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Abstract 
 

Since over three decades, computers have been widely used for processing and 
displaying images. The ability to process visual information from a super resolution 
image can enhance the information present in the image. The motivation is from a 
human eye which takes in raw images (noisy, blurred and translated) and constructs a 
super resolution image. An image with improved resolution is desired in almost all of 
the applications to enhance qualitative features and is reported to be achieved by Super 
Resolution Image Reconstruction (SRIR). Some low resolution images of same scene 
which are usually rotated, translated and blurred are taken to form a super resolution 
image. The image registration operation orients translated, scaled and rotated images in 
similar way to that of source image. Lifting Wavelet Transform (LWT) with 
Daubechies4 coefficients is applied to color components of each image due to its less 
memory allocation compared to other techniques. Further Set Portioning in Hierarchical 
Trees (SPIHT) algorithm is applied for image compression as it possess lossless 
compression, fast encoding/decoding, adaptive nature.  The three low resolution images 
are fused by spatial image fusion method. The noise component is removed by dual tree 
Discrete Wavelet Transform (DWT) and blur is removed by blind deconvolution or 
iterative blind deconvolution. Finally, the samples are interpolated to twice the number 
of original samples to obtain a super resolution image. The structural similarity for each 
intermediate image compared to source image is estimated via objective analysis and 
high structural similarity is observed for image constructed by the proposed method. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Keywords: Wavelets, Lifting Scheme, Super Resolution, Daubechies, Image 

Registration, SPIHT,   
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Chapter1 

Introduction 

1.1 Overview 
 

Super Resolution is an emerging technology in signal processing area to get a High 
Resolution (HR) image. The central aim of Super Resolution (SR) is to enhance the 
spatial resolution of multiple lower resolution images. HR means pixel density within 
the image is high and indicates more details about original scene. The super resolution 
technique is an efficient lossy and low cost technology. In this thesis we are using 
Wavelet Transform (WT) technique to get an HR image from Low Resolution (LR) 
images by involving image registration, blurring, decimation, re-registration, deblurring, 
denoising and interpolation operation.  

 
The aim of the thesis flow is described in the following way like chapter 1 deals with 

the background of SR technique, the analysis of the total technique is described in 
chapter 2, chapter 3 deals with the implementation of the wavelet based approach of SR 
technique and chapter 4 is the analysis of results by examining the parameters. Finally 
the conclusion and future work of the present work.  

 
We get the high efficient resolution with great accurate images as results by using this 

technique.  This technique is very useful in medical imaging application and satellite 
communication systems. 

1.2 Resolution 
 

Super resolution is nothing but improving the resolution of an image. The resolution of 
an image in optics is computed with Modulation Transfer Function (MTF) as the 
magnitude of the Optical Transfer Function (OTF). However, in computer vision and 
image processing, the word resolution is represented in three separate ways such as 
spatial resolution, temporal resolution, and brightness resolution.  

 
 Spatial resolution describes the spacing of each pixel to its adjacent pixels in an 

image and designated as pixels per inch (ppi). Therefore more spatial resolution 
indicates larger number of pixels in the image, thus more detailed and good color 
transition can be achieved. The spatial resolution of a device is measured in terms of 
dots per inch (dpi). 

 
 Brightness Resolution can be measured by recording brightness level at the 

specified pixels, which gives the quantization of light energy available for example at 
Charged-Coupled Device (CCD) element and also known as quantization level. For 
monochrome images, the brightness resolution is 256 given one level as 8 bits. The 
brightness resolution for color images is 24 bits which is used to represent one 
brightness level therefore 8 bits for each color plane (Red, Green, and Blue). 
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 Temporal Resolution is also known as frame rate can be defined as the number of 

frames recorded per second. Frame rate is the collection of noticed motion among the 
frames. If the frame rate is low, the temporal resolution is related to the expected motion 
through the two happening frames. For a satisfactory view, the frame rate should be 25 
frames per second or above [1]. 

 

1.3 Super Resolution 
 

Now-a-days, high resolution images are widely used in most of the image processing 
applications such as remote surveillance, video enhancement, industrial inspection, 
medical imaging, robot vision and remote sensing [2]. Firstly, the idea of super 
resolution was introduced by Tsai and Huang (1984) using the frequency domain 
approach. Processing power limitations and channel capabilities are some factors which 
make the images to be transmitted at low bit rates and often down sampled which results 
in a Low resolution compressed image. Super Resolution is the technique of producing a 
higher spatial resolution image from one or more such under sampled low resolution 
images, low resolution refers to the less pixel density in an image which offers very few 
details. The basic low resolution observation model is as shown in the below figure [3].  

 

 
Figure 1.1 Low Resolution Observation Model 

 
Developments in super resolution were initiated three decades ago and considerable 

improvements were made such as increase in computing power by means of magnitude, 
digital cameras and detailed digital displays. Because of advancement in the technology, 
the viewer’s expectations have also increased for the super resolution images and 
videos. Every super resolution algorithm has to undergo three steps, one is the need for 
accurate motion estimation, second is the de blurring, and the last step is the robustness 
for stochastic errors and modeling. While in typical super resolution algorithms, motion 
estimation is the first step and deblurring is the final stage. A Super resolution image 
could give a better classification of regions in a multi-spectral image or make it easier 
for a viewer to get a more pleasing view in High Definition Televisions (HDTV) or web 
based images or in a medical image for a more accurate localization of a tumor. 
MotionDSP produces the software for super resolution used in several consumer 
applications and also in professional field. The improved image quality is achieved by 
the constant innovative imaging technology such as more advance sensors and more 
efficient compression [2]. 

 
The most recent designed imaging sensors work on the basic rule of charge coupled 

devices that react to light sources. A sensor with large number of photo-detectors gives a 
high spatial resolution images and vice-versa. The size of photo detector is critical in 
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resolution of an image as it influences shot noise thus image quality. The approximate 
size of the photo-detector is 50µm2. Modern CCD technology has achieved this number 
[1]. 

 
The techniques of super resolution are used in image fusion, interpolation, image de- 

noising, image up scaling and many more [4]. Some of the different ways of 
classification of resolution of a digital image are temporal resolution, spatial resolution, 
radiometric resolution, pixel resolution, and spectral resolution. 

 
The robust cause behind the reconstruction of a single high resolution image from 

several low resolution images is that the images are degraded and mis-registered such as 
blur and noise, these images are sub pixel shifted due to sub-sampling which results in 
an aliased low resolution image. From these sub pixel shifted images, a variety of 
information can be collected from each low resolution image. A simple version of SRIR 
Model is represented in the diagram below [3] 

 

 
Figure 1.2 Super Resolution Image ReconstructionModel 

 

1.4 Problem Statement 
 

The main idea behind this project is to develop a high resolution image from a 
sequence of low resolution compressed images. Lifting Schemes are proposed in this 
research for intentionally introducing down sampling of the high resolution image 
sequence before the compression and then utilize the super resolution techniques for 
generating a high resolution image at the decoder. Super Resolution Reconstruction can 
be incorporated as a feature in video editing software, cellular networks and video sites 
such as You Tube could utilize super resolution capabilities to improve the quality of 
video clips taken by cell phones. 

1.5 Research Question 
 

The research questions to be answered are as follows 
 
 How to remove unwanted artifacts from the input images? 
 
 What are the possible ways to reconstruct super resolution image from this low 

resolution images? 
 
  Performance calibration of super resolution reconstruction image in terms of 

structural similarity (SSIM) index?  
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1.6 The Mathematical Formulation for a Super Resolution 
Model 

 
This section illustrates the mathematical modeling of SRIR from several low 

resolution images. Low resolution means the density of a pixel within an image is very 
low, hence reveals lesser details. The CCD discretizes the images and produces a 
digitized noisy image. The images are not sampled according to the Nyquist criterion by 
these imaging systems. As a result, image resolution diminishes due to reduction in the 
high frequency components. 

 
The problem has been stated by casting a low resolution restoration frame work. There 

are P observed images , each of size  x  which are decimated, blurred and 
noisy versions of a single high resolution image Z of size  x  where  = q  and 

 = q . After incorporating the blur matrix, and noise vector, the image formation 
model is expressed as  

 
 = DZ +       where m = 1…..P                                       (1.1) 

 
Here D is the decimation matrix of size  x	 , H is the PSF of size  

x	 ,  is  x 1 noise vector and P is the number of low resolution 
observations. 

 
Stacking P vector equations from different low resolution images into a single matrix 

vector gives 
 

⋮  = ⋮  Z + 
1
⋮         (1.2) 

 
The matrix D represents filtering and down sampling process of dimensions  x 

1 where q is the resolution enhancement factor in both directions. Under separability 
assumptions, the matrix D which transforms the q  x q  high resolution image to  
x  low resolution images where  = q  ,  = q  is given by  

 
D = ⨂          (1.3) 

 
where ⨂ represents the kronecker product, and the matrix  represents the one 

dimensional low pass filtering and down sampling. When q = 2 the matrix  will be 
given by  

 

 =

11 00 00 … 00
00 11 00 … 00
⋮			 ⋮ ⋮			 ⋮ ⋮
⋮			 ⋮ ⋮			 ⋮ ⋮

00 00 … … 11

 and  = 

11 00 00 … 00
00 11 00 … 00
⋮			 ⋮ ⋮			 ⋮ ⋮
⋮			 ⋮ ⋮			 ⋮ ⋮

00 00 … … 11

  (1.4) 
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Blur is described by the mathematical term known as Point Spread Function (PSF) 
which states the distortion of points in the image. There are variety of sources that 
causes blur such as atmospheric turbulence, out of focus, and motion blur. The 
classification of blur can be done as either spatially invariant or spatially variant, and by 
knowing the kind of boundary conditions used.  

 
If the blur is spatially invariant means that it is independent of position i.e., blurred 

object appears the same regardless of its position in the image and if blur is spatially 
variant means the blur is dependent on the position which in turn explains that the object 
in an observed scene may look different with respect to its position. 

 
If the blur is spatially invariant then the PSF is represented by the image of single point 

source. If such is a case then the structure of H depends on the boundary condition. 
Images only in finite region are displayed, but points near the boundary of a blurred 
image are likely affected by information outside the field of view. For computational 
purposes, this information is not available; hence some assumptions have been made 
regarding the boundary conditions. If an image repeats itself endlessly in all directions, 
it implies the periodic boundary conditions. These conditions imply that H is a Block 
Circulant Matrix with Circulant Blocks (BCCB).  

 
The square matrix H of dimensions  x  represents intra channel and inter 

channel blur operators. i.e., 2D convolution of channel with shift invariant blurs. The 
blur matrix is of the form 

 

 = 

… …

… …

⋮										 ⋮ …				 … ⋮
⋮									 ⋮ …				 … ⋮

… 		…

      (1.5) 

 
And it is circulant at the block level. In general each H(i) is an arbitrary  x , 

but if shift invariant circular convolution is assumed H(i) becomes  
 

 = 

, , … …
,

, , … …
,

⋮										 ⋮ …				 … ⋮
⋮									 ⋮ …				 … ⋮
, ,

… 		…
,

     (1.6) 

 
which is also circulant at the block level , . Each P x P sub matrix (sub blocks) has 

the form 
 

,  = 

, , … …
,

, , … …
,

⋮										 ⋮ …				 … ⋮
⋮									 ⋮ …				 … ⋮

		 , ,
… 		…

,

     (1.7) 
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where  is intra channel blurring operator, (i≠j) is an inter channel blur i.e. 

P x P non circulant blocks are arranged in a circulant fashion, it’s called Block Semi-
Block Circulant (BSBC) which can be easily solved using FFT based techniques [3]. 

 

1.7 Challenges of Super Resolution 
 

The major challenges for super resolution are image registration, computation 
efficiency, robustness aspects, and speed issue (fast algorithm implementation). 

 

1.7.1Image Registration 
 

For a successful multi-frame SR reconstruction, image registration is critical as the 
useful high resolution image spatial samplings are fused together. Image Registration is 
a simple problem in image processing whereas in SRIR, this becomes more complicated 
since the reference images used here are low resolution images with high aliasing 
artifacts. As the resolution of an image decreases, resulting decrement in the 
performance of the image registration algorithms, yielding more errors. These 
registration errors can give birth to the artifacts which are more annoying visually than a 
blurred image. Robinson and Milanfar (2004) proposed that registration performance is 
bounded even in global translation. Low resolution image registration and high 
resolution image estimation are in some way dependent on each other. High resolution 
image estimation gets its advantage from accurate sub pixel motion estimation which is 
possible because of high quality image. Hence low resolution image registration and 
high resolution image estimation can together lead to joint ML or MAP framework. The 
interdependency between LR image registration and HR image estimation is recorded 
by these joint estimation algorithms and the improvements in performance are also 
considered. 

 

1.7.2Computation Efficiency 
 

Expensive matrix manipulations due to large number of unknowns results inferior 
computation efficiency. In the practical scenario, high efficiency of SR reconstruction is 
required due to its real time applications such as surveillance video. For tuning 
parameters in loop, the SR systems efficiency is also desired. Hardie (2007) proposed an 
algorithm with good computation efficiency compared to previous algorithms in real 
time with global translation model. As the non-translational errors occur, the 
computation goes up and this condition gets better by massive parallel computing. In 
turn parallel computing like graphics processing unitand hardware implementations 
affect the future applications of SR techniques. 
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Zomet (2000) and Farsiu (2004) discussed the application of ,	 , and 
correspondingly down-sampling, blurring and shifting by neglecting the matrices 

construction to improve the computation. Bowen and Bouganis (2008) came out with a 
real time SR system using FPGA, but these algorithms need accurate image registration 
and also work on simple motion models but not the real complex video scenarios. 

 

1.7.3 Robustness Aspects 
 

Traditional Super Resolution techniques are not able to withstand the outlier’s such as 
motion errors, inaccurate blur models, moving objects, motion blur,noise etc. 
Robustness of SR technique is of high attention because of inadequacy in the perfect 
estimation of the image degradation model parameters and the low ability to withstand 
the outliers. Chiang and Boulte (2000) combined the up-sampled images to handle with 
outliers from non-stationary noise using median estimation. Zomet et al. (2001) gave a 
different way of handling the problem by using the robust median based gradient for the 
optimization to avoid the influence of outliers. M.V.W.Zibetti and J.Mayer. (2006) 
proposed a Huber norm simultaneous super resolution as the prior for robust 
regularization. Phamet al. (2006) proposed a robust certainty to each neighboring 
sample for interpolating unknown data, with the same photometric based weighting 
scheme used in bilateral filtering. Probabilistic motion model (2009) also makes use of 
similar uncertainty scheme to handle optical flow motion estimation errors based on 
block matching. Most of the algorithms discussed above have shown good 
improvements in case of outliers. 

 

1.7.4 Performance Limits 
 

Fundamental understanding of the performance limits of SR reconstruction algorithms 
is very much important. As performance limits may help in understanding the SR 
camera design, in analysis of model errors, number of frames, zooming factors etc. The 
study of the performance limits of all SR techniques is quite difficult. Many components 
dependent on each other which are existing in SR reconstruction makes it a complex 
task. In case of example based approaches, the most informative part for a given SR 
reconstruction task is still unknown. Other than a simple Mean Square Error (MSE), a 
good measure is required for performance evaluation. An estimation with higher MSE 
does not have a pleasing view. Bi-cubic interpolation is successful in achieving smaller 
MSE when compared to some example based approaches.  

 
Much work has been reported to understand the performance limits of SR 

reconstruction in the earlier years. S. Baker and T. Kanade in 2002, analyzed the 
numerical conditions of the SR linear systems, and concluded that as the zoom factor 
increases the general image prior is of less and less help for SR. Z. Lin and H. Y. Shum 
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(2004) derived the performance limits based on matrix perturbation, but with the 
assumption that image registration is known a priori. With simple translation model, 
Robinson and Milanfar (2004) use the Cramer-Rao (CR) bounds to analyze the 
registration performance limits. They extended this work in 2006 to give a thorough 
analysis of SR performance with factors such as motion estimation, decimation factor, 
number of frames, and prior information. This analysis is based on the MSE criterion 
and the motion model is again assumed to be simple global translational. To come to a 
consistent conclusion for different SR techniques is very difficult, in terms of 
performance evaluation. And also to get a good understanding of the algorithm, some 
benchmark and realistic datasets are required [5]. 

 

1.8 Performance Measurement of Super Resolution 
 

Mean Square Error (MSE) and Peak Signal to Noise Ratio (PSNR) are the two 
objective image quality measures used here to measure the performance of super 
resolution algorithm.  

 
MSE gives the cumulative squared error between the original image and reconstructed 

image and PSNR gives the peak error [3]. 
 
The MSE and PSNR of the reconstructed image are 
 

MSE = 
∑ , ,

        (1.8) 

 
where f (i,j) is the source image and F(I,J) is the reconstructed image, containing N x 

N pixels, and for 8 bits representation 
 

PSNR = 20 log         (1.9) 

 
Structural Similarity Index Metric (SSIM) is an objective image quality assessment 

metric used in predicting the image quality [28]. The structural similarity among two 
images is calculated by using SSIM. An alternative in evaluation of perceptual quality is 
SSIM. It takes the quality degradations in the images as perceived changes in the 
variation of structural information among two frames  

 

SSIM (x, y) = 
	 ′ 	 ′

′ ′       (1.10) 

 
where ,  are the average of x and y respectively, ,  are the variance of x and y 

respectively,  is the covariance of x and y.  ,  are the constants used in order to 
evade any instabilities in the structural similarity comparison. 
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Chapter 2 

Analysis 

2.1 Image Registration 
 

Accurate registration of the acquired images is the important preprocessing task of the 
SRIR concept. Image registration is a process of overlaying two or more images of the 
same scene taken at different times, from different viewpoints and by different sensors. 
Source image is taken as the reference and compared with the input images. The main 
goal is to make the input image reach or appear as the source image by applying spatial 
transformations which help in mapping the locations in one image to the new locations 
in the other. Image registration is an inverse problem as it tries to estimate from sampled 
images , the transformation that occurred between the views  considering the 
observation model of equation 2. Image registration mainly depends on the properties of 
the capturing device used for image acquisition such as sampling rate, resolution of the 
sensor, the imperfection of the lens that adds blur and the noise of the device. If the 
resolution of an image goes down, the two dimensional structure of an image also goes 
down and an accurate registration of two low resolution images becomes more 
difficult.In our research work, the registration technique used is based on Fast Fourier 
Transform proposed by Fourier Mellin, DeCastro and Morandi[29][30].Transformation 
used is rotation, translation and shift estimation and the process of the Image 
Registration is shown in Figure 2.1 [7]. 

 
Let us consider the translation estimation, the Fourier transform of Mellin 

transformation function is denoted by F {f(x,y)} or ( , ). The shift property of the 
Fourier transform is given by  

 
F {f(x+∆ ,y+∆ )} = ( , ) ∆ ∆      (2.1) 

 
Equation (2.1) is the basis of the Fourier based translation estimation algorithms. Let 
(x,y) be the reference image and (x,y) is the translated version of the source image, 

i.e.  
 

(x,y) = (x+∆ , ∆ )       (2.2) 
 

Applying the Fourier transform on both the sides of Eq (2.2). yields 
 

( , ) = ( , ) ∆ ∆       (2.3) 
Or equivalently, 
 

,

,
 = ∆ ∆         (2.4) 

 

corr(x,y) ≅
,

,
 = ∆ , ∆     (2.5) 
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For discrete images, the Fourier transform is replaced with a Fast Fourier transform 

and ∆ , ∆  is replaced by a function that has dominant maximum at 
(∆ , ∆ ) as 

 
(∆ , ∆ ) = arg max {(corr(x,y)}        (2.6) 

 
The cross power spectrum is calculated by taking the complex conjugate of the second 

result,multiplying the Fourier transforms together element wise and normalizing this 
product element wise. 

 

corr( , )≅
,

,
 • 

,

,
      (2.7) 

 

corr( , ) = R ≅
,

∗
,

,
∗

,
 = ∆ ∆    (2.8) 

 
where * denotes the complex conjugate. The normalized cross correlation is obtained 

by applying the inverse Fourier transform. i.e. r = {R}, and then the location of the 
peak in r is determined. This location of the peak is exactly the displacement needed to 
register the images. 

 
(∆ , ∆ ) = arg max {r}         (2.9) 

 
The angle of rotation is estimated by converting the Cartesian coordinates to log polar 

form. The sum of a cosine wave and a sine wave of the same frequency is equal to phase 
shifted cosine wave of the same frequency. If a function is written in Cartesian form as  

 
v(t) = Acos(t)+Bsin(t)        (2.10) 

 
it is in polar form expressed as 
 

v(t) = c cos(t- )         (2.11) 
 
The shift is estimated by finding cross power spectrum and computing Eq. (2.8). This 

location of the peak is exactly the shift I ( , ) needed to register the images. After 
estimating the angle of rotation and translation and shift a new image is constructed by 
reversing the same [6]. 
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Figure 2.1 Overview of Image Registration Algorithm 
 

2.2 Lifting Wavelet Transform 
 

Wavelet is a function of finite length and is oscillatory. In wavelet transform, dilations 
and translations of a source wavelet are used to operate the spatial or frequency analysis 
of the input data. In the current scenario wavelets are widely used in major applications, 
since the image quality can be improved by the addition of detailed information. This 
makes wavelets more attractive for progressive transmission of images. Wavelets build 
the complex filters to generate the data which can improve the quality of the specified 
region of the image. Wavelet techniques found applications in noise reduction, signal 
variance estimation, frequency analysis, kernel regression and also for data 
compression. One of the features of wavelet techniques is the perfect reconstruction. 
This means extraction of original data set from the result of inverse wavelet transform. 
The wavelet transforms can be used in image processing due to their capability of 
reducing the size (storage) of the image without affecting the image resolution which 
can save computation time [8]. 

 
Discrete Wavelet Transform (DWT) was first proposed by Croiser, Esteban and 

Galand in 1976 to decompose discrete time signals DWT analysis the image by 
decomposing it at different frequency bands with different resolutions. It works on two 
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sets of functions, one is the scaling function and the other is wavelet function 
respectively connected with low pass filter and high pass filter. This decomposes the 
signal into different frequency bands through filtering of the time domain signal. The 
signal is divided evenly and half is sent through high pass filter and other half is sent 
through low pass filter. When compared to Fourier transform, in DWT the time 
localization of the frequencies is not gone. The time localization has a resolution 
depending on their level and is more accurate, if the major part of the signal lies in high 
frequencies, the most practical signals using this method gives good time resolution at 
the high frequencies and good frequency resolution at low frequencies. The connection 
between the impulse responses of the high pass and low pass filters is the major feature 
of DWT [9]. 

 
Lifting is a transform that makes use of means and differences. The mean values have 

a control over the entire structure of the signal and termed as update. And in differences, 
if the difference between two samples is almost same or very small, then it can be 
concluded that the first sample is the prediction of the second one. The wavelet lifting 
scheme is a method that separates the wavelet transform into a set of steps. The 
prediction and update are shown in figure 2.1 [10]. 

 
 Lifting Scheme is one of the schemes to implement DWT, and the other is 

convolution. Lifting Schemes were introduced by Sweldens (1994, 1995, and 1996) 
[11]. Sapan et al [10] reported that lifting schemes are very fast, their implementation is 
easy and also needs less memory. The advantage of the lifting schemes is that the 
temporary arrays are not required during the procedure. 

 
Lifting Wavelet Transform (LWT) makes the use of in-place computation to reduce 

the memory required to implement its features which are more advantageous compared 
to others. The image samples present in the respective memory locations are replaced by 
the Lifting coefficients [12]. LWTs are mostly used for Noise Reduction and to preserve 
the necessary details of an image. This LWT based denoising method yields impressive 
results due to larger coefficients of the image which gives features at various 
resolutions. Denoising of the specified image is achieved either by Soft Thresholding or 
Hard Thresholding 

 
In the present work the forward wavelet transform is considered in forward lifting 

wavelet transform, the data under process is divided into an odd and an even element. 
The simple form of a forward lifting wavelet transform is shown below [13] in figure 
2.2 [14]. 

 
The process is initiated with a finite sequence  of length	2 . It is transformed into two 

sequences, each of length	2  and denoted and	 , respectively. 
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Figure 2.2 The Three step lifting scheme 

 
Note that the minus represents ‘the signal from the left minus the signal from the top’ 
 
The following are the three steps of lifting scheme 
 
Split The split step sort the entries into the even and the odd entries. The functionality 

of the algorithm is made clear in this split operation. In effective implementation the 
entries are not moved or separated. 

 
Predict A correlation between the sample and its nearest neighbors is predicted when 

the signal containing some structure. Given at the sample number 2n, we predict that the 
value at sample 2n+1 is the same. When the value at 2n+1 is replaced with the 
correction to the prediction, which is the difference. 

 
	 2 1  - 2 .       (2.12) 

 
In general, the idea is to have a prediction procedure P and then compute 
 

	 	 .         (2.13) 

 
Thus in the d signal each entry is one odd sample minus some prediction based on a 

number of even samples. 
 
Update For a given even entry, a prediction is made that the next odd entry has the 

small value and the difference is stored. Then an update of the even entry is done to 
show our knowledge of the signal. 

 
2 /2.                 (2.14) 

 

In general, a suitable updating procedure is chosen and then used in computing 
 



 

15 
 

.                 (2.15) 

 
The Predict step finds the wavelet functions in the wavelet transform. This is a High 

pass filter. The Update step finds the scaling function resulting to a smoother version of 
the data. This is a Low pass filter. 

 
A combination of number of lifting steps yields the DWT. The computed differences 

 are left behind and the average sequence  of the previous lifting step is used as 
input for the preceding lifting step. The two step discrete wavelet transform is shown in 
the figure 2.3 below [14] 

 

 
 

Figure 2.3Two-steps Discrete Wavelet Transform 

 
The known fact is that the Inverse Lifting Scheme is a mirror of Forward Lifting 

Scheme and is checked by reversing the arrows and changing the signs. The direct form 
is  

 
	           (2.16) 

 
	 	           (2.17) 

 
is inverted by the steps 
 

	 	         (2.18) 
 

	 	         (2.19) 
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Figure 2.4 Direct and Inverse lifting step 

 
These steps are illustrated in Figure 2.4 [14]. The last step, where the sequences 

 and  are merged to form the sequence , is given to explain the 
algorithm. It is not performed in implementations, since the entries are not reordered. As 
an example,  

 

2 1 	 2 2 2     (2.20) 

 

	 2 1      (2.21) 

 
The inverse transform of above equations is 
 

2 1        (2.22) 

 

2 1 2 2 2       (2.23) 

 
Looking at Figure 2.4 once more, we see that the update step is reversed by the same 

update step, but with subtraction instead of addition, and vice versa for the prediction 
step. Since each step is inverted separately, we can generalize in two ways. We can add 
further pairs of prediction and update steps, and we can add them singly. If we insist in 
having them in pairs, we can always add an operation of either type [14]. 

 
2.2.1 DaubechiesWavelet Transform 

 
Ingrid Daubechies developed the Daubachies wavelets which are the famous filters 

that provide the perfect reconstruction under certain conditions. Several wavelet 
equations has the perfect reconstruction quality for infinite data sequences. As the 
images and other data sets where the wavelets are applied are finite, a solution is 
needed. Daubechies 4 Wavelet (db4) transform is one of the methods from the wavelet 
literature which deals with these edges of finite data sets.  The db4 wavelet considers the 
data sets as periodic. Orthogonal wavelets and Daubechies wavelets form a parent-child 
relationship which defines the discrete wavelet transform and for a given support, it is 
characterized by maximum number of vanishing points. Scaling function (called the 
father wavelet) generates an orthogonal multi-resolution analysis for every wavelet of 
this type [15]. 
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Multi-resolution makes a detailed study of the signal at different frequencies with 
unusual resolutions. At high frequencies, multi-resolution analysis offers better time 
resolution and poor frequency resolution whereas at lower frequencies; it offers poor 
time resolution and better frequency resolution. Therefore this analysis is mostly used 
when the signal contains high frequency components for small duration and low 
frequency components for long duration. In practical world, the signals experienced are 
of this kind. 

 
By the usage of fast wavelet transform, this wavelet transform is easier to operate. The 

wider use of Daubechies wavelets is in solving self-similarity properties of a signal or 
fractal problems, signal discontinuities etc. 

 
The db4 wavelettransform has four wavelet and scaling function coefficients. These 

scaling coefficients are 
 

h
√

√
               (2.24) 

 

h
√

√
               (2.25) 

 

h
√

√
               (2.26) 

 

h3
√

√
               (2.27) 

 
The scaling function is put on the data input at each step of the Daubechies wavelet 

transform. For example, in a data set containing N values, N/2 smoothed values are 
calculated by this scaling function used in wavelet transform. These smoothed values 
are stored in the lower half of the N element input vector of the ordered wavelet 
transform. 

 
The values of the wavelet coefficient are  
 
g h , g h 		, g h 	, g h  
 
Similarly, the wavelet function is also put on input data in each step of wavelet 

transform. And in a data set having N values, N/2 differences are calculated by this 
wavelet function used in the transform. The values received are stored in the upper half 
of the N element input vector of the ordered wavelet transform. 

 
By considering the inner product of the four data values and the coefficients, the 

scaling and wavelet functions can be calculated as given below 
 
The scaling function of Db4 wavelet transforms  
 

+  + 	 +            (2.28) 
 
a[i]=  s[2i] + 	s[2i+1] + 	 s[2i+2] +  s[2i+3]      (2.29) 
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The Wavelet function of Db4 wavelet transforms 
 

+	  + 	 +        (2.30) 
 
c[i]=  s[2i] + 	s[2i+1] + 	 s[2i+2] +  s[2i+3]      (2.31) 
 
A scaling function value and wavelet function value is calculated in each iteration of 

the wavelet transform step. New scaling and wavelet function values are found by 
increasing the value i by two in each iteration. 

 
In Db4 forward transform of a finite data set, i value is raised up to N-2 and in the final 

iteration, the inner product is given from s[N-2], s[N-1], s[N] and s[N+1]. Here a 
problem occurs because s[N] and s[N+1] are beyond the end of the array. 

 
Daubechies Db4 forward transform matrix for an 8 element signal 
 

				
	
0 0
0 0

0		 0
0		 0

0 0
0 0
0 0
0 0

0 0
0 0

	0 0
0 0

0 0
0 0

0 0
0 0

0 0
0 0

 •                (2.32) 

 
In the case of inverse transform, the coefficients extend beyond the beginning of the 

data. The problem occurs as the inner product of first two inverse values is taken from 
s[-2], s[-1], s[0], s[1] as shown below 

 
Db4 inverse wavelet transform matrix for an 8 element transform 
 

0 0
0 0

0 		0 			0 0
0 0 			0 0
0 		0 			0 0

					
					0
	0

0
		0

0 0 0 0
	 	0 0
		 		0 0

0
			0

	0 0 		0
	0 0 0

				
				

•            (2.33) 

 
The edge problem can be solved in three ways, the first way goes with the data set 

been considered as periodic where in forward transform the data sequence beginning 
repeats the end of sequence and in inverse transform the end of the data wraps around to 
the beginning. In the second way, the data set is taken as being mirrored at the ends 
which look like the data is reflected from each end in a sense that a mirror is held up at 
each end of data sequence. Third and final way is the Gram-Schmidt orthogonalization, 
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here the scaling and wavelet functions are calculated and applied at the beginning and 
end of the data. 

 
The used Db4 Algorithm in this explanation considers the data as periodic. The one 

step code in forward transform is shown below. Here in this calculation of two values, 
the elements a[0] and a[1] are used in inner product and the beginning of data wraps 
around to the end.  

 
2.2.2 Lifting scheme version of the Daubechies 4 Wavelet transforms 

 
The two steps of Lifting Scheme wavelet transform are update and predict. Here a new 

step is included named normalization, see the figure 2.5 below [3]. 
 

 

 
Figure 2.5 Two stages Daubechies Db4 forward lifting wavelet transform 

 
The input data in the split step is separated into even and odd elements. The even 

elements are kept in  to	 , the first half of an N element array section. The odd 
elements in to , the second half of an N element array section. The equations 
below the expression  refers to odd element,  refers to the even in the forward 
transform. The term LL refers to low frequency components and LH, HL, HH represents 
the high frequency components in the horizontal, vertical and diagonal directions 
respectively. 

 
The forward step equations are  
 
Update1 (U1): 
 
For n=0 to half-1 
 
S[n] = S[n] + √3 S[half+n]         (2.34) 
 
Predict (P1): 
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S[half] = S[half] - √  S[0] - √  S[half-1]       (2.35) 

 
For n=1 to half-1 
 

S[half+n] = S[half+n] - 
√

 S[n] - √  S[n-1]       (2.36) 

 
Update2 (U2): 
 
For n=0 to half-2 
 
S[n] = S[n] – S[half+n+1]         (2.37) 
 
S[half-1] = S[half-1] – S[half]         (2.38) 
 
Normalize (N): 
 
For n=0 to half-1 
 

S[n] =√
√

 S[n]           (2.39) 

 

S[n+half] =√
√

 S[n+half]         (2.40) 

 
The addition and subtraction operations interchanged in the inverse transform, as the 

inverse transform is a mirror of the forward transform [16]. 
 

2.3 Set Partitioning in Hierarchical Trees 
 
Since the time, Wavelet transform has been introduced as a new signal processing tool, 

several image compression algorithms have been proposed and improved like 
Embedded Zero tree Wavelet (EZW), Set Partitioning in Hierarchical Trees (SPIHT) 
image compression algorithms etc. A. Said and W. A. Pearlman (1996) are developed 
SPIHT and it is a fast and efficient image compression algorithm. The word Hierarchical 
trees refer to the quad-trees and the Set Partitioning explains the way quad-trees are 
divided and partitioned the wavelet transform at a given threshold. Said and Pearlman 
did a comprehensive research on the partitioning of the wavelet transform values and 
were successful in improving the EZW algorithm by increasing its compressive power. 
This improved version of EZW algorithm is our SPIHT algorithm. Previously the EZW 
algorithm was the effective and computationally simple technique for image 
compression. SPIHT algorithm pays more attention while organizing the output of bits 
in the encoding of state transitions which gives only one bit as the output at a time [10]. 

 
As image compression algorithms have been introduced here, first shortly we discuss 

about Image Compression. Image compression is of two types, Lossless and Lossy 
compression. In Lossless compression, after performing decompression exactly the 
original image is obtained. In the practical world, images with natural scenes, error free 
compression is hardly possible. Coming to the Lossy compression, there are methods in 
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lossy compression such as EZW algorithm, SPIHT algorithm, WDR algorithm and 
ASWDR algorithm etc. These recent image compression algorithms have attained fewer 
errors per compression rate and the perceptual quality is also high. Compression of an 
image involves five stages as shown in the figure and here only quantize step is not 
invertable, hence lossy compression. Quantizing is a quality reduction of the wavelet 
transform floating point values, 32-bit or 64-bit floating point numbers.   

 

 
 

Figure 2.6 Block Diagram of a transform based coder [17] 

 
The important point here in wavelet based compression is the connection between 

Quantize, Encode step and the block diagram is shown in above figure 2.6 [17]. 
 
EZW was the very first introduced wavelet based image compression algorithm. It was 

a very new concept introduced by J. M. Shapiro in 1993. SPIHT is the highly improved 
version of EZW algorithm. SPIHT is the award winning algorithm. Higher PSNR values 
for a given compression ratios and high perceptual quality are achieved by SPIHT 
algorithm. Also the greater computational complexity is obtained by this algorithm. The 
drawback of SPIHT is that, it is difficult to perform on certain selected points or selected 
region of a compressed image where increase in resolution is required [17]. 

 
SPIHT is a powerful wavelet based image compression algorithm and is also an award 

winning algorithm with researcher’s attention all around the globe. It is a benchmark 
state of art algorithm for image compression. 

 
The SPIHT provides the following outstanding qualities 
 
 Exact bit rate coding 
 
Accurate rate control is not present in most of the image compression algorithms 

developed so far. SPIHT gives you exact bit rate control from its embedded coding 
property with no penalty in performance that is no bits wasted with padding. Accurate 
MSE distortion control is also achieved from this property.  

 

 Fast coding/decoding 
 
The SPIHT algorithm has greater encoding or decoding speed. The encoding time and 

decoding time are almost equal as the algorithm is symmetric. Entropy encoding is done 
very effectively in this algorithm using binary un-coded and context based adaptive 
arithmetic coded. As a result, the compression difference is very small.  
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 Error protection 
 
Confusion arises in practical use of all image compression algorithms due to errors in 

the compressed file. Huffman codes can recover from these errors very quickly but in 
case of coding run lengths, this property cannot work as all the runs are shifted after an 
error. However SPIHT’s embedded coding property makes it comfortable in designing 
the efficient error-resilient schemes. As in embedded coding the important information 
is sorted out first. Secondly, SPIHT also generates two types of data, one is used for 
sorting information, here error protection is needed and the other has uncompressed sign 
and refinement bits, and the special protection is not required as only one pixel is 
influenced here. 

 

 Fully Embedded coded file 
 
SPIHT is an embedded encoder. Strictly speaking the embedded coding scheme can be 

described in a way that when two files of size M and N bits are resultant output of an 
encoder with M>N, then the file with size M has its first N bits similar to the file with 
size N. For example, in practice, three distant users have to compress an image whereas 
image reproduction quality is different for each user such as image compressed at 8 Kb, 
30 Kb, and 80 Kb. Here if JPEG, a non embedded encoder is used in order to save the 
transmission costs and time, one file for each user must be prepared whereas if SPIHT, 
an embedded encoder is used, then the image is all compressed to one 80 Kb file from 
which the first 8 Kb is sent to user one, the 30 Kb to user two and third user has the 
complete file. And SPIHT provides all these users with an image quality equal to or 
much better compared to other non embedded encoders. SPIHT makes it possible by 
optimizing the embedded coding process. In this process, the most important 
information is always coded first. SPIHT bought a kind of small revolution in image 
compression by ending the trend for more complex compression schemes both in 
theoretical and computational manner. On one hand, researchers paid attention on 
improving previous image coding schemes by using vector quantization. On the other, 
SPIHT gave very good results using simplest uniform scalar quantization as design of 
fast SPIHT codecs is very easy. 

 

 Lossless compression 
 
Here coding of the individual bits of image wavelet transform coefficients is done by 

going through a bit-plane sequence as a result perfect image is recovered by rounding. 
The perfect reconstruction is only possible by storage of numbers as infinite precision 
numbers. An integer multi resolution transformation has been proposed for the lossless 
compression known as S+P transform. Here the transform coefficients are removed 
carefully during the transformation but not after the transformation to solve the finite 
precision problem. 
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 Highest Image Quality 
 

Wavelet based methods have proved to be more effective in producing images with 
very good visual quality. Wavelets, when used even in simple coding methods generate 
much better results and one example for this is JPEG2000 standard. SPIHT provides the 
more understandable coding because it is from the next generation of wavelet encoders. 
Wavelet encoders are superior to the encoders that use DCT. SPIHT also tries to 
improve its efficiency through exploiting the properties of wavelet transformed images. 

 

 Progressive image transmission 
 
In progressive image transmission systems such as web browsers, the displayed image 

quality has the following sequence(1) weird abstract art, (2) quality like CGA (Color 
Graphics Adapter), (3) lossless recovery. If the links are very fast, we cannot notice 
them but if the links are slow, the time taken to download depends on the size of the 
image, color and so on. On the other hand, SPIHT technique is made for best 
progressive transmission by developing a fully embedded coded file. It is done in a way 
that the displayed image quality is dependent on the number of bits available at that 
moment. Some applications where the user needs to survey the images and come to a 
conclusion to download and save them without any refinement needed, SPIHT can be 
very helpful [18]. 

 
The operation of SPIHT goes on from testing the ordered wavelet coefficients for 

significance in a decreasing bit plane order, and just quantizing the significant 
coefficients. Because of group testing of the wavelet tree coefficients, this algorithm 
achieves high coding efficiency. For a wide variety of images, the performance of the 
algorithm gets better at high compression ratios. This algorithm maintains the 
insignificant coefficients group in bigger subsets with the use of sequenced partitioning 
of trees. SPIHT algorithm does the grouping of wavelet coefficients and trees into sets 
depending on their significance information. Sorting and Refinement are the two stages 
used in SPIHT encoding algorithm. The significant wavelet transform coefficients are 
coded first and later the bits are transmitted as a result a more enhanced copy of the 
original image is obtained progressively. 

 
Following the initialization step, for each level of threshold, sorting pass and 

refinement pass are the next two stages. In the first stage i.e., sorting pass, SPIHT tries 
to group the coefficients accordingly depending on their magnitude. Quantization of the 
coefficients is improved in the refinement pass, where actual progressive coding 
transmission is done [10]. Relative to the threshold, sorting and refining is performed. 
The threshold is set and without any interruption it is made smaller while operating 
throughout the algorithm. A form of bit-stream is obtained as output result.  In the 
decomposition, SPIHT allows three lists of coordinates of coefficients. In the order, they 
are the List of Insignificant Pixels (LIP), the List of Significant Pixels (LSP), and the 
List of Insignificant Sets (LIS). At a certain threshold, a coefficient is considered 
significant if its magnitude is greater than or equal to threshold. The LIP, LIS, and LSP 
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concept can be defined based on the idea of significance. SPIHT algorithm in detail is 
shown and explained in the figure below [19] 

 

 
 

Figure 2.7 SPIHT algorithm scheme 

 
A fact which does influence here is, sorting of all coefficients is not necessary in the 

design of the sorting algorithm. The algorithm makes simple selection of coefficients 
such as 2 ≤| , |<2 , decreasing n value in each pass. The coefficient is called 
significant for a given n if | , |≥2  or else that coefficient is called insignificant. The 
sets of pixels are divided and partitioned into subsets  and the magnitude test is done 

, ∈ {| , |}≥2  
 
The subset is insignificant, when the decoder receives that answer as “no”, as a result it 

comes to a conclusion all the coefficients in  is insignificant. Otherwise vice versa, 
answer is “yes”, means the subset is significant, and then the partition  into new 
subsets is done with the help of certain rule shared by the decoder and encoder and the 
significance test is applied to this new subsets. As long as the magnitude test is 
performed on each and every single coordinate significant subset in order to find each 
significant coefficient, this set division process continues. The amount of magnitude 
comparisons are decreased by using the set partitioning rule that uses an expected 
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ordering in the hierarchy defined by the sub band pyramid. Here now the main goal is to 
achieve a creation of new partition such that a huge amount of elements are present in 
insignificant subsets and only one element present in significant subsets.  

 
The Significance function represented below explains the bonding between the 

message bits and the magnitude comparisons as 
 

(T)  = ,
, 	 , ∈ | , |          (2.41) 

 
Basically, the maximum image’s energy is present in the low frequency components. 

As a result the variance decreases, when we move from highest level to the lowest level 
of the sub-band pyramid. There is a spatial self-similarity between sub bands, and the 
coefficients are expected to be better magnitude-ordered as one move downward in the 
pyramid following the same spatial orientation. A tree called spatial orientation tree, 
naturally defines the spatial relationship on the hierarchical pyramid.  The spatial 
orientation tree is shown in the figure below and also explained with the help of afigure 
how it is represented in a pyramid constructed with recursive four-band splitting. Each 
node of the tree match to a pixel and is recognized by the pixel coordinate. Pixels with 
same spatial orientation are matched to its direct descendants (offspring) in the 
upcoming finer level of the pyramid. The design of the tree is in such a way that each 
node has four offsprings or no offspring’s, which always form a group of 2 x 2 adjacent 
pixels. The tree roots are the highest level pixels of the pyramid and are put together in 2 
x 2 adjacent pixels. Despite this their offspring branching is not the same, and in each 
group one of them indicated by the star in the figure below has no descendants. In the 
sorting pass, the partitioning subsets are the parts of the spatial orientation trees and it is 
shown in below figure 2.8 [20]. 

 

 
 

Figure 2.8 Parent – offspring dependencies in spatial orientation tree 

 
To distinguish sets of pixels, the following phrases are defined: 
 
 A(i,j): set of coordinates of all children of node (i,j) 

 D(i,j): set of coordinates of all descendants of node (i,j) 
 

 H: set of coordinates of all nodes at the highest level (root). 
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It is also true:  
 

L(i,j) = D(i,j) – O(i,j).        (2.42) 
 

These relations between coordinates of pixels are valid at each level, except at the 
highest and lowest level: 

 
O(i,j) = {(2i,2j),(2i,2j+1),(2i+1,2j),(2i+1,2j+1)}. 

 
Rules for division sets are:  
 
1. Initial division is formed a set {(i,j)} and D (i,j) for all (i,j) ∈ H. 
 
2. If D (i,j) is significant, then it is divided into L (I,j) and the four sets with one 

element where (k,l) ∈ O (i,j). 
 
3. If L (i,j) is significant, then it is divided into four sets of D (k,l) where (k,l) ∈ O 

(i,j). 
 
Wavelets coefficients which are not significant at the nth bit-plane level may be 

significant at (n-1)th bit-plane or lower. This information is arranged, according to its 
significance, in three separate lists [21]. 

 
 List of insignificant sets (LIS) 
 

 List of insignificant pixels (LIP)  
 

 List of significant pixels (LSP) 
 
In each list, the members are defined by coordinates (i,j). LIP and LSP lists containing 

the coordinates of pixels. LIS is a set D (i,j) or a set L (i,j). To be able to distinguish, say 
that the set D (i,j) is type A, and a set L (i,j) is type B. During the sorting in algorithm, 
pixels in the LIP list are tested and the significant coefficients are written to the LSP. In 
a similar way, sets are tested. If one has become significant, is deleted from the list and 
divided into subsets. 

 
The SPIHT algorithm can be summarized as follows: 
 
(1) Initialization:  
 

n = |log max , | , | |. 
 
Set the LSP as empty list and add the coordinates (i,j) ∈ H to the LIP and only those 

with descendants also to the LIS, as type A entries. 
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(2) Sorting pass 
 
(2.1) For each entry (i,j) in the LIP do:  
 

(2.1.1) Output (i,j) 
 
(2.1.2) If (i,j)= 1, then move (i,j)to the LSP and output the sign of ,  
 

(2.2) For each entry (i,j)in the LIS do: 
 

(2.2.1) if the entry is of type A then  
 

 Output  {D(i,j)} 
 

 If {D(i,j)} = 1, then  
 
   For each (k,l)∈O(i,j), do: 
 

i. Output (k,l)  
 
ii. If k,l) = 1, then add (k,l) to the LSP and output the sign of ,  

 

iii. If (k,l) = 0, then add (k,l) to the end of LIP 
 

   If L(i,j) ≠ 0, then move (i,j)to the end of the LIS as entry of type B, and go to step  
 
(2.2.2); otherwise remove entry (i,j) from the LIS 
 
(2.2.3) if the entry is of type B then  

 
 Output {L(i,j)} 
 

 If {L(i,j)} = 1, then  
 

 Add each (k,l)∈ O(i,j) to the end of the  
 

LIS as entry of type A 
 

 Remove (i,j) from LIS 
 
(3) Refinement Pass: For each entry (i,j) in the LSP except those included in the last 

sorting pass (i.e., with the same n), output the nth most significant bit of | , |. 
 
(4) Quantization step update: decrement n by 1 and go to step 2.  
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Based on the results, highest PSNR values to given compression ratios for a wide 

variety of images have been obtained with SPIHT. Hence, it has become the state-of-
the-art algorithm for image compression [20]. 

 
Merits: 
 
 SPIHT has many advantages such as intensive progressive capability that is coding 

or decoding process can be stopped at any moment and with one bit precision, 
maximum possible detailed result can be reconstructed. This is much needed while 
transmitting files over internet as the users having slow internet speeds are able to 
download only a part of the file, which contains major usable result comparing from 
other codec algorithms. 

 

 Another advantage of SPIHT is very compact output bit-stream with large bit 
variability – no additional entropy coding or scrambling is required. 

 

 Insertion of a water marking scheme into the SPIHT coding domain is also possible 
and the technique of water marking obtained from this is very strong regarding to 
watermark invisibility and attain resiliency. 

 

 One more advantage of SPIHT is in encodingcolor images, as the allocation of bits 
between the color components is done automatically to obtain the best results. SPIHT 
especially CSPIHT is used in processing color information and gives better results. It 
can also be used marginally in digital video or 3D image processing (3D-SPIHT)[19]. 

 
 
 
Demerits: 
 
 Similarly, SPIHT also has some disadvantages such as vulnerability to bit 

corruption, as a single bit error can begin significant image distortion based on its 
location. 

 

 Another disastrous property of SPIHT is the requirement of precise bit 
synchronization because a leak in bit transmission can show way to complete 
misinterpretation from the decoder side. SPIHT is used in real-time applications by 
introducing error handling and synchronization techniques to make the codec more 
resilient [19]. 

 

 It implicitly locates only the position of significant coefficients and requires more 
memory because of the 3 lists. 
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 The perceptual quality of SPIHT is not optimal and this algorithm suits to variety of 
natural images [22]. 

 

2.4 Image fusion 
 

The process of getting important information from two or more images and combining 
it into a single image is called Image Fusion. The resultant image contains more 
information compared to each of the input images. Remote sensing applications give 
access to large amount of space borne sensors which provides a motivation for various 
image fusion algorithms. High spatial and spectral resolutions are needed in a single 
image in today’s situation. Image fusion is the solution for it, as this technique allows 
the integration of several information sources and hence the output fused image contains 
attractive spatial and spectral resolution characteristics. In case of multispectral data, 
while merging the spectral information can be distorted by the standard image fusion 
techniques. The initial basic method for image fusion is High Pass Filtering. The other 
techniques available are IHS transform based image fusion, PCA based image fusion, 
and Wavelet transforms image fusion, Pair-wise spatial frequency matching. The later 
techniques are based on DWT, Uniform rational filter bank, and Laplacian pyramid. 
DWT is very useful tool for fusion. For images to perform image fusion, they must be 
registered before fusion. The major applications of image fusion are classification of 
image, Aerial and Satellite imaging, Medical Imaging, Robot Vision, Concealed weapon 
detection, Multi focus-image fusion, Digital Camera Application, Battle field 
Monitoring etc. 

 
The importance of image fusion lies in the fact that only complementary information is 

present in each observation image. When two or more observation images are combined, 
maximum amount of information can be obtained. Wavelet transform fusion is more 
formally defined by considering the wavelet transforms  of the two or more registered 
images	 , , , , ,  together with the fusion rule. Inverse wavelet 
transform  is computed, and the fused image is reconstructed. 

 
g(x,y) = ( 	 , ),	 , ),	 ,    (2.43) 

 
Directional information is obtained from wavelet transform, i.e. low-low (LL), high-

low (HL), low-high (LH), and high-high (HH) bands, which contains unique 
information and the process is shown in below figure 2.9 [6]. 
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Figure 2.9 DWT based fused image 

 
FFT based technique has been used in our research to register the three low resolution 

images as proposed in section 2.1. Each single low resolution image is fused after 
getting the down sampled low resolution images that are down sampled using two level 
bi-orthogonal filter based discrete wavelet transform. Here approximate and detail 
coefficients are fused. The fusion of decomposed images is done by using fusion rule 
i.e. Maximum Frequency Fusion: “fusion by averaging for each band of decomposition 
and for each channel the wavelets coefficients of the three images are averaged”. That is 
approximate and detail coefficients are fused separately 

 
 = ( ) / 3      (2.44) 

 
 = ( ) / 3      (2.45) 

 
Inverse wavelet transform is applied to obtain the fused image. The resulting image is 

a de-noised image, the blur present in the image is removed using Iterative Blind De-
convolution [2.5.2]. To obtain a High resolution image, wavelet based interpolation is 
performed as discussed in section 2.6 [6]. 

 

2.5 Deconvolution Methods 

2.5.1 Blind Deconvolution 
 
The standard de-convolution problem in the frequency domain is given as  
 
G ( , ) = F ( , ) H ( , ) + N ( , )       (2.46) 
 
Here we need to estimate the input spectrum F( , ). The noise spectrum N( , ) 

is unknown. Also if the systems Optical Transfer Function (OTF) H( , ) is also an 
unknown then de-convolution problem occurs. By looking at the equation this blind de-
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convolution problem seems impossible as measured output system G( , ) is equal to 
product of two unknown quantities plus a random noise process. 

 
The solution for this problem can be found by iterative procedures carried out in 

frequency domain mostly. The basic constraints of the solutions are that they have finite 
support, i.e. the sought input distribution is known to be confined to certain spatial 
region and is zero outside this region. And any proposed solution must be strictly 
positive as the input which corresponds to a flux of some nature cannot have negative 
values. The Blind de-convolution method not only estimates or restores the original 
input distortion but also the PSF responsible for the degradation [23].  

 

2.5.2 Iterative Blind Deconvolution 
 

The Blind de-convolution of two convolved functions is shown by a simple iterative 
method.  Mathematically, the convolution c(x) of two functions, f(x) and g(x) is given 
by integral equation [24] 

 
c (x) =          (2.47) 
 
The Fourier transform representation of the above equation is  
 
C (u) = F (u) G (u).          (2.48) 
 
The basic de-convolution method consists of the following steps.  First, a nonnegative-

valued initial estimation  is input into the iterative scheme. This function is Fourier 
transformed to yield ^ , which is then inverted to form an inverse filter and 
multiplied by C(u) to form a first estimate of the second functions spectrum . This 
estimated Fourier spectrum is inverse transformed to give	 . The image-domain 
constraint of non-negativity is now imposed by putting to zero all points of the function 

 that have a negative value. A positive constrained estimate ^   is 
consequently formed that is Fourier transformed to give the spectrum ^ . This is 
inverted to form another inverse filter and multiplied by C (u) to give the next spectrum 
estimate . A single iterative loop is completed by inverse Fourier transform  
to give  and by constraining this function to be nonnegative, yielding the next 
function estimate ^ . The iterative loop is repeated until two positive functions with 
the required convolution, c(x) have been found and the general block diagram shown in 
below figure 2.10 [24]. 
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Figure 2.10 General De-convolution Algorithm 
 

Iterative Blind De-convolution technique is a kind of de-blurring filter used to remove 
blur in the image. The point spread function is not explicitly known in most of the cases 
and therefore the true image has to be identified directly from the observed image Y 
with the help of partial or no information about the true image and the PSF. So, here 
blind de-convolution becomes more difficult.  Blind de-convolution is a technique that 
allows the reconstruction of image from a single or more blurred images in the presence 
of a poorly determined or unknown PSF. Blind de-convolution can be performed 
iteratively where each iteration improves the estimation of the PSF and the scene IBD 
starts with an initial estimate of the restored image, an initial estimate of the PSF 
restoring the image is by making an initial estimate of what the PSF and image are. One 
of the constraints that we apply to the image is that of finite support. Finite support 
basically says that the image does not exist beyond a certain boundary. The first set of 
Fourier constraints involve estimating the PSF using the FFT of the degraded image and 
FFT of the estimated PSF 

 

, 	
, ,

| , |^ | , |^
        (2.49) 

 
By applying IFFT to , , we obtain the PSF. The true image is restored by de-

convolution of the PSF with the degraded image. Hence the second set of constraints 
involve 

 

, 	
, ,

| , |^ | , |^
        (2.50) 

 
The blur constraints that are applied are from the assumptions that we know or have 

some knowledge of the size of the PSF [24]. 
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2.6 Interpolation 
 

According to Mathematics, the process of constructing new data points within the 
range of a discrete set of known data points is called Interpolation. While in Engineering 
and Science, the number of data points obtained from sampling and experimentation 
represent the values of a function for a limited number of values of the independent 
variable. We have to estimate the value of that function for an intermediate value of the 
independent variable. Curve Fitting or Regression Analysis is the two alternatives to 
obtain this. The approximation of a complicated function by a simple function is another 
type of closely related interpolation problem. If a formula is known for a function, is 
very complex to evaluate efficiently. We just pick a few known data points from the 
complicated function, to create a lookup table, and by constructing a simpler function 
we try to interpolate those data points. But because we are using simpler function to 
estimate the new data points, the same result cannot be obtained. A different kind of 
interpolation is present in mathematics called “interpolation of operators” [25]. 

 
Three two-dimensional interpolation methods are listed below 
 
 Nearest Neighbor Interpolation 
 

 Bilinear Interpolation 
 

 Bicubic  Interpolation 
 
 In our research, we use Bicubic Interpolation to achieve higher order for accuracy and 

higher order for smoothness. 
 

2.6.1 Bicubic Interpolation 
 

A Bicubic surface is needed to fit this method using existing data points. The mixture 
of the values of sixteen closest points represents the value of an interpolated point. This 
method is a piecewise bi-cubic hence gives a much smoother surface than bilinear 
interpolation. In Applications like image processing, this can be a key advantage. The 
interpolated data and its derivative must be continuous to implement bi-cubic 
interpolation [26]. 

 
2.7 Image Quality Measurement 

2.7.1 Mean Square Error (MSE) 
 

The two metrics used to measure the performance index of image compression are 
Objective Fidelity criteria and Subjective Fidelity criteria.  

 
MSE is a measure belonging to Objective Fidelity criteria. It is a very useful to 

estimate the energy lost in the lossy compression of the original image f. If we consider 
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two images affected by same type of degradation, the image with low MSE is closer to 
the original image. Then MSE gets problems by comparision of different types of 
degradations for images.  

 
The Mean Square Error between the original image f(m,n) and the reconstructed image 

g(m,n), which contains M x N pixels is [27] 
 

MSE = ∑ ∑ , ,           (2.51) 

 
2.7.2 Peak Signal to Noise Ratio (PSNR) 

 
Peak Signal to Noise Ratio (PSNR) is the objective quality measurement of distortion. 

PSNR uses a constant value to compare the noise against which makes it superior to 
other measures such as SNR which uses fluctuating signal. When comparing the 
different image coding algorithms on basis of quantity measure, the values of PSNR 
received are very useful. That is why PSNR is used all over in comparison of image 
coding algorithms especially in image coding circles. 

 

PSNR = 10 ∗ log           (2.52) 

 
For an 8-bit image, b = 8 which gives the PSNR value as 
 

PSNR = 10 ∗ log        (2.53) 

 

2.7.3 SSIM 
 

SSIM, Structural Similarity Index Metric is an objective video quality assessment 
metric used in predicting the video quality. The structural similarity among two frames 
is calculated by using SSIM. An alternative in evaluation of perceptual quality is SSIM. 
It takes the quality degradations in the frames as perceived changes in the variation of 
structural information among two frames  

 

SSIM (x, y) = 
	 ′ 	 ′

′ ′       (2.54) 

 
where ,  are the average of x and y respectively, ,  are the variance of x and y 

respectively,  is the covariance of x and y.  ,  are the constants used in order to 
evade any instabilities in the structural similarity comparison. 

 
The Mean SSIM index to evaluate the overall image quality 
 

MSSIM(X, Y) = ∑ ,               (2.55) 

 
where M is number of local windows in the image [28].  
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Chapter 3 

Implementation 
 

3.1 Super Resolution Image Reconstruction Proposed Case I 
 
The growing requirement for high resolution images resulted in the need for super 

resolution image reconstruction. Our goal in creating a super resolution image is to 
consider different types of same scene image of low resolution as inputs and combine 
them to generate a high resolution image through a series of steps. The implementation 
consists of taking either a source image for developing low resolution images like 
blurred, noisy and rotated versions of it as shown in Fig.3.1 or directly considering the 
different versions of same scene low resolution images based on availability.

 
Figure 3.1 Block diagram for Super resolution image reconstructed proposed case I 

 
For the former case the noisy version of image is generated by mixing the signal with a 

statistical random noise in particular an Additive White Gaussian noise. Such a noise 
component has a zero mean and constant power spectral density. The value at each time 
is uncorrelated to the value at any other time instant in Gaussian noise components. The 
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blurred version is generated by convolution of the image with a window of chosen 
value. The convolution by a windowed function increases the amplitude at some points 
and decreases the amplitude at other points thereby resulting in a blurred image. Finally 
the rotated version is generated by inbuilt Matlab function viz.imrotate( ). By providing 
the label of the image, angle through which it should be rotated, size of the returned 
image along with method of interpolation is presented in the arguments enclosed in 
parentheses. Bicubic interpolation is chosen that provides pixel outside the image range 
to rectify for pixels lost due to rotation. The ´crop` option returns the image of same size 
as that of source image. 

 
The next step in the process is image registration which has its influence only on 

rotated, translated, scaled and shear images and passes all other images without any 
action. The rotated image input(s) are oriented back to its original form by comparing 
them with reference images. It is the process of overlaying two or more images of the 
same scene taken at different times, from different viewpoints and or by different 
sensors. To a base image taken as reference the other images are compared. Spatial 
transformation helps in orienting the input images in the same direction as base or 
reference image. The transformation takes into account the translational, rotational, 
scaled and sheared estimations and reconstructs them as base image.The output of this 
step is an image oriented as input image along with noisy and blurred versions that are 
passed through.  

 
For color images, R G and B components are separated from each image and Lifting 

Wavelet Transform(LWT), a second generation transform technique, is applied to each 
component using Daubechies 4 coefficients. Daubechies waveletsare a family of 
orthogonal wavelets defining a discrete wavelet transform and characterized by a 
maximal number of vanishing moments for some given support. With each wavelet type 
of this class, there is a scaling function (called the father wavelet) which generates an 
orthogonal multiresolution analysis. A wavelet transform for an image implies that it is 
sampled both in frequency and time to form wavelets.  

 
A two level decomposition is applied such that after decomposing an image using first 

level decomposition it retains maximum information in LL band. The ‘LL’ band is 
decomposed for second time so that available information is concentrated in a very 
small band ´LLLL´. 

 
Each output image is compressed by a powerful wavelet based image compression 

method known as ‘set partitioning in hierarchical tree’ abbreviated as SPIHT. The 
advantages of this method to other image compression methods stems from the qualities 
such as high image quality, lossless compression, error protection, complete adaptive 
nature, simple quantization algorithm, fast encoding/decoding. The output from the two 
level transformations is encoded and then decoded by SPIHT method. The output differs 
from the input in a way that is compressed without any loss of data, with high quality 
and without any error. 

 
The three outputs are fused together to form a single image by a process of image 

fusion. The fusing technique used here is averaging, a sub class of spatial domain fusion 
along with transform domain fusion forms the two broad categories of image fusion. 
Unless the spatial distortion is taken in account spatial domain fusion is advantageous 
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over transform domain fusion. The inverse lifting wavelet transform is applied to the 
single fused image to restore the original discrete time image from its wavelet 
components. 

 
The noise component of the image is removed by using a Dual tree Discrete Wavelet 

Transform abbreviated as Dual Tree DWT. The transform estimates the original image 
adaptively from the noise image by taking mean square error as optimisation criteria. 
The blurred part of the image is removed by using iterative blind deconvolution or blind 
deconvolution. Blind deconvolution is a process where in a target image is obtained 
from a single or set of blurred images by deducing its point spread function (PSF). A 
point spread function is the response of an image to a point source. It is just like a 
transfer function of a linear time invariant system. Here iterative blind deconvolution is 
employed that deduces the PSF adaptively. The convergence is fast with a best estimate 
of PSF. 

 
The final step in construction of a super resolution reconstruction image is 

interpolation of samples. Interpolation appends as many samples as needed between two 
input samples to generate band limited signal by applying a low pass filter. It is just the 
opposite of sampling process. By appending more samples between two input samples, 
the data points in the image increases. It is intuitive that the detail of image spreads 
across a wide range with increase in number of samples. The interpolation method used 
here is bicubic interpolation since images resampled with bicubic interpolation are 
smoother than bilinear interpolation.  

 
So by integrating three low resolution versions of same scene image over an 

algorithmic procedure, the resolution of the image is enhanced to obtain a super 
resolution reconstructed image. 
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3.2 Super Resolution Image Reconstruction Proposed Case II 
 

As seen in our first proposed model, the inputs are rotated, noisy and blurred images. 
The model can be extended to translatean image that is suggested in our second 
proposed model shown in figure 3.2. Either the translated image is taken as one of the 
inputs if available or a translated image can be generated from a source image. 

 

 
Figure 3.2Block diagram for Super resolution image reconstructed case II 

 
A matrix which defines the number of pixels to be transformed in both directions 

translates the image. Along with translation some blur component is added to the images 
using windowed convolution. As discussed earlier image registration affects translated 
images similar to rotated images. The translated and blurred image fed to image 
registration gives an image oriented similar to source image at its output without altering 
the blurred nature in the image. The rest of the process is as discussed in first proposed 
model description. 
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Chapter 4 

Results 

4.1 Super Resolution Image Reconstruction proposed Case I 
Results 

 

From the below figures 4.1& 4.2,Fig (a) represents the low resolution source image 
from which versions of it were developed. Fig (b) represents the noisy image derived 
from source image by adding an additive white Gaussian noise with variance 0.05. Fig 
(c) is the rotated version of source image by an angle of 10 degrees. It was noted that 
rotation was checked for different angles and results coalesce. Fig (d) is the blurred 
version of source image developed by convolution with an impulse response of [1 2 2 2 
2 2 2 2 2 2 1]. The results were verified for many impulse responses. The images were 
Pre-processed in image registration with arguments such that it applies to only 
rotational, translational and scaled images. By overlaying with reference images 
provided, the orientation of rotated image aligns similar to that of reference image. Fig 
(e) represents the super resolution reconstructed image after average fusing the three 
images obtained after applying LWT, two level decomposition, SPIHT encodes and 
SPIHT decodes in order. Fig (f) represents the image where noise is suppressed, 
obtained by applying dual tree DWT and interpolation. Fig (g) and Fig (f) represents the 
super resolution reconstructed images after reducing blur by blind deconvolution and 
iterative blind deconvolution respectively and are interpolated to twice the samples. 

 

 
(a) 

 

 
(b)                   (c)   (d) 
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(e)       (f) 

 
   (g)                  (h) 
Figure 4.1 (a) Source image(512x512), (b) Noisy image(256x256), (c) Rotated image(256x256), (d) Blurred image(256x256),     

(e) SRR image after Image fusion(512x512), (f) SRR image after Denoising(512x512), (g) SRR image after Blind 
deconvolution(512x512),(h) SRR image after Iterative blind deconvolution(512x512). 

 

 
(a)  
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      (b)                    (c)    (d)  

 
   (e)      (f)  

 
(g)      (h) 

Figure 4.2 (a) Source image(512x512), (b) Noisy image(256x256), (c) Rotated image(256x256), (d) Blurred image(256x256),     
(e) SRR image after Image fusion(512x512), (f) SRR image after Denoising(512x512), (g) SRR image after Blind 
deconvolution(512x512), (h) SRR image after Iterative blind deconvolution(512x512). 
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4.2 Super Resolution Image Reconstructionproposed Case II 
Results 

 
As shown in below Figures 4.3 & 4.4,Fig (a) represents the low resolution source 

image from which versions of it were developed. Fig (b) is the blurred version of source 
image developed by convolution with impulse response [1 2 2 2 2 2 2 2 2 2 1]. The 
results were verified correctly for other impulse responses. Fig (c) and (d) are the 
translational versions of source image with an added blur. The translation is done by 
defining a matrix which defines the number of pixels to be transformed in both vertical 
and horizontal directions. The images were Pre-processed in image registration with 
arguments such that it applies to only rotational, translational and scaled images. By 
overlaying with reference images provided, the orientation of translated image aligns 
similar to that of reference image while restoring the blur. Fig (e) represents the super 
resolution reconstructed image after average fusing the three images obtained after 
applying LWT, two level decomposition, SPIHT encodes and decodes in order. Fig (f) 
represents the image with reduced noise which is obtained by applying dual tree DWT 
to output of ILWT. Fig (g) & Fig (f) represents the super resolution images after 
suppressingblur by blind deconvolution and iterative blind deconvolution respectively 
and are interpolated to twice the samples. 

 

 
(a)  

 
 (b)      (c)    (d)  
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  (e)       (f)  

 
(g) 

Figure 4.3(a) Source image(512x512), (b) Blurred image(256x256), (c) Translation of 9pixel horizontal shift with blurred 
image(256x256),(d) Translation of 9pixel vertical shift with blurred image(256x256), (e) SRR image after Image fusion(512x512), 
(f) SRR image after Blind deconvolution(512x512), (h) SRR image after Iterative blind deconvolution(512x512). 

 

 
(a) 
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        (b)    (c)         (d) 

 
(e)      (f)  

 
(g) 

Figure 4.4 (a) Source image(512x512), (b) Blurred image(256x256), (c) Translation of 9pixel horizontal shift with blurred 
image(256x256),(d) Translation of 9pixel vertical shift with blurred image(256x256), (e) SRR image after Image fusion(512x512), 
(f) SRR imageafter Blind deconvolution(512x512), (h) SRR image after Iterative blind deconvolution(512x512). 
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4.3 Image Quality Measurement values for Proposed Cases 
 
 

Image Quality 
Metric& Input 
image name 

Input images Super Resolution Reconstruction Image 

Noise Blurred Rotated 
After image 

fusion 
After 

Denoising 
After BD After IBD 

SSIM for 
Lena image 

0.5788 0.6864 0.2290 0.8044 0.8135 0.7543 0.7755 

SSIM for 
HD image 

0.5382 0.7577 0.2867 0.8171 0.8309 0.7685 0.8254 

 
Table 4.1 SSIM values for proposed case I for Lena image& HD image 

 

Image Quality 
Metric& Input 
image name 

Input images Super Resolution Reconstruction Images 

Blurred 
Translation 

& Blur1 
Translation 

& Blur2 
After Image 

fusion 
After BD After IBD 

SSIM for 
Lena image 

0.6518 0.5348 0.5966 0.6907 0.6499 0.6631 

SSIM for HD 
image 

0.6853 0.6909 0.5072 0.7296 0.6924 0.7287 

 
Table 4.2 SSIM value for proposed case II for Lena image& HD image 
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Conclusion 
 

From the Table 4.1 & 4.2 of results it can be concluded that output is a high resolution 
version of input image with higher perceptual quality judging from the value of 
structural similarity (SSIM) in reference to input image. We achieved acceptable results 
under all environments and with different varieties of input images i.e. noisy, blurred, 
translated and rotated images. Image fusion is applied and improved SSIM values are 
noted. However some blur and noise component is observed in the image. Denoising is 
performed by Dual tree DWT based algorithm and enhance SSIM values are noted. Blur 
component is suppressed by Blind Deconvolution (BD) and Iterative Blind 
Deconvolution (IBD). Also it can be concluded that debluring using iterative blind 
deconvolution is more advantageous than blind deconvolution since the former yields 
the better SSIM value than the later. This can be seen from the tables 4.1 & 4.2. In 
general it is always preferred to choose the iterative method but this comes at a higher 
computational cost. According to the SSIM values from tables 4.1 & 4.2 it is better not 
to do BD or IBD, but to stop after the denoising or image fusion. However, by our own 
subjective evaluation we find the sharpness to be better after deconvolution. The results 
from two proposed models concludes that a high resolution image can be achieved by 
combining two or more low resolution images of same scene. The key to the success of 
the algorithm is having an accurate observation model. This includes the image 
registration parameters and the system PSF.  
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