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by Ericsson; in the following pages I’ll introduce a 

Markov process which models the spread of 

information in such systems. The results will be 

verified by means of a discreet-event simulation] 
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1 INTRODUCTION 
 

 

1.1 Where the problem is born 
 

 

 When designing systems to offer services to clients one has two options: either to 

have a system for each client or to design a single system for all, which can offer 

multiple clients their service based on the Service Level Agreement (SLA) they hold. 

In this thesis the latter design approach is in focus. 

 

Due to high level of requests and economic considerations such a system cannot not be 

a single server or have any centralized managing unit (we focus on large systems 

only). As a result, the system will have to be composed of several self-organizing 

computer servers referred to as nodes. Each node has a list including—but not limited 

to—variables, their versions and the corresponding Time To Live (TTL) which is the 

primary concern in this thesis. Nodes have other kind of information which are not 

relevant here. This list serves both as the database of updated information and also as 

an indicator of another nodes existence: if the version of a variable is not updated 

within a period, it will be removed from other nodes’ list of variables thus making the 

corresponding node forgotten by all the members of the system. 

 

 

Variables cannot exist independently, even when they contain no information. They 

necessarily belong to a node, carrying the information to be communicated, and they 

are accompanied by their version and TTL. The version of a variable will be 

incremented when either the variable is updated or TTL=0. Each update to a variable is 

valid for only a limited time interval which is referred to as Time to Live or TTL 

value. Each time the variable is communicated to other nodes TTL is decremented 

until it is null. If there’s no update within this time interval the version of the variable 

is automatically incremented.  

 

SLA is a contract purchased by each client; it entitles them to a specific rate of service 

that offers either a portion, which is often the case, or the entire of the processing 

capacity of the system. Since the SLA rate of service always has to be kept at its 

precise value, and such a system is totally decentralized; each node not only has to 

process requests but also needs to gain some knowledge of the amount of service that 

other members (nodes) are providing each client. In order that nodes can update their 

state of knowledge about the rest of the system, different protocols could be made use 

of. The Ericsson team has chosen the Gossiping Protocol (see section 1.2) as the 

primary option for this purpose. The concern of this thesis is hence to study and 

examine the behavior of the gossiping protocol prior to implementation. 

 

 

Ericsson expects that large improvement can be made in handling such systems 

compared to present algorithms —I quote Pär Karlsson of Ericsson directly regarding 

the disadvantages as I can find in the invention disclosure I have received from him: 
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 Hardware (and software) instances can come and go, for example due to 

malfunction/upgrades, at arbitrary points in time. 

 

 The distribution of traffic (load balancing) of requests over the available 

hardware can be non-uniform. 

 

 Synchronizing the state of the traffic control mechanism in the different 

servers can be very costly in regards to available network bandwidth and 

number of messages needed to reach synchronized state. 

 

 

 

The use of gossiping protocols is considered by Ericsson to be the solution because of 

the following—paraphrased or quoted directly from the invention disclosure: 

 

 

 This approach helps enforcing traffic limits to avoid an overload 

problem. 

 

 This solution making use of Gossiping protocols sets guaranteed service 

level agreements thus enabling multiple users sharing the same 

hardware. 

 

 Enabling pay as you grow licensing model. (As such, clients are able to 

increase the rate of service they are provided with buy purchasing a new 

license.) 

 

 

 

1.2 Gossiping protocols—an overview 
 

 

 

   My thesis deals with a very specific type of protocols, namely, Gossiping Protocols. 

This class of protocols could be found in different layers of computer networks. They 

make use of inherent randomness of some kind, in order to achieve a specific goal, 

which in our case is to spread some information to each and every node in the system.  

 

Gossiping protocols are implemented to a variety of ends based on a broad range of 

underlying complications such as ‘Network Topology’ and etc.  As a result there are 

many prior design factors involved which can affect the behavior of a specific gossip-

based protocol (see [8]). A researcher needs to consider precisely and attentively what 

are the specifications and properties of the distinct GP he’s studying, in part because 

one is expected to find emerging deterministic behaviors even in the face of chaos, let 

alone the existing imprecision of current random number generators. In consequence, 

the preselected unchangeable properties of the system affect the outcome of the 

analysis so much as not to make them negligible. 

 

The gossiping protocol we are concerned with to study is one which has been designed 

and meant for implementation with very distinctive properties and for a very specific 
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use, that is, to update the state of knowledge of a system of nodes that collectively are 

supposed to process incoming requests and return their outcome. Therefore general 

case results—as few and insufficient as they are by the time I’m writing this thesis—

are of no use here except for some conjectures on the number of transmissions needed 

to propagate information in a push&pull gossip protocol (see [1]) which may appear 

interesting to the Ericsson team. 

 

In the following chapters, in order, a background will be given of what has been done 

before this thesis was being written. Afterwards under ‘Research Methodology’ I’ll 

explain my approach to the problem as well as the research methodology made use of 

in the context of this writing; I’ll elaborate and expand on the presuppositions, 

specifications, preselected conditions and distinctive features of the problem which 

I’m concerned to solve. Very much of the information comes directly from Ericsson. 

Next comes the chapter ‘Results and Analysis’ in which; on the one hand, I’ll provide 

the reader with a model of the problem as well as the mathematical proofs for it. On 

the other hand, I’ll analyze the results and compare them with simulated outcomes, 

thus verifying them in a manner which is the academic routine in this field. Finally I’ll 

discuss and conclude under their respective heading.  
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2 BACKGROUND 
 

In general when it comes to gossiping protocols a comprehensive and general case 

analysis technique has not been found yet (see [13]). Even though some efforts have 

been made to bring this topic under a theoretically unified form, yet due to different 

design factors in implementation it’s hard for one to judge correctly if what he finds in 

the literature or journals predicts the protocol’s behavior significantly well. However 

that should not be unexpected for the following reasons: 

 

Firstly, when examining deterministic protocols—all classes of protocols in which 

probabilistic elements are not inherent—one can always make sure how several factors 

combine to shape the prospective behavior. That is not the case with protocols 

involving random decisions as there will be design parameters which can affect the 

significance of randomness in the protocol, resulting in emergence of structures as well 

as substantial changes in behavior of the system (see [12]). 

 

Secondly, gossiping protocols are implemented with an intended functionality and on 

different systems. This makes them deal with different kinds of data and functions in 

nature; therefore, even if a unified theory of gossiping should exist it cannot be 

independent of the system in which it is supposed to function. 

 

Thirdly and most importantly, presupposing the propagation of information to follow a 

logistic function of some kind doesn’t seem to be a correct approach because the 

logistic function is observed in phenomena where agents contributing to the growth or 

the spread of an element do so in a manner not similar to the gossiping protocol. 

However random the agents and their growth may appear to be, yet the contingent 

factors are completely different; the mice do not reproduce synchronically in a round 

after all! As a result the spread of viruses and the spread of information in a network 

are entirely different unless the network grows very large in size.  

 

 

Nonetheless, this thesis is an attempt to explain the whole phenomenon of random 

information propagation (or in other words, how a piece of information spreads) by 

means of a recursion, because a recursion reflects the step-by-step mechanism of 

propagation more precisely as its very nature is to yield sequences of numbers in 

consecutive steps. However, prior to further analysis, it’s best to have an outline of the 

investigations and studies previously carried out so as to gain a better understanding of 

the problem.  

 

As of now, many gossip protocols have been designed and implemented. Depending 

on their function, they fall into three categories (see [11] & [17]). Ken Birman’s paper 

[11] defines these categories in the most understandable form possible: 

 

 

(1) Event Dissemination (rumor-mongering)  protocols: These use gossip to 

spread information; they basically work by flooding the nodes in the network, but in 

a manner that produces bounded worst-case loads: 
 

a) Event dissemination protocols use gossip to carry out multicasts. They report 

events, but the events don’t actually trigger the gossip (since gossip runs 

periodically). One concern here is the potentially high latency from when the 

event occurs until it is delivered. 
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b) Background data dissemination protocols continuously gossip about 

information associated with the participating nodes. Typically, propagation 

latency isn’t a concern, perhaps because the information in question changes 

slowly or there is no significant penalty for acting upon slightly stale data. 
 

(2) Anti-Entropy protocols for repairing replicated data, which operate by 

comparing replicas and reconciling differences. 
(3) Protocols that compute aggregates, or that accomplish some task as a side-

effect of computing an aggregate. These operate by sampling information at the 

nodes in the network and combining the values to arrive at a system-wide value, for 

example, the worst case load on any node in the system, or the best match with 

some search pattern. 
 

 

Furthermore, Rena Bakhshi et al. explain that communication protocols based on 

epidemic techniques “show complex and often unexpected behavior when executed on 

a large scale.”  They develop an analytic model to make predictions about “ two 

properties characterizing the protocol: the number of replicas of a given item in the 

network at a certain moment in time (replication), and the number of nodes that have 

‘seen’ this item over time (coverage).” The model is dependent on the cache size and 

the size of the information set being gossiped about. The handshake in the gossiping 

protocol they study is not exactly the same as the protocol studied in this thesis. While 

in our case, nodes check with each other to know about the other node’s new version 

of variables, in theirs “a node initiates a contact with its random neighbor, pulls a 

random subset of items from the contacted node, simultaneously pushing its own 

random subset of items.”[8] In other words, information dissemination has different 

constraints from ours. The advantage with their model is that, in contrast to ours, 

several items can be gossiped about in the same round.  

 

 

Lorenzo Alvisi et al. [14] expand on five assumptions under which gossip protocols are 

supposed to operate:  
 

 

I. “In a gossip protocol, participants gossip with one or more partners at fixed time 

intervals.” 
II.  “There is a bound on how many updates are concurrently propagated.” 

III. “Every gossip interaction is independent of concurrent gossiping between other 

processes.” 
IV.  “Any two processes can discover each other independently of the gossip 

mechanism.” 
V.  “Process select gossip partners within a round in an unpredictable random-like 

fashion.” 
 

 

In addition, they go on telling that a fully synchronous network or process is, in 

practice, never assumed. Design parameters can disrupt synchrony even if it should 

exist. “ If, for example, gossip intervals were made very short compared to network 

latencies and CPU processing times, then most published analyses of gossip would 

certainly not apply.”[14]  

 

Moreover, they discuss congestion and buffer overload as an important problem that 

should be handled when designing gossip protocols for implementation. How does the 

protocol manage an unexpected need to disseminate a lot more rumors than the 

network capacity? Congestion seems inevitable. One proposed approach as a solution 

is to add a resource manager to the system (see [14] and [17]). 
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Scalability of gossip protocols in general, and under all implementations, to the best of 

my knowledge, is still not fully established; however, it is a requirement of any gossip 

protocol to be implemented. Non-functional properties of gossiping protocols are very 

specific and heavily depend on design parameters of the protocol and the network (see 

[12]). As Rena Bakhshi et al. [12] write, “Gossiping protocols tend to contain several 

design parameters that can influence the non-functional properties of these protocols, 

e.g., performance, robustness and fault tolerance. Values of these parameters are 

usually determined empirically, without a proper understanding why the protocol 

performs well for these values, and without any certainty that these values are close to 

optimal or robust choices. Thorough experimental analysis in [49] has shown that the 

emergent behavior of gossiping protocol may vary substantially by changing only a 

few design parameters.”     

 

My investigation shows that scalability would be observed most when there are a large 

number of nodes. Yet this result is based on, at least, one underlying assumption, that 

is, the local knowledge of a node (the list of all other nodes) can grow without making 

the node run out of resources. On the whole, the model I will present in this thesis 

provides a lower bound for the rate of propagation compared to which no other model 

is as pessimistic (with regard to the logistic function which is assumed to be the basis 

of replication and propagation in different contexts)! The real case in implementation 

should be a lot better. 

 

 

Finally I’ll give a brief introduction to other design parameters whose effects on the 

eventual behavior of the system will be left to further investigation. I would quote 

Rena Bakhshi et al. [12] directly where no better definition could be given: 

 

 

 

 Latency: the delay of the channel of communication, which is independent 

of the protocol itself. 

 Multiple gossiping: the spread of several pieces of information in the 

same round. 

 Convergence: “convergence of the system parameters to some values and 

convergence of the system structure to some particular type of graph.” 

 Degree distribution: the number of nodes which are in the vicinity of a 

node and can share information with it. 

 Clustering Coefficient: “expresses a ratio of the number of links between 

the node’s neighbors to the number of all possible links between them.” 

 Shortest path length: “the minimum number of edges that must be 

traversed to go from one node to the other.” 

 Robustness: “the ability of a gossiping protocol to maintain correct 

system operation in the face of massive node crashes and node churn.” 

 Graceful degradation: “large number of node failures in the system may 

affect its operation. However, performance, functionality, and reliability 

of gossiping protocols should not drop rapidly as the number of failures 

increases.” 

 Elasticity: “robustness of the well-operation of the systems in face of 

largely varying node capabilities in terms of memory, bandwidth and 

connectivity.” 



  7 

3 RESEARCH METHODOLOGY 
 

In the beginning, to gain an insight into the nature of protocols in general and 

gossiping protocols in particular:  

 

On one hand, I went through a Systematic Literature Review (SLR) during which 

process I read a wide range of academically established material on Networks 

Infrastructure and Protocols. I also studied a great many peer-viewed journal articles—

whose list can be found in the reference section. 

 

On the other hand, to fulfill the need of having an understanding of the Ericsson’s 

invention in general, and also figuring out where the problem stands with respect to the 

whole picture, that is to say, the very properties and specifications of the system 

Ericsson planned to implement altogether, I had many discussions with Pär Karlsson 

of Ericsson as well as my adviser Pr. H. Lennerstad of BTH—all of them held at 

Ericsson or at Pr. H. Lennerstad office. The insight I’ve gained and the information 

I’ve received on the aforementioned invention helped me so much as to be able to 

carry on with doing this thesis.  

 

Concerning the information I’ve received, I should say that, patent protection requires 

me to keep pretty much of it undisclosed. However, due to the purely academic nature 

of what I’m expected to write, that restriction could be abided by while writing this 

thesis. 
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4 RESULTS AND ANALYSIS 
 

 

 

This chapter will be concerned with defining, solving, and analyzing the Gossiping 

Protocol as well as thorough verification of the outcomes by means of simulation.  

 

The first subsection of this chapter deals with defining the problem. Then the reader 

will be provided with a model whose derivation will be explained and proven 

systematically. Afterwards, the model will be solved numerically—due to the 

complexity of the recursion—by means of a computer software package written 

exclusively in order to find the solution to the aforementioned model. Furthermore, I’ll 

analyze the solution and compare the results with the simulated scenario so as to verify 

the outcomes—there is an application I’ve prepared also to simulate the Gossiping 

Protocol. I’ve saved both applications on a DVD-ROM which comes along with this 

thesis. The commented computer codes to both applications can be found in the 

appendix section.  

 

 

 

4.1 Definition of the problem 
 

 

Imagine a system of interconnected computers, called Nodes, in a fully connected 

network; that is to say, all nodes are connected to each other directly—so far as we 

need to assume—such a system is called a Grid. 

 

Before we go any further I should explain how such a system is formed—in which all 

nodes are alike in all respects. Reaching a gossiping system such as this requires the 

whole set of computers to go through a prior phase of making friends—this phase is 

not the concern of this thesis as a whole grid does not exist until it is fully 

accomplished. Nonetheless, it isn’t impossible to make some predictions about this 

phase based on the model provided in this writing; the following describes the process.  

 

Nodes in accordance with their fame in the beginning of the system’s lifespan are 

divided into two categories: Seeds and non-seeds. Seeds are those nodes which are 

known to all other nodes in the very beginning and for all the time, they will never be 

forgotten by anyone. Non-seeds are those other ones which—in the beginning of the 

process—know of no other node except the seeds. When the system starts running 

from scratch, all nodes will get in touch with the seeds and vice versa, through which 

the existence of all other nodes is figured out by each node. In other words, seeds 

prevent the occurrence of permanent clustering in the system. Thus a grid of nodes, all 

of which are friends with each other, is formed.  

 

This imaginary system of nodes in a grid at some point in time, for some certain reason 

or even as a defining characteristic should keep each node updated as to the state of 

knowledge, in all other nodes with respect to some certain piece of information. In 

other words, when a certain node has some new information all other nodes need to be 

notified, in some way, about the contents of it. There already exists a variety of 

protocols, such as Multicasting, in order to achieve this objective in the system, yet not 
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all of them appear to be practical in implementation because of many reasons such as:  

Scarcity of System Resources, or Contingent Obstacles.  

 

Gossiping protocol is one solution to obtain this state of the system in which all nodes 

are updated about a new piece of information which has just been born on a certain 

node—other solutions are irrelevant in this writing as Ericsson is concerned with the 

use of gossiping protocol only. Nodes make calls to each other on a random basis in 

order to spread a new piece of information to other nodes. This protocol can be 

designed in various ways and with certain specifications and implementation 

properties, so is the case with what Ericsson has in the mind. The following introduces, 

in as short statements as possible, a list of those specifications which I’ll need to model 

the protocol and the system: 

 

 

1. We consider each node/server as some vertex in a graph of n vertices. 

2. Each node keeps a list of variables it has received from the other nodes. 

3. ‘Seeds’ are nodes which are known to all other nodes by default. 

4. In the beginning each node starts learning about non-seed nodes through 

the seeds. (see figure 1) 

5. The system can have many seeds. 

6. After learning about the other nodes, one node can reach them directly. 

7. All nodes communicate through a handshake which depending on the 

involved nodes could consist of 2 or 3 messages. 

8. Nodes can reach each other simultaneously. 

9. Each variable on a node has a certain TTL (see chapter 1.1). 

10. TTL=0, implies that the variable and as a result the node will be forgotten 

by all nodes in the system. 

11. Seeds’ variables have TTL=∞. 

12. Nodes update the version of their variables after a while in order to avoid 

being forgotten. 

13. The time it takes on a receiving node to process variable is assumed to be 

zero. 

14. Each node picks only one other node at a time, with equal probability –

while doing so it treats all other nodes alike, that is it follows a uniform 

distribution. 

15. Each node waits for 500 milliseconds before initiating a new handshake—

whose value is preselected by the administrator and can be changed if 

needed, but it stays accessible to all other nodes in the meantime. 

16. A schematic of the handshake process can be seen in figure 2. 

17. If a node’s information about another node is not updated for a while the 

latter node is forgotten. 

18. No node selects itself for handshake. 

19. Each node initiates a handshake only once in each 500 millisecond 

interval. 

20. There is an upper bound of 1000 mess/sec for the total number of 

messages and     bytes for the total size of messages a node is capable of 

sending and receiving within each connection interval. 

21. The average message size in the system is     bytes. 

22. The maximum message size in the system is      bytes. 

23. The number of messages takes a higher priority in comparison with their 

size when it comes to calculate the efficiency of the DRL. That is to say, 

as long as the number of messages stays constant it doesn’t matter how  

24. One divides some bytes of information between them.  
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4.2 Deriving a model for the protocol 
 

 

 

In this part I’ll explain deductively how I’ll arrive at an equation which I found to 

be a reliable model for the spread of information born instantly on a certain node. 

Before doing so, I need to introduce the parameters of the model which constitute the 

nature of the gossiping protocol which I’m concerned to examine.  

 

 

The parameters of the model consist in; n, h and k which in order denote the total 

number of nodes(n) involved in the process of gossiping, the number of rounds(h), and 

the total number of nodes(k) who possess a piece of information by the round h. 

 

I also need to introduce the concept of a state and the corresponding Markov 

Transition Probabilities. To be more specific, I would say that the whole model is 

based on a Markov chain which consists of states and transition probabilities. Each 

state is defined as having k nodes with the information in the round h. I will assign a 

Markov probability to this state denoted by        . More precisely, P is the 

probability that k nodes have the information after h handshakes. We assume only one 

handshake in each round, as a result each state—except for the second state—can be 

reached from 2 lower states only (further on when the model is solved numerically I 

shall explain that indeed one can expect to reach each state from a variety of other 

states with a reliable probability), these two states are as follows: 

 

 

 

 

           This is the probability that we have k nodes carrying the 

information in the previous round (h-1) also; therefore by moving one 

round ahead the information does not spread.  

 

 

             Denotes a state probability from which the information 

will spread in the next round. 

 

 

Note: The system is in state (k,h) if h rounds have passed and there are 

exactly k nodes that have the information. 

 

 

 

   

 

 

Gossiping is basically done in a periodic manner, such that all nodes start gossiping 

synchronically at the same time—round—then give up until the next round; Even 

though fully synchronized nodes are hard to be found, yet the model should predict the 

system’s behavior satisfactorily. As for the transition from one round to the other or 

from one state to another there’s a probability that can be obtained deductively as will 

be explained further on. 
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Moreover, one should note that in the beginning each handshake is equivalent to a 

round so I will use these terms interchangeably until we come to the point—as we 

will—when they imply different concepts. 

 

 

 

Now let’s assume that we have n nodes and that         is the probability that k nodes 

have the information after h handshakes that is equivalent to a round. The probability 

that no node gets the information in the next round/handshake, if k nodes already have 

it, is: 

 

 

 

 

       
                     

       
                                              (1) 

 

 

 

Proof. Each handshake requires two nodes to be involved and depending on the nature 

of the handshake it’s either transmitting the information
1
 or non-transmitting, the non-

transmitting handshakes’ count—by rules of combination—can be obtained as  

( 
 
)  (   

 
) . Finally we know that we have ( 

 
) options for a single handshake, thus 

dividing the two expressions and simplifying yields the above fraction. 

 

 

Note: each set of N nodes is divided into two distinct subsets; the set of nodes 

having the information being gossiped about and the set of nodes that don’t. In a non-

transmitting handshake the nodes on both sides of it have to occur in the same 

category simultaneously hence the spread of information doesn’t occur. If k nodes 

possess the info—up to round h—then n-k nodes are unaware of it. 

 

 

 

  

On the other hand, if we are supposed to face the spread of information we’ll have the 

complement of the above probability, therefore by subtracting from unity and 

simplification we arrive at the following: 

 

 

 

 

 

           
                     

       
   

 

 
 
   

   
                (2) 

 

 

 

 

 

As we assumed on page 9, each state was supposed to be reached from two other states 

only. Thus far, we have the transition probabilities of spread and non-spread cases, 

                                                      
1
 Also used as rumor interchangeably.  
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however, there’s one other point to make; one should note that when the info spreads 

in the next handshake, the system state will change from                     

therefore in the equation (2) we will have to insert k-1 instead of k. 

 

 

 

Here is the Markov chain we can deductively obtain to explain the evolution of the 

system’s state: 

 

 

 

                     

                                                                                                                                       (3) 
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         With the initial conditions set as:  

 

 

 

                                                                                                     (4) 

 

 

 

Now, we need another adjustment so that our model is the desired one. Henceforth, a 

round is a different concept from a handshake. Each round is a time interval during 

which n handshakes occur. Handshakes retain the same definition, that is, a link 

between the nodes to communicate information. Here the n instances h=Hn+1… h= 

(H+1).n will correspond to H steps or rounds if we consider n handshakes during one 

step. The distribution in this latter case, denoted         , is approximated with the 

probability                  , where i=1, 2, 3…. In other words, when solving the 

problem numerically, if n=100 and h=10; what the computer is actually calculating is 

the state and transition probabilities          when iH=100, iH=200…iH=1000, 

which in order yield                          . The output will be the latter 

sequence. 

 

 

 

Proof of equation 3: Assume that to be in states      ,          and         
has probabilities        ,             and          . As there is only a single 

handshake in each round, either the information spreads or doesn’t, however, the 

probability of each case is not the same. If the information doesn’t spread, there is a 

transition probability of (    
 

 
 
     

   
) for the system to move from state      

   to     . If it does,    
   

 
 
       

   
  would be the transition probability for the 

system to change its state from           to     . Therefore equation (3) is 

proved. 
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Figure 1, shows the states as well as the transition paths from and to each state in a 

single handshake model that is to say. One can observe that the model requires the 

states to remain between the red and the blue lines. 

 

 

 

 
 Figure 1. Generated states from the recursion. 

 

 

 

The blue line implies that no piece of information is entirely forgotten throughout the 

network. In other words, there is at least one node which knows about it all the time. 

On the other hand, rumors ar never spread without a handshake. The states on the 

redline in figure 1, represent this condition, that is, 

 

 

 

                           
 

 

Or  

 

 

                              
 

 

 

By means of this model we can calculate the expected number of nodes having heard 

about the rumor by a certain round h involving the occurrence of n handshakes instead 

of one: 

 

 

 

 

 ̂       ∑          
 
                                                            (5) 
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The expected—or the mean—number of rounds one may anticipate to wait so that the 

information makes it to all the nodes is obtained likewise—in equation (5) we will 

consider k=n. However, k could be given any value so as to calculate the mean time it 

takes to reach an arbitrary percentage of nodes in the system: 

 

 

 

 

 

 ̂       ∑          
 
                                                        (6) 

 

 

One should also note that the sum of all state probabilities in a certain round equals to 

unity, as it should; the whole system has to be in a state anyhow. As such, we’ll have: 

 

 

 

∑                              
                                                               (7) 

 

 

 

4.3 Numerical solution of the model 
 

 

 

Here I’ll explain how the model is solved numerically; virtually expanding on how 

the outcome is produced from the model by the application code written exclusively to 

solve it—the code along with comments can be found in the appendix. The application 

itself is enclosed as well, so that Ericsson team as well as any other reader can generate 

the output based on their own desired input. In addition, I’ll try to clarify any 

seemingly ambiguous points which the reader may have trouble understanding. An 

analysis of the generated data accompanied by figures and charts will be of concern as 

well. 

 

 

 

4.3.1 The application 
 

Figure 1 shows a snapshot of the application’s environment. One can find empty 

boxes for n=N, k=K, h=H and the Time Scale which corresponds to the time interval 

between each round of gossiping. This time scale matters when one tries to translate 

rounds to real time as what is of paramount importance in implementation is the actual 

time it takes for the gossiping to be fully accomplished. 

 

 

 

You will also find 3 buttons labeled as RUN which serve to perform their 

corresponding functions—which are mentioned right before them. You will also 3 

other boxes to be filled when the outcome is generated. The lower left box will yield 
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the corresponding state probabilities in detail, the middle will show the expected k we 

are supposed to reach in each round, finally, the last box will calculate the 

mathematical expectation of rounds—translated into real time by simple 

multiplication—we need to wait for the rumor to be spread all across the network. 

After all data is generated it’ll be exported to an excel file from which charts can be 

drawn. 

 

 
 

 
 

 
 

 
Figure 2. a snapshot of the program. 
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             Figure 3. A caption of the application including some generated data. 
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4.3.2 The analysis of the generated data (scalability) 
 

By surveying the state probabilities one will find out that these values for each k 

peaks in a specific round, for instance when n=40 and k=21 the highest state 

probability is observed at round 2. This implies that, considering all the ways which 

lead to the state (21, h), the highest probability belongs to (21, 2). After all, there are 

different probabilities for the rumor to be spread to 21 nodes of the system and the 

reason is h itself. That is to say, to be in the state (21, 3) has a different probability 

from (21, 5). All these probabilities help us calculate the mean and expectation for 

each certain value of k and h—as explained in the previous pages. (See figure 3) 

 

 

 

 

 
 

 
            Figure 4. State probabilities for n=40. 

 

 

 

 

When we study the dynamics of the information propagation in a network we must 

distinguish between what will happen within a certain system—say of 20 nodes—and 

how does each system compare to another one. 

 

 

Now let’s see how a system of 40 nodes behaves within itself. In  the very first round 

the prerequisites of the model requires the system to spread the info to at least one 

other node, then each node carrying the information does the same. Altogether one can 

observe that the rate of propagation is rather linear. 

 

 

However, this behavior is drastically different when we have large number of nodes 

involved. As we carry on with our examination of the protocol, run in systems of 

higher number of nodes, we find an emerging peculiarity, that is, the information 

spreads ever faster as the number of nodes who have acquired the rumor increase. But 

that trend is reversed when k=n/2 if n is large. From this point, the rate of propagation 

slows down until it eventually stops when the rumor is spread to the entire network.   
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             Figure 5. Spread of info versus rounds n=40. 

 

 
 

              Figure 6. Spread of info versus rounds n=500. 

 

 

 
 

             Figure 7.spread of info versus rounds n=2000. 
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As one can easily observe above, the k-h graph is turning more and more into an S-

shaped curve, technically called Sigmoid Curve (see figure 9). More specifically, as the 

number of nodes grows the shape turns into the curve of a logistic function which is a 

good sign that my model works well. However, the Markov recursion I’ve provided 

the reader is very lazy (!), in terms of explaining the best case scenario of system 

behavior, yet I think preparing for the worst is better than the best! 

 

 

 

 

 
                                                 Figure 8 A sigmoid curve 

 

 

 

 

 

 

Note: I would give a little introduction into the logistic function. This function is the 

solution to the following differential equation: 

 

 

 
     

  
      (      )                                                        (8) 

 

 

 

         Having the simplest form of; 

 

     
 

     
                                                                          (9) 

 

 

This class of functions was first used to explain the population growth by Pierre-

François Verhulst (Logistic function, 2012) in 1838. They are widely used to model various 
phenomena which have something to do with the growth of a variable in number. The 
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above differential equation can be modified in many ways to include various design 

parameters of the system. Most investigations done in this field just assume that a 

logistic function is necessarily involved, however, according to the best of my 

knowledge none of them explain why we need such an assumption. 

 

Basically, S(t) represents the percentage of nodes that have known about the 

information being gossiped about by round t. Conversely, 1-S(t) represents the nodes 

that do not have the information by round t. the following figures illustrate these 

functions:  

 
                  

                  Figure 9. S(t) 
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                 Figure 10. (1-S(t)) 
 

 

 

 

 

Figure 9 shows that the rate of information propagation increases until k=s(t)=n/2.  As 

the information spreads to more nodes, the rate of propagation falls. On the other hand, 

while the number of nodes who don’t know about the rumor by round t decreases all 

the time, yet the magnitude of the rate of decreasing is lesser after k=n/2 than before 

this point. 

Thus far I examined the propagation within a system of a certain number of nodes 

only, now I’ll compare different systems with each other. Figure 11 shows depicts the 

eventual time it takes for information to propagate within each system versus the 

number of nodes within it. Note that this graph is comparing different systems with 

each other only, information propagates within each system according to its own 

number of nodes—the entire corresponding table can be found in the appendix. 

As one can notice this graph appears somehow strange but that is not without a reason. 

As we can see the curve appears to have a pattern which periodically occurs with a 

shorter frequency. In the beginning as the number of nodes increase we are faced with 

a rapid surge of E(h) which is the expected number of rounds it takes for information 

to propagate to all the nodes in the system, then for a short increase in the number of 

nodes we notice no change in E(h). After we pass a certain number of nodes the 

expected number of rounds starts to increase again, however, not so rapidly as before. 

Again we’ll face no change in E(h) as we enlarge the size of our system; this once, one 

can add even more of nodes to the network without having to anticipate a major delay 

until the rumor has completely spread everywhere. So is the case with the third section 

of the graph. 
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This property of such systems is of paramount importance, because it gives one a 

foresight of what you will get once the system is fully implemented. In this regard 

there are two points I should exclusively make to Ericsson about which they should be 

concerned before they make any decisions:  

 

 Scalability 

Once the gossiping protocol gets going on a system of a few number of 

nodes, as one can find out in the figure below, scalability is not noticed 

much. That is to say, if one starts building such systems it’s more 

reasonable, in terms of scalability, to start up with as many number of 

nodes involved in the system as possible. When one starts the system with 

a higher number of nodes one can anticipate to increase the service 

provided by the system, dramatically, by adding to them without any extra 

delay in processing resulting in stronger service. The first jump in the 

expected number of rounds occurs when one adds 110 more nodes to a 

system of 40 nodes; whereas the third jump happens while one add 400 

nodes to a system of already 600 nodes. 

 

 Suitability of gossiping 

Depending on what is expected to be achieved by a protocol, different 

elements appear to influence one’s decisions. Scalability is one important 

factor but not the only one which decides the practicality or feasibility of a 

gossiping or any kind of protocol. Some of the time a system may need to 

switch to a different protocol in nature such as flooding or multicasting 

etc. As a result I suppose if I were to build a system of my own the larger it 

was in size the more flexibility would I incorporate into it. 

 

 

  

           Figure 11. E(h) chart created for n=40, n=150, n=300, n=600, n=1000, n=1500, and  

n=2000.(along with the data in detail) 
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                Index                    Number of  Nodes                             Expected H 

                      
Total time in     
Second 

1 40 4 2 

2 150 6 3 

3 300 7 3.5 

4 600 7 3.5 

5 1000 8 4 

6 1500 8 4 

7 2000 8 4 

8 3000 9 4.5 

9 4000 9 4.5 

10 5000 9 4.5 
 

 
 

 

 

 

 

4.3.3 Tunable parameters and cost efficiency 
 

 

Concerning the time parameter which I refer to by the Time to Live (=TTL) value 

and cost efficiency as well, one can rely on the upper bound set by the theorem proved 

by R. Karp, C. Schnidelhaur, S. Shenker and B. Vöcking (see reference [1]) according 

to this theorem rumors spread to all other nodes at most in time         
            using              messages. Actually, the theorem has been proved 

for a system running rumor mongering gossip protocols as against what we are 

concerned with in this writing, that is to say the anti-entropy gossiping. However, due 

to the fact that this theorem makes a point about the total number of information 

exchanges between the called and calling nodes considering the waste messages as 

well—when the receiver of the information already has it—it holds true for the anti-

entropy case also. 

 

 

As for the frequency of updating the version of a variable the general case is the 

following: 

 

 

   
                                                  
                                                                    

 

 

Let f denotes the frequency of the updates. The fraction 1/f should be regarded as the 

time difference between two traveling rumors whose minimum value is the time scale 

for each round, say 500 milliseconds. In general the following relationship should be 

considered when deciding the value of TTL: 
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                              .  

 
 

 

 

On one hand, as one can perceive from the analysis in the previous sections, it takes a 

time as long as E(k) for some certain rumor born in a single node to be spread all 

across the network. Each variable—also called rumor here—has a TTL value which is 

set by the time it starts to spread. As it travels to the final nodes it’s time runs out and 

is finally forgotten. The minimum time a variable needs to live in order to make it to 

each and every node in the system is definitely E(k).However, E(k) just can’t be the 

desired TTL as the variable will be discarded as soon as it reaches the final node 

because it’s time will have run out, as a result E(k) is merely a lower bound for TTL, if 

one assigns TTL a value less than E(k) the rumor will not spread to the whole network 

. On the other hand, if TTL is assumed to be infinite, failure detection will become 

impossible. Hence: 

 

 

 

              

                 
 

 

 

Moreover, there’s another factor which affects the final value we are supposed to assign to 

TTL and that is the message cost for each node. In this regard a rule of thumb calculation 

tells us that if the distribution of the number of messages over rounds is not uniform—which 

is really not as the number of uninformed nodes decrease slower when n/2 of the nodes 

already know of the rumor—one can make detection failure faster, that is to make it twice 

quicker—by E(K)/2—without being faced with a dramatic increase in message cost as it is 

made up for by the natural cost reduction when the rumor has reached n/2 of nodes. 

Symbolically: 

 

 

 

       ⌊
             

 
⌋  ⌊

        

 
⌋  

 

 
     

 

 

 

 

4.4 Simulation of the Gossip Protocol 
 

In this section I’ll merely demonstrate the results obtained from the simulation 

along with some comparison with the numerical solution. Needless to say, a perfect 

simulation which will resemble exactly to the actual phenomena is scarce; nonetheless 

it is not futile to observe some aspects of reality through it. In that sense, the 

simulation done in this thesis serves only to give a hunch of the system’s behavior 

therefore it should not be regarded as predictive as the analytical approach. The exact 

values produce by the simulation is not intended to be depended upon when it comes 

to implementation, one reason is that how uniformly can the random number 

generators of Microsoft Visual Studio produce random numbers is not the concern of 
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this thesis. Further investigation needs to be done as with large number of nodes in a 

system this element could really grows effective. All that really matters here is to see 

whether the numerical solution bears a good similarity to what happens in practice. 

 

 

Firstly I should say that the simulation is of the ‘discrete event’ type. That is, it tries to 

simulate what happens in each round of the propagation—what happens in each round 

is considered to be the pivotal event. The mechanism is of simulation is as follows: 

 

 

In the beginning variable            will be defined, where n is the number of nodes 

in the system whose value will be obtained from the input of the application. Next, 

each of them will be assigned a value corresponding to their numerical index—they 

will have a character index also. Afterwards only one node will be given an index of X, 

indicating that the node has got some piece of information. Then when the process of 

propagation begins each node tries to pick a number—with uniform probability while 

ignoring itself—from the integer interval [1 n], virtually selecting one other node in 

each round. When a node is picked by another node which already has the rumor it 

will gain the same index of X, however, the index is not spreadable in the same round 

by the receiving node. The process will go on until all other nodes have gained the 

index X. 

 

The application also delivers the values of the mean and the standard deviation of the 

eventual number of rounds when the simulation is carried out 100 times. We can also 

compare these values in a chart for different systems. The following figures depict the 

generated data in a chart. 

 

 

 
 

Figure 12 simulation for n=40, n=150, n=300, n=600, n=1000, n=1500, and n=2000. (Along with 

the data in detail) 

 

 

 

index Number of Nodes 
Mean Number 

of Steps 
Total time in 

Second 
Standard 
Deviation 

 
 

1 40 6.71999979 3.359999895 0.322366267 

2 150 9.220000267 4.610000134 0.361137062 

3 300 10.5 5.25 0.223606795 
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4 600 11.60999966 5.804999828 0.224686444 

5 1000 12.38000011 6.190000057 0.224891081 

6 1500 13.18999958 6.59499979 0.232043132 

7 2000 13.55000019 6.775000095 0.223830298 

8 3000 14.19999981 7.099999905 0.231516749 

9 4000 14.68999958 7.34499979 0.22681269 

10 5000 15.07999992 7.539999962 0.23886399 
 

 

Comparing the previous chart with that of the Markov chain model, we can observe 

that as the number of nodes grow the number of rounds or the mean time it takes for 

rumor to propagate becomes more and more stable—a system of 1500 nodes and 

another of 2000 nodes have the same mean propagation time—implying that the model 

predicts well the general aspects of system behavior. Scalability is observed more 

when the initial number of nodes is higher. 
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5 DISCUSSION  
 

 

In this chapter I shall try to make some critical points to Ericsson and as well as 

any reader concerned with the results of this thesis. 

 

Firstly, concerning non-deterministic random nature of Gossiping Protocol and in 

particular the one discussed here, one should note that—at least hypothetically—the 

unexpected should always be expected! However, in reality and when it comes to 

implementation, I would say that the behavior of the protocol is better than what you 

get in theory, as it is noticed in simulation. 

 

Secondly, as we noted in the analysis, for small n the info spreads at a linear rate while 

for large n, the propagation occurs according to the logistic function. The rate of 

increase in k falls as the state of the system reaches n/2, so if one is to make up for it as 

to keep the rate up as before she needs to make shift of strategy. But what exactly that 

strategy consists in could be varying and which one the reader eventually chooses 

depends on her discretion as I personally need to delve a lot more into the system in 

order to be able to come up with my own recommendation or solution. All the same, in 

what follows I would suggest a couple of options which I can currently think of: 

 

 

 

1. You could decrease the time scale of each round, thus increasing the 

number of connections and consequently boosting the spread of 

information, which in turn adds to the processing overhead throughout the 

network. This approach is mathematically plausible. A logistic function 

can generally occur as : 

 

 

     
 

          
                                     

 

 

             The smaller  a is, the more resemblance does the curve show to a line.  

 

 

 

 
Figure 13.   a=1/3 
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                 Figure 14. a=1/5 

 

 

 

 

                  
              Figure 15. a=1/10 

 

 

 

2.  One can assign certain nodes—to be called notice boards!—in the system 

the task of spreading the local demand only, that is to say, these nodes will 

have some other nodes as their predefined neighbors in their vicinity 

whose demand will be documented to be spread all across the network, 

these nodes will connect with each other all the time whereas all other 

nodes handshake with them only and not with each other. As such, these 

specific nodes will be like a notice board where everybody writes on them 

only, so as to make their demand visible to all other nodes thus doing 

away with the trouble of writing letters to a random number of fellows in 

each round. That way one can stay assured that the nodes do not face any 

kind of overflow, and if there is any all around the network it’s definitely 

occurring in a noticeboard. This approach entails deliberate clustering of 

the network. 

 

3. The rate of propagation falls because the nodes do not handshake with 

those other nodes without the rumor as often as before—this is where a 

structure is emerging, randomness is yielding some rules! Why? Because 
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there’s a competition within each subset of nodes, there are two subsets, k 

nodes having the rumor and n-k nodes not knowing, implying that within 

each subset nodes gossip more with each other rather than those in the 

other subset—this is noticed after k has passed n/2 in value. To make this 

up I recommend making a marketplace! Nodes will still handshake 

randomly but this time, emerging structure is postponed by dividing the 

whole set of nodes into different subsets randomly. That is to say, instead 

of letting the nodes gossip with whomever they want as often as they 

want, we place them in a specific subset deliberately. 

 

 

Thirdly, starting the implementation with a large number of nodes has an advantage; 

the expected time of propagation doesn’t change rapidly when adding more nodes, 

indeed the more the nodes within a system the more extra nodes can be appended to 

the network without a change in E(h). As a result scalability is observed most when 

having larger number of nodes. 

 

Fourthly, the piece of information which is randomly gossiped about through the 

protocol starts to spread from a single node only—as it is assumed in this written 

work—this approach is only  partly reflective of actual phenomena, which I suppose is 

a lot more time efficient, as in practice rumors can be born on all nodes 

simultaneously. How the Gossiping Protocol spread multiple rumors demands further 

investigation. 

 

Fifthly, to reduce the message processing overhead and increase cost efficiency I 

suggest a very practical option, that is to say, to alternate between anti-entropy and 

rumor mongering every while.( see references [1] and [15] for the distinction) 

 

Finally, there’s a worst case scenario which has occupied me for some time, and that is 

what happens when some piece of information is so long as not to be able to be spread 

in one round? If some task is shared and carried out through the gossiping protocol 

then that certainly is problematic. 
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6 CONCLUSION 
 

 

In the previous chapters, the propagation of information generated initially from a 

single node was studied. A background was given of what has been done so far along 

with providing a new model of gossiping protocol which bears resemblance to the 

logistic function for large number of nodes. Comparing the behavior within a system 

as against different systems with each other, I demonstrated the generated data from 

simulation and discussed tunable parameters. 

 

On the whole, there’s room for much further investigation in this field. To be more 

specific, I can point to elasticity of gossiping protocols, which adds yet another level 

of complexity to an already not-well-understood system behavior in face of 

randomness. How do the Random Number Generation (RNG) algorithms perform 

when a large set of random numbers are supposed to be generated? And how’s their 

effect on the protocols making use of them? When random communication is not 

inevitable, is there any deterministic kind of protocol that can outperform one based on 

randomness? These questions, to the best of my knowledge, have not been addressed 

yet. They remain a domain to be explored. 
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8 APPENDICES 
 

 

8.1 The code of the numerical solution to the recursion 
 
 

using System; 
using System.Collections.Generic; 
using System.ComponentModel; 
using System.Data; 
using System.Drawing; 
using System.Linq; 
using System.Text; 
using System.Threading.Tasks; 
using System.Windows.Forms; 
using Excel = Microsoft.Office.Interop.Excel;  
 
namespace WindowsFormsApplication1 
{ 
    public partial class Form1 : Form 
    { 
        public Form1() 
        { 
            InitializeComponent(); 
        } 
        int resultrows = 0; 
        static float P(int n, int k, int h) //The recursion coded in it's  recursive form 
which proved to be inefficient when it comes to large numbers of Nodes 
        { 
            if (k == 1 && h == 0) 
            { return 1; } 
            else if (k >= h + 1 || h <= 0 || k <= 0) { return 0; } 
            else 
            { 
                return 2 * ((float)(k) / n) * (((float)(n - k)) / (n - 1)) * P(n, k - 1, h - 
1) + (1 - 2 * ((float)(k) / n) * (((float)(n - k)) / (n - 1))) * P(n, k, h - 1); 
            } 
        } 
 
         private float PNR(int n, int k, int h) //The Non-recursive code of the recursion 
which calculate the values of the recursion in an step-by-step or non-recursive manner 
        { 
            int  cl=1; 
            List<float> prevlist = new List<float>(); 
            List<int>  zerolist = new List<int>(); 
            List<float> templist =new List<float>(); 
            for (int i = 0; i <= (h/n)+1; i++) { prevlist.Add(0); 
pointsgrid.Rows[0].Cells[i].Value = i; } 
             for (int i = 1; i <= k; i++) { pointsgrid.Rows[i].Cells[0].Value = i; if (i == 
1) zerolist.Add(1); else zerolist.Add(0); } 
            pointsgrid.Rows[0].Cells[0].Value = "K / H"; 
              
            float prevVal = 1;    // P(n,1,0) 
            for (int i=1; i<=k;i++) 
            {    
                prevVal = zerolist[i-1]; 
                templist.Add(prevVal); 
                for (int j=1; j<=h;j++) 
                { 
                    if (i == 1 ) { prevVal = 0; }else 
                    if (i == 2 && j == 1) { prevVal = 1; } 
                    else 
                    { 
                        prevVal = 2 * ((float)(i - 1) / n) * ((float)(n - i + 1) / (n - 1)) * 
prevlist[j - 1] + (1 - 2 * ((float)(i) / n) * (((float)(n - i)) / (n - 1))) * prevVal; 
                    } 
                templist.Add(prevVal); 
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                if (j % n == 0)  //shows only columns which are a product of n 
                { 
                    cl = (j / n); 
                    pointsgrid.Rows[i].Cells[cl].Value = prevVal.ToString(); 
                } 
                 
                } 
            prevlist.Clear(); 
            prevlist.AddRange(templist); 
            templist.Clear(); 
            } 
            return prevVal; 
        } 
         private float PNR2(int n, int k, int h) 
         { 
             
             n = int.Parse(textBox1.Text); 
             k = int.Parse(l7.Text); 
             h = int.Parse(textBox3.Text)*n; 
             float a = 0; 
             for (int i = 0; i <= h/n; i++) { if (i == 0) pointsgrid2.Rows[0].Cells[i].Value 
= "K / H"; else pointsgrid2.Rows[0].Cells[i].Value = i; } 
             for (int j = 1; j <= h/n; j++) 
             { 
                 for (int i = 1; i <= k; i++)   // k=n  k should be equal to n to calculate 
E(k) 
                 { 
                     a = a + (i * float.Parse(pointsgrid.Rows[i].Cells[j].Value.ToString())); 
// P(n, i, j)); 
                 } 
                pointsgrid2.Rows[1].Cells[j].Value = a.ToString(); 
                a = 0; 
            } 
             return 1; 
         } 
        private void button1_Click(object sender, EventArgs e) 
        { 
            int n = 1, k = 1, h = 0; 
            n= int.Parse(textBox1.Text); 
            k = int.Parse(l7.Text); 
            h = int.Parse(textBox3.Text)*n; 
            pointsgrid.AutoGenerateColumns = false; 
            pointsgrid.RowCount = int.Parse(l7.Text)+1; 
            DataGridViewCell cell = new DataGridViewTextBoxCell(); //Specify which type of 
cell in this column 
            for (int i = 0; i < (h/n) + 1; i++) 
            { 
                DataGridViewColumn  newCol = new DataGridViewColumn(); // add a column to the 
grid 
                newCol.CellTemplate = cell; 
                newCol.Visible = true; 
                newCol.FillWeight = 1; 
                pointsgrid.Columns.Add(newCol); 
 
            } 
            PNR(n, k, h); 
            button2.Enabled = true; 
        } 
        private void button2_Click(object sender, EventArgs e) 
        { 
            int n = 1, k = 1, h = 0; 
            n = int.Parse(textBox1.Text); 
            k = int.Parse(l7.Text); 
            h = int.Parse(textBox3.Text)*n; 
            pointsgrid2.RowCount = 2; 
            DataGridViewCell cell = new DataGridViewTextBoxCell(); //Specify which type of 
cell in this column 
            for (int i = 0; i < (h/n)+1; i++) 
            { 
                DataGridViewColumn newCol = new DataGridViewColumn(); // add a column to the 
grid 
                newCol.CellTemplate = cell; 
                newCol.Visible = true; 
                newCol.FillWeight = 1; 
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                pointsgrid2.Columns.Add(newCol); 
            } 
            PNR2(n, k, h); 
            button4.Enabled = true; 
        } 
        private void textBox2_Leave(object sender, EventArgs e) 
        { 
            if (int.Parse(textBox1.Text)<int.Parse(textBox2.Text)) { 
                textBox2.Text = textBox1.Text; 
            } 
        } 
        private void button3_Click(object sender, EventArgs e) 
        { 
            Excel.Application xlApp; 
            Excel.Workbook xlWorkBook; 
            Excel.Worksheet xlWorkSheet; 
            Excel.Worksheet xlWorkSheet2; 
            Excel.Worksheet xlWorkSheet3; 
            object misValue = System.Reflection.Missing.Value; 
            xlApp = new Excel.Application(); 
            xlWorkBook = xlApp.Workbooks.Add(misValue); 
            xlWorkSheet = (Excel.Worksheet)xlWorkBook.Worksheets.get_Item(1); 
            int i = 0, j= 0; 
 
            for (i = 0; i <= pointsgrid.RowCount - 1; i++) 
            { 
                for (j = 0; j <= pointsgrid.ColumnCount - 1; j++) 
                { 
                    DataGridViewCell cell = pointsgrid[j, i]; 
                    xlWorkSheet.Cells[i + 1, j + 1] = cell.Value; 
                } 
            } 
/////////////////////////////////////////////////////////////////////////////////////////////
////////// 
            xlWorkSheet2 = (Excel.Worksheet)xlWorkBook.Worksheets.get_Item(2); 
             i = 0; 
             j = 0; 
            for (i = 0; i <= pointsgrid2.RowCount - 1; i++) 
            { 
                for (j = 0; j <= pointsgrid2.ColumnCount - 1; j++) 
                { 
                    DataGridViewCell cell = pointsgrid2[j, i]; 
                    xlWorkSheet2.Cells[i + 1, j + 1] = cell.Value; 
                } 
            } 
/////////////////////////////////////////////////////////////////////////////////////////////
////////// 
            xlWorkSheet3 = (Excel.Worksheet)xlWorkBook.Worksheets.get_Item(3); 
            i = 0; 
            j = 0; 
 
            xlWorkSheet3.Cells[1, 1] = "index"; 
            xlWorkSheet3.Cells[1, 2] = "Number of Nodes"; 
            xlWorkSheet3.Cells[1, 3] = "Expected H"; 
            xlWorkSheet3.Cells[1, 4] = "Total time in Second"; 
            for (i = 0; i <= ResultGrid3.RowCount - 1; i++) 
            { 
                for (j = 0; j <= ResultGrid3.ColumnCount - 1; j++) 
                { 
                    DataGridViewCell cell = ResultGrid3[j, i]; 
                    xlWorkSheet3.Cells[i + 2, j + 1] = cell.Value; 
                } 
            } 
////////////////////////////// 
            xlWorkBook.SaveAs("c:\\resultsinfo.xls", Excel.XlFileFormat.xlWorkbookNormal, 
misValue, misValue, misValue, misValue, Excel.XlSaveAsAccessMode.xlExclusive, misValue, 
misValue, misValue, misValue, misValue); 
            xlWorkBook.Close(true, misValue, misValue); 
            xlApp.Quit(); 
            releaseObject(xlWorkSheet); 
            releaseObject(xlWorkSheet2); 
            releaseObject(xlWorkSheet3); 
 
            releaseObject(xlWorkBook); 
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            releaseObject(xlApp); 
            MessageBox.Show("Excel file created , you can find the file 
c:\\resultsinfo.xls"); 
        } 
        private void releaseObject(object obj) 
        { 
            try 
            { 
                System.Runtime.InteropServices.Marshal.ReleaseComObject(obj); 
                obj = null; 
            } 
            catch (Exception ex) 
            { 
                obj = null; 
                MessageBox.Show("Exception Occured while releasing object " + ex.ToString()); 
            } 
            finally 
            { 
                GC.Collect(); 
            } 
        } 
 
        private void Form1_Load(object sender, EventArgs e) 
        { 
 
 
        } 
 
        private void button4_Click(object sender, EventArgs e) 
        { 
            int n = int.Parse(textBox1.Text); 
            int k = int.Parse(textBox1.Text); 
            int h = int.Parse(textBox3.Text)*n; 
            int counter = 0; 
            double[,] sim = new double[n+1, (h/n)+1]; 
//////////////////////////////////////////////////////////////////////////////////////// 
            int x = 0, cl = 1; 
            List<float> prevlist = new List<float>(); 
            List<int> zerolist = new List<int>(); 
            List<float> templist = new List<float>(); 
            for (int i = 0; i <= (h / n) + 1; i++) { prevlist.Add(0); 
pointsgrid.Rows[0].Cells[i].Value = i; } 
            for (int i = 1; i <= k; i++) { sim [i,0] = i; if (i == 1) zerolist.Add(1); else 
zerolist.Add(0); } 
            float prevVal = 1;    // P(n,1,0) 
            for (int i = 1; i <= k; i++) 
            { 
                prevVal = zerolist[i - 1]; 
                templist.Add(prevVal); 
                for (int j = 1; j <= h; j++) 
                { 
                    if (i == 1) { prevVal = 0; } 
                    else 
                        if (i == 2 && j == 1) { prevVal = 1; } 
                        else 
                        { 
                            prevVal = 2 * ((float)(i - 1) / n) * ((float)(n - i + 1) / (n - 
1)) * prevlist[j - 1] + (1 - 2 * ((float)(i) / n) * (((float)(n - i)) / (n - 1))) * prevVal; 
                        } 
                    templist.Add(prevVal); 
 
                    if (j % n == 0) 
                    { 
                        cl = (j / n); 
                        sim[i, cl] = prevVal; 
                    } 
                    x++; 
                } 
                prevlist.Clear(); 
                prevlist.AddRange(templist); 
                templist.Clear(); 
            } 
/////////////////////////////////////////////////////////////////////////////////////////             
            double a = 0; 
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            double[,] pg2 = new double[2,(h / n) + 1]; 
            for (int i = 0; i <= (h / n); i++) { pg2[0,i]= i; } 
            for (int j = 1; j <= (h / n); j++) 
            { 
                for (int i = 1; i <= k; i++)   // k=n  k should be equal to n to calculate 
E(k) 
                { 
                    a = a + (i * sim[i,j]); // P(n, i, j)); 
                } 
                pg2[1, j] = a; 
                a = 0; 
            } 
            double z = pg2[1, counter]; 
           // while (z <= n - 0.5) 
            while(z<=n-1) 
                { counter++; z = pg2[1, counter]; } 
            ResultGrid3.Rows.Add(1); 
            ResultGrid3.Rows[resultrows].Cells[0].Value = resultrows + 1; 
            ResultGrid3.Rows[resultrows].Cells[1].Value = n; 
            ResultGrid3.Rows[resultrows].Cells[2].Value = pg2[0,counter]; 
            ResultGrid3.Rows[resultrows].Cells[3].Value = pg2[0, counter] * 
(float.Parse(textBox4.Text) / 1000); 
            resultrows++; 
        } 
 
        private void textBox1_Leave(object sender, EventArgs e) 
        { 
            l7.Text = textBox1.Text; 
        } 
 
        private void textBox1_TextChanged(object sender, EventArgs e) 
        { 
 
        } 
 
    } 
} 

 

 

 

 

 

8.2 The code of the simulation 

 

 
using System; 
using System.Collections.Generic; 
using System.ComponentModel; 
using System.Data; 
using System.Drawing; 
using System.Linq; 
using System.Text; 
using System.Windows.Forms; 
using Excel = Microsoft.Office.Interop.Excel;  
 
namespace WindowsFormsApplication3 
{ 
    public partial class Form1 : Form 
    { 
        public Form1() 
        { 
            InitializeComponent(); 
        } 
        int resultrows=0; 
        private void button1_Click(object sender, EventArgs e) 
        { 
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            ////////////////////////////--- initial objects---///////////////////////////// 
            label2.Text = "Number of Steps:"; 
            for (int i = 0; i < ResultGrid.ColumnCount; i++) 
                for (int j = 0; j < ResultGrid.RowCount; j++ ) 
                    ResultGrid.Rows[j].Cells[i].Value = ""; 
            ////////////////////////////----------------------///////////////////////////// 
            int x = 0, counter=0, rval=0; 
            int Number_of_Nodes= int.Parse(NodesCount.Text); 
            Boolean all1=false; 
            Random randomval = new Random(); 
            List<int> randomList = new List<int>(); 
            int[,] sim = new int[Number_of_Nodes, 3]; 
            ResultGrid.RowCount = Number_of_Nodes+2; 
            ResultGrid.ColumnCount = 3; 
            ResultGrid2.RowCount = 50; 
            ResultGrid2.ColumnCount = 3; 
            ResultGrid3.ColumnCount = Number_of_Nodes + 1; 
            ResultGrid3.RowCount = 50; 
            ResultGrid.Rows[0].Cells[0].Value = "Step 0"; 
            for (int i = 0; i < Number_of_Nodes+1; i++) 
                for (int j = 0; j < ResultGrid3.RowCount; j++) 
                    ResultGrid3.Rows[j].Cells[i].Value = ""; 
            for (int i = 0; i < 3; i++) 
                for (int j = 0; j < ResultGrid2.RowCount; j++) 
                    ResultGrid2.Rows[j].Cells[i].Value = ""; 
 
            //-------------------Initial part---------------------------// 
            for (int i = 0; i < Number_of_Nodes; i++) 
            { 
                sim[i, 0] = i + 1; 
                rval = sim[i, 0]; 
                while (rval == sim[i, 0]) { sim[i, 1] = randomval.Next(1, Number_of_Nodes); 
rval = sim[i, 1]; } 
                if (i == 0) sim[i, 2] = 1; else sim[i, 2] = 0; 
            } 
            x++; 
            for (int k = 0; k < Number_of_Nodes; k++) 
            { if (sim[k, 1] == 1) sim[k, 2] = 2; }  
            sim[sim[0, 1] - 1, 2] = 2; 
            for (int k = 0; k < Number_of_Nodes; k++) 
            { if (sim[k, 2] == 2) sim[k, 2] = 1; 
            if (sim[k, 2] == 1) { counter++;  
                                  ResultGrid3.Rows[0].Cells[k + 1].Value = "X";  
                                } 
              ResultGrid.Rows[k + 1].Cells[0].Value = sim[k, 0]; 
              ResultGrid.Rows[k + 1].Cells[1].Value = sim[k, 1]; 
              ResultGrid.Rows[k + 1].Cells[2].Value = sim[k, 2]; 
            } 
            ResultGrid.Rows[ (Number_of_Nodes + 1)].Cells[0].Value = "Step 0"; 
            ResultGrid.Rows[ (Number_of_Nodes + 1) ].Cells[1].Value = "Nodes Count:"; 
            ResultGrid.Rows[ (Number_of_Nodes + 1) ].Cells[2].Value = counter; 
             
            ResultGrid2.Rows[0].Cells[0].Value = "Step 0"; 
            ResultGrid2.Rows[0].Cells[1].Value = "Nodes Count:"; 
            ResultGrid2.Rows[0].Cells[2].Value = counter; 
 
            ResultGrid3.Rows[0].Cells[0].Value = "Step 0"; 
             
            for (int ind = 1; ind < Number_of_Nodes+1; ind++) 
            { 
                ResultGrid3.Columns[ind].HeaderText = "N" + ind; 
                 
            } 
            if (counter == Number_of_Nodes) { all1 = true; } 
            counter = 0; 
//-------------------------------------------------------------------- 
            while (!all1) 
            { 
                ResultGrid.RowCount = (x+1)*(Number_of_Nodes + 1)+3; 
                ResultGrid.Rows[ResultGrid.RowCount - Number_of_Nodes - 1].Cells[2].Value = 
"Step " + x; 
                for (int i = 0; i < Number_of_Nodes; i++) 
                { 
                    rval = sim[i, 0]; 
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                    while (rval == sim[i, 0]) { sim[i, 1] = randomval.Next(1, 
Number_of_Nodes); rval = sim[i, 1]; } 
                } 
                for (int k = 0; k < Number_of_Nodes; k++) 
                { if (sim[k, 0] == 1 && sim[sim[k, 1]-1, 2] != 1) sim[sim[k, 1]-1, 2] = 2; 
else if (sim[sim[k, 1]-1, 2] == 1 && sim[k, 2] != 1) sim[k, 2] = 2; } 
                for (int k = 0; k < Number_of_Nodes; k++) 
                { if (sim[k, 2] == 2) sim[k, 2] = 1; 
                if (sim[k, 2] == 1) 
                { 
                    counter++; 
                    ResultGrid3.Rows[x].Cells[k + 1].Value = "X"; 
                } 
                    ResultGrid.Rows[x * (Number_of_Nodes + 1) + k + 2].Cells[0].Value = 
sim[k, 0]; 
                    ResultGrid.Rows[x * (Number_of_Nodes + 1) + k + 2].Cells[1].Value = 
sim[k, 1]; 
                    ResultGrid.Rows[x * (Number_of_Nodes + 1) + k + 2].Cells[2].Value = 
sim[k, 2];   
 
                } 
                ResultGrid.Rows[ResultGrid.RowCount - 2].Cells[0].Value = "Step " + x; 
                ResultGrid.Rows[ResultGrid.RowCount - 2].Cells[1].Value = "Nodes Count:"; 
                ResultGrid.Rows[ResultGrid.RowCount - 2].Cells[2].Value = counter; 
 
                ResultGrid2.Rows[x].Cells[0].Value = "Step "+x; 
                ResultGrid2.Rows[x].Cells[1].Value = "Nodes Count:"; 
                ResultGrid2.Rows[x].Cells[2].Value = counter; 
 
                ResultGrid3.Rows[x].Cells[0].Value = "Step " + x; 
 
                if (counter == Number_of_Nodes) { all1 = true; } 
                counter = 0; 
                x++; 
            } 
            label2.Text = "Number of Steps:" + x.ToString(); 
            label5.Text = "Total Time in miliseconds:" + (int.Parse(textBox1.Text) * 
x).ToString(); 
        } 
 
        private void button2_Click(object sender, EventArgs e) 
        { 
            Excel.Application xlApp; 
            Excel.Workbook xlWorkBook; 
            Excel.Worksheet xlWorkSheet; 
            Excel.Worksheet xlWorkSheet2; 
            object misValue = System.Reflection.Missing.Value; 
            xlApp = new Excel.Application(); 
            xlWorkBook = xlApp.Workbooks.Add(misValue); 
            xlWorkSheet = (Excel.Worksheet)xlWorkBook.Worksheets.get_Item(1); 
            int i = 0; 
            int j = 0; 
            for (i = 0; i <= ResultGrid2.RowCount - 1; i++) 
            { 
                for (j = 0; j <= ResultGrid2.ColumnCount - 1; j++) 
                { 
                    DataGridViewCell cell = ResultGrid2[j, i]; 
                    xlWorkSheet.Cells[i + 1, j + 1] = cell.Value; 
                } 
            } 
            /////////////////////////////0 
            xlWorkSheet2 = (Excel.Worksheet)xlWorkBook.Worksheets.get_Item(2); 
            i = 0; 
            j = 0; 
            xlWorkSheet2.Cells[1, 1] = "index"; 
            xlWorkSheet2.Cells[1, 2] = "Number of Nodes"; 
            xlWorkSheet2.Cells[1, 3] = "Mean Number of Steps"; 
            xlWorkSheet2.Cells[1, 4] = "Total time in Second"; 
            xlWorkSheet2.Cells[1, 5] = "Standard Deviation"; 
 
            for (i = 0; i <= ResultGridH.RowCount - 1; i++) 
            { 
                for (j = 0; j <= ResultGridH.ColumnCount - 1; j++) 
                { 
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                    DataGridViewCell cell = ResultGridH[j, i]; 
                    xlWorkSheet2.Cells[i + 2, j + 1] = cell.Value; 
                } 
            } 
            ////////////////////////////// 
            xlWorkBook.SaveAs("c:\\SimulationResult.xls", 
Excel.XlFileFormat.xlWorkbookNormal, misValue, misValue, misValue, misValue, 
Excel.XlSaveAsAccessMode.xlExclusive, misValue, misValue, misValue, misValue, misValue); 
            xlWorkBook.Close(true, misValue, misValue); 
            xlApp.Quit(); 
            releaseObject(xlWorkSheet); 
            releaseObject(xlWorkSheet2); 
            releaseObject(xlWorkBook); 
            releaseObject(xlApp); 
            MessageBox.Show("Excel file created , you can find the file 
c:\\SimulationResult.xls"); 
        } 
        private void releaseObject(object obj) 
        { 
            try 
            { 
                System.Runtime.InteropServices.Marshal.ReleaseComObject(obj); 
                obj = null; 
            } 
            catch (Exception ex) 
            { 
                obj = null; 
                MessageBox.Show("Exception Occured while releasing object " + ex.ToString()); 
            } 
            finally 
            { 
                GC.Collect(); 
            } 
        } 
        private void button3_Click(object sender, EventArgs e) 
        { 
            
            float Mean_Value=0,  Standard_deviation=0; 
            int x = 0, counter = 0, rval = 0; 
            int Number_of_Nodes = int.Parse(NodesCount.Text); 
            int[,] vars = new int[15,2]; 
            int rowindex = 0; 
            Boolean addvar = true; 
//===========================================================================================
======= 
    for (int sss=0; sss<100; sss++) 
    { 
            x = 0; counter = 0; rval = 0; 
            Boolean all1 = false; 
            Random randomval = new Random(); 
            List<int> randomList = new List<int>(); 
            int[,] sim = new int[Number_of_Nodes, 3]; 
            //-------------------Initial part---------------------------// 
            for (int i = 0; i < Number_of_Nodes; i++) 
            { 
                sim[i, 0] = i + 1; 
                rval = sim[i, 0]; 
                while (rval == sim[i, 0]) { sim[i, 1] = randomval.Next(1, Number_of_Nodes); 
rval = sim[i, 1]; } 
                if (i == 0) sim[i, 2] = 1; else sim[i, 2] = 0; 
            } 
            x++; 
            for (int k = 0; k < Number_of_Nodes; k++) 
            { if (sim[k, 1] == 1) sim[k, 2] = 2; }  
            sim[sim[0, 1] - 1, 2] = 2; 
            for (int k = 0; k < Number_of_Nodes; k++) 
            { 
                if (sim[k, 2] == 2) sim[k, 2] = 1; 
                if (sim[k, 2] == 1) 
                { 
                    counter++; 
                } 
 
            } 
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            if (counter == Number_of_Nodes) { all1 = true; } 
            counter = 0; 
    //-------------------------------------------------------------------- 
            while (!all1) 
            { 
                for (int i = 0; i < Number_of_Nodes; i++) 
                { 
                    rval = sim[i, 0]; 
                    while (rval == sim[i, 0]) { sim[i, 1] = randomval.Next(1, 
Number_of_Nodes); rval = sim[i, 1]; } 
                } 
 
                for (int k = 0; k < Number_of_Nodes; k++) 
                { if (sim[k, 0] == 1 && sim[sim[k, 1] - 1, 2] != 1) sim[sim[k, 1] - 1, 2] = 
2; else if (sim[sim[k, 1] - 1, 2] == 1 && sim[k, 2] != 1) sim[k, 2] = 2; } 
                for (int k = 0; k < Number_of_Nodes; k++) 
                { 
                    if (sim[k, 2] == 2) sim[k, 2] = 1; 
                    if (sim[k, 2] == 1) 
                    { 
                        counter++; 
                    } 
                } 
                if (counter == Number_of_Nodes) { all1 = true; } 
                counter = 0; 
                x++; 
            } 
            int sss2 = 0; 
            if (sss == 0) { vars[0, 0] = x; vars[0, 1] = 1; rowindex=1; } 
            else 
            { 
                addvar = true; 
                while (addvar && sss2<rowindex) 
                { if (vars[sss2, 0] == x) { vars[sss2, 1]++; addvar = false; } sss2++; } 
                if (addvar) {  vars[rowindex, 0] = x; vars[rowindex, 1] = 1; rowindex++; 
addvar = false; } 
            } 
            System.Threading.Thread.Sleep(100);  
    } 
 
//===========================================================================================
==== 
    ResultGridH.ColumnCount = 5; 
    for (int i = 0; i <rowindex; i++) 
    { 
        Mean_Value = Mean_Value + (vars[i, 0] * vars[i, 1]); 
    } 
    Mean_Value = Mean_Value / 100; 
    for (int i = 0; i < rowindex; i++) 
    { 
        Standard_deviation = Standard_deviation + (float)Math.Pow((vars[i, 0] - Mean_Value), 
2); 
    } 
    Standard_deviation = (float)Math.Sqrt((Standard_deviation / 100)); 
 
    ResultGridH.Rows.Add(1); 
    ResultGridH.Rows[resultrows].Cells[0].Value = resultrows+1; 
    ResultGridH.Rows[resultrows].Cells[1].Value = Number_of_Nodes; 
    ResultGridH.Rows[resultrows].Cells[2].Value = Mean_Value; 
    ResultGridH.Rows[resultrows].Cells[3].Value = 
Mean_Value*(float.Parse(textBox1.Text)/1000); 
    ResultGridH.Rows[resultrows].Cells[4].Value = Standard_deviation; 
    resultrows++; 
        } 
    } 
} 
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8.3 Table of generated probability state values by the 

recursion (K=40, H=10) 

 

K/H 1 2 3 4 5 6 7 8 9 10 

1 0 0 0 0 0 0 0 0 0 0 

2 0.0183504 0.0003039 5.03E-06 8.34E-08 1.38E-09 2.29E-11 3.79E-13 6.27E-15 1.04E-16 1.72E-18 

3 0.034393 0.0006482 1.09E-05 1.81E-07 3.00E-09 4.97E-11 8.22E-13 1.36E-14 2.26E-16 3.74E-18 

4 0.0480129 0.0010381 1.78E-05 2.95E-07 4.89E-09 8.11E-11 1.34E-12 2.22E-14 3.68E-16 6.10E-18 

5 0.0591269 0.0014798 2.58E-05 4.29E-07 7.12E-09 1.18E-10 1.95E-12 3.23E-14 5.36E-16 8.87E-18 

6 0.0676906 0.00198 3.51E-05 5.87E-07 9.73E-09 1.61E-10 2.67E-12 4.42E-14 7.32E-16 1.21E-17 

7 0.0737046 0.0025468 4.61E-05 7.72E-07 1.28E-08 2.12E-10 3.51E-12 5.82E-14 9.64E-16 1.60E-17 

8 0.0772214 0.0031891 5.90E-05 9.90E-07 1.64E-08 2.72E-10 4.51E-12 7.47E-14 1.24E-15 2.05E-17 

9 0.0783495 0.0039174 7.41E-05 1.25E-06 2.07E-08 3.43E-10 5.69E-12 9.42E-14 1.56E-15 2.58E-17 

10 0.0772576 0.0047435 9.20E-05 1.55E-06 2.58E-08 4.28E-10 7.08E-12 1.17E-13 1.94E-15 3.22E-17 

11 0.0741745 0.005681 0.0001131 1.92E-06 3.19E-08 5.28E-10 8.74E-12 1.45E-13 2.40E-15 3.97E-17 

12 0.069387 0.0067455 0.0001382 2.35E-06 3.91E-08 6.48E-10 1.07E-11 1.78E-13 2.94E-15 4.87E-17 

13 0.0632328 0.0079547 0.000168 2.87E-06 4.78E-08 7.91E-10 1.31E-11 2.17E-13 3.60E-15 5.96E-17 

14 0.0560893 0.0093287 0.0002038 3.50E-06 5.82E-08 9.65E-10 1.60E-11 2.65E-13 4.38E-15 7.26E-17 

15 0.0483572 0.0108906 0.0002467 4.26E-06 7.08E-08 1.17E-09 1.94E-11 3.22E-13 5.34E-15 8.84E-17 

16 0.04044 0.0126659 0.0002986 5.18E-06 8.63E-08 1.43E-09 2.37E-11 3.92E-13 6.50E-15 1.08E-16 

17 0.0327196 0.0146836 0.0003616 6.31E-06 1.05E-07 1.74E-09 2.89E-11 4.78E-13 7.92E-15 1.31E-16 

18 0.0255318 0.0169752 0.0004387 7.70E-06 1.28E-07 2.13E-09 3.53E-11 5.84E-13 9.68E-15 1.60E-16 

19 0.0191419 0.0195748 0.0005336 9.43E-06 1.57E-07 2.61E-09 4.32E-11 7.16E-13 1.19E-14 1.96E-16 

20 0.0137272 0.0225181 0.0006512 1.16E-05 1.94E-07 3.21E-09 5.33E-11 8.82E-13 1.46E-14 2.42E-16 

21 0.0093673 0.0258406 0.0007983 1.43E-05 2.40E-07 3.98E-09 6.59E-11 1.09E-12 1.81E-14 3.00E-16 

22 0.006046 0.0295746 0.0009841 1.79E-05 2.99E-07 4.96E-09 8.22E-11 1.36E-12 2.26E-14 3.74E-16 

23 0.0036655 0.0337438 0.0012212 2.24E-05 3.76E-07 6.24E-09 1.03E-10 1.71E-12 2.84E-14 4.70E-16 

24 0.0020709 0.0383558 0.0015272 2.84E-05 4.77E-07 7.92E-09 1.31E-10 2.17E-12 3.60E-14 5.96E-16 

25 0.0010804 0.0433895 0.0019275 3.64E-05 6.13E-07 1.02E-08 1.69E-10 2.79E-12 4.62E-14 7.66E-16 

26 0.0005152 0.0487773 0.0024588 4.72E-05 7.98E-07 1.32E-08 2.19E-10 3.63E-12 6.02E-14 9.97E-16 

27 0.0002219 0.0543793 0.0031758 6.23E-05 1.06E-06 1.75E-08 2.90E-10 4.81E-12 7.97E-14 1.32E-15 

28 8.52E-05 0.0599503 0.0041617 8.38E-05 1.42E-06 2.37E-08 3.92E-10 6.49E-12 1.08E-13 1.78E-15 

29 2.87E-05 0.0651004 0.0055466 0.0001153 1.97E-06 3.27E-08 5.42E-10 8.98E-12 1.49E-13 2.46E-15 

30 8.35E-06 0.0692584 0.0075393 0.0001632 2.80E-06 4.66E-08 7.72E-10 1.28E-11 2.12E-13 3.51E-15 

31 2.06E-06 0.0716591 0.0104852 0.0002391 4.13E-06 6.88E-08 1.14E-09 1.89E-11 3.13E-13 5.18E-15 

32 4.18E-07 0.0713926 0.0149729 0.0003663 6.40E-06 1.07E-07 1.77E-09 2.93E-11 4.85E-13 8.04E-15 

33 6.84E-08 0.0675706 0.0220313 0.0005946 1.05E-05 1.76E-07 2.92E-09 4.84E-11 8.01E-13 1.33E-14 

34 8.70E-09 0.0596568 0.0334837 0.0010432 1.89E-05 3.18E-07 5.27E-09 8.73E-11 1.45E-12 2.40E-14 

35 8.27E-10 0.04793 0.0525077 0.0020399 3.88E-05 6.54E-07 1.09E-08 1.80E-10 2.98E-12 4.94E-14 

36 5.56E-11 0.0338692 0.0841353 0.0046582 9.77E-05 1.68E-06 2.79E-08 4.63E-10 7.67E-12 1.27E-13 

37 2.46E-12 0.0200551 0.1339421 0.0132097 0.0003605 6.74E-06 1.14E-07 1.90E-09 3.15E-11 5.23E-13 

38 6.43E-14 0.0092446 0.1989018 0.0483275 0.0026782 8.49E-05 2.12E-06 4.71E-08 9.79E-10 1.95E-11 

39 8.21E-16 0.0029187 0.2415831 0.2080111 0.0454087 0.0066307 0.0008749 0.000113 1.45E-05 1.87E-06 

40 3.41E-18 0.0004682 0.175097 0.7208579 0.951365 0.9932743 0.9991226 0.9998867 0.9999853 0.999998 
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8.4 E(k) for n=40  
 

 

 

                                                         H                K  

 

1 10.44109 

2 27.51523 

3 37.33708 

4 39.60255 

5 39.94714 

6 39.99315 

7 39.99911 

8 39.99987 

9 39.99998 

10 39.99999 

 

 
 

8.5 The dynamics of information propagation observed 

in simulation for n=40. 
 

 

 

Step 0 Nodes Count: 4 

Step 1 Nodes Count: 9 

Step 2 Nodes Count: 14 

Step 3 Nodes Count: 22 

Step 4 Nodes Count: 34 

Step 5 Nodes Count: 39 

Step 6 Nodes Count: 40 
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