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Abstract:  

In this master degree thesis the time dependent deformation of packaging material is studied. 
Mechanical experimental tests were carried out to monitor the stress decreasing rate on paper. 
Several viscoelastic models were constructed using various theories and compared with the 
obtained experimental stress relaxation. The results showed that the modified two-unit Maxwell 
model suits the best to describe the relaxation behavior of the material in discussion. MATLAB 
was used to derive the stress relaxation equations which indicate the time dependent stress 
relaxation behavior of the materials for constant elongation. FE models were created by ABAQUS 
for analyzing the stress relaxation behavior of the paperboard and the laminate. The simulation 
results were then compared with the experimental results and the theoretical viscoelastic model. 
Additionally, specimens with a side crack were also studied. 
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1. Notation 

General 
A Constant 

b  Width                                               [mm] 

E Young’s Modulus                            [MPa] 

F  Load                                                [N] 

f  Load vector 

GR  Shear Modulus                               [MPa] 

G0  Instantaneous Shear Modulus        [MPa] 

gR  Normalized Shear Modulus 

J  Shear Compliance                         [1/MPa] 

J Normalized shear compliance 

K Global stiffness Matrix 

L Length                                           [mm] 

t Time                                             [Second] 

u  Displacement Vector 

X X-Direction 

Y Y-Direction 

Z Z-Direction 

γ  Shear Strain 

ε  Strain 

η Viscosity coefficient 

σ Stress                                           [MPa] 

τ Relaxation time                            [Second] 

υ  Poisson’s Ratio  

Abbreviations 

ASTM  American Society for Testing and Materials 

CD  Cross Machine Direction 
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FEM  Finite Element Method 

MD  Machine Direction 

ZD  Z-Direction 

 

Materials 
PPR  Paperboard 

LDPE  Low Density Poly-Ethylene 

Laminate Laminate of PPR and LDPE 
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2. Introduction 

2.1. Purpose and Aim of study 

Paperboard, LDPE, Aluminium foil and their laminates have been used as the food packaging 
materials since few decades. As compared to the other packaging materials paperboard, LDPE and 
Aluminium foil and their laminates are considerably cheaper and easy to manufacture. Hence the 
demand of these packaging materials has been increasing day by day.    

Sometimes the time period from the manufacturing to sale is quiet large. Due to the time dependent 
behavior of packaging materials, the structure of the packages is deformed. Hence the materials of the 
laminate cannot serve their purpose appropriately.   

Viscoelastic materials are complex type of materials where the mechanical properties of materials are 
time dependent. The behavior of this kind of material cannot always be described by the classical 
mechanics theory. Generally, stress relaxation and creep experiments are used to understand this kind 
of behavior theoretically. 

The main purpose of this thesis is to study the time dependence deformation and predict the stress 
relaxation behavior of the food packaging materials with and without presence of a crack. Theoretical 
Viscoelastic models are constructed and compared with the experimental results. Also, a simulation is 
done using FE-modeling which helps to understand the visco-elastic material behavior. 

2.2. Objectives 

The objectives in this master’s dissertation are to investigate the time dependent deformation of the 
food packaging materials and the development of the visco-elastic models both analytically and using 
finite element method. The work in this thesis is divided into five subtasks: 

1. Literature study of the stress relaxation behavior of a visco-elastic material. 
2. Experimental study of stress relaxation in a paperboard, a laminate of paperboard and LDPE 

with and without presence of crack.   
3. Results comparison by the application of theoretical visco-elastic models with the experimental 

stress relaxation. 
4. Derivation of the stress decay equations of packaging materials using the best suitable visco-

elastic model for the paperboard and the laminate of paperboard and LDPE. 
5. Construction and verification of a FE model for simulation of stress relaxation in laminate of 

paperboard and LDPE.  
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2.3. Previous Work 

Many works have been performed on the time dependent deformation and the fracture properties on 
the food packaging materials. In one of the works, the mechanical properties of paperboard, low 
density Polyethylene and their laminate were determined from the experiment [1]. It has been also 
observed from the experiment that the peak load of paperboard and LDPE starts decreasing with the 
increasing crack length [2]. Fracture mechanical testing on a laminate and its different layers has been 
done and it has been found that the load carrying capacity of that laminate is much higher than the 
individual layers [3]. 

A time dependent behavior of packaging material has been seen from the stress relaxation test where a 
repeated cyclic load of two different strain levels was applied on a paperboard sheet and then the stress 
relaxation from loading and the reverse stress relaxation from unloading was observed [4]. The 
behavior of the stress relaxation is different for different strain levels, from the experiments on textile 
yarns it has been found that the visco-elastic properties of yarns start to decrease with increase in the 
structure orientation [5].    
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3. Mechanical Behavior of Materials 

Deformation of materials can be classified mainly into two ways: one is the time independent 
deformation and another is the time dependent deformation. Elastic and plastic deformations are time 
independent deformation.  Elastic deformation is recovered upon unloading, whereas the plastic 
deformation is permanent.  Creep and the stress relaxation are the time dependent behavior of a 
material.  Creep is the accumulation of deformations with time and Stress relaxation is the decrease in 
stress with time [6]. 

3.1. Creep and Stress Relaxation 

Creep and stress relaxation are the same phenomena. The materials that exhibit creep also show 
relaxation. Though creep and stress relaxation are the same material behavior but their experiments are 
done in different ways. Creep test shows the deformation with time when the load is fixed. On the 
other hand, time dependent stress behavior is obtained from stress relaxation test by keeping the 
deformation at a constant level [7]. It is assumed that the data from one test can be used to calculate 
the other, especially when the stress and strain levels are low and less time dependence. The equation 
used for interconversion from creep to stress relaxation is as below [8]:  

 

                 
 

     (3.1) 

 

Where,  is the initial strain and  is the strain after time t in creep test, and  is the initial stress 
and  is stress after time t in relaxation test.   

 

 
Figure 3.1. Creep and Stress relaxation [7]. 
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The dimensional stability of a material for long period of time is measured by the creep and stress 
relaxation tests. These tests have great importance in those engineering applications where the polymer 
must sustain loads for long time. Creep and stress relaxation tests of a material also give extremely 
important practical information and some useful data which are of great interest in understanding the 
mechanical behavior of such materials. 

3.2. Stress Relaxation behavior of Materials 

Pure elastic material has no stress relaxation as the strain is reversed due to the elasticity. High stress 
relaxation occurs in a pure viscous material and even the stress can also reach zero. Polymer materials 
have both elastic and viscous characteristics. The polymer materials with viscous flow can relax to 
zero stress after a long period of time but the stress relaxation of polymer materials with little or no 
viscous flow reaches a finite value [9]. The following figure shows stress relaxation behavior of 
different materials:   

 

 
Figure 3.2. Stress relaxation behavior of different types of materials [9]. 

 

3.3. Stress relaxation at molecular level 

When a constant strain is applied to a material for long period of time, cross links or the primary bonds 
that form between polymer molecules start breaking with time and spontaneously the lose their 
bonding capability. High level of strain or long period of time is the main reason of intermolecular 
bond breakage. The rate of bond breakage influences the rate of stress relaxation. There are several 
factors which control the rate of bond break down; such as stress on the bond, chemical interference, 
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molecular chain mobility which allows molecular chains move out from their position. It is a matter of 
question how much stress will be decayed over time. Usually, it depends on the materials, the stress 
decay can be of a certain level or it may drop to zero. It has been seen from the several studies that 
some materials are still decreasing their stress after 24 hours and even up to 2 weeks [9]. Molecular 
characteristics such as Crystallinity (Degree of structural order in a solid), molecular orientation and 
molecular weight have an influence on the stress relaxation behavior of fiber; the relaxation tendency 
starts decreasing with an increasing of these factors [9]. 

3.4. Creep behavior of Materials 

Time dependent tests can be done in three ways: stress relaxation, creep and recovery test. Like stress 
relaxation, creep test has also great importance in the engineering applications. Creep and stress 
relaxation tests are almost inverse of each other. It involves the observation of change of deformation 
over time for a constant load. In recovery tests the material’s recovery is observed when the load is 
removed. 

Creep is the property of viscoelastic material which is responsible for permanent deformation of 
material with time under the influence of stresses. When an object is kept for long time under a 
constant stress below the yield strength of material, the deformation occurs continuously with time due 
to the creep behavior of material. This kind of test is very useful for in engineering material design and 
it has also importance in the theory of molecular origins of viscoelasticity.  

Creep deformation is divided into three stages: Primary, Secondary and Tertiary. Primary or initial 
creep occurs at the beginning of the test where strain rate is relatively high but slows with increasing 
time. The secondary creep stage is often called steady state creep because roughly steady creep can be 
obtained from this period. Third stage is referred as the tertiary creep stage. In this stage, the creep rate 
begins to accelerate because of necking phenomena and this stage continues until fracture occurs. It 
has been that the main part of creep deformation occurs in the second stage [10]. Engineers need to 
account the minimum creep rate in the secondary stage when designing system. A typical figure of 
creep deformation in different stages is shown below:     

 

      
Figure 3.3. Creep deformation stages [10]. 
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3.5. Some important factors in time dependence test 

The factors that influence the behavior of stress relaxation are temperatures, humidities and strain 
levels. So the stress relaxation tests are mainly performed with different range of temperatures, 
humidities and strain levels. The time takes to reach the end of relaxation is called relaxation time. 
From the studies it has been seen that at higher temperature relaxation time becomes shorter and at 
lower temperature relaxation time becomes longer but the shape of relaxation does not change with 
temperature. It has been also found from the studies that the limiting value of the stress is not affected 
by the humidity. But at 0% relative humidity results in longer relaxation time, while at 100% relative 
humidity results in shorter relaxation time. It is also observed that the variation of strain level affects 
the stress relaxation [9], [11].    

3.6. Elastic Modulus Relaxation 

During structural design, the properties of the material of structure must have to consider. Elastic 
Modulus is one of the most important material properties where it describes the stiffness of the 
material. When a force is applied to an object, modulus of elasticity or elastic modulus gives the 
mathematical description of the object’s tendency to be deformed elastically.  

In a linear viscoelastic material the strain increases linearly with the stress. On the other hand 
nonlinear viscoelastic material shows the nonlinear behavior when the strain exceeds the proportional 
limits [10]. 

When the stress relaxation tests are conducted for very small deformation, the viscoelasticity of the 
material can be considered as linear [12]. During stress relaxation test the material relieves stress over 
time as well as the elastic modulus of material E(t) also decreases with time at constant temperature. 
According to linear viscoelastic material the elastic modulus relaxation can be defined as [13] 

                                                             /                                                              (3.2) 

Where,   is the constant strain and  is stress of material as a function of time. Indeed, elastic 
modulus relaxation is the relaxation of modulus of elasticity of material. 

3.7. Viscoelastic Model 

Viscoelasticity is one kind of material property where both viscous and elastic characteristics are 
observed when the material undergoing deformation. Time dependent mechanical behavior in plastic, 
leather, textile and the other polymer materials manifest a high level of viscoelasticity. Generally, 
when a load is applied to a fiber in its Hookean region, it starts to elongate and if the load is removed 
after a period of time then the fiber is fully recovered to its original shape.  But in case of viscoelastic 
material, when the fiber is subjected to constant load for long time in the elastic zone, the fiber will not 
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be fully recovered upon unloading because of viscous deformation. Elastic strain is recovered fully due 
to elastic characteristic of material but the strain occurs due to viscous property of material is 
permanent and it is not recoverable. In viscoelastic material when the load is kept same for long period 
of time then the cross link between molecular chains breaks and the molecular chains disperse from its 
equilibrium position [9]. 

Theoretically, many viscoelastic models are developed. Maxwell model, Kelvin-Voigt model, Four 
element Model, Modified Two unit Maxwell model, Standard linear solid model, etc are the most 
common and well-known viscoelastic models. These mechanical models represent the response of 
material under different loading conditions. Spring and dashpot are two most fundamental elements in 
viscoelastic model , where spring represents purely elastic material and dashpot represents purely 
viscous material. As a pure elastic material, spring must has ideal elastic behavior and it follows 
Hook’s Law  , where stress  is proportional to strain , E is the proportional constant which is 
called elastic modulus. Dashpot which is considered as pure viscous material follows Newton’s law 
and the stress strain relationship for the viscous material can be written as , where  is the 

stress,  is the viscosity coefficient of the material and  is the rate of deformation with time. 

 

 
Figure 3.4. Spring with stiffness E and dashpot with viscosity . 

 

When a viscoelastic element is loaded, then the extension of elastic part of the element increases 
linearly with load. Initially the viscous part of the element does not extend at all but with time the 
elongation starts increasing slowly until the load is removed. After removing the load strain of the 
elastic part is fully recovered, while the strain of the viscous part becomes permanent.  

3.7.1. Maxwell Model 

This model is developed by James Clerk Maxwell in 1867. It is the most common and basic 
viscoelastic model where one Hookean spring and one Newtonian dashpot are connected in series. 
This model is good for describing stress relaxation behavior of material. When the load is removed and 
the deformation is constant, the spring slowly moves to its original shape by pulling the centre of the 
dashpot with it and the stress on the spring decays over time [9], [14], [15]. 
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Figure 3.5. Maxwell Model [9]. 

 

Two adjustable parameters, the modulus or the stiffness of the spring E and the viscosity coefficient of 
the dash pot  are used in this model. The strain is defined in the stress relaxation experiment and the 
stress is measured as the function of time. Total strain and stress for this model can be defined as 
follows [8], [15]:  

 

 

And                        
(3.3) 

 

Here D means dashpot and S means spring. The derivative of strain with respect of time is 

 

     (3.4) 

 

Since for spring  and dashpot   ,   so the above equation can be written as   

 

     (3.5) 

 

The rate of change of strain is zero, so the above equation becomes: 
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0      (3.6) 

                 Or,                    (3.7) 

 

Where,  and it is called the relaxation time.  

3.7.2. Kelvin-Voigt Model 

British physicist and engineer William Thomson and German physicist Woldemar Voigt developed 
this model. In this model a spring and a dashpot are connected in parallel and this model is good for 
describing creep behavior [16]. According to this model when a load is applied, both spring and 
dashpot start to extend and if the load is removed they try to back their original position. But it is 
impossible to get complete stress relaxation from this model because the stress remains forever a 
certain value under a constant strain [9]. 

 

 
Figure 3.6. Kelvin-Voigt Model [9]. 

 

In this configuration each component are identical. So, total stress and total can be defined as 

 
 

And                                                                       (3.8) 

 

Stress, strain and their rate of change with respect to time t are governed by the equation of following 
form: 
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    (3.9) 

 

In the stress relaxation model constant strain is used and the rate of change of strain is zero, so the 
above equation becomes  and the stress will be same with time always. 

3.7.3. Standard Linear Solid Model 

Sometimes this model describes viscoelastic behavior of material very well. The standard Linear solid 
model displays the characteristics of both the Maxwell and Kelvin-Voigt model. Three elements are 
used in this model two springs and one dashpot. So there are three adjustable parameters  ,  and .  
The following figure shows the connection of springs and dashpot in the model: 

 

 
Figure 3.7.  Standard Linear Model [9]. 

 

The physical configuration of this model can be defined as follow according to [11]  

 

                                                       

                                                            3.10  

 

Here, maxw means Maxwell, D means Dashpot, S1 is spring one and S2 is spring two. 

The total stress of the model can be written as  

 

 

Or,   
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Or,     (3.11) 

 

Here,  and  ,  are constants and the relaxation time  . 

3.7.4. Four element model 

If more elements are added to a model, the model exhibits material behavior in more accurate way but 
the model can be complicated. So, it has been suggested to use no more than four elements in a 
viscoelastic model. A model called Four element model is developed with four elements: two springs 
and two dashpots, which is still simple in spite of using four elements [9]. There are many 
arrangements of four element model. Some of among them are discussed below:  

 

 

Figure 3.8. (a) Four Element Maxwell model. (b) A Maxwell Model and a Voigt Model in series. (c) A 
Maxwell model with a spring & a dashpot [9], [17], [18]. 

 

a)  Four element Maxwell model 

This model is also called Two unit Maxwell model [17]. The arrangement of the springs and dashpots 
of this model is shown in figure 3.8.(a). In Maxwell model, stress is the exponential decay function of 
time and there is only one relaxation time . But in reality single relaxation time cannot define a model 
well. So, to get the best fit of experimental data with analytical model, it is better to consider sum of 
exponential functions; that means more than one relaxation time. One effective way to introduce more 
relaxation time into the model is to connect a number of Maxwell elements in parallel. In the Two unit 
Maxwell model, two Maxwell models are connected in parallel where the strain of each Maxwell unit 
is same and the total stress is the sum of the stresses by each unit. Therefore, the strain and stress of the 
Two unit Maxwell model can be written as: 
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     (3.12) 

 

Where,    are the elastic modulus of two spring,    are the coefficient of viscosity of 
two dashpots. Since in the stress relaxation experiments total strain is kept constant, so 0. Then 

 

 

,    where,      

,  

,     (3.13) 

 

Where,    are two constants and . 

b)  Four Element model (A simple Maxwell Model and a simple Voigt Model in series) 

This model is shown in figure 3.8. (b) where a sample Maxwell model is connected with a simple 
Voigt model in series [18]. The governing equation of the model is given below: 

 

  (3.14) 

 

Since in the stress relaxation test constant strain is used, so the rate of change of strain with time will 
be zero and the overall equation becomes 

 

0   (3.15) 

 

Where    are the elastic modulus of Maxwell and Voigt Model and    are the 
coefficient of viscosity of Maxwell model and Voigt model. 

c) Four Element Model (A Maxwell model with a spring and a dashpot) 

According to the arrangement of the four element model shown in figure 3.8.(c)., a Maxwell model is 
connected between a spring and dashpot in series. When a constant load is applied, elongation of 
material comes from three parts. At first, the single spring with the modulus  gives the initial 
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elongation and then elongation comes from the spring with and the dashpot with in parallel 
connection. Last part of elongation is obtained from the single dashpot with viscosity  [8]. 

This four element model describes good stress relaxation and creep behavior of material. In this model 
spring and dashpot’s series connection and parallel connection are present, so both kind of behavior 
(stress relaxation and creep) can be obtained from this model. 

So, the total elongation is the sum of all individual elongation and it can be written as: 

 

1 /     (3.16) 

 

Where,  is the applied stress and   is relaxation time. When the load is removed at time , all 

deformations are recoverable except that occurred by the dashpot with viscosity .  

 

3.7.5. Modified Two-unit Maxwell Model 

According to two-unit Maxwell Model, with the increase of time to infinity, the stress in equation 
(3.12) goes to zero, but it is not applicable for all kind of fibers. To minimize the zero approach stress, 
one hookean spring can introduce in parallel with the Two-unit Maxwell Model. This is the 
modification of Two-unit Maxwell model and that is why it is called Modified two-unit Maxwell 
Model [17]. The springs and the dashpot of the modified two-unit Maxwell is shown below: 

 

 
Figure 3.9. Modified Two-unit Maxwell Model. [17] 

 

The total stress of the model can be written in the following way where one more stress is introduced 
with two-unit Maxwell model.  
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Or,  

Or,  

Or,     (3.17) 

 

Where, , ,  and are constants and  and   are relaxation time. 
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4. Experimental Method 

4.1. Experimental equipments and principle of measurement 

Tensile test is one of the most fundamental approaches for material properties. The MTS Tensile test 
machine is used as the main measurement equipment in our experiment. The tensile machine is 
programmed to run a variety of tests with a wide range of test conditions. MTSworks 4 is the software 
package for recording test data. Each specimen is held by two separate grips which can be pulled apart. 
The pair of grips is applied by an air pump which can supply a sufficient holding force for different 
kinds of samples.  

There is a crosshead which is a horizontal bar and it can be accurately controlled moving up and down 
by means of screws and machine program. Specimen is stressed initially by the movement of 
crosshead and a preload is applied here equals to 0.4 N. 

 

 
Figure 4.1. Experimental setup. 

 

Cross Head 

Load Cell 

Upper Grip 

Lower Grip 

Specimen 

Grip pressure 
control panel 
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 4.2. Properties and functions of the laminate layers 

The Laminate of different layers is used as food packaging material where each of the layers has its 
own function. The laminate used in this thesis consists of LDPE and paperboard. The time dependent 
behavior of the laminate is different from each of the individual lamina and this behavior depends on 
the property of each layer. The properties and functions of LDPE and Paperboard have given below: 

4.2.1. Low density Polyethylene (LDPE) 

LDPE is a type of polyethylene which density range is 0.910-0.940 g/cm3 [19]. LDPE has weak 
intermolecular force and its molecular structure is largely amorphous (molecules are in good order for 
short distance, not for long distance).It is flexible and it has high toughness. Its cost is low and the 
major applications of LDPE in packaging and toys. 

Low density polyethylene is approximated as isotropic material [1] because it has almost the same 
elastic properties in all three directions: Machine, Cross machine and Z direction. The main function of 
the LDPE is to act as moisture barrier. 

4.2.2. Paperboard 

From the study it has been seen that it is an orthotropic material [1]. According to definition of 
orthotropic material, this kind of material contains different properties in different directions. It is also 
observed from the study that the paperboard is strongest in the machine direction than any other 
directions because the fibers become oriented in this direction during the production. 

     Paperboard is used in packaging industry mainly for giving strength and stiffness to the package. 

4.3. Preparation of Specimen 

In our experiment, two types of specimens are tested mainly: Paperboard and the laminate of 
Paperboard (PPR) and Low Density Polyethylene (LDPE).  The thickness of paperboard is 100 µm 
and the latter one is 125 µm. All specimens have a width of 15 mm and a length of 250mm. The 
specimens of paperboard and laminate that used for experiments are provided by TetraPak and these 
are stored at least three days before doing the experiments in a conditional room with 22°C and an 
atmospheric humidity of 50% according to the ASTM [20]. During the experiments with the presence 
of crack, we introduce a side crack on the right side of the specimen which is shown in the following 
figure; where the crack length is considered as 1/4 of its width that means 3.75mm. To analysis the 
stress distribution and relaxation in the fracture area, a side crack is taken into consideration because it 
is one of the most common cracks in paper material.  
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Figure 4.2.  Specimens without crack and with side crack. L=250mm, b=15mm. 

 

4.4. Experimental procedure 

The rectangular strip of specimen is placed by the clamps of the tensile test machine and it is slightly 
loaded within its elastic region. The specimens are tested in uniaxial stress-state at a strain rate of 
1mm/mm with 0.4% strain changes. Since the loading speed is 10mm/min, so it takes about 6 seconds 
to arrive the strain transitions. The elongation is kept constant at 0.4% strain level (1 mm extension) 
for 5400 seconds and time, stress, strain are recorded by MTSworks 4. Table 4.1 shows the input 
condition options for all experiments which give a unique method to test all specimens and easy to 
compare. 

 

Table 4.1. Test input for experimental condition. 

Name Value Units

%Set load 0.445 N

Break sensitivity 90 %

Break Threshold 2.224 N

Hold Time 1 5400 s

Number of Cycles 0

Perform Load? 0, No
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Preload 0.445 N

Preload Speed 10 mm/min 

Save First Cycle? 1, Yes

Save Last Cycle? 1, Yes

Zero Extension After preload and Hold 1, Yes

 

Mainly experiments were carried out for four different cases: PPR without crack, PPR with crack, 
laminate without crack and laminate with crack. Five specimens were tested for each case and each 
experiment continued for 5400 seconds (1.5 hours) with 1 mm extension. The reason for taking 1 mm 
extension was to keep the deformation inside the elastic region. Because when the elongation is more 
than 1.2 mm, plastic deformation starts occurring, especially for PPR [1]. 

The stress relaxation of the specimens were monitored and analyzed at constant elongation. The 
applied constant extension for experiments is shown as follows:  

 

 
Figure 4.3.  Constant elongation is applied for stress relaxation experiments. 

 

In additional, two more stress relaxation experiments were carried out with the PPR and laminate 
specimens where for each specimen initially extension level was considered 0.5 mm and then 
increased the extension level to 1 mm. The purpose of this kind of tests is to observe the material 
behavior with different strain levels and the rate of the relaxation.  

4.5. Experimental Results 

The load, stress and time data for constant strain were obtained from the experiments. From the data of 
five specimens for each case, we selected close data of three specimens and using MATLAB we 
plotted stress versus time curves. The Plotted figures of PPR without and with presence of crack and 
laminate without and with presence of crack are presented below. Figure 4.4 shows the stress 
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relaxation of PPR without and with side crack and figure 4.5 is the stress relaxation of laminate 
without and with side crack. 

 

 

Figure 4.4. Stress Relaxation of Paperboard with and without crack. 

 

 
Figure 4.5. Stress Relaxation of Laminate with and without crack. 
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The following figures 4.6 and 4.7 show the stress relaxation behavior of PPR and laminate with 
different strain levels. The figure 4.6 is the stress versus time plot of paperboard for two different 
extensions. One is for 1 mm extension and the other one is for 0.5mm extension.  

 
Figure 4.6. Stress Relaxation of paperboard for 1mm and 0.5mm extension. 

 

Similarly stress relaxation curves of the laminate of PPR and LPDE for 1 mm and 0.5 mm extension 
are plotted below: 

 
 Figure 4.7. Stress Relaxation of laminate for 1mm and 0.5mm extension. 
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5. Application of Analytical Models & Formulation of 
Relaxation equation 

5.1. Exponential Curve fitting method 

The data obtained from the stress relaxation experiments are decreasing type of data with function of 
time and this type of data can be fitted to the poly-exponential function of the following form: 

 

                                                            ∑                                                        (5.1) 

 

Where,  and  are the unknown parameters. Several methods have been developed to estimate these 
parameters. The most available methods are Graphical method, Regression-difference equation 
method, Method of partial sums, Fourier Transform method, Foss’s method for a sum of two 
exponentials. But most of them are used for particular case, so their uses are limited. For example 
Graphical method is not good where there is a great fluctuation, Regression-difference method and 
method of partial sums are only appropriate for equally spaced data and Fourier Transform method is 
suitable to exponentially spaced observation. On the other hand, the uses of Foss method are broader 
than any other method, even not equally and exponentially spaced data can also be treated by this 
method [21]. 

Foss estimates the initial parameters in two ways. One way is to estimate parameters for the sum of 
exponentials without a constant and the other one is with a constant. Both cases are basically similar 
and with or without constant depend on the experimental data [22]. 

Case1:  

 

                                                                   ∑                                                 (5.2) 

 

Case2: 

  

                                                                 ∑                                                  (5.3) 

 



24 

5.2. Model Parameters extraction from experimental data 

The parameters of mechanical models were calculated from experimental data. MATLAB was used to 
extract the parameters from the data. To analysis the suitability of the mechanical model with the 
experimental stress relaxation, we constructed Maxwell Model, Two unit Maxwell Model, Modified 
Two unit Maxwell Model, Standard linear solid model and then compared with the experimental 
relaxation.  Kelvin-Voigt model was not constructed here, because it is not suitable for stress 
relaxation models and only one of four element models was constructed here.  

The estimated parameters of the models are shown in Appendix-B. 

5.3. Comparison between Experimental Relaxation with Mechanical 
Models  

We chose Foss method (mentioned in 5.1) to develop curve fitting for all models and then compared 
with the experimental relaxation. The best fitted model with the experimental data was then selected to 
analysis all experimental data and mathematically stress relaxation equations were derived. 

For comparison the theoretical viscoelastic models with the experimental data, we chose one 
experimental data of laminate with side crack and plotted against the Maxwell model, Standard linear 
solid model, Two-unit Maxwell model and Modified Two-unit Maxwell model. The comparison 
diagram between experimental data of laminate with side crack and the viscoelastic models are shown 
below: 

 

 
Figure 5.1. Experimental results with theoretical models. 
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Figure 5.2. Experimental results with theoretical models (Close view). 

 

From the comparison diagram it has be seen that both Two-unit Maxwell model and Modified Two-
unit Maxwell Model show the good agreement with the experimental relaxation curve. But, Two-unit 
Maxwell model has a drawback which is mentioned earlier (Section 3.7.5). Therefore, Modified Two 
unit Maxwell Model is used to develop Mathematical stress relaxation equations. 

5.4. Derive Time dependent Stress Relaxation Equation 

To predict the future stress relaxation behavior of packaging material, we derived the mathematical 
equations for PPR and the laminate of PPR and LDPE with and without presence of crack. These 
equations were derived by the Modified Two unit Maxwell model which suits best with the 
experimental result. Though we carried out our experimental tests with five specimens for each kind of 
test and among them three specimens data were taken into consideration, but here we will construct the 
stress relaxation equation for only one specimen for each case.  

Below the comparison diagrams (Figure 5.3-5.6) between experimental relaxation data and the 
Modified Two unit Maxwell are shown. The stress relaxation equation for each case is derived using 
Modified Two unit Maxwell model where there are two relaxation time  and  and three 
constants  ,  and . The parameters of the Modified Two-unit Maxwell model are shown in 
Appendix-B (Table B.3.) 
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Figure 5.3.  Stress Relaxation of Paperboard 

 

 
Figure 5.4. Stress Relaxation of Paperboard with crack. 

 



27 

 
Figure 5.5. Stress Relaxation of Laminate. 

 

 
Figure 5.6. Stress Relaxation of Laminate with crack. 
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6. FE-Modeling 

The strength and deformability of packaging materials are necessary to determine at early in the 
product development process. Since experimental stress relaxation tests require longtime to reach 
stable position, it is better to simulate the stress relaxation behavior of packaging material with a 
mathematical model using FEM where the prediction of material behavior can be done within shortest 
possible time. Thus, the entire product development becomes faster and more cost-effective. 

6.1. Finite Element Method 
The finite element method (FEM) is a numerical technique by which the approximate solutions of 
partial differential equations as well as of integral equations can be solved. Analytically the solutions 
of simple differential equations can be obtained. But for more complicated cases, numerical method is 
better compare to analytical method, because it gives the approximate results within shortest possible 
time. The development of many numerical methods is strongly influenced and determined by the 
computer, and therefore the solutions of the differential equations become easier, effective and 
accurate. 

The first step of the FE formulation is to transform the governing differential equation into the weak 
form of differential equation. Then establish the system of algebraic equations for each element. 
Finally assemble all the element equations into the global system of algebraic equations and introduce 
boundary conditions in the system equations. Due to the division of the solution domain into a finite 
number of sub domains, the method is called Finite element method [23]. 

To understand the method clearly, we can assume a system with stiffness matrix [K], displacement 
vector u and load vector f. The relationship between the stiffness matrix, displacement vector and the 
load vector of the system can be written as  

 

                                                                                (6.1) 

 

In the FE formulation the structure of the system is divided into a number of elements of a finite size 
and each element is then analysized. An approximation of displacement is taken for each element and 
the stiffness matrix of each element  is determined. The element equations are then 
assembled to the global equations and boundary conditions are implemented to the equations of the 
global system. Finally the overall data of each node will be obtained by solving the global equations. 
The selection of appropriate type of elements and mesh is very important for FE formulation. For any 
given type of element, the accuracy will increase with smaller the elements [10].    

Nowadays, many FEM softwares have been developed for structural simulation. These FEM softwares 
help to visualize the detailed structural deformation and analyze the distribution of stresses and 
displacements.  
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6.2. ABAQUS CAE 

In this thesis the finite element program ABAQUS was used for all calculation. All FE models have 
been created using 6.6 ABAQUS/CAE pre/post processor. In ABAQUS there are two basic types of 
dynamic analysis; ABAQUS/ Standard and ABAQUS/ Explicit. ABAQUS/ Standard uses the implicit 
Hilber-Hughes-Taylor operator and ABAQUS/ Explicit uses the central-difference operator. 
ABAQUS/Explicit has fewer element types than ABAQUS/Standard. But ABAQUS/Explicit is more 
efficient than ABAQUS/ Standard and capable of solving more complicated three dimensional 
problems.  

6.2.1. Geometry of the model 

Two dimensional, deformable body and a shell extrusion element base feature parts were selected for 
our analysis. The dimension of the model was taken according to the tested specimen 250
15  for both PPR and the laminate of PPR and LDPE. Since our analysis is based on laminated 
packaging materials, so two parts were created for PPR and LDPE and their thicknesses were 
introduced in the model as plane stress thickness. 

The same procedure was also followed during the analyzing with crack; just we introduced a 3.75 mm 
long crack in the middle of the length. 

The sketches of the models with and without crack are shown below:  

 

 
Figure 6.1. (a)Model without crack and (b) Model with the presence of crack. 
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6.2.2. Materials  

To overcome some limitations during the modeling three assumptions are made. These are: 

1. All materials are assumed to be isotropic. 
2. All materials are assumed to be homogeneous. 
3. Poisson’s ratio is assumed to be 0.38 for paperboard. 

The mechanical properties of packaging materials are tested before and it is found that paperboard is 
an orthotropic material because it has different properties in different directions [7]. Thus, the material 
property of paperboard should be viscoelastic as well as orthotropic, but due to some limitations this 
model is complicated to generate. So, keep the model simple we assumed paperboard as isotropic. In 
ABAQUS time dependent viscoelastic model is available. For small strain the rate independent elastic 
response is defined with a linear elastic material model but for the large strain applications the rate 
independent elastic response must be defined with a hyperelastic and hyperfoam material model. In 
our case we defined the viscoelastic model as a linear elastic material model. In order to simulate 
stress relaxation in ABAQUS the *VISCOELASTIC in *ELASTIC option was used.   We defined the 
parameters as time domain. 

The viscoelastic response is defined in ABAQUS for shear test with small strain where a time varying 
shear strain,  (t) is assumed to apply to the material. The response is the form of shear stress and it 
can be defined as [24] 

 

      (6.2) 

 

Where  is the time dependent shear relaxation modulus. This constitutive behavior is also be 
described by considering a relaxation test in which a strain  is suddenly applied to a specimen and 
then held constant for a long period. The beginning of the experiment when the stress is suddenly 
applied, is considered as zero time [24], so that 

 

 γ   (6.3) 

                                                                 Since 0  for   0 

 

Where,  is the fixed strain. The viscoelastic material model is ‘Long-term elastic’; it means that after 
having been subjected to a constant strain for a very long time, the response reaches to a constant 
stress [19], i.e.  ∞ 

The parameters in relaxation test data were determined from the experimental data. We obtained stress 
relaxation data of packaging material using tensile testing and then the elastic modulus relaxation was 



31 

obtained from the stress relaxation data. Finally elastic modulus relaxation data were converted to 
shear modulus according to the following formula: 

 

     (6.4) 

 

Where    are shear and young modulus and they are the function of time and  is the 
Poisson’s ratio. 

The shear relaxation modulus can be written in the dimensionless form 

 

  Or,      (6.5) 

 

Where  0  is the instantaneous shear modulus, so the expression for the stress taking the form 

 

      (6.6) 

 

The dimensionless relaxation function has the limiting values  

 

0 1   ∞      (6.7) 

 

Normalized shear relaxation modulus 

 

   0 1 , time   0  

 

Shear compliance 

 

                                                                    (6.8) 

 

Normalized shear compliance 
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                                                                    (6.9) 

 

The material data in following table was obtained from the previous tensile testing on paperboard and 
LDPE [1], [10]. We did our experiments on specimens only with their Machine Direction, so machine 
direction mechanical properties of the paperboard and LDPE were used only in ABAQUS which are 
shown below:  

 

Table 6.1. Material properties. 

Material Elastic Modulus (E(0) in MPa) Poisson Ratio (υ) 

Paperboard 6346.10 0.38 

LDPE 147.25 0.35 

 

The visco-elastic material data of PPR for stress relaxation, employed in FE-model, is presented in the 
table 6.2, where gr is the shear relaxation modulus and t is time, were chosen on the basis of the 
experimental results. The theory behind the calculation of gr is described by the above equations 6.4, 
6.5, 6.6 and 6.7. 

 

Table 6.2. Shear relaxation modulus. 

Material Normalized Shear Relaxation 
Modulus, 5400  

Time (t in Seconds) 

Paperboard 0.71 5400 

 

6.3. Stress distributions 

Stress distributions of paperboard with and without crack and laminate with and without crack are 
obtained from ABAQUS. In the models with the crack, higher stresses are observed near to the crack 
tip. The stress distribution models of PPR and laminate are different for different condition. Below the 
stress distribution of PPR with and without crack and laminate with and without crack are shown.  
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Figure 6.2. Stress distribution of Paperboard (a) without crack. (b) with crack. (c) Close view(with 

crack). 

 

 
Figure 6.3. Stress distribution of laminate (a) without crack. (b) Close view (with crack). (c) with 

crack. 
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7. Results and Conclusion 

7.1. Influence of crack on stress relaxation 

The figures 7.1-7.2 show the load versus time results from ABAQUS, for paperboard and the laminate 
specimens without and with presence of crack. Also a plot of experimental curve and the viscoelastic 
theoretical model curve are included for comparison. The theoretical viscoelastic model curve is based 
on Modified Two unit Maxwell model.  

The Figure 7.1 shows the load decreasing curve of paperboard material without and with presence of 
crack. Similarly, figure 7.2 is the comparison diagram of the laminate without and with presence of 
crack. 

 

 
Figure 7.1. Comparison between experimental results with the theoretical and Finite Element Model 

with and without presence of crack for Paperboard. 
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Figure 7.2. Comparison between experimental results with the theoretical and Finite Element Model 

with and without presence of crack for laminate. 

 

From the figures 7.1 and 7.2, it has been noticed that presence of crack in the specimens has a great 
role on the stress relaxation behavior of material. For the same level of extension, the initial load value 
for PPR and laminate without crack is much greater than the initial load value for PPR and laminate 
with crack. Both of these load values (without and with crack) for PPR and laminate decrease 
exponentially with time to certain level of load. It is to be noted that there is a considerable amount of 
difference in the load value for both curves with respect to time. This means that the overall stress 
relaxation curve without crack is higher than the crack.  Lower stress value of crack specimen 
indicates that due to the introduction a defect in the specimen, the stiffness of the material has 
decreased.   

In all cases, good agreement is found between the experimental results and the theoretical as well as 
the finite element models. In the finite element modeling, load is not exponentially decreasing with 
time. Because the model defined in the ABAQUS is as ‘Long term elastic’ which means the response 
(load) will be constant for a very long term when the applied strain is constant. But the same level of 
stress relaxation is observed almost every ways: experimental, theoretically and finite element 
modeling. 
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7.2. Load carrying capacity of paperboard and laminate with and 
without presence of crack 

The load and time data of all the five specimens for each kind of test are shown in Appendix-A.1.  
Using MATLAB we averaged the data for each case. The average initial load and the load at 5400 
seconds for paperboard without and with presence of crack and laminate without and with crack are 
shown in the following table: 

 

Table 7.1. Average Initial load and load after 5400 seconds (from experiment). 

Material Initial Load ( F(0) in N) Load at 5400s ( F(5400) in N) 

Laminate without Crack 35.978 22.756 

PPR without Crack 35.732 24.695 

Laminate with Crack 31.143 22.815 

PPR with Crack 30.531 22.722 

 

From the comparison table it can be observed that the initial load and the load after 5400 seconds for 
laminate and the paperboard are very close. In some cases the load for laminate is little higher than the 
paperboard but we do not see any significant difference between them. It might be due to the lower 
level of extension applied in the experiment. Instead of stress, we considered load for comparison [25] 
to observe the load carrying capacity of the material.  

7.3. Estimation of Load from theoretical Viscoelastic model (Modified 
Two-Unit Maxwell Model)  

According to the derived stress relaxation equations of PPR with and without crack and the laminate 
with and without crack, we calculated the initial stress value and the stress after 5400 seconds. Then 
load of PPR without and with crack, laminate with and without crack were estimated by multiplying 
with the area. The estimated load values from the stress relaxation equations are shown in the 
following table: 
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Table 7.2. Initial Load and Load after 5400 seconds (from the theoretical Viscoelastic model). 

Material Initial Load [F(0) in N] Load at 5400 seconds [F(5400) in N] 

Laminate without Crack 31.98 23.87 

PPR without Crack 32.43 27.4 

Laminate with crack 26.18 21.08 

PPR with Crack 27.05 22.67 

 

7.4. Linearity and Nonlinearity tests of Viscoelastic materials 

These kinds of tests were actually carried out to observe the linearity and nonlinearity of viscoelastic 
material. In the Handbook of Physical and Mechanical Testing of Paper and Paperboard, the linearity 
test of viscoelastic materials is described where the deformation level is kept constant up to certain 
period of time and after that period the strain is doubled and continues the experiment again. When the 
relaxation curves of two different strain levels coincide, then the material is considered as linear 
viscoelastic material [26]. 

In our experiments, we checked the linearity and nonlinearity of PPR and laminate by the two different 
levels of extensions (0.5 mm and 1 mm).  The following figure 7.5 is the stress versus time plot for 
two different levels of extension for the paperboard and the laminate specimens.   

 

 
Figure 7.3.Comparison between different extension levels (a) for Paperboard and (b) for laminate. 
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From the above diagram, it has been observed that the slope of the relaxation curve of PPR and the 
laminate for 1 mm extension is higher than their 0.5 mm extension. Since our experiments were for 
short period of time, so it is not easy to reach any decision. But there is a possibility of being 
connected of the curves after a long period of time. 
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8. Discussion and Further Work 

The main aim of this work was to observe the stress relaxation behavior of packaging materials as well 
as the influence of the crack to the time dependent behavior of the materials. The experimental tests 
were performed on the specimens of PPR and the laminate of PPR and LDPE, to monitor the stress 
versus time curve. The results compared with the theoretical models and finite element model and 
good agreement among them were found. During the experiments due to the vibration of the machine, 
some load variations were observed in the experiment results. Except the error in the machine, a good 
agreement between theoretical model and experimental results has been observed. On the other hand, 
there is a little difference between Finite element modeling with experimental results. In the Finite 
element model, we introduced paperboard as isotropic material. But it is actually orthotropic material. 
So it may be the main reason of the variation between Finite element model and experimental results. 

Proposals for the continuation of the work made in this thesis are, 

- Perform the experiments on the laminate of PPR, LDPE and the Aluminium foil. 
- The more stable stress value can be obtained by doing experiments with 24 hours or longer 

than that period. 
- During the experiments the specimen should be mounted carefully in the MTS tensile Machine 

as in the tensile loading the specimen can extend 1mm perfectly, otherwise at the starting point 
the stress value becomes lower than the original stress value. 

- Though Paperboard is an orthotropic material, so the material property of paperboard has to 
define as orthotropic in Finite element model.  

- Creep and Elastic modulus relaxation of the packaging materials can be analyzed from the 
stress relaxation test data. 

- Simple recovery tests of the materials can be performed with removing the load. 
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Appendix A- Experimental Work 

A.1. The experimental results of the initial load and the load at the 5400 seconds (1.5 hr) for 
paperboard with and without crack and the laminate with and without crack (five specimens for each 
case) are shown in the following tables: 

 

Table A.1. Paperboard without crack 

PPR without Crack Initial Load ( F(0) in N) Load at 5400s ( F(5400) in N) 

Sp1 28.482 22.000 

Sp2 30.415 19.782 

Sp3 40.062 27.695 

Sp4 38.901 27.378 

Sp5 40.800 26.622 

 

 

Table A.2. Laminate without crack 

Laminate without Crack Initial Load ( F(0) in N) Load at 5400s ( F(5400) in N) 

Sp1 40.525 23.979 

Sp2 35.372 24.861 

Sp3 28.812 20.981 

Sp4 37.514 22.158 

Sp5 37.668 21.799 
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Table A.3. Paperboard with crack 

PPR with Crack Initial Load ( F(0) in N) Load at 5400s ( F(5400) in N) 

Sp1 30.381 23.232 

Sp2 31.114 23.699 

Sp3 31.102 23.030 

Sp4 29.287 20.420 

Sp5 29.776 23.228 

 

Table A.4. Laminate with crack 

Laminate with Crack Initial Load ( F(0) in N) Load at 5400s ( F(5400) in N) 

Sp1 30.212 21.542 

Sp2 29.500 20.981 

Sp3 26.620 21.594 

Sp4 40.569 27.575 

Sp5 28.812 20.384 
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Appendix B-Theoretical Viscoelastic Models 

B.1. Estimated parameters and stress Relaxation equations of different models: 

 

Table B.1. Estimated parameters 

 Relaxation 
time( 1) 

Relaxation 
time( 2) Constant(A1) Constant(A2) Constant(A3) 

Maxwell Model 3.5817e4  12.88   

Standard Linear Solid 
Model 1.5791e3  2.1682 11.341  

Two-Unit Maxwell 
Model 5.4407e4 447.6276 12.43 1.554  

Modified Two-Unit 
Maxwell Model 1.9826e5 463.1774 41.85 1.571 -29.46 

 

Table B.2. Stress Relaxation equations of different models. 

Model Sress Relaxation equation 

Maxwell Model 12.88 .  

Standard Linear solid Model 2.1682 . 11.341 

Two unit Maxwell Model 12.43 . 1.554 .  

Modified Two unit Maxwell Model 41.85 . 1.571 . 29.46 
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B.2. Parameters of the Modified Two-unit Maxwell Model are given below: 

 

Table B.3. Parameters of the Modified Two-unit Maxwell Model 

 Relaxation 
time( 1) 

Relaxation 
time( 2) Constant(A1) Constant(A2) Constant(A3) 

PPR without 
Crack 414.9378 -1.277e5 4.035 -21.47 40.77 

Laminate 
without Crack 316.255 -1.6407e5 2.725 -47.82 62.22 

PPR with Crack 231.911 4.103e5 1.72 1.702 15.28 

Laminate with 
Crack 343.997 -1.944e5 0.8715 -10.64 22.43 
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Appendix C- ABAQUS CAE 

C.1. Assembly 
Assembly module was used especially for analyzing laminate. In the assembly module we assembled 
together the created parts of paperboard and LDPE. At first we created instances of our parts and then 
created assembly by giving to position the instances relatives to each other in a global coordinate 
system. 

There are only two parts in our laminate and we joined the parts using two position constraints: 
Parallel edge to edge and coincident point. But for more confirmation about the assembly we used Tie 
function to create two surfaces. In the interaction module two surfaces were created where one surface 
was considered as master surface and the other one was slave surface and the both surfaces were 
laminated together using the Tie function.  

C.2. Element type and Mesh 
Mesh generation is an important in the ABAQUS analysis. The mesh must be complete with the 
necessary loading, boundary conditions, material specification and the element type must be defined in 
the mesh. 

There are various mesh techniques in ABAQUS/CAE: Free, Structured and Sweep. Among them we 
chose structured mesh with quadratic element shape because this combination gives the best control 
over the mesh. Element type S4R is defined to the model in the mesh module. S4R is a 4-node bilinear 
doubly curved thin shell quadrilateral element with reduced integration, hourglass control and finite 
membrane strains. The first letter S in the element’s name means shell element and the number 4 
indicates 4 node element.  

Plane stress where the thin bodies loaded in the plane is suitable for shell elements and it is defined in 
the S4R element. ,    are the nonzero stresses and , ,     are the non-zero 
strains in plane stress condition. 

The fineness or coarseness of the mesh depends on the seed value. Smaller seed value makes the mesh 
finer and increasing the seed number the mesh becomes more and more course. Smaller seed value 
was used in our analysis for getting finer mesh.    

S4R permits quadratic deformation over four nodal co-ordinates, the reduced integration feature in the 
S4R helps to speed calculation, gives more accurate element stiffness and stress prediction and helps 
to decrease analysis cost. The formulation for reduced-integration elements considers only the linear 
varying part of the incremental displacement field. Hourglass control attempts to minimize mesh 
distortion, without introducing excessive constraints on the element’s physical response.    

C.3. Load Boundary conditions and steps  
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Analysis procedure and output requests must be created in step Module. Since stress relaxation is a 
time dependent deformation analysis and it deals with the stress decays with time for constant 
displacement, so we created a dynamic implicit step module. 

Loads and boundary conditions are necessary to define in Load module. In our case lower edge was 
fixed and the upper edge we applied displacement. To fix the lower edge we assigned with the zero 
degrees of freedom using ENCASTRE option in the boundary conditions and DISPLACEMENT/ 
ROTATION type of boundary condition was used in the upper edge of the model where the 
displacement was shown only in upper direction and other two directions were kept fixed. Uniformly 
distributed pressure load was applied to the upper edge of the model. The direction of the load and the 
degrees of freedom of the upper and lower edges are shown below: 

 

 
Figure C.1. Loads and boundary conditions. 
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