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Abstract 
All but the simplest physical systems contains mechanical joints. The behavior 
of these joints is sometimes the dominant factor in over all system behavior. The 
potential for occurrence of microslip and macroslip normally makes the behavior 
of joints non-linear. Accurate modeling of joints requires a non-linear 
framework. As clamping pressures are typically random and variable, the 
behavior of the joints becomes random. Joint geometries are random along with 
other unknowns of the joints.  

Two different methods for measuring the energy dissipation are explained. In the 
experimental method, the energy dissipation of a non-linear joint is calculated 
from the slope of the envelope of the time response of acceleration. The 
simulation work is carried out by considering a smooth hysteresis model with 
the help of Matlab programming. Finally, the parameters are extracted for a 
specific non-linear system by comparing analytical and experimental results. 
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Effective Damping, Frequency Response Functions, Dynamic Frequency 
Mobilyzer, accelerometer, Mathematical Model, MATLAB. 
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1  Notation 

Variables and functions 
Symbol  Meaning                Dimension 

 

A  Area   m2 

c  Viscous damping  N/ms 

F  Input Force   N 

Fd  Slip force   N
  

Frev  Force at reversal points  N 

G  Nonlinear force  N 

H[⋅]  Hilbert transform  m2/s 

k  Spring stiffness  N/m 

kd  Sticking spring constant  N/m 

m  Mass   Kg 

n  Integer   - 

N  Exponent of nonlinear component - 

Q  Quality factor  - 

t1  Lower unit of time integral  s 

t2  Upper unit of time integral  s 

T  Transmissibility  - 

U  Energy loss/Cycle  J/cycle 

x   Displacement  m 

x&   Velocity   m/s 

x&&   Acceleration   m/s2 
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Xrev  Displacement at reversal points m 

X   Relative displacement  m 

X(t)  Filtered Response  m2/s 

φ  Phase Angle   rad 

σ  Stress   N/m2 

ε  Strain   - 

ζ  Damping factor  - 

ζeff  Effective damping  - 

η(t)  Envelope of Signal  m2/s 

ω  Resonant Frequency  rad/s 

ωn  Undamped Resonant Frequency rad/s 
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2 Introduction 

2.1 Background 

The dynamics of structures with mechanical joints is a topic of special 
interest because joints exist in practically every complex structure and they 
strongly influence structural performance. Most structures are prevented by 
design and manufacturing considerations from being constructed 
monolithically (of one solid piece of material); therefore, they are normally 
assembled from parts, and the interfaces where components are connected 
are joints. Lap joint is one of the several types of joints. A lap joint consists 
of one or more components through which a bolt passes. A nut clamps the 
components together. The clamping pressure acting on the components 
between the head of the bolt and the nut holds the joint together. A feature 
common to all lap joints is that they dissipate energy through the action of 
microslip and macroslip. 

The behavior of mechanical joints in structural dynamic systems has been 
studied extensively. Gaul and Nitsche (2002) present an overview of 
several mathematical models for the simulation of mechanical joint 
behavior, including quasi-static models like the signum-friction models and 
elasto-slip models, as well as dynamic models like the Lu-Gre model, the 
Valanis model, and other models. Smallwood, Gregory and Coleman 
(2001) have developed a model to simulate the behavior of joints that 
execute microslip. The latter model had been investigated by Richard 
Aumanna, William Gregory, Thomos L. Paez, Angel Urbina and Danny 
L.Gregory in the publication named “A Model for Stochastic Mechanical 
Joints”.  This part of work is based on this publication and carries the same 
investigation. 

 

2.2 Aim & Purpose 

The aim of this work is to assess energy dissipation in the lap joint structure 
and to perform parameter identification for this joint through experimental 
work and analytical work. The aim of this work is also to simulate the 
behavior of mechanical joints in structural dynamic systems. 
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 The purpose of this work is to reduce the inability to include accurate 
damping models for bolted connections which limits the accuracy of 
structural models to predict dynamic response. The other purpose is to 
discuss about experiments utilizing a system simulating a bolted shear joint 
to investigate frictional damping associated with microslip. 

 

2.3 Problem analysis 

Structures are random because their materials, geometries and their internal 
and external boundary conditions are random, among other reasons. Much 
of the randomness in structures can be attributed to the stochastic behavior 
of joints. The behavior of joints is random because clamping pressures are 
typically random and variable, surface finishes are random and changes 
with time, joint geometries are random, assembly procedures are random 
along with the other unknowns of the joint. Furthermore uncertainty in our 
knowledge of structures can be attributed to noise in measurement systems.  

 

2.4 Limitations 

A great deal of research has been focused on examining the dynamics of 
bolted mechanical joints; however, their behavior is still not completely 
understood since it is often nonlinear. This nonlinear behavior makes it 
impossible to calculate 100 percent accurate energy dissipation. 

 

2.5 Disposition 

An experiment explained in the Smallwood’s article “A Model for 
Stochastic Mechanical Joints” is used to evaluate the damping associated 
with bolted joints in flexure. The test structure (provided by Prof. Kjell 
Ahlin) shown in figure 2.1 is used in the experimental setup. The structure 
is a symmetric beam assembled from four components. All the components 
are made from the steel bar. These are joined using double lap joint. Two 
bolts with two washers and a nut on each are used to clamp the assembly. 
The structure is suspended from elastic supports attached to a stationary 
arm. The elastic supports are positioned at the nodes of the first flexural 
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mode. The structure is excited with a hammer, equipped with force 
transducer and the beam motions are measured with a piezoelectric 
accelerometer. The excitation force and motion responses are captured 
using a Data Physics two-channel signal analyzer. The measured time 
response is band pass filtered around the first flexural mode of the system. 
The envelope of a filtered response is computed using the Hilbert 
transform. The effective damping is calculated by computing the natural 
logarithm of envelope, fitting a straight line via least squares to the data as 
a function of time, and dividing the slope o the line by first resonance 
frequency. This is calculated for several overlapping time intervals of the 
envelope. Appropriate graphs are plotted and shown in the report. All this 
procedure is grasped from the Smallwood’s article “A Model for Stochastic 
Mechanical Joints”. 

 
Figure 2. 1 Test Structure. 

In the simulation work a m-c-k system attached with hysteresis element is 
taken and an impulse force is applied to the system. The simulation of the 
hysteresis damping is carried out with the help of a mathematical 
expression. This is implemented with the help of Matlab script (provided by 
Prof. Kjell Ahlin). The time response of displacement is extracted from the 
Matlab function. The extracted time response is differentiated twice with 
respect to time to get the time response of the acceleration. The parameters 
are adjusted to get the similar response like the one from the experimental 
part. The effective damping is calculated in the similar way done in the 
experimental part. The parameters are extracted. Here also appropriated 
graphs are plotted. 
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3 Mechanical Joints 

3.1 Introduction 

A most important factor in machine design and structural design is the rigid 
fastening together of different components. This should include the 
following considerations. 

 

• Assembly 
• Accuracy of positioning 
• Ability to hold components rigidly together against all forces 
• Requirement to separate components 
• Retention of fastening over time 

There are many methods of fastening items together including 

• Bolting 
• Rivetting 
• Pins 
• Keys 
• Welding/Soldering/Brazing 
• Bonding 
• Velcro 
• Magnetism 

These notes relate primarily to the bolted joint.   The bolted joint is a very 
popular method of fastening components together.  The prime reason for 
selecting bolts as opposed to welding or rivets is that the connection can be 
easily released allowing disassembly, maintenance and/or inspection. 

The bolts/screws are generally used in groups to fasten plates together.   A 
bolt is a screwed fastener with a head, designed to be used with a nut.   A 
screw is a fastener designed to be used with a formed female thread in one 
of the components being attached. 
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3.2 Mechanical Lap Joint – Functional Description 

A lap joint is one where two or more structural elements are joined by a 
bolt passing through overlapping surfaces of the components. The clamping 
pressure between the head of the bolt and the nut joins the components and 
is meant to prevent gross slippage. Coulomb friction prevents gross 
slippage between the interfacing surfaces. The normal force between the 
surfaces is generated by the clamping pressure of the bolt. The normal force 
is not uniform across the interface; rather it is a maximum under the head of 
the bolt and decreases radially with the distance from the bolt center line. 
Therefore, while the high normal force under the bolt prevents gross 
slippage, the decreasing normal force away from the center line permits the 
possibility for microslip to occur.  

Microslip is the normal mechanism by which mechanical joints dissipate 
energy. Local relative motion of the components in contact results in 
dissipation of energy through friction. There exists a region of a high 
normal force in the interface of every lap joint cause by the clamping 
pressure from the bolt. In this region large frictional forces resisting motion 
are possible. These large frictional forces prevent gross relative motion of 
the components connected by the joint. Because no relative motion occurs 
in the no-slip region, the strain, and therefore the stress match in the 
interfacing components. While the clamping pressure under the bolt forces 
the stress states to match in that area, further more the bolt center line 
where the clamping pressure is lower, the stress and strain fields differ 
between components. The difference in strain fields results in microslip-
local, very small magnitude slippage at the joint interface.  
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4 Damping 

4.1 Introduction - General considerations of 
damping 

The etymology of the word, ‘damping’, is difficult to determine. It is 
obviously allied with the word ‘damper’, commonly defined as a ‘device 
that decreases the amplitude of electronic, mechanical, aerodynamic or 
acoustical oscillations--used for centuries. 

The multiplicity of terms, to describe the loss of oscillatory energy to heat, 
is no doubt an indicator of the complexity of damping phenomena in 
general. Damping causes a portion of the energy of an oscillator, otherwise 
periodically exchanged between potential and kinetic forms, to be 
irreversibly converted to heat, sometimes by way of acoustical noise.  
Whether by suitable choice of materials during design of passive 
equipment, or by using feedback in active control of a sophisticated system; 
control of damping is important, since mechanical vibrations can be 
detrimental or even catastrophic. 

The optimal amount of damping for a given system might fall anywhere in 
a wide range from great to extremely small, depending on system needs.  
The engineering world frequently wants oscillations to be as close to 
critically damped as possible. Frequency standards the world over require 
very small damping to insure high precision for timekeeping. 

For the specific components of a system, a successful design frequently 
requires identification of the specific mechanisms primarily responsible for 
the dissipation of energy.  Even after identifying the dominant sources, the 
theoretical difficulty of their treatment can also range from great to small, 
depending on the type of damping.  For dashpot fluid damping, adequate 
models have existed for decades.  For material damping, on the other hand, 
theories of internal friction are numerous and largely lacking in self 
consistency. 

The fundamental mechanisms responsible for damping are in most cases 
nonlinear; however, the oscillator's motion can itself be approximated in 
many cases by a linear 2nd order differential equation.   If the potential 
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energy is quadratic in the displacement, then the undamped linear equation 
of motion is that of the simple harmonic oscillator; because its solution is a 
combination of the sine and cosine (harmonic) functions.  This undamped 
equation comprises the sum of two terms, one being a displacement, and 
the other term acceleration.  The constant parameter multiplying each term 
of the pair depends on the nature of the system.  For example, in the case of 
a mass-spring oscillator, the acceleration is multiplied by the mass, and the 
displacement by the spring constant. 

4.2 Characterization of Damping 

This section presents an investigation into friction damping and vibrations 
of beams with bolted lap joints. A built-up beam specimen is considered. 
The specimen is shown schematically in figure 4.1. It consists of two long 
beam segments joined at the center by symmetric plates. The plates connect 
to the beams in a lap joint configuration, fastened with a bolt. 

  
Figure 4. 1 Schematic of beam specimen. 

During vibration the jointed beam system assumes shapes like that shown 
in figure 4.2. At the interface between each beam segment and the plates 
that support it, longitudinal stress in the beam is great and longitudinal 
stress in the plates that form the joint is near zero. In view of this slippage 
(sometimes too small to measure accurately) occurs. Because the surface of 
any real structure element is rough, to some extent, energy dissipation 
occurs. This experiment and analysis attempt to characterize and model the 
effects of this energy dissipation. 
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Figure 4. 2 Jointed beam schematic. 
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5 Methods for measuring Energy 
 Dissipation 

5.1 Measuring the energy loss by finding the area     
within the Force/Relative Displacement 
Hysteresis Loop 

The general way to measure the energy loss for the harmonic motion of a 
structure is to measure the area of force vs. relative displacement hysteresis 
plot. A linear m-c-k system as shown in the Figure 5.1 is considered. A 
harmonic force F is applied on the system and the relative displacement x is 
calculated. The energy loss per cycle is calculated by measuring the area of 
‘Force versus Relative Displacement’ hysteresis loop.  

m

c k

F

X

m

c k

F

X

 

Figure 5. 1 A typical linear system. 

 

Let us take the external harmonic force as tFF ωsin0= , in which 0F  is the 
force amplitude and ω is the driving frequency. 

The equation of motion for the considered m-c-k system is 

    tFkxxcxm ωsin0=++ &&&                                                                   (5.1) 
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Let us take 
m
k

n =ω and )2/( nmc ως = ,  

Where nω is the natural circular frequency and has the units radians per 
second,  

ς is a non-dimensional factor, called as viscous damping factor or damping 
ratio 

Substituting these variables in the above equation, the equation of motion 
becomes 

     
m

tF
xxx nn

ω
ωςω

sin
2 02 =++ &&&                                                  (5.2) 

Let us take the relative displacement as )sin(0 φω −= txx , where 0x is the 
amplitude of displacement and φ is the phase difference between the 
applied force and the relative displacement. 

The amplitude of displacement and phase angle are calculated by 
substituting the expression )sin(0 φω −= txx in to the above equation of 
motion. 
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The energy loss per cycle U is calculated by measuring the area of the 
‘force vs. relative displacement’ hysteresis loop. 
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The area of the hysteresis loop is calculated as follows 

Let’s take θω =t  

     ∫= FdxU  

θ
θ

π

d
d
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2

0
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0
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Substituting equations (5.3) & (5.4) in to equation (5.5) gives, 

     0FU π=
222222

0

21

2

21 ⎥⎦
⎤

⎢⎣
⎡+⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛−⎥⎦

⎤
⎢⎣
⎡+⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛−

nn

n

nn

k
F

ω
ςω

ω
ω

ω
ςω

ω
ςω

ω
ω

 

     ( ) ( )[ ]2222

2
0

2

2

ςωωω

ςωωπ

+−
=

n

n

k

F
U  

     ( ) ( )[ ]222

22
0

2
4

ςωωω
ωςπ

+−
=

nc
F

U                                                                  (5.6) 



 17

The above equation (5.6) gives the energy loss per cycle for harmonic 
motion. 

The energy loss is calculated for the following pre-defined values of  

m=3.1 kg,                                            
m
kf

π2
1

0 =  =104 Hz,  

c=31.2 Ns/m,                                         sf =2604 Hz,  

k=1.32e6 N/m,                                         0F =1N. 

Where 0f  is the resonance frequency. 

The energy loss per cycle is 

U=1.1509× 510− Nm. 

The above predefined values are selected by adjusting the parameters to get 
the simulation results in chapter (7) quite in proximity to the theoretical 
results. 

 The above theoretically measured energy loss is compared below with 
energy loss calculated from the simulation for the same parameters. 

 

5.1.1 Simulation of Linear System 

The simulation is carried out with the help of Matlab programming 
language. A harmonic force tFF ωsin0=  is created with driving 
frequency 0f , sampling frequency sf for a certain time period t= [ ]21 , tt , and 
this force is applied on the m-c-k system. The relative displacement is 
calculated.  The relative displacement is as shown in the Figure 5.2. 
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Figure 5. 2 Time response of displacement. 

The obtained relative displacement has a transient part for a small starting 
time period. This transient part is removed by taking out the response 
during the first one second and the corresponding applied force was also 
removed. A graph is plotted between the applied force and relative 
displacement. The resulting plot is a hysteresis loop as shown in the Figure 
5.3. 

 

Figure 5. 3 Relative Displacement versus Force Hysteresis Curve. 
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The energy loss is calculated by measuring the area of the hysteresis loop. 
The calculation of energy loss is calculated as follows, 

Energy loss= ∫ Fdx . 

Here the force is applied for a certain time period and the displacement is 
calculated correspondingly. The integration between the applied force and 
relative displacement gives the total energy loss for all the cycles during the 
applied time period. 

Total energy loss=∑
=

n

i
Fdx

1
    

     ∑
=

=
n

i

dtxFW
1

&  

     ∑
=

=
n

i sf
xFW

1

1
&                                                                                      (5.7) 

Where n is the size of the force and displacement vectors. 

The energy loss per cycle is calculated by dividing the total energy loss 
with total number of cycles. 

 Total number of cycles = ×0f considered time period. 

Energy loss per cycle =
 cycles ofnumber  Total

lossenergy  Total  

The energy loss is calculated for the following pre-defined values of  

m=3.1 kg,                                              
m
kf

π2
1

0 =  =104 Hz,  

c=31.2 Ns/m,                                          sf =2604 Hz,  

k=1.32e6 N/m,                                        0F =1N. 
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The energy loss per cycle is U = 1.1562× 510− Nm. 

The energy loss calculated from the theory and simulations are almost the 
same.  

The energy loss per cycle for different force levels is calculated and plotted 
against each other. The resulting plot is as shown in the Figure 5.4. 

 

Figure 5. 4 Energy Loss per cycle. 

 

The equivalent viscous damping ratio is calculated as follows, 

In a SDOF system, all the energy loss comes from the damping force, 
which is xc& . 

The energy loss per cycle ∫= dxxcU &  

     ∫= θ
θ

d
d
dxxcU &  

Where   

     txx ωsin0=  
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     txx ωω cos0=&  

Therefore    

     ∫ ⋅=
π

θθθω
2

0
00 coscos dxxcU  

     2
0xcU ωπ=  

For forced harmonic motion Thomson [12] defines an equivalent viscous 
damping for systems with other types of damping on the basis of an 
equivalent energy dissipated per cycle. 

Energy loss per cycle 2
0xcU eqωπ=  

Here 0x  is the magnitude of displacement 

     2
0x

Uceq πω
=  

The equivalent viscous damping ratio is 

     
mk

ceq
eq 2
=ς  

A graph is plotted between applied force and equivalent viscous damping 
ratio for different force levels. The resulting graph is shown in Figure 5.5. 
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Figure5. 5 Equivalent viscous damping ratio. 

From the above Figure 5.5 it is clear that for a linear system viscous 
damping ratio is independent of force amplitude and it is same for all the 
force levels. In case of linear system, energy loss is only due to the damper. 
The equivalent viscous damping from the simulation eqc =30.5 Ns/m is same 
for all the force levels and is almost equal to the viscous damping c =31.2 
Ns/m, which was used as input to the simulation. 

 

5.1.2 Simulation of Non Linear System 

The simulation is done for a nonlinear system as shown in the Figure 5.6. 
The nonlinearity of the system is described with the element r in the figure. 
A harmonic force tFF ωsin0= is applied on the nonlinear system with a 
driving frequency of 0f  =104 Hz and the relative displacement is 
calculated in the similar manner as in linear system. 
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m

c k  r 

 
 

Figure 5. 6 A typical nonlinear system with nonlinear element r. 

 
Figure 5. 7 Time Response of Displacement. 

The velocity of the system is calculated by differentiating the displacement 
with respect to time. The acceleration is calculated by differentiating the 
velocity with respect to time. The relative displacement is as shown in the 
Figure 5.7.  

A graph is plotted between the applied force and relative displacement. The 
resulting plot is a hysteresis loop as shown in the Figure 5.8. 



 24

 

Figure 5. 8 Relative Displacement versus force Hysteresis Curve. 

The equation used to get the nonlinear behaviour (hysteresis behaviour) of 
the system in simulation process is, 
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                        (5.8) 

Where x is the relative displacement, Kd is the sticking spring constant, Fd 
is the slip force, N is the exponent of non-linear term and Freverse & Zreverse 
are force and relative displacements at the reversal points of the hysteresis 
curve.  

The energy loss per cycle and equivalent viscous damping ratio for the 
nonlinear system are calculated in the similar way as in the linear system. 
The plots of energy loss per cycle and equivalent viscous damping ratio are 
as shown below. 
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Figure 5. 9 Energy loss per cycle. 

 
Figure 5. 10 Equivalent viscous damping ratio as a function of response 

acceleration amplitude. 

From the above figure 5.10 it is clear that at the lower force levels the 
system behaves like a linear system and the viscous damping ratio is same 
for all the force levels. With the increasing force levels the behavior of the 
system is nonlinear and viscous damping ratio increases with increasing 
force amplitude. If the force is increased further the behavior of the system 
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is again linear and the viscous damping ratio is same for all the force levels. 
Comparing Figure 5.10 with Figure 7.3 the behavior of the system is 
nonlinear at the resonance frequency and the viscous damping ratio 
increase with increase in force levels. 

 

5.2 Measuring the Energy Dissipation from the  
slope of the Envelope 

The energy dissipation in this method is calculated by taking the slope of 
the envelope of the measured response. A metric that captures the decay in 
structural response is used to access the energy dissipation in the structures. 
The responses are band-pass filtered around the first flexural mode of the 
system.  

The envelope of the filtered response can be computed using the Hilbert 
transform. If the x (t) is a measured filtered response in the time interval 
[0,T], and H[x(t)] denotes the Hilbert transform. 

Then the envelope of the signal is  

     )]([)()( 22 txHtxtn +=                                                  (5.9) 

The metric is the estimated value of ζ (damping factor) over small 
subintervals in the time interval [0, T]. The estimate is established in the 
interval [t1, t2], by computing the natural logarithm of η(t), in [t1, t2] fitting 
a straight line via least squares to the data as a function of time, and 
dividing the slope of the line by frequency, ω. This is computed over 
several overlapping time intervals for the envelope of η(t). 

The experimental procedure of the above method is explained in the 
following chapter.  
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6 Experiment & Analysis 

6.1 Experimental Configuration 

The test structure shown in figure 6.1 was evaluated in the experiment. The 
structure consisted of two ten inch long steel beams connected by a lap 
joint. Dimensions are provided in the figure. The beam thickness and width 
are ¼ inch and 1 inch respectively. Two ¼ inch steel bolts with washers 
were used to sandwich the ends of the ten inch beams between two 3 ¼ 
inch long plates of steel. A ½ inch space was left between the ends of the 
10’’ beams. 

 
Figure6. 1 Segmented beam geometry. 

During testing the beams were suspended from an elastic supports attached 
to a stationary arm. To minimize the boundary condition effects on the 
motion of the beam, the elastic supports were positioned at the nodes of the 
first flexural mode. 

The beam was instrumented with one piezoelectric accelerometer fixed 
with wax to the beam, approximately ¼ inch from the end of the beam. It 
was also connected to channel 2 of the signal analyzer. The accelerometer 
sensitivity and range were 8 mV/g and 3.5 g respectively. Excitations were 
generated using the hammer with a force transducer which is connected to 
the channel 1 of the signal analyzer. The force transducer on the hammer 
(PCB086C03) has a range of 0-2200 N and sensitivity of 2.3 mv/N. All 
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impacts were applied, nominally, at the center of the beam and at 
approximately the same force level. Because the test impacts were 
nominally centred on the beam the non-symmetric modes were only 
minimally excited. 

 

 

 

 

 

 

Figure 6. 2 One of the nominally identical test structures (beam) with 
instrumentation. 

 

6.2 Analysis of Experimental Data 

Force and acceleration data were collected through the Data Physics two-
channel digital signal analyzer. The used data acquisition system is of type 
SignalCalc Mobilyzer® manufactured by Data Physics ® Corporation. The 
setup of the Mobilyzer® is shown in fig 6.3. 

Accelerometer Impact Location 
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Figure 6. 3 SignalCalc Mobilyzer Setup. 

Initially signal analyzer was set to auto-run mode. The frequency span was 
taken as 0 Hz to 160 Hz. The number of lines was set to 4000. 5 runs were 
averaged to estimate the beam frequency response functions. The test 
structure used in the experiment consists of a bolted joint at the center. 
Because of this joint the structure is nonlinear. Because of nonlinearity it is 
not possible to calculate the FRF, therefore the system is approximated with 
a nearly linear system. However, each time response was saved 
individually. The time histories were exported as ASCII text files to be 
analyzed in MATLAB.   

A sequence of experiments was designed to assess randomness in structure 
to structure variation. Four random structures were fabricated. An 
experiment was performed on each random structure. Each test consists of 
3 runs. During each run an impact is applied to the structure and its 
response measured. The effective damping curves for all the four random 
structures are shown in figure 8.5. It was observed that there is certainly 
very recognizable random variation among the effective damping behaviors 
of the random structures. 
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6.3 Calculation of energy dissipation 

The time responses were band-pass filtered around the first flexural mode 
of the system. The measured first mode frequency was near 109 Hz; 
therefore, the measured responses were filtered in the band [80, 140] Hz. 
This filtering process was done with the butter filter. The envelope of a 
filtered response was computed using the Hilbert transform. 

The effective damping is calculated by computing the natural logarithm of 
envelope, η(t) in the time interval [t1, t2] fitting a straight line via least 
squares to the data as a function of time, and dividing the slope of the line 
by frequency ω. Over several overlapping time intervals for the envelope, 
this was calculated. The effective damping was plotted as a function of 
acceleration amplitude. 

The effective damping was computed for every impact response of every 
random structure. The effective damping curves for all the four random 
structures were drawn. The curves are shown in chapter 8. 
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7 Mathematical model 

7.1 Introduction 

Simulation of the behavior of mechanical joints in structural dynamic 
systems was carried out by smooth hysteresis model for a non-linear system 
with the application of random force on it. Experimental responses of joints 
captured from the signal analyzer in systems excited by structural dynamic 
excitation were compared with the simulation results. The entire simulation 
work was carried out by using programming language MATLAB. 

7.2 Theory 

The system of mechanical joints can be classified as linear and non-linear 
systems. The linear system may be described by: 

• Mass (m), viscous damping (Proportionality constant for the 
damper) (c), Spring Stiffness (k) 

• Mass (m), Spring stiffness (k) and Model damping 

• Residues and Poles 

The typical linear system is represented as shown in the figure 7.1. 
 

m

c k

 
 

Figure 7. 1 A typical linear system. 
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The non-linearity of the system can be described by: 

• Hardening spring 

• Softening spring 

• Bi-linear stiffness 

• Friction 

• Dead zone 

• Stick-slip 

The typical non-linear system is represented as shown in the figure7.2. 
 

m

c k  r 

 
 

Figure 7. 2 A typical nonlinear system with nonlinear element r. 

The equation of motion for a linear m-c-k system is explained by  

     )(  c tFxkxxm =++ &&&                                                                          (7.1) 

where x  is displacement, x&  is velocity, x&&  is acceleration and F(t) is input 
force. 

The above equation is solved by taking the Laplace transform on both 
sides. It gives 

     ( ) ( ) ( )sFsXkcsms =++  2                                                                   (7.2) 
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This expression leads to the dynamic transfer function, H(s), between F(s) 
and X(s) given by 

     ( ) ( )
( ) 22 2

1

ooss
m

sF
sXsH

ωζω ++
==                                                  (7.3) 

This is the “standard form” solution for second order mechanical 
differential equations, with 

     
mk
c

m
k

o 2
    and   == ζω                              (7.4) 

Where oω  is the undamped natural (angular) frequency in [rad/s] and ζ 
(zeta) is the relative damping, which is dimensionless. The homogeneous 
solution (the free oscillations) to Equation are obtained from the poles of, 
which are 

      2
2,1 1 ζωζω −±−= oo js                                                  (7.5) 

 The equation of motion for a non-linear system is given by  

     )(k   tFGxxcxm =+++ &&&                                                  (7.6) 

Where G is non-linear force. 

This equation is solved by taking the Laplace transforms on both sides. 
This gives 

     ( ) ( ) ( )sFsGsXkcsms =+++ )( 2                                                  (7.7) 

The dynamic transfer function, H(s), is given by 

     )]()([
)()(

sGsF
sXsH
−

=
                                                  (7.8) 
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Figure 7. 3 FRF for SDOF with nonlinear element, sine sweep excitation, 

and different force levels. 

The above equation can be written as 

     )]()([ )()( sGsFsHsX −=                                                  (7.9) 

The frequency response function (FRF) for single degree of freedom 
system (SDOF) with nonlinear element for sine sweep excitation at 
different force levels for m=3.1 kg, c=31 N/ms, k=1.132*106 N/m, 
kd=1.122*104 N/m, Fd=5 N and N=25 is shown in the Figure 7.3. 

From Figure 7.3 it is clear that for the lower force levels the behavior of 
system linear, with the increasing forces the behavior of the system is non-
linear. If the force is increased further the behavior of system is again 
linear. Comparing Figure 7.3 with Figure 5.10 the behavior of the system is 
nonlinear at the resonance frequency and the viscous damping ratio 
increase with increase in force levels. 

 

7.3 Simulation & Analysis 

The non-linearity of our joint structure is described by nonlinear element 
‘r’. The figure 7.2 describes the non-linear system. The force captured from 
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the experiment is used as the hammer impact force to apply on the system. 
The hysteresis behavior of non-linear system is carried out with the help of 
a mathematical expression given by equation 7.10. The simulation of 
hysteresis behavior of a non-linear system is carried out using Matlab 
programming language. The typical hysteresis loop between force and 
relative displacement for the non-linear system is shown in the figure 7.4. 

 
Figure 7. 4 Force versus relative displacement hysteresis curve for a non-

linear system. 
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Where x is the relative displacement, Kd is the sticking spring constant, Fd 
is the slip force, N is the exponent of non-linear term and Freverse and Zreverse 
are force and relative displacement at the reversal points of the hysteresis 
curve. 



 36

The time response of displacement of the above considered non-linear 
system is calculated. This time response of displacement is differentiated 
twice with respect to time to get the time response of acceleration. This 
time response was band pass filtered in the band [80, 140] Hz. The 
envelope of the filtered response was computed using the Hilbert transform.  

The effective damping is calculated by computing the natural logarithm of 
envelope, η(t) in the time interval [t1, t2] fitting a straight line via least 
squares to the data as a function of time, and dividing the slope of the line 
by frequency ω. Over several overlapping time intervals for the envelope in 
figure, this was calculated. The effective damping was plotted as a function 
of acceleration amplitude. 

Parameters m, c, k, kd, Fd and N were adjusted to get the similar amplitude 
Vs effective damping graph like the one achieved from the experimental 
procedure. The parameters are m=3.1 kg, c=31 N/ms, k=1.132*106 N/m, 
kd=1.132*104 N/m, Fd=5 N and N=25.These parameters describe the 
energy dissipation of a mechanical joint up to an extent. 
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8 Results & Discussion 

Both experimental and analytical results are discussed here in this part with 
appropriate calculations and graphs. 

8.1 Experimental Results 

The experiments described in a previous section were performed and 
system excitations and responses were measured. Measured acceleration 
response of a jointed beam is shown in the figure 8.1 as a function of time. 

 

 
Figure 8. 1 Typical response time history for the jointed beam. 

The filtered acceleration response of the jointed beam with filter frequency 
range of 80-140 Hz is shown in Fig. 8.2.  Fig. 8.3 is the envelope formed by 
the analytical function of the Hilbert transform of the response time history. 
Though not apparent from the time history, the fundamental frequency of 
response of the jointed beam is 109 Hz. 
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Figure 8. 2 Typical filtered response time history for the jointed beam. 

The amplitude decay signals were analyzed as specified in the section “6.2 
Analysis of Experimental Data” section. Local linear estimate of damping 
factor was computed for the jointed beam and is shown in the figure 8.4. 
This figure depicts local linear estimate as a function of acceleration 
amplitude.  

 
Figure 8. 3 Envelope of typical response time history for the jointed beam. 
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Figure 8. 4 Experimental effective damping metric of the response as a 
function of response amplitude. 

The data in figure 8.4 shows that damping increases with acceleration 
amplitude in the jointed beam. Over the range of amplitudes considered in 
those experiments local linear damping factor estimates vary from about 
0.65 percent at amplitude of 0.2g to about 0.95 percent at amplitude of 5g. 

The effective damping was computed for every impact response of every 
random structure. It was observed that there was no much variation in the 
run to run results for the same structure; therefore, the results for all three 
runs for the same structure were averaged to form a characterization of each 
random structure. The effective damping curves for all the four random 
structures are shown in figure 8.5. It was observed that there is certainly 
very recognizable random variation among the effective damping behaviors 
of the random structures. 
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Figure 8. 5 Effective damping metrics for all four random structures. 

 

8.2 Simulation Results 

The nonlinear analysis described in the Mathematical Model Section was 
performed with the objective of simulating the behavior of the experimental 
system. This nonlinear analysis is modal-based. The response in a single 
mode is considered.  This modal analysis is an approximation for the 
nonlinear system. 

The modal analysis that forms the basis for analysis of the nonlinear beam 
yielded modal frequency of 104 Hz (versus 109 for the jointed 
experimental system). The reason for the difference between the analyzed 
modal frequency and the experimentally obtained frequency is primarily 
the imperfection of the mathematical models. The form of the friction 
model is given in equation (7.10). The parameters used in this investigation 
are: m=3.1 kg, c=31 N/ms, k=1.132*106 N/m, kd=1.132*104 N/m, Fd=5 N 
and N=25. 

The simulated acceleration response time history of the nonlinear beam in 
its first oscillatory mode is shown in figure 8.6 
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Figure 8. 6 Time response of acceleration for the non-linear system. 

 

.  
Figure 8. 7 Computed filtered acceleration response of a nonlinear system. 

The filtered acceleration response time history of the nonlinear beam in its 
first oscillatory mode is shown in figure 8.7, along with its envelope as 
represented by the analytic function of the Hilbert transform. This envelope 
is shown in the figure 8.8. 
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Figure 8. 8 Envelope of computed acceleration response of a nonlinear. 
system 

 

 
 

Figure 8. 9 Effective damping from simulated response as a function of 
response amplitude. 

The simulated time histories clearly mimic the experimental measurements. 
Further, the frequencies of motion accurately duplicate the fundamental 
frequencies of the experimental beam, but this should be expected because 
the modal approximation forces motion to occur at a particular frequency. 
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As for the experimental data, local linear damping factor estimates from the 
analyzed responses were computed. The results are shown in figure 8.9. 
These results are quite close to the simulation results shown in Figure 5.10, 
calculated from the area of the force verses relative displacement Hysteresis 
loop. 

Figure 8.9 shows that the damping factor in the nonlinear beam model is 
variable and resembles the damping factor from the experimental data 
obtained from the experiments on the jointed beam. This shows that the 
hysteresis model plausibly explains energy dissipation in the jointed beam. 
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9 Conclusions 

A bolted lap joint was monitored upon with experiments and mathematical 
modeling to characterize its behavior. The effective damping was taken as a 
channel to characterize structural dynamic behavior. This was used to 
monitor the energy loss to the lap joint. Higher frequencies are a generally a 
better indicator of energy loss because the change in frequency at  low 
frequency ranges is very small, even though the percentage change may be 
slightly larger. 

Experiments were performed on simple geometrically identical beams as 
shown in the Smallwood’s article “A Model for Stochastic Mechanical 
Joints” in an attempt to characterize the nonlinear lap joint behavior. The 
beams were impact tested and response decay characteristics were used to 
infer modal damping. The experimental results were cast as local linear 
damping factor versus acceleration amplitude. From these graphs, it was 
observed that there was a substantial random variation among effective 
damping behaviors of the random structures. 

Approximate analysis was performed to test the plausibility of a model for 
joint friction. The simulation results matched the experimental results 
closely. The right parameters were extracted from the analytical method by 
comparing it to the experimental method. This demonstrates the plausibility 
of the smooth hysteresis model for the mechanical joints used here in this 
thesis work. This model forms an approximation to the behavior observed 
in the lap-joint structures. 

Though the approach used in this work appears to offer a plausible, very 
good alternative for modeling joint friction, it is recommended that further 
study be conducted prior to adoption in specific application. In addition, 
physical systems and their mathematical models should be expressed and 
validated using other methods and forms of excitation. 
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