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Abstract 

 In many metal cutting operations, the relative displacement between 
the tool and the workpiece, determines the surface finish and the 
dimensional quality of the product. In an unstable operation, this relative 
displacement becomes bigger in an uncontrolled way and affects the cutting 
process. Vibrations of machine-tool systems leave a wavy surface in every 
tooth period. If waves on successive periods are not in phase, chip thickness 
may grow exponentially and cause an unstable operation. Having more than 
one cutting edge in boring tools can facilitate higher material removal rates 
and thereby boost productivity. Regenerative chatter vibrations, as a cause 
for instability in multiple-teeth boring operations, is investigated in this 
thesis. Different analyses for different types of inserts are presented. A 
method to approximate the uncut chip area is proposed to facilitate the 
frequency domain simulation. The proposed models were experimentally 
validated by cutting tests. 

Keywords: Stability, Chatter vibration, Multiple-teeth boring, Variable 
pitch. 
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1 Notation 

 Uncut chip area 

 Dynamic area 

 Remaining area 

 Depth of cut 

 Cutting edge length 

 Difference in the radial position after one tooth period 

 Force 

 Force component in the feed direction 

 Force component in the radial direction 

 Force component in the tangential direction 

 Force component in the  direction 

 Total force in the , -plane 

 Force component in the  direction 

 Force component in the  direction 

 Feed per tooth 

 Chip thickness 

 Identity matrix 

 Cutting force coefficient for the feed direction 

 Cutting force coefficient for the radial direction 

 Cutting force coefficient for the tangential direction 

 Height of the insert 

 Cutting edge contact length 

 Number of cutting edges (inserts) on the tool 

 Spindle speed 

 Radial position 
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 Root mean square 

 Revolutions per minute 

 Time 

 Time delay 

Δ  Radial displacement during one tooth period due to the radial 
vibration 

Δ  Infinitesimal change in the  direction  

Δ  Infinitesimal change in the  direction 

Δ  Infinitesimal change in the  direction 

Δ  Infinitesimal change in angular position  

 Phase difference 

 Angle between  and the tangential direction 

Λ Eigenvalue 

 Transfer function 

 Angle between the cutting edge and the  direction 

 Chatter frequency 
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2 Introduction 

2.1. Background 

Shaping materials is an important part of engineering and machining is 
one of the ways to make the final shape of products.  In machining, a tool 
removes material from the workpiece to shape it into a desired form. Metals 
are more common in machining. Machining metals is also called metal 
cutting. There are different types of metal cutting operations. For example 
turning, milling, drilling and boring [1]. In addition, there are some non-
traditional machining processes. For example, water jet, electrical discharge 
machining and laser machining. Many engineering products are made either 
directly or indirectly, by machining operations. In the rest of this report, for 
the sake of brevity, traditional machining operations to cut metals will be 
referred to as metal cutting. Interested readers may refer to [1,2,3] for more 
details about machining operations. 

Boring is an operation to machine a hole that is produced in other 
processes such as casting, flame cutting, extrusion or forging [2]. Producing 
a hole with one of the mentioned methods and then using a boring tool to 
produce closer tolerances and higher surface finish can be more economic 
than solid drilling. In a boring operation, a rotating boring tool, in an axial 
movement, is fed through a hole to open it up [2]. Boring tools might have 
one or more than one cutting edges. In this work, boring operations that 
involve tools with more than one cutting edge are referred to as multiple-
teeth boring operations. 

Dynamic forces (that exist in all cutting operations) may cause vibration 
in the workpiece, the tool and the machine-tool structure. Vibrations 
encountered in metal cutting can be categorized into three groups according 
to Tobias [4]: 

1- Free vibrations that might be due to external or internal shocks 
etc. In this case, external or internal transient, short time 
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excitations cause the system to vibrate. An example is the 
transmitted shocks from other operations such as pressing. 

2- Forced vibrations that are caused by unbalanced spindles or 
masses on rotary parts etc. These forces usually produce 
periodic excitations on the system. The sources of these 
vibrations might be other machines that their vibrations are 
transmitted through the foundations. 

3- Self-induced vibrations that are generated by either metal 
cutting operation itself or other mechanisms in the machine. 

Chatter is a self-induced vibration phenomenon and can be generated by 
different mechanisms, where in most machining operations the dominant 
mechanism is regeneration of chip load [4]. In chatter vibrations, cutting 
forces grow during the operation [5] (See chapter  3). Chatter vibrations 
may occur in different metal cutting operations, for example milling, 
turning or boring. Since chatter vibrations cause poor surface finish, large 
cutting forces and low productivity [6], it is important to investigate their 
mechanism. 

Tobias [4] was one of the pioneer who explained the fundamental 
theory behind chatter vibrations in an orthogonal cutting operation. Altintas 
et al. in [7] investigated chatter vibration in milling.  In some previous 
works, the stability prediction for single edge boring operations is 
investigated [6,8]. Altintas et al. in [9] presented a frequency domain 
analysis for chatter stability prediction in plunge milling operations. Plunge 
milling operations for boring cylinders are similar to boring operations. One 
difference is that in plunge milling the depth of cut is usually more than 
boring operation. This causes less effect of nose radius on chatter stability. 
Ko and Altintas [10] proposed a mathematical model in the time domain to 
predict the cutting forces generated in plunge milling and it is suggested 
that chatter vibrations can be reduced by strengthening the flute cavities in 
tools in order to increase the torsional rigidity  [10]. Mechanics of boring 
operations is studied in [11,12]. Lazoglu et al. in [13] studied dynamics of 
boring operations. Altintas et al. [14] investigated the effect of process 
damping on chatter stability. It is shown that when the tool is worn, the 
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process damping coefficient and the chatter stability limit increase [14]. 
Eynian, in a comprehensive study [15], showed how to measure and model 
process damping mechanism in metal cutting at low cutting speeds. 
Variable pitch angles can be employed to hinder the regenerative 
mechanism and consequently increase the process stability [16]. Budak 
[16,17] presented an analytical design method to increase the stability for 
milling cutters with variable pitch angles. 

Determining the limiting depth of cut for stable operating conditions 
can significantly increase the performance of the metal cutting operation 
and thus the material removal rate. Using tools with multiple-teeth can also 
aid in increasing productivity [2]. This thesis focuses on stability prediction 
of multiple-teeth boring tools. Methods for predicting the limiting depth of 
cut of multiple-teeth boring tools are developed. The methods are 
applicable both in the time domain as well as in the frequency domain. For 
the time domain, a method is offered that uses exact area of the uncut chip 
and employs MATLAB SIMULINK® to perform the simulation. Different 
types of inserts need different analyses. In this thesis, the inserts are 
categorized into different types according to their geometry and suitable 
analyses are proposed for each type (See chapter  5). 

Throughout this report, unstable operations refer to metal cutting operations 
that develop initial small disturbances into large vibrations and cause 
failure of the workpiece. 

 

2.2 Aim and scope of the thesis 

 The main purpose of this thesis is to provide a fast simulating model 
to predict instability in multiple-teeth boring operations. The model is 
intended to be used for optimization of design parameters and aid in 
selecting appropriate cutting data. 

For multiple-teeth boring operations, the aim of the work is to answer the 
following questions: 
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1- For a given set of cutting data, machine tool and workpiece 
dynamics, is the operation stable? 

2- How does the geometry of the tool and the operation affect the 
stability of the operation? 

3- How do the tool specifications such as number of teeth and their 
positions affect the stability of the operation? 

4- How do dynamic behavior of the tool and the workpiece affect the 
stability of the operation? 

5- Is it possible to make the operation more stable by changing the 
design parameters? 

6- Is it possible to find a model that is fast enough in simulation to be 
used in optimization routines? 

The obtained models are intended to cover a wide range of material and 
dynamic behaviors for the tool and the workpiece. This range should be 
wide enough to cover practical applications in the industry. The model 
should be applicable for different conventional designs and geometries for 
multiple-teeth boring tools. 

The scope is narrowed to linear dynamic behaviors for each structure. For 
large deformations the structures becomes nonlinear. However, in an 
unstable operation, before reaching nonlinearity point, the workpiece fails 
due to poor surface finish resulting from uncontrolled large deformations. 
Therefore, nonlinearities in structural dynamics are not covered in this 
thesis. 
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Figure  3.4. Block diagram that shows how an initial disturbance can 
trigger a regenerative process. 

 

Using Fourier analysis, the initial disturbance can be written as a 
summation of harmonics. Every harmonic can be analyzed separately, and 
then the total response of the system can be calculated by combining all 
harmonic responses. 

The regenerative process shown in Figure  3.4 can cause instability in the 
operation. In an unstable operation, dynamic forces grow during the 
operation. 

As can be seen in Figure  3.4, for analysis of the system the following 
relationships have to be known: 

‐ The relationship between input force and output displacement, 
obtained by the transfer function of the system [18]. 

‐ The relationship between relative displacements and the uncut chip 
area, determined by geometry of the workpiece, the tool and the 
operation. 

‐ The relationship between the uncut chip area and cutting forces, 
determined by cutting force coefficients, geometry of the 
workpiece-tool system and the operation. For more details on 
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calculating of cutting force coefficients, readers may refer to 
[5,14,19]. 

 The transfer function of the system is obtained by experimental modal 
analysis. More details about the methods are found in [18,20]. 
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Generally, using tools with larger diameters and shortening tool overhang 
help to reduce vibration in boring operations [2]. 

4.2. Cutting Forces and Structural 
Deformations 

 Figure  4.6 shows a general movement of the head of a boring tool 
(shown inside a black frame in Figure  4.7) in  ,  and  directions due to 
deformation of the tool. 

Other deformations are: 

‐ Shrinkage or expansion in the radial direction 
‐ Tilting due to bending 
‐ Torsion (Twisting around the  axis) 
‐ Coupled deformations, for example twisting can cause axial 

deformation in non-perfect cylindrical shapes. 
The geometry of boring tools and conditions of the operations cause these 
deformations to have marginal effects on the regenerative process and 
therefore they are not considered in the model.  

 

Figure  4.6. ,  and  displacements for the head of a boring tool. Dashed 
lines represent positions of the insert after one tooth period. The image is 
generated with the aid of an image file provided by AB Sandvik Coromant. 

z 

x 

y 
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Figure  4.7. Displacement of the part shown inside the black frame affects 
the regenerative process. The image is generated with the aid of an image 

file provided by AB Sandvik Coromant. 

In machining, three forces, as shown in Figure  4.8, are acting on each 
inserts. 

 

 

Figure  4.8. Tangential, radial and axial forces that act on an insert. The 
image is generated with the aid of a STP file from [1]. 
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 ,  and  are force components in tangential, radial and feed directions, 

respectively. These forces cause deformation of the workpiece, the tool and 
the machine-tool structure that affect the chip formation. In section  4.3, the 
chip formation is described in more detail. 

4.3. Chip Formation 

 In boring operations, each insert have axial and rotational 
movements, simultaneously; therefore, every point on the inserts goes 
through a helical path during the operation.  
 
Figure  4.9 shows the chip formation in a boring operation, when there is 
no vibration. 
 
 
 

 
 

Figure  4.9. Insert movement and chip formation in absence of 
vibrations. 

 
If the forces shown in Figure  4.8 are dynamic, they may cause vibration 
in ,  and  directions. If there is an axial vibration, it causes wavy 
surfaces on both sides of the chip as shown in Figure  4.10. 
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Figure  4.10. Chip formation when there is a vibration in the axial direction. 

 

The wave shown in Figure  4.10 consists of several cycles. If the number of 
vibration cycles is an integer in each spindle revolution, the two waves on 
the chip surfaces are in phase and the thickness of the chip remains 
constant. On the other hand, if the number of vibration cycles is not an 
integer number, there is a phase difference and consequently the thickness 
of the chip changes, as shown in Figure  4.11, and this produces dynamic 
forces. 

 

 

 

Figure  4.11. When the number of cycles in each spindle revolution is an 
integer (top) and not an integer (down). 
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In boring operation, there is no radial feed. However, this does not mean 
that dynamic forces are not generated. Figure  4.12 shows what happen if 
relative displacement between the workpiece and the tool, in the radial 
direction, is sinusoidal. 

 

 

Figure  4.12. Chip formation due to radial vibration. 

 

The same as axial vibrations, if the number of vibration cycles, in the radial 
direction, is not an integer in each spindle revolution, a dynamic chip area 
is generated as shown in Figure  4.12.  Dynamic chip area produces 
dynamics forces. 

In general, vibrations can happen in all three directions simultaneously as 
shown in Figure  4.13. 

x 

y Number of cycles in each 
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Figure  4.13. Simultaneous vibrations in ,  and  directions. 

 

When the number of cutting edges is more than one, waves on the chip are 
generated by successive inserts. In this case, tooth period is used instead of 
spindle revolution for analyzing. One tooth period is the time that each 
insert takes to reach the angular position of the previous insert. 

4.4. Inserts 

 Cutting forces are affected by dynamic chip area. Therefore, 
stability of the operation is influenced by the chip formation process.  In 
addition to the relative movement between the tool and the workpiece, the 
geometry of the insert affects the chip formation. Therefore, it is helpful to 
categorized inserts with respect to their geometry for analysis purposes. 
Geometric features that affect forces in boring application are cutting edge, 
entering angle and nose radius [2]. In addition to this features, the support 
edge can affect generated forces. For more clarity, these features are shown 
in Figure  4.14. 
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Figure  4.14. Geometric features that are considered in the model.  

 

Cutting edge is the edge of the cutter that removes materials during the 
operation. The angle between this edge and feed direction is called entering 
angle [2]. Support edges are, in some type of inserts, used to produce higher 
surface finish during metal cutting operations. The support edges rub the 
recently cut surface to smooth it and improve surface finish. Considering 
the mentioned features, inserts are categorized into the following groups in 
this work:  

‐ Inserts with a support edge and with a negligible nose radius (type 
1) 

 

‐ Inserts with a significant nose radius and without support edge (type 
2) 

                                                                                      
‐ Inserts with a support edge and a considerable nose radius (type 3) 

 

 
 

 

Cutting edge Nose radius 

Support edge 

A
xial direction 
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To analyze insert type 3, firstly by the method described in section  5.2, 
nose radius is incorporated into the depth of cut. By doing this, the insert is 
simplified into type 1. This means that having the knowledge about 
analyzing the first two types makes it possible to analyze the last type of 
inserts. Therefore, only the first two insert types need to be analyzed in 
detail. 

For the first type, see section  5.1, more than one edge are involved in 
chatter vibrations. It will be shown that the operation can be seen as a 
combination of turning and milling. 

The second type of insert has a more complex geometry. Due to this, an 
exact approximation of the uncut chip area can be difficult to obtain. A 
method for calculating the exact uncut chip area of these complex 
geometries is proposed. This method is then utilized in the time domain 
stability analysis. For the frequency domain analysis, an additional method 
for approximating the uncut chip area is presented. This method utilizes 
polynomial functions to approximate the uncut chip area and greatly 
reduces the computational time needed. 

 

 

 

 

 

 

 

 



25 
 

5 Modeling 

5.1 Insert Type 1 

In this type of insert, the support edge of the insert is parallel to the feed 
direction, Figure  5.1. 

 

 

Figure  5.1- An insert type 1 

 
 

 

Figure  5.2. A boring tool with inserts of type 1. The image is generated with 
the aid of an image file from AB Sandvik Coromant. 

 

Radial and axial displacements of an insert after one tooth period are shown 
in Figure  5.3. 
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Figure  5.3. Radial and axial relative displacements of the insert during one 
tooth period. Continuous square shows the position of the insert at the 
present tooth period. Dashed square shows the position of the previous 

insert at the previous tooth period. 

 

Both edges of the insert may cut material and generate chips. Therefore, 
there are two regenerative mechanisms, which can lead to an unstable 
machining operation. The cutting operation is in the axial direction. As long 
as the operation is stable, there is no cutting in the radial direction and there 
is only rubbing. On the other hand, for unstable operations the tool bends 
and cuts the walls of the hole.  

Vibration in the , -plane does not change the uncut chip thickness and 
therefore does not affect the axial force significantly. On the other hand, 
vibration in the axial direction causes dynamic forces in axial, tangential 
and radial directions. The reason is that the axial vibrations change the 
uncut chip thickness and consequently the chip area. In linear model, 
cutting forces have a linear relationship with uncut chip thickness [5,19]. 
Equation ( 5.1) shows the generated force due to vibrations in the axial ( ) 
direction. 

 
( 5.1) 

A
xial direction 

Radial direction 
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 ,  and  are force components in tangential, radial and feed directions, 

respectively.  ,  and  are cutting force coefficients. Interested reader 

may refer to [5,19] for more information about cutting force coefficients.  
Uncut chip area ( ) is calculated by combining the cutting edge length ( ) 
and the chip thickness ( ) as follows: 

 ( 5.2) 

 is obtained by having current positions of the cutter and the workpiece 
and their positions at the previous tooth period. It is calculated as follows:  

h  ( 5.3) 

  and  are relative axial positions at the present and previous tooth 
periods, respectively. Substituting Equation ( 5.2) in Equation ( 5.1) gives: 

h
 

( 5.4) 

Force components in ,  and  directions can be obtained from tangential, 
radial and feed components. Tangential and radial directions rotate as the 
spindle rotates, on the other hand  and  directions are fixed in space.  is 
in the axial direction the same as the feed direction. , -plane is 
perpendicular to the axial direction. The relation between 
tangential/radial/feed directions and / /  directions are given in 
Equations ( 5.5), ( 5.6) and ( 5.7). 

sin cos  ( 5.5) 

cos sin  ( 5.6) 

 ( 5.7) 

Substituting Equation ( 5.4) in Equations ( 5.5) - ( 5.7) gives the following 
relations: 

sin cos  ( 5.8) 

cos sin  ( 5.9) 
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( 5.10) 

Vibrations in the , -plane produce forces in radial and tangential 
directions, as shown in Figure  5.4.  The assumption is that the tool is 
turning counterclockwise. 

 

 

 

Figure  5.4. Radial and tangential forces due to vibrations in the , -plane. 
The image is generated with the aid of a STP file from [1]. 

 

Numbers 1 and 2 shown in Figure  5.4 indicate two opposite inserts on the 
boring tool. In vibrations in the , -plane, support edges cut the wall of the 
hole. Considering the geometry, it can be seen as a milling operation. 
Therefore, the same formulation as milling for calculating forces can be 
used. However, the following differences are to be considered: 

‐ There are no enter and exit immersion angles. 

‐ Radial feed is zero. 

‐ The number of the teeth for calculating cutting forces has to be half 
of all teeth. The reason is that the teeth are analyzed in pairs. This 
point will be explained later in this section. 

x 

y

 1 

2 
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The latter point is valid only for symmetric tools. However, the tool can 
have either uniform pitch angles or differential pitch angles (for example a 
tool with four inserts and 100, 80, 100, 80 degrees as pitch angles). In 
comparison to milling, the second point makes a significant difference in 
cutting conditions. The radial feed is zero; therefore, if the radial position of 
the cutter at the present tooth period is smaller than the radial position of 
the insert at the previous tooth period, the cutter does not cut the workpiece. 
This effect can make the calculations more difficult. Despite of this fact, in 
the following part, it is described how to make the calculations simpler. 

If insert 1 goes into the workpiece, tangential and radial forces, as shown in 
Figure  5.4, are calculated as follows: 

 ( 5.11) 

 ( 5.12) 

 is the dynamic chip area. Dynamic chip area is the part of uncut chip 
area that changes over the time. It is calculated as follows: 

Δ  ( 5.13) 

 is the height of the insert as shown in Figure  5.5.  Δ  is the difference in 
the radial immersion after one tooth period. 

 

 

Figure  5.5. A boring operation with a type 1 insert.  is the depth of cut 
and  is height of the insert. The image is generated with the aid of a STP 

file from [1]. 
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Difference in the radial immersion is obtained by combining the radial 
positions of the tool at present and previous tooth periods (  and  
respectively). Δ  is calculated as follows: 

Δ  ( 5.14) 

Δ  is a combination of movements in the  and  directions. The 
relationship between  and its components in the  and y directions are as 
follows: 

sin cos  ( 5.15) 

 is the angle between cutting edge and  axis and is shown in Figure  5.4. 

Therefore, the dynamic chip area is written as follows: 

Δ sin Δ cos  ( 5.16) 

Having the dynamic chip area, Equations ( 5.11) and ( 5.12) are rewritten as 
follows: 

Δ Δxsin LΔ cos  ( 5.17) 

Δ Δxsin LΔ cos  ( 5.18) 

 

 

 

Figure  5.6. Generated forces on insert 2. The image is generated with the 
aid of a STP file from [1]. 
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When insert 1 goes out of the workpiece on one side, insert 2 will 
simultaneously go into the workpiece on the opposite side of the tool. For a 
symmetric tool, the distance between insert 1 and the surface of the 
workpiece is equal to the radial immersion of insert 2.  This is due to the 
assumption of negligible radial shrinkage (or expansion). The forces on 
insert 2 are shown in Figure  5.6. 

Comparison between Figure  5.6 and Figure  5.4 shows that the forces are in 
opposite directions. Due to symmetry, the forces shown in Figure  5.6 and 
Figure  5.4 are equal in amplitude. Since the torsion is ignored in the 
analysis, it is not important where the forces are acting. Therefore, forces 
that are acting on insert 2 can be assumed to be the same as those acting on 
insert 1. These forces can be calculated by multiplying a negative sign to 
Equations ( 5.17) and ( 5.18). This negative sign multiplication can be 
interpreted as a negative area that is produced by a negative Δr. Despite of 
the fact that there is no negative area, this new concept helps to use the 
same formulas for describing of generated forces in inserts moving both 
into and out of the workpiece. The only consideration is that the total force 
on the tool has to be calculated for half of the inserts because the inserts are 
used in pairs. Combining Equations ( 5.5), ( 5.6), ( 5.17) and Equation ( 5.18) 
gives Equation ( 5.19) which describes the relationship between generated 
dynamic forces in  and  directions and displacements in these directions 
due to vibrations in the , -plane (for more details see [5]). 

1
2

Δ
Δ  

( 5.19) 

 

Equations ( 5.20) - ( 5.23) show the values of  ,  ,  and  [5]. 

g sin 2 1 cos 2  
( 5.20) 

 

g 1 cos 2 sin 2  
( 5.21) 
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g 1 cos 2 sin 2  
( 5.22) 

 

g sin 2 1 cos 2  
( 5.23) 

 

 is the number of cutting edges (inserts) on the tool.  g  is a function that 

is 0 whenever the cutting edge is not inside the workpiece due to the effects 
of tool jumping out of cut and enter/exit angles. g  is 1 otherwise [5].  is 

the height of the insert as shown in Figure  5.5. It can be seen as the depth of 
cut for support edge of the insert. 

Now adding forces that are produced by vibrations in both the  direction 
and the , -plane, gives: 

Δ
Δ
Δ

 
( 5.24) 

 

Matrix  is calculated as follows: 

1
2

1
2

sin cos

1
2

1
2

cos sin

0 0

 

( 5.25) 

 

Equation ( 5.24) shows the generated forces for all inserts. Equations ( 5.24) 
and ( 5.25) can be used directly in the time domain simulation. 

5.1.1 Time domain simulation 

In the time domain, the governing equations for the dynamic system are 
presented by a system of differential equations (if the number of masses 
is more than one). Numerical methods can be used to solve this system 
of equations. In order to trigger the regenerative vibrations, a small 
disturbance of the system is needed.  A small impulse can be used as an 
initial disturbance. If the response of the system becomes smaller in 
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magnitude over time, the operation is stable. On the other hand, if the 
response grows exponentially, the operation is unstable. 
  

 

Figure  5.7. Block diagram in MATLAB SIMULINK® for the time domain 
simulation of a boring operation. 
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In this thesis, MATLAB SIMULINK® is used to solve the governing 
equations in the time domain. MATLAB SIMULINK® allows representing 
a system by its transfer function. Delay blocks are added to the model in 
order to represent the time delays between teeth. The length of the 
simulated response has to be long enough to make a correct decision about 
the stability. The time step for the time domain analysis determines the 
sampling frequency for the input signal and consequently it is important to 
meet the sampling theorem criterion. 

Figure  5.7 shows the block diagram for the time domain simulation of a 
boring operation with multiple-teeth boring tool. The block of 
ForceCalculator calculates the forces and its settings are dependent on the 
type of insert. 

In the time domain analysis, the changes in time response determine 
whether the operation is stable or not. In an unstable operation the 
amplitude of the signal (can be displacement or force) grows exponentially. 
As an example, Figure  5.8 shows displacement signals for an unstable 
operation. 

  

 

Figure  5.8. Simulation output for an unstable operation. 
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5.1.2 Frequency Domain Simulation 

 Equation ( 5.25) cannot be used in the frequency domain analysis 
because the angular positions of the inserts are time dependent and 
consequently  is time dependent. Since elements of  are periodic 

with period of  Δ  , Fourier series can be used [5]. In milling 

operations, the average value in Fourier series gives good approximation 
[7]. Here, for boring, the same assumption is made: 

1
Δ

 
( 5.26) 

 

Substituting Equation ( 5.25) in ( 5.26) gives: 

0
0

0 0
 

( 5.27) 

 

Values of  ,  and , after integration, are as follows: 

1
4

 
( 5.28) 

1
4

 
( 5.29) 

1
4

 
( 5.30) 

1
4

 
( 5.31) 

Using matrix  instead of  in Equation ( 5.24) gives: 

0
0

0 0

Δ
Δy
Δ

 
( 5.32) 

 

In Equation ( 5.32), radial and axial directions are decoupled. Considering 
the geometry, it can be said that the stability analysis in the axial direction 
is the same as turning and in the radial direction is the same as milling. 
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Therefore, the milling analysis is needed. The following part shows the 
method presented in [5,7] for stability prediction of milling operations. 

In the , -plane the forces are: 

Δ
Δy  

( 5.33) 

 

The transfer function for the tool is written as follows: 

 
( 5.34) 

 

The relationship between input force and output displacement for the tool 
is:  

F  
( 5.35) 

Equation ( 5.35) means that if the input is harmonic, the response is 
harmonic with the same frequency but different phase and amplitude. The 
differences in phases and amplitudes are determined by . For the 
previous tooth period, displacement is as follows: 

 ( 5.36) 

 is the time delay for each tooth periods. Now the displacement after one 
tooth period can be obtained as follows: 

Δ
Δ 1 F  

( 5.37) 

Equation ( 5.37) shows the displacement during one tooth period when the 
input is a sinusoidal force with the frequency of .  

Substituting ( 5.37) in ( 5.33) gives the following relation: 

1  

( 5.38) 

Equation ( 5.38) can be rewritten as follows 
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 ( 5.39) 

 
( 5.40) 

1  
( 5.41) 

Equation ( 5.39) is an eigenvalue problem. In the left hand side, there is a 
vector and on the right hand side of the equation, the same vector is 
multiplied with a square matrix. To have the answer for this problem, 
Equation ( 5.42) should be solved: 

1 0 
( 5.42) 

Equation ( 5.42) can be rewritten as follows: 

Λ  0 ( 5.43) 

Λ  is the eigenvalue of the problem. 0  and Λ are calculated are as 
follows: 

 
( 5.44) 

Λ L 1
cos sin  

( 5.45) 

In many practical milling cases, the cross transfer functions are negligible 
[16] .If the cross transfer functions are zeros,  becomes: 

 
( 5.46) 

Equation ( 5.43) can be solved analytically. The characteristic equation is as 
follows:  

1 0 ( 5.47) 

The coefficients of this quadratic equation are as follows: 

 ( 5.48) 
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 ( 5.49) 

Generally, the eigenvalue is a complex number. Therefore, it has a real and 
an imaginary part: 

Λ Λ Λ  ( 5.50) 

 is real part of the eigenvalue and  is imaginary part of it. 

Comparing ( 5.50) and ( 5.45) gives: 

1 cos  ( 5.51) 

sin  ( 5.52) 

Now new variables κ and  are introduced as follows: 

κ tan
sin

1 cos
cot

2

tan
2 2

 

( 5.53) 

Substituting κ in real part of the eigenvalue gives: 

1 cos 2 sin
2

2

1 cot

2
1

 

( 5.54) 

Rearranging ( 5.54) gives the height limit for chatter vibrations as follows: 

1
2

 
( 5.55) 

This means that if the height of the insert is less than , the operation is 
stable and for values bigger than this limit, the operation is unstable. 

Now it is important to find the corresponding spindle speed for each height 
limit. For any given frequency, there is an eigenvalue that can be obtained 
from ( 5.43). In each frequency, there is a phase difference between waves 
on each sides of the chip and this phase difference is obtained from the 
following equation: 

ϵ π 2  ( 5.56) 
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There is a time delay corresponding to each phase difference that can be 
obtained from following equation: 

ωcT ϵ 2kπ ( 5.57) 

Therefore, the time delay is calculated as follows: 

T
1

ωc
ϵ 2kπ  

( 5.58) 

Having the time delay, the spindle speed is obtained as follows: 

60

T
 ( 5.59) 

The unit for spindle speed is revolutions per minute rpm .  

In the same way, it is possible to do stability analysis for the axial direction 
by solving following eigenvalue problem: 

1  ( 5.60) 

 is the transfer function in  direction. The chatter limit and spindle 
speed are calculated similar to previous part. 

Λ 1 1 cos sin  ( 5.61) 

Λ is the eigenvalue for Equation ( 5.60). 

κ tan
sin

1 cos
 

( 5.62) 

ΛR 1 cos
2
1

 
( 5.63) 

b
ΛR

2
1  

( 5.64) 

 is radial immersion of the tool. Equations ( 5.56)-( 5.59) can be used to 
calculate spindle speed. 

Cutting edge contact length ( ) affects cutting forces [11].  generates a 
force that is constant in value if the length of the contact is not changing 
during the operation. In vibrations in the , -plane, for the current type of 
insert, the cutting edge contact length remains constant when the insert 
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have a radial immersion and it is zero when the tool is not inside the 
workpiece. Therefore, the generated force is in the form of square wave as 
shown in Figure  5.9. 

 

 

Figure  5.9. The force due to cutting edge contact length  . The numbers 
in the graph are not valid; the graph only shows that the force is a square 

wave. 

 

This force is periodic and therefore it can be decomposed into harmonics. 
Since the amplitude of the square wave does not change, the amplitudes of 
the harmonics do not change. This means that they do not have any 
contribution to the regenerative process and this means that for this type of 
insert the cutting edge contact length does not affect the stability in the , -
plane. 

It is worth mentioning that height of the insert has two effects: 

1- Affecting the uncut chip area and consequently affecting the forces. 
2- Affecting the forces values, directly. 

 The latter is not used for chatter vibrations analysis, because it does 
not affect the regenerative process as mentioned above. On the other hand, 
area has a dynamic change during the process. Therefore, there is a 
limitation for height of the insert due to its contribution to the uncut chip 
area. This means that height of the insert affect the regenerative process due 
to its indirect effect on cutting forces. To avoid mixing up, two different 
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symbols are used for height of the insert.  refers to the height of the insert 
when its direct effect is considered and  refers to the height of the insert 
when it is used for the uncut chip area calculation. 

  

5.1.3 Simulation in the Time and Frequency Domains 

 In this section, the results of the time domain and the frequency 
domain simulations for an insert of type 1 are shown. Figure  5.10 and 
Figure  5.11 show the chatter limits for a given tool with 3 inserts of type 1. 
Modal parameters of this tool are listed in Table  5.1. 

 

 

Figure  5.10. Chatter limits for height of the insert. Triangles and dots are 
for stable and unstable operations, respectively (the time domain 

simulation). Solid lines are results of the frequency domain simulation. 
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Table  5.1 Modal parameters of a given tool with three insert of type 1. 

 Pole Residue ( 10 ) 

 -18.485+j909.05 -157.47+j4183.2 -j0.28763 -j1.2816 

 -44.928+j975.69 -69.909 +j1962.1 -j0.29313 -j0.22308 

 -32.025+j1585.1 j0.040739 

 

In Figure  5.10 and Figure  5.11, the time domain results are shown in dots 
and triangles and the frequency domain results are shown in solid lines. 
Triangles represent stable operations and dots are for unstable operations. 
Since there are two edges, there are two analyses. Figure  5.10  shows the 
chatter limit prediction for support edge that means the stability diagram 
shows the chatter limits for the height of the insert. The simulations 
parameters are listed in Table  5.2. 

 

Table  5.2. Simulation parameters that are used for producing Figure  5.10. 

Depth of cut ( ) 0.5 mm  

Sampling frequency in the time simulation 10000 Hz  

Number of cutting edges 3 

Entering angle 90 degrees 

Type of the insert Type 1 

 0.2 mm/tooth  

 1300 N/mm  

 800 N/mm  

 

As shown in Figure  5.10, for large height of insert the operation is 
completely unstable for all spindle speeds. 
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For the cutting edge, the stability analysis is achieved using Equations 
( 5.56)-( 5.64). The results are shown in Figure  5.11. The simulation 
parameters are listed in Table  5.3. 

 

Figure  5.11. Chatter limits of the depth of cut. Triangles and dots are for 
stable and unstable operations, respectively (the time domain simulation). 

Solid lines are results of the frequency domain simulation. 

 

Table  5.3. Simulation parameters that are used for producing Figure  5.11. 

Height of the insert ( ) 7 mm  

Sampling frequency in the time simulation 10000 Hz  

Number of cutting edges 3 

Entering angle 90 degrees 

Type of the insert Type 1 

 0.2 mm/tooth  

 1300 N/mm  

 800 N/mm  
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As shown in Figure  5.11, there are some regions that stability analysis in 
the time domain shows them as unstable points (dots) while in the 
frequency domain they look stable, for example for spindle speed of 
800  rpm . In fact, such points are unstable as shown in the time domain 
analysis. For the frequency domain analysis, it is necessary to look at 
Figure  5.10 and Figure  5.11 together. For example for spindle speed of 
800  rpm , Figure  5.10 shows it as an unstable point for height of 7  mm . 

As shown in Figure  5.10 and Figure  5.11, the frequency domain results 
match the time domain results.  This means that despite of simplifications 
in the frequency domain analysis, the frequency domain approach still 
provides accurate results. In addition, the suggested method for modeling 
the insert jumping out of cut, in the frequency domain, works well. 

 

5.2 Insert Type 2 

 

Figure  5.12. An insert of type 2 on a boring tool. Image is produced with 
the aid of a STP file  from [1]. 

 

An insert of type 2, Figure  5.12, have a significant nose radius and it does 
not have support edge. For inserts of this type, the analysis is more 
complicated compared to inserts of type 1 due to the geometry differences 
between these insert types. Figure  5.13 shows the displacement of the insert 
after one tooth period. 
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Figure  5.13. Displacement of the insert during one tooth period. 

 

Gray area shows the uncut chip area. The area of the uncut chip affects the 
generated forces. Vibrations in radial and axial directions influence this 
area. Using the geometric relations, the area of the chip is found and it can 
be used in the time domain analysis directly. In the time domain, the 
positions of the cutting edges are calculated in each time step. Having these 
positions, it is possible calculate the exact uncut chip area in each time step 
and use it in the time domain simulation. On the other hand, the exact area 
is too complex to be used in the frequency domain analysis. In the 
frequency domain analysis, positions of the inserts are not calculated in 
every time step, and it is needed to have a time-independent linear 
relationship between dynamic forces and infinitesimal changes in ,  and 
 directions ( ,  and ). Therefore, a simpler formula for calculating 

the uncut chip area is essential. 

In the following sections, first, the exact uncut chip area is calculated. After 
that, a method is proposed for approximating this area in order to be used in 
the frequency domain analysis. 

The calculation is done for the insert with product code of CCMT 06 02 08-
PM 4235. The specifications of this insert are given in Figure  5.14.  
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  ( 5.66) 

5.2.2 Area Approximation 

The exact area, calculated in section  5.2.1, can be used in the time 
domain to obtain stability diagrams. However, it cannot be used in the 
frequency domain analysis, due to its complexity. Therefore, a good 
approximation for it is essential. 

In the first place, it is assumed that the uncut chip area is a function of 
depth of cut, radial and axial displacements during one tooth period. 

, ,  ( 5.67) 

 : Uncut chip area 

 : Depth of cut 

 : Radial displacement during one tooth period due to radial vibration 

  : Axial displacement during one tooth period (feed plus axial vibration). 

It is intended to have a linear relationship between cutting forces and 
infinitesimal changes in ,  and  directions ( ,  and ). It is 
assumed that cutting forces are linearly related to the uncut chip area, 
therefore a linear relationship between  ,  and  and uncut chip area is 
sought. A suggestion for the uncut chip area is as follows: 

 ( 5.68) 

 ,  and  are unknown functions of  and they must be found. 

Putting 0 in Equation ( 5.68) gives: 

 ( 5.69) 

Assuming 0 and plotting the area versus  for different , gives the 

plot shown in Figure  5.23. 
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Figure  5.23. Uncut chip area versus depth of cut (  ) for different . 
Assumption is that 0. 

 

Figure  5.23 shows a linear relationship between the area and depth of cut 
and it is observed that: 

 ( 5.70) 

This means that  and  is very small compared to .    

Now it is assumed  is not zero and that  is a value between 10   
and 10   m . To calculate  and ,  is subtracted from the total 

uncut area ( ) that gives: 

 ( 5.71) 

 is the remaining area after subtraction of . Figure  5.24 shows the 

remaining area ( ) versus depth of cut ( ) for different values of . 
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Figure  5.24. Remaining area ( ) versus depth of cut ( ) for different 
values of  (for  between 10   and 10 ). 

 

Despite of the fact that the remaining area is small compared to , it has 

a significant effect on the stability of the operation. Polynomial functions 
can be used as approximations for the remaining area.  It is difficult to fit 
one polynomial function to the whole curve. Therefore, more than one 
function is needed to capture the curve correctly. 

The range of the depth of cut is split up into smaller parts as follows:  

‐ Part 1:  0.01 mm 0.2 mm 

‐ Part 2:  0.2 mm 0.7 mm   

‐ Part 3:  0.7 mm 2 mm  

Figure  5.25 to Figure  5.27 shows  for above ranges of . 
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Figure  5.25.  for range of part 1. 

 

 

Figure  5.26.  for range of part 2. 
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Figure  5.27.  for range of part 3. 

 

For part 1 and part 2, quadratic polynomials are used to approximate  and 
. For part 3, a linear approximation is accurate enough. 

 The following equation shows the approximation for the remaining area, 
: 

 ( 5.72) 

Therefore, the total area becomes: 

 ( 5.73) 

Coefficients p  to p  are calculated separately for each part. 

If a  is assumed to be constant during the operation and if the tool is very 

rigid in the axial direction, the dynamic area is calculated as follows: 

 ( 5.74) 
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 ( 5.75) 

Then: 

 ( 5.76) 

If Equation ( 5.76) and Equation ( 5.13) are compared, it is seen that they are 
the same if , now using Equations ( 5.11) to ( 5.59) it is possible to 
calculate the chatter limits for multiple-teeth boring tools with insert of type 
2. After calculating C, Equation ( 5.75) is used to calculate the depth of cut 
(a ). 

5.2.3 Simulations in the Time and Frequency Domains 

In this study the for time domain simulation, the exact area is calculated as 
described in section  5.2.1 and MATLAB SIMULINK® is used for 
implementing. For frequency domain simulation, area is approximated by 
method presented in section  5.2.2. 

 

 

Figure  5.28. Chatter limits for depth of cut for a tool with three inserts as 
shown in Figure  5.14. Triangles and dots are for stable and unstable 
operations, respectively (the time domain simulation). Solid lines are 

results of the frequency domain simulation. 
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Figure  5.28 shows the stability analysis results in the time and frequency 
domains for a tool with three inserts with specifications given in Figure 
 5.14 and entering angle of 95 degrees. 

It can be seen that the time domain and the frequency domain analysis 
match up. This means that the proposed method for area approximation 
gives acceptable results. The frequency domain analysis is done by 
approximating the uncut chip area. Therefore, the frequency domain 
simulation is valid only in the range that the area is approximated. In the 
current case, the approximation is for 0.01  mm  up to 2  mm . 

For high depths of cut, instability in axial direction becomes more dominant 
and in the gaps in Figure  5.28, the operation becomes axially unstable. 
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6 Experimental Results 

 To validate the theory it is needed to see whether the stability 
diagram correlates with experimental data. First step is identification of the 
dynamic system. After that, the cutting force coefficients are measured and 
finally sound pressures at several points are measured. In these 
experiments, a rigid workpiece is used and therefore the combination of 
tool and machine-tool is assumed as the flexible part of the system. In this 
chapter, a set of experiments is done for a tool with three inserts as shown 
in Figure  5.14. 

6.1 FRF Measurements (System Identification) 

In structural dynamics, a transfer function represents a dynamic system 
[20]. However, transfer functions cannot be measured directly [20]. To 
obtain the transfer function of a system, frequency response function 
(FRF) of the system is measured [20]. After that, using experimental 
modal analysis techniques, modal parameters are extracted. Having 
modal parameters of a system, the transfer function in the Laplace 
domain (s-plane) is obtained [20]. Modal analysis methods are given in 
detail in [18,20]. 
Figure  6.1 shows the frequency response functions for  and  
directions that are obtained experimentally. The dominant frequency is 
around 500   for both  and . Therefore, only this frequency is used 
in the analysis. 
 
Table  6.1- Extracted poles and residues for the given tool. 

 Pole Residue ( 10 )  

 direction 76.152 +j3591.03 0.29553-j3.2065 

 direction 75.398 +j3555.4 0.62879 -j6.8224 
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Figure  6.1. Experimental FRFs in  and  directions. 

 

 

Figure  6.2. Synthesized frequency response functions for  and  
directions. 
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Table  6.2. Depth of cut and feed rate for each measurement. 

No. Feed mm mm
Final hole 
diameter mm  

Spindle speed 
rpm  

1 0.05 0.5 46 1834 
2 0.075 0.5 46 1834 
3 0.1 0.5 46 1834 
4 0.125 0.5 46 1834 
5 0.15 0.5 46 1834 
6 0.05 0.75 46.5 1834 
7 0.075 0.75 46.5 1834 
8 0.1 0.75 46.5 1834 
9 0.125 0.75 46.5 1834 

10 0.15 0.75 46.5 1834 
11 0.05 1 47 1795 
12 0.075 1 47 1795 
13 0.1 1 47 1795 
14 0.125 1 47 1795 
15 0.15 1 47 1795 
16 0.05 1.25 47.5 1776 
17 0.075 1.25 47.5 1776 
18 0.1 1.25 47.5 1776 
19 0.125 1.25 47.5 1776 
20 0.15 1.25 47.5 1776 
21 0.05 1.5 48 1757 
22 0.075 1.5 48 1757 
23 0.1 1.5 48 1757 
24 0.125 1.5 48 1757 
25 0.15 1.5 48 1757 
26 0.05 2 49 1721 
27 0.075 2 49 1721 
28 0.1 2 49 1721 
29 0.125 2 49 1721 
30 0.15 2 49 1721 
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By method explained in section  5.2.1, exact area in each case is calculated. 
Forces are measured in ,  and  directions using a dynamometer. The 
experimental setup is shown in Figure  6.3.The measured forces are periodic 
and their period is the same as the spindle period.  Since the conditions for 
the cutting operation remain unchanged during the operation, it is 
concluded that the total force remains constant. If the force in the axial 
direction remains constant during the operation, the force in the , -plane 
also remain constant. Knowing this fact, the total force in the , -plane is 
calculated for each case as follows: 

 ( 6.1) 

Figure  6.4 shows the force components for a cutting depth, 0.5  mm  

and feed rate, 0.075  mm/tooth]. 

 

 

Figure  6.4. Force component in ,  and  directions, for depth of cut of  
0.5   and feed rate of  0.075  / . 
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As shown in Figure  6.4,  and  components of the force are periodic due 
to the tool rotation. Using Equation ( 6.1) the total force in the , -plane is 
calculated. The result is shown in Figure  6.5.  

 

Figure  6.5. Force in the , -plane, for depth of cut of 0.5   and feed 
rate of 0.075  / . 

 

As shown in Figure  6.5 the total force in the , -plane is a fluctuating 
value around 190  N  in this case. The average of this value is calculated 
for using in the model.  Doing this calculation for all cases in Table  6.2 and 
plotting the result versus uncut chip area makes it possible to find a 
relationship between the force and the uncut chip area. This plot is shown 
in Figure  6.6.  
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Figure  6.6. Total force in the , -plane versus uncut chip area. 

 

As shown in Figure  6.6 the relationship between force and area is linear. 
This line has a small offset from the origin that is mainly due to the cutting 
edge contact length ( ). The relationship between the total force in the 
, -plane and the uncut chip area is as follows: 

 ( 6.2) 

  is uncut chip area.  and  are as follows: 

   2.2933 10   N
 ,  111.5225  N  

 is mainly due to cutting edge contact length and it is ignored in the 
model because of its small value. From the total force in the , -plane, the 
tangential and radial components are calculated as follows:  

cos  ( 6.3) 
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sin   ( 6.4) 

 is the angle between  and tangential direction.  and  are tangential 

and radial components, respectively. Equations ( 6.3) and ( 6.4) give: 

tan   ( 6.5) 

Since  is bigger than ,  is a value between 0 to 45 degrees depending 
on cutting conditions. Equations ( 6.6) and ( 6.7) are used to calculate cutting 
force coefficients. 

cos   ( 6.6) 

sin   ( 6.7) 

6.3 Measuring the Sound of Vibrations (Model 
Verification) 

 For the given tool, sound levels during operations are measured for 
different cutting conditions. These cutting conditions are shown in Table 
 6.3. 

 

Table  6.3. Cutting conditions for measured sounds of cutting operations. 

No. 
Spindle 
speed rpm  

cutting speed 
m/min  

Depth of cut 
mm  

1 1500 217 0.5 
2 1600 231 0.5 
3 1700 245 0.5 
4 1800 260 0.5 
5 1900 274 0.5 
6 2000 289 0.5 
7 2100 303 0.5 
8 2200 318 0.5 
9 2300 332 0.5 
10 2400 347 0.5 
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11 2500 361 0.5 
12 1468 217 1 
13 1566 231 1 
14 1600 236 1 
15 1700 251 1 
16 1800 266 1 
17 1900 280 1 
18 2000 295 1 
19 2100 310 1 
20 2200 325 1 
21 2300 339 1 
22 2400 354 1 
23 2500 369 1 
24 2600 384 1 
25 1500 219 0.75 
26 1600 234 0.75 
27 1700 248 0.75 
28 1800 263 0.75 
29 1900 277 0.75 
30 2000 292 0.75 
31 2100 307 0.75 
32 2200 321 0.75 
33 2300 336 0.75 
34 2400 350 0.75 
35 2500 365 0.75 

 

The power spectrum for each measured sound signal was estimated in order 
to calculated root mean square ( ) value of the sound signal at each 
frequency. Then the maximum value for  is extracted for each 
measurement. In case of chatter vibrations, the frequency corresponding to 
this maximum is chatter frequency and the value of this maximum indicates 
how severe the chatter is. The results are shown in Figure  6.7. 
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Figure  6.7. Maximum sound pressure level for each cutting condition. 

 

Experimental data shown in Figure  6.7 indicate that for spindle speeds 
around 1600, 1900 and 2250  rpm  the vibration level is significantly 
lower. Looking at measured sound at time domain showed that there is no 
chatter in the region mentioned above. Comparing the obtained 
experimental data with simulation results, shown in Figure  6.8, shows that 
experimental data validate the simulation results. 

In Figure  6.8, dots and triangles represent unstable and stable points 
respectively that are resulted from the time domain simulation. Continuous 
lines show the thresholds of stability, obtained from the frequency domain 
analysis. Photo on the top of the plot shows the surface finish for two 
different boring conditions. Specifications of the tool are given in section 
 5.2. Depth of cut for both cases are 0.5  . In spindle speed of 1500 

 , the operation is unstable and in 1900   it is stable according 
to simulation results (both in frequency and time domains). As shown in the 
photo, experimental results validate the simulation results. 
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7 Variable Pitch Angles 

Variable pitch angles can be used in order to increase the stability in metal 
cutting operations [16]. Variable pitch angles hinder regenerative processes 
and therefore increase the stability [16]. In the time domain analysis, 
general approach is the same as uniform pitch angle. However, to 
implement variable pitch angles in the time domain, different time delays 
for each inserts are needed. The amount of delays are determined by pitch 
angles and speeds of the spindle. As it was discussed in chapter  5, it is 
possible to use approaches for milling operation to analyze boring 
operations. Therefore, the method for analyzing nonconstant pitch angles in 
milling can be employed for the boring as well. An analytical design 
method to increase the stability for milling cutters with variable pitch 
angles is presented in [16,17]. This method is described in the following 
part.  

In the frequency domain analysis, the approach is a little different from 
what was explained for constant pitch angles. In this case, Equation ( 5.45) 
cannot be used because the pitch angles are not the same for all inserts, this 
means that: 

Λ L 1

cos sin  

( 7.1) 

 

 and  are introduced as follows: 

cos   
( 7.2) 

 

sin   
( 7.3) 

 

Substituting Equations ( 7.2) and ( 7.3) in Equation ( 7.1) gives: 
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Λ  ( 7.4) 

Rearranging Equation ( 7.4) gives the chatter limit in terms of  as follows: 

Llim
Λ

 
( 7.5) 

The limit obtained from Equation ( 7.5) has an imaginary part and a real 
part. However, this limit should be a real number that means the imaginary 
part has to be zero. This means that to find the chatter limits it is necessary 
to find the zeros of imaginary part and then having the corresponding 
frequency, the chatter limits are found. The difference with the case of 
constant pitch angle is that here an explicit formula such as Equation ( 5.55) 
is not available. 

Figure  7.1 shows the stability lobes for the boring tool given in section  5.2 
and with variable pitch angles. The pitch angles are 108, 108 and 144 
degrees. 

 

Figure  7.1.  Stability lobes for the tool given in section  5.2. Pitch angles are 
108,108 and 144 degrees. 
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8 Discussion and Conclusion 

 Stability analysis in multiple-teeth boring operations were 
investigated in this thesis. The aim was to find an accurate, easy to 
implement and fast simulating model to analyze chatter vibrations.  

Different methods were proposed for different types of tools. Different 
inserts were categorized based on the insert shape. In each case, simulations 
were done both in the time domain and in the frequency domain and were 
shown that the simulation results in both domains agree with each other. 
Since the cutting forces are affected by uncut chip area, different methods 
to calculate uncut chip area were proposed. When the uncut chip has a 
complex geometry, it is difficult to use the exact area calculation in the 
frequency domain. A method which approximates the uncut chip area by 
the aid of polynomial functions was therefore proposed. Comparisons 
between time domain and frequency domain simulations show good 
agreement and the simplifications made in the frequency domain analysis 
do not have a significant effect on the simulation results. Experimental tests 
were also conducted for one of the studied tools. The experimental results 
agreed with simulation results obtained by the proposed models. By using 
the stability diagrams as described in Chapter  5, it is possible to investigate 
whether the operation is stable or not, for a given set of cutting data. The 
effects the tool and workpiece geometries, the tool specifications and 
structural dynamic behavior of the tool and workpiece structures were 
considered in the model. By using the proposed models, it is possible to 
find the effects of changes in design parameters on stability of multiple-
teeth boring operations. 

The main drawback of the time domain simulation is its long simulation 
time. This causes a critical problem in optimization routines. Therefore, 
frequency domain analyses were performed that are much faster. However, 
in order to do frequency domain simulations, some simplifications were 
needed. To see the effects of these simplifications on the accuracy of the 
models, the time domain simulation was used as a reference to compare. 
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stability curve can be used to determine the fitness of each individual. Since 
usually the genetic algorithm codes are written in a way to reduce the 
fitness function, it is better to use inverse of the area (another option is to 
multiply it with -1). The generated fitness for each individual is fed into 
genetic algorithm to produce the next generation. This process continues 
until the results are satisfying, that means the chatter limits are high enough 
in the given frequency range. A flowchart of the process is shown in Figure 
 8.1. 

Main contributions of the thesis were as follows: 

- Methods for stability analysis of multiple-teeth boring operations 
were presented. 

- It was shown how to see some boring operations as a combination 
of milling and turning operations. 

- A method for approximating uncut chip area was developed.  

- It was discussed how to analyze boring tools with variable pitch 
angles and an optimization routine was suggested to find optimum 
pith angles. 

As a future work, it is intended to build prototypes to test the effects of 
differential pitch angles on the stability of boring operations. Optimization 
algorithm may be used to find the optimum pitch angles for achieving 
higher process stability. After that, it is possible to build a prototype with 
the obtained optimum pitch angels. 
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