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ABSTRACT

Both Gauss-Seidel Iterative 3D deconvolution and Richardson-Lucy like algorithms are used due 
to their stability and high quality results in high noise microscopic medical image processing. An 
approach to determine the difference between these two algorithms is presented in this paper. It is 
shown that the convergence rate and the quality of these two algorithms are influenced by the size 
of the point spread function (PSF). Larger PSF sizes causes faster convergence but this effect falls 
off for larger sizes . It is furthermore shown that the relaxation factor and the number of iterations 
are influencing the convergence rate of the two algorithms. It has been found that increasing 
relaxation factor and number of iterations improve convergence and can reduce the error of the 
deblurred image. It also found that overrelaxation converges faster than underrelaxation for small 
number of iterations. However, it can be achieved smaller final error with under-relaxation. The 
choice of underrelaxation factor and overrelaxation factor value are highly problem specific and 
different from one type of images. In addition, when it comes to 3D iterative deconvolution, the 
influence of boundary conditions for these two algorithms is discussed. Implementation aspects 
are discussed and it is concluded that cache memory is vital for achieving a fast implementation 
of iterative 3D deconvolution. A mix of the two algorithms have been developed and compared 
with the previously mentioned Gauss-Seidel and the Richardson-Lucy-like algorithms. The 
experiments indicate that, if the value of the relaxation parameter is optimized, then the 
Richardson-Lucy-like algorithm has the best performance for 3D iterative deconvolution.

KEY WORDS: Iterative 3D deconvolution, Convergence rate, Boundary conditions, 
Point Spread function, Relaxation factor.
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1 THEORY

1.1 BRIEF REVIEW OF DECONVOLUTION IN 

OPTICAL IMAGING
The aim of this chapter is to give an overview of deconvolution as it relates to optical systems. 
The imperfection in the imaging systems coupled with the limitations of light for example optical 
arbitration, diffraction, invisible light and other atmospheric conditions, such as turbulence, give 
rise to a blurred image of the sample. Deconvolution is used to recover the image of the object 
from the blur. Three different types of deconvolution algorithms are presented and the basic 
principles of image formation and deconvolution are also looked into. 

1.2 DECONVOLUTION
Deconvolution is the process of filtering a signal to undo the effect of an undesired convolution. 
The goal of deconvolution is to estimate the signal as it was before convolution [1,2]. It is a 
procedure, which in the ideal case, follows the path of light - bent by the optical properties of the 
imaging system such as fluorescence microscopes - back to where it came from [3,35]. The ideal 
result is a top-quality image with substantially less noise.

In many image applications, the degradation of a true image can be modeled as: 

g(x)=f(x)*h(x)+n(x)                                                                                                      (1.0)

where x represents the 3D spatial coordinate, * represents convolution, f(x) represents the ideal 
image stack of perfect fidelity, h(x) represents the optical point spread function (PSF)  (also 
denoted the diffraction pattern) of the microscope, n(x) represents noise due to electronics and 
quantum photons and g(x) represents the observed image stack. Deconvolution recovers an 
estimate of f(x) from g(x) [5,6,15]. Since the PSF is usually unknown or partially known, and 
information outside the image is referred to, this problem is ill conditioned and ill-posed and is 
very difficult to solve [5].

Deconvolution is the mathematical inversion of the convolution operator.

1.3 PRINCIPLE OF 3D DECONVOLUTION
To create an image of an object using an imaging system, for example a microscope, the visual 
stimuli emanating from sample object is convolved with the impulse response (PSF) of the 
system. This process is illustrated in Figure 1:
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Figure 1: Convolution of an image with microscope PSF

This process can be reversed by 3D deconvolution. The image of the sample deconvolved by the 

microscope's Point-Spread Function (PSF) is illustrated in Figure 2:

Figure 2: Effect of deconvolution operation on the blurred image

1.4 POINT SPREAD FUNCTION 
The first step in reconstruction of an object from its observed image is the characterization of the 
PSF which is the optical impulse response of the microscope, see an example PSF in Figure 3. 
This is the mathematical link between the observed image and the real object, and so a precise 
knowledge of it is necessary for optimum results. It represents the degradation underwent by 
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visual stimuli when they pass through the optical systems as a result of imperfection of the 
systems. 

                                               

Figure 3: Example 
Point Spread Function 
(PSF)

In functional terms, PSF is the spatial domain version of the modulation transfer function. The 
Fourier transform of PSF is called the Optical Transfer Function (OTF).

PSF is a measure of quality of an optical system. One of the ways used to determine the PSF is 
the use of a theoretical approach to analyze the aberration-free microscope imaging system. But, 
because the assumptions and properties of lenses in the system are often not ideal, an 
experimental approach for determining the PSF is sometimes used [4, 14 - 16].

1.5 TYPES OF DECONVOLUTION 

1.5.1 ITERATIVE CONSTRAINED

These methods iteratively update the recovered image. This is done by convolving an estimate of 
the image(s), f(x), with the point spread function, h(x), and comparing this blurred image against 
the raw image, g(x) [6 - 8]. The difference is computed and then used to update the estimated f(x). 
The deblurring process is then repeated. These methods are constrained in that the solution of f(x) 
must be positive, since f(x) represents a light intensity and intensities are positive by definition 
[6].

MAXIMUM LIKELIHOOD DECONVOLUTION
This iteration procedure is designed based upon a probability model and it is a subset of iterative 
constrained algorithms. The mathematical solution is the f(x) which has the highest probability of 
being correct. The algorithm is based upon Poisson statistics. Among all known approaches, the 
Maximum Likelihood (ML) approach has proved to provide the best quality images [6].

BLIND DECONVOLUTION
Blind deconvolution is a subset of iterative constrained algorithms. The procedure estimates PSF, 
h(x), and the true image, f(x), simultaneously. It does not need the PSF h(x) to be measured, 
rather it estimates statistically the PSF from information within the given data set, g(x). Other 
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iterative constrained algorithms require h(x) to be measured by acquiring data from sub 
resolution fluorescent beads [5,6,11-14].

1.5.2 OTHER METHODS OF IMAGE RESTORATION

It is known that the deconvolution process can be referred to as an image restoration process. 
There are other types of image restoration. 

INVERSE FILTER
The Inverse filter or Wiener filter is a one-step image process performed in Fourier space by 
dividing the captured image by the PSF. This algorithm is a fast and effective way to remove the 
majority of the blur from wide field images using a symmetric or spherically aberrated theoretical 
or acquired point spread function [13]. 

NEAREST NEIGHBORS AND NO NEIGHBORS DEBLURRING
The nearest neighbor algorithm is a deblurring algorithm, not really a deconvolution as it does not 
estimate f(x). Rather, it improves the perceptual quality of the image by sharpening edges of 
structures. It is a specific type of sharpening filter called an unsharp mask. It works by deblurring 
the image and then subtracting a fraction of the deblurred image from the blurry one [6].

1.6 BRIEF OUTLINE OF OPTICAL  IMAGING AND 

CONVOLUTION
The basic principle of optical imaging expressed as a convolution process is shown in Figure 4. 
Let the function g(x, y) represents the intensity of each point in the image plane, i(x,y) represents 
the intensity of each object plane. P the object plane and Q the image plane. The object point, P, 
forms an extended (spread) function, in the image plane. For an ideal system, the perfect image 
formed would be just a suitably magnified version of g(x, y). If, however, the system has a 
limited sized (intensity) point spread function, h(x, y), then any object in this system will have a 
slightly blurred image. The blurred image is just the convolution of i(x, y) and h(x, y) [18]. 

Figure 4: Basic Principle of Optical Imaging expressed as 
Convolution Process  Source idea:   Sydney VisLab, 
“Computational Physics 3” [18]
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1.7 OUTLINE OF GAUSS-SEIDEL ITERATIVE  3D 

DECONVOLUTION
The iterative algorithms for solving a system of equations Ax=b are used when methods such as 
Gaussian elimination need too much time and too much memory [20]. The idea of iterative 
algorithms for solving Ax=b is used in iterative 3D deconvolution. Here, it can assumed, b is the 
recorded image which is the blurred version of the ideal image x and A represents the blurring 
[21]. The general way of solving Ax=b using Gauss-Seidel can be defined as follows, 

Ax=b

∑ j
aij x j=bi

 ∑ j≠i
aij x jaii x i=bi   

 
bi−∑ j≠i

aij x j

aii

=x i

The general theory of iterative deconvolution can be rewritten in the following way,

im∗psf i=C i       

im∗psf iimi psf 0=C iim i psf 0                                       

im i=
C iimi psf 0−im∗psf i

psf o

        

  where, 

C i  is image from microscope, psf 0 is the middle of the point spread function, im i

 is theoretically correct image.  

1.8 OUTLINE OF RICHARSON-LUCY ITERATIVE 

DECONVOLUTION  
Richardson-Lucy algorithms for deconvolution are fast, simple maximum likelihood methods. 
Richardson-Lucy-like algorithms use a hypothetical conditional probabilistic interpretation of 
PSF that is based on Bayes’ formula,
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P o | i =
P i |o P o

P i 

where

i is the observed degraded image,

o is the object estimator, which maximizes the known likelihood distribution [22,23].  

The Richardson-Lucy like algorithm can be described as,

  bi=∑ j
a ij x j     

 x j
t1=x j

t ∑i

bi

∑k
xk

t aik

aij

where bi  is the observed image which is created by the latent image xi and PSF 

a ij [24,33,34]. 

The Richardson-Lucy for updating images in every iterations  can be derived as follows,

im i1=im i  psf i∗
C

imi∗psf i



im∗psf =C   

  where C  is the observed image, which is the result from the convolution of true image 

im and psf , psf i is the  pixel value at the location i in the  PSF image[32].   

1.9 DIFFICULITIES OF DECONVOLVING IMAGES 

FOR APPROPRIATE BOUNDARY CONDITIONS
For any type of iterative deconvolution, if boundaries do not treat properly, it could destroy the 
whole images by propagating errors all over the images and creating ringing effects [25]. The 
simplest form of boundary condition assumes that outside of the image boundary, the image is 
black (equals to 0). It can be described as follows,

 imageBC x ={image x if x∈Range image
0 otherwise

where imageBC  is an infinite image with the boundary condition embedded.

The problem of a zero boundary condition is that, it can be expected that all the images have a 
black background and if the images have nonzero background in the border, then the difference 
between the pixels inside and outside of the border will be huge and the answer will be wrong. 
For that reason, another type of boundary condition is used. 
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In this work, when the pixels outside the image were needed, a copy of the edge pixel at the 
boundary is used and it is that the pixels outside the images will be the closest edge pixel at the 
boundary and in this way the image extends to infinity in all directions. This is also denoted the 
Neumann boundary and it is described as follows,

Define q :=wimage , himage , d image

imageBC x =image max min x−q psf /2, qimage−1,1,1 ,0

The error is defined as,

  = 1
wimage himage d image

∑k ∣eimagek−oriimage k∣

where, e image  is the estimated image and ori image is the original image.
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2 IMPLEMENTATION
The image used for the experiments is shown in Figure 5. After convolution, it will appear like in 
Figure 6.

2.1 IMPLEMENTATION OF BOUNDARY 

CONDITIONS
The experiment, indicates that the optimal relaxation value λ = 2.8 (it will be discussed in the 
next sections) and PSF size = 17x17, and these values are used in the boundary conditions 
experiment. Boundary conditions are vital because of the higher level of difficulties to restore the 
original images from the blurred one, where some part of information inside the boundary edge of 
the images and rest of the part is outside the boundary edge of the images. It is clear that some 
information from the image is lost and cannot be recovered but by using a proper boundary 
condition some undesirable artifacts close to the border of the images can be avoided.

In the first experiment, whenever a pixel outside the images is picked for our deconvolution, it is 
taken from the center of the images. Deconvolving Figure 5 this way produces the image in figure 
7. This is a bad boundary condition treatment (Figure 8) which could produce poor images.

Figure 5: Original Image 

                    

14



  Figure 6: Convolved Image, PSF size = 17x17

Figure 7: Deconvolved Image, Richardson-Lucy deconvolution 
relaxation factor  = 2.8, PSF size = 17x17                 λ

The Figure 7 shows, the use of inappropriate boundary conditions.
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Figure 8: Inappropriate boundary conditions for deconvolution. The solution blows up.

In the next experiment (Figure 9,10), the Neumann boundary condition is implemented.
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Figure 9: Deconvolved Image, Richardson-Lucy deconvolution,  
Neumann boundary conditions, optimal relaxation factor  = 2.8,λ  
PSF size = 17x17 
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Figure 10: Proper Neumann boundary conditioning.

2.2 TRADE-OFF BETWEEN TIME AND 

CONVERGENCE
In the experiment, the difference between Gauss-Seidel and Richardson-Lucy like algorithms are 
presented and the deconvolution convergence rate depends on the number of iterations and the 
resolution, size of PSF. It is investigated, in which aspect one iterative algorithm is superior to the 
other algorithm, and what is the drawback of these two algorithms, and how the drawbacks may 
be overcome. A mixture of these two algorithms is also tested.

2.2.1 GAUSS-SEIDEL DECONVOLUTION

The time requirement and convergence rate for the Gauss-Seidel algorithm is investigated and the 
results are given in Figure 11, 12, 13.
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Figure 11: Deconvolved image after 7 iterations. Gauss-Seidel 
deconvolution, relaxation factor  = 0.18, PSF size = 17x17.λ  

Figure 12: Deconvolved image after 16 iterations, Gauss-Seidel 
deconvolution, relaxation factor  = 0.18, PSF size = 17x17.λ
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The Figure 13 shows the convergence for deconvolution is very high at the beginning and 

comes closer to the real image.

Figure 13: Convergence of Gauss-Seidel algorithms. 

2.2.2 RICHARDSON-LUCY DECONVOLUTION

The time requirement and convergence rate for the Richardson-Lucy algorithm is investigated 
and the results are provided in Figure 16, 17, 14. The result indicates that the convergence for 
deconvolution is very quick at the beginning and the deconvolved comes closer to the real image.
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Figure 14: Convergence of Richardson-Lucy algorithm.

2.2.3 EXPLANATION OF OUTPUT FROM GAUSS-SEIDEL AND 

RICHARDSON-LUCY ALGORITHMS

21



Figure 15: Comparison of Gauss-Seidel and Richardson-Lucy 
deconvolution. For Gauss-Seidel,  = 0.18, PSF size = 17x17. λ
A comparison in convergence error between Gauss-Seidel and Richardson-Lucy is provided in 
Figure 15. The figure shows that the convergence of Gauss-Seidel is higher than for Richardson-
Lucy meaning the Gauss-Seidel algorithm can deconvolve the image with less number of 
iterations. On the other hand, Gauss-Seidel is slower compared to Richardson-Lucy algorithm 
which means that Gauss-Seidel consumes more time than Richardson-Lucy algorithm for each 
iteration. The same scale relaxation factor used to see if, after plotting the output data of the two 
algorithms, the results overlap with each other or not.

2.2.4 DOES THE GAUSS-SEIDEL OR THE RICHARDSON-LUCY 

ITERATIVE DECONVOLUTION GUARANTEE CONVERGENCE?

Iterative methods generally do not produce the exact answer after a finite number of steps but 
decrease the error by some fraction after each step [26]. This has been investigated by doing 400 
iterations with results presented in Figure 16 to 20. The convergence rate is very quick at the 
beginning of the iterations and become closer to the real image. After approximately 115 
iterations, convergence stops and further iterations will increase the error.
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Figure 16: Deconvolved image after 7 iterations, Richardson-Lucy 
deconvolution, relaxation factor  = 0.18, PSF size = 17x17.                  λ

Figure 17: Deconvolved image after 16 iterations, Richardson-Lucy 
deconvolution, relaxation factor  = 0.18, PSF size = 17x17.λ
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Figure 18: Deconvolved Image, using Gauss-Seidel like algorithms 
for deconvolution and relaxation factor  = 0.18, PSF images size =λ  
17 x 17, number of iteration=115. 

Figure 19: Deconvolved Image, Gauss-Seidel,  = 0.18, PSF size =λ  
17 x 17, number of iterations =400.
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Figure 20: Convergence rate of Gauss-Seidel algorithms, using 
numbers of iterations=400.  

It is concluded that after a certain period of iterations it is impossible for Guess-Seidel iterative 
deconvolution to improve the image further, hence after convergence the iterations should stop. 
However, it is obviously true that within a few iterations it reduce a large amount of error from 
the blurred image.    

Now, 400 iterations are performed   for the Richardson-Lucy algorithm and the results are 
presented in Figure 21 and  22. 
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Figure 21: Deconvolved Image, Richardson-Lucy deconvolution,  =λ  
0.18, PSF size = 17x17, number of iterations = 400.

Figure 22: Convergence of Richardson-Lucy algorithm.

The same relaxation factor to be able to compare the error of the two algorithms. The  result is 
given in Figure 23.  After 400 iterations, the Richardson-Lucy like algorithm continues its 
convergence for deconvolution but after the 115th iteration the Gauss-Seidel deconvolution 
algorithms stops to converge and continued iterations will increase the error and it will therefore 
eventually destroy the deconvolved image. 
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Figure 23: Comparison of Gauss-Seidel and Richardson-Lucy 
deconvolution.  = 0.18, PSF size = 17x17, number of iteration= 400.λ
After 400 iterations the Richardson-Lucy like algorithm continue its convergence. Another 
experiment is performed to observed the behavior after 1000 iterations if Richardson-Lucy like 
algorithms continue it's convergence or not. The results are provided in Figure 24, 25.

Figure 24: Deconvolved image, Richardson-Lucy algorithms,  =λ  
0.18, PSF size = 17x17, number of iterations =1000.
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Figure 25: Convergence of Richardson-Lucy algorithms. 

The experiment shows, after 1000 iterations Richardson-Lucy like algorithm continue its 
convergence, then another experiment is done to see after 2000 iterations (Figure 26,27) if 
Richardson-Lucy like algorithms continue its convergence or not. 
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Figure 26: Deconvolved Image, Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 0.18, PSF imagesλ  
size = 17 x 17, number of iterations =2000.
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Figure 27: Convergence rate of Richardson-Lucy algorithms. It shows, converging 
taking less time on each iteration but error is not dropping significantly, in fact it is  
very slow on each iterations. On the each iteration process, it going closer to the real 
image. 

Now, a very high number of iterations 10000 times is tested, to see if the Richardson-Lucy 
algorithms converge or not, in this particular test λ = 0.18.   
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Figure 28: Deconvolved Image, Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 0.18, PSF imagesλ  
size = 17 x 17, number of iterations =10000. 

Figure 29: Convergence rate of Richardson-Lucy algorithms.
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Figure 30: Convergence rate of Richardson-Lucy algorithms.

The results in Figure 28 to 30 indicate that, as the number of iteration increases it continue 
convergence and it is going to closer to the real image. But after certain numbers of iteration it 
stops to convergence. When, after a certain number of iterations, the convergence stops, it will 
destroy the image quality.

From the experiment, it may be concluded that iterative method do not guarantee absolute 
convergence, it just reduce some fraction of error after each steps. 

2.3 MIXED GAUSS-SEIDEL AND RICHARSON-

LUCY ITERATIVE DECONVOLUTION 

ALGORITHM
Both the Gauss-Seidel algorithm and Richardson-Lucy like algorithm have advantages and 
disadvantages. So, an algorithm is proposed and tested which is a blending of these two 
algorithms. For example, if the new algorithm runs 40 iterations, then out of 40 iterations, the 
first 20 iterations are run Gauss-Seidel deconvolution and the last 20 iteration the Richardson-
Lucy algorithm. Because from the previous investigation it is shown that Gauss-Seidel give a 
high rate of error elimination compared to Richardson-Lucy algorithm for the first few iteration 
and the Richardson-Lucy consume less time for performing the iterations. Mixed algorithm 
results are given in Figure 31 to  33, after 40 iterations. 
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Figure 31: Convergence rate of Richardson-Lucy algorithms.  = 0.18,λ  
PSF images size = 17 x 17, number of iterations =40. 

The Figure 31 shows, the converging taking less time on each iteration but error is not 

dropping significantly on each iterations.

Figure 32: Gauss-Seidel,  = 0.18, PSF size = 17 x 17, number ofλ  
iterations =40. 

The Figure 32 shows, the convergence for deconvolution is very quick from the 

beginning of the iterations and become closer to the real image.
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Figure 33: Convergence rate of Mixed algorithms.  Here  λ = 0.18,  
PSF images size = 17 x 17 is used, number of iterations =40. 

The Figure 33 shows, the convergence for deconvolution is very quick from the 

beginning of the iterations until 20 iterations and become closer to the real image. But 

after 20 iteration, convergence is slow on each iteration.

Figure 34: Comparison among the Gauss-Seidel, Richardson-Lucy and 
Mixed deconvolution. Here, relaxation factor   = 0.18, PSF imagesλ  
size = 17 x 17, number of iteration= 40 is used.

The Richardson-Lucy algorithm, mixed algorithm and Gauss-Seidel algorithms are compared in 
Figure 34. Even though Gauss-Seidel gives us better convergence compare to Mixed, Richardson-
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Lucy algorithm. The proposed mixed algorithm is taking little less time compare to Gauss-Seidel 
algorithms and both have problem in convergence.

2.4 THE EFFECT OF RELAXATION ON GAUSS-

SEIDEL AND RICHARDSON-LUCY LIKE 

ALGORITHMS FOR DECONVOLUTION
Earlier sections, experimented with the Gauss-Seidel and Richardson-Lucy like algorithms and 
their implementation result as well as their mixed version of algorithms.      

Now, shows how relaxation value affect on the two algorithm's convergence rate. 

2.4.1 IMPROVEMENT OF CONVERGENCE BY USING DIFFERENT 

RELAXATION FACTOR VALUES

Little bit of modifications in the Richardson-Lucy method can enhance the convergence rate 
significantly. The idea, after calculated each new value of x by using the equation given below 
(3), that value is updated by a weighted average of the result of the previous and the present 
iterations [27]: 

x 'new= xnew1− xold                    (3)

If the value of | λ | is less than 1 then it is called under relaxation [28]. 

Some underrelaxation value assigned to λ are used to investigate the behavior of convergence in 
Richardson-Lucy Algorithms and the results are given in Figure 35 to  42 which shows increasing 
under-relaxation factor increases convergence in a certain level,   
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Figure 35: Deconvolved Image, here Richardson-Lucy like 
algorithms for deconvolution is used and relaxation factor  = 0.1,λ  
PSF images size = 17 x 17, number of iterations =40.

Figure 36: Convolved Image, PSF images size = 17 x 17
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Figure 37: Deconvolved Image, Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 0.24, PSF imagesλ  
size = 17 x 17, number of iterations =40.

Figure 38: Convolved Image, PSF images size = 17 x 17
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Figure 39: Deconvolved Image, Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 0.71, PSF imagesλ  
size = 17 x 17, number of iterations =40.

Figure 40: Convolved Image, PSF images size = 17 x 17
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Figure 41: Deconvolved Image, here, Richardson-Lucy like 
algorithms for deconvolution is used and relaxation factor  = 0.99,λ  
PSF images size = 17 x 17, number of iterations =40.

Figure 42: Comparison of different underrelaxation factor on the 
convergence of Richardson-Lucy algorithms. 

The  Figure 42 shows, increments of underrelaxation factor increase the convergence.    

Some underrelaxation value to λ are assigned to investigate the behavior of convergence in 
Gauss-Seidel Algorithms and the results are given in  Figure 43 to 49. 
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Figure 43: Deconvolved Image, Gauss-Seidel like algorithms for 
deconvolution is used and relaxation factor  = 0.1, PSF images sizeλ  
= 17 x 17, number of iterations =40.
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Figure 44: Deconvolved Image, Gauss-Seidel like algorithms for 
deconvolution is used and relaxation factor  = 0.14, PSF imagesλ  
size = 17 x 17, number of iterations =40.

Figure 45: Convolved Image, Here, relaxation factor  = 0.20, PSFλ  
images size = 17 x 17.
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Figure 46: Deconvolved Image, Gauss-Seidel like algorithms for 
deconvolution is used and relaxation factor  = 0.20, PSF imagesλ  
size = 17 x 17, number of iterations =40.

Figure 47: Convolved Image, PSF images size = 17 x 17.
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Figure 48: Deconvolved Image, Gauss-Seidel like algorithms for 
deconvolution is used and relaxation factor  = 0.21, PSF imagesλ  
size = 17 x 17, number of iterations =40. It is saturated because the 
solution blows up.

Figure 49: Comparison of different underrelaxation factor on the 
convergence of Gauss-Seidel algorithms. 

The Figure 49 shows, that increments of underrelaxation factor increase the convergence 

in general. However, above a certain relaxation value the algorithm will not converge.
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The underrelaxation factor is the most significant parameter affecting the convergence. Try to 
make nonconvergent system to convergent to hasten convergence by dampening out oscillations 
[27,29]. 

2.5 IMPROVEMENT OF CONVERGENCE BY 

USING OVERRELAXATION
If the value of |λ| is greater than 1 then it is called overrelaxation. The overrelaxation, is taken a 
superficial motivation, in where,  if the direction from x(i) to x(i+1) is good direction of 
convergence leading to the solution, then moving  λ > 1 times as far as the direction leads to a 
better solution [28].

The experiments show, assigning different relaxation factors value which is greater than 1. With 
overrelaxation, it is implicitly assumed that the convergence rate will be very slow but increasing 
the value of λ leads to true solutions and the added weight of λ is intended to improve the 
estimate by pushing it to close to the true value. Now, one question arose naturally, why is this 
type of relaxation called overrelaxation. The answer is simple, because it is designed such a way 
that it accelerates the convergence rate of an already convergent system. This is the reason it is 
called SOR (Successive Overrelaxation) [27]. There are several type of overrelaxation such as 
AOR (Accelerated Overrelaxation) and MSOR (Modified Successive Overrelaxation) [30].    

Now, some overrelaxation value to λ are assigned to investigate the behavior of convergence in 
Richardson-Lucy Algorithms and the results are given in Figure 50 to 56. 

Figure 50: Convolved Image, PSF images size = 17 x 17
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Figure 51: Deconvolved Image, Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 1.6, PSF images sizeλ  
= 17 x 17, number of iterations =40.

Figure 52: Deconvolved Image, Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 2.1, PSF images sizeλ  
= 17 x 17, number of iterations =40.
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Figure 53: Deconvolved Image, Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 2.8, PSF imagesλ  
size=17x17, number of iterations =40.

Figure 54: Deconvolved Image,Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 2.9, PSF images sizeλ  
= 17 x 17, number of iterations =40. It is saturated because the 
solution blows up.
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Figure 55: Deconvolved Image, Richardson-Lucy like algorithms for 
deconvolution is used and relaxation factor  = 3.0, PSF images sizeλ  
= 17 x 17, number of iterations =40. It is saturated because the 
solution blows up.

Figure 56:  Comparison of different overrelaxation factor on the 
convergence of Richardson-Lucy algorithms. 

The Figure 56 shows, the increments of overrelaxation factor increases the convergence.    But 
after a certain number, it is impossible to increase the relaxation value to increase the 
convergence and further increment of relaxation factor will destroy the image.
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Figure 56 shows approximately the optimal value for over relaxation is 2.8. So, now the questions 
arise, which one need to take, under relaxation factor or overrelaxation factor for better 
convergence. In theory, it seems that getting better convergence need to use overrelaxation 
factor but experiment shows, just the opposite. In the later sections it shows in detail.      

2.6 DOES THE OVERRELAXATION GUARANTEE 

BETTER COVERGENCE THAN 

UNDERRELAXATION?

Figure 57: Comparison of convergence for different relaxation factors. Richardson-
Lucy deconvolution.

Figures 57, 58 show that the  increments of overrelaxation factor increases the convergence. But 
after a certain number, it is impossible to increase the overrelaxation value to increase the 
convergence, and further trying will destroy the whole image. But the underrelaxation can 
continue its iteration for convergence.     
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Figure 58: Comparison of convergence between overrelaxation factor 
and underrelaxation factor convergence of Richardson-Lucy 
algorithms.

The Figure 58 is another interpretation of Figure 57 that shows, after a certain number 
iterations overrelaxation stops its convergence, but the underrelaxation can continue its 
iteration for convergence. 
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Figure 59: Comparison of convergence between overrelaxation factor and 
underrelaxation factor convergence of Richardson-Lucy algorithms.

The Figures 59, 60 show a very important issue that the overrelaxation takes less number of 
iterations to reduce certain amount of error from the image means it takes less number of 
iterations to converge but after a few iterations, it can not converge any more, but the under 
relaxation can continue its iterations, and after a large amount of iterations, it gives better 
convergence. 
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Figure 60: Comparison of convergence between overrelaxation factor and 
underrelaxation factor convergence of Richardson-Lucy algorithms. 

Figure 60 is another interpretation of the same figure  59. The overrelaxation take less times and 
less number of iterations to convergence but after a few iterations, it can not converges any more, 
but the underrelaxation can continue it iterations, and after a large amount of iterations, it gives 
better convergence compare to overrelaxation. 

Now, the question arose in the beginning of the sections, “does overrelaxation guarantee better 
convergence than underrelaxation?” The answer is No. 

If the consideration is the time and number of iterations, it takes for a certain amount of error 
reduction then overrelaxation has a better position than underrelaxation.     

However, if the consideration is the quality of convergence and reductions of error from the 
images, then underrelaxation have a better position compared to overrelaxation. It means that if 
the consideration is the quality of deconvolution, regardless of time and number of iterations, it 
takes for convergence, the underrelaxation have better potential.

If the consideration is few iterations and shorter time, regardless of the quality of convergence, 
then overrelaxation appears better. 

Assigning an appropriate relaxation factor is very problem specific and it can be found by 
experiment. A mathematical formula to find the appropriate relaxation factor is hard.
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2.7 THE EFFECT OF POINT SPREAD FUNCTION 

SIZE ON GAUSS-SEIDEL AND RICHARSON-LUCY 

LIKE ALGORITHMS
How the size of the point spread function affect on Richardson-Lucy like algorithm is discussed. 
Different sizes of point spread function images is tested and tried to find out how different size of 
PSF images affect the convergence for 3D deconvolution. The experiment showed in the earlier 
section that the optimal relaxation value λ = 2.8 and now different size of PSF images is tested, to 
see the convergence effect in under and over relaxation conditions. 

2.7.1 THE EFFECT OF DIFFERENT PSF SIZE ON 

CONVERGENCE IN UNDERRELAXATION  

The experiment using the value of relaxation factor λ  = 0.18 and PSF = 5x5 and number of 
iterations = 60, and the results are given in Figure 61 to 63 after deconvolution.

Figure 61: PSF 5x5  
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Figure 62: Convolved Image, PSF images size=5x5

Figure 63: Deconvolved Image, Richardson-Lucy for deconvolution 
is used. Here relaxation factor  = 0.18, PSF images size=5x5,λ  
number of iterations= 60.
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Another experiment is tested, by taking the value of relaxation factor λ= 0.18, PSF = 17x17 and 
number of iterations = 60, and the result are given in Figure 64 to 66 after 3D deconvolution.

Figure 64: PSF 17x17 
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Figure 65: Convolved Image, PSF images size=5x5

Figure 66: Deconvolved Image, Richardson-Lucy for deconvolution 
is used. Here relaxation factor  = 0.18, PSF images size=17x17,λ  
number of iterations= 60.
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Figure 67: The effect of different PSF size on the convergence rate.  Here relaxation 
factor  = 0.18, PSF Images size=17x17 and PSF=11x11 overlap with each other, butλ  
their convergence rate is different and it is very small.

The Figure 67 shows, when the PSF image size is small, instead of convergence it destroyed the 
images. But if the PSF size is big enough, then it converge. Another observation is, from the PSF 
11x11 to PSF 17x17 have little bit of changing in convergence even though the graph plotting 
shows PSF = 11x11 and PSF = 17x17 overlap with each other, meaning after a certain PSF size, 
the increase of PSF size do not change significant amount of convergence rate with 
underrelaxation.

2.7.2 THE EFFECT OF DIFFERENT PSF SIZE ON 

CONVERGENCE IN OVERRELAXATION

Now, the experiment by taking with the value of over relaxation factor λ= 2.8, PSF=5x5 and 
number of iterations = 60 is tested and the results are given in Figure 68 to 70 after 3D 
deconvolution.  
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Figure 68: PSF 
5X5

Figure 69: Convolved Image, PSF images size=5x5
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Figure 70: Deconvolved Image, Richardson-Lucy for deconvolution 
is used. Here over relaxation factor  = 2.8, PSF size=5x5, numberλ  
of iterations= 60. It is saturated because the solution blows up.

Another experiment is tested by taking the value of over relaxation factor λ = 2.8 and PSF = 
11x11 and number of iterations = 60 and the results are given in Figure 71 to 73 after 3D 
deconvolution.

Figure 71: PSF 11x11 
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Figure 72: Convolved Image, PSF images size=11x11

Figure 73: Deconvolved Image, Richardson-Lucy for deconvolution 
is used. Here over relaxation factor  = 2.8, PSF images size=11x11,λ  
number of iterations= 60.
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Figure 74: The effect of different PSF size on the convergence rate.  Here over 
relaxation factor  = 2.8, PSF Images size=17x17 and PSF=11x11 overlap with eachλ  
other, but their convergence rate is different and it is very small.

The Figure 74 shows, when the PSF image size is small in over relaxation, it destroys the images 
rapidly. When the PSF size is big enough then it converges. Another thing like the under-
relaxation, if the PSF size from 11x11 to 17x17 is increased, then it have a little impact on 
changing the convergence because convergence rate is almost same and after the use of certain 
PSF size, the convergence rate is very slow with overrelaxation.

2.8 CONVERGENCE RATE FOR FLUORESCENT, 

DIC AND OTHER TYPES OF IMAGES 
The fluorescent image (one of the hardest one for deblurring) is used in all the earlier experiment, 
but it also need to check a bit, others types of microscopic images for deconvolution.

The experiment tested, the DIC image for deconvolution and the results are given in Figure 75 to 
78. The comparison of convergence rate with the fluorescent image is shown in Figure 79.
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Figure 75: Original Image (DIC)
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Figure 76: Convolved Image, PSF images size=17x17.
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Figure 77: Deconvolved Image, Richardson-Lucy for deconvolution is used. Here over 
relaxation factor  = 1.6, PSF images size=17x17, number of iterations= 40.λ
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Figure 78: Deconvolved Image, Richardson-Lucy for convolution is  
used. Here over relaxation factor  = 1.6, PSF images size=17x17,λ  
number of iterations= 40.

Figure 79:  Comparison of convergence between Fluorescent and and DIC by using 
Richardson-Lucy deconvolution. 
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The Figure 79 shows, the convergence rate of DIC and fluorescent it different in terms of number 
of iterations and time. In the DIC image the error reduction is high compare to fluorescent. 

Now, another experiment is tested. The previous experiment shows, the convergence rate of DIC 
and fluorescent on Richardson-Lucy algorithm for deconvolution. Now the same underrelaxation 
factor value and the same size of PSF is assigned to see the convergence behavior of ch-GFP, ch-
GFPC, ch-GFPmax types of microscopy images on Richardson-Lucy deconvolution and the 
results are given in Figure 80 to 88. The comparison among DIC, fluorescent and other types of 
images is shows in Figure 89.

Figure 80: Original Image (ch-GFP)
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Figure 81: Convolved Image,  = 1.6, PSF size=17x17.λ

Figure 82: Deconvolved Image, Richardson-Lucy for deconvolution 
is used. Here over relaxation factor  = 1.6, PSF images size=17x17,λ  
number of iterations= 40.
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Figure 83: Original Image (ch-GFPC)

                   

Figure 84: Convolved Image, PSF images size=17x17.
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Figure 85: Deconvolved Image, Richardson-Lucy for deconvolution 
is used. Here over relaxation factor  = 1.6, PSF images size=17x17,λ  
number of iterations= 40.

Figure 86: Original Image (ch-GFPmax)
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Figure 87: Convolved Image, relaxation factor  = 1.6, PSF imagesλ  
size=17x17.  

Figure 88: Deconvolved Image, Richardson-Lucy for deconvolution 
is used. Here over relaxation factor  = 1.6, PSF images size=17x17,λ  
number of iterations= 40.
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Figure 89:  Comparison of convergence between Fluorescent, DIC,ch-GFP, ch-GFPC 
and ch-GFPmax by using  Richardson-Lucy deconvolution. 

The Figure 89 shows, the convergence rates of DIC, ch-GFP, ch-GFPC and fluorescent 

are different in terms of number of iterations and time. The convergence rate of ch-

GFPmax is high compare to other types of images and DIC takes very high amount of 

time to convergence.
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3 CACHE MEMORY PERFORMANCE

3.1 HOW CACHE MEMORY AFFECTS THE 

PERFORMANCE OF DECONVOLUTION 
There are more than hundred of research paper, on Deconvolution algorithms. A lots of the papers 
miss one thing which is the effectiveness and faster execution rate of the Deconvolution 
algorithm is highly depended on the cache memory management of the Deconvolution program 
applied on microscopic images. Cache memory is faster and if limited cache memory is used 
effectively, then Deconvolution algorithm execution time will be less. 

Cache memory is two types. One is internal and another is external. Internal cache memory reside 
in microprocessor, on the other hand the external cache memory reside outside microprocessor. 
Internal cache memory is expensive compare to external cache memory but faster. It can make the 
deconvolution algorithm more faster by reducing cache miss, reducing cache miss penalty, 
reducing hit time and proper management of main memory and virtual memory [31].   

3.2 OVERVIEW OF CACHE MEMORY
Cache memory from the early history of computing to now, the cache memory embedded in 
microprocessor play a major role to enhance the computing power of microprocessor. Every year 
microprocessor performance improved significantly and one of the main reason is the proper 
management of cache memory. Cache is divided into a number of blocks and it is fill up by the 
blocks of the memory. Because number of the cache blocks is very smaller than the blocks of 
memory, it cannot be allocated larger number of blocks from memory, in fact it can allocated a 
small portion of blocks from memory at a time. The direct mapping from blocks of memory and 
cache memory blocks happened like the formula: (block address) MOD (number of blocks in 
cache memory), for example if the cache is divided into 8 blocks and if 11 number  block fetch 
from memory, then it can be put the block in (11 MOD 8 ) 3rd number of block in cache. 
Sometimes cache is divided into groups of blocks and a block fetch from memory can be put 
anywhere within a particular  group. It is called the set associativity of cache. For example if a 
cache is divided into 4 groups(or set ) of blocks, and 11 number block fetch from memory then 
the set number where the block will be put in cache is( 11 MOD 4 ) 3. Another type of block 
allocation in cache, is full associativity which means a block from memory can be put in 
anywhere in any block in cache. For example 11 number block from memory can be placed 
within the 8 blocks of cache. The block address from CPU is checked before it fetch from 
memory and put into cache for better performance and if it shown that the desire block address is 
not valid the miss occurs. In that case a selected block (randomly selected or selected which block 
is not used for the longest time ) will be replaced by desire data [31].  

3.3 HOW TO OPTIMIZE THE USE OF CACHE TO 

MAKE DECONVOLUTION ALGORITHM FASTER 
The reduction of the miss rate playing a vital role to faster the Deconvolution and there are 
several technique to achieve the goal by taking larger block size even through when the cache 
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size is small there is significant drawback like capacity of cache is not enough and capacity miss 
occurs. The other technique is to higher cache associativity in a balanced way by splitting the 
cache higher number of blocks (higher associativity) and the block size will be small but the miss 
rate will be decrease. This higher associativity have a pitfall like it will increase the cache hit 
time. There are some trade off and need to higher the associativity by considering the significant 
effect on cache hit time. Another way of reducing miss rate to put a addition cache block between 
the path of refill and cache, which is filled up when any miss occurs and checked before it take a 
place in memory. If the data in the miss cache, then it switch over by the cache and addition 
cache. The other technique is programmatic way, by doing to give some responsibility to 
compiler like prefetching of instruction and data instead of Hardware prefetching of instruction 
and data before they needed which will reduce the time consumption of iterative deconvolution 
[31].
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4 CONCLUSIONS
The experiment, shows that the Richardson-Lucy algorithms is better than Gauss-Seidel 
algorithms for deconvolution in respect of time and convergence rate. It also shows if the 
appropriate relaxation factor is found then Richardson-Lucy algorithms give us as better 
convergence as Gauss-Seidel in very few iteration with less time. 

The proposed mixed algorithms from Gauss-Seidel and Richardson-Lucy algorithm for 
deconvolution is tested but still it need to investigate all possible way if it can give better 
convergence for a large amount of iterations. The experiment shows that the Gauss-Seidel 
deconvolution error reduction is higher than mixed algorithm but mixed algorithm takes little less 
time compare to Gauss-Seidel algorithm.

The experiment shows that the choosing of appropriate underrelaxation and overrelaxation is 
problem specific. If the consideration is less number of iterations for a specific amount of 
convergence then, overrelaxation should be the choice but if the consideration is better 
convergence, no matter the large number of iterations it takes for high quality of convergence 
then underrelaxation should be the choice, still the choice of underrelaxation factor and 
overrelaxation factor value are highly problem specific and different from one types of images 
deblurring from another types of images deblurring by deconvolution.  

Because of the unknown information at the boundaries, deconvolution can never fully restore the 
image..

PSF size plays a vital role in convergence. Larger PSF sizes cause faster convergence but this 
effect falls off for larger sizes.

If the PSF and large 3D image stack fit in the cache memory then it will faster the deconvolution.

5 FUTURE WORK
In future, it will be project to make a automatic deblurring deconvolution software. It will 
automatically identify the appropriate algorithm, relaxation value and boundary condition for 
deconvolution. The idea is that the user do not need to do anything, all he/she have to do it to 
select the 3D stack which she/he to deblur by deconvolution.
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6 SOURCE CODE
package tt;
import java.awt.*;
import java.awt.image.*;
import java.io.*;
import javax.imageio.*;
import javax.swing.*;

/**
 * This class demonstrates how to load an Image from an external file
 */

public class tt  {
          
        
    public void paintComponent(Graphics g) {
       //  g.drawImage(img, 0, 0, null);
        //g.drawImage(psf,0,0,null);
        
        
    }
      
    
    public static Stack readImage(String base, int nz)
    {
    Stack stack=null;
    try {
    for(int cz=0;cz<nz;cz++)
    {
    BufferedImage img = ImageIO.read(new File(base+cz+".jpg"));
    System.out.println(new File(base+cz+".jpg"));
    System.out.println(img);
    
    //BufferedImage img = ImageIO.read(new File(base+cz+".tif"));
    
    if(stack==null)
    stack=new Stack(img.getWidth(),img.getHeight(),nz);
     stack.putImage(img, cz);
    }
    } catch (IOException e) {
    e.printStackTrace();
    }
    return stack;
    }
    
        
    public static void main(String[] args) {

         
        //--open it  Stack orig=readImage("/Users/mehadi/newim/ch-
DIC/00001000/0000000",1);
       
    Stack orig=readImage("/Users/mehadi/newim/00002049/0000000",1);
        
        //Stack orig=readImage("tt/img",1);
         
       Stack psf=new Stack(17,17,1);
       psf.setPSF(4.0);
       
       //psf.normalize(1000);
       
       /*
       psf.normalize(255.0/psf.getMax());
       psf.printPlane(0);
     ImagePanel.showImage(psf.getImage(0), "psf");
       */
      //ImagePanel.writeimage(psf.getImage(0), "psf_image", selector)
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      //for(double relax=2.0;relax<=10.0;relax+=1)      // added newly 2009-04-22   
      //{                                               // added newly 2009-04-22
                
       
       
       
       double relax=1.6;    // open it 2009-04-22  
            
     Stack convolved=orig.convolve(psf);
      
     ImagePanel.showImage(psf.getImage(0), "PSF");
    
    
    //ImagePanel.writeimage(psf.getImage(0), "PSF_11 x 11", 4); // added newly 2009-
04-13
    
     
      
      ImagePanel.showImage(orig.getImage(0), "orig");
      
      
      ImagePanel.writeimage(orig.getImage(0), "original", 1); // added newly 2009-04-13
      
      
      ImagePanel.showImage(convolved.getImage(0), "conv");
      
        
      //ImagePanel.writeimage(orig.getImage(0), 
"lucyover28convolved17psfwithoutboundary"+ Double.toString(relax), 2); // added newly 
2009-04-13
      
      ImagePanel.writeimage(convolved.getImage(0), 
"update_Richardson_Overrelax1.6convolved_iter_i40"+ Double.toString(relax), 2); // added 
newly 2009-05-03
           
      Stack deconvolved=new Stack(convolved);
               
      
      deconvolved.deconvolve(psf,orig,relax);
      
      
      // }
            
       ImagePanel.showImage(deconvolved.getImage(0), "deconv");
      
      
       //ImagePanel.writeimage(orig.getImage(0), 
"lucyover28deconvolved17psfwithoutboundary" + Double.toString(relax) , 3); // added newly 
2009-04-13 
       
       ImagePanel.writeimage(deconvolved.getImage(0), 
"update_Richarson_Overrelaxation1.6deconvolved_itera_i40" + Double.toString(relax) , 3); 
// added newly 2005-05-03 
       
       
       //}                         // added newly 2009-04-22
                 
      
          // Stack d= deconvolved.deconvolveIteration(psf);
      
        // ImagePanel.showImage(d.getImage(0), "deconv");
      
            
        
        //convolved.deconvolve(psf);

      //output TODO
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    }
} 

package tt;

import java.awt.Dimension;
import java.awt.Graphics;
import java.awt.image.BufferedImage;

import javax.swing.JFrame;
import javax.swing.JPanel;

import javax.imageio.*;  //newly added 2009-04-13
import java.io.*; // added 2009-04-13

public class ImagePanel extends JPanel 
{
public static final long serialVersionUID=0;

private BufferedImage im;
public ImagePanel(BufferedImage im)

{
this.im=im;
}

public Dimension getPreferredSize()
{
return new Dimension(im.getWidth(),im.getHeight());
}

protected void paintComponent(Graphics g)
{
g.drawImage(im, 0, 0, null);

}

public static void showImage(BufferedImage im,String title)
{
 JFrame f = new JFrame(title);

     f.setDefaultCloseOperation(JFrame.EXIT_ON_CLOSE);
     
     //f.add(new ImagePanel(convolved.getImage(2)));
     
     f.add(new ImagePanel(im));
     f.pack();
     
     
     
     f.setVisible(true);

}

// newly added begin 2009-04-13

public static void writeimage(BufferedImage im,String title, int selector)
{

     if (selector== 1) {
     String orititle = "/Users/mehadi/Documents/updaterelaxation/" + title + 

".jpg";  // added newly  2009-04-22    
      
      try{
      //open it 2009-04-22 File f = new 

File("/Users/mehadi/Documents/Timediff/40oriLucy.jpg");
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      File f = new File(orititle);      
     ImageIO.write(im,"jpg",f);
        }catch (Exception e){//Catch exception if any
           System.err.println("Error: " + e.getMessage());
          }       
          
     }     
     
     else if (selector== 4) {
     try{
     String contitle = "/Users/mehadi/Documents/updaterelaxation/" + title + 

".jpg";  // added newly  2009-04-22      
     //open it 2009-04-22  File f = new 

File("/Users/mehadi/Documents/Timediff/40conLucy.jpg");
     File f = new File(contitle);  // added newly  2009-04-22    
     ImageIO.write(im,"jpg",f);
        }catch (Exception e){//Catch exception if any
           System.err.println("Error: " + e.getMessage());
          }       
          
     } 
     
     
     else if (selector== 2) {
     try{
     String contitle = "/Users/mehadi/Documents/updaterelaxation/" + title + 

".jpg";  // added newly  2009-04-22      
     //open it 2009-04-22  File f = new 

File("/Users/mehadi/Documents/Timediff/40conLucy.jpg");
     File f = new File(contitle);  // added newly  2009-04-22    
     ImageIO.write(im,"jpg",f);
        }catch (Exception e){//Catch exception if any
           System.err.println("Error: " + e.getMessage());
          }       
          
     } 
     else if (selector== 3) {
     try{
     String decotitle = "/Users/mehadi/Documents/updaterelaxation/" + title + 

".jpg";  // added newly  2009-04-22      
     // File f = new File("/Users/mehadi/Documents/Timediff/40deconLucy.jpg");
     File f = new File(decotitle);  
     ImageIO.write(im,"jpg",f);
        }catch (Exception e){//Catch exception if any
           System.err.println("Error: " + e.getMessage());
          }       
     }
     

}

//newly added end 2009-04-13

}

                                                     

package tt;

import java.awt.image.BufferedImage;
import java.awt.image.Raster;
import java.util.Collections;

import com.sun.tools.javac.code.Attribute.Error;
import java.io.*;
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import java.util.Date;

public class Stack
{
public double[][][] pix; //order: z,y,x  d,h,w
public int w,h,d;

  //TODO
//change to getPixel everywhere

public Stack(int w, int h, int d)
{
pix=new double[d][h][w];
this.w=w;
this.h=h;
this.d=d;
}

public Stack(Stack stack)
{
this(stack.w,stack.h,stack.d);

    for(int i=0; i < w; i++  )
    for(int j=0; j < h ; j++ )
    for(int k=0; k < d; k++ )
      putPixel(i, j, k, stack.getPixel(i,j,k));

}

public void putImage(BufferedImage im, int z)
{
Raster r=im.getRaster();

    int w=r.getWidth();
    int h=r.getHeight();
    for(int cy=0;cy<h;cy++)
     r.getSamples(0, cy, w, 1,  0, pix[z][cy]); 

}

public BufferedImage getImage(int z)
{
BufferedImage im = new BufferedImage(w,h,BufferedImage.TYPE_BYTE_GRAY);
for(int y=0; y < h; y++ )

im.getRaster().setSamples(0, y,w,1, 0,pix[z][y]);
  return im;

}

public double getPixel(int x, int y, int z)
{

    return pix[z][y][x]; 
}

public void putPixel(int x, int y, int z, double v)
{

  pix[z][y][x] = v; 
}

/**
 * Make sum of pixels = tot
 */
public void normalize(double tot)

{
 double psf_sum=0.0;
 for(int x=0; x < w; x++   )
  for( int y=0; y < h; y++ )
  for( int z=0; z  < d; z++  ) 

           psf_sum += pix[z][y][x]; 
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 //scale(tot / psf_sum);
 scale(tot / psf_sum);
 
}

public double getMax()
{
Double m=null;
 for(int x=0; x < w; x++   )
  for( int y=0; y < h; y++ )
  for( int z=0; z  < d; z++  ) 
  {
  double p=getPixel(x, y, z);
  if(m==null || p>m)
  m=p;
  }
 return m;
}

public void scale(double c)
{
 for(int x=0; x < w; x++   )
  for( int y=0; y < h; y++ )
  for( int z=0; z  < d; z++  ) 

           pix[z][y][x]*=c; 
}

public Stack convolve(Stack psf)
{
int zw=psf.d/2;

    Stack copy=new Stack(w,h,d);              
//  for(int x=psf.w/2; x < w - (psf.w /2);x++){
//   for( int y=psf.h/2 ; y < h - (psf.h/2) ; y++ ){
//   for( int z=psf.d/2 ; z  < d - (psf.d/2)  ; z++  ){ 

    for(int x=0; x < w ;x++){
       for( int y=0 ; y < h  ; y++ ){
       for( int z=0 ; z  < d  ; z++  ){ 

    
    
    
        double wsum=0.0;
          //opration the inside the psf and image 
         
                       

for(int i=-psf.w/2; i <= psf.w/2;i++)
      for( int j=-psf.h/2 ; j <= psf.h/2 ; j++ )
       for( int k=-zw ; k  <= zw  ; k++  )
      {

         
            //open it begin 2009-05-03  

               
      
         int px= max(min(x+i,w-1),0);
               int py= max(min(y+j,h-1),0);   
         int pz= max(min(z+k,d-1),0);
         
         double p = getPixel(px,py,pz);
         
      // open it end  2009-05-03  
         
      // with out boundary begin 

                    // int px= x;   // newly added without boundary conditioning  2009-
05-03
                   //  int py= y;   // newly added without boundary conditioning  2009-
05-03               
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                   //  int pz= z;   // newly added without boundary conditioning  2009-
05-03
                 
                     
                   //  double p = getPixel(px,py,pz);  // newly added without boundary 
conditioning  2009-05-03
                     
                     //without boundary end 
                     

            
         
          
          wsum += p*psf.getPixel(i+ 

psf.w/2,j+psf.h/2,k+psf.d/2);
          
            

           
    

      }
             
         copy.putPixel(x,y,z, wsum);

                    
  }
  
  }
 }

  
 return copy;
}

 
public void setPSF(double D)

{
//double psf_sum=0;
double x0= w/2.0;
double y0= h/2.0;
double z0= d/2.0;

  for(int x=0; x < w; x++   ){
  for( int y=0; y < h; y++ ){
  for( int z=0; z  < d; z++  ){
  double x2=(x-x0);
  x2*=x2;
  double y2=(y-y0);
  y2*=y2;
  double z2=(z-z0);
  z2*=z2;
  putPixel(x, y, z, Math.exp( - ( x2 + y2 + z2 ) / D ));
  }
  }
  }
  normalize(1);

}

public void printPlane(int z)
{
for(int y=0; y < h; y++ )

{
for(int x=0;x<w;x++)

System.out.print(""+getPixel(x, y, z)+"\t");
System.out.println();
}

}

public void addNoise(double p)
{
//later, add poisson noise, or normal

}
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/**
 * assume PSF normalized
 * @param psf
 */

 
public static int min(int a, int b )
{
  if (a > b) 
  return b;
  else return a;
}

public static int max(int a, int b )
{
  if (a > b) 
  return a;
  else return b;
}

// -- new  Richardson - lucy deconvolution 
public static void deconvolvelucyIteration(Stack psf,Stack convolvedImage,Stack in, Stack 
out , double rela)
  {
  
  double relax=rela; 
 
      //relaxation. 0=full relax. 1=no relax. what is the optimal value? criterias in 
book?
     
  
  int zw=psf.d/2;
  
  
    
  
  for(int x=0; x < in.w ;x++){
     for( int y=0 ; y < in.h ; y++ ){
        for( int z=0 ; z  < in.d ; z++  ){ 

        //operation the inside the psf and image 

        double convolution=0.0; 

   for(int i=-psf.w/2; i <= (psf.w /2);i++)
     for( int j=-psf.h/2 ; j <= (psf.h/2) ; j++ )
            for( int k=-zw ; k  <= zw  ; k++  )
                       {

                           //open it begin 2009-05-03
                           int px= max(min(x+i,in.w-1),0);
                           int py= max(min(y+j,in.h-1),0);                  
                           int pz= max(min(z+k,in.d-1),0);
                       
                           
                           double p = in.getPixel(px,py,pz);
                           // open it end  2009-05-03                          
                       
                        
                       // with out boundary begin 
                       //int px= x;   // newly added without boundary conditioning  2009-
05-03
                       //int py= y;   // newly added without boundary conditioning  2009-
05-03               
                       //int pz= z;   // newly added without boundary conditioning  2009-
05-03
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                       //double p = in.getPixel(px,py,pz);  // newly added without 
boundary conditioning  2009-05-03
                       
                       //without boundary end 
                       
                       
                           
                           convolution += p*psf.getPixel(i+ psf.w/2,j+psf.h/2,k+zw);
                                          
                          
                           
                           
                      }
                    
    double result = in.getPixel(x, y, z) * (convolvedImage.getPixel(x,y,z) /convolution);
           
    out.putPixel(x,y,z,relax*result+(1-relax)*in.getPixel(x,y,z));          
     
     
     
        }
        
    }
}

  
}    

// --end  Richardson - lucy deconvolution 
  

public static void deconvolveIteration(Stack psf,Stack convolvedImage,Stack in, 
Stack out , double rela)

{

double relax=rela; 
     

//relaxation. 0=full relax. 1=no relax. what is the optimal value? 
criterias in book?

//TODO: border
   

/* Stack copy=new Stack(w,h,d);  
int zw=psf.d/2;
 for(int x=psf.w/2; x < w - (psf.w /2);x++){
  for( int y=psf.h/2 ; y < h - (psf.h/2) ; y++ ){
  for( int z=psf.d/2 ; z  < d - (psf.d/2)  ; z++  ){ 

          double wsum=0.0;
          double  centervalue = 

this.getPixel(x,y,z)*psf.getPixel(psf.w/2,psf.h/2,psf.d/2);  // It multiply the center 
pixel of psf and image and put to centervalue      

          //opration the inside the psf and image 
         for(int i=-psf.w/2; i < (psf.w /2);i++)
      for( int j=-psf.h/2 ; j <(psf.h/2) ; j++ )
      for( int k=-zw ; k  < zw  ; k++  ){
      //sum up each and every pixel of image after 

multiplying with the surrounding pixel of psf 
             wsum += 

this.getPixel(x+i,y+j,z+k)*psf.getPixel(i+ psf.w/2,j+psf.h/2,k+psf.d/2);
      

      }      
      copy.putPixel(x,y,z, (wsum - centervalue)); 

//copy.normalize() return psf_sum
               

  }
  
  }
   
 } */

int zw=psf.d/2;
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//int min=0;
//int max=0;

//new begin

//for (int ii=0; ii< 3; ii++) {
//new end
//int px,py,pz;

    //Stack copy=new Stack(w,h,d);              
//  for(int x=psf.w/2; x < in.w - (psf.w /2);x++){
//   for( int y=psf.h/2 ; y < in.h - (psf.h/2) ; y++ ){
//   for( int z=zw ; z  < in.d - (zw)  ; z++  ){ 
      

for(int x=0; x < in.w ;x++){
     for( int y=0 ; y < in.h ; y++ ){
     for( int z=0 ; z  < in.d ; z++  ){ 

  //opration the inside the psf and image 
                   
        

  double convolution=0.0; 
  

       for(int i=-psf.w/2; i <= (psf.w /2);i++)
       for( int j=-psf.h/2 ; j <= (psf.h/2) ; j++ )
      for( int k=-zw ; k  <= zw  ; k++  )
         {

             
         
           //open it begin 2009-05-03
            int px= max(min(x+i,in.w-1),0);

                  int py= max(min(y+j,in.h-1),0);   
            int pz= max(min(z+k,in.d-1),0);
        
            double p = in.getPixel(px,py,pz);
        
         
       
           // open it end  2009-05-03    
           
           
         
          // with out boundary begin 
                   // int px= x;   // newly added without boundary conditioning  2009-05-
03
                   // int py= y;   // newly added without boundary conditioning  2009-05-
03               
                   // int pz= z;   // newly added without boundary conditioning  2009-05-
03
                
                    
                    //double p = in.getPixel(px,py,pz);  // newly added without boundary 
conditioning  2009-05-03
                    
                    //without boundary end 
                 
           
                    convolution += p*psf.getPixel(i+ psf.w/2,j+psf.h/2,k+zw);  
           
           
           
           
           
      }
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          //--begin new 
          double centervalue=in.getPixel(x,y,z)*psf.getPixel(psf.w/2,psf.h/2,zw);    

          double result = (convolvedImage.getPixel(x,y,z)-(convolution-centervalue)) / 
psf.getPixel(psf.w/2,psf.h/2,zw); 
          
 
          out.putPixel(x,y,z,relax*result+(1-relax)*in.getPixel(x,y,z));          
          
          
          
          //--end new

  
  }
  
  }
 }
 
 
//}
     

}

public void deconvolve(Stack psf, Stack orig,double rela)
{
FileOutputStream fileout;
DataOutputStream dataout; 

Stack convolved=new Stack(this);

String s = "";

long bi = System.currentTimeMillis();
  
   //newly added begin mixed algorithms 2009-04-14 

   //newly added end mixed algorithms 2009-04-14

for(int i=0;i<40;i++)
{

  
// open this after testing mixed algorithms  begin

//deconvolveIteration(psf,convolved,this,this,rela);   //Guess-seidal 
algorithms

 
 deconvolvelucyIteration(psf,convolved,this,this,rela);  //Richardson-Lucy 

algorithm
 
   Stack tempOut=new Stack(this.w,this.h,this.d);
 

//deconvolveIteration(psf,convolved,this,tempOut,rela);   //Guess-
seidal algorithm

 
 deconvolvelucyIteration(psf,convolved,this,tempOut,rela);   // 

Richardson-Lucy algorithm
 
 
// open this after testing mixed algorithms  end

// newly added begin mixed algorithms 2009-04-14
 
     //deconvolvelucyIteration(psf,convolved,this,this,rela);

   //deconvolveIteration(psf,convolved,this,this,rela);   //Guess-
seidal algorithms

   //Stack tempOut=new Stack(this.w,this.h,this.d);

 //if( i < 20 ) 
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   //deconvolveIteration(psf,convolved,this,tempOut,rela); 

//Guess-seidal algorithm
 

 //else  
   
   //deconvolvelucyIteration(psf,convolved,this,tempOut,rela);   // 

Richardson-Lucy algorithm

//newly added end mixed algorithms 2009-04-14

pix=tempOut.pix;
 
 

      
   double sum_diff=0.0;
    

for(int x=0; x < w ;x++)
   for( int y=0 ; y < h  ; y++ )
   for( int z=0 ; z  < d ; z++  ){ 
     sum_diff += Math.abs( this.getPixel(x,y,z)-

orig.getPixel(x,y,z) );
    

    } 
   
      
   
   double add_dimention=w*h*d; 
   double mue=sum_diff /  add_dimention; 

       
 //newly added end mixed algorithms 2009-04-14
  
     
  
 //newly added end mixed algorithms 2009-04-14 
   
   System.out.println("iteration number=" +(i+1)+ " expecter value= 

" +mue+ "  " + rela + "\n");
       
       
       //System.currentTimeMillis(); 
       
       s = s +  Double.toString(mue)  + "  " + (System.currentTimeMillis()-bi)/100 

+ " "  +  Integer.toString(i+1) +   " "+ rela +  "\n" ;
       
        
       
      // s = s + Integer.toString(i+1) + "  " + (System.currentTimeMillis()-bi)  + 

" "  +  Double.toString(mue) +   " "+ rela +  "\n" ;
       
              
       //s = s + Integer.toString(i+1) + "  "  +  Double.toString(mue) +   " "+ 

rela +   " " + (System.currentTimeMillis()-bi)  +     "\n" ;
       
       
       
       //s = s + Integer.toString(i+1) + "  "  +  Double.toString(mue) +   " "+ 

rela +  "\n" ;  
          

     
  // eleminate it

     
       //rela = rela + 0.01; 

       

}
 
try{

  // Create file 
  // FileWriter fstream = new FileWriter("out.txt");

85



//FileWriter fstream = new FileWriter("out.txt",true); // append data to the end 
of  the file 

FileWriter fstream = new 
FileWriter("/Users/mehadi/Documents/updaterelaxation/update_Richson_Over1.6rrelaxiteratio
n_i40.txt",true);  // added newly 2009-04-13

  BufferedWriter out = new BufferedWriter(fstream);
      
  out.write(s);
  
  
  //Close the output stream
  out.close();
  }catch (Exception e){//Catch exception if any
    System.err.println("Error: " + e.getMessage());
  }

}

}
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