, the
non-expanding case p̂s = 0 is identical to a case with no precipitate present.

3.1. Precipitate shapes and size

Fig. 2 shows the shape of the precipitates for isotropic a) and anisotropic b) cases for different amounts of dilata-
tional pressure, p̂s. The increase of height and size should not be confused with the displacements caused by the phase
transformation induced expansion strain or equivalently by the proportional dilatational pressure p̂s.

In the isotropic cases in Fig. 2a one observes a slight increase of hydride height in the foremost part with increasing
p̂s. The overall influence of the expansion on the precipitate size and shape is rather small. Fig. 2b shows a with
p̂s increasingly wedge shaped precipitate for the anisotropic case. This is expected while a precipitate with a large
expansion in the x2 direction gives a stress concentration ahead of the precipitate and as a consequence will give a
greater flux of ions/atoms to the area. The obtained shape is consistent with earlier studies, e.g., Cahn and Sexton
Cahn and Sexton (1980). The obtained height to length ratio 1:16 for p̂s = 3 may be compared with the experimental
observation by Metzger Metzger and Sauve (1996) of height to length ratios of 1:7 to 1:10. It also interesting to
compare the present length of the hydride 0.31(KI/σc)2 with the Dugdale Dugdale (1959) result (π/8)(KI/σc)2 ≈
0.39(KI/σc)2.
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An anisotropy parameter 0 ≤ q ≤ 1 with q = 0 for isotropic materials and e.g. q = 0.1613 giving e1/e2 = 0.634 which
is a suggested value for the ratio of the principal expansion strains of zirconium and titanium hydrides.

A hydrostatic pressure corresponding to stress free expansion, ps, is defined as follows,

ps =
E

1 − 2ν
εs . (5)

Under these premisses the stress and strain distributions are obtained using an FEM. Initially the body is stress free
and free from precipitates. The crack surface is traction free and the remaining remote boundary is given as a boundary
layer of given displacements between the near tip region and remote constraints. The displacements are imposed at
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A length unit (σc/KI)2 is used for scaling lengths, (Eσc/K2
I ) is used for scaling displacements and σc for scaling

stresses and other related quantities. On non-dimensional form the constitutive Hooke-Duhamel’s equation is written,

σ̂i j =
1

1 + ν

{
ε̂i j − ε̂ s

i j + δi j
ν

1 − 2ν
(ε̂kk − ε̂ s

kk)
}
, ε̂ s

i j = Λ̃(1 − 2ν)
{
δi j(1 − q) + 3δi1δ j1q

}
p̂s, (7)

and

p̂s =
ε̂ s

kk

3(1 − 2ν)
, Λ̃ =

{
1 if σ̃h ≥ 1
0 if σ̃h < 1 , and BC’s ûi = (1 + ν)

√
2R̂
π

gi(θ, ν) on r̂ = R̂, 0 ≤ θ ≤ π . (8)

where σ̃h = (σh)max/σc, in which the (σh)max is the largest hydrostatic stress. Strains are defined as ε̂i j = (ûi, j+ û j,i)/2.
Applied coordinates are the non-dimensional counterparts x̂i. As is readily observed, p̂s, q and ν are the only free
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Fig. 2. The shape of precipitates for a) the isotropic (q = 0) and b) the anisotropic case with anisotropy factor q = 0.16, for different dilatation free
pressure p̂s. The dashed curve is the exact result for p̂s = 0.

parameters. The equations are solved for a variation of p̂s and two values of q. Poisson’s ratio ν is kept the same.
Apart from the expansion the mechanical properties of metal and hydride are the same.

The FE code Abaqus Hibbitt et al. (2003) is used in conjunction with a user defined subroutine that implements
the mechanical behaviour of the material and keeps track of the transition from metal to hydride. The calculations are
performed for variations of swelling p̂s. The anisotropy factor is set to q = 0 and q = 0.1613 which gives an isotropic
precipitate and an anisotropic precipitate corresponding zirconium and titanium hydrides. The latter choice gives a
relationship between the pricipal expansion strains of e1/e2 = 0.634, cf. Singh et al. (2007); Tal-Gutelmacher and
Eliezer (2004). Poisson’s ratio is set to ν = 0.34, which is a suitable choice for zirconium and titanium Francois et al.
(2012). The selected Poisson’s ratio is also acceptable for many metals such as steel, copper, aand aluminum.

The upper half of the body, is covered by an irregular mesh consisting of 2175 four-node isoparametric plane strain
elements. The linear extent of the elements near the crack tip is around 0.001R̂.

3. Results and discussion

The single physical length scale imply self-similar solutions. To confirm that the element size is sufficiently small
and that the mesh is sufficiently large a range of hydride to mesh ratios is calculated. Acceptable results regarding size
and shape of the hydride is found for rh ≈ 0.1R for isotropic cases and rh ≈ 0.14R for anisotropic cases.

The calculations are performed for five different values of p̂s = 0, 1, 1.5, 2, 2.5 and 3 that all a well below the
critical value. The only effect induced by the precipitate on mechanical state is the material expansion. Therefore, the
non-expanding case p̂s = 0 is identical to a case with no precipitate present.

3.1. Precipitate shapes and size

Fig. 2 shows the shape of the precipitates for isotropic a) and anisotropic b) cases for different amounts of dilata-
tional pressure, p̂s. The increase of height and size should not be confused with the displacements caused by the phase
transformation induced expansion strain or equivalently by the proportional dilatational pressure p̂s.

In the isotropic cases in Fig. 2a one observes a slight increase of hydride height in the foremost part with increasing
p̂s. The overall influence of the expansion on the precipitate size and shape is rather small. Fig. 2b shows a with
p̂s increasingly wedge shaped precipitate for the anisotropic case. This is expected while a precipitate with a large
expansion in the x2 direction gives a stress concentration ahead of the precipitate and as a consequence will give a
greater flux of ions/atoms to the area. The obtained shape is consistent with earlier studies, e.g., Cahn and Sexton
Cahn and Sexton (1980). The obtained height to length ratio 1:16 for p̂s = 3 may be compared with the experimental
observation by Metzger Metzger and Sauve (1996) of height to length ratios of 1:7 to 1:10. It also interesting to
compare the present length of the hydride 0.31(KI/σc)2 with the Dugdale Dugdale (1959) result (π/8)(KI/σc)2 ≈
0.39(KI/σc)2.
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3.2. Estimate of the linear extent of the precipitate

Considering a precipitate immediately in front of a crack tip in the absence of remote load, the only relevant
parameters are the dilatation free pressure ps and the anisotropy parameter q. Let the hydrostatic stress immediately
ahead of the precipitate be ξo ps, where the positive constant ξo has to be dimensionless and may be a function of q
and independent of ps more than via the different precipitate shapes that are obtained for different p̂s. The length scale
is defined by the precipitate extent, rh, in the crack plane. Suppose now that a remote mode I load is applied. Because
of the linear behaviour of the material the hydrostatic stresses of a mode I crack may be directly superimposed. In the
crack plane the hydrostatic stress immediately outside the precipitate for plane strain may be written

σh = ξo ps +
2(1 + ν)

3
KI√
2πrh

, (9)

where the first term is the contribution from the expanding hydride and the second term is the stress caused by the
crack, see e.g. Broberg (1999). To form a precipitate the hydrostatic stress must reach the critical stress, i.e. σh = σc.
The non-dimensional form of (9) becomes,

1 = ξo p̂s +
2(1 + ν)

3
1
√

2πr̂h
. (10)

where r̂h = rh(σc/KI)2. Now the extent of the precipitate is obtained as,

r̂h =
2(1 + ν)2

9π
1

(1 − ξo p̂s)2 . (11)

According to the result the precipitate size is uniquely determined by p̂s and the constant ξo that is computed for
vanishing remote load.

Fig. 3 shows the extent of the precipitate for different expansion stresses as the FE result and the analytical predic-
tion. It is interesting to note that rh is rather accurately given by Eq. (11). It is also noted the growth rate increases
with increasing p̂s. As is readily seen in Eq. (11) the precipitate size becomes unbounded as p̂s approach 1/ξo which
the dilatation free pressure to around p̂s ≈ 36 for the isotropic case and to around p̂s ≈ 6.2 for the anisotropic case.

3.3. Crack tip Shielding

The expanded phase decreases the stresses ahead of the crack tip. The stress in the closest vicinity of the crack tip
is used to compare the local crack tip stress intensity factor Ktip with the corresponding remote KI for different p̂s.
The stress intensity factor of the crack tip stress field is calculated using the relation the definition

Ktip = lim
x1→0
σ22

√
2πx1 , (12)

where the stress σ22 is the stress across in the crack plane inside the precipitate. Fig. 4 shows the relative stress
intensity factor normalised with respect to the remote ditto versus p̂s. As observed the precipitate is only marginally
shielding the crack tip load. For the studied case the shielding is increasing with increasing p̂s. It is around 10% for
p̂s = 2.5 and obviously 0 for p̂s = 0. The shielding of the anisotropic material is slightly larger, which is expected
since the expansion is larger in across the crack plane in this case.

4. Conclusions

The growth of an expanding precipitate at the tip of a stationary crack is studied using both analytical and numerical
methods. Both phases are treated as linearly elastic with the same elastic properties. The expansion is assumed to be
isotropic or anisotropic with transversely isotropic expansion. The extent of the precipitate is assumed to be small as
compared with the crack length.
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Fig. 3 Eq. (11) (dashed) compared with the FE result., Fig. 4 The relative stress intensity factor p̂s = ps/σc
for isotropic (solid) and anisotropic (dashed) materials

Direct integration of the Einstein-Smoluchowski law for stress driven diffusion shows that a critical concentration
criterium for hydride growth under quasi-static conditions can be replaced with an equivalent critical hydrostatic
stress, (2), or equivalently if the ambient concentration exceeds a critical value (3).

When the governingeng equations are put on non-dimensional form it is obvious that there are only three free
parameters are, i.e., the expansion strain, the degree of anisotropy and Poisson’s ratio, represented by p̂s, q and ν. The
influence of Poisson’s ratio is not examined.

Using that the stress immediately outside the precipitate is only mildly depending on p̂s, allow derivation of an
analytical prediction of the precipitate size (11). The result shows that the precipitate will continue to grow even if the
remote load is removed, if the dilatational free expansion p̂s is sufficiently large.
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3.2. Estimate of the linear extent of the precipitate

Considering a precipitate immediately in front of a crack tip in the absence of remote load, the only relevant
parameters are the dilatation free pressure ps and the anisotropy parameter q. Let the hydrostatic stress immediately
ahead of the precipitate be ξo ps, where the positive constant ξo has to be dimensionless and may be a function of q
and independent of ps more than via the different precipitate shapes that are obtained for different p̂s. The length scale
is defined by the precipitate extent, rh, in the crack plane. Suppose now that a remote mode I load is applied. Because
of the linear behaviour of the material the hydrostatic stresses of a mode I crack may be directly superimposed. In the
crack plane the hydrostatic stress immediately outside the precipitate for plane strain may be written

σh = ξo ps +
2(1 + ν)

3
KI√
2πrh

, (9)

where the first term is the contribution from the expanding hydride and the second term is the stress caused by the
crack, see e.g. Broberg (1999). To form a precipitate the hydrostatic stress must reach the critical stress, i.e. σh = σc.
The non-dimensional form of (9) becomes,

1 = ξo p̂s +
2(1 + ν)

3
1
√

2πr̂h
. (10)

where r̂h = rh(σc/KI)2. Now the extent of the precipitate is obtained as,

r̂h =
2(1 + ν)2

9π
1

(1 − ξo p̂s)2 . (11)

According to the result the precipitate size is uniquely determined by p̂s and the constant ξo that is computed for
vanishing remote load.

Fig. 3 shows the extent of the precipitate for different expansion stresses as the FE result and the analytical predic-
tion. It is interesting to note that rh is rather accurately given by Eq. (11). It is also noted the growth rate increases
with increasing p̂s. As is readily seen in Eq. (11) the precipitate size becomes unbounded as p̂s approach 1/ξo which
the dilatation free pressure to around p̂s ≈ 36 for the isotropic case and to around p̂s ≈ 6.2 for the anisotropic case.

3.3. Crack tip Shielding

The expanded phase decreases the stresses ahead of the crack tip. The stress in the closest vicinity of the crack tip
is used to compare the local crack tip stress intensity factor Ktip with the corresponding remote KI for different p̂s.
The stress intensity factor of the crack tip stress field is calculated using the relation the definition

Ktip = lim
x1→0
σ22

√
2πx1 , (12)

where the stress σ22 is the stress across in the crack plane inside the precipitate. Fig. 4 shows the relative stress
intensity factor normalised with respect to the remote ditto versus p̂s. As observed the precipitate is only marginally
shielding the crack tip load. For the studied case the shielding is increasing with increasing p̂s. It is around 10% for
p̂s = 2.5 and obviously 0 for p̂s = 0. The shielding of the anisotropic material is slightly larger, which is expected
since the expansion is larger in across the crack plane in this case.

4. Conclusions

The growth of an expanding precipitate at the tip of a stationary crack is studied using both analytical and numerical
methods. Both phases are treated as linearly elastic with the same elastic properties. The expansion is assumed to be
isotropic or anisotropic with transversely isotropic expansion. The extent of the precipitate is assumed to be small as
compared with the crack length.
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Fig. 3 Eq. (11) (dashed) compared with the FE result., Fig. 4 The relative stress intensity factor p̂s = ps/σc
for isotropic (solid) and anisotropic (dashed) materials

Direct integration of the Einstein-Smoluchowski law for stress driven diffusion shows that a critical concentration
criterium for hydride growth under quasi-static conditions can be replaced with an equivalent critical hydrostatic
stress, (2), or equivalently if the ambient concentration exceeds a critical value (3).

When the governingeng equations are put on non-dimensional form it is obvious that there are only three free
parameters are, i.e., the expansion strain, the degree of anisotropy and Poisson’s ratio, represented by p̂s, q and ν. The
influence of Poisson’s ratio is not examined.

Using that the stress immediately outside the precipitate is only mildly depending on p̂s, allow derivation of an
analytical prediction of the precipitate size (11). The result shows that the precipitate will continue to grow even if the
remote load is removed, if the dilatational free expansion p̂s is sufficiently large.
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