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Abstract: 

The dynamic heave responses of the semi-submerged axisymmetric 

buoy of two different geometries to the excitations equivalent to 

impulse excitation technique were represented by mechanical single-

degree-of-freedom models. Founded on linear and 2-dimensional 

potential flow theory, the fluid-structure interactions were modeled and 

simulated with finite element approach. The numerical results obtained 

in transient harmonic oscillations were implemented with the frequency 

analysis tools and scaled by the input force spectrum. The records of the 

frequency response receptance were used in the assessment of 

hydrodynamic added mass and damping coefficients at the apparent 

linear resonance frequency. The buoyancy stiffness was calculated with 

relation to the hydrostatic pressure. Comparison with the experimental 

and analytical results lent validity to the numerical models.  
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1. Notations 

 
   Added damping        

   Added mass      

   Angular frequency         

   Atmospheric pressure        

   Buoyancy stiffness       

      Bulk modulus        

  Chemical potential        

  Complex variable 

    Contact angle       

  Damping of a system        

  Damping ratio     ⁄ √   

   Density of fluid (     ) 

        Density of fluid1 and fluid2 (     ), respectively 

   Dependent variable, the phase field variable 

   Dependent variable, the phase field help variable 

   Dynamic viscosity (      ) 

      Dynamic viscosity of fluid1 and fluid 2 (      ), 

respectively  

  Gravitational force (         ) 

  Imaginary unit (  √     

   Mass of the floating buoy      

  Mass of the system      

     Mean free path     

  Mobility           
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   Mobility tuning parameter 

  Modulus of elasticity (Young‟s modulus)      

   Parameter controlling interface thickness 

  Poisson‟s ratio 

  Pressure        

(X, Y), (x, y) Reference coordinates, Spatial coordinates  

   Relative permittivity  

  Stiffness of the system       

   Surface tension coefficient in fluid dynamics, Stress tensor 

in structural mechanics 

     User-defined free energy         
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2. Introduction 

 
This chapter began with examining parameter influence on hydrodynamic 

problems, recent studies and approaches to hydrodynamic parameters 

estimation. The background on fluid-structure interaction, numerical 

approach and frequency analysis presented in this work were briefly 

discussed. The objectives and scope of this thesis were elaborately 

introduced and employed in development of the framework.   

 

2.1 Problem Statement 

 

A mathematical modeling involved descriptions of significant 

characteristics of a system. By means of applying physical laws to the 

system, a mathematical model was formulated so as to describe the 

dynamics of the system. In attempting to build the mathematical model, 

approximations and assumptions were always involved for model 

simplification, thereby restricting the range of validity of the model. This 

range of validity limited the model to perform accurate prediction only to 

the extent of the given physical system. 
 

The description of a floating buoy response to wave-induced loads was 

built around the basis of Fluid-structure interaction (hereinafter FSI). The 

significant notion in FSI analysis was the identification of added mass and 

damping terms of the mechanical system oscillating in the fluid. The 

harmonic oscillation of the rigid buoy generated outgoing waves which 

caused the dynamic pressure around it to fluctuate resulting in forces and 

moments exerting on the submerged part of the buoy. These hydrodynamic 

forces were recognized as hydrodynamic added mass and added damping. 

The determination of both coefficients was not straightforward due to a 

number of dependent parameters. Firstly, they were dependent upon the 

modes and frequencies of oscillation. This implied that added mass and 

damping in one mode and frequency were not necessarily the same as in the 

others. Secondly, they were geometrical dependent. Thus any changes in a 

buoy shape would also alter these coefficients. Lastly, it demonstrated that 

they were water-depth influenced. The added mass value varied when 
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approaching the free-surface or any other surfaces such as a wall or another 

body. 
 

Another complex phenomenon encountered in FSI analysis was the 

coupling between fluid dynamics and structural dynamics occurred at their 

interface. The coupling governing equations must take account of both 

computational fluid dynamics (CFD) and computational structural 

dynamics (CSD). The classical Lagrangian was mainly used in structural 

mechanics to efficiently track the free surfaces and interfaces between 

different materials. That being said, when undergoing large material 

deformation, the Lagrangian algorithm lost accuracy, and the finite element 

grid experienced excessive distortions resulted in incomplete calculation. 

The excessive distortions were able to be resolved with Eulerian algorithm 

which widely used in fluid dynamics owing to the capability of handling 

greater distortions. Nonetheless, the delineation of the interfaces would not 

be well preserved and thus yielded poor interface precision and resolution.  
 

The added mass and damping in FSI had been calculated by C. Conca, A. 

Osses, J.Planchard [1]. Damping effect in FSI application to slamming 

problem by Aquelet, N. and Souli, M. [2]. The added mass and damping 

coefficients based on the multipole expansion by Wu, G.X [3]. All 

calculations of the added mass and damping were done analytically and 

therefore needed to deal with complex mathematics. Sharan, K. Shailendra 

[4], however, proposed a finite element analysis to determine only the 

added mass coefficient.  
 

This thesis approximated the hydrodynamic added mass and damping 

coefficients specifically in heave mode of oscillation based on numerical 

approach. The modeling and simulation were carried out through the FSI 

application mode in MEMS module of COMSOL Multiphysics software 

whereby the problems of the distortions and precise delineation from the 

conventional meshing methods, pure either Lagrangian or Eulerian, were 

resolved with accommodation of Arbitrary Lagrangian-Eulerian 

(hereinafter ALE). From the simulation, obtained the transient responses 

which were analyzed by theirs frequency content to locate the dominant 

frequency, i.e. resonance frequency, of the oscillation. The frequency-
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dependent added mass and damping were then approximated at the 

resonance frequency using log-log plot of receptance and 3dB bandwidth, 

respectively.  

 

2.2 Background 

 

This thesis was an extension of the preceding work entitled “Modeling of 

Buoyancy and Motion of a Submerged Body” [5], in which the floating 

spherical buoy connected to a stabilized mass was excited from its initial 

condition at rest. The response was measured in term of frequency response 

function accelerance by the accelerometers mounted on the plate connected 

to the buoy. The resonance frequency was examined in frequency domain 

whereas the added mass and buoyancy stiffness were experimentally 

estimated.  
 

This present work attempted to achieve the mechanical SDOF model 

demonstrated the heave motion of the zero-speed spherical buoy oscillating 

in water of constant depth. The analysis was started off with defining 

variables significantly affected the oscillation. The linear theory was laid 

the foundations for the linearized forces which allowed superposition of 

exciting waves, added mass, added damping and restoring force. In a case 

where neither exciting waves nor forward-speed was present, the problem 

reduced to a scatter problem solving, in particular, the added mass, added 

damping and restoring force. This led to mathematical modeling and 

computer simulations. The interaction between the floating buoy and the 

water must be coupled through governing equations taken account of the 

equations of motion of FD and SD. The governing equations for the water 

in the absence of the buoy must first be established. The Navier-Stokes 

equations of incompressible flow were used to describe the fluid motion. 

The stress-strain relation and strain-displacement from structural mechanics 

were adopted to describe the buoy movement. The buoy displaced from its 

equilibrium position under the fluid loads which induced the fluid 

properties to change. Changes in fluid properties, in turn, induced the 

oscillation of the buoy. To solve the coupling of the buoy-water interface, 
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the displacement compatibility and traction must be set and always satisfied 

to ensure the equilibrium along the interface.  
 

The most common approach to finite element FSI problems was built 

around Arbitrary Lagrangian-Eulerian formulation. ALE methods were first 

proposed by Noh (1964), Frank and Lazarus (1964), Trulio (1966), and Hirt 

et al. (1974) in the finite difference and finite volume methods. Later in 

1977 was found in the finite element work of Donea et al, Belytschko et al. 

(1978), Belytschko and Kenedy (1978), and Hughes et al. (1981) [6]. The 

ALE took neither the material configuration nor spatial configuration as the 

reference. On the contrary, besides the spatial and material domains, it was 

defined on another domain with reference coordinates to identify the grid 

points. The mapping from the referential to the spatial coordinates denoted 

the motion of the grid point in the spatial domain. The velocity difference 

between the material velocity and the mesh velocity seen from the spatial 

coordinates was introduced in term of relative velocity called convective 

velocity. It should then be obvious that the convective velocity term was 

zero in Lagrangian description given that the material and mesh velocities 

at all time coincided. In Eulerian description, evidently, the convective 

velocity was simply identical to the material velocity. In this fashion, the 

ALE approach allowed the computational mesh to move freely with fine 

resolution. 
 

Having been adopted the concept of FSI in a causal relationship between 

the floating buoy and the environmental loads it was subjected to, the 

application package 2D axial symmetry fluid-structure interaction FSI in 

COMSOL Multiphysics was opted for modeling and simulation. The FSI 

predefined Multiphysics encompassed a continuum application mode 

Stress-Strain 2D axisymmetry (smaxi), Moving Mesh ALE (ale), and Two-

Phase Flow, Laminar, Phase Field (mmglf). It had a wide range of 

industrial applications, e.g. underwater and offshore structures, automotive 

in shock absorber, exhaust systems, hydraulic engine mounts, wind 

engineering designs of tall structures and buildings, aerodynamic designs of 

aircraft wings etc. Regardless of the types of applications, the FSI problems 

shared similar phenomenon that was the coupling, either loose or strong, 

between the fluid and the structure on their boundaries. This phenomenon 
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enforced the coupled fluid-structure governing equations to be resolved 

simultaneously. There were two main approaches to solve the coupled 

fluid-structure governing equations. Partitioned approach solved the fluid-

structure coupled equations separately with two distinct solvers [7] whereas 

monolithic approach solved simultaneously. COMSOL Multiphysics solver 

solved the coupling fluid-structure equations using the monolithic 

approach. 

 

2.3 Objectives 

 

This thesis was set out to achieve a mathematical representation of the 

axisymmetric buoy utilizing its numerical model. The mathematical model 

was simply formed based upon single degree of freedom imposition with 

the variables, i.e. m, c, k, estimated from the numerical model solved by 

running finite element analysis in COMSOL Multiphysics software. The 

SDOF model was validated against the analytical model and the 

experimental results investigated from the former work, modeling of 

buoyancy and motion of a submerged body [5]. 

 

2.4 Scope 

 

This thesis confined the dynamic analysis of the axisymmetric buoy 

oscillating in finite water depth to a single mode of the oscillation, namely 

heave mode, disregarding the coupling effect from other modes owing to 

the symmetry of the submerged part. The numerical models were created 

with two different geometries with the presumption of having the same total 

mass. One was connected to a stabilized mass according to the 

experimental set-up while the other was not. The numerical results which 

attained in the form of transient oscillation were analyzed by their 

frequency content. The single added mass and added damping coefficients 

were assumed constant and estimated at the dominant frequency. The 

buoyancy stiffness was independently evaluated in relation to hydrostatic 

pressure. On the basis of linear theory, SDOF mathematical models of the 

axisymmetric buoy were formulated to represent the vertical oscillation. 
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The models were assessed and affirmed by means of validation against the 

analytical model and the experimental measurements. 

 

2.5 Framework 

 

The conceptual framework which outlined the thesis development was 

illustrated in Figure 2.1.  
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Figure 2.1.The conceptual framework examined steps in 

numerical simulation, parameters estimation, and verification. 

 

   

   

       

 
  

  

   

PREPROCESS:  

1. Model Navigator->MEM Module->FSI->Transient Analysis 

2. Draw Mode->creating the geometry 

3. Physics->Subdomain Setting-> Boundary Settings 

 

FINITE ELEMENT:  

4. Mesh->Free Mesh Parameters  

*5. Solve-> Solver Parameter->Solver Manager (solve for mmglf)->Solve Problem 

6. Solve-> Solver Parameter->Solver Manager (solve for smaxi, ale, mmglf)->Restart 

 

POSTPROCESSING:  

7. Plot Parameters->Domain Plot Parameters  

 

 
NUMERICAL RESULT 

 

PARAMETERS ESTIMATION 

 

1. Buoyancy stiffness     

FREQUENCY ANALYSIS: 

2. Heave added mass      

3. Heave added damping      

 

VALIDATED WITH 

THE ANALYTICAL 

MODEL AND THE 

EXPERIMENTAL 

RESULTS 

 

SDOF-HEAVE-

OSCILLATION MODEL OF 

THE AXISYMMETRIC BUOY 
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3. Literature Review 

 
This chapter reviewed four associated disciplines. The hydrodynamics 

introduced the basic assumptions, initial conditions and boundary 

conditions governing dynamics of fluid flow in hydrodynamic problems. 

The computational FSI analysis was detailed in relation with the predefined 

applications in COMSOL Multiphysics. The Laplace transform and 

frequency-domain analysis reviewed the approaches to estimating the 

hydrodynamic parameters. The mathematical single-degree-of-freedom 

model used in modeling the hydrodynamic parameters into the 

representation of the system motion was, as well, provided.    

 

3.1 Hydrodynamics  

 

3.1.1 Basic Assumptions 

 

A scalar potential function            was commonly defined as a 

continuous function that satisfied the basic laws of fluid mechanics, i.e. 

conservation of mass and momentum. For an external flow, a fluid was 

conventionally treated as irrotational, i.e.       ⃗   , incompressible, 

i.e.    ⃗   , and inviscid [8]. The fluid velocity of the irrotational flow 

was written in the form of the gradient of the scalar potential   in a 

cylindrical coordinate system as [9] 

 

 ⃗      
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     ,   and     were unit vectors along the          -axes,  

  respectively 

 

Cylindrical coordinates, axisymmetric 
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Furthermore, it followed the incompressibility condition that the velocity 

potential satisfied the Laplace equation,       

 

 

 

      

  
 

   

  
                                                

 

    
   

   
 

 

 

  

  
 

   

   
 

 

 

 

  
( 
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Since the Laplace equation was a linear equation, two potential functions 

could be superimposed to describe a complex flow field. Let         

[10], where        and       , then the Laplace equation for the 

total potential was written as 

 

                                                        

 

3.1.2 Six Modes of Motion 

 

Motion of a body oscillating in water or any rigid body was decomposed 

into six components corresponding to six degrees of freedom modes of 

oscillatory motion. There were three translatory components along x, y and 

z axes, namely surge, sway and heave, respectively. The other three were 

rotatory components about x, y and z axes, namely roll, pitch and yaw, 

respectively [11] (see Figure 3.1 and Table 3.1).   

 



17 
 

 
Figure 3.1.Motion of a rigid body oscillating in water was characterized by 

six components in Cartesian coordinates corresponding to six degrees of 

freedom. 

 

Mode Name Mode No. Velocity Component  ̂      ⁄   

Surge 1               ̂    ⁄    

Sway 2               ̂    ⁄   

Heave 3               ̂     ⁄   

Roll 4           ( 
        ̂      ⁄   

Pitch 5             
        ̂      ⁄   

Yaw 6            
        ̂      ⁄   

Table 3.1.Six modes of oscillation [11]. 

 

3.1.3 Potential Velocity Decomposition 

 

It followed the linear superposition adopted from the Laplace equation, the 

water-wave problem was decomposed into scattering and radiation 

problems [12].  

 

     ∑   
   

 

   

                                              

z 

y 

x 

Heave 

Sway 

Yaw 

Pitch 

Surge 
Roll 
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Where    signified the scattering wave potential which could be further 

decomposed into the summation of incident and diffraction potentials, 

        . The radiated wave, which was a superposition of radiated 

waves generated by each of the six modes, was denoted by   .  
 

Introducing complex amplitudes [Appendix A-A.1] for harmonic 

oscillation, all variables,  ⃗⃗   ⃗⃗              , were written as theirs complex 

amplitude  ⃗⃗ ̂  ⃗⃗ ̂  ̂          ̂. Consequently, the radiated term was defined 

as [11] 

 

 ̂  ∑   

 

   

 ̂                                                  

 

Where           denoted a complex coefficient of proportionality. It was 

interpreted as the complex amplitude  ̂  of the radiated velocity potential 

according to the oscillation in mode   with complex velocity amplitude  ̂ .  
 

In the case of the radiation problem with a floating structure confined to 

move in a single mode, the velocity potential was expressed as 

 

   ̂     ̂                                                    

 

For harmonic waves on water of constant depth, the velocity potential and 

the oscillating velocity were expressed as 

 

     [ ̂  
   ]                                               

 

    [ ̂    ]                                                 

 

Where  ̂  was the complex amplitude of the velocity potential  

   determined by the motion in mode  , following  

   structure motions in 6 degrees of freedom  ̂     
    

     was the floating structure velocity 

   ̂  was the complex velocity amplitude 
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3.1.4 Hydrodynamic problems 

 

Hydrodynamic problems in regular waves was normally classified 

according to their hydrodynamic loads [8] 

 

i) There were incident regular waves while the structure was 

restrained from oscillating. The hydrodynamic loads were called 

wave excitation loads. 

ii) There were no incident waves and the structure was forced to 

oscillate by wave excitation frequency. The hydrodynamic loads 

in this case were recognized as added mass, damping and 

restoring terms. 
 

 

The notion of the added mass and damping terms were essential to FSI 

studies. The added mass was described by a matrix which modeled the 

interaction of the mechanical structure through the fluid hydrodynamic 

pressure fluctuations. It was determined with the assumption of an ideal 

fluid given that the added mass was independent of fluid viscosity. The 

viscosity of the real fluid was then conveniently modeled and expressed in 

the damping term [13]. 

 

3.1.5 Boundary Conditions 

 

Considering forced harmonic heave motion of the floating buoy in the 

absence of incident waves. The oscillation of the structure generated 

outgoing waves which caused a pressure field in the fluid. The velocity 

potential must have first determined by imposing the initial conditions and 

boundary conditions. The velocity potential satisfied the Laplace equation 

in the fluid domain  .  
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Figure 3.2.Boundaries of the floating buoy and its surroundings defined in 

2 dimensional axisymmetric coordinates. 

 

In addition, the boundary conditions   were imposed as following [8], [10], 

[11], [13].  

 

i) The linearized free-surface boundary condition    (see Figure 

3.2) 

 

  

  
                                                          

 

Where   was a wave number determined from dispersion 

relation      ⁄  [11]. 
 

In addition, to ensure the dynamic free-surface condition, this 

simply stated that the water pressure on the free surface was 

equal to the atmospheric pressure   ,  

 

                                                            

 

ii) On the buoy surface    (see Figure 3.2), it was required that the 

normal component of the fluid velocity was equal to the normal 

component of the forced heave velocity.   

z 

r    
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  ̂

  
 ∑  ̂ 

 

   

                                                  

 

   

  
                

   

  
                                      

 

 Where    was normal coordinate on wetted surface  

   pointing outward to the fluid domain 

       was the buoy velocity  

       was a normal component of the buoy   

    velocity,      ⃗   ⃗  
 

iii) On the horizontal bottom    (see Figure 3.2) of the mean water 

depth  , it was required that the normal component of the fluid 

velocity equaled to zero. Note that ideal fluid, inviscid    , 

was applied 

 

[
  

  
]
    

                                                   

 

iv) The radiation condition of the outgoing wave at infinite distance 

       (see Figure 3.2) must satisfy 

 

  

  
                                                     

 

3.1.6 Added Mass and Damping Terms 

 

Once the potential velocity had been solved, the added mass was obtained 

from determining the dynamic pressure. By means of omitting the 

hydrostatic pressure and integrating the remaining pressure over the buoy, 

the vertical force on the body was attained written as [8] 
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Where    was force obtained by integrating the linearized  

   pressure over the mean position of the buoy 

      was the added mass in heave mode 

     was the heave damping coefficient 

     was the heave displacement 
 

 

Since the damping term related to energy of the system, damping 

coefficient could be found from energy relations. The total energy was 

written as a summation of kinetic and potential energy [8]. 

 

      ∭(
 

 
     )   

 

                                  

 

The time derivative of the total energy 

 

     

  
   ∬(

  

  

  

  
 (

    

 
 

  

  
)  )   

 

               

 

Where   was the total energy of the fluid volume   

    was the volume integration 

     was designated for volume integration 

    was the boundary surface of the fluid volume   

     was the atmospheric pressure 

     ⁄  was derivative along the unit normal vector   to the  

   boundary surface   

     was the normal component of the mean velocity of the 

   boundary surface   
 

For the problem of 2-D axisymmetry having the preceding boundary 

conditions imposed on its boundary  , which was composed of the wetted 

buoy surface   , two fixed control surfaces     and   , the free surface   , 

and the horizontal bottom   , the derivative of the total energy could now 

be written as 
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 ∫           

  

  ∫
  

  

  

  
  

       

                    

 

∫           
  

 
  

  
∫          
  

                           

 

∫           
  

 
  

  
(  

   

   
   

  

  
        )             

 

The last two terms     and     arose due to the hydrostatic pressure. The 

coefficient    represented a change in the buoyancy of the buoy as a result 

of a vertical displacement  . The fluid volume displacement at     was 

designated to  . 
 

The total energy was then integrated over the oscillation period   to obtain 

the average energy. 

 

∫
  

  
  

 

 

                                                    

 

∫   *∫           
  

+
 

 

 ∫   (  

   

   
   

  

  
        )            

 

 

 

 

Exploitation of the symmetry in the z-axis reduced the integration over both 

    and    to half-symmetry chosen to be    , as     would yield the same 

result. 
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3.1.7 Restoring Force in Heave Mode 

 

Restoring force stemmed from hydrostatic pressure and mass 

considerations. In the heave mode of oscillation, it was approximated to 

forced heave motion changed due to buoyancy forces in hydrostatic 

pressure [8]. 

 

                                                            

 

                                                           

 

Where    was defined as the restoring coefficient or buoyancy 

   stiffness 

     was defined as the water plane area 

 

3.2 Computational FSI 

 

In practical application, complex vector equations were conveniently 

implemented with the use of computer. The velocity vector field of the flow 

was then possible to be resolved explicitly. Presumably the assumptions 

stated in 3.1.1 were valid, the fundamentally mathematical concept scalar 

potential function   was therefore used to describe the fluid velocity   

executed through the vector equations incompressible Navier-Stokes.  

 

3.2.1 Theory Background 

 

Fluid-structure interaction analysis required solving a two-field problem 

which consisted of model equations of fluid and structural dynamics. It was 

due to the nature of the dynamic problem in which some changes in physics 

induced model geometry to change its shape correspondingly, or rather to 

change the mesh shape. To efficiently solve such deformed mesh of the 

computational domain, Arbitrary Lagrangian-Eulerian (ALE) method was 

introduced. The ALE technique allowed moving boundaries, yet the mesh 

movement would not follow the material. It was proven to be very useful 

when attempting to capture movement of the flow of fluid. In the particular 
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case of a floating structure oscillating in a constant water depth, there 

existed two-fluid subdomains, i.e. air and water, which inevitably gave rise 

to the multiphase flow problem. The moving interface or boundary was 

usually tracked using either the level set or phase field method [14]. The 

level set method tracked the interface by simply convecting it with the flow 

field. The phase field method, however, used a phase field variable   to 

govern the interface between the two fluids to ensure the system total 

energy diminish correctly. The phase field variable   was governed by the 

decomposed Cahn-Hilliard equations [Appendix B-B.2].  

 

3.2.2 Two-Phase Flow, Laminar, Phase Field (mmglf) Application 

Mode  

 

The model equations of the fluid were defined by generalized Navier 

Stokes equations, i.e. momentum transport equations and equation of 

continuity, which solved for pressure and velocity [14].  

 

 
  

  
                           ]                           

 

                                                            

 

Where    was the fluid velocity (   ) 

     was the fluid density (     ) 

     was the dynamic viscosity (      ) 

     was body force     
\ 

The fluid density   was computed based on the density of fluid1      and 

of fluid2      as 

 

                                                         

 

In the same manner, the dynamic viscosity was computed based on the 

dynamic viscosity of fluid1      and of fluid2       as 
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   was the value of the volume fraction of Fluid2 defined as 

 

      (   ([
   

 
]   )   )                                      

 

The gravity force 

 

                                                             

 

The surface tension force was conveniently considered as a body force: 

 

                                                            

 

The force due to an external contribution to the free energy 

 

     (
     

  
)                                               

 

Assuming        [Appendix B-B.2], obtained the Navier-stokes 

equations for two-phase flow, laminar, phase field 

 

 
  

  
                           ]                     

 

                                                            

 

3.2.3 Axial Symmetry, Stress-Strain (smaxi) Application Mode  

 

The model equation of the structure exploited the geometric symmetry of 

buoy by defining 2D axial symmetry cylindrical coordinates   (radial 

direction) and   (vertical direction). Stress-Strain application mode 

assumed that the components of the stresses         and strains         

were zero and solved global displacement       in the         directions, 

respectively. In this application mode allowed loads only in the        . 

The equilibrium stress-strain equation [15] 
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Deformation components         were associated with the strain-

displacement in axial symmetry coordinates assumed small displacement 

given as follows 

 

   
  

  
             

  

  
             

  

  
                            

 

    
  

  
 

  

  
                                                 

 

In order to run transient analysis of the floating buoys, Newton‟s second 

law was introduced to obtain the time-dependent equation [15]. 

 

 
   

   
                                                    

 

 

3.2.4 Arbitrary Lagrangian-Eulerian (ale) Application Mode 

 

From structural mechanics point of view, the mesh must follow the motion 

of the structure so as to record the properties of one particle. The 

Lagrangian method, often called material coordinate system, was 

commonly opted for a mesh movement technique such that each node of 

the computational mesh coincided with material particle (see Figure 3.3). 

From fluid dynamics point of view, where the properties of the flow were 

far more of interest than particles, and there was also a large deformation, 

the Lagrangian technique was no longer suitable. The Eulerian method was 

customarily used since the mesh was fixed in space (see Figure 3.3), i.e. 

spatial coordinates. In this fashion, the fluid motion and changes in 

properties of the flow would be attainable.  
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Figure 3.3.One-dimensional Lagrangian, Eulerian, ALE mesh movement 

techniques [6]. 

 

ALE method came in useful to handle the deforming geometry and also the 

moving boundaries with a moving grid. ALE algorithm offered a means of 

exploiting both features (see Figure 3.3). The mesh of the structural domain 

solved by Lagrangian algorithm was moved according to the solution of the 

calculations. For the fluid domain solved by ALE algorithm, the mesh 

displacement confined to free displacement setting was solved by Winslow 

smoothing method [Appendix B-B.3], by means of solving the specified 

PDE with constraints placed on the boundaries. This ensured that the mesh 



29 
 

smoothly deformed, and there were no ill-shaped mesh elements in the fluid 

domain.  

 

3.3 Laplace transform and frequency-domain analysis 

 

A SDOF mass-spring-damper system was a simple mathematical model 

representing a mechanic system written as 

 

  ̈    ̇                                                    

 

Where     was mass of the system      

     was coefficient of viscous damping         

     was stiffness of the system       

     was displacement of the mass from its equilibrium     

     was input force applied to the system     
 

To determine the output displacement of the system was to evaluate the 

impulse response      given the case of linear system the output 

displacement obtained by convolution of the impulse response of the 

system and the input force.  Taking Laplace transform of the equation 3.46,   

   

                ̇   ]              ]                      

 

Assuming the initial condition  ̇      and       , the system function 

 

     
    

    
 

 

        
                                  

 

Or the dynamic transfer function 

 

     
 

           
 
                                      

Where     was the undamped angular resonance frequency 

      √              

     was defined relative damping ratio     ⁄ √   
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The Fast Fourier Transform (FFT) was a frequency analysis tool effectively 

measuring frequency content of time-domain signals, either stationary or 

transient.  The characteristic of the transient signal spectrum was 

continuous yet not indefinitely. The FFT sampled the continuous frequency 

of the transient signal and produced calculable discrete frequency spectrum. 
 

A frequency response of any system was defined as the ratio between the 

spectrum of the output or response and the spectrum of the input or force. 

Hence, Evaluation of the transfer function in the equation 3.49 along the 

frequency axis    yielded the frequency response. In addition, the 

alternative terms frequency response receptance, mobility and accelerance 

were also defined according to the types of measurement. The receptance 

was defined as the ratio of displacement to force. Through differentiation in 

time domain or multiplication by    in frequency domain, obtained the 

mobility defined the ratio of velocity to force. Likewise, through 

differentiation of velocity in time domain or multiplication of the mobility 

by   , obtained the accelerance defined as the ratio of acceleration to force 

[16]. 
 

In displaying spectrum of the frequency response, logarithmic scales were 

frequently used to uncompress the details in the curve resulting from large 

dynamic range of frequency. The logarithms could be defined with any 

arbitrary base but the 10-base was common. The important characteristic of 

the log-log plot of the frequency response was the slopes of the plot in 

lower and higher frequency than the resonance. 
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Figure3.4.Log-log plot of the three common forms of frequency response, 

receptance    , mobility   , and accelerance    [16]. 

 

The slopes of each type of frequency response in low and high frequencies 

had significant meaning that which were used to evaluate the total mass and 

stiffness of the system. In the figure 3.4, the slope of the receptance    in 

the low and high frequencies designated the ratio of     and     ⁄ , 

respectively.  
 

Half-power or 3dB Bandwidth method was often used to quantify the level 

of damping in a structure. The damping   was found from the definition of 

the damping ratio     ⁄ √  . 
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Figure3.5.Half-power or 3dB bandwidth plot of frequency response 

function used to determine damping ratio. 

 

The damping ratio   estimated from the 3dB plot of frequency response 

function expressed in one of the alternatives, receptance, mobility or 

accelerance. The resonance frequency     formed the base for identifying 

the lower frequency      and upper frequency      at half-power points 

|       √ ⁄ | or 3dB (see Figure 3.5). The damping ratio was expressed as 

[16] 

 

   
         

      
                                                

 

3.4 Mathematical model  

 

The equations of motion for all three translatory modes followed Newton‟s 

law. The hydrodynamic force acting on the buoy was found from 

integrating hydrodynamic pressure, the hydrodynamic pressure had 

obtained from solving velocity potential, over its wet surface whereas the 

hydrostatic force was found from restoring force as stated. The following 

equation of motion was obtained, assuming zero-speed problem, by 

arranging on the right side, force components due to the fluid motion, and 

on the left, forces due to the body motion [12]. 

 

(         ) ̈        ̇                                     
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Where     signified the mode no.,                 for surge, 

   sway, heave, roll, pitch, and yaw, respectively. 

      was the expression for the body inertia matrix 

        were the added mass coefficient 

        were the damping coefficients 

        were the hydrostatic restoring force coefficients  

     were designated translatory and angular displacements 

   of the body 

     was the exciting force for         and moment for 

           arose from the presence of the incident wave 

   elevation 
 

However, the numbers of degree of freedom could be reduced according to 

the analysis. This thesis pursued the vertical or heave mode of oscillation of 

the axisymmetric buoy and therefore coupling effects from other modes 

were disregarded.  

 

 
Figure 3.6.SDOF model represented heave motion of the floating buoy 

induced by FSI 

 

The equation of motion        was then rewritten to present the heave 

mode of oscillation (see Figure 3.6) of the floating buoy as 

 

         ] ̈        ̇                                      
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   was designated for external exciting force considering the hydrodynamic 

forces were expressed in terms of added mass, added damping, and 

restoring force coefficients.  
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4. Numerical Model 

 
This chapter examined the main components and procedures of modeling in 

COMSOL Multiphysics of the semi-submerged buoy based on the 

description given according to the problem statement. The procedures and 

detailed settings included creating the geometry, defining the physics on the 

domains and at the boundaries, meshing, assembling, and solving for the 

finite element solution. 

 

4.1 Problem statement 

 

The axisymmetric buoy in the experiment was of diameter 0.426   of 

weight 3.234   , and of density 80       had a stabilized mass of 12    

suspended from its bottom. The buoy was partially submerged located at 

the middle of the swimming pool having constant water depth of 4  . At a 

certain instant    , it was excited to freely oscillate. The physical 

properties of the air and pool water were given at room temperature     , 

            and             for the density and            and  

           for the dynamic viscosity, respectively. 

 

4.2 Modeling Investigation 

 

This section described the main procedures covered the entire modeling 

process. Following the specification of model descriptions, defined the 

physics on the domains and at boundaries, created mesh to partition the 

geometry models, selected analysis type and solved the models.  

 

4.2.1 Model descriptions 

 

The first model geometry consisted of a semi-circular solid domain which 

was of radius 0.2 m and rectangular two-fluid domains which were of 

length 2.2 m and of width 0.45 m and 1 m (see Figure 4.1). The model was 

similar to a common offshore floating structure. Note that the geometry was 
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drawn only in half plane as a result of applying 2D Axial Symmetry 

application. 

 

 
Figure 4.1.The 2D-axial-symmetry Schema of the buoy’s geometry. 

 

To attain the real shape of the structure, the second model was drawn with 

three geometrical elements connected, i.e. the semi-circular and two 

rectangular, to represent the solid domain. The two additional rectangular 

were added in order to simulate the suspended mass, which were of length 

0.05 and 0.15 m and of width 0.025 and 0.05 m, respectively (see Figure 

4.2). Note that the suspended mass was added to the buoy for the sole 

purpose of stabilization. 
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Figure 4.2.The 2D-axial-symmetry schema of the buoy connected to the 

geometry of the stabilized mass suspended from its bottom. 

 

4.2.2 Modeling physics and equations  

 

Regardless of the difference in geometry, the two models were applied with 

the identical imposition of physics and equations. 

 

4.2.2.1 Subdomain settings  

 

The domain was composed of solid subdomain (Table 4.1), fluid 

subdomain (Table 4.2) and moving mesh ALE subdomain (Table 4.3). 

Material properties and settings were prescribed on each domain according 

to the model descriptions. 

 

4.2.2.1.1 Solid domain 

 

Material properties Isotropic 

Young’s modulus E          

Poisson’s ratio v  0.4 

Thermal expansion coefficient ɑ (          

Density   (        455 

Load, Body load Fz (    )                     

Table 4.1.Solid-subdomain parameter setting. 
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The density of the solid domain was not of the buoy 80       given the 

additional stabilized mass suspended must be taken into account. The solid 

domain density was found by applying Archimedes‟ principle stated „„Any 

body completely or partially submerged in a fluid at rest is acted upon by 

an upward, or buoyant, force the magnitude of which is equal to the weight 

of the fluid displaced by the body.‟‟ Denoting the total mass of the buoy, 

i.e. the mass of the buoy itself added in the stabilized mass, and the water 

density by      and   , respectively. The volume of the fluid displaced by 

the submerged part of the buoy    was written as 

 

                                                                  

 

              ⁄                                                  

 

Assuming the volume of the stabilized mass was negligible with respect to 

that of the buoy. Denoting the volume of the buoy and the density of the 

solid domain by    and    , respectively. The density of the solid domain 

was attained as 

 

                                                                     

 

                       ⁄                                       

 

4.2.2.1.2 Fluid domain 

 

The fluid properties were given at 20 degree Celsius or 293.15 Kelvin 
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Fluid properties Fluid1 (air) Fluid2 (water) 

Density (     )   =        =      

Dynamic viscosity (    )              

          

       
  

Surface tension coefficient   (   )             

Volume force Fz (       9.81* if (phi<0,1.25,1030) 

Mobility tuning parameter 

          

  1 

Parameter interface thickness 

   (   

          

Relative permittivity          

Mean free path        )           

Table 4.2.Fluid-subdomain parameter setting. 

 

The notion of the classical sponge layers [17] was adopted in order to 

reduce the effect of the wave reflection at the outlet boundary. The sponge 

layers absorbed wave energy by gradually increasing in the dynamic 

viscosity given as 

 

                      
                                

 

Where     denoted the dynamic viscosity of water             

     was defined as the reference coordinate of the sponge 

   layer  
 

The volume force Fz in Table 4.2 was computed dependently on the weight 

of the fluids exerted to the buoy and therefore if operator was assigned to 

implement the conditional expression. The phase field variable          

governed the interface between the two fluids run smoothly between the 

values -1 of the air to the value 1of the water. Consequently, in the air 

domain in which    , the condition was true then 1.25 of the air density 

was assigned to be multiplied with the gravitational force   to form the 

volume force. On the other hand, if   signified the water domain,      
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the condition was false, then the last argument, i.e. the water density, was 

evaluated instead. 

 

4.2.2.1.3 Moving mesh ALE 

 

Moving Mesh ALE Solid domain Fluid domain 

Mesh displacement (m) Prescribed 

displacement 

dr = 0, dz =w 

Free displacement 

Table 4.3.Moving mesh ALE-subdomain setting. 

 

The mesh displacement in the solid domain was constrained to displace 

only in z-direction prescribed equaled the vertical displacements of the 

buoy calculated by the structural mechanics application mode. In fluid 

domains, i.e. air and water domains, the mesh displacement was set to free 

displacement, that was, it was constrained only by the boundary conditions 

surrounding. Unlike the displacement in the solid, the displacement in the 

fluid domain was solved by the prescribed Winslow smoothing function 

[Appendix B-B.3]. 

 

4.2.2.2 Boundary conditions 

 

The boundary conditions were defined at the solid boundaries, fluid 

boundaries (see Figure 4.3, Figure 4.4 and Table 4.4), and moving mesh 

ALE boundaries (see Table 4.5).  

 

4.2.2.2.1 Solid domain  

 

Fluid force was defined on the deformed mesh or spatial frame 

corresponding to that of which the fluid domain had been defined. It was 

mapped into the reference frame on which the structure was by the mesh 

element scale factor. This factor was expressed as the ratio of the mesh 

element scale factor for ALE frame to the mesh element scale factor for the 

reference frame.  
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In 2D domain, defining the undeformed mesh element area scaling factor 

    . Defining, also, the deformed mesh element area scaling factor 

        . The fluid load exerted on the buoy was then given by the total 

force per area multiplied by a factor for the area effect [14].  

 

                          ⁄                 ⁄           

                          ⁄                 ⁄              

 

Where           and           denoted the total fluid force per 

  area      in r and z components, respectively. 

                was defined as the factor for the area effect 

    denoted r coordinate initial value      

             denoted R-displacement     

                  ⁄  denoted an additional factor for  

  axisymmetric model accounted for the radial displacement 

 

4.2.2.2.2 Fluid domain 

 

 
Figure 4.3.Boundaries of the floating buoy in water of finite depth selected 

by group, structure velocity (in red), free-surface (in purple), exterior 

(open-air and horizontal bottom) (in blue), outlet (in green). 
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Figure 4.4.Boundaries of the floating buoy connected to the stabilized mass 

in water of finite depth selected by group, structure velocity (in red), free-

surface (in purple), exterior (open-air and horizontal bottom) (in blue), 

outlet (in green). 

 

The setting boundary conditions for the incompressible Navier-Stokes 

equations were shown in Table 4.4. 

Table 4.4.Fluid domain boundary conditions. 

 

Fluid 

domain 

Solid 

Boundary 

 
(in red) 

Free-

Surface 

 
(in purple) 

Exterior 

boundary 

 
(in blue) 

Outlet 

 

 
 (in green) 

Boundary 

type 

Wall Interior 

boundary 

Wall Outlet 

 

Boundary 

condition 

Moving 

wetted wall 

Z-velocity 

moving wall 

          

Contact 

angle 90 deg 

Continuity No slip Zero normal 

outlet 

velocity 
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Symmetry boundary at coordinate R=0, 2D Axial symmetry prescribed 

     and vanishing stresses in the z direction. 
 

The surface of the buoy was regarded as a wall. Being in contact with the 

fluid, the Moving wetted wall boundary must be placed given that the 

velocity of the structure defined the velocity of the fluid. To ensure that the 

fluid moved with the wall, the angle contact of wall velocity was assigned 

90 degree implying slip condition     was applied. 
 

The free-surface or interior boundary on which the two fluids, air and 

water, were in contact, the Continuity boundary condition,   

             , was imposed to ensure the continuity of the mass flux 

across the interior boundary between the air and the water. 
 

The No slip wall boundary condition constrained the exterior boundaries, 

which in this case described the open air and pool bottom. No slip wall 

physically expressed a stationary solid wall at the pool bed, prescribed 

condition     where normal component of the fluid was equaled to zero 

assumed ideal, inviscid fluid. 
 

Another exterior boundary located where fluid exited the domain, outlet, 

was prescribed normal outlet velocity       to be zero to satisfy the 

radiation condition of the outgoing wave at infinite distance. 

 

4.2.2.2.3 Moving Mesh ALE 

Table 4.5.Moving mesh ALE boundary conditions. 

 

 

Mesh 

displacement 

(m) 

Solid 

Boundary 

 
(in red) 

Free-

surface 

 
(in purple) 

Exterior 

Boundary 

 
(in blue) 

Outlet 

 

 
(in green) 

r-direction dr=0 dr=0 dr=0 dr=0 

z-direction dz=w dz=0 dz=0 dz=0 
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Table 4.5 illustrated the setting which defined the mesh displacement. It 

was set to follow the buoy displacement in z-direction. Setting No 

displacement in other domains to signify they were not affected by the 

geometrical parameter. 

 

4.2.3 Meshing 

 

A free mesh consisting of triangular elements was used for partitioning the 

subdomains of the two models (see Figure 4.5 and Figure 4.6). 
 

Free mesh parameters for Model1 and Model2 (global and advanced 

setting) were shown in Table 4.6. 

 

Predefined mesh sizes Coarse 

Maximum element size scaling factor  1.5 

Element growth rate 1.4 

Mesh curvature factor 0.4 

Mesh curvature cutoff 0.005 

Resolution of narrow regions 1 

Scale geometry before meshing 

R-direction scale factor 

Z-direction scale factor 

 

1.0 

1.0 

Resolution of geometry 10 

Table 4.6.Free mesh parameter setting for Model1 and Model2. 
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Figure 4.5.The solid and fluid domains of Model1 partitioned the 

subdomains into triangular mesh elements using free mesher. 

 

 
Figure 4.6.The solid and fluid domains of Model2 partitioned the 

subdomains into triangular mesh elements using free mesher. 
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Mesh statistics was shown in Table 4.7. 

 

Global Model1 Model2 

Extended mesh: Number of DOF 2791 3512 

Base Mesh: 

Number of mesh points 153 205 

Number of elements (triangular) 265 360 

Number of boundary elements  57 74 

Number of vertex elements 8 13 

Minimum element quality 0.7819 0.7637 

Element area ratio 0.0369 0.0075 

Table 4.7.Global mesh statistics of Model1 and Model2. 

 

4.2.4 Solving the models 

 

Preceding solving the models, the analysis type and solver parameters must 

have been specified. 

 

4.2.4.1 Solver parameters setting 

 

The models were solved using Time dependent solver corresponding to the 

analysis type. The linear system direct solver PARDISO was chosen over 

the other iterative solvers considering the numbers of DOF of this problem 

was much less than the recommended iterative range of         [18]. 

Also, direct solvers tended to have less convergence problem. Following up 

on the Time dependent solver, the specification of the time stepping and the 

tolerance parameters were required.  The output time was set over a span of 

10 s with time step of 0.0137 s. However, the internal time steps of the 

solver were allowed to take any arbitrary values. The relative and absolute 

tolerance was set to      to retain the local and threshold errors within 

0.1%. The method of differentiation opted for the Generalized-  as it was a 

traditional algorithm for structural mechanics corresponding to the 

midpoint rule for linear problems. 
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4.2.4.2 Solving the problems 

 

In solving a transient problem, the initial values must be first established. In 

the case of FSI problem, the phase field variable   that controlled the 

interface between the two fluids in the mmglf application was separately 

initialized to get the initial values for the next stage of computation. Having 

assigned the initial values from the first step, the time-dependent solver was 

then able to solve the set of coupled equations simultaneously. 
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5. Postprocessing Results and Parameters Estimation 

 
This chapter presented the postprocessing and visualizing models 

quantities. The selected contour and surface von Mises stress plots of the 

geometries were displayed. The point plots defined the quantities of vertical 

displacements of the oscillating buoys in domain plot parameters to be 

specially evaluated and postprocessed in order to attain the heave motions. 

In addition, parameters study was performed on the numerical data from the 

point plots to approximate the hydrodynamic added mass and damping. The 

buoyancy stiffness was separately calculated at the end of the chapter. 

 

5.1 Postprocessing results in 2D 

 

5.1.1 Model1: Semi-submerged axisymmetric buoy 

 

The postprocessing of finite element Model1 was shown in contour and 

surface von Mises stress plots in Figure 5.1 and Figure 5.2, respectively. 

The transient heave oscillation was plotted over a span of 10 s illustrated in 

Figure 5.3. 

 

 
Figure 5.1.Model1: The contour plot of the semi-submerged buoy 

oscillating in water of finite depth resulted in the generation of radiated 

outgoing waves. 
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Figure 5.2.Model1: The 2D surface von Mises stress plot of the semi-

submerged buoy oscillating in water of finite depth. 

 

 
Figure 5.3.Model1: The vertical oscillation of the floating buoy over a span 

of 10 seconds obtained by solving two-phase FSI coupled partial 

differential equations in COMSOL Multiphysics. 
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5.1.2 Model2: Semi-submerged axisymmetric buoy connected to the 

geometry of the stabilized mass  

 

The postprocessing of finite element Model2 was shown in contour and 

surface von Mises stress plots in Figure 5.4 and Figure 5.5, respectively. 

The transient heave oscillation was plotted over a span of 10 s illustrated in 

Figure 5.6. 

 
Figure 5.4.Model2: The contour plot of the buoy connected to the geometry 

of the stabilized mass oscillating in water of finite depth resulted in 

generation of radiated outgoing waves. 

 

 
Figure 5.5.Model2: The 2D surface von Mises stress plot of the semi-

submerged buoy connected to the geometry of the stabilized mass in water 

of finite depth. 
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Figure 5.6.Model2: The vertical oscillation of the floating buoy connected 

to the geometry of the stabilized mass over a span of 10 seconds obtained 

by solving two-phase FSI coupled partial differential equations in 

COMSOL Multiphysics.  

 

5.2 Parameters estimation 

 

The spectrum analysis tool, i.e. computational algorithms fast Fourier 

transform (FFT), was adopted to evaluate the discrete fourier transform 

(DFT) of the heave oscillation as regards the frequency-dependent added 

mass and damping coefficients. The spectrum of the heave response was 

scaled by the spectrum of the input force which was the weight of the buoy 

for this release case to obtain the frequency response receptance. The added 

mass was then assessed based upon the slope for high frequency of log-log 

plot of the receptance shown in figure 5.8 and figure 5.11. Furthermore, 

prior to the added damping, the damping ratio had been resolved. The Half-

power or 3dB-bandwidth was opted for the approach. The added damping 

was successively evaluated through the damping ratio definition. Lastly, the 

buoyancy stiffness was calculated via the relation stemmed from the 

hydrostatic pressure in its equilibrium. 
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5.2.1 Hydrodynamic Added mass and damping 

 

5.2.1.1 Model1 

 

The heave response in time domain of Model1 shown in Figure 5.7 was 

transformed into its frequency domain components by the FFT tool. The 

spectrum was then scaled and plotted in logarithmic scale shown in Figure 

5.8. 

 

 
Figure 5.7.Model1: The harmonic oscillation of the semi-submerged 

spherical buoy.  
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Figure 5.8.Model1: The log-log plot of the heave frequency response 

(receptance) of the semi-submerged axisymmetric buoy to the excitation 

force of magnitude    . 

 

The axisymmetric buoy model was of radius         and of weight 

3.234    . The geometry of the stabilized mass was neglected in Model1, 

only its weight of 12 kg was added to the buoy. Consequently, the total 

mass of the buoy    was considered to be of 15.213 kg. 

 

In figure 5.8, the resonance frequency              and the slope of the 

higher frequency amounted to 0.0015 
 

The added mass was found from the relation 

 

        
       ⁄                                           
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Figure 5.9.Model1: The frequency response (receptance) plotted in dB. The 

3dB lower frequency fl and the 3dB upper frequency fu of the resonance 

frequency f were of 0.72429 and 0.96018 Hz, respectively. 

 

The heave added damping was found from the definition of damping ratio 

 

  
  

   
                                                       

 

Where   denoted damping ratio obtained from 3dB-bandwidth 
 

In the figure 5.9,           

 

                                                      

 

5.2.1.2 Model2 

 

The heave response in time domain of Model2 shown in Figure 5.10 was 

transformed into its frequency domain components by the FFT tool. The 

spectrum was then scaled and plotted in logarithmic scale shown in Figure 

5.11. 
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Figure 5.10.Model2: The harmonic oscillation of the semi-submerged 

spherical buoy taken the account of the geometry and weight of the 

stabilized mass. 

 

 
Figure 5.11.Model2: The log-log plot of the frequency response 

(receptance) to the excitation force of magnitude     of the semi-

submerged axisymmetric buoy added the geometry and weight of the 

stabilized mass. 
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The axisymmetric buoy model was of radius         and of weight 

3.234    . The geometry of the stabilized mass and its weight of 12 kg 

were both added to the buoy of Model2. The total mass of the buoy    was 

considered to be of 15.213 kg. 
 

In figure 5.11, the resonance frequency              and the slope of the 

higher frequency amounted to 0.0019 
 

The added mass was found from the relation 

 

        
       ⁄                                           

 

                                                             

 

 
Figure 5.12.Model2: The frequency response (receptance) plotted in dB. 

The 3dB lower frequency fl and the 3dB upper frequency fu of the 

resonance frequency f were of 0.64567 and 0.90877 Hz, respectively. 

 

The heave added damping was found from the definition 
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Where   denoted damping ratio obtained from 3dB-bandwidth  
 

In the figure 5.12, the           

 

                                                      

 

5.2.2 Buoyancy stiffness 

 

The evaluation of the buoyancy stiffness     and    followed buoyancy 

forces in hydrostatic pressure as follows.  

 

 
Figure 5.13.The full-scale geometric drawing of the equilibrium in mm of 

the axisymmetric buoy.  

 

The value of the buoy water plane area    in equilibrium was estimated in 

the initial state before the release. The partially submerged volume of the 

sphere   was calculated based on Archimedes‟s principle in (4.2) 

0.0148   . The radius of the buoy   was 0.2  . The equilibrium position 

indicated along the vertical line passing through its center of gravity at 

distance   from the free-surface (see Figure 5.13) was then determined [19] 

 

    ⁄                                                    
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The radius of the cross section    
 [19]  

 

   

                                                        

 

   
                                                         

 

The buoyancy stiffness of Model1 and Model2 
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6. SDOF Models and Discussion  

 
This chapter presented the Havelock curves from which the hydrodynamic 

heave added mass and damping derived so as to attain the analytical model. 

The experimental measurement from previous study of the hydrodynamic 

parameters was as well cited whereby the numerical models were assessed 

and verified. The evaluation and discussion on the hydrodynamic 

parameters resolved numerically, analytically and experimentally were 

given at the end of the chapter. 

 

6.1 Analytical model 

 

6.1.1 Hydrodynamic Added mass and damping 

 

The added mass, added damping and buoyancy stiffness were the 

prerequisites for SDOF model development. The buoyancy stiffness was 

constant and attained directly from the calculation related with the 

hydrostatic pressure given in 5.2.2. In this section, the added mass and 

added damping coefficients were approximated based upon the curves 

proposed by Thomas Havelock [20]. The curves in figure 6.1 showed the 

variation with frequency of the virtual inertia coefficient and of the 

equivalent damping parameter for a semi-submerged sphere with 

assumptions of low frequency and small vertical oscillations. 
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Figure 6.1.Variation of heave virtual inertia coefficient   and heave 

damping parameter    with frequency for a spherical body of radius a 

half-immersed in water [20].  

 

The axisymmetric buoy was of radius            and of weight 

3.234     having a mass of 12    suspended from its bottom. Determining 

    ⁄  at the given frequency           . 

 

6.1.1.1 Model1 

 

Based on Havelock curves in Figure 6.1, the hydrodynamic added mass and 

damping coefficients of Model1 (see Figure 6.2) were calculated.  
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Figure 6.2.The geometry of Model1: the weight of the stabilized mass was 

added to that of the buoy,              , to retain its original geometry. 

 

Assumed the heave added mass and added damping were constant and 

assessed at the dominant frequency        . 

 

    ⁄          ⁄                                             

 

    ⁄                                                         

 

Where   denoted an angular frequency           of oscillation 
 

According to the variation curve,     ⁄         corresponded to 

        and        . 
 

From the relation          

 

                                                              

 

From the relation              

 

                                                             

 

 

 

 

d=0.016m 

a=0.213m 
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6.1.2 The analytical SDOF model 

 

The analytical model was illustrated with a SDOF model (see Figure 6.3) 

and written in partial differential equations of motion corresponded to the 

added mass coefficient, added damping coefficient, and buoyancy stiffness. 

 

6.1.2.1 Model1 

 

 
Figure 6.3.Analytical Model1: The analytical SDOF model of the spherical 

buoy expressed in terms of heave added mass, added damping, and 

buoyancy stiffness. 

 

The equation of motion in the heave mode of oscillation for the semi-

submerged spherical buoy solved analytically was expressed as 

 

   ̈     ̇                                                 

 

6.2 Experimental measurement 

 

The dynamics of oscillation of the floating spherical buoy connected to the 

stabilized mass suspended in finite water depth were measured by Esedig, 

Ahmedelrayah M., Osman, Hazzaa A., and Fadaee, Mohammad [5]. The 

account of the resonance frequency was given ambiguously and 

incoherently. On the page34 of Chapter5, the resonance frequency   was 

stated        supported by the figures illustrating the response signal in 

time and frequency domains. Nonetheless, later in the same chapter, it was 

claimed to equate to         according to Table 6.1. 

   

                 

 
      

z 
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Different initial 

values (cm) 

Damping 

frequency 

(Hz) 

Added mass 

(kg) 

Added 

damping 

(Ns/m) 

Stiffness 

(N/m) 

x(0)=1 1.22 7.55 - 1397.2 

x(0)=5 1.22 7.13 - 1372.5 

x(0)=6 1.22 6.93 - 1361.24 

x(0)=9 1.22 6.15 - 1315.02 

Table 6.1: Experimental measurement of the dynamics of the buoy 

connected to the stabilized mass [5]. 

 

6.3 Numerical models 

 

The SDOF numerical models (see Figure 6.4 and Figure 6.5) were derived 

from the added mass coefficients, added damping coefficients and 

buoyancy stiffness estimated in chapter 5. The parameters were based upon 

the simulation results obtained by solving FEM in COMSOL Multiphysics.  

 

6.3.1 Model1 

 

 
Figure 6.4.Numerical Model1: The numerical SDOF model of the spherical 

buoy expressed in terms of added mass, added damping, and buoyancy 

stiffness. 

 

The equation of heave mode of oscillation for the semi-submerged 

spherical buoy, in which the geometry of the stabilized mass was neglected, 

only its weight was taken into account, was expressed as 

   ̈     ̇                                                   

   

                  

 
      

z 
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6.3.2 Model2 

 

 
Figure 6.5.Numerical Model2: The numerical SDOF model of the spherical 

buoy, taken account of the geometry and weight of the stabilized mass, 

expressed in terms of added mass, added damping, and buoyancy stiffness. 

 

The equation of heave mode of oscillation solved numerically for the semi-

submerged spherical buoy geometrically connected to the stabilized mass 

suspended in the water was written as 

 

   ̈     ̇                                                   

 

6.4 Discussion 

 

The numerical results were assessed against the analytical results and 

experimental measurements. 

 

Types of Analysis Added mass 

(kg) 

Added 

damping 

(Ns/m) 

Stiffness 

(N/m) 

Analytical            

Experimental Measurement 

[5] x(0) = 5 cm 

7.13 - 1372.5 

Numerical Model1  9 36      

Numerical Model2 8 39      

Table 6.2.The added mass, added damping, and buoyancy stiffness values 

resolved with different types of analysis. 

   

                  

 
      

z 
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Table 6.2 illustrated the comparison between the hydrodynamic parameters 

solved analytically, numerically, and experimentally. In comparison to the 

experimental measurements, the minor difference in buoyancy stiffness 

indicated slight distinction in the equilibrium position of the buoy in the 

initial state. The numerical added mass in Model2 was in good agreement.  
 

From the analytical point of view, the hydrodynamic pressure vertically 

exerted hydrodynamic forces unto the spherical buoy expressed in 9 kg of 

added mass and 27 Ns/m of added damping. In addition, the hydrostatic 

pressure exerted buoyancy forces of the magnitude 1262 N/m. In 

comparison to the analytical results, the buoyancy stiffness was constant as 

regards constant hydrostatic pressure and incompressible fluid. The added 

mass was equal to the analytical added mass whereas the added damping 

appeared slightly higher.  
 

The SDOF analytical model was approximated by simulating the transient 

displacement of the oscillation with fourth-order Runge-Kutta method in 

Matlab plotted against the SDOF numerical model obtained by means of 

FEM in COMSOL Multiphysics shown in Figure 6.6. 

 

 
Figure 6.6.The heave response of the analytical model, in which the added 

mass and damping were computed based upon Havelock’s curve, plotted 

against that of the numerical model obtained by finite element approach. 
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Figure 6.6 indicated the lower amplitude of oscillation in numerical models 

which resulted from the rise in the added damping. However, the harmonic 

oscillations of the analytical and numerical models had their fundamental 

period of 1.19 s which corresponded to the resonance frequency of 0.84 Hz. 

 

The numerical viewpoints of Model1 and Model2, the hydrodynamic 

parameters altered according to changes in geometries. Evidently, the 

existence of the additional or stabilized mass suspended from the bottom of 

the buoy brought in geometry and total weight changes. Nonetheless, 

profound influence on the level of hydrodynamic parameters was not 

detected. According to Table 6.2, the added mass was decreased by 1 kg 

whereas the added damping was increased by 3 Ns/m in response to the 

presence of the stabilized mass. 

 

 
Figure 6.7.The comparison of the heave modes of oscillation in the 

axisymmetric buoy. Model1: assumed geometrically negligible influence of 

stabilized mass suspension. Model2: taken into account geometrical 

influence of the stabilized mass on the free oscillation of the buoy. 

 
Figure 6.7 illustrated the minor difference their fundamental periods and 

amplitudes of oscillations. Model1 oscillated with the fundamental period 
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of 1.19 s which corresponded to the resonance frequency 0.84 Hz. Model2 

oscillated with fundamental period of 1.33 s which corresponded to the 

resonance frequency 0.75 Hz. It was, therefore, transparent that the 

stabilized mass not only drifted the hydrodynamic parameters added mass 

and damping but also induced the shift in the resonance frequency.  
 

  



68 
 

7. Conclusion 

 
This chapter provided the overview of the mathematical models as well as 

the assertion that the presupposed hypothesis, which stated that 

hydrodynamic parameters added mass and damping coefficients were 

constant, yielded the satisfactory results at the apparent resonant frequency. 

It was affirmed, also, that hydrodynamic assumptions of linear and 2-

dimensional potential flow were valid. The future works relevant to this 

thesis were recommended at the end of the chapter. 

 

7.1 Mathematical model overview 

 

The semi-submerged axisymmetric buoy was modeled with the mechanical 

SDOF models composed of the variables hydrodynamic added mass   , 

hydrodynamic added damping    and buoyancy stiffness  . These variables 

were dependent on the mode and frequency of oscillation, geometries, and 

water-depth. This thesis was circumscribed to the analysis of the 

hydrodynamic parameters assumed constant in heave mode at the frequency 

that produced maximum amplitude oscillation. Two models of different 

geometries were studied in water of finite depth. Model1 was assumed that 

the influence of the stabilized mass geometry was negligible whereas 

Model2 was modeled according to the experiment [5] in which the 

axisymmetric buoy was connected to a mass used to stabilize the buoy 

motion.  
 

The two numerical models were developed with the linear and 2-

dimensional potential flow theory laid the basis for the dynamics of fluid. 

The potential flow was characterized as irrotational velocity field due to the 

curl of the gradient of the scalar function was zero according to vector 

calculus. The time-dependent heave displacements of both models were 

obtained by FEM solving the coupled partial differential equations of 

Navier-stoke equations, stress-strain equations, and ALE. The transient 

heave displacements were implemented with the frequency analysis tool 

FFT and subsequently scaled by the spectrum of the excitation force with 

the magnitude amounted to the total weight of the buoy. It was then 
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obtained the frequency response receptance from which the hydrodynamic 

added mass and damping coefficients were estimated.  
 

The SDOF numerical model was affirmed by assessment against the 

analytical model acquired based on Havelock‟s curves in Figure 6.1. The 

affirmation by the experimental data was not given on this thesis due to 

ambiguous results reporting of the experimental measurements [5]. The 

fourth-order Runge-Kutta method was used to simulate the harmonic 

oscillation in accordance with the analytical model.  Model1 and the 

analytical model demonstrated the harmonic oscillations that were in good 

agreement.  
 

The influence of the stabilized mass on the buoy oscillation was found by 

comparing Model1 and Model2. Although the stabilized mass exerted the 

influence on the resonance frequency shift and the hydrodynamic 

parameters as expected, it did not compel profound changes in the 

oscillation. The maximum amplitude of the heave oscillation illustrated in 

Model2 frequency domain occurred at approximately 0.1 Hz lower than 

that of Model1. Correspondingly, the hydrodynamic added mass was 

decreased by 1 kg whereas the hydrodynamic added damping was increased 

by 3 Ns/m. 
 

Consequently, the basis of the linear theory and 2-dimensional potential 

flow set off with yielded satisfactory results in term of accuracy. 

Additionally, the ALE algorithm efficiently handled the large distortions of 

the computational mesh occurred during finite element in the continuum 

motions. Lastly, the hydrodynamic parameters added mass and damping 

coefficients which were, for simplification, assumed frequency-independent 

and were estimated as constants constituted the desired SDOF models that 

rightly described the heave motion of the floating buoy.  

 

7.2 Future work 

 

 This thesis was confined the analysis to zero-forward speed 

problem. The forward-speed phenomenon exists in many offshore 

applications. It has influences on the frequency of encounter, the 
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values of added mass and damping coefficients. The structure will 

oscillate with the circular frequency of encounter between the 

structure and the waves and therefore the added mass and damping 

must also be evaluated for this circular frequency. The strip theory 

is usually recommended to use in the added mass and damping 

analysis. It is questionable to apply in high sea state condition. It is 

worthwhile to investigate more in this particular area. 

 

 The approximations, assumptions, and verifications against valid 

experimental data are essential and will determine the limits of the 

model validity and the range of applications to perform accurate 

results. In addition, the dynamics of hydrodynamic added mass and 

damping coefficients vary widely according to a mode of motion, a 

frequency of oscillation, geometry of the structure, and water-depth. 

To investigate the impact of variation in frequency or geometrical 

changes has on the added mass and damping coefficients or to 

expand the range of applications and validity of models will be 

greatly beneficial. To conduct another experiment is also advisable 

for verifying the experimental results. 

 

 A dominant mode of oscillation and coupling motions vary 

according to the applications. An example of the coupling of heave, 

pitch, and roll is very common in floating structure simulation. The 

roll mode is, however, often treated as a SDOF and solved 

separately, while the heave and pitch are solved as a coupled 

system, because the lateral symmetry does not account the 

nonlinearity existed in the coupling with the heave and pitch modes 

[8]. The analysis in other modes as well as the coupling between 

modes will help improve the structure design and operation. 
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APPENDIX A 

 

Complex Representation of Harmonic Oscillations 

 
A.1 Complex Amplitudes and Phasors 

 

Sinusoidal oscillations were conveniently expressed in a mathematical 

complex representation form. This facilitated the differentiation with 

respect to time by means of multiplication with   , where   denoted the 

imaginary unit (  √    and   denoted angular frequency. Considering a 

forced oscillation with the applied external sinusoidal force     ,      was 

used to denote the displacement response and      for velocity response. 

According to Euler‟s formula 

 

                                                            

 

Equivalently, 

      
   

 
 

    

 
           

   

  
 

    

  
                           

 

Then the displacement response 

 

                                                           

 

might be written as   

 

      
  

 
          

  

 
                                       

  

       
  

 
         

  

 
                                       

 

Defining the complex amplitude 
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  ̂     
                                            

 

 
Figure A.1.1.The complex amplitude  ̂ decomposed on a complex plane 

 

The displacement response might then be rewritten as 

 

                    { ̂    }                            

 

 
Figure A.1.2.Phaser in complex domain at time t = 0 and t > 0. 

 

The velocity was now obtained by the time derivative of the displacement 
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      ̇    {   ̂    }                                        

 

The complex velocity was defined as 

 

 ̂     ̂                                                     

 

Similarly, the acceleration was 

 

       { ̂    }                                           

 

      ̇    {   ̂    }                                     

 

The complex acceleration amplitude was 

 

 ̂     ̂      ̂                                            
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APPENDIX B 

 

Fluid-Structure Interaction (FSI) 

 
B.1 Coordinate Systems 

 

The spatial frame was the usual, fixed coordinate system with the spatial 

coordinates (x,y). The mesh was moving in this coordinate system, that was, 

the coordinates (x,y) of a mesh node were functions of time. 

The reference frame was the coordinate system defined by the reference 

coordinates (X,Y). In this coordinate system the mesh was fixed to its 

initial position. The reference frame could be thought of as a curvilinear 

coordinate system that follows the mesh. 

 

B.2 The Phase Field Method Application Mode in COMSOL 

Multiphysics 

 

B.2.1 The Cahn-Hilliard equation: 

 

  

  
                                                   

 

was decomposed into two second-order PDEs: 

 

  

  
       

  

  
                                           

 

                                                     

 

The chemical potential   was found from the relation: 
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   *     
       

  
+                                   

 

The mobility   was determined by a mobility tuning parameter as a 

function of the interface thickness: 

 

                                                           

 

B.2.2 Tuning the phase field parameters   and  :  

 

A value of the parameter   should be carefully chosen and assigned since it 

controls the thickness of the fluids interface. It was common to keep the 

value constant and relatively small, when compared to the width of the 

region where it enclosed. The appropriate value was half of the maximum 

element size of which the interface passed by. See to it, also, that the mesh 

elements of all regions the interface passing by had approximately equal 

size in order to maintain the interface resolution. Failure to do so might 

yield unphysical drift of the phase field variable.  
 

An appropriate value of the mobility parameter   was to be assigned in 

order to maintain the constant interface thickness as well as to not overly 

damp out the convective motion as its value governed the diffusion-related 

time scale of the interface. A value of the mobility parameter   was set to 1 

by default as it was a good setting off point for most models.  

 

B.2.3 Additional sources of free energy 

 

Free energy might be included from other sources. In such case,   from the 

equation (     ) was modified to: 

 

                 (
  

 
)

     

  
                        

 

In most cases, the external free energy      was set to zero  
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B.3 The ALE application mode in COMSOL Multiphysics 

 

B.3.1 Smoothing Methods 

 

In the domains with free displacement setting, the Moving Mesh (ALE) 

application mode solved an equation for the mesh displacement using 

smoothing methods, either Laplace smoothing or Winslow smoothing. 

Laplace smoothing method  

 

The static case:                       
   

   
 

   

   
                                                 

 

The transient case:                
  

   

  

  
 

  

   

  

  
                                              

 

Winslow smoothing method  

 

The static case:                     
   

    
   

                                                       

 

The transient case:                 
  

   

  

  
 

  

   

  

  
                                              

 

Similar equations apply for the y, Y coordinates 
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