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Abstract: 
In order to understand and develop the knowledge about nonlinear
behaviour of materials one need to combine some physical procedures,
like theoretical modelling, simulations and experimental verification to
get a better understanding of the materials. This Thesis work consists of
two separate parts. 

The aim of the first part is to develop a numeric model to simulate
acoustic wave propagation through a nonlinear mesoscopic material. 

The aim of the second part is to experimentally reconstruct stress-strain
dependence for dynamic response of a thin nonlinear layer in order to
verify analytical formulas.  
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1 Notation 

A Cross section area  

a Acceleration 

C Damping matrix 

c Local damping constant, Wave propagation velocity 

D Diameter 

E Youngs modulus 

F Force vector 

F Force 

f Internal force 

g Acceleration due to gravity 

h Height 

K Stiffness matrix 

k Local spring constant, Constant 

L Initial length of the rod 

l Length 

M Mass matrix 

m Mass 

n Number of masses, Constant 

p Pressure 

R Radius of the sphere 

u Displacement vector 

u Local displacement 

v Velocity vector 

v Body velocity 

t Time 

α Function of the mesoscopic behaviour, Angular displacement 
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β Constant 

∆ Operator 

δ Constant 

ε Strain 

ρ Density 

σ Stress 

τ Time 

µ Constant 

ν Poissons ratio 

ζ Impedance 

ξ Constant 

 



Prefix 
i Interstice number 
· First time derivative ( )t∂

∂  

·· Second time derivative ( )2
2

t∂
∂  

 

Indices 
0 Contact 

i Number 

int Interstice 

low Lower boundary 

max Maximum 

min Minimum 

n Number of segments 

q Current time step 

rel Relaxation 

rod Rod 

upp Upper boundary 
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Abbreviations  
EPS Expanded PolyStyrene 

HMU Hysteretic Mesoscopic Units  

LISA Local Interaction Simulation Approach 

NME Nonlinear Mesoscopic Elastic 

NWMS Nonlinear Wave Modulation Spectroscopy 

PM Preisach – Mayergoyz 

PMMA PolyMethylMethAcrylate 

SIMONRAS  Single Mode Nonlinear Resonance Acoustic Spectroscopy 
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2 Introduction 

Monitoring the growth of the cracks in a structure subjected to endurance 
stress, without influencing the strength of the material can save a lot of 
money in two different ways. First the parts of the structure that are 
damaged could be replaced before a failure of the structure would occur, on 
the second hand those parts would be replaced at the proper time, not too 
long or too short, before failure.  

The advantages of getting an apprehension of the damage and the fatigue of 
a material is enormous e.g. detecting cracks in a nuclear power station to 
prevent nuclear radiation or determine the damage of a building that have 
been exposed to an earth quake. Just the issue of earthquakes has lead to 
several great achievement concerning the propagation and prediction of the 
earthquakes. To be able to understand this issue, one has to develop and 
understand the theories about nonlinearity of material. The reason for this is 
that many types of rock and foundations are behaving highly nonlinear. The 
development and research of atomic elastic material, where the behaviour is 
well known, is of course a foundation for the research of nonlinear material. 

As a result of the research on how the seismic waves propagate in rocks an 
important achievement on how to mathematically model the wave 
propagation in nonlinear material. The so-called PM-space (after Preisach 
and Mayergoyz) model was developed to get the same behaviour from a 
mathematical model as from an experiment. Yet no one has been able to 
explain the physical background as to why the PM-space model is doing 
such a good job on describing the nonlinear behaviour of the nonlinear 
material.  

The model is developed with the foundation on practical thesis, but the 
model is well used in different methods explaining wave propagation in 
inhomogeneous medium, with sufficient good results.[1] 

If a normally linear material is damaged with for example a micro crack it 
will show the same nonlinear behaviour as the inhomogeneous material. So 
if we could understand the physics behind the nonlinear behaviour of rocks 
we would be much closer to developing a reliable method on how to 
monitor and predict the growth of the cracks in a structure. 
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Therefore the aim of this thesis work is to start development of a method 
that explains wave propagation in a one dimensional nonlinear mesoscopic 
material.[2] [3]. 
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3 Method 

To be able to implement nonlinearity in the numerical model that treats the 
linear behaviour of wave propagation in a material, one needs some 
methods to explain, and in a numerical way express, the behaviour of a 
nonlinear material. 

When establishing the method of nonlinearity one can proceeds from the 
fundamental knowledge about atomic elastic material, which is documented 
and established for many kinds of materials.  

As mentioned before it is a great technical issue to predict the range, origin 
and point of time of an earthquake. Therefore great efforts have been put 
into the research on how waves propagate throughout the ground. This 
research has lead to big achievements and also to some interesting 
conclusions of materials like stones and rocks. This research has lead to the 
establishment of a definition for a new class of materials. 

The structure of these materials contains grains and some kind of bond 
systems, where the bond system is the determining factor that controls the 
rate of elasticity. This kind of material show elastical nonlinearity at 
displacements of 10-9 meter or less. They belong to a new class of 
materials, which is called NME (nonlinear mesoscopic elastic) materials. 

An essential reasons for looking closer at this new class of material and 
compare it with atomic elastical materials. One is that it has been shown 
that atomic elastical materials exhibit nonlinear mesoscopic behaviour 
when damaged. Knowing this, one should be able to find cracks and 
dislocations in linear material by looking for nonlinear mesoscopic 
behaviour. Having the advantages to detect cracks in a material give the 
possibility to predict fatigue and get an idea of the life length of the 
material. Some common features of NME material is that they all show 
strong nonlinearity, hysteresis in stress strain relation, and discrete memory. 
The phenomenon discrete memory refers to the stress-strain graph. With 
this memory the slope will occur as a loop that leads to that one value of 
stress, which corresponds to two values of strain. Which value of strain that 
is depends on if the element is loaded or unloaded. A hysteric loop close up 
in exactly the same point as where the loop started, see figure 3.1. This 
phenomena causes the nonlinearity that also refers to stress-strain graph, 
where the diagram is linear respectively nonlinear for atomic elastic 
materials and NME materials. [2]. 



σ

ε 
Figure3. 1. Typical behaviour of discrete memory. 

 

To be able to implement the described phenomena of NME materials in a 
numerical method, a specific model have been developed [1]. This 
phenomenological model, the P-M space model, describes an assemblage 
of elastically elements called hysteretic mesoscopic units (HMU) 
correspond to the elastic bond system in NME materials. The elastic 
behaviour of these units is compared to atomic elasticity, very complex and 
difficult to explain. But P-M space describes an assembly containing many 
units and therefore some simplification can be done about the behaviour of 
these units. The hysteric mesoscopic units can only be in one of two 
equilibrium states, open or closed (l0 or l1). The force required to transform 
the length of the interstice, represented by the HMU, from one state to 
another state is called F1 respectively F2. In figure 3.2 the closing force is 
represented by F2, i.e. the interstice requires a traction force of F2 to be able 
to change its length from l0 to l1. 

l0 

l1 

F1 F2 F 

Figure 3. 2. Typical appearance of the behaviour for the element.  
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As shown in figure 3.2, the element will close and open at different lengths 
depending on if the force is decreasing or increasing. 

Comparing these two forces for all HMU when the element is loaded and 
unloaded in a graph, one gets the P-M space graph.  

 

 
Figure 3.3. A typical appearance of a PM-space graph. 

 

Note that the element where the unit opens and closes at the same force do 
not contribute to the phenomena of discrete memory. The forces that give 
the coordinates for this graph can be used to explain the nonlinear 
behaviour in a numerical way. 
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4 Modelling procedure  

4.1 Assumptions 

4.1.1 Grain 

The structure in a material can be considered in different levels. For 
instance there is an atomic structure and a crystal structure. To calculate the 
mechanical behaviour of a material is extremely time consuming when 
considering such small scales as the atomic structure level. The size of the 
calculation would be enormous and there would also be problems with the 
definition of several different forces that acts on the atomic structure. 

But there is also a structure considering the grains in the material, which is 
called mesoscopic. This is the level that is considered in this thesis work. 
These grains in the material are defined by the arrangement of the atoms. 
The atomic arrangement will be exactly the same in one specific grain. But 
the orientation of the atoms in adjoining grains is different. 

Because of the difference of the behaviour between the grain and the grain 
boundary it is of interest to control the size and the density of the grains. 
Change these parameters and you get a different material property. By 
reducing the size of the grain the number of grains will increase and off 
course also increase the amount of boundary that obstructs the movement 
of a dislocation. Which leads to an increasing strength of the material. 

To be able to calculate the wave propagation in a NME material it is 
necessary to make some assumptions considering the behaviour of the 
grains. 

Assumptions 

1) The Young’s modulus is constant for all the grains. 

2) Deformations are only considered in one dimension. This 
means that the phenomena of lateral contraction will not 
be considered. 

3) All the grains have the same width. 

4) All the grains are subjected to the same stress at the same 
time (static). 
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4.1.2 Bond system 

The most complex part is to describe the bond system. Two interstices can 
be exposed with identical external influences from adjoining grains and 
simultaneous have different pressures. This phenomenon is so complicated 
that no explanation has been developed so far. When applying an external 
force on the bond system it will be complex to analyse the reacting internal 
force between the grains. This is because of the many factors that influence 
the behaviour of the bond system. For example there are forces that 
depends on the microstructure (such as atomic forces), external conditions 
(for example temperature, pressure, etc.), mesostructure (such as friction), 
internal forces (such as gravity forces between grains), and so on. As one 
can see it is almost impossible to pay attention to every one of these factors, 
and if so, it demands an enormous amount of computer capacity to be able 
to consider every influence on the grains [4]. Because of the small forces 
and the large amount of data that have to be considered, the internal forces 
and microstructure are assumed to not influence the behaviour of the bond 
system. The external conditions are also considered to not change the 
behaviour. The modelled is based on the mesostructure and the bond 
system will be influenced from forces that act in a mesostructure. 

 

Assumptions for one section 

1) Every single bond system between two specific grains can only be 
in one of two equilibrium states, open or closed.  

2) The greatest factor that influence the bond system is the 
mesostructure. 

 

The behaviour for the interstices are constructed considered these 
assumptions. 



4.2 Model 

4.2.1  Static model 

To be able to explain the behaviour of a material one have to explain, or in 
some way determine, the relationship between external forces and the 
internal behaviour of the material. The most common and satisfying way of 
explaining the behaviour of a material is to consider the relation between 
stress and strain.  

As has been mentioned previously the grains will be modelled as perfectly 
elastic springs, which means that the nonlinear mesoscopic elastic 
behaviour of the model will be introduced in the model through the bond 
system. The rod is first discretized as into a large number of tiny segments 
or masses whit length ∆l = (L−lint)/n where lint is the length of the interstices 
when the rod is unloaded and n is the number of segments the rod is 
discretized into. The segments are then divided into grains consisting of one 
or more segments (se figure 4.1). 

 

 

 

 

 

F 

lint 

f Ff 

Figure 4.1. The grains of the one-dimensional bar 

Comparing the different forces that react on the grains when an external 
force F is applied, it is reasonable to assume that the major force acting on 
the grains, except for the traction force, is coming from the influence of the 
surrounding grains in a mesostructure i.e. friction forces. The forces from 
the surrounding grains are assumed to only be friction forces. 

To be able to model the grains and bond systems separately, the masses of 
the grains are split and placed at the boundaries of the grains. Therefore it is 
necessary for the partition of the model to get one mass that can be 
associated with each and every bond system. 
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section 

f f f f 

4
1 ii mm +−

4
1 ii mm +−

4
12 −− + ii mm

4
1++ ii mm

Figure 4.2. The model is portioned with two masses for each and every 
section. 

The mass of each node placed at the grain boundary is the mass of that 
nodes section divided by two. Which leads to the masses as in figure 4.2. mi 
is the mass of grain i, i goes from one to the total number of grains, which 
depends on how the segments are divided into grains. 

The nonlinear mesoscopic elastic behaviour is, in the simplest case that is 
called Interstice 1, introduced in the bond system as follows. 

In this case it is only the grains that react on the external forces until the 
friction force is unable to keep the bond system to its initial length. Using 
the mentioned assumption and the fact that the grains have a perfectly 
linear behaviour leads to that the section will have a linear appearance until 
the bond system change the conditions. 

When the bond system starts to recover to its initial state again, the grains 
will again just be influenced by the grains material behaviour, which is 
linear. This means that each section will act linearly until the external force 
reach a certain value, specific for each section. Then the material behaviour 
will depend on several factors until a certain value for the external force, 
where the section starts to act linearly again. These certain values, which 
change the appearance and makes the relationship to start acting 
nonlinearly is specific for each grain. These two values of the pressure are 
calculated by a MatLab programme. The program considers the assumption 
that all the grains have the same width, and therefore have the same 
pressure. Since the grains have the same pressure and same width the forces 
will be the same on all grains. So the program calculates a distribution of 
the forces (F1 and F2) for which the sections is to change “character” (se 
figure 4.3). The program uses MatLabs inbuilt functions for random 
distribution and normal distribution (if the reader is further interested in 
how this program works the reader is referred to the actual MatLab 
programs) This is the behaviour of interstice 1. When the interstice goes 

 16

jimmy
Vi har svårt att förklara detta utan MatLab scripter. Skall vi behöva skicka med scripten som bilaga ? 



from lmin to lmax it is referred to as opening of the interstice, and if the 
interstice goes from lmax to lmin it is referred to as closing. 
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Figure 4.3. How the length of interstice i depends on the traction force F. 
Interstice1  

Another behaviour of the interstice that has been examined is the one we 
call interstice 2 and the principle behaviour of it can be seen in figure 4.4. 

int)( k
l
F

i =
∂
∂

F

lmax
(i) 

lmin
(i)

F2
(i) F1

(i)

l(i) 

llow
(i) 

lupp
(i) 

slope

F2
(i) F1

(i)

l(i) 

F 

 

Figure 4.4. How the length of interstice i depends on the traction force F. 
Interstice2  



 

A third model for the behaviour of the bond system was developed. It is 
basically the same as Intersice1 but varies between lmin and lmax as an arcus 
tangents function of the force F, as shown in figure 4.5. 

l(i) 

F 

lmax
(i)

lmin
(i)

F2
(i) F1

(i) 

Figure 4.5. How the length of interstice i depends on the traction force F. 
Interstice3 

A fourth interstice model was created as the one shown in figure 4.6. It is in 
fact the same as Interstice3 with a slope. 

llow
(i)

lupp
(i) 

slope 

F2
(i) F1

(i)

l(i)

F 

Figure 4.6. How the length of interstice i depends on the traction force F. 
Interstice4 
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To get a comprehension of what causes the specific behaviour of the NME 
material, different PM-space models has been used. One can be seen in 
figure 3.3. In this PM-space model (PM-space1) the elements are evenly 
distributed over the F1 axis and randomly distributed along the F2 axis. A 
second one has been used, that is evenly distributed over the F1 axis and 
normally distributed along the diagonal of the PM-space graph as in figure 
4.7 (PM-space2). As has been mentioned earlier in this thesis work each 
point in the figure corresponds to the opening and closing values for a 
specific HMU. 

 
Figure 4.7. PM-space2. 

In the third PM-space model there is a much higher concentration of the 
elements in the beginning of the F1 axis, than in the end. Such a PM-space 
model can be seen in figure 4.8 (PM-space3).  

 
Figure 4.8. PM-space3. 
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4.2.2 Dynamic model 

For simulation of an acoustic wave in a nonlinear material the traditional 
theory of elasticity does a poor job [2]. However the classical wave 
equation can, with some modifications, be used to simulate the acoustic 
wave propagation in NME materials. The modified nonlinear elastic wave 
equation can be seen in equation (4.1) 
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32
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0
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The nonlinear wave equation expresses the driving force for the local 
displacement u as a power series in the strain ε = ∂u/∂x. ρ0 is the density 
and E0 = ∂σ/∂ε is the elastic modulus. Retaining only the first term on the 
right hand side results in the linear wave equation. The nonlinear terms β, δ 
and so forth come from the traditional theory of nonlinear elastic waves. 
The hysteric elastic elements in the bond system make a contribution to the 
motion of the displacement field that depends on ε and its derivative which 
is denoted byα &,  [2]. [ ]εε

To be able to make use of equation (4.1) the function of α must be known. 
The function of α can be obtained by experiment and curve fitting 
techniques or plain guesses. This will however not lead to a final 
understanding about the physics of the material. If instead a simpler model 
were used in which one could describe the behaviour of the bond system in 
an easy way, it would be simpler to explain the physics behind the 
behaviour and get an understanding about dynamics in NME materials on a 
broad region of scales. 

For the dynamic simulation a model for linear elastic materials is first 
developed. The aim is to use this linear model to correlate it with a model 
using modal superposition. In this way the accuracy of the numerics can be 
checked. When this is done the nonlinear parameters will be put into the 
model, i.e. the bond system will be taken in to the model. 

If a rod with length L, cross section Arod and total mass mrod  is considered, 
under the given assumptions, the rod can be modelled as: 
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Figure 4.9. Discretization of a 1-D bar (All damping coefficients are 
excluded from this discretization since it is negligible). 

In the linear case we set 

ni
n

m
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⋅
=    (4.3) 

were E is the modulus of elasticity and n is the number of masses the rod is 
to be discretizased into. ui is the displacement of mass i and Fi is the 
external force acting on mass i. With use of Newton’s second law of motion 
the equation of motion can be derived. Using matrix notations the equation 
of motion can be written as 

F=KuuCuM ++ &&&     (4.4) 

where 
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Solving for the acceleration in equation (4.4), gives us. 
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In the linear case, for which we correlate the response, the damping matrix 
is set to zero. Since in the linear case it is a simulation of a steel rod the 

damping can be neglected. The method we use to correlate the result is 
modal superposition. Since the superposition program used for correlation 
was not developed in this thesis work, it will not be discussed how the 
program work. Only the result of the simulations will be discussed [5]. 

Unfortunately there was not enough time for us to implement the nonlinear 
mesoscopic features in the dynamic model. 



4.3 Numerical solution 

4.3.1 Static 

The MatLab program developed to solve the static calculation is outlined in 
this section.  

The elongation of the grains is calculated separately from the elongation of 
the interstices. First the total elongation of the grains is calculated for the 
specific traction force. Then the elongation of the interstices are calculated 
according to which interstice function and which PM-space model that are 
used. The total elongation of the rod is then the sum of the elongation of the 
grains and the interstices. The strain is then calculated as the total 
elongation divided by the rods initial length. When the stress/strain graph is 
plotted the stress is calculated as σ = F/Arod. Were Arod is the area of the 
rod. 

4.3.2 Dynamic 

To calculate the wave propagation throughout the rod one need to have a 
time marching method. There are many well-known time marching 
methods today. They have different advantages and disadvantages, which 
we will discuss here in order to decide which one that is least time 
consuming and most accurate in our case. 

To make the time step we consider figure 4.10. 

vi(t) 

ai
  q

.   q+1 vi

.  qv
i

tq+1 

[s] 

t tq 

vi
       [m/s] 

Figure 4.10. Time marching. 

Where i is the considered mass and q is the current time step. According to 
equation (4.9) one need to know the displacement vector u and the force 
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vector F, to calculate the current acceleration vector. The new displacement 
vector uq+1 is calculated according to  
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which is approximated as. 
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Considering equation (4.11) it is obvious that it is necessary to know both 
the current velocity vector and the velocity vector at time tq+1 to be able to 
calculate the displacement vector at time tq+1. This is where the time 
marching method comes in.  

Three different time step method were tested to see which one is the most 
effective and accurate in our model. The methods tested are two Predictor-
Corrector methods (Adams-Bashforth-Moulton and Hamming’s) and one 
direct method (the classical Runge-Kutta). The methods themselves are not 
discussed here since they are well known and documented [6], only the 
outcome of the methods will be discussed. The step method is used to 
calculate an approximate velocity vector at time tq+1 i.e. vq+1. After this the 
displacement vector uq+1 is calculated according to equation (4.11) and then 
the acceleration at time tq+1 is calculated with equation (4.9). This “new” 
acceleration is then used to predict a new velocity vector. This procedure is 
repeated until the response for the entire time interval has been calculated. 



5 Results 

5.1 Static 

The result in figure 5.1 was obtained when the static behaviour was 
calculated with the interstice and PM-space functions called Interstece1 and 
PM-space1 (figures 3.3 and 4.3 respectively). 

 
Figure 5.1. Static behaviour of the rod using interstice1 and  

PM-space1. 

In figure 5.2 the details of loop1 can be seen. If the slope of a loop decrease 
when changing the amplitude of the axis, the loop have the physical 
phenomena that is called hysterical behaviour. In figure 5.2 the details of 
loop1 can be seen. One can se that the slope of the loop tends to decrease 
with a larger applied force. The phenomena indicates in this case that the 
material have a nonlinear behaviour, but there is however not as much 
nonlinearity as we would expect.  

In figure 5.3 the simulation is run again but this time the PM-space3 (figure 
4.8) is used to calculate the PM-space model. In this simulation the material 
shows a higher nonlinear behaviour and the hysteresis of the material can 
be seen. It can be seen that as the number of segments increases the 
nonlinearity increases. In the simulations the rod was discretized into 32768 
and 12000 segments. 
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Figure 5.2. Details of loop 1. 

 

Figure 5.3. Static behaviour of the rod using interstice1 and  

PM-space3.  

The model appears to show a higher nonlinear behaviour as it contains 
more interstices. This is logical enough since the nonlinear mesoscopic 
behaviour is introduced in the bond system, i.e. the interstices. 

Using PM-space3 as the PM-space model the correlation between 
Interstice1 and Interstice3 and the correlation of Interstice2 and Interstice4 
was achieved. As can be seen in figure 5.4 there are almost no difference 
between the two interstices (Interstice1 and Interstice3). The response from 
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the bar using interstice2 or Interstice4 is also astonishingly equal. The 
difference in the loops that can be seen in figure 5.4 is due to the fact that 
Interste3 opens and closes faster than Interstce1 in this simulation. 

 
Figure 5.4. Correlation between Interstice1 and Interstice3, same settings 

in both cases. 

For Interstice4 the stress-strain relation was simulated for different slopes 
of the interstice (se figure 5.5). It turns out that if the slope of the interstice 
is increased the static behaviour of the 1-D mesoscopic bar tends to act 
more linear. This seam logical, since the influence of the “opening” and 
“closing” of the interstices get smaller. The opening of an interstice is when 
length of the interstice goes from llow to lupp. 

 
Figure 5.5. Stress-strain relation for Interstice4 using different slopes of 

the Interstice. 
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To get the comprehension of how the “opening” and “closing” length 
affects the simulation results the factor kint described in figure 4.3 has been 
changed during the simulations. The figure of this simulation has been 
excluded from this report since the response from the simulations is almost 
exactly the same. Since the results are so alike, we draw the conclusion that 
the opening and closing time does not affect the result very much. It is how 
ever extremely important that the interstice reaches its maximum value 
some time during the simulation. If it does not the hysteresis of the 
simulation will be lost. 

 
Figure 5.6. Different opening and closing lengths of the interstices. 

In figure 5.6 different elongations (lmax - lmin) of the interstices has been 
used. It shows that as the elongation of the interstice gets higher the 
nonlinearity gets higher.  

 

5.2 Dynamic 

All the dynamic simulations are made on a steel rod with length L = 0.1 m 
and an area Arod = 0.01 m2. When a unit impulse is used excite the model it 
shows a highly inaccurate response. The response that is expected is a unit 
pulse, a copy of the input signal, as it passes the respond point reflected at 
the ends of the bar and not the result shown in figure 5.7.  
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Figure 5.7. Unit impulse response. 

As said above this is not what we would expect. The time it takes for the 
impulse to reach mass 100 is however correct which means that the wave 
propagation speed is correct. According to Professor Kjell Ahlin the reason 
is that the model used is a poor description of the rod. The reason why the 
model is poor description of the wave propagation is that the equations in 
formula (4.4) can be said to be a first difference approximation of the right 
hand side of the linear wave equation.  

The linear wave equation is 
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The equation of mass i is 
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On the basis of the clear similarities of equation (5.1)-(5.3) the model based 
on Newtons second law of motion, can be said to be a first approximation 
of the wave equation. It turns out that, because of this approximation, the 
model is not able to handle high frequencies. 

To be able to use our model a pulse that is limited in frequency must be 
used. Such a pulse is the so called Gaussian pulse. Using a Gaussian pulse 
that is limited in frequency to excite the structure the response will be more 
accurate. Since the formula for a Gaussian pulse is the same as the formula 
for normal distribution it can be found in a numerous number of 
mathematics books. The well-known formula for a Gaussian pulse is 

( ) 2

2
1
π

−

=
t

etf     (5.4) 
( )

2

2
0

ξ⋅
−t

ξ is a constant that determine the width of the pulse and t0 is the time delay 
of the pulse. Changing ξ so that the pulse gets wider will limit the 
frequency contents of the pulse. The settings for the Gaussian pulse that 
were used for the response in figure 5.8 was t0 = 2.5⋅10-6 and ξ = 4.5⋅10-7. 
The response from the simulations with the Gaussian pulse is shown in 
figure 5.8. Both the response from the method developed in this thesis work 
and the response from modal superposition are shown. In our model the 
time step method Rung-Kutta with a time step on ∆t = 1⋅10-9 were used. 
The rod was discretized into 300 segments and the response is taken in 
segment 100. 

 
Figure 5.8. Correlation of the response from Gaussian pulse. 
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Now it should be of great interest to examine how high frequencies that the 
model can simulate and still give a reliable response. Many different 
Gaussian pulses were submitted into the simulation. In figure 5.9 the 
response from two different Gaussian pulses can be seen. The settings used 
was t0 = 2.5⋅10-6, ξ = 4.5⋅10-7 for curve1 and t0 = 2⋅10-6, ξ = 3⋅10-7 for 
curve2. As can be seen in figure 5.9 curve2 has some ripples between the 
peeks in the response. This ripples is produced by the model itself and 
would not occur in a perfect model. The frequency contents of the Gaussian 
pulses used can be seen in figure 5.10. 

 
Figure 5.9. Response from two different Gaussian impulse excitations. 

 
Figure 5.10. Frequency contents of the Gausinan pulses used to calculate 

the response in figure 5.9. 
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6 Experiment 

The experimental part of the thesis work is a pre-study for further 
investigations. 

The idea of the measurement and some difficulties that was encountered are 
described. How to proceed from this point, and what to think of for future 
measurements is also included in this chapter. 

6.1 Theory 

By creating a pulse that travels through a nonlinear layer one can be able to 
determine the degree of non-linearity of the material by looking at the 
output signal. 

The transmitted pulse will have a profile depending on both linear and 
nonlinear properties of the layer. 

This is interesting when for example looking for damaged materials. The 
cracks in the sample make the signal more non-linear compared to an 
undamaged sample. 

 

6.2 The original idea 

The idea of how to perform the experiment is briefly described. 

A steel ball is released to hit into the test object (see figure 6.1). By 
measuring the starting angle the collision velocity can easily be calculated. 
The ball creates an impulse, which amplitude also can be estimated. Only 
one impact at a time is desirable so the ball is captured to prevent more then 
one bounce.  

The pulse travels through the object and the output signal is measured in 
the other end with a transducer. We excite the pulse at different angles of 
derivation of the pendulum. For each pulse, excited by the pendulum 
depending of different angles α we measure the amplitude of the 
transmitted pulse. 

 

 



 

Thin 
layer 

Composed rod 

α 

Steel 
ball 

Figure 6.1. Simple description of the experiment. 

 

To have something to compare with and also to check the reliability, the 
test is first performed on a homogenous rod and thereafter on a composed 
rod. The composed rod is made of two pieces of steel rods with a thin layer 
between hold by contact adhesive. It is desirably to know the material 
properties of the non-linear layer to be able to compare the result with the 
formulas. The real use of the method would be, after its validation, to 
measure properties of the layer. 

The pulse response from the homogeous rod is expected to look almost the 
same as the input, because the rod is linear with almost no damping. 

This is also the case for increased impact velocity, but a large impact 
velocity implies a large amplitude of the wave inside the rod and non-linear 
effects increases with the amplitude. 

In the test with the composed rod we will instead see the there are no linear 
relation (because of the non-linear layer). (see [7]). 

The homogenous rod is solid construction steel and so is the steel ball in 
this investigation.. 
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6.3 Assumptions and simplifications in the 
experiment 

The glue that is used is a thin layer of contact adhesive (the same type that 
is used for the force transducer). This will of course affect the 
measurements. One assumption is the influence from the glue is much 
smaller then the non-linear effect from the thin layer. 

We assume that the pulse is a clean longitudinal wave without any lateral 
contraction. 

 

6.4 The impulse 

To get simple calculations we would like to use a δ-function as an input 
signal, therefore we would like to fulfil: 
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relττ <<0      (6.1) 

The contact time τ0 is much shorter then the relaxation time τrel of the thin 
layer. Therefore the incident pulse can be considered as a δ-function. 

 

6.4.1 Duration of the collision 

Duration of the collision [8] (chapter 1, section 9): 
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m1 is the mass of the ball and m2 is the mass of the rod. 

The mass of the rod is much bigger than the mass of the steel ball. 
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Where ρ is the density and R the radius. 
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k and D are constants depending on physical properties and shape of the 
material. E is Youngs modulus and ν is Poisson’s ratio. 

The impact velocity v 

)

910⋅

cos1(22 α−== glghv    (6.7) 

with: 

206=E Pa 28.0=ν  h=10cm 

7900=ρ kg/m3 

gives 

1210− µ

4.1=

510−

711.6 ⋅=D    1010863.1 ⋅=k 21031.3 −⋅=

v m/s 

From the given data the duration of the collision is calculated: 

0 482.5 ⋅=τ sec 

 

6.4.2 Relaxation time  

“Relaxation time” of the thin layer. 

ζ⋅0

hτ
⋅
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2 crel     (6.8) 



Impedance: 
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The first thought was to use plastic as the “thin layer”. 

Material properties for a common plexiglass material (PMMA). 

9103 ⋅=E Pa 18.1=ρ kg/dm3 

Longitudinal wave propagation c: 

ρ
E=

610⋅

relt<<

0.0025

cl      (6.10) 

0 59.1=c m/s 

It turned out that the relaxation time became too short to fulfil the criteria 

t0      (6.11) 

The second choice was cellular plastic. Chemical name: Expanded 
polystyrene (EPS). 

When no material properties where known these had to be measured. 

The wave propagation is approximately 700m/s and the density is about 
27kg/m3. 

 

With 

h = m 270 =ρ kg/m3 7900= kg/m3 1ρ

700=

410−

310−

0c m/s m/s 51001 =c

69.4 ⋅=ζ  

8.3 ⋅=relτ  
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Fulfil:  relττ <<  

 

We can therefore consider the incident pulse to be a δ-function. 

6.4.3 Peak pressure 

Peak pressure on incident pulse: 

(Spherical impactor, isotropic target. Low velocity impact).[9] 
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F is the force that acts on the surface. 
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where R1 is the radius of the sphere and v is the approaching velocity for 
the two bodies. We calculate n and k that is two constants depending on 
physical properties and shape of the material. 
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For the impact source yields: 
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and for the rod yields: 
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where ν is Poissons’s ratio and E is the Young’s modulus. 

M is also a constant and depending on the mass of the two bodies. 
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The mass of the rod is much bigger then the mass from the steel ball. 

m2>>m1 

gives 
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With given numbers 

1  

E E1 2 206= =  

ν = 0 3.  

The peak pressure can now be calculated. 

 

6.5 Measurement results 

No measurements has been done because of insufficient equipment. 

The expected result is not fully known, therefore the reliability of the result 
must be closely evaluated. 
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7 Continued Analysis  

There are of course great opportunities for continued analysis considering 
the area of non destructive testing. But to achieve sufficient god results it is 
probably necessary to combine different kind of analysis e.g. experimental 
thesis, non destructive testing and computer aided calculations. But so far it 
is still quite to complex and to great amount of data that have to be 
considered and analysed. But there is already some quite developed 
methods in this area that can be practicable in further work. For example 
the experimental methods SIMONRAS (Single Mode Nonlinear Resonance 
Acoustic Spectroscopy) and NWMS (Nonlinear Wave Modulation 
Spectroscopy) but also the numerical method LISA (Local Interaction 
Simulation Approach).  

The static model developed in this thesis is as we se it well developed. In 
further studies it would be of interest to se how the resonance frequencies 
of the mesoscopic bar changes as the stress in the bar changes.  

In the dynamic model there are however a lot of work left to be done. A 
good way to start would be to change the model so that it would be linear 
within the grains and nonlinear in the bond system. This could be done in a 
way similar to the one used in the static model. When this is done the 
features of the bond system has to be implemented into the M, C and K 
matrixes and the system of equations can be solved. The greatest difficulty 
would be how to implement the features of the bond system into the 
matrixes. It is here the most effort has to be put in. This is due to the fact 
that as the force in the bond system varies the equations of motion must 
change to keep the interstices at is predicted behaviour. 

When getting a sufficient god one dimensional model it is a natural step to 
extend it to a 2-D model. This model would have a similar appearance as 
the one dimensional model, with the obvious difference of enlarging the 
cell from simulate a beam (with a unit thickness and unit length) to 
simulate a plate (with an unit thickness)[10] [11]. 
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8 Discussion and Conclusions 

8.1 Static 

During the static simulations done in this thesis work some important 
observations has been done. It is very clear that is extremely difficult to 
simulate a mesoscopic material and get a perfectly good result. In this 
thesis the parameters of the model has been changed so that the appearance 
of the response would resemble the response from an experimental 
investigation of a mesoscopic material. It turns out that even for this, basic 
problem, there are many factors that have to be correct to get the right 
appearance. We can only imagine the difficulties in tuning the model so 
that the response from the simulations fits the response from an 
experimental investigation of how a wave propagates in a damaged 
material. 

There are however some parameters that has a greater affect on the 
appearance of the response than other. In the PM-space model it is 
important that the elements are concentrated around the diagonal (as in 
figure 4.6). There should also be a higher concentration of elements at low 
forces than at higher forces.  

The parameters of the interstices that has the greatest influence on the 
response is the elongation of the interstice, i.e. lmax – lmin. As the elongation 
gets higher the nonlinearity will get higher. It has also been shown that as 
the slope of Interstice 2 and 4 gets higher the response tends to act more 
linearly.  

Another conclusion that we can draw is that the length of the elongation 
inflicts the stress strain curve more than the shape of the elongation does. 
i.e. it does not matter if the interstice changes linearly or as a arctan 
function (as in interstice 1 and interstice 4). 
 

8.2 Dynamic 

The method developed is based on Newton’s second law of motion. It 
shows that if high frequencies are used in the model the response will be 
inaccurate. To get a reliable response from a model higher frequencies than 
2 MHz should not be used as excitation signal. 
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8.3 Experiment 

It demands sophisticated equipment to measure the simulated impulse, 
because the impulse contains the whole spectrum of frequency. The 
impulse that is used in this experiment gives so high frequencies that our 
test equipment cannot handle them. The sampling frequency needed to 
catch the appearance of the pulse is about 20GHz. One thing you can do 
about it is to limit the frequency ratio by instead using an other type of 
signal. The Gaussian pulse is one example of signal that can used to limit 
the frequency contents of the excitation signal. 

This can be an advantage because it is almost impossible to simulate a 
perfect an impulse while a Gaussian signal is much easier to simulate. The 
problem of simulating a Gaussian signal is to know the appearance of the 
signal. One have to establish the rate of simplification i.e. how much of the 
high frequencies that can be cut off. 

How to create a Gaussian pulse? 

We have not had the time to investigate this but probably by using a softer 
impact material (plastic for example). To get a relevant and sufficient 
reliable result one need to know the shape of the input. The shape of the 
input is strongly determined by the choice of how to excite the signal and 
also by the material. 

Another thing that is crucial is the length of the test object. The first thing 
that one can se is that the length of the rod must be so long that impact 
collision do not disturb the measurements. For an ideal collision the length 
of the metal rod must be at least 0.28 meter (depending of the impact 
velocity). We also have to consider the transmitted pulse. To be able to 
measure the result of the input, without getting reflecting disturbance from 
the simulated crack, it is also here necessary to use a sufficient length of the 
rod. The location of the simulated crack and the location of the measuring 
point are both important to determine, because both points will affect the 
reliability of the result. The length of the bar is a consequence of the shape 
of the input and the performance of the measuring system. One thing to 
consider in further investigations that may take part is also the influence 
from the glue. Is it a correct assumption that the glue has a small influence? 
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