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Abstract: 

The present paper studied the buckling phenomena of membranes under 
tensile load with and without central crack.  The studies of fracture 
mechanics are tested within certain conditions of membranes. The tensile 
test has been performed with Al-foil in different crack lengths, i.e. 0 mm, 
12.5 mm, 25 mm and 50 mm. The numerical analysis has been carried out 
by Finite Element Analysis (FEA) and comparing with the theoretical and 
experimental results.  In this paper, the critical buckling behavior is tested, 
validated and compared. Same observation of patterns in experiments and 
the simulation are found. The influence of scale factor for imperfection 
setting are tested. 
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Chapter 1 Introduction 
1.1 Background and Problem Description 

Instabilities in structures can be associated with not only compressive but 
also tensile loading. Buckling phenomena has been a major area of interest 
within the field of the elastic mechanic and studied by numerous researchers. 
Thin plates are widely applicable in diverse engineering fields such as 
aerospace, civil structures, etc. which emphasizes the significance of them to 
be safe and economically profitable.  

When the plate’s thickness is sufficiently small with applied tensile load, 
local buckling phenomena that can be observed due to transverse compressive 
stress. 

1.2 Aim and Objectives 

 An analytical solution for buckling in thin plates has been presented by 
numbers of researchers. The traditional solution for buckling assumed the plate 
to be without crack which simplified the problem to a great extent [1]–[3]. The 
incremental factor of stress resultants has calculated from an eigenvalue 
equation. Later, several solutions for infinite plates with crack has demonstrated 
and presented in [3]. [2], [4], [5] report some new and convinced procedures to 
obtain the critical buckling stress in a thin finite plate with the central crack. 
The solution in which they came up with, was able to calculate the load 
multiplier (a factor to identify the buckling occurrence in the structure). The 
effect and formulation of wrinkling have been discussed in [6]. 

The simulation and experiments of side cracks are tested in paper [7] but nor 
the central crack cases have been tested in this paper. The works are mainly 
done in the following topics, 

1. Comparing the critical buckling stresses in theoretical, experimental and 
numerical ways; 

2. Founding and validating a proper procedure of simulating the wrinkles; 

3. Observing the influence of scale factor of buckling modes. 

The study was conducted in three parts as an experiment, theoretical analysis, 
and simulation.  
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The theoretical analysis is mainly based on the previous researchers’ 
conclusion with our conditions. The experiments are tested in BTH laboratory. 
The simulation based on ABAQUS [8], MATLAB and Python is the main 
contribution of this work. 

Through the ABAQUS, the amplitudes of wrinkles are varying with the 
scale factor. This thesis also discusses how the scale factors have the influence 
on the simulation. 

1.3 Limitation of Thesis 

The limitation of this thesis is the measurement about the out of 
displacements, due to the limitation of software, for instance, the GOM 2D 
cannot measure the wrinkles. The data of critical buckling stress with 
experiment cannot be compared with the theoretical data. 
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Chapter 2 Introduction of Theories 
2.1 Study of Wrinkling States  

Membrane is a special plate with a low or neglectable stiffness. Wrinkle 
occurs when the membranes supporting a tensile load. The chapter is mainly 
based on the criterions gathered in [9] and discussed in [10]. The wrinkles’ 
states will be analysed in the following. 

2.1.1 Principle Stress Criterion 

 The in-plane states of wrinkles has been introduced [10]. 

From Figure 2-1, there are two principal stresses on the membranes. They 
are  and . Based on the principal stress criterion in [9] and [10], comparing 
the and  to determine which states they have. 

1) , the membrane’s state is Taut. 

2) , the membrane’s state is Wrinkled. 

3)  the membrane’s state is Slack. 

From geometry equation, the strain  can be written as: 

  ( 2-1 ) 

The constitutive equations for linear elastic case can be shown below: 

Figure 2-1 The stress direction of the membranes [10]  
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where  

( 2-2 ) 

Finally, stress can be presented as  and the principal stress 
are: 

  ( 2-3 ) 

However, there is a disadvantage with this method when the membrane’s 
state is Slack, the principal strain is not an accuracy principal strain. As a result, 
it will have an influence on the calculating which will give a wrong state. 

2.1.2 Principle Strain Criterion 

Next method is using the principal strain to determine the states of the 
membranes. Compared with the previous method, actual principal stresses 

 in this method are applied to obtain the principal strain. The 
principal strain formulations are: 

  ( 2-4 ) 

And the relationship of the principal stress and principal strain are 

  ( 2-5 ) 

From above equation, principal stress can be obtained: 
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  ( 2-6 ) 

Here, when  will gives  

Thus, the states of membranes can be also determined, (as shown in [10]): 

1)  the membrane’s state is Taut. 

2)  the membrane’s state is Wrinkled. 

3)  the membrane is Slack. 

According to [10]. For the principal strain criterion, there is also a 
disadvantage. Since the relationship of the principal stress and principal strain 
is the tension and shear coupling relationship which means the normal stress 
could produce the shear strain, and the shear stress can also produce the normal 
strain. So, this method can just be applied for isotropic material. 

2.1.3 Combined Criterion 

For the anisotropic material, the method in [10] is mixed by principal stress 
criterion and principal strain criterion, i.e., 

1) the membrane’s state is Taut. 

2)  the membrane’s state is Wrinkled. 

3)  the membrane’s state is Slack. 

2.1.4 Selection 

After checking the requirements and conditions of our model, the principal 
stress criterion is already sufficient enough for further discussion. Therefore, it 
has been selected as the judgment of the appearance of wrinkles. 
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2.2 Critical Buckling Stress 

2.2.1 Concepts of Buckling 

For the discussion, some concepts about the buckling of a rod will be 
introduced. Buckling is an instability phenomenon which can lead to a structure 
failure [11]. When compressive stress occurs, the buckling phenomenon may 
occur. (See Figure 2-2) 

From Figure 2-2, when a compressive stress is applied initially, the rod 
might not be curved until the certain critical degradation is achieved. The rod 
will then bend and may lead to unrecoverable deformation or fracture. The 
bending phenomenon is called buckling, which is part of structural instability. 

The critical buckling stress plays a vital role in the buckling phenomenon 
which means when the stress over the critical stress, bending occurs although 
there is not any moment or transversal load. So, the critical buckling stress can 
be regarding as a threshold which can estimate whether the buckling will occur. 
For the rod, there is a formulation to calculate the stress [11]. 

  ( 2-7 ) 

where,  - maximum or critical force;  - length of column; 

 - smallest area moment of inertia of the cross section; 

 - column effective length factor. 

Figure 2-2 The column is subjected to a compressive stress  [11]  
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Above illustrates the description of buckling and critical buckling stress 
under compression loading case. For the tensile load, it will also have the 
buckling phenomenon which is an instability in the structure. From Figure 2-3, 
for the tensile load, the buckling will also happen. 

The similar phenomenon also be observed for the membrane under the 
tensile load, i.e. the buckling will occur [11].  

2.2.2 Critical Buckling Stress of Membranes 

This part is about calculating the critical buckling stress of membranes to 
estimate the critical moment when wrinkles occur. 

Figure 2-4 shows the stress distribution in the membrane which is subjected 
to the pure tensile load. The wrinkles may occur due to the compression stress 
actually. 

From [5], the formulations to calculate the critical buckling stress (no crack) 
is, 

 

 

 

( 2-8 ) 

Figure 2-3 The column is subjected to a tensile load [11] 

Figure 2-4 The stress distribution in the membrane [5] 
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Figure 2-5 shows the relationship between the dimensionless critical tensile 
load and geometric parameters  can be selected, but these membrane 
boundary conditions are a little different in comparing with our experiment, i.e. 
clamped on both short edges. But boundary condition of Figure 2-5 is one end 
of the membrane is fixed, another one end is simple support. So perhaps there 
is a little error with these two critical buckling stresses. 

The critical buckling stress (no crack) can be calculated by: 

  ( 2-9 ) 

From the formulation,  can be obtained: 

  ( 2-10 ) 

Above is about the critical buckling stress without crack. The critical 
buckling stress with crack has been determined in [3] and calculated by the 
equation: 

 
 

where,  is the half of crack length / size. 
( 2-11 ) 

Compared with the critical buckling stress formulations, these formulations 
consider the crack length which has influence on the critical buckling stress. 

Figure 2-5 Dimensionless critical tensile load  vs. 
geometrical parameters  (Without crack) [5] 
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For the  value, it will also have different choice.  are then selected from 
Figure 2-6. 

2.3 Stress Intensity Factors (SIFs) of Sheet Material 

In our experiment, our specimen is in tensioned load and our membranes are 
with crack a. so, it is important to check the stress intensity factors which can 
estimate whether the failure will occur. For this part, we set the model is just 
model I ( ). In this case, when  reaches the value of , the fracture 
failure mode will occur. 

At first, a SIF calculating way is introduced. The equation [12] as show: 

  ( 2-12 ) 

In this formulation,  is the tension load, with the half of crack length 
inclined of an angel ( ) with respect to the loading direction. 

If  is equal to , the simple example to the curve of the SIF 
with mode I, the curve of SIF can be shown in Figure 2-7. Here,  
and  to PET and  and  to Al-foil. 

Figure 2-6 Dimensionless critical tensile load  vs. 
geometrical parameters (with crack) [5] 
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From the Figure 2-7, the SIF value with the different degree of crack, for the 
, the SIF value is much higher than the others, when the crack is vertical with 

respect to the loading direction, it will have crack propagation easily. From the 
curve, the SIF value is smaller when the degree is increased, when the degree 
is , it is not propagated. 

From the critical buckling stress, when the stress is over the critical buckling 
stress, the membrane will be instable which means the membrane will have a 
big out of plane displacement. But, for this moment, the crack propagation does 
not start. If the stress at crack initiates can be found in experiment, the  
can be obtained. 

Based on the equation ( 2-12 ) , the  are calculated at the fracture stress 
29.1  which is observed in experiment ( ). 

  ( 2-13 ) 

2.4 Shape of Maximum Buckling (Wrinkling)  

The method works by the trial function, so, before simulation, a trial function 
should be used to fit the shape of buckling or wrinkling shape, because from 
experiment and Abaqus, the shape of buckling is most like Gauss function. So, 
searching the function in the references, From Roberto Brighenti [12],  a trial 
function can be shown as: 

Figure 2-7 The SIF curve to different degree of crack (PET and Al-foil) 
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  ( 2-14 ) 

, then the Rayleigh-Ritz method can be used to solve the problem. To get the 
minimum potential energy . For the trial function where  is a 
maximum amplitude of the buckling and d is the distance in displacement fields, 
 is the decreased times. 

Potential energy equation as shown in [12]: 

 

where,  

( 2-15 ) 

For the boundary condition discussed in [12], the given trial function satisfy 
a prior all the essential boundary conditions of the problem in the reference 
including the all edges are simple support. the trial function can be tested in our 
thesis. 

For the trial function, the area of membrane is a quarter of original 
membrane, so, for the symmetric boundary conditions, like Figure 2-8  shows: 

After that, decreased times need to be determined.  

Figure 2-8 Cracked plate sketch: the compressive load C close to the crack is 
the reason of the plate’s buckling [12] due to symmetric, 

  are used. 
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 Figure 2-9 shows when  and , whatever other parameters are 
chosen, the surface of membrane will not have any change. So, the limited of  
is from 0 to 1. 

Figure 2-9 The sketch of simulation when  and  
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Chapter 3 Experiment 
In order to have a visual understanding of theory and the data for simulation, 

several experiments are taken placed. Several results are obtained to compare 
with the theoretical numerical solution.  

3.1 Specimens Size 

The materials considered in this thesis are Aluminium (Al) foil and 
Polyethylene (PET) foil. (Material selection is discussed in Chapter 2.2) The 
specimen which similar to earlier work [13] has been selected. (See Figure 3-1) 
and the sizes are listed below (See Table 3-1). 

 The thicknesses are measured by the equipment from Mitutoyo (See Figure 
3-2) and listed in the table is uniformed. But the exact thickness of each 
specimen was still measured before each test. And the tolerance is sufficient 
small to assume the foil with average thickness. 

Figure 3-1 Specimen Size 

Figure 3-2 Thickness Measurement 
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Table 3-1 Specimen size and material data 
Name Acronym Unit Value 

Length    

Width    

Thickness 
Al    

PET    

3.2 Preparing Specimen 

For staring the experiment. PET is selected, since it’s easy to handle. The 
raw material is laminar (PET/LDPE).  

The layers are separated a little from the boundary lines (See Figure 3-3) 
before cutting.  

After the test based on PET. The Al-foil is applied for further research with 
its regular mechanical behaviour, and it simplifies the simulation.  

The initial imperfection occurs, due to the lower stiffness (See Figure 3-5). 
The wrinkles arise at the periphery of these imperfections. The later 
experiments will show that, the wrinkles at the vicinity imperfections do not 
influence the results.  

Laminar Region 
(PET/LDPE) 

PET Region 

n

P

Specimen 

Figure 3-3 Specimen Preparation (PET) 



24 

 

The cutting procedure of Al-foil is quite different with PET-foil. As 
mentioned before, the Al-foil is quite weak. Therefore, drawing a sketch may 
cause several initial imperfections on the surface of material. Also, the cutting 
without restriction will cause the coarse edge (See the Partial View in Figure 
3-4) where can be the potential crack initiation place.  

The laser cutting is tried to solve above problem. However, the laser cutting 
heated the edge and may cause property change. Also, since the insufficient 
stiffness of Al-foil, it’s quite had to place the material in the laser machine. 
Since the laser will concentrated in only one horizontal levels, the material is 
not able to be cut with one round but several rounds. Therefore, the burr edge 
will also influence the result. 

Imperfection 

Figure 3-5 Al-foil 

Restriction  
(Rulers) 

Cutting Path 

Burr 

Figure 3-4 Cutting Specimen 
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The final cutting is still manual one. Two rulers are applied to hold the 
specimen. The knife is cutting along the seam between them with relative lower 
speed. (See Figure 3-4) Then, a sufficient quality specimen will be obtained. 
(See Figure 3-6) 

3.3 Test Setup 

All experiments performed in this thesis work are taken placed in BTH 
laboratory (See Figure 3-7). The tensile machine is MTS QTest 100 with the 
wide foil clamp pair. Totally two load cells, i.e. 2000 N and 100 N load cell, 
are applied to meet different needs. 

Upper 
Clamp 

Lower 
Clamp 

Specimen 

Load 
Cell 

Tensile 
Machine 

S

M

Figure 3-6 Specimen Sample 

Figure 3-7 Test Setup 
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3.3.1 Load Cell 

The load cell is selected based on the initial test data. In the BTH laboratory, 
the minimal available load cell is 100 N, and 2000 N after. Since the cross-
section of foil is quite small. 2000 N can hold for all tests in this thesis.  The 
clamp has weight around 6 kg. The load cell for no-crack case has the risk of 
beyond the limit of 100 N load cell. Therefore, the 2000 N load cell is still used 
to prevent the damage. More details please see the table below. 

Table 3-2 Load Cell Selection 
Material Name Crack Length Ultimate Force Load Cell 

Al 

   

   

   

   

3.3.2 Test Information 

Due to the relative regular elastic-plastic behaviour, the tensile tests are 
mainly based on Al-foil. After the associates are installed properly and 
specimens are prepared, the tensile test are performed in MTS machine. The 
tensile speed is referred from previous paper [7] with 1 mm/min. The SI unit 
system are selected. Corresponding software, TestWork, collected and exported 
the load versus displacement data in *.txt document. MATLAB are used to deal 
with the data for future analysis.  

3.4 Experiment Results 

After importing the data into the MATLAB, the force versus displacement 
data are reproduced. (See Figure 3-8)  

2222222226222
Figure 3-8 Data collected from Experiments 
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For more details, please see Appendix 1: Experimental Data 

The stress and strain are calculated with the following formula, 

  ( 3-1 ) 

  ( 3-2 ) 

 Although the Poisson’s phenomenon is the reason of buckling, but the area 
transversal deformations are somehow substituted by bending. Based on that, 
the area change is ignored. And a constant area is applied to calculate the stress.  
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Chapter 4 Simulation 
With the powerful non-linear solver and rich output database, the ABAQUS 

is one of the most popular FEA solver in the mechanical studies and researches 
and applied. 

4.1 Material Data 

From the previous chapter, the experiment provides the Force vs. 
Displacement data. These data are converted into stress vs. strain curve. (More 
details please see Appendix 2: Material Data for FEA)  

4.2 Damage Illustration 

The fracture simulation in ABAQUS has several methods for different needs. 
Refer to the other paper [13], the ductile damage is applied here. The elasticity 
and plasticity are imported as mentioned before. After trial and error, the 
displacement at fracture are decided to be 0.5. (See Figure 4-1) 

Eventually, XFEM and other methods are tested too. But, they all meet 
several problems. E.g. XFEM are not supported in Explicit solver. However, 
the simulations in static solver with XFEM are always failed. Then, they are 
abandoned. 

Figure 4-1 Displacement at fracture 
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4.3 Imperfection Realization 

The buckling will not exist in the general tensile simulation in ABAQU. This 
is due to the ‘perfect’ surface of FEM model. Such ‘perfect’ surface with ideal 
tensile force makes the bending moment vanished. And the bending stiffness is 
quite hard than the reality. Therefore, ABAQUS solver read the keyword in 
script called imperfection to make several collapses on the surface to form the 
buckling behaviour. From the ABAQUS user’s manual [8], the initial 
imperfection of surface are created. These imperfections have following 
definition, 

 
 

 
 

( 4-1 ) 

The imperfections will be added to make the neutral surface not ‘flat’ 
anymore. Then, the element will not only be compressed or elongated, but also 
bended when sufficient large force is applied. In equation ( 4-1 ),  will be 
calculated by the buckle function under perturbation steps in ABAQUS. Since 
the buckling mode shapes are normalized. The scale factor will be the maximal 
deflection applied to the neutral surface.  

Therefore, this coefficient will influence the analysis data. The later chapter 
will discuss the influence and test the coefficient with different degradations 
for distinct modes. 

4.4 Mesh Quaility 

The mesh quality gives quite big influence on the accuracy. 3 types of mesh 
are tested and applied for different t asks. (See Figure 4-2)  

 For Mesh 1, the mesh is square. Each side with length 5 mm. The advantage 
with square mesh is the matrix are relative regular. 

For Mesh 3, the mesh is square also. But the length is reduced to 1 mm. The 
advantage with that degradation is that the wrinkles are precisely visualized 
from the plot. 
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For Mesh 2, the mesh is gradually small to the crack. The mesh at the 
periphery of the crack is keeping 1 mm square mesh for precision consideration. 
The rest area is bigger if it’s far from the crack. Eventually, the observation 
from experiments shows that when the position is closer to the upper and lower 
edge, smoother the gradient of wrinkles will be. So, the bigger size of mesh will 
not have big influence on the results. The only difference is the displacement 
at fracture is different. 

For the comparison, the time cost and visibility of wrinkles are tested for 
above data. Here, the estimated time costs are based on the average time cost 
for 1 second and scaled it to the 3 min.  

 Table 4-1 Time Cost Comparison 

Based on the above table, we found that the max deflection has limited 
difference. For saving times, the Mesh case for the discussion of influence of 
coefficient will be the Mesh 1, due to the big amount of test iterations required. 
Mesh 3 will cost infinite computer resource. But, the other simulations will be 
based on the Mesh 2. 

Seed Method Est. Time Cost 
(3 min) 

Visibility 
(Wrinkles) 

Max deflection 
(d = 1 min) 

Mesh 1  Not clearly 0.1858 mm 
Mesh 2  Yes 0.2380 mm 
Mesh 3  Yes  

Figure 4-2 Mesh 1(L) Mesh 2 (M) and Mesh 3 (R) 
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4.5 Data Acqusistion 

Most of the data can be exported from the ABAQUS GUI immediately. But 
for the iteration procedure for the research of imperfection coefficient, 
extracting data manually will waste the human resource. Therefore, the Python 
code is programmed for that case.  

The Python program has four arguments. The name of *.odb file, studied 
step, node set and result file. The node set here is defined in ABAQUS GUI. 
Catching the reference point where force applied. And that reference point will 
be coupled with upper edge to distribute the force. 

The results and compassion will be discussed on the next chapter. 
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Chapter 5 Results and Comparison 
5.1 Critical Buckling Stress 

As mentioned before, the critical buckling stress can be calculated by using 
( 2-9 ) and ( 2-11 ). Also, from experiments and simulations, the critical 
buckling stress are obtained by converting the force when out-of-plane 
displacement is beyond the thickness. This chapter will mainly compare them 
to validate the formula we studied and provides several conclusions. 

5.1.1 Test Infomations and Experiment Results 

Four different crack lengths are tested here. They are, 

  ( 5-1 ) 

The Al-foil has the same size as before. For each case, the deflection and 
related behaviour are easily obtained from ABAQUS. The experimental data 
are listed in Appendix 1: Experimental Data. 

5.1.2 Errors and Modification 

Before the results, the error with its reason of appearance will be discussed. 

For the experimental part. Due to the absence of accurate measurement, the 
critical buckling stress are recorded when one of group members noticed the 
maximal out-of-plane stress is somehow bigger than thickness. Obviously, this 
procedure consists of big subjective error. Which leads to the big alternative 
results shown before. For figuring it out, the infrared red detection is 
recommended by Prof. Siamak. Unfortunately, we are still waiting for the 
equipment and not yet able to test it until now. 

For somehow decrease the influence of above error, another data is extracted 
instead of the record from experiment. The , which indicates the 
data from experiments are selected at the same tensile global strain when 
buckling occurs in simulation. 

Also, the experiment setup will influence the conclusion too. As long as the 
specimen is installed incorrect, or any initial literal load is applied here. The 
wrinkles may already be existed. Therefore, it requires a high careful operation 
to set the specimen up. 
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As mentioned before, the artificial error gives uncertainty of results. In order 
to increase the accuracy, following assumption are established.  

Assumption the simulation has the exactly same behaviours as experiments. 

Based on the above assumption, the critical moment in ABAQUS can 
represent the critical moment in experiments. The force at that moment are 
extracted for comparison.  The data and corresponding behaviour in simulation 
are collected and listed in Appendix 3: Critical Buckling Stress. 

5.1.3 Comparisons 

For comparison, the data of experiments are averaged and listed below. 

 Table 5-1 Comparison of Critical Buckling Stress 

For the case without crack, the simulation gives quite similar results as 
theoretical one. Also, if the assumption described before can be proved. After 
ruling out the results with big artificial error, the  gives expected 
results. Which means, they have cross validated each other. 

For other cases. Whatever the critical buckling stress or force are relatively 
small in comparing with the fracture strength. Also, considering the whole 
procedure of setting up. The wrinkles occur when the membrane is elongated. 

  

Crack Length Simulation Avg. Exp.    
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5.2 Behaviour of Buckled Membrane 

In this chapter, a general comparison of buckling behaviour of whole 
membrane with crack length  at will be discussed 
between experimental, theoretical and numerical results. 

Due to the reason mentioned before, the experiments could not give an 
accurate amplitude data. Where the maximal out-of-plane displacement can be 
obtained from ABAQUS simulation. If the Assumption still available, then, 
these data are comparable. 

With the same displacement and time, the deflection field of the whole 
membrane can be got.  

From the Figure 5-1, the important patterns are almost all simulated in 
ABAQUS. The similar conclusion can be observed even the crack is 
propagating. Therefore, the simulation is supposed to be validated by 
experiments. Although, due to the reason described before, the accurate 
displacement could not be collected. 

As described before, R. Brighenti [12] introduced a trial function for buckled 
plate, 

Main Wrinkle 

Vice Wrinkles 

Collapse 

Figure 5-1 Displacement Behaviour Comparison 
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   ( 5-2 ) 

as the expression of cracked membrane. The parameter  represents the 
maximal deflection which generally occurs at the center of crack. From 

ABAQUS, the maximal out-of-plane at  is . 
Importing it and expression into MATLAB. Creating a continues discrete 
meshing surface. The behaviour is obtained.  

However, the reshaped surface gives an extreme distorted displacement field. 
The behaviour is far different from what we observed whether from experiment 
or simulation. Therefore, the analytical solution is finally ruled out from the 
comparison of behaviour. 

 

  

Figure 5-2 Reshaping by MATLAB 
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5.3 Influence of Buckling Mode Scale Factor 

The ABAQUS simulation is approximately validated in the last paragraph. 
But, as mentioned in the previous chapter, the buckling realized by the 
imperfection with [8],  

 
 

 
 

( 5-3 ) 

In this chapter, various scale factor will be tested and trying to see the 
influence of scale factor with the results in energy ways. 

5.3.1 Iteration Results 

The iteration is mainly based on the MATLAB associated with ABAQUS 
solver. The Python code will be used to extracting the data from ABAQUS. In 
this task, totally 5 buckle modes are considered. And each buckle mode will be 
tested in 3 different scale factors. For the convenient of reading the figure, the 
Number Acronym is defined. Also, the strain energy is calculated and displayed 
as the index of ‘U’ with unit ‘mJ’ (Shaded Area in Figure 5-3). 

Table 5-2 Number Acronym 
Number 

Acronym Scale Factor 

1  (Absent) 
2  
3  

Here, the thickness is measured and set as . After 5 days 
calculation, the following Force vs. Displacement data are obtained. 

More details please see Appendix 4: Influence of Scale Factor. From Figure 
5-3, the strain energy difference is observed. For later discussion, based on the 
data, assuming there are 3 strain energy domains and named them with 
corresponding colour. (See Figure 5-3 ) 
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5.3.2 The Influence of Scale Factor 

From the iterations, several conclusions are obtained, 

Firstly, the D11111, i.e. the scaling factor of all modes are vanished, has the 
maximal strain energy and it without buckling phenomenon. This conclusion is 
expected. Without any imperfection, the surface is no longer undulate anymore, 
and keeps perfect ‘flat’.  

According to the previous discussion, the ideal membrane in FEM will lead 
to trivial solution of bending equilibrium at each element. Therefore, no 
wrinkles will be obtained. After checking and also comparing with the model 
without keyword ‘Imperfection’. They do have the same conclusion. 

On the other hand, the differences of strain energy are observed from Figure 
5-3. The final results are in 3 domains. For visual understanding, the method 
below is introduced. For a set of scale factor, which each contains 5 acronyms 
of scale factor for the corresponding mode. E.g. D13212. Based on the previous 
discussion, it indicates the scale factor of mode 1 and 4 is 0, of mode 3 and 5 is 
1% of thickness and of mode 2 is 5% of thickness. Then, five points will be 
created and plotted where the coordinates have following format, 

  ( 5-4 ) 
or  ( 5-5 ) 

Therefore, each 5 points in same z-level represents the corresponding group. 
e.g. for the D13212, following figure will be plotted. (See Figure 5-4) Based on 
this method, all 243 sets data are plotted.  

As mentioned before, totally 3 domains of strain energy are observed.  

 
 

Figure 5-3 Influence of Scale Factor 
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The same conclusion is obtained from the visualized data too. Since the 
domain 3 consists of the D11111 solely and irrelated with following 
conclusions. It’s excluded in the following figures. (See Figure 5-5) 

The shaded area in  Figure 5-5 represent the 1st domain (Orange) in the 
Figure 5-3. The others are contained in the 2nd domain (Green). 

From above figure gives an intriguing result. As long as the strain energy is 
relative lower, then the mode 1 and mode 4 will be absent in imperfection and 
vice versa. The similar phenomenon is observed in the deflection figure too. 
(See Figure 5-6) The conclusion will be collected in the next chapter. 

Figure 5-4 e.g. D13212 

Figure 5-5 Visualized Data – Strain Energy 

 

Figure 5-6 Visualized Data – Deflection  
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Chapter 6 Conclusion 
 The SIF is studied and discussed. Several criteria of appearance of 

wrinkle are presented.  

 The critical buckling stress are calculated based on the expressions and 
integrated. After inserting the test group, corresponding critical 
buckling stress are obtained and be compared with the experimental and 
numerical solution.  

 Several experiments are performed and recorded for the critical 
buckling stress analysis. Due to the limitation of equipment, the exact 
value could not be detected. In order to reduce the artificial error, the 
Simulation Based data are extracted.  

 The results show FEA simulation gives quite similar as theoretical 
results, which close to the observation in experiments. Another 
conclusion is, when the crack is prepared before tensile. The wrinkles 
are assumed occurs as long as it’s sketched. 

 The buckling behaviours of thin-plate are studied. Certain trial function 
from the reference are tested.  

 The simulation gives the same out-of-plane displacement shapes as the 
observation in experiment. Unfortunately, Due to the limitation of 
equipment, the exact deflection field are not obtained.  

 The influence of scale factor is presented.  Also, the strain energy 
differences are observed.  
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Chapter 7 Future Work 
7.1 Measurment of out-of-plane Displacement 

The accurate measurement of out-of-plane displacement will be great 
helpful to the research and comparison.  

One of the ideas is provided by associate Prof. Khatibi. He recommended 
that the infrared red can be used for the out-of-plane displacement detection. 
The infrared red as a line will scan the whole planes with certain speed. With 
the signal collected by thermal camera (or related thermal sensors), the out-of-
plane displacement can be obtained. 

Another idea is from the GOM correlate website [14]. They provide the 3D 
recording sets can be applied for 3D DIC analysis. Based on that set, the 3D 
data consisted of out-of-plane displacement can be obtained. More details 
please see GOM website. 

7.2 Hypeothesis of Energy Differences 

The energy differences are observed from ABAQUS data. The reason of the 
energy differences is considered as following 3 parts, 

1. The appearance of wrinkles consumes the restored energy; 

2. The participation of other fracture modes.1 

Based on 1st idea, following hypothesis is provided for the further discussion, 

Introducing the strain energy without wrinkles is , strain energy with 
wrinkles is   and the total energy due to bending moment and which are 
consumed in each element are , where  is the total amount of elements. 
The hypothesis is expressed with, 

  ( 7-1 ) 

                                                 

 

1 The 2nd idea is given by licentiate Shafique from the thesis presentation. 
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Also, about the 2nd idea, since the wrinkles occurs, the fracture mode of the 
seam is no longer pure mode 1. The other modes like mode 3, i.e. out-of-plane 
shear mode, contributes to the fracture. Therefore, a multiple fracture modes 
analysis can be studied in the future. 
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Appendix 1: Experimental Data 
1. Ultimate Force and Corresponding Displacement 

Material Crack Length Test No. Ultimate Force Disp. 

Al 

 

1   

2   

3   

4   

5   

 

1   

2   

3   

4   

5   

 

1   

2   

3   

4   

5   

 

1   

2   

3   

4   

5   

Visualized data are shown below with different crack length. 
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2. Crack Length 2a = 0 mm, i.e. No crack, 

 
3. Crack Length 2a = 12.5 mm, 
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4. Crack Length 2a = 25 mm, 

 
5. Crack Length 2a = 50 mm 

 



47 

 

Appendix 2: Material Data for FEA 

Elasticity 
Young’s Modulus 44093.4 MPa 

Poisson’s Ratio 0.3 

Ductile Damage 
Fracture Strain 0.015 

Stress Triaxiality -2 

Strain Rate 0 

Damage Evolution 
Type Displacement 

Disp. at Damage 0.5 

Plasticity 

Yield Stress Plastic Strain 
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Appendix 3: Critical Buckling Stress 
a. Case 1 –  / No Crack 

Test Type Test No. Critical Force / Stress Behaviour 
(Simulation) 

Experiment 

2  /  
 3  /  

4  /  
5  /  

  / 28.01  
  / 16.83  
  / 18.86  
  / 19.41  

Simulation 1  / 20.71 MPa 
 

Theoretical 1  
 

b. Case 2 –   

Test Type Test No. Critical Force / Stress Behaviour 
(Simulation) 

Experiment 

1  
  

2  
 

  
 

 
 
 

Simulation 1  / 0.78 MPa 
 

Theoretical 1  
 

*The test No.1 is detected by 2000 N load cell. 
   The test No.2 with 100 N load cell. 
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c. Case 3 –   

Test Type Test No. Critical Force / Stress Behaviour 
(Simulation) 

Experiment 

1  
  

2  
 

  
 

  
 

Simulation 1  / 0.64 MPa 
 

Theoretical 1  
 

d. Case 4 –   

Test Type Test No. Critical Force / Stress Behaviour 
(Simulation) 

Experiment 

1  
  

2  
 

  
 

  
 

Simulation 1  / 0.64 MPa 
 

Theoretical 1  
 

Here,  indicates the stress and force in experiments at the 
same displacement when buckling occurs in simulation. 
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Appendix 4: Influence of Scale Factor 
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