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Abstract: 
The main objective of this master thesis is to study a pendulum system. 
This thesis was placed within a project which is a research for the 
improvement of the wave power generation energy system. The thesis 
consisted of modelling, simulation and experimental work. The dynamic 
behaviour of the studied system was simulated in MATLAB and a 
suitable test rig was designed and built during the thesis work. Finally, 
the experimental data were used to validate the theoretical models. 
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1 Notation 

A Area (m2) 

a Linear acceleration (m/s2) 

b Linear damping coefficient (N·s/m = Kg/s) 

C Drag coefficient (unitless) 

c Drag coefficient for a laminar flows (N·s/m = Kg/s) 

F Force (N) 

g Gravitational acceleration (m/s2) 

H Internal force (N) 

j Rotational damping coefficient (N·m·s = Kg·m2/s) 

K Spring constant (N/m) 

L Length of the wire (m) 

l Length of the object (m) 

M Mass of the mass object (Kg) 

m Mass of the pendulum object (Kg) 

Re Reynolds number (unitless) 

T Period (s) 

t Time variable (s) 

v Linear velocity (m/s) 

V Internal force (N) 

W Tension force (N) 

x 

  Linear velocity (m/s) 

Linear position (m) 

  Linear acceleration (m/s2) 

y 

  Linear velocity (m/s) 

Linear position (m) 

  Linear acceleration (m/s2) 
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  Damping ratio coefficient (unitless) 

 Angular acceleration (rad/s2) 

  Dynamic viscosity (N·s/m2 = Kg/m·s = Pa·s) 

 Angular position (rad) 

  Angular velocity (rad/s) 

  Angular acceleration (rad/s2) 

Position variable (m or rad)   

 Density (Kg/m3)  

 Torque (N·m)  

  Angular velocity (rad/s) 

 

Indices 

b Damper 

d Drag 

f Fluid 

h Horizontal 

j Joint 

n Normal 

p Pendulum 

s Spring 

t Tangential 

v Vertical 

x x-direction 

y y-direction 
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Abbreviations 

2DOF Two degrees of freedom 

CAD Computer-aided design 

SDOF Single degree of freedom 
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2 Introduction 

2.1 Background 

It is generally known that renewable energies continue to become more 
important in our lives. Sweden is one of the top countries with regards to 
alternatives sources. One representative example would be the 
announcement that the government of Sweden made few years ago. They 
declared that in 2020 half of the country’s energy will come from 
renewable sources [1,2], and there is the expectance that this thesis might 
help to reach this goal since this work is placed within a project which is a 
research for the improvement of the wave power generation energy system.  

The mechanism of the wave power energy system is divided in several 
parts and they are shown in Figure 2.1. 

Figure 2.1. Draw of the different parts of the wave power energy system 
[3]. 
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How this mechanism works is not going to be described because this thesis 
is focused on the study of the movement that the counterweight does. But, 
in case the desire of knowing more about this system exists, there is 
detailed information about the operation of this mechanism and about its 
components in the website [3]. 

The ideal movement of the counterweight would be upwards and 
downwards, but due to some reasons mentioned below, the counterweight 
may suffer undesired pendulum oscillations. These are the factors that 
provoke oscillations: 

• The counterweight is under the water and the water has different flows 
[4]. 

• The buoy is not a fixed point. The waves create an elliptic movement in 
the buoy [4]. 

• The length of the mooring line that joints the buoy and the 
counterweight is variable and the system can enter into resonance [5] 
creating an unstable system. 

It is also important to point out that in this thesis some simplifications have 
been applied in order to make it possible to carry out the work due to the 
difficulties of the real system. They are mentioned in the theoretical model 
chapter. 
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2.2 Purpose and aim 

The purpose and aim of this thesis work is to build a simulation model as 
much realistic as possible of the motion that the counterweight can suffer 
and build an experimental model in order to perform experimental studies. 

Firstly, the theoretical models of the different movements that the 
counterweight might do are going to be studied using physical equations. 
Then, these equations are going to be simulated using MATLAB.  

Afterwards, another part of this work is the design of the mechanism that 
simulates the buoy movement due to the waves and consequently the 
movement of the counterweight. 

Lastly, experimental work will be done with the construction of a 
prototype. This prototype is going to be tested and used to validate the 
theoretical results. 
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3 Theoretical Modelling 

3.1 Introduction 

One of the goals of this work is to better understand the dynamic response 
of the studied system. There are many different parameters that affect the 
position of the counterweight such as for example the movement of the 
buoy, the different frictions between the components, etc.  

For this reason, a theoretical model is needed. This theoretical model will 
be obtained using the knowledge on physics and mathematics through the 
differential equations. A MATLAB program will be used to implement the 
theoretical model and to do the simulations that are going to be used to 
check the results. 

To begin with, simple systems are studied and analyzed. This will make it 
possible to understand better the final system as a whole. The 
simplifications that are applied in this thesis are commented below.  

Firstly, a simple pendulum system is studied. After this, different frictions 
conditions are introduced in the pendulum. Once the pendulum system is 
analyzed, a SDOF system composed by a mass with a damped spring is 
examined.  

When both systems have been studied in a separated way, the next study is 
the pendulum coupled with the SDOF system. Finally, another degree of 
freedom and forces are added to arrive to the final theoretical model. 
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3.2 Simplifications 

The following assumptions are made: 

• The length of the mooring line is not variable. 

• The mass of the mooring line is negligible like in an ideal pendulum 
system.  

• The simulations and the experimental test are not influence by the 
water. For this reason the movements and the forces that affect the 
counterweight due to the water and the sea currents are ignored. 

• The motion of the counterweight and the buoy occurs in a 2-
dimensional plane.  

The system composed by a buoy, a mooring line and a counterweight is 
simplified to a pendulum coupled with a mass with 2DOF with two external 
forces (one force in each direction) representing the wave forces on the 
buoy.  

Figure 3.1 describes the studied system. 

Pendulum 
(Counterweight) m

Fv 

Fh M

Wire 
(Mooring line)

Mass 
(Buoy)

Figure 3.1. The studied system. 
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3.3 A simple pendulum 

3.3.1 Introduction 

igure 3.2. The simple pendulum 

A simple pendulum i oint so it can swing 
freely. The assumptions of the ideal simple pendulum motion are detailed 

object is joined with a fix point through a non-extending wire and 
the object moves without friction and without air drag.  

ect is displaced from its resting equilibrium position, it is 
subjected to a restoring force due to the gravity that accelerates it back 

.3.2 Differential equation of the motion 

The pendulum movement and its equations are detailed next. The pendulum 
describes a circular path, an arc with  radius. The forces that act in the 
pendulum are:  

L 

m

F

s an object suspended in a fixed p

below: 

• The 

• The weight of the wire is negligible in comparison with the weight of 
the object and the wire always remains taut. 

• The motion occurs in a 2-dimensional plane, the object does not trace 
an ellipse. 

When this obj

towards the equilibrium position. When released, the restoring force will 
make it oscillate around the equilibrium position, swinging back and forth. 

 

3
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• The weight:  

• The tension of the wire:  

The movement of the pendulum will be decomposed in its normal and 
tangential direc

ular movem
tion

acceleration (becaus
acceleration (because

. This is due to the pendulum suffers normal 
is circ ent) and tangential 

 changes its velocity). The normal and 
 following equations: 

e there 
 the pendulum

tangential accelerations have the

   (3.1)          

 (3.2) 

A f rc iag s own below:  

                   

 

(3.3) 

(3.4)           

o e d ram i  sh

y 
L x

W

mg·sen  

mg·cos  

mg

Figure 3.3. A force diagram for the simple pendulum.

Using the second law of Newton yields: 

          ormal direction) (N

                (Tangential direction) 

 

 

m
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Looking carefully at these equations it can be observed that when the 
pendulum , i ; cons
the

 d the velocity of the pendulu

Figure 3.4. Diagram of the accelerations, velocity and tension of the wire 
for a simple pendulum 

F  
equation is used to know the value of the tension of the wire and the 
tangential direction equa  the pendulum motion 
equation. 

 r aches he op position ts velocity equals zero equently 
 norm l acceleration is also zero and  has the minimum value. On the 

e t t
a

other hand, the tangential acceleration has the absolute maximum value 
because  obtains the biggest value.   

However, when the pendulum passes through equilibrium position,  
equals zero and then the tangential acceleration is also zero. On the other 
hand, 1 and for this reason an m 
have the maximum value. This is illustrated in Figure 3.4.  

rom Eq. 3.3 and Eq. 3.4 it can be observed that the normal direction

tion is used to obtain
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Eq. 3.4 can be rewritten as: 

0 (3.5)  

Now, if the tangential acceleration is replaced using Eq. 3.2 and the 
 angular acceleration is applied; differential expression of the

  (3.6) 

it follows that: 

(3.7) 

er

0  

ential equation of simple pendulum motion is obtained: Finally, the diff

0  (3.8) 

Eq. 3.8 will be used to do the first simulations in MATLAB. 

 

3.3 e pendulum motion 

  (3.9) 

.3 Period of simpl

For small angles, it is possible to do the following approximation: 

Using Eq. 3.9 in Eq. 3.8 gives: 

0  (3.10) 

 with the equation of the simple harmonic 
y is (in radians/second): 

Hence, if Eq. 3.10 is compared
motion [5], the natural frequenc

  (3.11) 

The natural period can then be written as: 
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2   

of a pendulum motion but it is 
im ear in mind that this formula works correctly only when the 
pe ibes small angles; if not, errors can occur. 

 

endulum motion 
ave been explained. Now, in this section the most important results of the 
imulations with MATLAB program are commented.  

The movement of the pendulum during the time is shown in Figure 3.5. It 

(3.12) 

This is the formula to know the period 
portant to b
ndulum descr

3.3.4 MATLAB results 

Previously the equations and the theory of the simple p
h
s

can be seen that the pendulum always reaches the same position and the 
same velocity during the time. This happens because this motion is an ideal 
pendulum without damping. 

The length of the wire in this simulation is 15cm and the initial angle is 30º. 
For this reason, in the figure the angular position is between -0,52 rad and 
0,52 rad (30°    

°
0,5236  ). 

Finally, the last commentary is that in Figure 3.5 the period is about 0,8 sec, 
but using Eq. 3.12 is possible to know the exact value (0,7769 sec);  then 
the natural frequency is 1,2871 Hz.  

6 shows a simulation abouFigure 3. t the frequency analysis of the simple 

e frequency using MATLAB is due to 
the former is an approximation (see Eq. 3.9). But despite Eq. 3.12 is an 

pendulum motion with the same length. In this figure it is possible to see 
that the predominant frequency is 1,297 Hz. The small difference between 
the frequency using Eq. 3.12 and th

approximation, it is a very good approximation because the error for 30º is 
0,76%.  
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Figure 3.5. Simple pendulum motion (L=15 cm, =30º). 

Figure 3.6. Frequency analysis of simple pendulum motion (L=15 cm, 
=30º). 
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Finally, the last simulation performed for the simple pendulum is to analyse 
that the only parameter that influence on the frequency of the pendulum 
motion is the length of the wire (because the gravitational force is always 

This is illustrated in Figure 3.7. 

ngth pendulum reaches 7 times the 
same position, the 20 cm length pendulum only makes it 5 times. The initial 
ngle does not affect the frequ ncy.     

  

the same).  

0.5

Figure 3.7. Simple pendulum motion for two different lengths ( =30º). 

Looking at Figure 3.7, the influence of the length can be observed. In the 
same time (5 sec), while the 10 cm le

a e
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3.4 A simple damped pendulum 

In the previous chapter the simple pendulum system is explained in detail. 
Now, damping is introduced in order to do more realistic simulations since 
in the experimental test there is always damping. 

 

3.4.1 Damped pendulum due to air drag 

All the objects in movement that are in contact with any fluid, suffer a 
force. This force is called drag (fluid resistance) and this force acts in the 
opposite direction of the movement. Unlike other resistive forces such as 
dry friction, which is nearly independent of velocity, drag forces depend on 
velocity.  

The general equation of the force on a moving object due to a fluid is [6,7]: 

   (3.13) 

Where  is the density of the fluid,  is the area of the object,  is the 
velocity of the object and  is the drag coefficient. The drag coefficient is 
a parameter that depends on the Reynolds number.  

Reynolds equation and the equation of the drag coefficient are shown 
bel  ]ow [6,7 : 

   (3.14) 

√
0,4   (3.15) 

Where   is the dynamic viscosity of the fluid [6,7] and  is the length of the 
object. The Reynolds number is an important number to define the 
behaviour of the fluid and especially to define the transition between the 
laminar flow and the turbulent flow.  

In this study case it is obtained a laminar flow because the number of 
Reynolds is very small. In the Eq. 3.15 it can be observed that for a low 
number of Reynolds ( 1) prevail the first term. Then, if Eq. 3.15 (the 
first term) is substituted in Eq. 3.13, the next equation is obtained: 

 21



   (3.16) 

And finally, using Eq. 3.14 in Eq. 3.16; the Eq. 3.18 is obtained. 

   (3.17) 

12    (3.18) 

This equation is the Stokes’ equation [6,7] if the object is spherical. This 
equation is appropriate for objects moving through a fluid at relatively slow 
speeds where there is no turbulence; and for this reason this equation can be 
used. 

In this study and with the purpose of simplifying the equations, the 
expression 12  will be called  (drag coefficient for a laminar 
flows). It can be observed that this coefficient depends on the properties of 
the fluid and the dimensions of the object. The final equation that will be 
used for the air drag force is: 

  (3.19) 

The only difference in comparison with the simple pendulum is that now 
there is a new force due to the air drag. As explained before, this force acts 
in the opposite direction of the movement.  

The new force diagram is showed in Figure 3.8. 
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Fd 

y

x

W

mg·sen  

mg·cos  

L 

m

Figure 3.8. The force diagram of the simple pendulum with air drag. 

Using the second law of Newton yields: 

   

         (Tangential direction) (3.21) 

       (Normal direction) (3.20) 

Like in the previous model, the equation for obtaining the motion of the 
pendulum is the equation of the tangential direction.  

Now, the next steps are to substitute the linear velocity and the tangential 
acceleration for its angular expressions, and put these expressions in the 
dif i fferent al orm:    

(3.22)   

  (3.23) 

The next procedure is to isolate the angular acceleration and put all the 
terms in the same de: si

 0       (3.24) 
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Finally, the common terms are eliminated and the differential equation of 
damped pendulum due to air drag motion is obtained:  

0   (3.25) 

Eq. 3.25 will be used for the simulations of this model with MATLAB. 

 

3.4.2 Damped pendulum due to friction in the joint 

All objects suffer frictions when they are in contact to each other. These 
contacts create damping in the system. Damping is any effect that tends to 
reduce the amplitude of the oscillations in an oscillatory system like the 
drag, which has been seen in the previous chapter. 

Generally in mechanics, friction is one type of damping effect. In many 
cases the frictional force can be modelled proportionally to the velocity of 
the object [8]. However, this case is more complicated due to the 
connection between the pendulum and the fixed point is a rotational system. 

For this reason, in this model instead of a damping force, there is a damping 
torque. This torque acts in the joint point and the pendulum suffers its 
respective force. Logically this torque acts in the opposite direction of the 
movement. The formula of the viscous damping for rotational system is 
showed below: 

 (3.26) 

It can be observed that when the viscous damping occurs in a rotational 
system, the damping torque is proportional to the angular velocity instead 
of the linear velocity. In this case the damping coefficient for a rotational 
system is called . 

In order to know the expression of the damping force that acts in the 
pen u  eneral formula of the torque has to be used. d lum, the g

    (Cross product) (3.27) 
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In this thesis the theoretical model is 2-dimensional (see chapter 3.2) and 
the angle between  and  is always 90 degrees. For this reason Eq. 3.27 
can be p is form:   sim lified in th

    (Dot product) (3.28) 

Finally, to find the expression of the damping force that the pendulum 
suf del, Eq. 3.26 has to be substituted in Eq. 3.28. fers in this mo

  (3.29) 

  (3.30) 

Eq. 3.30 will be used to find the differential equation of the motion for this 
model. 

The force diagram is the same as in the damped pendulum due to the air 
drag model. The only difference is that now the expression of the damping 
force is different. 

 

Fj 

y

x

W

mg·sen  

mg·cos  

L 

m

Figure 3.9. The force diagram of the simple pendulum with viscous 
damping. 
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Usin

          (Normal direction) (3.31) 

g the second law of Newton yields: 

i

         (Tangential direction) (3.32) 

To obtain the differential equation of
eq

ts angular expression, and put the angular velocity and 
acceleration in the differential form:    

 the motion, the tangential direction 
uation s used. 

Like in the previous chapter, the next steps are to substitute the tangential 
acceleration for i

   (3.33) 

   (3.34) 

Th ngular acceleration and p the 
ter

e next pro edure i  to isola e he a ut all 
ms in the same side: 

c s t t

 0       (3.35) 

Finally,  and the differential equation of 
da  joint is obtained:  

 the common terms are eliminated
mped pendulum due to friction in the

0   (3.36) 

Eq. 3.36 will be used to do the MATLAB simulations of this model. 

 

 the chapters 3.4.1 and 3.4.2 the theory and the equations of the reasons 
pendulum have been explained. In this chapter 

the results of the most interesting simulations about a damped pendulum 

and after the simulations due to the viscous damping. 

3.4.3 MATLAB results 

In
that cause damping in the 

are analysed.   

First, the simulations of the simple damped pendulum due to the air drag 
will be studied 

 26



Looking at the theory of the damped pendulum due to air drag is possible to 
remember that 12 . Now, knowing that the viscosity of the air 

ass of 1 Kg and a length of 10 cm, needs more than 7 hours to 
finish its oscillatory movement. 

Figure 3.10. Simple damped pendulum motion due to air drag              
(m=1 Kg, L=10 cm, =20º). 

 

 

( ) when the temperature is 20ºC is 1,81·10-5 [9] and the term  is not too 
big, it can be observed that the parameter  is very small (its maximum 
value is about 7·10-5). For this reason the damping term of Eq. 3.25 is 
almost negligible and then the damping force due to the air drag is very 
small.  

This entire phenomenon is illustrated in Figure 3.10, where for a pendulum 
with a m
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 Figure 3.11 shows the calculated response for a length of 20 cm. 

Figure 3.11.  Simple damped pendulum motion due to air drag              
(m=1 Kg, L=20 cm, =20º). 

Looking carefully at F n be observed that in 
the second case, after 8 hours of motion, the oscillatory movement of the 

damping 
effect, because as it can be seen in Eq. 3.25 the damping effect only 

 parameter  the same because the fluid 
that is in contact with the pendulum is always the air and the dimensions of 

igure 3.10 and Figure 3.11 it ca

pendulum is very small but still remains. The reason for this happening is 
that, as it has been studied in the simple pendulum, in the first case the 
frequency of the pendulum is bigger and it needs less time to stop. 

The previous circumstance does not have any relationship with the 

depends on the parameters  and . The damping phenomenon has an 
inverse relationship with the mass and proportional relationship with the 
drag coefficient. 

In this model, the  is almost always

the pendulum do not change a lot during the different simulations. For this 
reason the only constant that affects the damping is the mass, as it is 
illustrated in Figure 3.12. 
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Simple Damped Pendulum due to air drag with variable m
0.5

Figure 3.12. Simple damped pendulum motion due to air drag with variable 
mass (L=10 cm, =30º). 

the bigger mass is, the s use the pendulum has a 

of the other type of damping that the system can suffer are 

coefficient ( ) is an unknown value. It depends on the friction 

w the 
different parameters affect the dynamic behaviour. 

In Figure 3.12 it is possible to see that the previous explanation is satisfied; 
maller the damping is beca

slower decay.  

Once the damped pendulum system due to the air drag has been analyzed, 
the simulations 
studied.  

In the damped pendulum due to friction in the joint model, the rotational 
damping 
among the different components that compose the pendulum system.  

When doing the simulations, the value of  is not important. It will be 
estimated from experimental tests. The important thing is to study ho
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The first study is to see what influence of the different parameters has on 
the damping effect. Looking at the Eq. 3.36 is observed that the constants 
that affect the damping effect are ,  and .  

Two different rotational damping coefficients are shown in Figure 3.13. 

Figure 3.13. Simple damped pendulum motion due to friction in the joint 
with variable j (m=2 Kg, L=10 cm, =30º). 

The conclusion of Figure 3.13 is that if  is bigg the damping effect is 
a . 
This event is  the damping 
coefficient is proportional to the damping phenome  (like in the previous 

er 
lso bigger, and then the pendulum needs less time to stop its movement

totally logical because lo king at Eq. 3.36
non

o

study). 
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In the next figures (3.14 and 3.15) the variables parameters are  and .  

Figure 3.14. Simple damped pendulum motion due to friction in the joint 
with variable m (j=0.005 N·m·s, L=10 cm, =30º)

re 
th 

o

The length s shown in 

0.5

. 

Now, a bigger mass, leads to a smaller damping as it is shown in Figu
3.14. There is an inverse relationship with the mass; nd with the leng a

ccurs also the same but with a quadratic proportion (see Eq. 3.36). 

also affects in the frequency of the movement, as it i
Figure 3.7. Then, in this model the length decreases the frequency and the 
damping.  
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 Figure 3.15 it is possible to see this phenomenon. 

Figure 3.15. Simple damped pendulum motion due to friction in the joint 
with variable L (j=0.005 N·m·s, m=2 Kg, =30º). 

Studying Figure 3.15, the previous explanation is verified. In this analysis it 
is observed that the distance of the length has a big influence on the 

dratic relationship but 

O  
pendulum ar ffect due to 

sidered. 

pendulum movement. Not only for the inverse qua
also because the frequency changes. 

nce the studies of the two main phenomena that produce damping in the
e analyzed, it can be concluded that the damping e

the air drag is negligible in comparison with the damping effect due to the 
friction in the joint. This is because in the first case the pendulum needs 
several hours to stop, and in the second case only a minute or a few 
minutes. For this reason in the next models only the damping effect due to 
frictions in the different components will be con

 32



3.5 A single-degree-of-freedom system 

3.5.1 Introduction 

In this chapter a Single-Degree-Of-Freedom (SDOF) sy

M

stem composed by 
very common in 
e studied in this 

Figure 3.16. The SDOF system composed by a mass-spring-damper. 

In this system the mass suffers the following forces: 

• The weight:  

• 

• The dam  

xpression of the spring force is obtained. This 

 (3.37) 

Looking at the equation, it can be seen that this equation is linear. If the 
spr  in its equilibrium position (the displacement “ ” equals to 
zer  does not suffer any force. However, if the mass is displaced 

a mass-spring-damper will be studied. This system is 
mechanics. Figure 3.16 illustrates the model that will b
chapter. 

The normal force:  

• The spring force:  

per force: 

Using Hooke’s law, e e
formula is shown below: 

th

  

The coefficient  is the spring constant. This formula is only useful when 
the spring works inside the elastic limit. For this reason the spring force is 
an a e.  el stic forc

ing remains
o) the mass
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from its equilibrium position, the spring will exert a restoring force, which 
is a force that tends to restore the mass to the equilibrium position.  

x Fb 

Fs 
Fn 

Mg 

y

x

Finally, the only parameter necessary to know how to solve the system is 

3.5 l equation of the motion 

Figure 3.17. The force diagram for the SDOF system. 

Using the second law of Newton yields: 

  (x-direction) (3.39) 

  (y-direction) (3.40) 

Eq. 3.40 is 39 is used 

the formula for the damping force. This force is due to viscous damping. 
The viscous damping has been explained in the previous model (the 
damped pendulum due to friction in the joint). The only difference with the 
precedent chapter is that now the damping is linear instead of rotational. 
The equation of the damping force [8] is: 

   (3.38) 

In this case  is the linear damping coefficient. The damping force is 
proportional to the linear velocity of the mass and it is also a restoring force 
that reduces the amplitude of the oscillation. 

 

.2 Differentia

A force diagram is shown in Figure 3.17: 

 used to know the value of the normal force and Eq. 3.
to find the differential equation.  
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To find the differential equation, first the linear acceleration is isolated: 

   (3.41) 

Collecting all the terms to one side; 

d finally, if the linea on en in t
ferential form, the dif

0   (3.42) 

an r accelerati  and velocity are writt he 
dif ferential equation that express the motion of this 
SDOF model is obtained. 

0   (3.43) 

Eq. 3.43 will be used to do the simulations in MATLAB. 

 

3.5 e o  .3 P ri d of mass-spri

chapter 3.3.3, the equatio p m syste

ng motion 

In n of the eriod of a simple pendulu m 
was obtained because it is important in order to know when this model can 

of a mass-spring 
stem will be calculated with the same purpose.  

h systems will be coupled and it is 
necessary to know the frequency of these systems in order to know when 

enter into resonance. Now, the equation of the period 
sy

This is because in the next models, bot

they enter into resonance.  

The differential equation of the motion of a mass-spring system is Eq. 3.43 
without the damping term.  

0  (3.44) 

If Eq. 3.44 is compared with the equation of the simple harmonic motion 
[5], then the angular velocity of the motion is: 

  (3.45) 
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Then, the natural period equation for a mass-spring model is: 

2   (3.46) 

 

3.5

Pr  equations and the theory of this particular SDOF system 
co mass with a damped spring have been explained. Now, in 

i  most important results of the simulations about this system 
i B are commented. 

Observing Eq. 3.43 and Eq. 3.46, it is confirmed that the parameters  and 

 (linear position) of the SDOF system ith 
o different values on the spring constant ( ). As it is shown, nly 

 

.4 MATLAB results 

eviously, the
mposed by a 
s section the
th MATLA

th
w

 have influence in the damping effect and the parameters  and  affect 
the frequency of the system. 

Figure 3.18 shows the movement  w
tw   o
influences the natural frequency (if  is bigger the frequency is bigger and 
if  is bigger the frequency is smaller).  
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Figure 3.18. SDOF system with variable K                                              
(M=4 Kg, b=0,5 N·s/m, x0=5 cm). 

Figure 3.19 shows the same study but with variable . This is similar to the 
situation with the parameter  in the simple damped pendulum (Figure 
3.15), since the mass affects the frequency and the damping.  

The only differe
due to the relatio

nce is that in this case  has not as much influence as  
nship with the damping effect is not quadratic. 
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Figure 3.19. SDOF system with variable M                                           
(K=500 N/m, b=0,5 N·s/m, x0=5 cm).kk 

The next simulation analyzes the movement of the SDOF model with two 
different values on the damping coefficient. If  is bigger, the damping 
force is bigger and then, the model stops before. 
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Figure 3.20. SDOF system with variable b                                              
(M=4 Kg, K=500 N/m, x0=5 cm). 

A frequency analysis of the time response is shown in Figure 3.21.  

Using a mass of 4 Kg and a spring constant of 500 N/m the theoretical 
natural frequency (see Eq. 3.46) is 1,77 Hz. This agrees well with the result 
shown in Figure 3.21. 
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Figure 3.21. Frequency analysis of SDOF motion                                      
(M=4 Kg, K=500 N/m, x0=5 cm). 
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3.6 A coupled pendulum-SDOF system 

3.6.1 Introduction 

In this chapter the systems that have been studied before are coupled. This 
is the next step to arrive to the final theoretical model.  

In this model the interaction between the two sub-systems affects will be 
studied. One sub-system is the pendulum with its wire and the other sub-
system is the mass with the damped spring. 

Figure 3.22 describes the studied system.  

x M

m

Figure 3.22. The coupled pendulum-SDOF system. 
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3.6.2 Differential equations of the motion 

The derivation of the differential equations is shown next. In one side the 
pendulum swings freely and on the other hand the mass is moved 
horizontally.  

Due to the mechanical laws, internal forces will appear when the system is 
separated [8]. These forces are due to the interaction between different 
bodies.  

Firstly, the pendulum sub-system is studied in order to know the expression 
of these forces. 

In this case, when the pendulum is separated from the mass, the joint point 
suffers these forces. Figure 3.23 shows this situation. 

 
Fj 

mg 

L 

H

V 

m

x

y

Figure 3.23. The force diagram of the pendulum sub-system. 

Looking carefully at Figure 3.23 it is observed that the y-direction is 
defined as positive when the mass is going down.  

Now, the mechanical laws are applied in the pendulum to find the next 
equations: 
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 (x-direction) (3.47) 

  (y-direction) (3.48) 

Where  is the absolute acceleration of the pendulum mass (m) in x-
direction and  is the absolute acceleration of the pendulum mass (m) in 
y-direction.  

The relationship between the translational movement and angle (geometric 
ns a  an  ritten as: co tr ins) c  be w

(3.49)   

 (3.50) 

Where  is the absolute displacement of the pendulum mass (m) in x-
direction and  is the absolute displacement of the pendulum mass (m) in 
y-direction. Thereupon, the geometric constrains are derived to find the 
acc ler s oe ation f the pendulum. 

(3.51)   

 (3.52) 

  (3.53) 0

 (3.54) 

Then, the accelerations of the pendulum mass of Eq. 3.47 and Eq. 3.48 are 
substituted for its derived expressions, Eq. 3.52 and Eq. 3.54 respectively. 
Eq. 3.55 and Eq. 3.56 then gives: 

 
3.55)  (

  
 (3.56) 
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Now, the internal forces values are known, what makes it possible to study 
the other system. Figure 3.24 shows the force diagram for the SDOF 
system. 

x Fb 
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y

Figure 3.24. The force diagram of the SDOF system. 

This system is the SDOF model that has been studied in the previous 
chapter (3.5), with the only exception that now there are two new forces; 
the internal forces due to the pendulum.  

Us ived in chapter 3.43 yields: ing the differential equation der

0  (3.57) 

Combining Eq. 3.57 with Eq. 3.55 gives: 

0  (3.58) 

Finally, the motion equation of the mass in the x-direction is obtained as: 

0 (3.59) 

The previous system used to arrive to Eq. 3.59 was an absolute system 
reference due to its positions were absolute positions because the geometric 
constrains were applied. Logically, its respective accelerations also were 
absolute accelerations. 
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As it is commented before, in this model there are two different motions; 
for this reason it is necessary two equations. Then, this model can be solved 
if we combine Eq. 3.59 with the equation for a simple pendulum on a 
moving pivot. To arrive to this equation, the system will be observed from 
the pivot of the pendulum (the joint point). For this reason, it will be 
worked in a relative system reference (non-inertial system). 

The new force diagram is shown in Figure 3.25: 
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Figure 3.25. The force diagram of the pendulum sub-system from a relative 
reference. 

Comparing with Figure 3.23, the only difference between this model and 
the damped pendulum due to friction in the joint model is that now there is 
an added force (fictitious force [8]) due to the acceleration of the pivot 
point.  

The tangential direction of the pendulum is the direction that is used to 
obtain the pendulum motion equation. Then, the second law of Newton will 
be d  ion: applie  in the normal and tangential direct

    
 (Normal direction) (3.60) 
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 (Tangential direction) (3.61) 

Of these two equations, the only equation that is needed is the equation 
coming from the tangential direction (Eq. 3.61). 

Collecting all the terms in the same side and substituting the tangential 
acceleration for its angular formula (Eq. 3.2), gives: 

0 (3.62)  

Finally, isolating the angular acceleration, the equation of the pendulum 
mo en odelvem t of this m  is obtained as:  

0  (3.63) 
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3.7 A coupled pendulum-2DOF system 

3.7.1 Introduction 

Two degrees of freedom are now assumed for the mass (horizontal and 
vertical). Figure 3.26 describes the system: 

y 
m

M x 

Figure 3.26. The coupled pendulum-2DOF system. 

The only difference between this model and the final model is that in this 
system there are not external forces. The meaning of these external forces 
will be explained in the next chapter.  

The movement of the pendulum and the mass will be studied. Especially 
the interaction between the systems will be studied when they are being 
moved with the same or different frequencies.  
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3.7.2 Differential equations of the motion 

The procedure to find the differential equations of the different motions that 
this model has is very similar to the procedure shown in the previous 
chapter. The only difference is that now there is one more equation in the 
system since the mass has another degree of freedom; so the y-direction 
also has to be analyzed. 

The model is separated in two sub-systems and first the pendulum sub-
system is studied. The obtained equations are the same that in the previous 
chapter; Eq. 3.47 and Eq. 3.48. 

The next step is finding the relationship between translational movement 
and angle (geometric constrains). The x-direction has the same formula 
(Eq. 3.49) because the movement does not change from the earlier case; 
consequently, the expression of the absolute acceleration is the same (Eq. 
3.52). But the y-direction has to be analyzed because now the mass is being 
mo ed v in this direction too. 

 (3.64) 

No , th  i derived to find the acceleration. w e geometric constrain s 

(3.65)   

 (3.66) 

Eq. 3.47 and Eq. 3.48 are substituted for its accelerations expressions (Eq. 
3.5 , s h2 and Eq. 3.66) and then follow  t at: 

 
 (3.67) 

 
 
 (3.68) 
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Now the 2DOF sub-system is analyzed. Figure 3.27 shows the force 
diagram of the 2DOF sub-system. 
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Figure 3.27. The force diagram of the 2DOF sub-system. 

The mechanical laws are applied in the 2DOF system to find the following 
equations: 

(3.69) 0  

0  (3.70) 

Now replacing the H and V forces (Eq. 3.67 and Eq. 3.68) in the Eq. 3.69 
and  g Eq. 3.70, ives: 

0 (3.71
2

) 

0  (3.72) 

Finally if the equations are placed correctly, the equations of the movement 
of t n a ct   are found: he mass i  the x-direction nd in the y-dire ion of this model

0   (3.73) 
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2

0   (3.74) 

Like in the previous model, the next step is to find the motion equation of 
the pendulum. The procedure to find this equation is the same as in the 
previous model with the only difference that now another acceleration force 
in the y-direction will appear. 

The new force diagram is shown in Figure 3.28: 
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Figure 3.28. The force diagram of the pendulum sub-system from a relative 
reference. 

Now the second law of Newton in the tangential and normal direction is 
applied: 

          
(3.75)  (Normal direction) 

 
 (Tangential direction) (3.76) 
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Using Eq. 3.76 and applying the same procedure; the equation of the 
pen  m nt ofdulum move e   this model is: 

0  (3.77) 

 

3.7.3 MATLAB results 

The model has three degrees of freedom that are interacting. This 
interaction is studied closer using simulations in MATLAB.  

The most important simulations of this model are to observe the behaviour 
of the mass and the spring when they are oscillating with different natural 
frequencies or with the same natural frequency. 

The first simulation shows a case when the pendulum, the horizontal 
motion of the mass and the vertical motion of the mass have different 
natural frequencies. Table 3.1 shows the different parameters of the model: 

Table 3.1. Parameters of the coupled pendulum-SDOF system. 

Parameter Value 

Length L = 20 cm 

Horizontal spring constant Kh = 550 N/m 

Vertical spring constant Kv = 300 N/m 

Horizontal spring damping coefficient bh = 0,4 N·s/m 

Vertical spring damping coefficient bv = 0,4 N·s/m 

Pendulum damping coefficient j = 0,002 N·m·s

Pendulum m = 1 Kg 

Mass M = 2 Kg 

Using Eq. 3.12 and Eq. 3.46 it is possible to know the frequencies of both 
sub-systems. Applying these equations with the previous parameters and 
considering that now to find the frequency of the springs both masses have 
to be summed, the frequencies of the different motions of the system are 
illustrated on table 3.2. 
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Table 3.2. Frequencies of the coupled pendulum-SDOF system. 

Frequency Value 

Pendulum motion fp = 1,11 Hz

Mass horizontal motion fh = 2,15 Hz

Mass vertical motion fv = 1,59 Hz

The next figures show the movements of the mass and the pendulum during 
a period of 60 seconds. 

 

5

Figure 3.29. Linear horizontal position of the mass in the coupled 
pendulum-2DOF system. 
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Figure 3.30. Linear vertical position of the mass in the coupled pendulum-
2DOF system. 

 

Figure 3.31. Angular position of the pendulum in the coupled pendulum-
2DOF system. 
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15

Figure 3.32. Movement of the mass in the coupled pendulum-2DOF system. 

Looking at the previous figures it can be observed that the initial conditions 
for the system are 5 cm in the x-direction and in the y-direction and the 
initial angle for the pendulum is zero.  

In Figure 3.29 the final value is zero. However, in Figure 3.30 the final 
value is about 9,81 cm. This is due to the vertical direction has the 
influence of the gravity; then, the spring searches its equilibrium position 
depending on the masses and the stiffness of the spring. In this case its 
equilibrium position is found at 9,81cm. 

In this simulation it is possible to see that the system is stable, and there is 
some interaction between the horizontal position of the mass and the 
pendulum.  

Finally, it can be observed that the mass is moving similar to an “8” (see 
Figure 3.32). 

For the next simulation the three systems will have the same natural 
frequency. A table with the new parameters to obtain the same frequency is 
shown below:  
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Table 3.3. Parameters of the coupled pendulum-SDOF system. 

Parameter Value 

Length L = 9,98 cm 

Horizontal spring constant Kh = 300 N/m 

Vertical spring constant Kv = 300 N/m 

Horizontal spring damping coefficient bh = 0,4 N·s/m 

Vertical spring damping coefficient bv = 0,4 N·s/m 

Pendulum damping coefficient j = 0,002 N·m·s

Pendulum m = 1 Kg 

Mass M = 2 Kg 

With these parameters the value of the obtained natural frequency is 1,59 
Hz. The next figures illustrate the new movements of the system with these 
new parameters: 

Figure 3.33. Linear horizontal position of the mass in the coupled 
pendulum-2DOF system. 
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Figure 3.34. Linear vertical position of the mass in the coupled pendulum-
2DOF system.  

Figure 3.35. Angular position of the pendulum in the coupled pendulum-
2DOF system. 
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Figure 3.36. Movement of the mass in the coupled pendulum-2DOF system.  

As it can be observed from the figures, the system is less linear than before. 
When the objects are being moved with the same frequency the behaviour 
of the system is less reliable.  

The system is not totally instable, but during some seconds the objects 
oscillate further than what they should. This fact can be appreciated looking 
at Figure 3.36. Now the system with the same initial values oscillates with 
bigger amplitude.  

Moreover, the relationship among the different motions can be seen 
because when something unexpected happens in some direction, the others 
motions suffer its consequences. 

Finally, the conclusion of the different simulations that have been done 
with this model is that there are a lot of circumstances that can produce 
uncommon behaviours in the system. There are a lot of factors that can 
produce unexpected results. For this reason, it is thought that this model is 
very complex and more detailed studies can be performed to better 
understanding of this dynamic behaviour. 
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3.8 A coupled pendulum-2DOF system with 
external forces 

3.8.1 Introduction 

The final theoretical model is studied in this chapter. The only difference 
with the previous model is that now there are two external forces. These 
external forces can, for instance, represent the forces produced by the ocean 
waves. 

Figure 3.37 shows the final theoretical model with forces. 

m

Fv 

Fh M

Figure 3.37. Final theoretical model. 

The reason of introducing these forces in the system is to represent how the 
waves may affect it. The waves can have a lot of different characteristics. 
They can produce big or small forces on the buoy, and they can also have 
big or small frequencies (the time among the waves can be long or short). 
In the theoretical model, these forces are represented like a cosines function 
with a variable frequency and amplitude. Then, it is possible to sweep over 
several frequencies and to study the result more efficiently.    
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Another important explanation to do is the reason why there are two 
damped springs (one in each direction). This fact is due to, as in the reality 
system, the buoy does not make exactly the same movement as the waves; 
and the reason of this is because the buoy has some dynamic behaviours. 

 

3.8.2 Differential equations of the motion 

Using Eq. 3.69 and Eq. 3.70 and introducing the external forces gives:  

  

  (3.79) 

(3.78) 

Finally, the previous procedure to find the motion equations can also be 
applied in this model; then, the motion equations for the mass in the final 
model are: 

    (3.80) 
2

   (3.81) 

As in previous chapter, Eq. 3.80 and Eq. 3.81 is combined with the 
equation for a pendulum on a moving pivot (see Eq. 3.77). 

  

3.8.3 MATLAB results 

External forces with a variable frequency are applied in the following 
simulations. The system can then enter into resonance at several different 
frequencies depending on the parameters. 

An important part of these simulations is to study the interaction between 
the sub-systems when they enter into resonance and how affect the different 
values of the parameters in the behaviour of the system. 

The different values of the parameters that the model has in the next 
simulation are shown on table 3.4. 
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Table 3.4. Parameters of the final model. 

Parameter Value 

Length L = 20 cm 

Horizontal spring constant Kh = 1300 N/m 

Vertical spring constant Kv = 700 N/m 

Horizontal spring damping coefficient bh = 7,5 N·s/m 

Vertical spring damping coefficient bv = 3 N·s/m 

Pendulum damping coefficient j = 0,002 N·m·s 

Pendulum m = 2,5 Kg 

Mass M = 2,5 Kg 

Consequently, the frequencies are: 

Table 3.5. Frequencies of the final model. 

Frequency Value 

Pendulum motion fp = 1,11 Hz

Mass horizontal motion fh = 2,56 Hz

Mass vertical motion fv = 1,88 Hz

The next figures show the different movements of the system and the 
previous explanation about how the systems enter into resonance and the 
relationships among them can be observed.  

The external forces begin with a low frequency. Then, this frequency is 
increased linearly during the time. The frequency on the external forces is 
shown on the x-axis. 
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Figure 3.38. Linear horizontal position of the mass in the final system.  

Figure 3.39. Linear vertical position of the mass in the final system. 
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Figure 3.40. Angular position of the pendulum in the final system.  

Figure 3.41. Movement of the mass in the final system. 
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Following another Figure is shown in order to explain better the next 
conclusions. The parameters that are used to make this simulation are 
detailed in table 3.6. 

Table 3.6. Parameters of the example model. 

Parameter Value 

Length L = 20 cm 

Horizontal spring constant Kh = 1300 N/m

Vertical spring constant Kv = 700 N/m 

Horizontal spring damping coefficient bh = 4 N·s/m 

Vertical spring damping coefficient bv = 3 N·s/m 

Pendulum damping coefficient j = 0,01 N·m·s

Pendulum m = 0,5 Kg 

Mass M = 4,5 Kg 
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Figure 3.42. Example of movements of the final system 
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Some comments concerning about the previous figures follow next: 

• In Figure 3.39 and Figure 3.40 it is possible to see that the respective 
movements enter into resonance in its respective frequencies (1,11 Hz 
and 1,88 Hz). But in the case of the horizontal movement (Figure 3.38) 
the motion enters into resonance depending on the relationship of the 
masses. If the mass of the pendulum is bigger than the mass of the 
2DOF system, the motion enters into resonance for higher frequencies. 
However, if the mass of the pendulum is smaller than the mass of the 
2DOF system, the motion enters into resonance for lower frequencies 
(see Figure 3.42).  
In this case where both masses weight 2,5 Kg, the resonance frequency 
is about 3,83 Hz; far of its natural frequency (2,56 Hz). 

• About the relations among the different motions of the model it can be 
commented that the bigger the mass of the 2DOF system is in 
comparison with the mass of the pendulum, the lower the influence of 
the pendulum motion is in both movements of the 2DOF system.  
In Figure 3.38 it can be observed the horizontal movement of the mass 
is being influenced by the movement of the pendulum at resonance. At 
1,11 Hz the amplitude increases. If the mass of the 2DOF system were 
bigger, this influence would be smaller.  
On the other hand, observing Figure 3.39, the vertical movement of the 
2DOF system is not so affected for the movement of the pendulum. Its 
amplitude only changes a little when the frequency arrives at 1,11 Hz. 
About the relationship between the vertical and horizontal position of 
the buoy can be commented that barely both movements are influenced 
by the other. In this simulation it can be seen that the horizontal 
movement is more sensitive than the vertical movement. 
The last commentary to do about the different relations of the model is 
that the pendulum motion is more sensitive. Because looking at Figure 
3.40, the changes of the amplitude of the pendulum motion can be seen 
when the 2DOF system enters into resonance. 

• In figures 3.38, 3.39 and 3.40 it can be observed that the biggest 
amplitude of the respective movements is when this system enters into 
resonance. But it could be that not always this occurs. Changing the 
damping coefficients and the weight of the masses is possible that for 
example, in the case of the angular motion of the pendulum, when the 
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horizontal movement of the buoy enter into resonance, the pendulum 
reaches also the maximum amplitude (see Figure 3.42). 

Several simulations have been done with this model and sometimes the 
behaviour of the model is totally instable since the pendulum introduces 
nonlinearities into the system.  
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4 Experimental modelling 

In chapter 3 a theoretical model has been studied. Now in this section, an 
experimental testing model is needed to contrast the MATLAB results of 
the previous theoretical models. For this reason a physical model for the 
experimental testing has been built. 

First the design of the prototype is explained. After, which are the estimated 
parameters and how to arrive to their values; and finally the experimental 
test results are analyzed. 

To do the design of the prototype the SolidWorks program (CAD program) 
is used.  

 

4.1 Prototype design 

This section explains the characteristics of the prototype. It is divided in 2 
parts. The first part relates the evolution of the design from the first idea to 
the final model and also it is explained the reasons to make changes in the 
design. 

The second part is focused on a detailed explanation of the final design of 
the experimental model which is built. 

 

4.1.1 Preliminary designs 

As it is explained in the previous paragraph the buoy (the mass in the 2DOF 
system) has to represent the movement that create the waves. For this 
reason, in this prototype a motor and a transmission system that produces 
an oscillatory movement in two directions (the mass has 2DOF) are needed. 

Figure 4.1 shows the first idea and design of this transmission system 
through three gear wheels and a gear belt. 
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Figure 4.1. First preliminary design of the transmission system. 

This transmission has two big gear wheels and one small gear wheel. They 
are connected by means of a gear belt which will ensure that the two big 
gear wheels are synchronized.  

The small gear wheel is the drive wheel and it will be connected to the 
motor. On the other hand, the two big wheels are the driven wheels and 
they will be connected with the coupled pendulum-2DOF system. 

The first idea about the connection between the wheels and the 2DOF 
system can be observed in more detail in Figure 4.2: 
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Figure 4.2. Spring-wheel connectivity in the first design. 

The idea was to put the transmission system and the coupled pendulum-
2DOF system together through brackets and holes in the gear wheels, but 
this idea was rejected because the manufacturing of these holes was 
difficult and expensive and the idea of putting both systems in the same 
side was not safe. 

Another problem was that the distance between the center of the wheel and 
the holes was too big (from 5 to 20 cm) and it was needed smaller distances 
(from 0,5 to 5 cm). For all these reasons some changes in the design had to 
be made.      

The transmission relationship has to be about 1:8 because the mass has to 
be moved at a very low frequency. This transmission relationship is 
necessary because the motor cannot work with the same frequency that the 
2DOF system. 

The design of the new model is shown in Figure 4.3. 
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“Head” 

 
 
 
 
 
 
 
 

 

Figure 4.3. Second preliminary design of the experimental model. 
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One change is the disposition of the drive gear wheel. In this new design 
the small wheel is situated at the bottom instead of the highest part of the 
model. The reason for this change is obvious; in this way the motor stays at 
the bottom of the model which is the most suitable place to put it.  

Another change is that the transmission system and the coupled pendulum-
2DOF system are in different sites of the table that support the model. The 
main reason for this change is because it is safer but also in this way it is 
possible to build a “head” to do the connections to the mass with the correct 
distances.  

Figure 4.4 shows in more detail these heads with its respective connections 
to the mass. Moreover, in this Figure the position of the bearings and the 
“rubbers” that joint the transmission system with the coupled pendulum-
2DOF system are indicated. 

“Rubbers” Bearings 
 

 

Figure 4.4. Spring-wheel connectivity in the second design. 

In Figure 4.3 it is possible to see how the spring and the bar are arranged. It 
is known that during the theoretical modelling the final model is composed 
by two springs; but in the experimental setup, it was decided to have a very 
flexible string in the vertical direction and a rigid bar in the horizontal 
direction. The reason of this and how a bar can be modelled like a damped 
spring is explained in the chapter 4.2. 
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In this design the connection between the mass and the pendulum can also 
be seen; although in this design this connection was not very developed. 
Figure 4.5 shows with more detail this connection: 

Figure 4.5. Pendulum-mass connectivity in the second design. 

The problems that have been found in this connection is that now the links 
among the spring, the bar and the pendulum are separated an important 
distance (depending on the dimensions of the mass) and it should be tried to 
put these connections as closer as possible; if not, the mass may start to 
swing and to rotate in an undesirable way.  

Another problem that was found in this design is the shape of the new 
“head”. The building of this particularly holes in the head was very difficult 
and expensive and also the distance between the rotational center and the 
different connections of the spring or the bar was fixed (see Figure 4.4). 

Mainly, for these reasons it was necessary to improve the design. The new 
design was focused on solving the problem with the pendulum-mass 
connection and on designing a simpler “head”. The transmission system 
was not changed because its design was correct. 

Figure 4.6 shows the third preliminary design. 
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Figure 4.6. Third preliminary design of the experimental model. 

The new “head” is illustrated better in Figure 4.7. 

 

 

 

 

 

 

 

 

Figure 4.7. Design of the new “head”. 
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As it can be observed in the Figure 4.7, the new “head” is easier to 
manufacture and also it functions better because the distance between the 
center and the screw that supports the 2DOF system is variable. 

Figure 4.8 shows the new design of the connections among the mass, the 
pendulum, the spring and the bar. 

Figure 4.8. Pendulum-mass connectivity in the third design. 

With this new design, the undesirable rotations of the mass are eliminated 
because the bar, the spring and the pendulum are fixed in the same point 
(the screw).  

Another advantage of this new design is that it is possible to change the 
total weight of the mass by placing more masses on the outside. 

This third preliminary design is the last design before the final one. There 
are a lot of changes between this and the final design because in this design 
all the components are not real components; they all are components 
created with SolidWorks program. Since some components of this 
preliminary design are not found with a similar shape as real pieces; 
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especially in the different connections of the system, it will be necessary to 
make a lot of changes in the preliminary design. 

Another reason why the design will suffer changes is because there are a lot 
of restrictions due to the difficulty or the cost when manufacturing some 
components.  

For these reasons and also because there are still more problems to solve, 
which are mentioned below, a lot of changes have been carried out in the 
final design. These problems are: 

• The motor has to be placed in the opposite side of the coupled 
pendulum-2DOF system because is safer and also in this way any 
interaction (some undesirable contact) between the pendulum and the 
motor is avoided. 

• It is thought that the table that support all the components is not stiff 
enough and then all the system can suffer undesirable vibrations. 

• Another problem with this design is that the side that has the 
transmission system is heavier than the side that has the coupled 
pendulud-2DOF system. For this reason, with the current design the 
bearings placed inside the table would suffer unwanted forces. 

The main change that has to be made for the final design of the 
experimental model is to design a new structure which has to be stiffer, 
more stable and that eliminates the problems with the bearings. 
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4.1.2 Final design of the experimental model 

In the previous section, the preliminary designs and the changes that had to 
be done have been commented. 

The final design is shown in Figure 4.9 and the final prototype is shown in 
Figure 4.10. 

 

Figure 4.9. Final design of the experimental model. 
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Figure 4.10. Real experimental model. 

In the final model the problems related to the position of the motor and the 
stability of the table (now weld steel structure) are solved.  

The main characteristic of this structure is that it has two connected planes 
for supporting the gear wheels. In this way, the model is more stable 
because now all the system has two planes instead of one to support the 
weight of all the components; especially the gear wheels which are the 
heaviest components and are placed in the middle of the planes. Mainly for 
this reason, the bearings do not suffer any undesirable force. They only 
transmit the rotational movement from the gear wheel to the head system. 
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Figure 4.11 clarifies the previous explanation showing the different parts 
with more detail.  

Planes of 
the 

structure 

Head 
system 

Transmission 
system 

 

Figure 4.11. Different parts of the final design. 

Regarding the problem with the motor, with this structure it has an easy 
solution. Looking at Figure 4.9 it can be observed that the only thing that 
has to be done is to connect the cylinder of the small gear wheel with the 
motor in the other side of the structure; in this way, the coupled pendulum-
2DOF system and the motor are in different sides. 

In this experimental model the components should only do the intended 
movement; all the other undesirable movements (like rocking or bending) 
have to be eliminated. If not, the test results of the experimental model are 
not useful. For this reason in most cases the ideas of the preliminary 
designs are conserved but the changes are produced to improve the 
dynamic behaviour of the system and to improve its building.  
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Following, it is described with more detail the different parts of the 
prototype with its respective changes. First the head system is commented, 
after the coupled pendulum-2DOF system and finally, the transmission 
system.  

In the following figures, the design model and the real model are shown; in 
this way it is possible to appreciate the importance of precision during the 

Figure 4.12a. Back view of the h

construction in order to obtain desirable result. 

ead system. 

Figure 4.12b. Frontal view of the head system. 

Head 

Cap 
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Figure 4.12c. Lateral view of the head system. 

As it is said before, the first system described is the head system. The 
previous Figure shows the head system and the most important components 
are indicated. 

The head system is more sophisticated than the preliminary design (see 
Figure 4.7). The most important changes are that now there are two pieces 
(the head and the cap) and that the screw used to connect the head system 
with the coupled pendulum-2DOF system can also be placed in the 
rotational center. 

The reason why the hole of the cap crosses the rotational center is because 
in this way minimum distances are obtained between the center and the 
screw. Only one movement of the coupled system can be obtained by 
putting the screw in the center. 

Rocking movements are avoided since the head system is better fixed with 
the cylinder due to the division of the head in two parts: the cap and the 
head.  

Once the head system is explained, the next step is to describe the coupled 
pendulum-2DOF system. Following, Figure 4.13 shows the complete 
system: 

 79



Head 
system up 

Head system 
down 

Spring 

Bar 
pendulum 

Bar mass 

Mass 

Pendulum 

Figure 4.13. Coupled pendulum-2DOF system. 

In the previous figure the most important parts of this system are indicated. 
The main changes in comparison with the preliminary designs are situated 
in the different connections. This is due to improve the correct motion of 
the mass and the pendulum and to avoid all the possible undesirable 
movements. 

Another important change is that now the wire of the pendulum is a bar. 
This ensures that the pendulum is moved in the same plane; in this way, it 
has only 2DOF and it cannot make an elliptic movement.  

Last but not least, the material of both bars is aluminium in order to reduce 
the weight of the components that are not the masses of both pieces (the 
mass and the pendulum). 

Figure 4.14 shows with more detail the different connections of this system. 
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Hook 

Spring 
holder down 

Figure 4.14a. Different connections of the coupled pendulum-2DOF 
system. 
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Spring 
holder up 

Figure 4.14b. Different connections of the coupled pendulum-2DOF 
system. 

Looking at the previous images the complexity and the precision that the 
system requires to carry out a good experimental test can be observed.  

All the components that have to permit oscillations movements (the spring 
holders and the bars) in its respective holes have miniature bearings. Other 
new components in this design are the spring holders; since they were 
required to correctly connect the spring. 

The critical part of this design is the spring holder down. It connects both 
bars with the spring and the elements do not have to be much squeezed to 
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permit oscillations but on the contrary, they have to be squeezed enough to 
do not permit rocking movements. 

Now, the transmission system is explained below. Figure 4.15 shows in 
detail this important system. 

 Big gear wheels 

Tensioner 

Motor system 

Small gear wheel 

Gear belt 

Figure 4.15. Transmission system. 

The most difficult part related to the building of the transmission system is 
that the gear wheels and the tensioner have to be perfectly parallel, if not, 
the gear belt does not remain in its correct place when this system is 
moving. It goes towards one side until the barrier of the small gear wheel 
(the big gear wheels do not have barriers) stops its lateral movement. This 
is an undesirable situation because then, the gear belt suffers a lot of 
friction because both surfaces are constantly in contact. 

Figure 4.16 illustrates the connection between the gear wheels and its 
respective cylinders that support them. 
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e gear wheels and the cylinders. 

The he 
cylinders are that they have to hold the gear wheels in the same plane and 

o obtain these characteristics, a hole is drilled in the small gear 
wheel. The connection screw is inserted in this hole and also it perforates 

Figure 4.16. Connections between th

Connection 
screw 

 characteristics of the connection between the gear wheels and t

they have to transmit the torque that the motor provokes in the cylinder of 
the small gear wheel; for this reason the gear wheels cannot slip with the 
cylinder. 

In order t

the small cylinder. In this way, the gear wheel always remains in the same 
plane.  

Clamp Bearings Cylinders 
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For the big gear wheels, clamps are used in both sides to keep the wheels in 
the same plane. A stick is then introduced between the cylinder and the gear 
wheel to avoid slipping as is shown in Figure 4.17.  

Stick 

Gear wheel 
Cylinder 

Figure 4.17. Stick placing. 

Another critical part of the transmission system is the link between the 
motor and small cylinder. Next figure shows this connection with more 
detail. 

Motor Flexible 
connector

Clamps 

Figure 4.18. Motor-small cylinder connection. 
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The difficult part of this connection is that the axis of the motor and the 
small cylinder have different diameters. For this reason a flexible connector 
is needed.  

The main characteristic of this connector is that it has to be flexible to 
permit the connection between the two different diameters, but at the same 
time, it has to be stiff enough to transmit the rotational movement of the 
axis of the motor and to overcome the resistant torque that the transmission 
system does. 

The clamps are used to keep the flexible connector with the axis and the 
cylinder. 

The tensioner is shown in Figure 4.19.  

Tensioner bars 

Bearings 

Figure 4.19. The tensioner. 

The balls bearings permit the correct slide of the belt; meanwhile, the 
tensioner bars are designed to put the gear belt in the correct position.  

The estimated cost for this prototype is about 25.000 SEK (2.500 €) and in 
the Appendix C it is possible to find more detailed information (drawings, 
datasheet of the products, materials, etc.). 
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4.2 Estimated parameters 

4.2.1 Introduction 

In chapter 3 a lot of simulations were carried out in order to know the 
behaviour of the different models. During these theoretical simulations the 
values of the different parameters of the system were not important. 
Instead, the overall behaviour of the system depending on the different 
values of the parameters was studied. After these studies it was possible to 
have an idea of the correct parameters and of the behaviour of the different 
models. 

However, in order to carry out a correct comparison between the 
experimental test results and the theoretical simulations it is necessary to 
estimate the parameters. The procedure to find these parameters is 
described in this chapter. 

 

4.2.2 Value of the parameters 

Looking at the final theoretical model (chapter 3.8), the parameters that act 
in the system are: 

• Length of the pendulum: L 

• Horizontal spring constant: Kh 

• Vertical spring constant: Kv 

• Horizontal spring damping coefficient: bh 

• Vertical spring damping coefficient: bv 

• Pendulum damping coefficient: j 

• Mass of the pendulum: m 

• Mass of the mass: M  
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In the final experimental model there are not two springs. There is one 
spring in the vertical direction and one bar in the horizontal direction.  

The reason why in the experimental model there is not a spring in the 
horizontal position is because according to the design of the real model, if 
the mass goes to the left, the supposed spring would start to bend and buck 
and then, it would not work properly. This is due to in the horizontal 
position the gravitational force does not act.  

Hence, to keep the equality between the final theoretical model and the real 
model, the bar is modelled like a very stiff spring with high damping. The 
values of the horizontal “spring” will be about 100 times bigger than the 
values of the parameters of the vertical spring.  

Looking at the parameters of the final model, it can be seen that all the 
values of these parameters are very easy to find apart from the parameters 
of the different damping coefficients. 

The length of the pendulum depends on the position of the pendulum inside 
the pendulum bar. The weights of all the components that have influence in 
the behaviour of the coupled pendulum-2DOF system (the influence of the 
weight of the mass and pendulum is the 90,5% of the total weight) are 
calculated using a scale (see Appendix C). For these reasons, the 
parameters L, m and M are known values. 

The value of the spring constant can be found from the datasheet of the 
spring. Hence, the values of the spring constants (Kh and Kv) are known 
values. 

Finally, in order to obtain the value of the different damping coefficient 
some experimental tests are performed. 

Eq. 4.1 illustrates the differential equation of the universal damped 
harmonic oscillator: 

2 0  (4.1)    

Where  is the position variable,  is the damping ratio constant and  is 
the natural (undamped) frequency of the motion. 
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Depending on the value of the damping ratio constant, the motion of the 
model can be underdamped, critically damped and overdamped. These are 
the values for the damping ratio in each movement: 

Table 4.1. Values of the damping ratio. 

Motion Values o ng ratiof the dampi

Underdamped 0 1 

Critically damped 1 

Overdamped 1 

The characteristics of each movement are: 

• Underdamped: the system oscillates (with a slightly different frequency 
than the undamped case) with the amplitude gradually decreasing to 
er e y of the underdamped motion is: z o. Th  frequenc

1   (4.2) 

•  Critically damped: the system returns to equilibrium as quickly as 
possible without oscillating. 

• Overdamped: the system returns to equilibrium without oscillating. 
Larger values of the damping ratio return to equilibrium slower. 

Observing the movement of the pendulum and the mass, in both cases the 
motion that they do is underdamped. 

Solving the differential equation (Eq. 4.1) for the underdamped case, it is 
possible to find the equation of the amplitude for free decay motion [5]. 
This equation is shown below: 

  (4.3) 

The next step is to find the relationship among the parameters of the 
damped harmonic oscillator and the parameters of the theoretical models.  

If Eq. 4.1 is compared with Eq. 3.43 (the differential equation of the mass-
spring-damper system; SDOF model in this thesis), the next comparisons 
can be obtained: 
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2   (4.4) 

   (4.5) 

From Eq. 4.5 it can be observed that the natural frequency of the SDOF 
system is found; and from Eq. 4.4 the relationship between the damping 
ratio and linear damping of the spring is found.  

Substituting the value of the natural frequency (Eq. 4.5) in Eq. 4.4 and 
isolating the damping ratio coefficient, the final equation of the relationship 
between the relative damping and the absolute damping of this motion is 
found: 

√
  (4.6) 

Similarly, the next equations show the different relationships for the 
dam d um motion: ped pen ul

2   (4.7) 

   (4.8) 

As in the previous case, from Eq. 4.7 the relationship between the damping 
ratio and rotational damping coefficient of the pendulum is found; and from 
Eq. 4.8 the natural frequency of the simple pendulum applying the 
assumption commented in Eq. 3.9 is found.  

Now, applying the same process that the one used to find Eq. 4.6, Eq. 4.9 
illustrates the final relationship between the relative damping and the 
absolute damping of the simple damped pendulum with friction in the joint: 

  (4.9) 

In order to find the rotational damping of the pendulum, an experimental 
test permitting only the movement of the pendulum is performed. An 
accelerometer is placed in the tangential direction of the motion, and the 
pendulum is released with a small initial angle. The movement of the 
pendulum is saved through the data that the accelerometer transmits to the 
computer.  
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The damping ratio coefficient is then obtained using Eq. 4.3. 

Finally, using Eq. 4.9 the value of the rotational damping of the pendulum 
is obtained because the length and the mass of the pendulum are known 
values.  

Figure 4.20 shows the experimental pendulum motion. The blue line is the 
motion of the pendulum and the red lines are the theoretical envelope from 
Eq. 4.3. In the upper image the whole response is illustrated while in the 
lower image shows the response in more detail. 

Figure 4.20. Experimental test of the simple damped pendulum motion. 

In the previous Figure the accuracy of the amplitude function can be 
observed. For this experimental test the length of the pendulum is 0,2 m, its 
weight is 0,9857 Kg and the damping ratio is 0,0039. 

Finally, using Eq. 4.7 the rotational damping coefficient is obtained. Its 
value is 0,00215 N·m·s. 
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The final values that are needed to know the values of all the parameters are 
the damping coefficients for the SDOF system. 

Figure 4.21 shows the experimental test in order to know this value. In this 
case, the pendulum is hanging vertically from the mass. The accelerometer 
is placed in the normal direction of the pendulum; in this way, the 
accelerations of the spring will be measured. 

8

Figure 4.21. Experimental test of the SDOF motion. 

The spring coefficient of the spring that is used in this test and in the 
following tests is 140 N/m, the weight of the system is 2,985 Kg and the 
damping ratio is 0,0008. 

Now, using Eq. 4.4 the linear damping coefficient is obtained. Its value is 
0,0327 N·s/m. 
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Finally, the values of all the parameters of the system are obtained. Table 
4.2 shows these values. They will be used to do the comparison between 
experimental results and MATLAB simulations. 

Table 4.2. Parameters of the experimental model. 

Parameter Value 

Length L = 10 or 20 cm 

Horizontal spring constant Kh = 14000 N/m 

Vertical spring constant Kv = 140 N/m 

Horizontal spring damping coefficient bh = 3,27 N·s/m 

Vertical spring damping coefficient bv = 0,0327 N·s/m 

Pendulum damping coefficient j = 0,00215 N·m·s 

Pendulum m = 0,985 Kg 

Mass M = 2 Kg 

The measurement equipment and the procedure performed during the 
experimental tests are shown in Appendix B.   
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4.3 Experimental test results 

4.3.1 Introduction 

Once the parameters of the system are known, the experimental tests are 
performed in order to compare with the theoretical simulations. 

In chapter 3.8, the final theoretical model was studied. The simulations that 
were carried out for this model consisted on analyzing what happens when 
external forces with variable frequency excite the system. 

In the experimental tests, the motor is moving with a variable angular 
velocity. Consequently, thanks to the transmission system, both heads are 
also being moved with a variable velocity. Then, these external forces are 
obtained because the mass is being moved due to the eccentricity of the 
screws respect from the center of the cap. Figure 4.22 describes this 
situation.  

Figure 4.22. Eccentricity of the screw. 

In the beginning of the experimental tests (initial conditions), the pendulum 
and the mass are in its equilibrium positions; and the spring is stretched in a 
position where the 2DOF system is in balance. In this position, with the 
help of the hook because its length can be variable, the bar of the mass has 
to be totally horizontal and the bar of the pendulum totally vertical, as it is 
illustrated in Figure 4.23. 
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Figure 4.23. Initial conditions of the experimental tests. 

Then, the test starts when the motor is switched on. The velocity of the 
motor is increased slowly with time. With the help of a tachometer, the 
frequency of the motor can be controlled; and in this way, it is possible to 
know the frequency of the motor (it creates the external force) when the 
different motions of the system enter into resonance. 

Depending on the test, the frequency of the motor reaches about 1000 or 
1200 rpm; with these values, the frequency of the external forces has 
exceeded the different frequencies that the mass and the pendulum have.  

Once the motor reaches maximum angular velocity, the rotational speed is 
slowly decreased again. Hence, a forward sweep and a backward sweep are 
performed. 

Two accelerometers are used in the tests; one registers the tangential 
acceleration of the pendulum and the other the vertical acceleration of the 
mass. 

Finally, it can be explained that in the in the Appendix B the pictures about 
the positions of the accelerometers during the experimental tests are shown. 
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4.3.2 Experimental test 1 

As Table 4.2 shows, the length during the experimental tests can be 10 or 
20 cm. All the others parameters during the experimental tests, are always 
the same. 

In the first experimental test the length is 20 cm. Consequently, for these 
parameters the natural frequencies of the system are: 

Table 4.3. Frequencies of the experimental test 1. 

Frequency Value 

Pendulum motion fp = 1,11 Hz 

Mass horizontal motion fh = 10,89 Hz

Mass vertical motion fv = 1,09 Hz 

The natural frequency of the pendulum and the mass in the vertical motion 
are almost the same. Hence, they will enter into resonance at the same time. 

On the other hand, the frequency of the mass in the horizontal motion is 
very big. This is due to the spring constant of this direction is very big 
because as it is said before, there is a bar instead of a spring.  

The horizontal direction is not studied (this motion does not have and 
accelerometer that registers its acceleration) and the main reasons of this 
are because there is a bar that tries to avoid the motion and also, its 
resonance frequency is so big that it is not possible to reach it with this 
prototype. 
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Figure 4.24 shows the relationship between time and frequency used in this 

Figu

test.  

re 4.24. Relationship between time and frequency of the system in the 

The test starts with the mo er 250 seconds the system 

2

experimental test 1. 

tor switched off, aft
reaches the maximum frequency which is about 1,9 Hz (the motor has 1000 
rpm). Finally, from 500 seconds until the end of the test the motor is 
stopped. Also, in this Figure it can be observed that the mass and pendulum 
have to enter into resonance about 150 and 380 seconds because in these 
moments the frequency of the mass and of the pendulum is reached.  
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he measured accelerations of the mass and the pendulum are shown in 
Figure 4.25 and Figure 4.26. 

Figure 4.25. Vertical acceleration of the mass in the experimental test 1.  

Figure 4.26. Acceleration of the pendulum in the experimental test 1. 
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Looking at the previous Figure it can be observed that the obtained results 
re close to the estimated results. Both motions start to enter into resonance 
t the same time and at the correct moment. Also it can be observed that the 

requency is bigger that the resonance in the 
forward frequency. 

quently, the frequency of the pendulum changes and the motions 
enter into res

Table 4.3 shows the values of the natural frequencies for this experimental 
test: 

Table 4.3. Frequencies of the experimental test 1. 

a
a
resonance in the backward f

 

4.3.3 Experimental test 2 

As it is commented before, the only difference between this test and the 
previous one is that now the length of the pendulum is 10 cm. 
Conse

onance at different moments. 

Frequency Value 

Pendulum motion fp = 1,57 Hz 

Mass horizontal motion fh = 10,89 Hz

Mass vertical motion fv = 1,09 Hz 

As in the previous test, the first Figu s the relationship between 
the time and the frequency of the syst . 
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2.5

Figure 4.27. Relationship between time and frequency of the system in the 
experimental test 2. 

Now, in this test the maximum frequency is a little bigger; about 2,3 Hz 
(the motor reaches 1200 rpm); and the motor is stopped just when the test 
finishes.  

In this test, the pendulum has to enter into resonance at 210 and 390 
seconds. On the other hand, the mass has to enter into resonance at 120 and 
480 seconds. 

 

 

 

 

 

 

0 100 200 300 400 500 600

0.5

1

1.5

2

Time [sec]

Fr
eq

un
cy

 o
f s

ys
te

m
 [H

z]
Relationship between Time-Frequency of the system

 100



Figures 4.28 and 4.29 show the acceleration of the mass and the pendulum: 

5

Figure 4.28. Vertical acceleration of the mass in the experimental test 2. 

Figure 4.29. Acceleration of the pendulum in the experimental test 2. 
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In this case the results are also very satisfactory. Both systems enter into 
resonance more or less at the correct moment.  

It can be observed that the mass acceleration is more sensitive to the motion 
of the pendulum. The pendulum has a lot of influence in the behaviour of 
the mass. On the contrary, the pendulum motion barely is affected by the 
mass motion.  

In this test, it was observed that when the pendulum entered into resonance 
the motion was very violent; and in Figure 4.29 this fact is shown because 
the pendulum reaches high accelerations. 

The videos of both experimental tests can be watched in the link that is 
shown in the reference [10] (experimental test 1) and [11] (experimental 
test 2). 
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5 Comparison between theoretical 
model and experimental model 

In the previous chapter the experimental tests were analysed. In this section 
MATLAB simulations with the values of the real model are performed in 
order to obtain theoretical results. With these theoretical results, a 
comparison between the two results is carried out. 

First of all, the simulation results are illustrated in the next sub-chapter and 
after, a comparison between the results of both models is commented.   

 

5.1 Simulation results  

5.1.1 Simulation 1 

The MATLAB simulation 1 is analogous to the experimental test 1. Both 
have the same parameters. 

Figures 5.1, 5.2 and 5.3 show the same data as in the experimental test.  

In the first Figure it can be observed that the maximum frequency is 1.9, the 
same as in the experimental test 1. Now the mass and the pendulum have to 
enter into resonance about 180 and 420 seconds. 

 103



Figure 5.1. Relationship between time and frequency of the system in the 
simulation 1. 

Figure 5.2. Vertical acceleration of the mass in the simulation 1. 
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0.3

Figure 5.3. Acceleration of the pendulum in the simulation 1. 

Looking at the last two figures, it can be seen that both systems enter into 
resonance at the correct moment.  

Also it can be observed that the motion of the mass is not affected by the 
motion of the pendulum. This is due to the accelerations of the pendulum 
are very small in comparison with the accelerations of the mass. 

The conclusion of this simulation is that the movement of the pendulum is 
almost negligible in comparison with the vertical movement of the mass. 

 

5.1.2 Simulation 2 

As in the previous case, this simulation is analogous to the experimental 
test 2.  

Next figures show the motions of the system: 
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Figure 5.4. Relationship between time and frequency of the system in the 
simulation 2. 

Figure 5.5. Vertical acceleration of the mass in the simulation 2. 
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Figure 5.6. Acceleration of the pendulum in the simulation 2. 

Looking at Figure 5.4, it can be observed that in the experimental test the 
maximum frequency reaches 2.3 Hz; the mass has to enter into resonance 
about 150 and 450 seconds and the pendulum has to enter into resonance 
about 200 and 400 seconds. 

Observing figures 5.5 and 5.6, the previous commentary is verified. But 
like in the previous simulation, the accelerations of the mass are much 
bigger than the accelerations of the pendulum; although in this simulation 
the pendulum reaches accelerations three times bigger. 

The conclusion of this simulation is that the movement of the pendulum has 
a little importance in the system but it continues being very small in 
comparison with the vertical movement of the mass. 

In both simulations, it can be seen that the pendulum needs less time to 
reach its normal movement. This is because the relative damping of the 
pendulum is bigger than the relative damping of the mass. 
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5.2 Simulation vs. experimental results 

When the simulation and the experimental test results are compared, the 
following comments can be made: 

• In both results, both systems enter into resonance in the correct 
moment. This is a very good result, because then, it is possible to 
predict with the theoretical model when the system starts to be unstable.   

• In the second study (experimental test 2 and simulation 2), when the 
frequencies of the mass and the pendulum are different, the values of 
the acceleration of the pendulum are bigger that in the first study. This 
is because in both results the movement of the pendulum is more 
violent.   

• The main difference between the simulations and the experimental tests 
is that during the simulations, the motion of the pendulum is almost 
negligible (especially when the frequencies of the motions are the 
same). However, during the experimental tests, the motion of the 
pendulum is more notorious than the vertical motion of the mass. 
This fact can be observed because in the experimental tests the values 
of the acceleration of the pendulum are bigger than the mass; and in 
figures where the mass is studied (especially Figure 4.28) the influence 
of the pendulum can be seen. 
This difference between the experimental and the simulation results can 
be produced due to two main reasons: 

o The first one is because in the simulation model the horizontal 
spring constant is too big; and as it is explained in the chapter 3.8.3, 
the relationship between the horizontal motion of the mass and the 
motion of the pendulum is big. For this reason, if the horizontal 
spring constant of the mass is very big, the motion of the mass in 
this direction is very small, and consequently, also the motion of the 
pendulum. 

o The other reason and more realistic, is that in the experimental test 
the bar suffers and permits a lot of motion; it rocks and it is inclined, 
when theoretically this should not occur. For this reason also the 
pendulum suffers more motion that what it should.
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6 Conclusion 

The aim of this thesis was to better understand the dynamic behaviour of a 
coupled pendulum-mass system. This was achieved with theoretical 
modelling, simulation and prototype testing. 

The conclusions of this work are explained below. The conclusions 
concerning the theoretical model are commented in section 6.1. The 
experimental model is discussed in section 6.2; and finally, in Section 6.3 is 
explained which is the future work that can be performed.  

 

6.1 Theoretical model 

The results obtained from the model implemented in MATLAB agree well 
with experimental results which indicate that the theoretical modelling and 
simulation is correct. 

On the other hand, some unstable results of the system were discovered 
which were expected since the studied differential equations are nonlinear. 

Finally, the conclusion of exemplifying the mass bar as a spring is that it is 
not a very good idea because the difference between the MATLAB results 
and the experimental test is notorious. 

 
6.2 Experimental model 

During the performance of the experimental tests was observed that the real 
model that was built works correctly. The expectations about how it has to 
work and the motions that the different parts of the system have to make 
were exceeded. For this reason the first conclusion is that the performed 
construction of the real model is satisfactory. 

The experimental model could be used to validate the theoretical modelling 
and simulations in MATLAB. 
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This thesis is a good example to see the importance of designing the 
components as simple as possible but always preserving its functionality. 
This fact provokes less cost and less time during its building.  

Finally, carrying out the building of this prototype it was observed the 
importance to make a good design; on the contrary, a lot of problems with a 
difficult solution can occur. 

 

6.3 Continued improvements of the model 

The model of the final system is very interesting and it is thought that more 
detailed simulations are needed in order to better understand the dynamic 
behaviour of this system.  

The most uncertain part is how the external forces are represented and also, 
why the motion of horizontal position of the mass enters into resonance 
depending on the values of the masses.  

Another part that can be studied better is how to obtain with more accuracy 
the values of the horizontal spring coefficient and the linear horizontal 
damping coefficient that in the real system are represented with the mass 
bar. 

About the experimental model, some improvements can be performed. 
More experimental tests should be carried out in order to know more about 
this system. For example, in this thesis during the experimental test the 
horizontal position was not analysed.  

A good improvement would be the replacement of the mass bar for another 
spring. In this case, it would be necessary to place two springs in this 
direction. In this way, there is always a spring that is stretched and then, the 
system can work correctly.  

Finally, another improvement that can be performed in the prototype is to 
increase the safety of the system. Especially, when the motor reaches high 
speeds. 
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A. MATLAB scripts 

In this appendix is illustrated the most important MATLAB files that are 
used in this thesis. One script about the simulations of the final theoretical 
model, another about the results of the experimental tests and finally, the 
last MATLAB script is used to know some important parameters during the 
experimental test of the prototype. 

The first MATLAB file is used to do the simulations of the final theoretical 
model (chapter 3.7 and chapter 3.8). 
clc 
clear 
close all 
 
echo on 
 
%Define variables 
global g L Kv Kh bv bh j m M t choice cnt f0 fn 
 
L=0.2;           %Length [m] 
g=9.81;         %Gravity [m/s^2] 
Kv=700;        %Vertical spring coefficient [N/m]=[Kg/s^2] 
Kh=1300;      %Horizontal spring coefficient [N/m]=[Kg/s^2] 
bv=7.5;         %Vertical damper coefficient [N*s/m]=[Kg/s] 
bh=3;           %Horizontal damper coefficient [N*s/m]=[Kg/s] 
j=0.002;        %Angular damping coefficient [N*m*s]=[Kg*m^2/s] 
m=2.5;         %Pendulum mass [Kg] 
M=2.5;         %2DOF system mass [Kg] 
 
fs=20;            %Sampling frequency [Hz] 
t=0:1/fs:500;   %Time [s] 
pause 
 
%Choose election of force F 
 
%Fv: External vertical force [N] 
%Fh: External horizontal force [N] 
                                     
%Choice=1-->Fv=0 // Fh=0 
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%Choice=2-->Fv=cnt // Fh=cnt  
%Choice=3-->Fv=chirp(tn,f0,t(end),fn) 
%                   Fh=chirp(tn,f0,t(end),fn) 
%Choice=4-->Fv=cnt*chirp(tn,f0,t(end)/2,fn) 
%                   Fh=cnt*chirp(tn,f0,t(end)/2,fn) 
 
choice=3; 
 
%Define external force F [N]  
cnt=0.5;        %constant value [N]  
f0=0.1;         %Initial frequency [Hz] 
fn=5.5;         %Final frequency [Hz] 
pause 
 
%Calculate the frequencies 
fpendulum=(2*pi*sqrt(L/g))^-1 
fmasshorizontal=(2*pi*sqrt((M+m)/Kh))^-1 
fmassvertical=(2*pi*sqrt((M+m)/Kv))^-1 
pause 
 
%Initial conditions 
x0=[0 0 0 0 0*(pi/180) 0]'; 
pause 
 
%Calculate solution 
options=odeset('RelTol',1e-9,'InitialStep',1/fs,'MaxStep',1/fs); 
[t,x]=ode45(@sp5,t,x0,options); 
pause 
 
%Take the values 
xx=x(:,1);        %Linear horizontal position [m] 
xv=x(:,2);        %Linear horizontal velocity [m/s] 
yx=x(:,3);        %Linear vertical position [m] 
yv=x(:,4);        %Linear vertical velocity [m/s] 
wx=x(:,5);       %Angular position [rad] 
wv=x(:,6);       %Angular velocity [rad/s] 
pause 
 
%Create space frequency 
freq=linspace(f0,fn,length(t)); 
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%Plot solutions 
figure 
plot(freq,xx.*100) 
xlabel 'Frequency [Hz]' 
ylabel 'Linear horizontal position [cm]' 
title 'Linear horizontal position function Coupled Pendulum-2DOF system' 
axis tight 
pause 
 
figure 
plot(freq,yx.*100) 
xlabel 'Frequency [Hz]' 
ylabel 'Linear vertical position [cm]' 
title 'Linear vertical position function Coupled Pendulum-2DOF system' 
axis tight 
pause 
 
figure 
plot(freq,wx) 
xlabel 'Frequency [Hz]' 
ylabel 'Angular position [rad]' 
title 'Angular position function Coupled Pendulum-2DOF system' 
axis tight 
pause 
 
figure 
plot(xx.*100,yx.*100) 
xlabel 'Horizontal position of the mass [cm]' 
ylabel 'Vertical postion of the mass [cm]' 
title 'Movement of the mass function Coupled Pendulum-2DOF system' 
axis square 
 
echo off 
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This is the MATLAB function “sp5” that in the previous script is used 
inside the function ode45. 
%Define function Coupled Pendulum-2DOF system 
function dx=sp5(tn,x) 
global g L Kv Kh bv bh j m M t choice cnt f0 fn 
 
%Define several examples of F 
if choice==1; 
    Fv=0; 
    Fh=0; 
elseif choice==2; 
    Fv=cnt; 
    Fh=cnt; 
elseif choice==3; 
    Fv=chirp(tn,f0,t(end),fn); 
    Fh=chirp(tn,f0,t(end),fn); 
elseif choice==4 
    tm=t(length(t))/2; 
    if tn<tm 
        Fv=chirp(tn,f0,t(end)/2,fn); 
        Fh=cnt*chirp(tn,f0,t(end)/2,fn); 
    else 
        Fv=cnt*chirp(tn-tm,fn,t(end)/2,f0); 
        Fh=cnt*chirp(tn-tm,fn,t(end)/2,f0); 
    end 
end; 
 
%Define: A*xp+B*x=C 
A=[0 M+m 0 0 0 m*L*cos(x(5,1)); 0 0 0 M+m 0 m*L*sin(x(5,1)); 0 1/L*cos(x(5,1)) 0 -
1/L*sin(x(5,1)) 0 1; 1 0 0 0 0 0; 0 0 1 0 0 0; 0 0 0 0 1 0]; 
 
B=[Kh bh 0 0 0 -m*L*x(6,1)*sin(x(5,1))+j/L*cos(x(5,1)); 0 0 Kv bv 0 
m*L*x(6,1)*cos(x(5,1))-j/L*sin(x(5,1)); 0 0 0 0 0 j/(m*L^2); 0 -1 0 0 0 0; 0 0 0 -1 0 0; 0 
0 0 0 0 -1]; 
 
C=[Fh Fv+g*(M+m) -g/L*sin(x(5,1)) 0 0 0]'; 
 
%Then: xp=inv(A)*(C-B*x) 
dx=inv(A)*(C-B*x); 
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Now, the next MATLAB script is used to load the data of the 
accelerometers and to show the experimental test results. 
clc 
clear 
close all 
 
%Load data of accelerometers 
load Sweep5 
 
%Pendulum parameters 
m=0.9857; 
g=9.81; 
L=0.1; 
wp=sqrt(g/L); 
 
%Mass parameters 
M=2; 
K=140; 
wm=sqrt(K/M); 
 
%Sensivity accelerometer 1 (pendulum) 
cvp=(1000*9.81)/(112.4*L); 
 
%Sensivity accelerometer 2 (mass) 
cva=(1000*9.81)/(95.34); 
 
%Plot motions 
figure 
apc=cvp*ap; 
plot(t,apc) 
xlabel 'Time [sec]' 
ylabel 'Angular acceleration [rad/s^2]' 
title 'Experimental Pendulum Motion Coupled Pendulum-2DOF system' 
axis tight 
 
figure 
ayc=cva*ay; 
plot(t,ayc) 
xlabel 'Time [sec]' 
ylabel 'Linear vertical acceleration [m/s^2]' 
title 'Experimental Vertical Mass Motion Coupled Pendulum-2DOF system' 
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axis tight 
 
%Resonance frequencies of the motions 
frequency_pendulum=(2*pi*sqrt(L/g))^-1 
frequency_mass_vertical=(2*pi*sqrt((M+m)/K))^-1 
 
%Range revolutions motor 
rpm_motor_min=1; 
rpm_motor_max=1200; 
 
%Transmission relationship 
i=22/192; 
 
rpm_head_min=rpm_motor_min*i; 
rpm_head_max=rpm_motor_max*i; 
 
%Create frequency 
fmin=rpm_head_min/60; 
fmax=rpm_head_max/60; 
freq1=linspace(fmin,fmax,round(length(t)/2)); 
freq2=linspace(fmax,fmin,round(length(t)/2)); 
freq=[freq1 freq2]; 
 
%Plot time-frequency  
figure 
plot(t,freq) 
xlabel 'Time [sec]' 
ylabel 'Frequncy of system [Hz]' 
title 'Relationship between Time-Frequency of the system' 
axis tight 
 
string 
 
echo on 
%RPM motor 0-1200-0//L=10cm//Both displacement head (2mm) 
echo off 
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Finally, the last MATLAB file that is shown is used to know all the 
important values to calculate the length of the spring and the resonance 
frequency during the experimental test. 
clc 
clear 
close all 
 
%Masses [g] 
m1=225; 
m2=227; 
m3=220; 
m4=229; 
m5=222; 
m6=227; 
m7=226; 
m8=226; 
m9=225; 
m10=224; 
m11=224; 
m12=227; 
 
average=(m1+m2+m3+m4+m5+m6+m7+m8+m9+m10+m11+m12)/12; 
 
%Number of masses that there are in the system 
n=12; 
 
%Masses components [g] 
Screw_pendulum=45; 
Screw_mass=69; 
Bar_pendulum=61; 
Spring_holder_down=88; 
Accelerometer_1=10; 
Accelerometer_2=10; 
 
%Possible mass affect [g] 
Bar_mass=164; 
Spring_small=21; 
Spring_big=34; 
 
%Total mass 
Mass_masses=n*average; 
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Component_masses=Screw_pendulum+Screw_mass+Bar_pendulum+Spring_holde
r_down+Accelerometer_1+Accelerometer_2; 
 
Total_mass=(Mass_masses+Component_masses)/1000       %Total mass [Kg] 
 
%Choose spring          %Choice=1 --> Spring big 
                                  %Choice=2 --> Spring small 
choice=1; 
 
%Properties of the spring 
if choice==1; 
    K=0.14;             %Spring coefficent [N/mm] 
    L0=160;             %Initial lenght spring [mm] 
    F0=6;                %Initial force spring [N] 
elseif choice==2; 
    K=0.11;             %Spring coefficent [N/mm] 
    L0=140;             %Initial lenght spring [mm] 
    F0=4;                 %Initial force spring [N] 
end; 
 
%Result of the force of the masses 
g=9.81;                 %Gravitational force [m/s^2] 
 
Total_force=Total_mass*g            %Total force [N] 
 
Influence_masses=((Mass_masses/1000)/Total_mass)*100 
 
%Result of the final lenght of the spring applying the previous force 
%F=F0+K*(L-L0) 
Lenght_spring=(Total_force-F0)/K+L0 
 
%Distance of the hook [mm] 
Lt=327;                %Total distance 
Distance_hook=Lt-Lenght_spring 
 
%Frequencies of the system [Hz] 
Lp=0.1;                %Length of the pendulum  [m] 
frequency_pendulum=(2*pi*sqrt(Lp/g))^-1                  
frequency_mass=(2*pi*sqrt(Total_mass/(K*1000)))^-1       
 
%Revolutions motor when the system enter in resonance 
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i=22/192;              %Transmission relationship 
 
rpm_head_resonance_pendulum=frequency_pendulum*60; 
rpm_motor_resonance_pendulum=rpm_head_resonance_pendulum/i 
 
rpm_head_resonance_mass=frequency_mass*60; 
rpm_motor_resonance_mass=rpm_head_resonance_mass/i 
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B. Pictures of the measurement equipment 
and preparations 

In this appendix it is shown detailed pictures about the equipment that was 
used during the experimental tests, where the accelerometers were placed 
and which was the procedure to make properly the experimental tests. 

Figure B.1 and Figure B.2 shows the pictures of the measurement 
equipment.  

First figure shows the used tachometer to know the velocity of the axis of 
the motor. 

Figure B.1. Tachometer. 
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Figure B.2 shows the accelerometers that were used during the 
experimental tests. 

Figure B.2. Accelerometers. 

The sensitivity of the accelerometers are 95,34 mV/g and 112,4 mV/g. 
Where g = 9,81 m/s2. Through the sensitivity coefficient of the 
accelerometer it is possible to convert from volts that it gives to m/s2. 

Next figure shows how is registered in the computer the data that the 

Figure B.3. C

accelerometers give.  

apturing the data from the accelerometers. 
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Now, Fig ister the 
tangential acceleration of the pendulum. In this case, the experimental test 

Figure B.4. Free decay of the pendulum. 

Following, next to calculate the 

ure B.4 shows the position of the accelerometer to reg

that was performed was to know the damping ratio coefficient of the 
pendulum because the wood table avoids the movement of the mass. 

figure shows the same test but now, 
damping ratio coefficient of the mass in the vertical direction. For this 
reason, now the accelerometer is placed in the normal direction of the 
pendulum. 
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Figure B.5. Free decay of the mass. 

Finally, Figure B.6 meters in order to 

Figure B.6. Experimental test 1 and 2. 

 shows the position of the accelero
perform the experimental test 1 and 2. 

 124



C. Drawin

In this appendix is described the specifications of the real model. First it is 

hat was in the laboratory before to start the 

mponents that compose the prototype. 

tured components. 

gs and specifications 

shown some tables with all the necessary information. After, all the 
drawings of the manufactured components are illustrated. Finally, the 
datasheets of the most important bought components (gear wheels, bearings 
and springs) are shown. 

The only component t
construction was the motor system.  

First table shows the manufactured co
In this table, it is also possible to see the number of pieces necessaries to 
build the prototype and its material.   

Table C.1. Manufac

Name Number of pieces Material 

B  A  ar mass 1 luminium

Bar pendulum 1 Aluminium 

Bar tensioner 2 Steel 

Cap 2 Steel 

Cylinder big 2 Steel 

C  ylinder small 1 Steel 

Head  2 Steel 

Mass 12 Stainless eelst

Spring holder down 1 Steel 

Spring holder up 1 Steel 

Structure 1 Steel 

The bar mass and the bar pendulum are made with aluminium instead of 
steel in order to decrease its weight. In this way, the most part of the weight 
of the mass and the pendulum is due to the masses.  
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Next table shows the bought components: 

Table C.2. Bought components. 

Transmission system 

Name Number of pieces Model number 

Gear wheel big 2 HTD192-8M-20 

Gear wheel smal HTD22F-8M-20 l 1 

Gear belt 1 * 

Springs 

Name Number of pieces Model number 

Spring big 3423 1 

Spring small 3389 1 

Bearings 

Name Number of pieces Model number 

Bearing housing big UCP 204 4 

Bearing housing small UCP 201 2 

Tensioner ball bearings 3 6300 

Miniature ball bearings 6 688 

Screws 

Type Number of pieces 

Bar screw pendulum (M8x110) 1 

Bar screw mass (M8x160) 1 

Bar screw tensioner (M10x180) 1 

M5x30 12 

M6x50 2 

M8x30 4 

M8x50 4 
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M10x60 12 

Nuts 

Type Number of pieces 

M5 28 

M6 2 

M8 22 

M10 18 

Washers 

Type Number of pieces 

M5 20 

M6 4 

M8 10 

M10 16 

Others 

Name Number of pieces 

Clamp big 4 

Cla  mp small 2 

Connection s  gear wheel) crew (small 1 

Fle or xible connect 1 

Hook 1 

Mini spacer 3 

Stick 2 

In Table C.2 is possible to see that the components are divided in different 
categories. The first th  
explained before, this is because at the end of this appendix is shown the 

ree categories have a model number. As it is

datasheet of these components. 
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y important thing to know is that its length 
is 3280 mm. 

 weight of the components that have influence in the studied 
model. 

* The gear belt does not have datasheet. This gear belt is designed to work 
with these gear wheels. The onl

Finally, before to show the drawings and the specifications, it is shown a 
table with the

Table C.3. Weight of the components. 

Name Weight 

Accelerometer 1 10 g 

Acce er 2 leromet 10 g 

Bar pendulum 61 g 

Bar screw mass  69 g 

Bar screw pendulum 45 g 

Mass** 22 g5 4 

Spring holder down 88 g 

** There are 12 mass spe weights are not always 
the same. During the wor ith the average weight 
of the masses that it is 225,16 g. 

 

es and logically, its re
experimental test is 

ctive 
ked w

Finally, in the next pages the drawings and the specifications are shown. 
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Kuggremshjul HTD - 8M-20

Material: S = Stål, G = Gjutjärn 
Rembredd: 20mm

Artikelnr. HTD192-8M-20
Benämning Kuggremshjul
Kugg 192
Material G
Typ 6A
Df -
De 487,55
L 38
F 28
Di 460
Dm 100
d 20

Created: 2009-11-24 10:50:41

Address: Mekanex Maskin AB
Box 2208
169 02 Solna
Sweden

Phone:
Web:
Email:

08 – 705 96 60
www.mekanex.se
info@mekanex.se



Kuggremshjul HTD - 8M-20

Material: S = Stål, G = Gjutjärn 
Rembredd: 20mm

Artikelnr. HTD22F-8M-20
Benämning Kuggremshjul
Kugg 22
Material S
Typ 6F
Df 60
De 54,65
L 38
F 28
Di -
Dm 43
d 12

Created: 2009-11-24 10:48:47

Address: Mekanex Maskin AB
Box 2208
169 02 Solna
Sweden

Phone:
Web:
Email:

08 – 705 96 60
www.mekanex.se
info@mekanex.se



Extension springs SF-DF - Ø1,2

Material: Spring steel, SS 1774-04 - DIN 17223-B (EN 10270-1-SM)
Tolerances: SS 2384

Cat.no 3423
Description Dragfjäder SF-DF-SS1774-04
Dt 1,2
Dy 12
L0 160
nv 116
c 0,14
F0 6
L1 369

Created: 2010-02-03 17:07:54

Address: Lesjöfors Stockholms Fjäder AB
Jämtlandsgatan 62
162 60 Vällingby
Sweden

Phone:
Fax:
Web:
Email:

46 (0)8 - 87 02 50
46 (0)8 - 87 63 50
www.lesjoforsab.com
info.vby@lesjoforsab.com



Extension springs SF-DF - Ø1

Material: Spring steel, SS 1774-04 - DIN 17223-B (EN 10270-1-SM)
Tolerances: SS 2384

Cat.no 3389
Description Dragfjäder SF-DF-SS1774-04
Dt 1
Dy 10
L0 140
nv 124
c 0,11
F0 4
L1 328

Created: 2010-02-03 17:14:12

Address: Lesjöfors Stockholms Fjäder AB
Jämtlandsgatan 62
162 60 Vällingby
Sweden

Phone:
Fax:
Web:
Email:

46 (0)8 - 87 02 50
46 (0)8 - 87 63 50
www.lesjoforsab.com
info.vby@lesjoforsab.com



Complete steel bearing housing in cast iron, type UCP2

These bearings normally conform to the JIS-standard. Bearings with the suffix 'E' have bores according to the ISO-
standard

Model Number UCP 204
Product Stållagerhus
AxelØ 20
H 33.3
B 127
D 95
A 38
S 19
M 13
J 64
F 31
Bult(mm) 10
Lagernr UC 204
Husnr P 204
Viktkg 0.66

Created: 2009-11-24 23:56:12

Address: Nomo Kullager AB
Box 510
Gribbylundsvägen 2
183 25 Täby
Sweden

Phone:
Fax:
Web:
Email:

08-630 28 00
08-630 28 90
www.nomo.se
nomo@nomo.se



Complete steel bearing housing in cast iron, type UCP2

These bearings normally conform to the JIS-standard. Bearings with the suffix 'E' have bores according to the ISO-
standard

Model Number UCP 201
Product Stållagerhus
AxelØ 12
H 30.2
B 127
D 95
A 38
S 19
M 12
J 60
F 31
Bult(mm) 10
Lagernr UC 201
Husnr P 203
Viktkg 0.61

Created: 2009-11-24 23:53:46

Address: Nomo Kullager AB
Box 510
Gribbylundsvägen 2
183 25 Täby
Sweden

Phone:
Fax:
Web:
Email:

08-630 28 00
08-630 28 90
www.nomo.se
nomo@nomo.se



Deep groove ball bearings Series 63 d= 10-35

Model Number 6300
Product Groove-Ball-Bearing-Serie-63
d 10
D 35
B 11

Created: 2010-02-05 12:35:10

Address: Nomo Kullager AB
Box 510
Gribbylundsvägen 2
183 25 Täby
Sweden

Phone:
Fax:
Web:
Email:

08-630 28 00
08-630 28 90
www.nomo.se
nomo@nomo.se



Deep groove ball bearings Miniature bearings d= 8-9

Model Number 688
Product Groove-Ball-Bearing-Miniature
d 8
D 16
B 4

Created: 2010-01-21 20:21:31

Address: Nomo Kullager AB
Box 510
Gribbylundsvägen 2
183 25 Täby
Sweden

Phone:
Fax:
Web:
Email:

08-630 28 00
08-630 28 90
www.nomo.se
nomo@nomo.se
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