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Abstract: 
In this paper an outline is given of output only modal analysis, some of the 
known technologies are briefly introduced. 

Due to the unknown input force of the output only modal analysis, the mode 
scaling factor can not be estimated, only the un-scaled mode shape can be 
obtained from Frequency Response Functions. This paper introduces one 
simple method of adding masses on the structure. The natural frequency shift 
caused by the structure mass change is used to get the scaling factor and scaled 
mode shapes. 

The simple method is illustrated on a computer simulation of one four-degree-
freedom lumped system and also on an output only measurement on a short 
bridge in the Blekinge Institute of Technology. 
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1 Notation 

C   Damper coefficient  

[c]                   Damping matrix 

f                      Frequency vector  

fs                    Sampling frequency  

G                    Power Spectral Density (PSD) matrix 

H                    Frequency Response Function (FRF) matrix 

K  Spring coefficient 

[k]                  Stiffness matrix  

M  Mass 

[m]                 Mass matrix 

[]                    Mass change matrix 

R  Residue 

x                     Data vector 

x (t)                Inputs 

y (t)                Measured response 

T                    Transpose 

φ                    Mode shape vector 

α                   Scaling factor  

kλ                 Pole  

0ω                Natural Frequency 

0ς  Damping ratio 

*                   Complex conjugate  
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Abbreviations 
ANPSDs Average normalized power spectral densities  

ARMAV       Auto-regressive moving average vector  

DFT              Discrete Fourier Transform 

ERA              Eigensystem Realization Algorithm 

FDD              Frequency Domain Decomposition 

FEM             Finite Element Model 

FRF Frequency Response Function 

IRF                Impulse response function 

LSCE            Least-Squares Complex Exponential 

MIMO          Multiple Input Multiple Output 

NDT              Non- destructive testing 

PP                 Peak-picking 

SHM             Structural Health Monitoring 
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2 Introduction 

Modal analysis is a powerful tool to help us understand the vibration 
characteristics of mechanical structures. It is the process of determining the 
modal parameters (modal frequency, modal damping and modal shapes). It 
simplifies the vibration response of a complex structure by reducing the 
data to a set of modal parameters that can be analyzed. Furthermore, a set 
of modal parameters can completely characterize the dynamic properties. 

Conventional modal parameter analysis is based on the vibration response 
of structures. The vibration response of the structures to excitation is 
measured and transformed into Frequency Response Functions (FRFs) by 
using Fast Fourier Transformation (FFT) technology. Then the modal 
parameters (modal frequency, modal damping and modal shapes) can be 
extracted from a set of Frequency Response Functions between a reference 
point and a number of measurement points. 

For some large-scale or flexible engineering structures in operating 
conditions, for example, suspension or cable-stayed bridge, in particular, 
the forced excitation requires extremely heavy and expensive equipment, so 
we use the ambient and operating forces as the unmeasured input excitation 
and only measure the output response. From the response the modal 
parameters can be estimated. The method that is based on only measuring 
the responses and using the ambient and operating forces as unmeasured 
input is called output only modal analysis. It also called ambient response 
analysis, ambient modal analysis, in operation modal analysis, and 
operational modal analysis. 

The drawback of output only modal analysis is that the mode shape scaling 
has been arbitrary causing incorrect modal participation factors. This will 
cause problems in applications such as response simulation and structural 
modification, because we can not obtain accurate Frequency Response 
Functions, FRFs, from response measurements only. This paper research 
one of the techniques to obtain the right scaling and get the scaled mode 
shape by adding masses on the structures. 

 

Now days there are many methods used to get the scaling factors in Output 
Only Modal Analysis by changing the mass of the structure. This simple 
method used in this paper already be widely used for many years in real 
work and validate in many research. 
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In order to obtain a deeper understanding and approve that this technique 
can be used in the real work and it is also a simple, accuracy, ease of use 
and ease of learning, we present this thesis in two case studies as our main 
objective. 

The personal purpose of this study is that firstly we can study more about 
modal analysis skills based on the basic Traditional Modal Analysis 
knowledge , secondly, we can understand deeper and more clearly about 
the difference between the Traditional Modal Analysis and Output Only 
Modal Analysis, at the same time, we can learn more  experimental skills in 
the practical work.  
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3   Modal analysis theory 

All systems can vibrate. Modal analysis is a powerful tool to solve the 
vibration problem. The inherent dynamic behavior of the system in a given 
frequency range can be shown by a set of individual modes of vibration. 
Every modes of vibration has an individual natural frequency, damping 
ratio and mode shape. That is the so-called modal parameters: 

                                                  Mode shape  

                                                  Natural frequency  

                                                  Damping ratio 

Natural frequency and damping ration are called ‘Global parameters’ 
because they do not change across the structure, and they can be obtained 
from any frequency response measurement taken from the structure except 
those measured at the nodal point where the mode shape has zero 
displacement .Mode shape is the deflection pattern that represents the 
relative displacement of all parts of the structure .The modal parameters can 
be estimated by measuring the frequency response between the reference 
points and a number of measurement points . Modal analysis is a powerful 
tool to analyze the frequencies, mode shapes, damping ratios, when the 
vibration naturally occurs. 

Modal parameters are widely used not only in mechanical engineering but 
also in many fields, for example, it can be used for model validation, model 
updating, quality control and health monitoring. 

3.1 Experimental modal analysis 

Experimental modal analysis is one of the main and important technologies 
in structural dynamics analysis nowadays. It is the process of determining 
the modal parameters of a system for all the modes in a given frequency 
range by way of experimental approach to get the experimental 
measurement data. According to those input-output experimental data, we 
can calculate the Frequency Response Functions which describe the 
relationship between the input point and output point on a system as a 
function of frequency. The experimental modal parameters can be obtained 
form Frequency Response Function (FRF) by curving fitting a set of FRFs. 
There are analytical and experimental ways that modal parameters can be 
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estimated. Curve fitting is a process of matching a mathematical expression 
to a set of data points. 
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Figure 01. Experimental Modal Analysis 
There usually are three basic steps in Experimental modal analysis: 

Data acquisition 

Modal parameter estimation 

Modal data presentation/validation 
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Modal data acquisition One of the important steps is to measure the 
vibration response of the structure. Selecting a good excitation point 
,exciting the structure ,measuring the vibration response to get the data 
which must have good quality and match the requirements of the theory  
and the mathematic algorithm of extracting modal parameter in order to 
make sure that those data can be used t to compute the mode shape and  
resonance frequency of the structure.  

Modal parameter estimation is concerned with the practical problem of 
estimating the modal parameters. We use the stability diagram to solve the 
main problem that is selecting the correct modal order .We performed a 
repeated analysis of the same data, each time using a different modal order. 
For each analysis we can get new pole values. From the stability diagram 
we then have to select the correct poles and disregard the computational 
(false) poles. 

Modal data presentation/validation where we wish to validate the 
identified modal model. It usually involves plotting and animation .We can 
synthesize Frequency Response Functions from the estimated modal 
parameters and compare them to theoretical results. Mode indicator 
functions and stability diagram are also used for model validation. 

 

3.2 Output-only modal analysis  

Output-only Modal Analysis has been widely used for estimating modal 
parameters of the structure in civil engineering for many years and recently 
it has became more and more popular in the mechanical engineering field. 

In the real world, real operation conditions differ from the laboratory 
conditions. We should take into account non-linear structure, environmental 
influence on structures, additionally, for some practical reasons sometimes 
it is impossible or difficult to measure the input force. Then the new 
technology exists to estimate the modal parameter directly from output 
vibration response. 

Output-only Modal Analysis is also called Operational modal analysis, 
ambient response analysis, ambient modal analysis, in operation modal 
analysis, and natural input modal analysis. No matter which name that is 
used, the idea is the same: using the natural excitation as the input of the 
system, for example, wind, traffic, ocean wave and so on, in a word, 
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estimating modal parameters from vibration response signals without any 
artificial input forces. 

 

3.3Benefits Compared to Traditional Modal Analysis  

There are a number of benefits in using the Output only Modal Analysis 
compared to the more traditional techniques. 

 

3.3.1 Easy to do the measurement  

The Output-only Modal Analysis works much easier compared to the 
Traditional Modal Analysis. Output-only Modal Analysis used natural 
force as the input, so firstly we do not need to any exciters and fixtures. 
Secondly we need not to shift the exciter around the structure in order to 
make sure the exciter is placed in a good position where all the modes are 
well excited. What is more, it also saves time to use the output only modal 
analysis 

 

3.3.2 Can make long time test  

Sometimes in order to get higher accuracy measurement data we need to 
make a longer time testing on the structure ,sometimes it takes few weeks 
or even few months so it is a problem to use  the traditional modal analysis. 
The equipment used for traditional modal testing are tired and the structure 
can not be used .But the output only modal analysis don’t have this kind of 
problem, during the test the structure still can be used as usual. 

 

3.3.3 Multiple Input Multiple Output Modal Technology 

The output-only Modal Analysis is Multiple Input Multiple Output, MIMO, 
techniques. The natural input force, for example, wind, traffic, excited 
many points of the structure at the same time. The Traditional Modal 
Analysis is Single Input techniques. Multiple Input Multiple Output 
technology is able to find the repeated poles to get the modes having a high 
degree of accuracy. 
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3.3.4 Winning Technology in In-situ Modal Testing 

Vibration shakers and impact hammers are impossible as excitation sources 
when it comes to in-situ testing of structures, such as buildings or rotating 
machinery. In cases like this the traditional modal analysis fails, because 
there are a number of unknown inputs acting on the structures. What is a 
problem for traditional modal analysis is the strength for output-only Modal 
Analysis. The more random input sources there are the better the modal 
results gets. Since the real strength of the technology really lies in the in-
situ testing it is no wonder why the technology is called output-only Modal 
Analysis. Another important feature that comes for free is that the estimated 
modes are based on true boundary conditions, and the actual ambient 
excitation sources. [1] 

 

3.4 Application of Output-only Modal Analysis 

There are many applications where Output-only Modal Analysis is the 
natural choice of technology for supplying structural information 

 

3.4.1 Estimating unknown load acting on structures  

In real word, it is difficult or impossible to measure the load acting on 
structures, such as wind, traffic, wave and so on. If, for some reasons, we 
are interested in those unknown load, output only modal analysis is one 
method to estimate the unknown load by inverting the estimated FRF 
matrix from the output only response measurement. 

 

3.4.2 Damage Detection  

Output Only Modal Analysis can be used as a tool in the damage detection   
especially for large structures. The natural frequency and mode shape will 
be determined for the structure damage. The modal parameters estimated 
from output only Modal Analysis can be used to update the finite element 
modal. It also be used to identify if the damage occurred or the impact of 
the damage on the structure, at the same time it also determine in where the 
damage happen on the structure. 
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3.4.3 Nondestructive testing  

In non- destructive testing, NDT, the objective typically is to monitor the 
health of a structure over time. For this reason it is also known as Structural 
Health Monitoring, SHM. Since the structure is observed during service no 
other modal tool can provide modal information in such a case.  [1]   

 

3.4.4 Vibration Level Documentation  

If the vibration level needs to be documented in locations where no 
measurements can be made, Operational Modal analysis can do it if you 
have a Finite Element Model, (FEM) available. The modal test you will 
obtain the modal coordinates or modal response at some measurable 
locations. These modal responses will then be extrapolated to other 
unmeasured locations through the mode shapes of the FE model, and by 
superposition the actual responses at the location is estimated. Even though 
the FE models only return normal modes, this extrapolation will be good 
enough for most structures. [1] 

 

3.4.5 Fatigue analysis  

The above mentioned vibration level documentation can also be extended 
to estimate the accumulated damage at unmeasured location such as 
underwater joints etc. In this way, ordinary inspections at e.g. offshore 
facilities can be optimized, since a few measurement points can give the 
engineers valuable fatigue estimates to help in the inspection planning. 

 

3.4.6 Scaled Mode Shapes 

The drawback of output only Modal Analysis is that the mode shape is un-
scaled which will cause incorrect modal participation factors, especially it 
will cause problems when the modal parameters of the structure are used 
for response simulation and structural modification. Recently some new 
techniques have been researched and developed to properly scale the mode 
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shape estimated from the Frequency response functions of large structure 
when the output only modal analysis is performed. 

 

3.5 Introduction of the methods of output-only modal 
analysis 

Now days, there are many Modal Parameter Estimation methods. For 
example Complex Exponential algorithm, Least Squares Complex 
Exponential, Polyreference Time Domain, Ibrahim Time Domain, 
Eigensystem Realization Algorithm, Polyreference Frequency Domain, 
Simultaneous Frequency Domain, Rational Fraction Polynomial, 
Orthogonal Polynomial, and Complex Mode Indication functions. 

For output only modal analysis there are two main groups of output-only 
modal identification methods:  

1. Non-parametric methods essentially developed in frequency domain  

2. Parametric methods in time domain. 

The time domain parametric methods involve the choice of the appropriate 
mathematical model to idealize the dynamic structural behavior. 

  

3.5.1 Frequency domain peak-picking (PP) method 

[2]A fast method to estimate the modal parameters of a structure based on 
output-only measurements is the rather simple peak-picking method. The 
method already applied some decades ago to the modal identification of 
buildings and bridges Natural frequencies are determined as the peaks of 
the Averaged Normalized Power Spectral Densities (ANPSDs).The 
ANPSDs are basically obtained by converting the measured data to the 
frequency domain by a Discrete Fourier Transform (DFT). The coherence 
function computed for two simultaneously recorded output signals have 
values close to one at the natural frequencies. It also helps to decide which 
frequencies can be considered natural; the components of the mode shapes 
are determined by values of transfer functions at the natural frequencies. 
Note that in the context of testing, transfer function yields a mode shape 
component relative to the reference sensor. It is assumed that the dynamic 
response at resonance is only determined by one mode. This validity of this 
assumption increases as the modes are better separated and as the damping 
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is lower. The method have been used successfully for a large amount of 
structures 

 

3.5.2 FDD Frequency Domain Decomposition technique 

[3]The relationship between the unknown inputs x (t) and the measured 
response y (t) can be expressed as  

( ) ( ) ( ) ( )T
yy xx

j H j j H j m rG Gω ω ω ω∗= ×                                  (3.1) 

where ( )
xx

jG ω  is the r r× Power Spectral Density (PSD) matrix of the 

input, r is the number of inputs, ( )
yy

jG ω is the m m×  PSD matrix of the 

response is the number of responses, ( )H jω is the m r×  Frequency 
Response Function (FRF) matrix, and “*” and the superscript T denote 
complex conjugate and transpose ,respectively. 

The FRF can be written in partial fraction, i.e. pole/ residue form  
*

*
1

( )
n

k k

k k k

H j
j j

R Rω
ω ωλ λ=

= +
− −

∑
                                                 

(3.2) 

Where n is the number of modes, 
kλ is the pole and kR  is the residue  

kR  
T

k kφ γ=                                                                                  (3.3) 

Where
kφ , 

kλ  are the mode shape vector and the modal participation 

vector, respectively. Suppose the input is white noise, i.e. its PSD is a 
constant matrix, i.e. its PSD is a constant matrix, i.e. ( )

xx
jG ω =C, then  

( )
yy

jG ω = 

 

1 1

n n
k k s s

k s k sk s

C
j jj j

R R R R
ω ωω ωλ λλ λ

∗ ∗

∗ ∗
= =

⎡ ⎤⎡ ⎤ ⎡ ⎤
⎢ ⎥= + +⎢ ⎥ ⎢ ⎥

− −⎢ ⎥− −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
∑∑        (3.4) 

Which superscript H denotes complex conjugate and transpose. Multiplying 
the two partial fraction factors and making use of the Heaviside partial 
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fraction theorem, after some mathematical manipulations, the output PSD 
can be reduced to a pole/residue form as follows 

1

( )
n

k k k k
yy

k k kk k

j
j jj j

A A B BG ω
ω ωω ωλ λλ λ

∗ ∗

∗ ∗
=

= + + +
− − −− − −

∑       (3.5) 

Where kA is the k th residue matrix of the output PSD. As the output PSD 
itself the residue matrix is an m×m hermitian matrix and is given by 

*

1

T Tn
k k

k k
s k sk s

C R RA R λ λλ λ ∗
=

⎛ ⎞
⎜ ⎟= +
⎜ ⎟− −− −⎝ ⎠
∑                                      (3.6) 

The contribution to the residue from the k th mode is given by 
*

2

T

k k
k

k

CR RA α
=                                                                            (3.7) 

Where 
kα is minus the real part of the pole

k k k
jλ α ω= − + . As it 

appears, this term becomes dominating when the damping is light, and thus, 
is case of light damping; the residue becomes proportional to the mode 
shape vector 

T T T

k k k kk k k k k k
C C dA R R φ γ γ φ φ φ∗∝ = =                                 (3.8) 

Where 
kd is a scalar constant. At a certain frequency ω  only a limited 

number of modes will contribute significantly, typically one or two modes. 
Let this set of modes be denoted by Sub (ω ). Thus, in the case of a lightly 
damped structure, the response spectral density can always be written 

( )

( )
T T

k kk k k k
yy

k Sub k k

j
j j
d dG

ω

ω
ω ω

φ φ φ φ
λ λ

∗∗∗

∗
∈

= +
− −

∑                                  (3.9) 

 

3.5.3 Polyreference LSCE applied to Auto- and Cross-Correlation 
Functions 

[4]On the assumption that the system is excited by stationary white noise it 
has been shown that correlation functions between the response signals can 
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be expressed as a sum of decaying sinusoids, each decaying sinusoid has a 
damped natural frequency and damping ratio that is identical to that of a 
corresponding structural mode. Consequently, the classical modal 
parameter estimation techniques using impulse response functions as input 
like Polyreference LSCE, Eigensystem Realization Algorithm (ERA) and 
Ibrahim Time Domain are also appropriate for extracting the modal 
parameters from response-only data measured under operational conditions. 
This technique is also referred to as next, standing for Natural Excitation 
Technique. 
The correlation functions between the outputs and a set of outputs serving 
as references are defined as: 

,[ ] refl lT
k k m ref mR E y y R ×

+= ∈                                                      (3.10) 
1l

ky R ×∈  Is the output vector containing l channels, 
1

,
refl

ref ky R ×∈  is a 

subset of ky  containing only the refl  reference, and [ ]E •  denotes the 
statistical expectation. The correlation functions can be estimated by 
replacing the expected value operator in (3.10) by a summation over the 
available measurements. Using the unbiased DFT this calculation can be 
performed significantly faster. If the unbiased DFT is not used, the results 
will be biased by leakage, and the damping will be over estimated. 

 The polyreference LSCE yields global estimates of the poles and modal 
reference factors. Mathematically, the polyreference LSCE decompose the 
correlation functions in a sum of decaying sinusoids: 

1
{ }

p
k kT T

k r rr rr r
r

n
R L Lψ ψλ λ

∗ ∗ ∗

=

= +∑                                             (3.11) 

where pn  is the number of poles; 
1lr Cψ
×

∈  is the r mode shape ; 
t

r eμλ ⋅Δ= is the r complex discrete system pole(related to the continuous 

system pole rμ  and the sample time tΔ );
1

ref

r
lCL

×
∈  is a vector of 

multipliers which are constant for all response stations for the r mode, Note 
that in conventional modal analysis , these constant multipliers are the 
modal participation factors. In case of output-only modal analysis, they will 
be further referred to as the modal reference factors. In case of output-only 
modal analysis, they will be further referred to as the modal references 
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factors. It can be proved that if the correlation data can be described by 
(3.11), it can also be described by the following model: 

1 1 0k k k i iIR R F R F− −
+ + ⋅⋅⋅ + =                                                (3.12) 

If the following conditions are fulfilled: 
1

1( ... ) 0k k k iT

r ir r r
IL F Fλ λ λ− −+ + + =                                          (3.13) 

2ref p
l i n× ≥

                                                                                 (3.14) 

Equation (3.12) represents a coupled set of refl  finite difference equations 

with constant matrix coefficients ( 1F …. iF ref refl lR ×∈ ). The condition 
expressed by (3.13) states that the terms 

rλ  . T

rL  are characteristic 
solutions of this system of finite difference equations. As (3.12) is a 

superposition of 2 pn  of such terms, it is essential that the condition given 
by (3.14) is fulfilled. 

Polyreference LSCE essentially comes down to estimating the matrix 

coefficient 1F …. iF .Once these known, (3.13) can be reformulated into a 

generalized eigenvalue problem resulting into refl i×  eigenvalues 

rλ ,yielding estimates for the system poles rμ  and the corresponding left 

eigenvectors 
T

rL . Equation similar to (3.12) can be formulated for all 

possible correlations kR . The obtained over-determined set of equations 
can than be solved in a least squares sense to yield the matrix coefficients 

1F …. iF . The order I of the finite difference equation is related to the 
number of modes in the data. 
Contrary to the stochastic subspace and ARMAV methods, the 
polyreference LSCE does not yield the mode shapes. So, a second step is 
needed to extract the mode shapes using the identified modal frequencies 
and modal damping ratios .this can be done either by fitting the correlation 
functions in the time domain or by fitting the power- and cross- spectral 
densities in the frequency domain. 
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3.5.4ARMAV estimation using a predication error method 

[4]The prediction error method for estimation of ARMAV models works 
directly with the recorded time signals. The ARMAV model can model the 
dynamics of a structure subjected to filtered white noise. In other words, the 
only restrictions are that the structure behaves linearly and is time/invariant, 
and that the un known input force can be modelled by a white noise filtered 
through a linear and tome/invariant shaping filter. The definition pf the 
ARMAV model is 
    1 1 1 11 1

... ...n nk k nk k ny y y e e eA A B B− −− −
+ + + = + + + .             (3.15) 

Where   l l

ky R ×∈  are the measurement vector and   l l

ke R ×∈ are a 

zero/mean white noise vector process .The auto/regressive matrix 
polynomial is described by the coefficient matrices   l l

iA R ×∈ . This 
polynomial models the dynamics of the combined system, i.e. the modes of 
the structural system combined with the noise modes. The moving average 
matrix polynomial is described by the coefficient matrices   l l

iB R ×∈  
.This polynomial ensures that the statistical description of the data is 
optimal. It can be show that by adding this moving average the covariance 
function of the predicted output of the ARMAV model will be equivalent to 
the covariance function of  

ky  .the model order n depends on the number 

of modes as well as on the dimension of the measurement vector. 

The ARMAV model is calibrated to the measured time signals by 
minimizing the prediction error i.e. the difference between the measured 
time signals and the predicted output of the ARMAV model. 
The ARMAV model is calibrated to the measured time signals by 

minimizing the prediction error 
k ky y

∧

− ,i.e. the difference between the 

measured time signals and the predicted output of the ARMAV model. The 
criterion function V that is minimized is defined as  

1

1det( ( )( ) )
N

T

k k k k
k

V
N y y y y

∧ ∧

=

= − −∑                                          (3.16) 
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This criterion function can be shown to correspond to a maximum 
likelihood if the prediction errors are Gaussian white noise. In this case the 
criterion provides maximum accuracy. The presence of the moving average 
makes it necessary to apply a non-linear optimization scheme. This 
minimization is started by providing an initial ARMAV model. In the 
present case the modal is obtained by a stochastic subspace method. Again, 
once the optimal ARMAV model is determined by a stabilization diagram, 
it is straightforward to determine the modal parameters by a modal 
decomposition. 
In collusion, some classical time domain methods can be used easily to the 
cross-correlation function instead of impulse response function and 
classical frequency methods can be used to the cross-power spectrum 
instead of frequency response function to extract modal parameters under 
unknown excitation. 
 

3.5.5 Complex Exponential Method 

Complex Exponential Method is almost same with the Polyreference LSCE 
applied to Auto- and Cross-Correlation Functions method. It is one of the 
methods to estimate the poles with the Complex Exponential. 
Impulse response given by recursive formula: 

0 1
n j

M N

j n i jn
i j

b y a yy −−
= =

= −∑ ∑                                                            (3.17) 

Gives over-determined system for{ ja } 

0 1
n j

M N

j n i jn
i j

b y a yy −−
= =

= −∑ ∑                                                            (3.18) 

1

( )n

N

n n j n j
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y b a y

δ

−
=

=

= −∑
                                                                       (3.19) 
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=

= ∑                                                                               (3.20) 
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⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

                                                  (3.21) 

 

the a-vector determines the poles, all FRFs have the same set of poles and 
the same a-vector. The method is easy to make a global estimate. 

 

3.6 Scaling factor by using the mass change method 

[2]When the calculation of frequency response function (FRF) or the 
impulse response function (IRF) are obtained from modal parameters, the 
following information is needed for each mode: The natural frequency, the 
damping factor  

The mass normalized (scaled) mode shape. 
How ever when the output only modal analysis is performed, the forces are 
unknown and for this reason only the following information is obtained for 
each mode: The natural frequency, the damping factor, the un-scaled mode 
shape 

So then we should estimate the scaling factor. 
The scaling factor estimation by the mass change method involves repeated 
testing where mass changes are introduced in the points of the structure 
where the mode shape is known. 
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Figure 0.2. Method of getting scaling factor 

 

The procedures are presented below: 

1. Firstly, carrying out output only modal analysis to extract the modal 
parameters of the unmodified structure { }0ψ  ,

0ω , 
0ς  

2. Modification the structure by adding masses mΔ  on some points on the 
structure.  
3. Then carrying out a second output only modal analysis to extract the new 
modal parameters of the modified structure{ }1ψ ,

1ω ,
1ς  

4.  According to the mass change and modal parameter, we can estimate of 
the scaling factors α  . 

We also can modify the structure not only by changing the mass of the 
structure but also by changing the stiffness or damping of the structure in 
theoretical, but in general, it is unpractical due to the fact that stiffness and 
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damping  matrices are difficult to change and estimate. Further, only for 
small structures, static test can be easily applied to estimate the stiffness 
matrix 

 
The equation to estimate the scaling factor is derived from the basic 
equation of motion of a structure subjected to a force 

 

 
                                         (3.22) 

[m] is the mass matrix, [c]is the damping matrix and [k] is the stiffness 
matrix.  

The classical eigenvalue equation in case of no damping or proportional 
damping is: 

1

1
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=

=
= +Ψ
Φ +

                                                                        (3.23) 

Where 0
{ }φ  is the mode shape, 0ω  is the natural frequency. 

If we make a mass change so that he mass matrix is [m] + [ ]mΔ , the 
eigenvalue equation becomes: 

2

11 1
([ ] [ ]) { } [ ] { }m m kφ φω+ Δ ⋅ ⋅ = ⋅

                                                (3.24) 

Where 1
{ }φ  and 

2

1ω are the new modal parameters of the modified 
problem. 

Subtracting equations we obtain: 
2 2 2

0 1 10 1 1 0 1
[ ] ({ } { } ) [ ] { } [ ] ({ } { })m m kφ φ φ φ φω ω ω⋅ ⋅ − ⋅ − Δ ⋅ ⋅ = ⋅ −

(3.25) 
If we now assume that the mass change is so small that the mode shapes do 
not change significantly, for example: 

.. .
[ ] { } [ ] { } [ ] { } { ( )}m x c x k x f t⋅ + ⋅ + ⋅ =
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1 0
{ } { } { }φφ φ≅ ≅

                                                                     (3.26) 

We get the equation 
2 2 2

0 1 1
[ ] { } ( ) [ ] { }m mφ φω ω ω⋅ ⋅ − = Δ ⋅ ⋅                                    (3.27) 

Pre-multiplying equation by { }Tφ  results in: 

{ }Tφ ⋅  
2 2 2

0 1 1[ ] { } ( ) { } [ ] { }Tm mφ φ φω ω ω⋅ ⋅ − = ⋅ Δ ⋅ ⋅                   (3.28) 
Now taking in account the orthogonality of the modes,  

{ }Tφ [ ] { } 1m φ⋅ ⋅ =                                                                          (3.29) 
The equation becomes: 

2 2 2

0 1 1
( ) { } [ ] { }T mφ φω ω ω− = ⋅ Δ ⋅ ⋅                                            (3.30) 

Finally, combining the equation and equation we obtain: 
2 2 2 2

0 1 1
( ) { } [ ] { }T mψ ψω ω α ω− = ⋅ ⋅ Δ ⋅ ⋅  

And the unknown scaling factor can be derived from 
2 2

0 1
2

1

( )

{ } [ ] { }T m
α

ψ ψ
ω ω

ω
−

=
⋅ ⋅ Δ ⋅

                                                       (3.31) 

When using this equation to determine a scaling factor, only the mode 
shape and the natural frequency of this particular mode have to be known. 
Equation gives exact results when the matrix [ ]mΔ  is proportional to the 
mass matrix [m] because in this case the modes remain unmodified.  

In equation, both the modified and unmodified mode shape can be used. 
However, the better results are obtained using the unmodified mode shapes. 

2 2

0 1
2

0 01

( )

{ } [ ] { }T m
α

ψ ψ
ω ω

ω
−

=
⋅ ⋅ Δ ⋅

                                                    (3.32) 

Or both the unmodified and the modified mode shapes 
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2 2

0 1
2

0 11

( )

{ } [ ] { }T m
α

ψ ψ
ω ω

ω
−

=
⋅ ⋅ Δ ⋅

                                                     (3.33) 

 

In order to reduce the uncertainty in the scaling factor estimation we have 
to minimize the inaccuracies of the estimate in the modal testing analysis 
and the difference between the structure mode shapes and the modified 
structure mode shapes by adding masses. We can minimize the difference 
by observing some criteria: 

1. More masses are attached to the structure 

2. The masses are well distributed 

3. The masses are located in optimal positions (peaks or valleys of the 
mode shapes) 

4. Mass change should not be too high; usually the mass change is 5% of 
the structure total mass 

In order to minimize the difference between the modified and unmodified 
mode shape, the mass change should not be too large. Usually the 
reasonable mass change should be  5% to 10%  of the total structure mass. 

 

Output Only Modal Analysis already has been widely used as a  tool for 
solving a broad range of mechanical engineering problems.  The method 
mentioned above is simple to understand.  Now we will approve and 
validate this new technology on how and why it works to get the proper 
scaling factor by proposed two cases. The first case is simulate a  four-
degrees-freedom system, acceleration was used as the response only, then 
by using the Complexp method we can get the modal parameters in Output 
Only Modal Analysis. The second study is also able to validate Output 
Only Modal Analysis method in the practical job that is presented on a 
small bridge in Blekinge Institute of Technology, then by using the Peak-
Picking method we get the modal parameters. 
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4 Simulation of four-degree-freedom 
system 

Before we measure the real bridge ,we use a four degree-of-freedom system 
to simulate a modal parameter analysis The identification session will be 
based on simulation of a Gaussian white noise excited 4-DOF system, the 
system is described by mass, damping and stiffness  

 

                              m1=225 kg 

                              m2=175 kg 

                              m3=80    kg 

                              m4=42    kg 

 

                              c1=600   Ns/m 

                              c2=140   Ns/m 

                              c3=175   Ns/m 

                              c4=150   Ns/m 

 

                              k1=1500000   N/m 

                              k2=900000     N/m 

                              K3=500000    N/m 

                              k4=450000     N/m 

                              k5=200000     N/m 
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Figure 4.1.   4-DOF system 

This four degree-of-freedom represents an MDOF structure as a series of 
massed connected by springs and so-called viscous damper. For simplicity, 
output-only modal identification methods assume the excitation input as a 
zero mean Gaussian white noise, which means that the real excitation can 
be interpreted as the output of a suitable filter excited with that white noise 
force input. In the simulation white noise was used to excite the four 
degree-of-freedom by using randn to generate four forces, one on each 
mass. The force vector was pre-processed, with fourth order low pass 
Butterworth filter. The sampling frequency was 400 HZ. The velocity 
response of the four masses were calculated. Using the function timeresv 
(time response, velocity) computes the vibration velocity. 
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The following MATLAB script was used.  This script is just for one mass 
as an example shown here. 

 

fs=400; 

N1=4096*2;  

N=8192*2; 

[b, a]=butter (4, 32/200); 

F1=randn (1024*1024, 1); 

[y1, t] = timeresv (F1, fs, M, C, K, 1, 1, [1:4]); 

 

We take the velocity as the output response. One of the responses (m2) is 
used as a reference point. From the output response we calculate the cross 
correlation between each velocity and the reference velocity, then truncated 
only take half length of them, because they are of order twice that of 
impulse response.  We only interested in the positive part of the cross-
correlation. 

 

Figure 4.2. Cross correlation between mass 1 and mass 2 
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The Impulse Response Function looks like the Truncated Cross Correlation. 

So after truncation of the cross correlation function, we take the Fourier 
transform of the correlation to convert it into cross power spectra, the 
resulted cross power spectrum looks like the FRF, then from the cross 
power spectra we can extract the Modal parameter. 

So the main idea is that we use the truncated Cross Correlation to instead of 
Impulse Response Function to get the poles, use the Cross Power Spectra 
instead of the Frequency Response Function to get the residues and mode 
shapes. 

 

poles = complexp(c, fs, 1000, 30, mif, f, 0, 40);  

[residues, residuals] = pol2resf (H, f, poles, 0, 40, 1); 

 

The function complexp produces a stability diagram, then the poles cab be 
selected. 

Estimated poles along with cross power spectra matrices are used to find 
residues. 

 

For Traditional Modal Analysis, we can measure the input force and the 
output vibration response, form the input-output measurement data it is 
easy to calculate the Frequency Response Functions that can be used to 
calculate the Impulse Response Function by inversing the Frequency 
Response Functions. The Impulse Response Function can be used in 
Complexp Matlab Function to estimate the poles by complex exponential, 
global method .Then using the estimated Poles and the Frequency Response 
Functions we can get the residues in frequency domain. 

Output Only Modal analysis, the input force is unknown so it is impossible 
to get the Frequency Response Function directly like the Traditional Modal 
Analysis. So we calculate the Cross Correlation Function between two 
output response points and the reference point. The Cross Correlation 
Function is a sum of decaying sinusoids. Each decaying sinusoid has a 
damped natural frequency and damping ratio, so we can use the Cross 
Correlation Function instead of the Impulse Response Function. 
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Figure 4.3. Cross Correlation [5] 

 

We only interested in the positive part because it looks like Impulse 
Response Function so we truncate the Cross Correlation Function. Using 
the same complex exponential, global method  to estimate the poles from 
the truncated Cross Correlation Function and we can get the function which 
looks like the Frequency response function by doing Fourier Transform of  
the truncated Cross Correlation Function. From the Frequency response 
function and the Poles we can get the residues but we need to scale the 
residues by adding mass on the structure which is a simple and good 
method. 
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Figure 4.4. Stability diagram in complex exponential calculation 

  

So with unmodified structure modal parameter extraction finished, we 
simulated adding masses onto the structure ,5kg  to mass 1 and 2 kg to 
mass 3. We then did the same procedure like the simulation on the 
unmodified structure to estimate the modal parameter again. From the mass 
change and the modal parameters for the unmodified and modified 
structures we can get the scaling factor. 

 

By use of the scaling factor we could scale the residues to get the scaled 
mode shapes. We then could show a comparison between frequency and 
damping of the modes identified by the traditional modal analysis 
(theoretical) and the Output Only modal analysis. 

Frequency Hz      estimated    theoretical 

Mode1                  7.3730        7.3746 

Mode2                  12.6728     12.6748 

Mode3                  18.6768     18.6701 

Mode4                   23.3506     23.3312 
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Damping   %          estimated    theoretical 

  Mode1                 0.4648        0.4770 

  Mode2                 1.4133        1.3625 

  Mode3                 1.4704      1.4807 

  Mode4                 2.2318       2.2629 

In order to validate our identified modal model, we synthesized FRFs and 
compared them to the theoretical FRFs as shown in Figure. Theoretical 
Frequency Response Functions are calculated by using M, C, and K 
matrices  

 

Figure 4.5. Output only FRFs compared with the theoretical FRFS 
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Figure 4-6  Comparison of response time histories 

 

Conclusion 
A quite good agreement between the theoretical and natural frequencies 
value and mode damping value are demonstrated above. 

The method of adding small masses on the structure in Output Only 
Analysis has proven to be a simple and effective method for scaling the 
mode shape in the output only modal analysis. It may provide accurate 
estimates of natural frequencies, damping ratio and mode shapes. 
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5 Measurement on a bridge  

5.1 Description of the short bridge 

The test object is the bridge which connects the two building in the second 
floor; total length is 19 meters in BLEKINGE INSTITUTE OF 
TECHNOLOGY in SWEDEN. The thickness is unknown. 

 

Figure 5.1. Small bridge 

 

5.2 Equipment  

Three B & K 8306 piezoelectric accelerometers, 

A/D conversion card, 16 bit, National Instrument 

A normal PC DELL Insprion 6000 

Charge amplifiers B & K2635 

Signal conditioner 
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Accelerometer power supply 

 

5.3 Experimental description 

This study was focused on the bridge vibrations in Blekinge Institute of 
Technology. The output responses were recorded as acceleration.  

When we chose the type of sensor for the response measurement, we have 
to keep in mind that the sensor has to fit the requirements concerning 
sensitivity and frequency range. Measuring displacement in many points is 
a very cumbersome task for civil engineering structures. Velocity 
transducers are well suited for structures exhibiting a fundamental natural 
frequency f > 4.5 Hz. Most engineering structures exhibit lower 
frequencies. Therefore, highly sensitive accelerometers are mainly chosen 
to investigate such structures.  

 

The experimental is based on the Output Only Modal Analysis that means 
we only measure the output as the response, the input is unknown. The 
bridge is 19 meters long. We divided it to 20 points by one meters interval. 
Jumping on the bridge to feel the maximum vibration displacement in order 
to roughly select the good reference point, we kept the point number 8 as 
the reference point, and roving another two accelerometer sensors along the 
structure until all measurement points on the bridge are complete. 
Piezoelectric accelerometers require appropriate power supply, and their 
analogue signals were transmitted to the data acquisition system with an 
A/D conversion card of 16 bit through relatively long electrical cables. This 
system was based on a normal PC DELL Insprion 6000; Accelerometers 
were placed on the bridge without fixation. 

 

The data were sampled at a rate of 500 Hz with measurement time is 60 
seconds, so totally 300000 samples were recorded for each measurement. 
Every time after collected the data, we need to plot the spectrum on the 
laptop to ensure that the recorded signals met the needs of the study. We 
use random people’s foot step as the ambient excitation of the bridge, and 
we also made one person jump for one minute in the neighbourhood of the 
accelerometer sensor, but because of the high damping of the bridge, the 
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impulse responses do not have good duration, so it was hard to get the good 
quality data. 

We can got good quality data if  

1. The structure under investigation has a resonant behaviour  

2. The ambient excitation is of broad band type, in order to excite all the 
frequency bands of interest  

3. There should be no risk of the excitation sitting in a node of the structure, 
where the natural vibration is zero.  

 

5.4 Experimental setup and testing 

Data acquisition: we collected the response bridge data by using the 
MATLAB function getdata. The MATLAB function is shown below. 

 

[V, t, fs, range] =getdata (fs, meastime, channels, range); 

 
fs is Sampling frequency 

meastime is Measurement time 

Channels are Response channels, specified as a vector. For example [0:2].  

Range is Measurement range. For example +-5V is written as [-5 5]. 

After getting the data we needed to check whether it is reasonable for the 
data analysis  so we use the function ‘ maketime ’to produce a time vector 
having the same length as the measurement data. The plot function gives a 
first rough plot of the signal. 

 

t= maketime (v1, fs); 

plot (t, v1’) 
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Figure 5.2. Plot of time history 

 

Actually we had four Piezoelectric accelerometers for this measurement, 
unfortunately, we broke one accelerometer, then we tried to use a small 
piezoelectric accelerometer to instead of the highly sensitivity piezoelectric 
accelerometer, but it did not work because Output-Only Modal Analysis 
needs very sensitive equipment. This is one of the main draw-backs of this 
method..  
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5.5 Data analysis 

After preliminary analysis of this data, it  was concluded that in the 
frequency range of interest (7– 16 Hz) all modes were detected by the 
reference sensor at point 8, so it was a good choice to use this reference. 

We first used the same method as with the simulation part of this study to 
estimate the auto- and cross-correlation of the responses. For each setup, 
the correlations between all the responses and the number 8 point response 
in the vertical direction were calculated .Then from the auto- and cross-
correlation we tried to extract the natural frequencies and damping ratios 
.As the correlation functions of the different setups were referenced to the 
same reference point, they could combine into one global model, yielding 
global estimates for the frequency and damping. Stabilization diagrams 
were used to show the stability of the poles .The power- and cross-spectral 
densities were estimated on the basis of the DFT and segment-based 
averaging. The segment size equalled 8192 time points and 50% overlap 
was used, A Hanning window was used to reduce the leakage effects. 

But during the measurement, we did not collect the good quality data .so it 
was hard to find the clear resonance frequency by using the complex 
exponential method, so we tried to use the pick-peaking method instead to 
got the modal parameters. 

 

5.6  Peak-Picking Method to estimate the Modal 
Parameters 

We measured the acceleration as response only vibration data for the small 
bridge excited by random foot steps. We collected the bridge response data 
by using the function which has been introduced above 

 

[V, t, fs, range] =getdata (fs, meastime, channels, range); 

 

There were 10 groups of data .we saved each setup as a group named from 
calc1 to calc10. Each setup included three channels of vibration data, one of 
which is the reference point 8,For example, for data calc1 there are v1,v2 
and v8,v1 and v2 are the acceleration response data of the point 1 and point 
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2, v8 is the acceleration response data of reference point 8. So for calc2 we 
had v3, v4 and v8,like this, all the measurement points were saved until 
calc10.Definitely before we save the acceleration response data we had to 
check whether the data  could be used in the data analysis, so we can 
plotted it in time domain by using the MATLAB function. Take the first 
measurement as the example. 

 

t= maketime (v1, fs); 

plot (t, v1’) 

 

 

Figure 5.3. Time history of v1 

 

There are 10 groups measurement .Each measurement has three sets of 
measurement data. We use the MATLAB function to save the data in one 
file. Take the measurement 1 as the example. 

Save calc1 v1,v2,v8 

So the 10 groups are calc1(v1 v2 v8), calc2(v3 v4 v8),, calc3(v5 v6 v8),, 
calc4(v7 v9 v8),, calc5(v10 v11 v8),, calc6(v12 v13 v8),, calc7(v14 v15 
v8),, calc8(v16 v17 v8),, calc9(v18 v19  v8),, calc10(v20 v8). 
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We saved all the reference data from each measurement as a group named 
reftot  

and we also saved all the measure points as a group named vtot 

Then we have to check whether the data were correctly grouped 

 

for n = 1:20; 

figure; 

plot(vtot(:,n)); 

hold on; 

plot(reftot(:,n),'r'); 

drawnow; 

pause; 

end 

 
By this we made sure that the reference data and the measurement data of 
each measurement were compatible between the two groups.  

 

Now we tried to use the Pick-Peaking method to get the frequencies by 
using Power Spectral Density and Coherence. 

Introducing one MATLAB function to get the Normalised Power Spectral 
Density 

PSDNORM    Normalised psd with hanning window 

 

            [y,f] = psdnorm(x,fs,size) 

 

            y   normalised psd 

            f   frequency vector in Hz 

            x   data vector 

            fs  sampling frequency in Hz 
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            size  FFT size 

            50 % overlap is used 

We calculated the Power Spectral Density of all response data and 
reference data. From the zoomed plot it is not hard to see where the 
resonances occurred. 

 

>> for n = 1:20;[p,f] = psdnorm(vtot(:,n),fs,1024);ptot(:,n) = p;end 

>> plot(f,ptot); 

>> ginput 

 
ans = 

 

    7.8174    0.0027 

    9.7822    0.0026 

   12.2098    0.0026 
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Figure 5.4. PSD of all the measurement points 

 

 

Figure 5.5. Zoom of the PSD around the interesting frequencies 

 

>> plot(ptot) 

>> ginput 

 

ans = 

 

   17.0148    0.0031 

   21.0284    0.0026 

   26.0143    0.0026 
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Figure 5.6. PSD of all the reference points 

 

Figure 5.7. Zoom the PSD around the interesting frequencies 
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From the figure it is not hard to see the first three modes around 7, 10 and 
12 Hz  

Corresponding to point numbers around 17,21 and 26 in the Power Spectral 
Densities. 

 

We can get the amplitude of the first three mode shapes from the Power 
Spectral Density between the measurement points (ptot) and reference point 
(preftot). 

 

>> plot(sqrt(ptot(26,:)./preftot(26,:))); 

 

Figure 5.8. Amplitude of the third mode shape 
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>> plot(sqrt(ptot(21,:)./preftot(21,:))); 

 

Figure 5.9. Amplitude of the second mode shape 

 

>> plot(sqrt(ptot(17,:)./preftot(17,:))); 
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Figure 5.10. Amplitude of the first mode shape 

From the three figures, we can see that there are some problems with the 
mode shapes, so we used MATLABT function tfestimate to estimate 
Transfer Function between the measurement points and the reference point 
in order to get the phase of the Estimated Transfer Function. 

Take the resonance frequency around 12Hz as an example below. 

 

for n = 1:20; 

[t,ft] = tfestimate(reftot(:,n),vtot(:,n),hann(1024),512,1024,fs); 

tftot(:,n) = t; 

end 

plot(angle(tftot(26,:))) 
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Figure 5.11. Phase of the transfer function 

 
We find from the figure that the phase is approximately zero for points 7 to 
12, while it is 180 degrees for the rest of the points. So, to get a proper 
mode shape (the negative one) we change the sign of point 7 to 12.  

 

modsh=(sqrt(ptot(26,:)./preftot(26,:))); 

modsh(7:12) = -1*modsh(7:12); 

plot(sqrt(ptot(26,:)./preftot(26,:))); 

hold on 

plot(modsh, ‘r’); 

hold on 
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plot(modsh, ‘r*’) 

 

Figure 5.12. Revised  the third Mode shape 
Now we can see the red one is the third mode shape as the figure shown. 

We can use the same method to check and correct the second mode shape 

then get all three correct mode shapes. The figure is shown below. 
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Figure 5.13. Revised second mode shape 

 

Figure 5.14.  The first three mode shapes of the small bridge 
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From the testing on the bridge we can see the advantages and disadvantages 
of the output only modal analysis clearly, in conclusion 

The main draw-backs are: it needs very sensitive equipment and very 
careful data analysis. 

The main advantages: Testing is cheap and fast, since big equipment for 
excitation is not needed and it does not interfere with the operation of the 
structure; measured response is representative for the real operating 
conditions of the structure .However, using this kind of testing, response is 
small, and often partly covered in noise. Further the loading is unknown, 
and, thus, the analysis is more difficult than in traditional modal analysis. 
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6 Conclusion and Future Work 

Civil engineering and mechanical engineering have some special 
characteristics .so it is difficult using traditional input-output modal 
identification method to analysis large and relatively low natural frequency 
structures. Output only modal analysis method which is already been 
proven to be accurate and efficient by the study cases above has been 
explored and developed, but the mode shape obtained from the Frequency 
Response Functions are un-scaled. When the identified modal model is 
used for structural simulation or structural modification, then we have to 
know the scaling factor of the mode shape, what is more, scaling factor is 
useful in many cases, for example health monitoring, damage identification 
and so on. 

In order to solve this un-scaled mode shape problem we used a simply 
method by changing mass of the structure (adding small masses on the 
bridge). 

In this paper, two different system identification methods have been 
discussed. One is the frequency domain based peak-picking method that we 
used in the small bridge in Blekinge Institute of Technology; one is the 
complex exponential method that we used in the simulation of lumped four 
degree of freedom system. The preferable method depends solely on the 
real situation and application. 
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