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Abstract
Image reconstruction forms the basis of many applications in the fields of medicine,
astronomy etc. Historically an image is reconstructed using several methods of which Fourier
and wavelet transform methods formed the roots of present day technologies. The
reconstructed images possess higher resolution and helps in analysing the image in more
detail. In our thesis we proposed a method where we used fractional Fourier transform in
conjunction with wavelet transform to produce the reconstructed image. We employed three
wavelets in our thesis namely Haar wavelet, Daubechies wavelet and Coiflet wavelet in order
to gain diversity into our results. For the scaling function of each of the three wavelets
fractional Fourier transform is applied which gives a new scaling function. A new wavelet
function created using the scaling function. Such a wavelet is applied to series of images of
various resolutions (256x256, 128x128, 64x64) and is encrypted using DES before
transmitting over the channel. The reconstruction is carried out using inverse DES and
inverse wavelet transform to get the reconstructed image.
The parameters we used to determine the efficiency of the wavelets are Peak Signal to Noise
Ratio (PSNR) and Structural Similarity Index Metric (SSIM). The results for various images
are plotted using box plots. We reached out the conclusions that Daubechies had the better
performance compared to other wavelets. Also the performance falls down with the image
resolution.
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Wavelet Transform, Fourier Transform, Fractional Fourier Transform, Data Encryption
Standards
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Chapter 1: Background and Literature review
1.1 Background:
Image reconstruction is the process where in 2D or 3D images are constructed from set of
1D projections of an image [1]. It also includes the technique of developing a high resolution
image from a set of low resolution images. In medicine, the magnetic resonance imaging and
computerized tomography are used to scan the inner bodily functions of human body. Such
applications require high resolution images but in early 20th century highly focused images
could not be generated due to limited technology of digital photography. These difficulties in
the field of medicine gave birth to image reconstruction in early 20th century since the
Magnetic resonance imaging (MRI) or Computed Tomography (CT) data used in field of
medicine must be visualized in detail.
The mathematical foundation for these reconstruction methods are the Radon transform [2],
the inverse Radon transform [2], and the projection slice theorem [3]. Computational
techniques include filtered back projection [4]. Several projection geometries are commonly
used in medical applications including parallel beam, fan beam, and cone beam [5].
The first method was proposed by Johan Radon in 1917 in which the image is created based
on the scattering data associated with cross sectional scans of an object [2]. Several methods
of lesser or equal prominence were developed based on the Radon Transform over the course
of time. In 1972 the first X- ray Computed Tomography (CT) was developed by Godfrey
Hounsfield and the method served well in the field of medicine. The classical method of
reconstruction is ‘Back projection’ [4] which is solely based on Radon transform. The
alternate approaches include the basic Fourier Transform and wavelet transform methods.
In this thesis we concentrate on image reconstruction using wavelet methods. There are
several goals with this thesis.
1) A possibility to employ wavelet transform with fractional Fourier transform for
compression and reconstruction of an image with data encryption standards is investigated.
2) Which hybrid wavelets are efficient in the application of image reconstruction is assessed?
3) Performance of proposed method to reconstruct an image with hybrid wavelets is
evaluated in terms of Structural Similarity Index Metric (SSIM) and Peak Signal to Noise
Ratio (PSNR).
The thesis flow is described in the following way like Chapter 1 deals with background and
literature review of the project. Chapter 2 deals with the theory, Chapter 3 deals with
implementation of project and Chapter 4 is the analysis of results by examining the
parameters. Finally Chapter 5 deals with conclusion and future work of the present work
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1.2 Literature Review
Image reconstruction is an important aspect in the field of image processing. The quality of
the reconstructed image should be high and therefore several algorithms are developed to
achieve image reconstruction.
Algorithm to reconstruct the image has been developed by using partial 2D Fourier
Transform [6]. In this algorithm authors have mainly concentrated on the bulk information
accumulated across the four corners (blocks) of natural and aerial Fourier images. The
frequency shift technique is applied to the sub blocks of images and the sub blocks are shifted
in horizontal and vertical direction to map the data on four corners of image. To decompose
and reconstruct the image Discrete Fourier Transform (DFT) and Inverse DFT are applied
respectively. This method is requires low memory access and is computational less complex.
C.S. Tong and K.T. Leung have developed a super resolution reconstruction model based on
linear interpolation of wavelet coefficients [7]. In this method, a high resolution image was
reconstructed using a set of degraded, blurred and shifted low resolution images. They have
used linear interpolation to build up an algorithm to obtain the relation between low
resolution images and coefficients in wavelet sub bands. This method works even in the case
of zero boundary conditions which eliminates need to specify the boundary conditions.
Y. Zhang, Y. Wang and C. Zhang have developed an algorithm to reconstruct a photo
acoustic image by using Discrete Cosine Transform (DCT) [8]. In this method a calculated
threshold value is set to remove the insignificant elements in DCT coefficients. An iterative
formula is used to perform reconstruct image and iteration is repeated until the desired
criteria is repeated. During reconstruction the optical deposition image and photo acoustic
signals are processed separately. Due to the threshold value on DCT coefficients the
reconstructed image will lose valuable data.
Another method to reconstruct image was developed by using Second Generation Wavelets
(SGW) [9]. In this method image reconstruction is done by using set of significant data
points. The significant data points are selected by using progressive significant sample point
selection algorithm. In the approach to reconstruct image, the authors have used SGW and
Delaunay triangulation to produce set of unique triangles and images. SGW possess the
useful properties of wavelets like time-frequency localization, fast implementation and also
capable to represent bounded domain signals.
In application required to reconstruct the missing blocks of an image, H.A. Azeez and S.A.
Amin developed an algorithm to reconstruct medical image using wavelets and multi-wavelet
methods [10]. In this Multi wavelets were formed with the aid of many filters and multi
wavelets possess all the useful attributes of wavelets like symmetry, orthogonality and gives
flexibility in the image reconstruction. This method depends on the average of high frequency
elements surrounding the missing blocks and all the low frequency elements are assumed to
be found.

2

Another method to reconstruct the missing blocks of an image was developed by H. Chen and
I. Hagiwara [11]. To reconstruct the missing block of an image combination of wavelet
decomposition, inpainting and texture synthesis methods are adopted. The input image is
decomposed into high and low frequency components using wavelet decomposition
algorithm. Multi resolution texture synthesis and compactly supported Radial basis functions
are implemented on high frequency and low frequency components respectively to inpaint
and modify the missing blocks. Inverse discrete wavelet transform algorithm is applied to
reconstruct the image. Due to the inpainting, the boundary surrounding the reconstructed
block changes significantly and the size of damaged area becomes wider.
The wavelet transforms served well for image reconstruction compared to that of Fourier
transform because wavelets are descendants of the Fourier series. So all the drawbacks from
the Fourier series are rectified in wavelets.
Fourier Transform is usually employed while working with a frequency domain. But Fourier
Transform operates between integer values so some of the data in neglected while dealing
with Fourier Transform. To overcome this we used a Fractional Fourier Transform (FrFT)
which can be represented as some non-integer power. Also for encryption of electronic data
we used basic Data Encryption Standard. So, In this thesis we employ Fractional Fourier
Transform (FrFT) and Date Encryption Standard (DES) for the purpose of reconstructing an
image
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Chapter 2: Theory
2.1 Wavelet transforms
Wavelets are the functions of finite length and are oscillatory in nature. Wavelets are the
localised vibrations of sound or images. In present world, wavelets have found a wide range
of application in the field of signal processing such as image reconstruction and noise
reduction. Wavelets can be used to reduce the size of an image without affecting the
resolution of an image [12]. The mathematically representation of a wavelet is
߰ǡ ሺݐሻ ൌ

ଵ
ξ

௧ି

߰ቀ



ቁ ,

(2.1)

where a and b are scaling and shifting parameters, respectively.
Wavelet transforms can be operated easily by using fast wavelet transform. These wavelets
are used in solving wide range of problems such as self-similarity property of a signal, signal
discontinuities etc. Wavelet transforms are divided into 3 classes: Discrete wavelet
transforms (DWT), Continuous wavelet transforms (CWT) and multi resolution based
wavelet transform.
DWT works on two functions, namely scaling function and wavelet functions [13]. The
analysis of signal at different scales is done by using the filters of different cut off
frequencies. This decomposes the signal into different frequency bands, which are passed
through the series of filters to analyse the high frequencies and low frequencies. CWT is a
correlation between a wavelet and signal at different scales, where scale is used as a measure
of similarity [14]. Multi resolution (MR) helps to study the signal at various frequencies with
varying resolutions. MR offers better time resolution and poor frequency resolutions at high
frequencies where as it offers better frequency resolution and poor time resolution at low
frequencies. MR analysis is mostly applied when the signal contains low frequency
components for long duration and high frequency components for small durations [13].
The wavelet transform of a function ݂ሺݐሻ is defined as [15, p44]
ܹሺܽǡ ܾሻ ൌ ௧ ݂ሺݐሻ

ଵ
ξ

௧ି

߰ቀ



ቁ ݀ݐǡ

(2.2)

The critical sampling of the CWT is obtained by taking ܽ ൌ ʹି and ܾ ൌ ݇ܽ
ೕ

ܹሺ݆ǡ ݇ሻ ൌ ௧ ݂ሺݐሻʹమ ߰൫ʹ  ݐെ ݇൯݀ ݐ,
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(2.3)

where j and k are integers representing the set of discrete translations and discrete dilation.
By substituting ܽ ൌ ʹି and ܾ ൌ ݇ܽ in Eq.2.1,
ೕ

߰ǡ ሺݐሻ ൌ ʹమ ߰൫ʹ  ݐെ ݇൯.

(2.4)

If݆ ൌ Ͳܽ݊݀݇ ൌ Ͳ, then ߰ǡ ሺݐሻ ൌ ߰ሺݐሻ which is considered as mother wavelet [15, p45].
The scaling function ߶ሺݐሻ is defined as[16][15, p66]
߶ሺݐሻ ൌ σא௭ ξʹ݄ ߶ሺʹ ݐെ ݇ሻǡ

(2.5)

where ݄ is the filter coefficients in low pass filter (LPF) in a two-channel orthonormal
wavelet system.
The wavelet function ߰ሺݐሻ is defined as [16][15, p66]
߰ሺݐሻ ൌ σא௭ ξʹ݃ ߶ሺʹ ݐെ ݇ሻǡ

(2.6)

where ݃ is the filter coefficients in high pass filter (HPF) in a two-channel orthonormal
wavelet system.
The LPF and HPF together constitute a pair of conjugate quadrature filters. i.e.,
݃ ൌ ሺെͳሻ ݄ሺభ ାమ ିሻ ǡ

(2.7)

where ሾ݇ଵ ǡ ݇ଶ ሿis the support of FIR filters ݄ܽ݊݀݃Ǥ
The orthonormal condition is given by
σא௭ ݄ ݄ሺିଶሻ ൌ ߜ

(2.8)

for ݊ ݖ אǡwhere ߜ denotes the Kronecker delta symbol.
In this thesis, we will focus on 3 kinds of wavelets namely Haar wavelet [12], Daubechies
wavelet [12] and Coiflets wavelet [18].
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2.1.1 Haar wavelet
Haar wavelets [12] are the simplest form of wavelets available. Haar wavelet transform
serves as prototype for all wavelet transforms. It can be used to compress signal and
removing noise [12]. Haar transform ݕ for n input function ݔ can be estimated as:
ݕ ൌ ܪ ݔ ǡ

(2.9)

where, ܪ is Haar matrix and ݔ is the n input function.
ܪ ൌ ܪଶே ൌ 

ܪே ٔ ሾͳǡͳሿ
൨ǡ
ܫே ٔ ሾͳǡ െͳሿ

(2.9a)

where, ܫே is identity matrix and ٔ is kronecker product
Haar functions are orthogonal in nature which helps them to analyse the frequency
components of the input signal. The length of input and output signal in a Haar transform
should be equal.
Haar scaling function co-efficient [15, p65-66]
݄ ൌ

ͳ
ξʹ

݄ଵ ൌ

ͳ
ξʹ

Haar scaling function
߶ሺݐሻ ൌ ݄ ξʹ߶ሺʹݐሻ  ݄ଵ ξʹ߶ሺʹ ݐെ ͳሻ.

(2.10)

Haar wavelet function co-efficient
݃ ൌ ݄ଵ ൌ

ͳ
ξʹ

݃ଵ ൌ െ݄ ൌ െ

ͳ
ξʹ

Haar wavelet function
߰ሺݐሻ ൌ ݃ ξʹ߶ሺʹݐሻ  ݃ଵ ξʹ߶ሺʹ ݐെ ͳሻ.

(2.11)

2.1.2 Daubechies wavelet
Daubechies wavelet [12] was discovered by Ingrid Daubechies. Daubechies wavelets are
compactly supported orthonormal wavelets [17]. These are the famous wavelet filters with
certain limits these filters can produce a perfect reconstruction. Daubechies wavelet consists
of different kinds of wavelets, such as Db4 (Daubechies 4 wavelet), Db6, Db8 and so on to
6

Db20. Db4 is the simplest wavelet among the Daubechies wavelet series. Db4 is one of the
method which deals with edges of finite periodic data sets [13].
The Db4 scaling and wavelet function co-efficient are given by[15, p79].
Db4 scaling function co-efficient
݄ ൌ

ͳ  ξ͵
Ͷξʹ

݄ଵ ൌ

͵  ξ͵
Ͷξʹ

݄ଶ ൌ

͵ െ ξ͵
Ͷξʹ

݄ଷ ൌ

ͳ െ ξ͵
Ͷξʹ

Db4 scaling function
߶ሺݐሻ ൌ ݄ ξʹ߶ሺʹݐሻ  ݄ଵ ξʹ߶ሺʹ ݐെ ͳሻ  ݄ଶ ξʹ߶ሺʹ ݐെ ʹሻ  ݄ଷ ξʹ߶ሺʹ ݐെ ͵ሻ. (2.12)
Db4 wavelet function co-efficient
݃ ൌ ݄ଷ ൌ

ͳ െ ξ͵
Ͷξʹ

݃ଵ ൌ െ݄ଶ ൌ

െ͵  ξ͵
Ͷξʹ

݃ଶ ൌ ݄ଵ ൌ

͵  ξ͵
Ͷξʹ

݃ଷ ൌ െ݄ ൌ

െͳ െ ξ͵
Ͷξʹ

Db4 wavelet function 
߰ሺݐሻ ൌ ݃ ξʹ߶ሺʹݐሻ  ݃ଵ ξʹ߶ሺʹ ݐെ ͳሻ  ݃ଶ ξʹ߶ሺʹ ݐെ ʹሻ  ݃ଷ ξʹ߶ሺʹ ݐെ ͵ሻǤ (2.13)
2.1.3 Coiflets wavelet
Coiflets wavelets were built by Ingrid Daubechies at the request of Ronald Coifman. Coiflets
wavelet belongs to the family of orthogonal wavelet. For the efficient implementation these
filters are compactly supported corresponding to finite impulse response filters. For both
scaling and wavelet functions these wavelets have high number of vanishing moments when
supported compactly. There are 2N moments of wavelet functions which are equal to zero
and 2N-1 moments of scaling functions which are equal to zero [18]. Coiflets consists of
different kinds of wavelets such as coif6 (Coiflets 6 wavelet), coif12 and so on to coif20.
The Coif6 scaling and wavelet function co-efficient are given by
Coif6 scaling function co-efficient
݄ ൌ

ͳ െ ξ
ͳξʹ

݄ଵ ൌ

ͷ  ξ
ͳξʹ

݄ସ ൌ

݄ଶ ൌ

ͳ െ ξ
ͳξʹ

ͳͶ  ʹξ

݄ହ ൌ
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ͳξʹ

݄ଷ ൌ

െ͵  ξ
ͳξʹ

ͳͶ െ ʹξ
ͳξʹ

Coif6 scaling function 
߶ሺݐሻ ൌ ݄ ξʹ߶ሺʹݐሻ  ݄ଵ ξʹ߶ሺʹ ݐെ ͳሻ  ݄ଶ ξʹ߶ሺʹ ݐെ ʹሻ  ݄ଷ ξʹ߶ሺʹ ݐെ ͵ሻ 
݄ସ ξʹ߶ሺʹ ݐെ Ͷሻ  ݄ହ ξʹ߶ሺʹ ݐെ ͷሻǤ

(2.14)

Coif6 wavelet function co-efficient
݃ ൌ ݄ହ ൌ

െ͵  ξ

݃ଷ ൌ െ݄ଶ ൌ

ͳξʹ

݃ଵ ൌ െ݄ସ ൌ

െͳͶ െ ʹξ
ͳξʹ

െͳ  ξ

݃ସ ൌ ݄ଵ ൌ

ͳξʹ
ͷ  ξ
ͳξʹ

݃ଶ ൌ ݄ଷ ൌ

ͳͶ െ ʹξ

݃ହ ൌ െ݄ ൌ

ͳξʹ
െͳ  ξ
ͳξʹ

Coif6 wavelet function
߰ሺݐሻ ൌ ݃ ξʹ߶ሺʹݐሻ  ݃ଵ ξʹ߶ሺʹ ݐെ ͳሻ  ݃ଶ ξʹ߶ሺʹ ݐെ ʹሻ  ݃ଷ ξʹ߶ሺʹ ݐെ ͵ሻ 
݃ସ ξʹ߶ሺʹ ݐെ Ͷሻ  ݃ହ ξʹ߶ሺʹ ݐെ ͷሻǤ

(2.15)

2.2 Fractional Fourier transform
The fractional Fourier transform (FrFT) is the generalized form of Fourier transform (FT)
which relies on order parameterܽ [19]. The FrFT with ܽ ൌ Ͳ is the identity operator and
ܽ ൌ ͳ is the normal Fourier transform operator. FrFT has found many applications in signal
processing, image processing, communications and wave propagation [19][20]. The ܽ௧ order
FrFT is the ܽ௧ power of ordinary FT. For an intermediate value, fractional angle ߙ ቀͲ ൏ ߙ ൏
గ
ଶ

 Ͳݎ൏ ߙ ൏ ͳቁ produces a rotated signal representation of time frequency domain. If FT is

denoted by F then the ܽ௧ order FrFT is denoted by ܨ . The zero order FrFT can be denoted
by ܨ , the  ܨ of function ݂ሺݐሻ will be equal to the function itself. The first order FrFT can be
denoted byܨଵ . First order FrFT of function ݂ሺݐሻ will be equal to the Fourier transform ܨሺɊሻ
where μ is frequency domain variable. The inverse of first order FrFT can be denoted asି ܨଵ .
FrFT contain identical Eigen functions as that of normal FT whereas eigenvalues are raised to
power of fraction [19].
The ܽ௧ order FrFT of the function ݂ሺݐሻ is denoted by ݂ ሺݑሻ and defined as
ஶ

݂ ሺݑሻ ൌ  ିஶ ܭ ሺݐǡ ݑሻ݂ሺݐሻ݀ݐǡ
where the kernel ܭ ሺݐǡ ݑሻ ൌ ܣఈ ݁ ሾగሺୡ୭୲൫ఈ௧

మ ൯ିଶ ୡୱୡሺఈ௧௨ሻାୡ୭୲൫ఈ௨మ ൯ሻሿ
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(2.16)
ǡ

(2.16a)

where ܣఈ ൌ ξͳ െ ݅ܿ ߙݐand ߙ ൌ

గ
ଶ

.

The cot and cosec function in the above equations deviates if ܽ is an integer multiple ofߨ.
If ܽ ൌ Ͷ݆ then
ܭ ሺݐǡ ݑሻ ൌ ߜሺ ݐെ ݑሻǤ
If ܽ ൌ Ͷ݆  ʹ then
ܭ ሺݐǡ ݑሻ ൌ ߜሺ ݐ ݑሻǤ
Whenܽ ് ʹ݆, the kernel ܭ ሺݐǡ ݑሻapproaches to a delta function
The ܽᇱ order transform of ܽ௧ order FT will be equivalent to ሺܽᇱ  ܽሻ௧ order FT [21]. If the
 ܨ is periodic with periodܽ ൌ Ͷ, then  ܨ ൌ  ܨାସ where ܽ is assumed to be real value and ݆
is integer. The operator  ܨଶ is equal to parity operator ܲ which maps ݂ሺݐሻ to ݂ሺെݐሻ and the
operator  ܨସ is equal to identity operator. The range of ܽ is confined toሺെʹǡʹሿݎሾͲǡͶሻ[21].
Applications of FrFT can be found in optimal information processing area. FrFT generalize
the concepts of time and frequency domains which results in many application in the field of
signal processing [19].

2.3 Data Encryption Standards
Data Encryption Standards was set up by International Business Machines (IBM) as a
research project in late 1960’s [22]. The result of the project was a cipher known as
LUCIFER.

Many

significant

changes

were

introduced

into

LUCIFER

before

commercializing in 1970’s. IBM seeks technical help from National Security Agency (NSA)
to implement the changes in LUCIFER. In 1977 LUCIFER was accepted as new national
encryption standards by National Bureau of Standards (NBS). Even to present day, there
exists a controversy on the changes made to LUCIFER and the most notable was key size
[22].
DES encrypts 64 bit data at a time as the block cipher used is of 64bits. Even though DES
accepts 64 bits key, we just use 56 bits as input and the rest 8 bits have no effect on DES
security and used for parity check. In each byte the least significant bit is used for parity
check and does not helps to increase the security standards [23].
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The DES encryption and decryption principles [23] are shown in fig 2.1.

Fig2.1: DES Encryption and Decryption Algorithm
The flowchart of the DES encryption algorithm [23] is shown in fig 2.2.

Fig2.2: DES Encryption Algorithm
10

Working Principle
Once the message to be sent is received, it is rearranged into blocks of 64 bits. The message
received is mapped among the 64 bits. If any of the bits are unoccupied then the zeros will be
padded. The initial permutations is performed on these 64 bit data and these bits are split into
two groups of each 32 bit sub blocks ܮ andܴ . Next these sub blocks are processed in 16
rounds. Each round is identical and effects in increasing sub blocks number in two-fold. Sub
blocks are passed through 16 rounds to eliminate correlation between the plain text and
cipher text. The 32 bit ܮ and ܴ are swapped at the end of 16th round to create a pre-output.
The pre-output is finally permutated with the exact inverse of the initial permutation to
receive the 64 bit cipher text [22]. DES decryption is an exact inverse of DES encryption
process.
2.3.1 Key Schedule

Fig 2.3: Key schedule of DES
Fig 2.3 shows the key schedule of DES. In key scheduling 48-bits of key is obtained from the
original 56-bit key. The 48-bit sub key is an input to the Feistel function block happening in
each round of DES encryption. Initially a 56-bits are chosen from the 64-bit data by
performing a Permuted choice 1(PC-1) and the rest 8-bits are used for parity check. Now the
56-bit key is split into two halves of 28-bits each. These 28-bits are treated separately and
11

shifted simply by left cyclic shift for once or twice depending upon the round number. The
Left cyclic shifted 28-bits of two halves are given as a input to Permuted choice 2(PC-2). The
PC-2 produces 48-bits sub key as an output which is given as input to Feistel function in each
round [22].
2.3.2 Feistel function
Feistel function is the main operation performed in each round of DES encryption algorithm.
A Feistel function accepts 32-bit and 48-bit data as an input and produces a single 32-bit
output. Feistel function consists of four stages namely Expansion, key mixing, substitution
and permutation. Fig 2.4 shows the stages Feistel function

Fig 2.4: Feistel function
E-box Expansion
In this stage the 32-bit input for each round is expanded and permuted to give 48-bits
necessary for combination with 48-bit key. The 32-bit input is converted into 48-bits by
splitting its inputs into eight 4-bit blocks. Now the first and fourth bit of each 4-bit block is
copied into the output in a defined manner along with 4-bit blocks. This results in 48-bits
spitted into eight 6-bit blocks [22].
Key mixing
The 48-bits obtained in an expansion stage is combined with 48-bit sub key with the help of
X-OR. The 48-bit sub key is derived from 56-bit key through key schedule [22].
S-box Substitution
The S-box substitution accepts 48-bits as input and produces the 32-bit output. In S-box
substitution we have 8 S-boxes; each S-box accepts only 6-bit blocks. The 48-bit block is
split into eight 6-bit blocks and fed to S-boxes. The output of an each S-box is a four bit
block which results in 32-bits of eight 4-bit blocks [22].
P-box Permutation
The 32-bit output of an S-box is simply permutated without changing the size of data. The Pbox maps one to one on input to output resulting in an output of 32-bit from the input of 32bits [22].
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2.4 Quality Measurement
The criteria’s used to measure the performance index of image compression are objective
fidelity criteria and subjective fidelity criteria.
2.4.1 Mean Square Error (MSE)
MSE is a one of the quality measurement parameter belonging to objective fidelity criteria.
MSE gives an average estimate of the energy lost in the lossy compression of the original
image. If the two images are consider to be affected by the same type of degradation, and
then the image with smaller MSE will be closer to the original image. However the MSE has
some problems when images with different types of degradations are compared.
The mean square error between the original image and the reconstructed image is given by
 ܧܵܯൌ 

ଵ
ெൈே

ଶ

ேିଵ
σெିଵ
ୀ σୀ ൫݂ሺ݉ǡ ݊ሻ െ ݃ሺ݉ǡ ݊ሻ൯ ǡ

(2.17)

where ݂ሺ݉ǡ ݊ሻ is original image, ݃ሺ݉ǡ ݊ሻ is reconstructed image and  ܯൈ ܰ is size of an
image [24].
2.4.2 Peak Signal to Noise Ratio (PSNR)
Peak Signal to Noise Ratio (PSNR) is an objective quality measurement of distortion. PSNR
uses a constant value to compare the noise against the fluctuating signal used in Signal to
Noise Ratio (SNR). Due to this reason the values received from the PSNR are treated more
meaningfully when compared with different image coding algorithms [24]. The unit of PSNR
is dB (decibel).
PSNR is defined as
ܴܲܵܰ ൌ ͳͲ ଵ 

൫ଶ್ ିଵ൯
ெௌா

మ

൨ ݀ܤǤ

(2.18)

For an 8 bit image, ܾ ൌ ͺ then
ܴܲܵܰ ൌ ͳͲ ଵ ቂ

ሺଶହହሻమ
ெௌா

ቃ ݀ܤǤ

(2.19)

2.4.3 Structural Similarity Index Metric (SSIM)
SSIM is an alternative method to evaluate the perceptual quality of an image. SSIM is an
objective image quality assessment metric used to predict the image quality. SSIM measures
the structural similarity between the two frames of original and reconstructed image. SSIM
takes the quality degradations from the structural information by comparing two frames [25].
SSIM is defined as
൫ଶఓೣ ఓ ାభ ൯൫ଶఙೣ ାమ ൯

ܵܵܯܫሺݔǡ ݕሻ ൌ ൫ఓమ

మ
మ
మ
ೣ ାఓ ାభ ൯൫ఙೣ ାఙ ାమ ൯
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ǡ

(2.20)

where ߤ௫ and ߤ௬ are the mean of  ݔand  ݕrespectively, ߪ௫ଶ and ߪ௬ଶ are the variance of  ݔand ݕ
respectively, ߪ௫௬ is the co-variance of  ݔand ݕ. ܥଵ ൌ ሺ݇ଵ ܮሻଶ and ܥଶ ൌ ሺ݇ଶ ܮሻଶ are the
constants used to avoid instabilities in the structural similarity comparison [25].
where  ܮis dynamic range of pixel values, ݇ଵ ൌ ͲǤͲͳܽ݊݀݇ଶ ൌ ͲǤͲ͵ by default.
The Mean SSIM (MSSIM) index is defined as
ܯܫܵܵܯሺܺǡ ܻሻ ൌ

ଵ
ெ

σெ
ୀଵ ܵܵܯܫ൫ݔ ǡ ݕ ൯ǡ

where  ܯis number of local windows in image [25].
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(2.21)

Chapter 3: Implementation
In this chapter, we will discuss about the step by step implementation procedure used in this
thesis. The block diagram of implementation procedure is shown in fig 3.1

Fig 3.1: Block diagram of implementation procedure

3.1 Input
The bio-medical grey scale image of 256x256 pixel resolution is selected as an input to the
wavelet transform in this thesis.

3.2 Processing Block
The processing block consists of various stages which are shown in fig 3.2 and explained in
section 3.2.1 to 3.2.9.

Fig 3.2: Flowchart of processing bock
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3.2.1 Selection of wavelets
In this step we will consider 3 wavelets namely Haar wavelet, Daubechies wavelet and
Coiflets wavelet. We have chosen Haar wavelet because Haar wavelet is the simplest form of
wavelets available [12]. Daubechies wavelet is chosen because Daubechies wavelets are
compactly supported orthonormal wavelets [17]. Coiflets wavelets are chosen as there are 2N
moments of wavelet functions which are equal to zero and 2N-1 moments of scaling
functions which are equal to zero [18].
3.2.2 Scaling and wavelet function of wavelet
We summarize the scaling and wavelet functions below.
Haar scaling function
߶ሺݐሻ ൌ 

ͳ



ͳ

൨
ξʹ ξʹ

Haar wavelet function
߰ሺݐሻ ൌ 

െͳ
൨
ξʹ ξʹ
ͳ



Db4 scaling function
ͳ  ξ͵ ͵  ξ͵ ͵ െ ξ͵ ͳ െ ξ͵




߶ሺݐሻ ൌ ቈ
Ͷξʹ
Ͷξʹ
Ͷξʹ
Ͷξʹ
Db4 wavelet function
ͳ െ ξ͵ െ͵  ξ͵ ͵  ξ͵ െͳ െ ξ͵




߰ሺݐሻ ൌ ቈ
Ͷξʹ
Ͷξʹ
Ͷξʹ
Ͷξʹ
Coif6 scaling function
ͳ െ ξ ͷ  ξ ͳͶ  ʹξ ͳͶ െ ʹξ ͳ െ ξ െ͵  ξ






ߔሺݐሻ ൌ ቈ
ͳξʹ
ͳξʹ
ͳξʹ
ͳξʹ
ͳξʹ ͳξʹ
Coif6 wavelet function
െ͵  ξ െͳ  ξ ͳͶ െ ʹξ െͳͶ െ ʹξ െͷ െ ξ ͳ െ ξ






߰ሺݐሻ ൌ ቈ
ͳξʹ
ͳξʹ
ͳξʹ
ͳξʹ
ͳξʹ
ͳξʹ
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3.2.3 Fractional Fourier transforms (FrFT)
In this stage we vary the scaling function and wavelet function of a selected wavelet by using
FrFT. To vary the scaling and wavelet function, we should select the fractional angle
ߙሺͲ ൏ ߙ ൏ ͳሻ at which FrFT would occur.
The FrFT of the wavelet is denoted by ܺఈ ሺݑሻ and is defined as follows
ஶ

ܺఈ ሺݑሻ ൌ ିஶ ߰ǡ ሺݐሻ ܭఈ ሺݐǡ ݑሻ݀ݐǤ

(3.1)

ܺఈ ሺݑሻ is the new wavelet that depends on the fractional angleߙ and ܭఈ ሺݐǡ ݑሻ is defined in
Eq.2.16a.
3.2.4 New wavelet
After modulating the scaling and wavelet function by using FrFT we get the wavelet family
with new scaling and wavelet function which is considered as new wavelet. Even after
modification, the new wavelet kernel remains same as kernel of old wavelet transform. For
every wavelet we selected at the initial stage we get a family of new wavelet after performing
FrFT. As we vary the fractional angle ܽ the scaling and wavelet function get altered which
results in a family of wavelet which are unique from one another.
3.2.5 Wavelet transform
In this step, the wavelet transform is performed on the input image ݓሺݐሻ by means of the
newly obtained scaling and wavelet function. The wavelet transform for the new wavelet is
defined as follows
ܹሺܽǡ ܾሻఈ ൌ ௧ ݓሺݐሻ ܺఈ ሺݑሻ

(3.2)

The data obtained after the wavelet transform is subjected to DES encryption.
3.2.6 DES Encoding
The data obtained from the wavelet transformation is encoded with DES. For more
information about DES encoding refer to section 2.3.
3.2.7 Channel
In this stage the data encoded with DES is passed through the channel, for example, in a biomedical case a data is sent from ambulance to hospital.
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3.2.8 DES Decoding
The code received from a channel is decoded by using the DES decryption process. DES
decryption is an exact inverse of a principle happening in a DES encryption process.
3.2.9 Inverse Wavelet Transform (IWT)
In this stage the signal in complex plane is converted into a signal in time domain by using
IWT. IWT is an exact inverse of process happening in wavelet transform.
Inverse wavelet transform is defined as
ݓሺݐሻ ൌ  

ଵ
మ

ܹሺܽǡ ܾሻఈ ܺఈ ሺݑሻܾ݀ܽ݀

(3.3)

3.3 Output
After performing the inverse wavelet transform the reconstructed image is obtained. The
performance of a reconstructed image is checked by using the parameters Peak Signal to
Noise Ratio (PSNR) and Structural Similarity Index Metric (SSIM). For more details about
PSNR and SSIM refer to section 2.4.
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Chapter 4: RESULTS
4.1 Results
4.1.1 Input image
Let us consider the image of 256x256 pixels in Fig 4.1 as an input image.

Original Image

Fig 4.1: Input image
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4.1.2 Original Scaling and wavelet functions
Fig 4.2 shows the plot of scaling and wavelet functions of the wavelets.
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Fig 4.2: a) Scaling and b) wavelet functions of Haar, Daubechies 4 and Coiflet 6 wavelets.
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The magnitudes and phases of frequency response functions (scaling function) for Haar,
Daubechies 4 and Coiflet 6 wavelets are shown in Fig 4.3 and 4.4, respectively
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Fig 4.3: Magnitudes of frequency response functions for Haar, Daubechies 4 and Coiflet 6
wavelets.
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Fig 4.4: Phases of frequency response functions for Haar, Daubechies 4 and Coiflet 6
wavelets.
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The magnitudes and phases of frequency response functions (wavelet function) for Haar,
Daubechies 4 and Coiflet 6 wavelets are shown in Fig 4.5 and 4.6, respectively
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Fig 4.5: Magnitudes of frequency response functions for Haar, Daubechies 4 and Coiflet 6
wavelets.

3

2

Phase (radians)

1

0

-1

-2

Haar
Db4
Coif6

-3

-4

-5

-6

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Normalized Frequency (uS rad/sample)

Fig 4.6: Phases of frequency response functions for Haar, Daubechies 4 and Coiflet 6
wavelets.
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To demonstrate effect of the fractional angle of FrFT on the scaling and wavelet functions we
calculate the hybrid scaling and wavelet functions for fractional angle ߙ ൌ ͲǤʹ according
Eq. 3.1. The coefficients of the hybrid scaling function are shown in Fig 4.7 a) and the hybrid
wavelet function based on these coefficients is shown in Fig 4.7 b)
4.1.3 Scaling function and wavelet function with extended FrFT
1.2

Original Haar
Original Db4
Original Coif6
Hybrid Haar
Hybrid Db4
Hybrid Coif6

1

Amplitude

0.8

0.6

0.4

0.2

0

-0.2

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

(a)
1

0.8

0.6

Amplitude

0.4

0.2

0

Original Haar
Original Db4
Original Coif6
Hybrid Haar
Hybrid Db4
Hybrid Coif6

-0.2

-0.4

-0.6

-0.8

-1

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

(b)
Fig 4.7: a) Scaling and b) wavelet functions of original and hybrid Haar, Daubechies 4,
Coiflet 6 wavelets.
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5

The magnitudes and phases of frequency response functions (scaling function) for original
and hybrid Haar, Daubechies 4 and Coiflet 6 wavelets are shown in Fig 4.8 and 4.9,
respectively
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Fig 4.8: Magnitudes of frequency response functions for original and hybrid Haar,
Daubechies 4 and Coiflet 6 wavelets.
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Fig 4.9: Phases of frequency response functions for original and hybrid Haar, Daubechies 4
and Coiflet 6 wavelets.
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The magnitudes and phases of frequency response functions (wavelet function) for original
and hybrid Haar, Daubechies 4 and Coiflet 6 wavelets are shown in Fig 4.10 and 4.11,
respectively

10

0

-10

Magnitude (dB)

-20

-30

-40

Original Haar
Original Db4
Original Coif6
Hybrid Haar
Hybrid Db4
Hybrid Coif6

-50

-60

-70

-80

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Normalized Frequency (uS rad/sample)

Fig 4.10: Magnitudes of frequency response functions for original and hybrid Haar,
Daubechies 4 and Coiflet 6 wavelets.
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Fig 4.11: Phases of frequency response functions for original and hybrid Haar, Daubechies 4
and Coiflet 6 wavelets.
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4.1.4 Decomposition of image using hybrid wavelets
The result of the decomposition of an image using Haar, Daubechies 4 and Coiflet 6 hybrid
wavelets is shown in Fig 4.12 a), Fig 4.12 b), Fig 4.12 c) respectively.

(a)

(b)

(c)
Fig 4.12: Decomposition of an image using hybrid (a) Haar wavelet, (b) Daubechies 4
wavelet, (c) Coiflet 6 wavelet.
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4.1.5 Reconstruction of original image using decomposed images
The result of the reconstructed image using Haar, Daubechies 4 and Coiflet 6 hybrid wavelets
is shown in Fig 4.13 a), Fig 4.13 b), Fig 4.13 c) respectively.

(a)

(b)

(c)

(d)

Fig 4.13: Reconstructed image using (a) hybrid Haar wavelet, (b) hybrid Daubechies 4
wavelet, (c) hybrid Coiflet 6 wavelet and (d) Input image.
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The image quality measurement parameters PSNR & SSIM values for the varying fractional
angleߙare plotted in Fig 4.14 and Fig 4.15 respectively.
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Fig 4.14: PSNR values for the reconstructed image plotted against the fractional angle for
hybrid Haar, Daubechies 4 and Coiflet 6 wavelets
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Fig 4.15: SSIM values for the reconstructed image plotted against the fractional angle for
hybrid Haar, Daubechies 4 and Coiflet 6 wavelets
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4.1.6 Application of the proposed method on the downsampled versions of the original
image.
Case 1 – Input image size 128x128
The input image size was downsampled (from 256x256 pixels) to 128x128 pixels and the
proposed method was repeated. The image quality measurement parameters PSNR & SSIM
values for the varying fractional angleԢߙԢare plotted in Fig 4.16 and Fig 4.17 respectively.
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Fig 4.16: PSNR values for the reconstructed image of size 128x128 plotted against the
fractional angle for hybrid Haar, Daubechies 4 and Coiflet 6 wavelets
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Fig 4.17: SSIM values for the reconstructed image of size 128x128 plotted against the
fractional angle for hybrid Haar, Daubechies 4 and Coiflet 6 wavelets
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Case 2 – Input image size 64x64
The input image size was downsampled (from 256x256 pixels) to 64x64 pixels and the
proposed method was repeated. The image quality measurement parameters PSNR & SSIM
values for the varying fractional angleԢߙԢare plotted in Fig 4.18 and Fig 4.19 respectively.
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Fig 4.18: PSNR values for the reconstructed image of size 64x64 plotted against the
fractional angle for hybrid Haar, Daubechies 4 and Coiflet 6 wavelets
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Fig 4.19: SSIM values for the reconstructed image of size 64x64 plotted against the fractional
angle for hybrid Haar, Daubechies 4 and Coiflet 6 wavelets
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4.1.7 Box plots for PSNR and SSIM:
The experiment results in sec 4.1.2 to 4.1.6 are acquired for a single image. In this section the
set of PSNR and SSIM values for ten test images are represented in the form of boxplots.
Fig 4.20 shows the box plot of PSNR for Haar wavelet

Fig 4.20 Box plot of PSNR for Haar wavelet
Fig 4.21 shows the box plot of SSIM for Haar wavelet

Fig 4.21: Box plot of SSIM for Haar wavelet
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Fig 4.22 shows the box plot of PSNR for Daubechies 4 wavelet

Fig 4.22: Box plot of PSNR for Daubechies 4 wavelet
Fig 4.23 shows the box plot of SSIM for Daubechies 4 wavelet

Fig 4.23: Box plot of SSIM for Daubechies 4 wavelet
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Fig 4.24 shows the box plot of PSNR for Coiflet 6 wavelet

Fig 4.24: Box plot of PSNR for Coiflet 6 wavelet
Fig 4.25 shows the box plot of SSIM for Coiflet 6 wavelet

Fig 4.25: Box plot of SSIM for Coiflet 6 wavelet
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4.2 Discussion
In our discussion the image reconstruction was carried out using Haar wavelet, Daubechies
wavelet and Coiflet wavelets. The ideal values for SSIM and PSNR for a given wavelet are to
be relatively high when compared to other wavelets for the better reconstruction. SSIM
represents the similarity of the reconstructed imaged to the original image and must be ideally
close to unity. Also PSNR represents the amount of signal and noise components in an image
it must be positively high. A supplementary analysis was also done on 128*128 and 64*64
images to observe the performance of the wavelets.
In our analysis it was observed that the Daubechies has better performance in terms of PSNR
for fractional angle ߙ ൌ ͲǤͳͲݐǤͶ and Haar has better performance for fractional angle
ߙ ൌ ͲǤͶͲݐǤͻǡ compare blue and green plots in Figs. 4.14, 4.16 and 4.18. Coiflet has worst
performance of the three analysed wavelets according to PSNR criteria, which can be
observed in Figs 4.14, 4.16 and 4.18. However Daubechies out performs the other hybrid
wavelets at ߙ ൌ ͲǤͳͲݐǤʹͷǤ
Daubechies has better performance in terms of SSIM for fractional angle ߙ ൌ ͲǤͳͲݐǤͶ and
Haar has better performance for fractional angle ߙ ൌ ͲǤͶͲݐǤͻǡ compare blue and green
plots in Figs. 4.15, 4.17 and 4.19. Coiflet has worst performance compared to Daubechies and
yields a slightly better result from ߙ ൌ ͲǤͳͲݐǤʹͷ compared to Haar wavelet, which can be
observed in Figs 4.15, 4.17 and 4.19. Based on the statistical analysis using box plots, the
order of performance is given as
ݏ݄ܾ݁݅ܿ݁ݑܽܦͶ ݐ݈݁݁ݒܽݓ ݐ݈݁݁ݒܽݓݎܽܽܪƬݏ݄ܾ݁݅ܿ݁ݑܽܦͶ ݐ݈݁݁ݒܽݓ ݐ݈݂݁݅ܥݐ݈݁݁ݒܽݓǤ
 ݐ݈݁݁ݒܽݓݎܽܽܪ ݐ݈݂݁݅ܥݐ݈݁݁ݒܽݓǤ
݅Ǥ ݁Ǥǡ

ݏ݄ܾ݁݅ܿ݁ݑܽܦͶ ݐ݈݁݁ݒܽݓ  ݐ݈݁݁ݒܽݓݎܽܽܪ ݐ݈݂݁݅ܥݐ݈݁݁ݒܽݓǤ

The above results are consistently true for the low resolution images also (64*64 and
128*128). But when compared them with the high resolution images, the performance of
Low resolution images are low based on the depleted value of PSNR and SSIM. The main
reason for this is attributed to the pixel stretching and loss of valuable data when the
resolution of an image is reduced.
4.2.1 Boxplot analysis for PSNR and SSIM:
In a boxplot analysis of PSNR the lower and higher part of a plot gives the range of PSNR in
each case. From the Figs 4.20, 4.22, 4.24 the maximum values of PSNR for Haar, Db4 and
Coif6 wavelets are 28dB at ߙ ൌ ͲǤͺ, 35dB at ߙ ൌ ͲǤʹ and 17dB atߙ ൌ ͲǤͳrespectively.
From the statistical analysis it clearly shows that Db4 produce the maximum PSNR
performance at ߙ ൌ ͲǤͳͲݐǤʹͷ on an average for ten images represented in the boxplot. The
case is similar for SSIM since the upper and median values for SSIM are closer to unity for
Db4 compared to that of Haar and coif6 wavelets.
Since the analysis is carried out for ten images instead of one image, we conclude that the
results are consistent.
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Chapter 5: Conclusion and Future Scope
5.1 Conclusion
In this thesis, we studied the image Reconstruction using wavelet transform with extended
fractional Fourier transform. We focused on 3 kinds of wavelets namely Haar wavelet,
Daubechies wavelet and Coiflets wavelet. These are the wavelets used to study the efficiency
of the reconstruction algorithms.
The image quality parameters such as Structural Similarity Index Metric (SSIM) and Peak
Signal to Noise Ratio (PSNR) are used to measure the efficiency of reconstructed image.
From statistical analysis of results it can be concluded that Daubechies wavelet had the better
performance compared to other wavelets at Fractional angle ߙ ൌ ͲǤͳͲݐǤʹͷǤ

5.2 Future Scope
Our proposed method can be evaluated on different wavelets and results can be compared.
Since each wavelet has its primary applications in beam forming, speech recognition, noise
cancellation etc., the modified wavelet obtained by our proposed method can also be used for
such applications.
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