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Abstract

In this paper we investigate the block-type pilot channel estimation for orthogonal frequencydivision multiplexing (OFDM) systems. The estimation is based on the minimum mean square
error (MMSE) estimator and the least square (LS) estimator. We derive the MMSE and LS
estimators’ architecture and investigate their performances. We prove that the MMSE estimator
performance is better but computational complexity is high, contrary the LS estimator has low
complexity but poor performance. For reducing complexity we proposed two different solutions
which are the Simplified Least Square (SLS) estimator and the modified MMSE estimator. We
evaluate estimator’s performance on basis of mean square error and symbol error rate for 16
QAM systems. We also evaluate estimator’s computational complexity.
Keywords: Channel Estimation, OFDM, LS Estimator, MMSE Estimator, SLS estimator,
Complexity calculation.
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CHAPTER ONE

INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM) is one of the most widely used
modulation technique for high-bit-rate wireless communication. Especially the wireless local
area network systems such as WiMax, WiBro, WiFi and the emerging fourth-generation mobile
systems are all of used of OFDM as the core modulation technique. Wireless communication
systems use two different signaling schemes which are: coherent and general signaling schemes.
Coherent signaling scheme such as Quadrature Amplitude Modulation (QAM) requires channel
estimation and tracking of the fading channel. In a general modulation scheme such as
Differential Phase Shift-Keying (DPSK) no channel estimation is required. DPSK is used for low
data rate wireless transmission. For example European Digital Audio Broadcast (DAB) uses
DPSK modulation scheme. For more efficient digital wireless communication systems, the
coherent modulation scheme such as QAM is appropriate [7].
In OFDM system, the channel is usually assumed to have a finite impulse response. To avoid the
inter-symbol interference, a cyclic extension is put between the consecutive blocks, where the
cyclic extension length is longer than the channel impulse response.
Decision-directed and pilot–symbol-aided methods are two different ways for channel
estimation. Pilot-symbol-aided channel estimation can be further divided in two types: blocktype-pilot channel estimation and comb-type-pilot channel estimation. In the block-type-pilot
method, all sub-carriers are reserved for the pilot within a specific period. The estimation of the
channel for the block-type-pilot arrangement, can be based on Least Square (LS) or on Minimum
Mean Square Error (MMSE). In the comb-type-pilot method, one sub-carrier is reserved as a
pilot for each symbol. The estimation of the channel for the comb-type-pilot arrangement can be
based on linear interpolation, second order interpolation, low-pass interpolation or on time
domain interpolation.
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The MMSE estimator performance is good but its complexity is high. Contrary the LS estimator
complexity is low but its performance is poor [2]. For reducing complexity of the both estimators
we proposed two different algorithms which reduce complexity without compromise in
performance or with slightly lower performance.
The thesis report is divided into seven chapters. Chapter two reviews the previous works related
to channel estimation of OFDM and estimator’s complexity. Chapter three contains the problem
statement, research question and hypothesis that form the basis of our work. Chapter four gives
general work descriptions of OFDM, block-type-pilot channel and comb-type-pilot channel
estimations. Here also we explain how LS estimator and MMSE estimator work. In Chapter five
we discuss how to model the OFDM system, the Simplified Least Square (SLS) estimator system
and modified MMSE system. In Chapter six we discuss implementation of the model in Matlab,
simulation scenario and model validation. Finally we determine the complexity of each
estimator. Chapter seven concludes with a suggestion for future work.
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CHAPTER TWO

REVIEW OF THE STATE OF THE ARTS

Many researcher groups have been working on a channel estimation of OFDM systems and
estimators complexity. We discuss some of methods which are related to our topics.
In [1], the pilot arrangement for OFDM system has been investigated. The comb type pilot
channel estimation is implemented for the channel interpolation. IDFT (Inverse Discrete Fourier
Transform) and zero padding are used to convert frequency domain to time domain. DFT
(Discrete Fourier Transform) is used to convert time to frequency domain. The decision feedback
equalizer has been implemented for all sub-channel followed by periodic block type pilots. The
channel estimation at pilot frequencies is performed by either LS or LMS. To observe the
interpolation effect, the LS estimation is applied to all interpolation techniques. The LMS
estimation is applied to the linear interpolation techniques. This paper shows that the BER of
block-type estimation and decision feedback is from 10 dB to 15 dB higher than the comb type
estimation. The low-pass interpolation algorithm performs best among all channel estimation
algorithms. For low Doppler frequencies, the decision feedback estimations performance is
slightly worse than the low-pass interpolation channel estimation.
In [2], a low rank Wiener filter based channel estimator is proposed to reduce the complexity.
This optimal estimator avoids large-scale inverse matrix operation, so MMSE estimator
complexity is reduced. Moreover this estimator transmits two training blocks instead of one
training block of data. This estimator also pre-calculates the singular value decomposition (SVD)
of the channel correlation matrix [2].

In [3], a sample spaced approach has been develop for an OFDM system with transmit antenna
diversity. This paper analyzes the MSE performance and the leakage effect for sample spaced
taps and non sample spaced taps. For reducing complexity, orthogonal pilot sequence is
designed. Total pilot energy is calculated to evaluate the noise part performance. To determine
10

the leakage part estimator performance authors calculate the ratio between the number of pilots
and the number of antenna simultaneously estimated. Authors also show that performance can be
improved either by using more pilots or by estimating fewer channels simultaneously [3].

In [4], the decision-directed MMSE and adaptive channel prediction schemes are proposed for
channel estimation. This paper proposes the MMSE predictor which calculates the predicted
channel coefficient vector from the current and past received vector. This predictor memory
allows exploiting the temporal channel correlations. To exploit the spectral channel correlation,
the MIMO approach has been used. To be able to calculate the MMSE channel predictor, the
predictor should have presupposes knowledge of channel correlation and variance. In practice,
the channel change slowly over time and the predicted channel coefficient vector has to be
recalculated once again. To avoid this problem, this paper proposed adaptive channel predictor
that continuously updates of the predictor coefficients. The channel predictor does not require
presupposed knowledge of the channel statistics and noise statistics.

In [5], a pilot–aided TD MMSE channel estimator is developed for channel estimation. In this
method, pilots are multiplexed with data symbols in different sub-carriers within the OFDM
symbol. The TD operation is a simple linear operation. Here the input signal is directly linked to
output symbol samples. The computational complexity is lower because neither DFT nor IDFT
operations are required.

The separated smoothing and interpolation estimator (SINE) is another proposed method to
reduce the MMSE estimator complexity. SINE consists of twofold part. In first fold, an
interpolation is occurring within the noiseless signal without any knowledge of the channel
statistics. In second fold, MMSE based smoother is received pilot symbols and removes the
noise. The computational complexity is reduced by using this smoother. Here the smoother is
implemented by a low rank estimator based on the singular value decomposition (SVD) and the
interpolation is implemented by a Wiener interpolation filter (WIF) [7].
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CHAPTER THREE

PROBLEM STATEMENT AND MAIN CONTRIBUTION

There are two major problems in designing channel estimators for wireless OFDM systems. The
first problem is the arrangement of pilot or reference signal for transmitters and receivers. The
second problem is the design of an estimator with both low complexity and good performance.
To maintain high data rates and low bit error rates in OFDM systems, the estimator should have
low complexity and high accuracy.
The research question we intend to solve in this thesis work is:
 How can we design the SLS and the modified MMSE channel estimators to reduce the
complexity without compromise in performance?
Our hypothesis consists of two methods: the first method considers the SLS estimator which is
based on the LS estimator. The LS estimation is the noisy observation of channel attenuation and
it can be smoothed by using the auto-correlation properties of the channel. We propose to derive
a weighting factor of low complexity. The SLS channel estimator is based on the autocorrelation between channel attenuation ℎ

and the weighting factor. The weighting factor

should not depend on transmitted signal. The second proposed method is based on the MMSE
estimator. Since most of the channel energy is concentrated in relatively few samples, then to
design the low complexity channel estimator, the proposed estimator considers only the energy
concentrated samples.
Our main contributions are:
 Two channel estimation techniques are proposed for OFDM system to reduce its
complexity and improve the performance.
 We evaluate estimators’ computational complexity.
 Simulation results of the proposed methods provide comparative study and validate
proposal.
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CHAPTER FOUR

THEORETICAL BACKGROUND

4.1 Orthogonal Frequency Division Multiplexing (OFDM)
Now-a-days OFDM is most common and widely used in wireless communication. OFDM is
especially popular for its high transmission capability, high bandwidth efficiency and robustness
with regard to multipath fading and delay. It has been successfully implemented in European
Digital Audio Broadcasting system, European Digital Video Broadcasting system, Digital
Subscriber Line (DSL), Wireless LAN standards such as the American IEEE 802.11 (Wi-Fi) and
its corresponding European standard HIPRLAN/2. It has been proposed for wireless broadband
access standards such as IEEE STD, 802.16 (WiMax) and as the core technique for Forth
Generation (4G) mobile communication.
OFDM is a digital modulation scheme where available frequency spectrum is divided into
several sub-channels and a bit stream is transmitted over one sub-channel by modulating the subchannel using standard modulation such as QAM.

4.2 Channel estimation methods
The channel estimator provides the knowledge on the Channel Impulse Response (CIR) to
detectors. The channel estimation is based on the known sequence of bits which is unique for a
particular transmitter and which is repeated in every transmission burst. The channel estimator is
able to estimate the CIR for each burst separately by the exploiting transmitted bits and the
corresponding received bits.

Different type of channel estimation techniques are exist to

estimate the channel: the block type pilot channel estimation and the comb type pilot channel
estimation.
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In wideband OFDM radio communication system, the channel estimation becomes necessary. To
estimate the channel property pilot-based estimation techniques are widely used. Pilot-based
approach is also used for correcting the received signal. In this chapter we investigate two types
of pilot arrangements: block and comb types of arrangement.

4.2.1 Block-type pilot channel estimation
The first kind of pilot arrangement is block-type pilot-based channel estimation, as shown in
Figure 1. In block-type channel estimation a pilot signal is assigned to an OFDM block, which is
transmitted periodically and all sub subcarriers are used as pilots in a specific periods. The block
type pilot channel estimation can be performed by using LS, MMSE, SLS or modified MMSE
estimators. In Figure 1, empty dots mean data and fulfilled mean pilot.

Figure 1: Block type pilot channel estimation; empty dots contain information and fulfilled dots
represent pilot.

4.2.2 Comb type pilot channel estimation
The comb-type pilot based channel estimation is an efficient interpolation technique for channel
estimation. It gives better performance than the block-type by using the interpolation technique.
In the comb type pilot channel estimation, parts of the subcarriers are always reserved as pilot for
each symbol. The comb type pilot channel estimation can be based on LS estimator with
14

1D interpolation, linear interpolation, or second order interpolation. Figure 2 shows the
comb-type pilot channel estimation where empty dots mean data and fulfilled dots mean pilot.

Figure 2: Comb-type pilot channel estimation; empty dots contain information and fulfilled dots
represent pilot.

4.3 MMSE estimator
The MMSE estimator major rule is to efficiently estimate the channel to minimize the MSE or
SER of the channel. In equation (1),

and

denote as the auto-covariance matrix of g and

y respectively, where g is the channel energy and y is the received signal. Moreover, the cross
covariance of g and y is denoted by

and the noise variance E{| | } is denoted by

channel estimation by using MMSE estimator

can be derived as follows:

x0
y0

h0







xN 1



















yN 1

h N 1
Figure 3: Block diagram of channel estimator

15

. The
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=
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(2)

} =

+

(3)

The columns in F are orthogonal and I is the identity matrix.
From Figure 3, the channel impulse response
=

is as follows:

=

(4)

where,
=

(

)

+

(

)

is the channel attenuation for MMSE estimator,

(5)
is the channel energy, y is

received signal, x is the transmitted signal and F is the DFT matrix [2].

4.4 LS Estimator
The LS estimator has lower computational complexity than MMSE. The LS estimator for the
cyclic impulse response g minimizes (

)( −

) and generates the channel attenuation

as bellow
=

(6)

Here,
=(
and ( −

)

(7)

) are the conjugate transpose operations. So, the lest square

can be written

as
=
where, the least square

(8)
is the channel attenuation for LS. Equations (4) and (8) are the

general expressions for MMSE and LS estimators respectively. Both estimators have some own
drawbacks. However the MMSE estimator performance is better but computational complexity is
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high, contrary the LS estimator has high mean-square error but its computational complexity is
very low [2]. For reducing computational complexity and improve performance, we proposed
two channel estimation approaches.

4.5 Mean square error
The mean square error or MSE of an estimator is one of many ways to quantify the difference
between the theoretical values of an estimator and the true value of the quantity being estimated.
MSE measures the average of the square of the error. The error is the amount by which the
estimator differs from the quantity to be estimated. We define the mean square error as [15]
Mean square error = mean [{abs(
where, H is theoretical transfer function and

) − abs(

)} ]

(9)

is the calculated transfer function for

each estimator.

4.6 Symbol error rate
Symbol rate is the number of symbol changes made to the transmission medium per second
using a digitally modulated signal. Symbol error rate for 16-QAM system is [16]
,

= 3 2 erfc (

)

(10)

where, erfc denoted complementary error function,
rate.
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denoted signal energy and

denoted bit

CHAPTER FIVE

MODELLING OF THE PROPOSED CHANNEL ESTIMATOR

5.1 Mathematical model of the channel estimator
Figure 4 shows the OFDM base band mode where x is the transmitted signal, y is the received
signal, g (t) is the channel impulse response. Here, we use AWGN channel model and noise is
the white Gaussian channel noise. A cyclic prefix (which is not shown in Figure 4) is used to
preserve the orthogonality of OFDM consecutive blocks and to avoid the inter-symbol
interference between the consecutive OFDM blocks.

Figure 4: Block diagram of OFDM channel estimator and detector
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We consider a channel impulse response which is consists of 0 to N numbers and of 0 to N
non- zero pulses. The impulse response of the channel is
( )=∑

where,

( −

)

(11)

is the zero mean complex Gaussian random variable, g(t) is treated as the time limited

pulse train,

is the sampling period,

is the delay of N-th impulse, where the first delay

= 0 and others impulse delay have been uniformly distributed over the length of the cyclic
prefix.

Figure 5: Sample spaced channel and non-sample-spaced channel [8].
In the OFDM system, the channel impulse response time duration is less than the OFDM symbol
time. The channel transfer function or channel attenuation h absorbs most of the channel energy
within few samples. Figure 5 shows the energy absorption in time domain for two types of
channel, the sample spaced channel and the non sample spaced channels. The sample spaced
channel is a channel whose impulse response is finite and multiple of the system sampling rate,
for that reason the DFT gives the optimal energy concentration [8]. For the non-sample-spaced
channel, the IDFT of the channel attenuation h does not confine with cyclic prefix, because the
channel attenuation h is the continuous Fourier transform of the channel g. Although the IDFT
of h does not confine with cyclic prefix but it preserves the orthogonality. The requirement for
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orthogonality is that the continuous time channel has length that is shorter than the cyclic
prefix [6].
By using the N-point discrete time Fourier transform (DFT) system can be modeled as
= DFT [ IDFT ( ) ∗
Here,

=[ ,

,

,,,,,

] ,

called the cyclic convolution and
=1

an integer then

=[ ,
=[
i

,

]

,
,

(12)

,,,,

] ,

,,,,

( + ( − 1)τ )

is an integer then all the energy from
energy will leak to all taps of

=[

,

,

,,,,

] , * is

] is determined by sinc functions.

are the complex valued and 0 ≤

So, the amplitude
0 to N-1,if

√

∑

+

√

≤

(

)

( (

(13)

))

, k is an integer value range of

is mapped to taps

but when

is not

. Usually most of the energy is located near

the original pulse location [1]. The overall system can be written as
=

+

(14)

Here, k = 0, 1, 2………….N-1. ℎ is the channel attenuation vector for 0 to N-1 channel and
is the channel energy for 0 to N-1 channel, where

= [ℎ , ℎ , ℎ , , , , , ℎ

] = DFT(

)

For simplicity we may rewrite equation (14) as following
y= xFg+n

(15)

F is the DFT matrix.

5.2 Model of the proposed estimator
5.2.1 System Structure for SLS estimator
Our first modified version is based on LS estimator. The LS estimator characteristic is high mean
square error. For improving the performance and to reduce the computation complexity, we
proposed the following SLS estimator.
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Equation (8) can be rewrite like this

=

+

(16)

From equation (15)
=

(17)

h is the transfer function,

is the Gaussian noise, F is the DFT matrix, g is the channel impulse

response in time domain.
From equation (16), the LS estimator consists of channel transfer function plus some noise. Due
to noise part the LS estimator gives the poor performance. To improve the performance we have
to remove the noise from the original signal. The LS estimation is noisy observation of the
channel attenuation which can be smoother using some auto-correlation operation with the
channel attenuation

. If the channel transfer function is h, the received signal y and the

transmitted symbol x, then the SLS channel estimator will be:
=
where,

(18)

is weighted matrix and
=
=

(
{

+

(

) )

(19)

}

(20)

is the auto-covariance matrix of h. The weighting matrix
of size N×N depends on
the transmitted signal x. As a step towards the low-complexity estimators we want to find a
weighting matrix which does not depend on the transmitted signal x. The weighting matrix can
be obtained from the auto-covariance matrix of h and auto-correlation of transmitted signal x.
Consider that the transmitted signal x to be stochastic with independent and uniformly
distributed constellation points. In that case the auto-covariance matrix of noise becomes
where,

=
where,

(21)

is constellation factor and

The value of

is

{| | }

{1/| | } is the mathematical expression of .

for 16-QAM. SNR is a per-symbol signal-to-noise ratio equal to

{| | }/

. Then the SLS estimator becomes
=

(22)
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where the modified weighting matrix is give by
=

(

+

)

(23)

x0 1
g ls, 0

hls, 0

y0





g0








xN11




yN 1

gls ,N1

hls ,N1

h0





h N 1

g N 1

Figure 6: Block diagram for SLS estimator
Figure 6 shows the block diagram of
0 to N ,

estimator.

is the output from 0 to N sample,

domain from 0 to N samples and

represents the input signal start from

is the channel impulse response in the time

is the channel transfer function in the frequency domain.

5.2.2 System Structure for Modified MMSE
The modified estimator is based on MMSE estimator. According to equation (11), most of the
channel energy g is contained in or near to the first (L+1) samples, where L is
cyclic extension of time length,

,

is the

is sampling interval and N is the DFT size. Therefore to

modify the estimator we consider only the significant energy samples that are the upper left
corner of auto-covariance matrix

. From the IEEE std. 802.11 and IEEE std 802.16,

should be chosen among {1⁄32 , 1⁄16, 1⁄8}. In Figure 5, the significant energy level is 8. So
= 1⁄8 and

=

× 64 = 8. So, the significant energy consists of 1 to 8 sample and

remaining samples are noise of low SNR. To reduce the complexity we consider only the
significant energy samples.
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h N 1

Figure 7: Block diagram for modified MMSE channel estimator
Figure 7, shows the general structure of Modified MMSE estimator. where
is output signal, Q is frequency response in time domain and
these variables are range from 0 to N-th sample. In modified

is the input signal,

is the transfer function, all
estimator, we consider only

the significant energy samples that samples are transmit the data signal and remaining samples
transmit null signal. In MMSE-3 estimator, first three samples send data signal and remaining
samples send null signal. By implement the same approach- , MMSE-5, MMSE-8, MMSE-14
and MMSE-20 estimators’ data signal are consists of five, eight, fourteen and twenty samples
respectively and the rest of data bit information is set to null signal.
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CHAPTER SIX

IMPLEMENTATION, SIMULATION AND RESULT
ANALYSIS

6.1 Implementation of the model
The implementation consists of four functions of each estimator and two main programs.
The MMSE estimator: In the MMSE estimator function, the given inputs are: the input signal
x, the theoretical frequency response H, output signal y, auto-correlation function of the channel
energy

and noise variance. By using the MATLAB simulator, the cross-correlation of the

channel energy g and output signal y,

and the autocorrelation function of output signal

are estimated. From the implementation of equation (1) and (4), we estimate the impulse
response

and the transfer function

of the MMSE estimator. Finally, this function

calculates the mean square error and symbol error rate for MMSE estimator.
The LS estimator: In the LS estimator function, the given inputs are: the input signal x, the
theoretical frequency response H and the output signal y. By implementing equation (8), we
estimate the frequency response from LS estimator. For mean square error calculation,
MATLAB simulator first calculates the impulse response of the LS estimator. Finally, this
function evaluates the mean square error of the LS estimator.
The SLS estimator: In the SLS estimator function, the given inputs are: the input signal x, the
theoretical frequency response H, the output signal y, the auto-correlation function of the channel
energy

and given SNR value. In this case the MATLAB simulator first calculates the auto-

correlation function

based on the equation (20) and then estimates the impulse response of

the SLS estimator based on the equation (22). Finally, it calculates the mean square error and the
symbol error rate for SLS estimator.
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The modified MMSE estimator: The Modified MMSE estimator’s procedure is similar to the
original MMSE estimator. But here we consider only significant energy samples according to our
proposed idea.
Display part for simulation results: All simulation results are displayed by the MATLAB
interface. Simulation results are visualized into two parameters: mean square error criteria and
symbol error rate. All functions are executed by using this MATLAB interface part. After the
execution of the function, the results are shown in diagrams of the mean square error and the
symbol error rate.

6.2 Simulation Scenario and Parameters
The goal of the simulation is efficiently estimate the channel and then validation of the proposed
method. The simulation scenarios enable analysis of different channel estimator performance to
find the optimal channel estimator with low complexity. The significant energy level is one of
the major factors to determine estimator performance. In our simulation, the significant energy
level is concentrated in the first nine samples. Levels of mean square error and symbol error rate
are the major parameters to evaluate the estimators’ performance. Our main emphasis is to
minimize the mean square error and symbol error rate for each estimator. In our simulation
scenario we consider a system with 500 kHz bandwidth which is divided into 64 carriers. The
total symbol period is 64×2+10 = 138 µs where the symbol period for sender is 64+5=69 and for
receiver 64+5= 69, the system used 64 subcarriers, 10 µs is for the cyclic prefix and the sampling
is performed with 500 kHz rate. A symbol consists of 64+5=69 samples where five of them
belong to cyclic prefix. Our simulation scenarios are on based the following system parameters
are shown in Table 1.

25

Table 1: System Parameters
parameters

Specification

FFT size

64

Number of carriers N

64

Pilot Ratio

1/10

Guard Length

10

Guard Type

Cyclic Prefix

Bandwidth

500 kHz

Signal Constellation

16 QAM

Numbers of sample in each channel estimator used in our simulation are given in Table 2
Table 2: Different channel estimators and their size
Estimator
MMSE
LS
SLS estimator
Modified MMSE estimator

Notation
MMSE
LS
SLS
MMSE-3
MMSE-5
MMSE-8
MMSE-14
MMSE-20

Number of sample
0...................63
0...................63
0...................63
0...2
0......4
0.........7
0............13
0...............19

6.3 Models Validation
All programs are executed in Matlab simulator and the models validations are done on basis of
two parameter analysis.
- Mean Square Error
- Symbol Error rate
6.3.1 Analysis of simulation result - Mean Square Error approach
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In our simulation, we analysis the different channel estimators’ performance based on mean
square error criteria according to equation (9).
Figures 8 and 9 show the mean square error versus SNR curve for LS and MMSE. For SNR
range from 2 dB to 20 dB, the MMSE estimator mean square error range is 10
whereas the LS estimator mean square error range is 10

to 10

to 10 . While SNR range increases

from 12 dB to 60 dB, the MMSE estimator mean square error range is 10

to 10 , whereas the

LS estimator mean square error range is 10 to 10 . LS and MMSE, the both of estimators
give lower mean square error for higher range of SNR .

Figure 8: MMSE and LS estimator performance comparison based on characteristics of MSE
versus SNR
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Figure 9: MMSE and LS estimator performance comparison based on characteristics of MSE
versus SNR (for higher range of SNR)

Figure 10: SLS and LS estimator performance comparison based on MSE versus SNR
parameters
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Figure 11: SLS and LS estimator performance comparison based on MSE versus SNR
parameters (for higher range of SNR)

Figure 12: MMSE and SLS estimator performance comparison based on characteristics of MSE
versus SNR
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Figure 13: MMSE and SLS estimator performance comparison based on characteristics of MSE
versus SNR (For higher SNR range)

Figures 10, 11, 12 and 13 show the characteristics of MSE versus SNR for the MMSE, LS and
SLS estimators respectively. The SLS estimator performance is better than LS for less than
16 dB SNR. The Figure 13 shows that the performance difference between the SLS and MMSE
estimator is about 1dB. For 0 dB to 60 dB SNR range, the MMSE estimator MSE is
0.007 to 0.001 and the SLS estimator MSE is 0.01 to 0.001. So, the performance of the MMSE
estimator is better than SLS estimator in any SNR range.
Figures 14 and 15 represent the performance analysis of MMSE-3 and MMSE-5 for the SNR
range from 10 dB to 60 dB. The MMSE-3 estimator MSE is from 10
MMSE-5 the range is 10

to 10

to 10

and for

. The modified MMSE estimator’s performance is mainly

depend on the significant energy samples. The MMSE-5 estimator gives the lower MSE compare
than the MMSE-3 estimator. The significant energy level for the MMSE-3 is 0 to 2 samples,
whereas the MMSE-5 is 0 to 4 samples. From 40 dB SNR, the MMSE-3 estimator MSE is less
than 0.001, whereas the MMSE-5 estimator is less than 0.002. In higher range of SNR, both of
these estimators’ give the lower MSE.
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Figure 14: Estimator performance for MMSE-3 based on MSE versus SNR

Figure 15: Estimator performance for MMSE-5 based on MSE versus SNR

31

Figure 16: Estimator performance for MMSE-8 based on MSE versus SNR

Figure 17: Performance analysis for MMSE-14 based on MSE versus SNR
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Figure 18: Performance analysis for MMSE-20 based on MSE versus SNR
Figures 16-18 also show the performance analysis of MMSE-8, MMSE-14 and MMSE-20
respectively from SNR range from 10 dB to 60 dB. The MSE curves have major declined from
upward to downward direction in all of these estimators’ in the interval of 10-20 dB SNR range.
On the other hand all estimators MSE curves are almost constant from 25dB SNR. In Figure 16,
the MMSE-8 estimator MSE range is 10
whereas the MMSE-14 MSE range is 10
10

.

to 10

.

.

to 10
.

to 10

.
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.

from 10 dB to 60 dB SNR range,
.

and the MMSE-20 MSE range is

Figure 19: Performance analysis for modified MMSE based on MSE versus SNR

Figure 20: Comparison between Original MMSE and modified MMSE
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Figures 19 and 20 show comparisons of the MSE performance of the estimation schemes with
original MMSE and modified MMSE. In Figure 19, the MMSE-20 estimator MSE is lower than
others modified MMSE and for higher number of power samples estimator gives lower MSE
values. In Figure 20, we compare all of modified MMSE estimators with original MMSE
estimator where we can observe for higher SNR range, all modified estimators’ gives the lower
MSE. The original MMSE estimator MSE range is 10
estimator MSE range is 10

to 10

whereas the modified MMSE

to 10 .

6.3.2 Analysis of simulation result -Symbol Error Rate approach
In this section, we analysis the different channel estimators’ performance based on symbol error
rate approach. Figures 21 and 22 show the comparison between the LS and MMSE estimator
based on SER versus SNR. In the SNR range from 2 dB to 20 dB, the MMSE estimator SER is
lower than the LS estimator. SERs of LS and MMSE are almost the same from 25 dB SNR
range.

Figure 21: Performance analysis for MMSE and LS based on SER versus SNR
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Figure 22: MMSE and LS estimator performance comparison based on characteristics of SER
versus SNR (For higher SNR range)

Figure 23: Performance characteristics for MMSE and SLS based on SER versus SNR
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Figure 24: Performance characteristics for MMSE and SLS based on SER versus SNR (higher
SNR range)
In Figures 23 and 24 show the performance analysis of MMSE and SLS. The SNR range from
2 dB to 20 dB, the SLS and MMSE estimator SERs are in the range from 10

.

to 10

.

. The

same for the SNR range from 2 dB to 60 dB, the SLS and MMSE estimator SERs are in the same
range from 10

to 10 .

Figure 25: Performance comparison for SLS and LS based on SER versus SNR
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Figure 26: Performance comparison for SLS and LS based on SER versus SNR (for higher SNR
range)
Figures 25 and 26 show the performance characteristics of LS and SLS estimator. The SNR
range from 2 dB to 20 dB, the SLS and LS estimator SER are in the range from 10

to 10 .

For the SNR range from 2 dB to 20 dB, the SLS and LS estimator SERs vary in a range from
10

to 10 .The same for the SNR range from 2 dB to 60 dB, the SLS and LS estimator SERs

are in the same range from 10

to 10

. For higher range of SNR the SER is almost same for

the LS and SLS estimator.

Figure 27: Estimator performance for MMSE-3 based on SER versus SNR
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Figure 28: Performance analysis for MMSE-5 based on SER versus SNR
Figures 27 and 28 provide the performance analysis for MMSE-3 and MMSE-5. For the SNR
range from 10 dB to 60 dB, MMSE-3 estimator SER is 10
MMSE-5 estimator is 10

.

to 10

.

whereas SER of

to 10 . So the higher number of significant energy sample can be

reduce the SER range.

Figure 29: Estimator performance for MMSE-8 based on SER versus SNR
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Figure 30: Performance analysis for MMSE-14 on basis of SER versus SNR

Figure 31: Estimator performance for MMSE-20 based on SER versus SNR
Figures 29-31 show performance analysis of MMSE-8, MMSE-14 and MMSE-20 respectively
from SNR range 10 dB to 60 dB. The SER curves have major declined from upward to
downward direction in all these estimators’ in the interval of 10-25 dB SNR range. On the other
hand all estimators' MSE curves are almost constant from 30 dB SNR. In Figure 29, the
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MMSE-8 estimator SER range is 10
MMSE-14 MSE range is 10

.

to 10

.

to 10

.

and the MMSE-20 MSE range is 10

for 10 dB to 60 dB SNR range, whereas the
.

to 10

.

.

Figure 32: Performance comparison of modified MMSE based on SER versus SNR

Figure 33: Performance comparison of MMSE and modified MMSE based on SER versus SNR
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Figures 32 and 33 illustrate the SER performance of the estimation schemes with original MMSE
and modified MMSE. In Figure 32, we can conclude that MMSE-20 estimator SER is lower than
all others modified MMSE. When the number of significant energy samples increases, then the
SER decreases. So, for larger number of significant energy sample, the performance can be
improved. In figure 33, we compare all of modified MMSE estimators’ with original MMSE
estimator. For higher range of SNR, all of estimator gives lower SER. All of modified MMSE
estimators’ are in the SER range from 10
range 10 to 10

to 10

whereas the original MMSE estimator SER

. It can be concluded that modified MMSE estimator slightly compromises

with the performances.

6.4 Complexity Evaluation
The computational complexity is one of the important factors of the estimator performance. In
this section we evaluate all estimators’ computational complexities. Table 3 shows the general
overview of matrix calculation rules to determine the computational complexity. Where capital
O notation represents the computational complexity and n represents the matrix size.
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Table 3: Matrix calculation rules overview [10]
Operation

Input

Output

Algorithm

Matrix Multiplication

Two n × n
matrices

One n × n
matrices

Schoolbook matrix
multiplication
Strassen Algorithm
Coppersmith –
Winograd Algorithm
Schoolbook matrix
multiplication

Matrix Multiplication

One n × m matrix One n × p
& One m × p
matrices
matrix
One n × n matrix One n × n
matrix

Matrix Inversion

Discrete Fourier
Transform (DFT)

One n × n matrix

Complexity

Gauss-Jordan
elimination
Strassen Algorithm
Coppersmith –
Winograd Algorithm
General DFT
algorithm

One number
with at most
( (log ))
bits

(

)
.

(
(

)
)

.

(

)

(
(
(

)
.
.

)
)

O(n(log n))

6.4.1 Computational complexity for MMSE algorithm
The computational complexity for MMSE algorithm depends on equations (1) - (5) defining the
transfer function
channel energy

, impulse response

, cross co-relation of g and y,

and

.

Mathematical calculation of complexity for DFT matrix F:
O(F) = O(DFT) = n(log n)

(24)

where, F is a matrix of n × n size.
Mathematical calculation of complexity for
(

)=

(

:
)=

+

=

( + 1)

(25)

where
is a n × n matrix, is a n × n matrix, x is a 1× n matrix. Number of operation needed
for square matrix ( × ) ∗ ( × ) is ( ) and matrix multiplication of ( n × n) * ( n ×1) is
O ( n * n * 1) or ( )
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So the computational complexity for

Mathematical calculation of the complexity of
The computational complexity for

(

) =

(

+

( + 1).

becomes

:

is

)=

+

+

+

+

=

(2 + 3)

Number of operation needed for square matrix ( × ) ∗ ( × ) is
multiplication of ( n × n) * ( n × 1) is O( n * n * 1) or ( )

Mathematical calculation of complexity of
(

)=

(

(

(26)

) and matrix

:

) = n + n + n = n (2n + 1)

(27)

Number of operation needed for square matrix ( × ) ∗ ( × ) is ( ) and matrix
multiplication of ( n × n ) * ( n ×1) is O ( n * n * 1) or ( ) and for inverse operation

Mathematical calculation of complexity of

:

From equation (4) we get the transfer function
(

) = O(DFT(

)) = n(log n)

(28)

Mathematical calculation of complexity of one ‘for’ loop:
Operation needed for one ‘for loop’, O ( ‘for loop’) = n + 1
Table 4 shows a summary of the computational complexity for MMSE algorithm for n = 64
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Table 4: Total computational complexity for the MMSE estimator
Variables
F

Number of Operation
115
266240
536576
528384
115
65
1,331,495

‘for’ loop
Total

6.4.2 Computational complexity for LS estimator
From equation (8) we get
(

)= (

) = n + n = n(1+n)

(29)

here one inverse operation and one multiplication operation. So for inverse operation we need to
consider n operation because matrix size of is n × 1 and for multiplication need
The

operation.

estimator computational complexity is n(1+n). Here, n = 64, so total computational

complexity for the LS estimator is 4160.

6.4.2 Computational complexity for SLS estimator
From equation (18) to (22) we get the transfer function of the SLS
and auto-correlation of channel transfer function

, weighting matrix

Mathematical calculation of the complexity of DFT:
O( F) = O(DFT) = n(log n)
where, F is a matrix of n × n size.
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(30)

Mathematical calculation of complexity of

:

The computational complexity for

(

) = O (F *

*

) = n + n + n = n (2n+1)

(31)

Number of operation needed for square matrix ( × ) ∗ ( × ) is ( ) and matrix
multiplication of ( n × n ) * ( n ×1) is O ( n * n * 1) or ( ) and for inverse operation

Mathematical calculation of complexity of
(

)= (

:

) = n(1+n)

(32)

here one inverse operation and one multiplication operation. So for inverse operation we need to
consider n operation because matrix size of x is ( 1 × n) and for multiplication need
Mathematical calculation of complexity of
=

operation.

:

∗

(33)

where,
( )=
So, (

(

(

+ /SNR ∗ ) ) = n + n + n

(34)

)=n

For W, we need to consider one inverse operation, one multiplication operation and one
multiplication operation between

∗

. So for inverse operation we need to consider

operation and matrix multiplication of ( n × n ) * ( n ×1) is O ( n * n * 1) or
multiplication operation between
+

∗

(

) and

is n. The total complexity to determine O(W) is

+ n.
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For

, we need to consider one multiplication operation and multiplication of

(n × n ) * ( n ×1) is O ( n * n * 1) or (
The complexities of
and

and

are not included with

).

are calculated in the previous step, so the complexities of
and

in this step.

Table 5: Total computational complexity for SLS estimator
Variables

Number of operation

DFT

115
528384
4160

W

266304
4096

Total

803,059

Table 5 determines the total computational complexity for the SLS estimator for n=64. The total
computational complexity for SLS is 803,059 which is near to 40% less complexity then the
original MMSE algorithm.
6.4.3 Modified MMSE
The modified MMSE estimator is based on the original MMSE estimator and its complexity
calculation is based on the same principles as the original MMSE estimator.
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Table 6: Total computational complexity for the MMSE-3 estimator
Variables
F

‘for’ loop
Total

Number of Operations
MMSE-3
MMSE-5
MMSE-8
MMSE-14
MMSE-20
2
3
7
16
26
36
150
576
2940
8400
73
301
1153
5881
16801
63
275
1088
5684
16400
1
3
7
16
26
4
6
9
15
21
179
738
2,840
14,552
41,674

Table 6 shows the computational complexity for MMSE-3, MMSE-5, MMSE-8, MMSE-14 and
MMSE-20. The MMSE-3 estimator reduces the computational complexity almost 99.5 percent
of the original MMSE estimator. The reduction of matrix size reduces huge amount of
computational operations. MMSE-5 estimator’s matrix size is 5×5, this estimator also reduces
the computational complexity almost 99 percent. Although it’s computational complexity is little
bit higher than MMSE-3. In the same way for matrix size 8×8, 14×14 and 20×20 estimators’
reduces the computational complexity almost 98 percent, 98.5 percent and 96.5 percent
respectively compare to the original MMSE estimator.

6.5Analysis summary
Table 7 shows the complexity analysis of all estimators-’. After analysis the complexity
evaluation it can be concluded that the LS estimator gives the lowest computational complexity,
the modified MMSE estimator gives the lower computational complexity and the SLS estimator
gives the moderate computational complexity. Although the modified estimator performance
goes a bit worse compare to the original MMSE estimator performance. The LS estimator gives
the lowest complexity because it consists of only one multiplication and one inverse operation.
The modified estimator reduces the computational complexity by reducing the matrix size. The
SLS estimator reduces the matrix multiplication by simplifying the matrix operation.
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Table 7: Computational complexity analysis
Estimation scheme

Number

of Complexity Comments

operation
needed
LS estimator

4160

Lowest

Simple matrix multiplication and
inverse operation

MMSE estimator

1,331,495

High

Large

number

of

matrix

multiplications
SLS estimator

803,059

Moderate

Reduced

number

of

matrix

multiplications by simplifying the
matrix operations
Modified

MMSE 41,674

Low

estimator

Reduced

number

of

matrix

multiplications by reduction of the
matrix size
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CHAPTER SEVEN

CONCLUSION

In this report, a review of block-type pilot channel estimation for OFDM system is given. Firstly,
we show the general structure of all estimators-‘. Then we investigate the LS and the MMSE
estimator performances. Based on the performance analysis the MMSE estimator is recognized
as better than LS estimator, but the MMSE estimator suffers from high computational
complexity. To reduce its computational complexity we proposed two different channel
estimation methods: The SLS estimator and the modified MMSE estimator.
The significant energy samples and noisy observation of the LS estimator are the key points to
implement our ideas. In the SLS estimator, we apply an auto-correlation function with the LS
estimator to remove the noise. In the modified MMSE estimator, we consider only the significant
energy samples and ignore the remaining noisy samples. Based on this idea we introduce the
modified MMSE estimator.
By using the Matlab simulator, we validated our models. The comparison of all estimators’
performances on basis of mean square error and symbol error rate is shown. The simulation
result shows that the MMSE estimator performances better than the LS estimator, especially in
higher SNR range. From the performance analysis of each estimator, the SLS estimator MSE is
10

to 10

and SER is 10

to 10

MMSE estimator MSE is 10 to 10

for 10 dB to 60 dB SNR range. However the modified
and SER is 10 to 10

on the same SNR range. The

SLS estimator MSE and SER is lower than the modified MMSE estimator. In modified MMSE
estimator, the MMSE-20 estimator gives the lower MSE and SER than the others modified
MMSE estimator.
From the computational complexity analysis, for the SLS estimator it is reduced almost 40
percent of the MMSE estimator complexity. The Modified MMSE estimator reduces almost 99
percent of the MMSE estimator complexity. So the SLS estimator is the most efficient channel
estimation technique on basis of the complexity evaluation and performances.
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In future work, the proposed channel estimation method can be applied for 4G LTE to achieve
high data rate.

51

REFERENCES
[1] Coleri,S; Ergen,M; Puri,A; Bahai,A. “Channel estimation techniques based on pilot
arrangement in OFDM systems”, IEEE Transactions on Broadcasting, vol. 48, Issue 3, pp. 223229, Sept. 2002.
[2] Yi Gong and K.B Lataief, “Low rank channel estimation for space-time coded wide band
OFDM systems”, IEEE Vehicular Technology Conference, vol. 2, pp. 772-776, 2001.

[3] Dongxu shesn, Zhifeng Diao, Kai-Kit Wong and Victor O.K.Li, “Analysis of pilot assisted
channel estimators’ for OFDM systems with transmit diversity”, IEEE Transactions on
Broadcasting, vol. 52, no. 2, June 2006.

[4] Dieter Schafhuber and Gerald Matz, “MMSE and Adaptive prediction of time-varying
channels for OFDM systems”, IEEE Transactions on Wireless Communications, vol. 4, no 2,
March 2005.

[5] Carlos Ribeiro and Atilio Gameiro, “An OFDM symbol design for reduced complexity
MMSE channel estimation”, Journal of Communications, vol. 3, no. 4, Sept. 2008.

[6] Gunther Auer and Eleftherious Karipidis; “Pilot aided channel estimation for OFDM: a
separated approach for smoothing and interpolation”, IEEE International Conference on
Communications, vol. 4, pp 2173-2178, Aug. 2005.
[7] Ove Edfors, Magnus Sandell, Jan-Jaap van de Beek,Sarah Kate Wilson,Per Ola Borjesson,
“An application of the singular value decomposition to OFDM channel estimation”, IEEE
Transactions on Communications, vol. 4, no 3, March 1998.
[8] Ove Edfors, Magnus Sandell, Jan-Jaap van de Beek, Sarah Kate Wilson and Per Ola
Borjesson, “Analysis of DFT based channel estimator for OFDM”, IEEE Transactions on
Wireless Personal Communications, vol. 12, pp. 55-70, 2000.

52

[9]

S.

Chan,

“OFDM

spectrum”,

Feb.

20,

2005.

[Online].

http://www.mathworks.com/matlabcentral/fileexchange/6957-ofdm-spectrum.

Available:
[Accessed:

November 2009].
[10] ‘‘Computational complexity of mathematical operations’’. May 18, 2010. [Online].
Available: http://en.wikipedia.org/wiki/Computational_complexity_of_mathematical_operations
[Accessed: December 2009].
[11] Markku Pukila, “Channel estimation modeling”, Nokia Research Center, Dec. 2000.
[Online]. Available: http://www.comlab.hut.fi/opetus/260/chan_est.pdf
[Accessed: December 2009]
[12] Athaudage, C.R.N and Jayalath,Dhammika. “Low-complexity channel estimation for
wireless OFDM systems”. In Proceedings of 14th IEEE Conference on Personal, Indoor and
Mobile Radio Communications, pp. 521-525, 2003, Beijing, China.
[13] Yushi Shen and Ed Marthnez, ‘Channel estimation in OFDM systems’, Free scale
semiconductor, 2006. [Online]. Available:
http://code.ucsd.edu/~yushen/publications_files/Yushi%20Shen-Jan06-Freescale-OFDM.pdf .
[Accessed: October 2009]
[14] Van dE Beek, Edfors O , Sandell. M, Wilson S.K, Borjesson. P.O, “On channel estimation
in OFDM systems”, IEEE Vehicular Technology Conference, vol. 2, pp. 815-818, 2002
[15]

‘‘Mean

Squared

error’’.

July

23,

2010.

[Online].

Available:

http://en.wikipedia.org/wiki/Mean_squared_error [Accessed: August 2010].

[16] ‘‘Symbol error rate

for 16-QAM’’.

October 18, 2008. [Online]. Available:

http://www.dsplog.com/2007/12/09/symbol-error-rate-for-16-qam/ [Accessed: August 2010].

53

