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1. Notations 
 Temperature. 

, 	 	  Space coordinates. 
 Rate of heat generation. 

, 	 	  Heat conduction. 
 Density. 
 Specific Heat. 

 Time. 
 Current length of bars in truss analogy. 
 Un-extended length of bars in truss analogy. 
,  Position of Nodes 
,  Element size function 
 Initial distance between nodes. 
 Angular Velocity  
 Radius of Mandrel / Gas constants 
 Pull Rate 
 Skin effect 
 Frequency 
 Electrical Conductivity 
 Magnetic Permeability 
 Degree of Cure 

 Heat of reaction 
 Total heat of reaction 
 Pre-exponential factor / Area of elements 

Δ  Activation Energy 
 Rate constants in Arrhenius equations 

 Differential Equation operator 
 Differential equation on the boundary 

 Field variable 
 Shape function 

, , ,  Arbitrary functions 
Ω Domain 
Γ Boundary 
,  Weight Function 
 Gradient of Shape function 

 Furnace’s temperature 
 Ambiance temperature 

 Nodal Degree of freedom 
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 Capacity Matrix 
  
  
  
  

Abbreviations 

FEM Finite Element Method 
FRP Fiber Reinforced Polymer 
MSDS Material Safety Data Sheet 
DSC Differential Scanning Calorimetry 
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2. Introduction: 
 

Concrete is a composite material which is widely used in many structures 
because of its formability, low cost, and high compressive strength. It is a 
brittle material and its weak tensile strength makes using reinforcement 
significantly important. Traditionally concrete is reinforced with steel 
which has many advantages such as steel’s wide availability, relatively 
inexpensive price and steel’s high ductility. The idea behind using 
reinforcement in concrete is to prevent transverse expansion in structures 
under axial compression or in the case of structures under bending loads, to 
prevent failure. Moreover, Steel’s high elongation rate can be used for 
visually inspecting structures prior to failure [1]. 

 

On the other hand steel is prone to corrosion due to alkaline nature of 
concrete and other external corrosive forces. Corrosion in steel rebars, 
decreases the shear bonding between steel and concrete and decreases the 
overall tensile strength of reinforced concrete [1]. Not only corrosion in 
steel rebars is hazardous, its maintenance is expensive. As a consequence of 
corrosion, rust is formed which has a higher volume than steel and therefore 
delamination and cracking happens. This cracking causes the spalling of the 
concrete surface to begin which consequently exposes the reinforcing steel 
more to the harsh environment [2]. This problem is more severe in areas 
with great temperature fluctuations which increase the creation of cracks on 
the surface of concrete and thus more penetration of corrosive material into 
the core of the reinforced concrete. [1] 

Many ideas were developed to address these shortcomings. As an example, 
coating rebars with protective coatings such as epoxy resin prevents the 
corrosive material from coming in contact with the steel. Unfortunately the 
success of this method is limited by poor handling of material where the 
coating can be chipped or worn away even prior to pouring of the cement 
[1].  
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As an alternative solution, fiber reinforced polymer composite rods 
henceforth called FRP rebars were developed. FRP rebars consist of brittle 
high-strength fibers embedded in a polymeric matrix. These FRP rebars, 
have high specific strength and stiffness and are resistant to harsh 
environments. Although these FRP rebars are resistant to corrosion, their 
lack of ductility has been a concern to engineers and often lead to 
overdesigning the structures. 

 

2.1. Objectives and Scope 
 

The objective of this thesis is to numerically simulate the curing process of 
Fiber Reinforced Polymer rebars. This work builds up on previous research 
by Sandness [3], and Poisson [4] where using a finite element analysis, the 
curing process of FRP rebars is simulated by modeling the chemical 
reactions during the curing process. The contributions of this work to 
Sandness’ work is the ability to come up with a more sophisticated model 
while controlling the assumptions. Due to challenges in the manufacturing 
process of the FRP rebars and the need to change and optimize these 
processes, the main focus of this research was to come up with a finite 
element package than can easily incorporate the changes in the 
manufacturing process. This goal is met by solving the heat equation that is 
coupled with the kinetics model which explains the chemical reactions in 
MATLAB®.  

 

This research focuses on numerical simulation and it was decided that 
experimental verification is out of the scope this thesis. Throughout the 
thesis, use is made of empirical/experimental information that is referenced 
to their corresponding literature. These information include, kinetic 
parameters of the material used in this work as well as the temperature 
reading on the induction unit which was provided by an experiment by 
Sandness [3]. 
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2.2. Thesis Approach 
 

In the initial stages of this research, a finite element code was generated in 
MATLAB® that made use of the symmetry assumption. These results were 
published in the American Society for Composite’s 28th technical 
conference as a peer reviewed full paper. In the later analysis of the system, 
the importance of having more flexibility in the model, resulted in 
generating a second finite element package with a more advanced meshing 
algorithm. The results of both analyses are presented in this thesis. 

 

2.3.  FRP Composites 
 

Based in the U.S. Department of Transportation, the concept of fiber 
reinforced material can be traced back to 800 B.C when straws were used 
as reinforcement in bricks but the fiber reinforced resin matrix material was 
not developed until early 1940’s. Over the last few decades, FRP’s have 
gained more popularity in different industries such as Automobile, Marine 
and Aerospace. The first civil application in composites was also reported 
in late 1960’s [5]. 

 

Fiber reinforced polymer is a composite material made of a polymeric 
matrix which is reinforced with fibers such as graphite and carbon. The 
matrix is used to bind the fibers and to protect them from harsh 
environments. Matrix is also responsible for transferring load between 
individual fibers by means of shear stresses that are developed in the matrix 
[6]. The FRP rebar studied in this work consists of central carbon fiber core 
with a biaxially braided aramid overwrap [4]. 
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2.4. Resin 
 

The polymeric matrix can be thermoplastic or thermosetting. Thermoplastic 
resins such as polyethylene and nylon are solid at room temperature and 
melts when heated. The bonding force between molecules of these resins is 
weak Van der Waals forces. This enables free sliding of molecules over 
each other and can thus repeatedly soften and harden by means of cooling 
and heating [6]. Another way to explain this is that these resins have long 
polymeric chains that don’t chemically cross link and therefore cannot be 
used in structural applications [5]. 

 

Thermosets are polymers that form networks and their curing involve 
chemical reactions. As a consequence of these chemical reactions they 
cross-link or set. This process is thermally activated and therefore the 
terminology thermosetting resin was coined [7]. Unlike Thermoplastic 
resins, molecules of thermosetting resins can cross link permanently 
through primary chemical bonds at elevated temperatures. The cross linking 
of these resins is irreversible [6] and therefore they are vastly utilized in 
civil applications [5]. These resins have thermal stability, good chemical 
resistance and have low creep in comparison with most thermoplastics [6]. 
One example of thermosetting resins is Epoxy. Epoxies are found in many 
applications.  

 

Epoxies can cure well at room temperature (although it takes a long time) 
and have exceptional bonding characteristics. The particular type of epoxy 
used in this study is Epon™ Resin 826 produced by Momentive™ and 
based on the manufacturer’s technical data sheet they are beneficial in 
many applications such as FRP composites because of: 

 Low viscosity 

 Low color 

 Low ionic contamination 
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 The ability to react with a full range of curing agents. 

 The ability to produce high-strength cured systems resistant to chemical 
attack. 

The technical data sheet also suggests that it is a suitable resin for many 
fabrication techniques such as Pultrusion which is explained in the 
following sections. Momentive™ suggests that using this resin, high fiber 
content with low void content can be achieved. The manufacturer also 
provides a guide for selecting curing agent for various applications. For 
information regarding safety, storage and handling of Epon™ Resin 826, 
the avid reader shall refer to the Material Safety Data Sheet (MSDS) 
provided by the manufacturer. 

 

2.5. Fibers 
 

Utilizing polymeric fibers result in lower densities which are desirable in 
structures.  The mechanical properties of FRP composites are a function of 
fiber type, the nominal length of fibers used and their architecture. The 
architecture refers to the textile configuration by means of braiding, 
weaving or knitting. The importance of nominal length lies in the fact that it 
is often desirable to achieve anisotropic characteristics which are 
achievable by means of continuous fabrication [4]. In structural 
applications, fibers have extreme large length to diameter ratios. Utilizing 
small diameter fibers makes the molecular structure of fibers to be aligned 
along the length of the fiber thus having higher tensile strength [6]. As 
stated before, the shear strength of matrix is responsible for transferring the 
load to fibers and if a fiber breaks this load is transferred to the adjacent 
fibers. 

Fibers are an important part of FRP composites and they generally occupy 
30 % -70 % of the matrix volume. Fiberglass, Aramid and carbon fibers are 
widely used with fiberglass the cheapest and carbon being the most 
expensive choice [5]. There are three main categories of carbon fibers 
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namely high strength, high modulus and ultrahigh modulus. The 
mechanical properties of these three types of carbon fibers are reported in 
Table 1. 

 

Table 1 - Mechanical Properties of Carbon fibers [5]. 

Mechanical Property High 
Strength 

High 
Modulus 

Ultrahigh 
Modulus 

Density ⁄  1.8 1.9 2.0 – 2.01 
Young’s Modulus  230 370 520-620 
Tensile Strength  2.48 1.97 1.03 – 1.31 
Tensile Elongation % 1.1 0.5 0.2 
 

Carbon fibers are fabricated by means of controlled pyrolysis which utilizes 
series of heat treatments such as stabilization, carbonization, graphitization 
and surface treatment in order to produce small diameter fibers. These 
carbon fibers are more expensive than other fibers and yet have gained 
more popularity as a result of their high elastic modulus, low density, and 
extreme resistance to chemical and thermal environments [6].  
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Material properties of the mixture of carbon fibers and Epoxy resin used in 
this study are reported by Sandness [3]: 

 

Table 2 – Thermal properties 

Carbon Epoxy Overwrap 
0.4065 0.12 
855 670 
1470 11270

 

 

2.6.  Cure Kinetics 
 

The curing process of thermosetting resins has been the subject of many 
researches. The importance of obtaining a thorough understanding of the 
cure profile lies in the fact that the mechanical properties of the finished 
product can change dramatically if the FRP rebar is not fully cured. These 
manufacturing concerns are more pronounced in the case of thick cross 
sectional FRPs. Non-uniform curing of FRP rebars, results in undesirable 
volume fraction gradients and increase of void contents. Moreover, 
complex cure gradients that lead to non-uniform cure profile, increases the 
possibility of wrapage and creation of micro cracks in the matrix [8]. 

 

Levistsky and Shaffer presented a transient heat conduction equation for the 
temperature distribution in a material undergoing a homogenous first order 
reaction [9]. Their work focused on temperature distribution and the cure 
profile of isotropic systems and obtained a one-dimensional analytical 
solution for their specific boundary conditions [8]. Loos and Springer also 
developed a model for simulating the curing process of flat plate 
unidirectional graphite/epoxy composite laminates [[10], [8], [11]]. Since 
the materials in Loos and Springer’s study were closest to the material used 
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for this analysis, their model is utilized for simulating the cure profile of the 
FRP rebar. 

 

A temperature-time-state diagram is used to determine the temperature 
schedule of thermosetting resins. This diagram links the phase change of 
resin with the temperature during curing of resins [12]. The curing of 
thermosetting resins starts by branching and growth of polymeric chains. 
As the reactions advance several chains link together in order to form a 
network of molecules. This transformation of a viscous fluid to an elastic 
gel is called gel point.  This gelation is the beginning of creation of cross-
linked network and once above the gel point, thermosetting resins are no 
longer able to flow [7].  

 

Curing of thermosetting resins is an exothermic reaction. This means that 
once the temperature of resin exceeds a certain value, exothermic reactions 
start liberating heat [3]. This non-linear increase of internal temperature is 
modeled by means of Kinetics models [13]; which is required for 
calculation of the transformation of resin from fluid state to solid state [14].  
This model is obtained by different experimental technique such as 
differential scanning calorimetry (DSC), dynamic mechanical analysis 
(DMA) and infrared spectroscopy (IRS) [15]. 

 

2.7. Brief History of Finite Elements Method 
 

According to Tinsely J Oden; “There is no other family of approximation 
method that has had a greater impact on the theory and practice of 
numerical methods during the twentieth century” [16]. Probably one the 
reasons that Finite element method has gained this much popularity is that 
it is based on weak and Variational formulation of boundary value 
problems and initial value problems that are modeled by partial differential 
equations. In this method, the solution domain is discretized to smaller 
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subdomains and the integral of the physical domain under study is broken 
to the sum of integrals over these subdomains. This property enables 
analysis of the problems to be carried out locally and then merged together 
to correspond to the solution of the entire domain. 

 

Finite element method, in its essence is a piecewise polynomial 
approximation and there are historical records that show methods similar to 
finite element method can be traced back into the nineteenth century [16]. 
In the history of the development of Finite Element Method we know 
today, some names should be mentioned. Works of John H. Argyris, Ray 
W. Clough, M.J. Turner and O.C. Zienkeiwicz among others led to the 
development of this robust technique. In 1950’s, Argyris built upon 
previous work and added to it the variational methods of approximation; 
taking a step forward to finite element methodology. Until late 1960’s 
variational based formulations had dominated the engineering community 
and It was then believed that if the operator is un-symmetric, finite element 
method is not capable of approximating the solution. In the early 1970’s it 
was realized that un-symmetric operators can also be dealt with this 
methods and thus problems in fluid mechanics became the focus of 
attention [16].  

 

The first use of Finite Element terminology traces back to a paper titles, 
The Finite Element Method in Plane Stress Analysis where a graduate 
student in Berkeley and under the supervision of Ray W. Clough, used 
matrix algebra to solve plane stress problem. This paper was submitted to 
the 2nd ASCE conference on Electronic Computations in September of 
1960. After this paper was submitted, Professor O.C. Zienkeiwicz who was 
then in the faculty of Northwestern University invited Clough for a seminar 
on this method for his students [17]. In different papers on the history of 
development of finite element method Clough states that when he first 
received the invitation form Zienkeiwicz, he expected some arguments 
regarding the merits of finite elements versus finite difference as the latter 
was the preferred method by Zienkeiwicz [18].  
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This introduction aimed at briefly discussing the early history of the 
development of the modern finite element method and the avid readers are 
referred [16] for more information. 

3. Pilot Production Line  
 

The schematic view of the production pilot plant is shown in Figure 1. As 
the result of fumes produced during the curing of resin mixture, the entire 
production line is enclosed and fumes hoods are responsible for taking the 
fumes out. 

 

 

Figure 1 - Schematic view of the Braidtrusion process [4]. 

 

During the manufacturing process, carbon fibers unwound from the fiber 
storage frame and go through the guide eyes. The circular guide plate 
distributes fibers in the impregnation ring. The ring coats the fibers with 
resin. This pressure fed process utilizes pumps that take the resin mixture 
from the resin mixture pool. The wrapping effect of the braiding head form 
rod’s pultruded core. The next step is the curing process of the resin-
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impregnated core by a two-phase curing process. In the first phase, the core 
goes through an induction coil. As a result of this phase, the embedded steel 
wires heat up and the curing of the core starts from inside towards outside 
of the core. This process is followed by the rebar entering tunnel ovens and 
by means of radiation curing starts form outside towards inside of the core. 
This two-phase curing process aims at achieving a uniform cure profile. In 
the next step, the rod is quenched using a water stream. Finally, a caterpillar 
puller which provides the product feed for the braidline leads the rod to the 
cutters where rods of desired length are produced [4]. 

 

3.1. Braidtrusion 
 

Braidtrusion is a technique that combines braiding with the pultrusion 
process and this term was first used by Dr. Frank Ko in Drexel University 
[19]. In this process, the braiding speed depends on the pulling rate by the 
pullers. In order to produce desired braid angles, it is important the braiding 
and pulling speed be constant during each production.  

 

3.1.1. Fiber Sorting and Impregnation Unit 
 

Fiber sorting is done with the aim of properly feeding the impregnation 
ring. Fibers must be fed to the impregnation ring evenly spaced with regard 
to the circumference of the ring. As previously mentioned, fibers used in 
the production of FRP rebars are carbon fibers which are highly brittle and 
therefore they have to be handled carefully. As is shown in Figure 2, carbon 
fiber unwound from the spools. In this frame, springs and friction disks 
made of steel generates a frictional torque on the spool. This frictional 
torque is required to prevent discontinuities in pulling force. In addition to 
fiber spools, small aluminum spools exist to store steel wires that feed these 
heating wires to the core of fiber bundle [4]. 
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In this setup, guide eyes and guide plate prevents unnecessary contact 
between carbon strands. These guide eyes result in fibers leaving the 
storage frame perpendicularly and therefore they do not cross each other. 
The distance between the guide plate and the impregnation ring ensures 
entering of fibers into the impregnation ring at the correct angle [4]. 

 

 

Figure 2 - Spools of Carbon fiber. 

 

Impregnating fibers with resin can be done either before or after the 
formation of braid which are called wet braiding and dry braiding 
respectively. In this process wet braiding is accomplished by utilizing an 
impregnation ring. Here fibers are wetted using an open resin bath where 
they are submerged in the premixed resin. These impregnated fibers are 
used as the core the FRP rod. 

 

The core strands must be impregnated before 2D braiding. In this process, 
the outer braid is impregnated by the pressure fed internal channel 
distributing the resin to the grooves in the interior of the impregnation ring. 
Capillary action of fibers contacting the wet inner radius of the 
impregnation ring ensures proper impregnation. In a capillary process, the 
ratio of surface tension and resin’s viscous forces is called the Capillary 
number. A high Capillary number suggests higher transport speed. Surface 
tension is a property of fibers and thus the Capillary number can be 
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increased by decreasing the viscosity of the resin. In order to decrease the 
viscosity of resin, tubes containing resin mixture are immersed in warm 
water for several minutes before feeding to the impregnation ring. 

 

 

Figure 3 - Fiber sorting unit. 

 

In this process, pumps supply the impregnation ring with resin. The flow 
rate can be automatically set based on the pulling rate of the pullers.  

 

3.1.2. Braiding Unit 
 

The braiding head is manufactured by Wilhelm Steeger® of Germany and 
has 36 horn gears. These gears circulate on two serpentine paths and the 
intersection of these two paths makes up the weaving action to form the 
braid. The ratio between braider’s angular velocity and the pull rate 
determines the braiding angle. Different braids can be obtained depending 
on the braider strand configuration [4].  
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Figure 4 - Schematic view of a 2D braiding apparatus [4]. 

 

The mathematical model that relates machine parameter such as braider’s 
angular velocity and pull rate to the braid formation parameters such as 
braid angle is given in (3-1) [4]: 

tan  
 

(3-1) 
 

 

Where  is the braid angle in	 ,  is the angular velocity in	 / ,  
is the radius of mandrel and  is the pull rate in	 / . 

 

3.1.3. Curing Unit 
 

The novel curing technique used in this process aims at obtaining uniform 
curing of the cross section and preventing the creation of internal cracks 
that can be detrimental to the overall mechanical properties of the FRP 
rebar. During curing process, there are three sources of heat. The induction 
unit heats the embedded steel wires in the core of the rebar. The second 
heat source is provided by the tunnel ovens. In this part, radiation heat 
transfer starts the curing form outside towards the inside of the core. The 
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third heat source is the exothermic heat generation of thermosetting resin. 
The exothermic heat generation starts when resin’s temperature 
reaches	80	°  [4]. Information regarding this heating source is provided in 
Section 4.2. 

 

3.1.3.1. Induction Heater 
 

Induction heating is a form of non-contact heating process that has long 
been used in industrial processes. It can be used for initial preheating before 
forging, hardening, brazing [20]. In this process, an electrically conducting 
work piece is heated by means of electromagnetic induction. In this form of 
heating, eddy currents form in the work piece and material’s resistance 
leads to Joule’s heating [21]. Most of the generated heat is produced in a 
thin layer on the surface of the work piece called the skin depth. Skin depth 
is defined as the depth in which field magnitude drops to a value equal its 

surface multiplied by 	  [20].  

1
 

 
(3-2) 

 
 

Where  is the frequency,  is electrical conductivity and  is the magnetic 
permeability. Application of induction heating in FRP rebars is in curing 
rods with thick cross sections where conventional curing techniques leads 
to the creation of internal cracks.  The induction heater that is currently in 
use for the production line is designed by Ameritherm® and is a 2kW unit. 
In order to mitigate the effects of electromagnetic interfaces, high quality 
shielded cables; metallic enclosure and spatial separation of components 
were utilized. Moreover a Faraday cage is added to the induction unit to 
cancel the electrical field inside the cage [4]. 
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Figure 5 - Induction Coil. 

 

3.1.3.2. Tunnel Ovens  
 

Tunnel ovens are used to start curing from outside towards inside of the 
FRP rebar. There are three tunnel ovens used in this production line. 
Electric resistance of Nickel Chromium heating coils generates heat. These 
coils are embedded in circular ceramics and together they form the heating 
elements of these ovens.  The heating elements are surrounded by 
insulation. Normally, during curing, uncured resin drip from the rod and to 
avoid this coming in contact with heating elements, a stainless steel tube is 
placed along the length of the oven. The maximum oven temperature is 
limited by the flash point temperature of the resin used. For EPON® 826, 
the flash point is 250°  [22].  

 

In the case of any pause in the manufacturing process, temperature of oven 
chamber must be decreased quickly in order to avoid over curing of the rod. 
This is done by blowing cool air into the heating chamber.  
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Figure 6 - Tunnel Ovens. 

 

3.1.4. Cooling unit 
 

After the rod leaves the last oven, the surface temperature might exceed 
200	°  which can damage puller’s belts. At this stage, cooling by means of 
water was considered which can provide greater heat flux than air cooling. 

 

 

Figure 7 - Quenching Unit. 
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3.1.5. Pulling unit 
 

The traction force necessary for continuous production is provided by 
means of caterpillar pullers. The caterpillar puller provides the traction 
force by utilizing opposing belts that are placed in parallel. During the 
continuous production, if the rod is partially cured, slip may occur in the 
pulling unit.  

 

Figure 8 – Pullers. 

 

3.1.6. Production Challenges 
 

During the manufacturing process, it is important to maintain a constant 
ratio between the pull rate and braiding speed. Any inconsistency in the 
ratio would result in a variation in braiding angle of FRP rebar. It is also 
important to avoid over impregnating the specimen that might happen due 
to inaccurate ratio between the resin dispensing rate and the pull rate. As 
stated previously, before the rod reaches to puller, it has to be fully cured 
otherwise pullers can crush the rebar. Moreover under-cured rods cannot 
advance in the production line due to slipping between the puller’s belts. 
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Over curing can also happen during the manufacturing process due to poor 
correlation between pull rate and braiding speed. Over curing can also 
occur in the induction coil which makes detecting the damaged sections 
difficult. 
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4. Mathematical Models 
 

Partial differential equations (PDE’s) describe boundary value problems 
that are commonplace in many branches of physics such as wave equation, 
heat equation, and electromagnetism and many different phenomena. These 
differential equations contain field variables and their derivatives. There are 
different solution methods for solving these PDE’s and Finite Element 
Method (FEM) is a robust approach because of its capability to deal with 
non-linear, transient and multi-physics problems. Although there are many 
analytical solution schemes available such as method of separation of 
variables, Integral transform, change of variable and Lie group method, 
often these equations must be solved by means of numerical methods such 
as FEM. In the sections that follow, different PDE’s that govern the system 
under study are discussed.  

 

4.1.  Heat Equation 
 

Heat equation is a quasi-harmonic equation given in (4-1): 

 
 

(4-1) 
 

 

Where, 	is the conductivity of material in	 .⁄ , 	is the rate of heat 

generation in	 ⁄ , 	is the density 	 ⁄ 	and  is the specific heat of 

the material 	 .⁄  in. For the problem at hand, as a result of the 

continuity of the process, 0. In order to be able to solve Equation 

(4-1), an extensive knowledge of boundary conditions is required. In 
general, there are 3 types of boundary conditions, namely Dirichlet, Natural 
and mixed boundary conditions. These are summarized in Table 3. 
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Table 3 - Boundary Conditions for Heat Equation. 

Dirichlet Boundary 
Conditions  

Prescribed temperature at a point on a boundary. 

Natural Boundary 
Conditions 

Prescribed heat flux on a boundary. 

Mixed Boundary 
Conditions 

Prescribed temperature and flux on a boundary. 

 

The Generalized boundary condition is given below 

0 
 

(4-2) 
 

 

Where ,  and  are constant numbers. This form is used to model natural 
boundary condition. 

 

4.2.  Cure Kinetics 
 

As previously stated, curing of thermosetting resins is an exothermic 

reaction. In Equation (4-1), the term  corresponds to this instantaneous 

heat generation per unit volume of material. This heat generation depends 
on the rate of cure. The quantitative measure for the degree of cure is 
defined as the ration of cumulative heat generated by the chemical 
reaction	  to the total heat of the reaction	  [10]:  

 

≡  
 

(4-3) 
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Where 

1
 

 
(4-4) 

 
And 

1
 

 
(4-5) 

 
 

In (4-5),  represent the final time of completed reaction. Combining 

Equations (4-3), (4-4) and (4-5) results in: 

1
 

 
(4-6) 

 
 

Equation (4-6) determines rate of cure which is a time and temperature 
dependent quantity. This quantity is determined empirically by isothermal 
differential scanning calorimetry (DSC) and is often expressed in the 
following general form: 

 
 

(4-7) 
 

 

where  is the rate constant defied by the famous Arrhenius expression: 

 

 
(4-8) 

 
 

In (4-8),  is the pre-exponential factor,  is the activation energy,  and  
are the gas constant and temperature respectively [23]. By means of curve 
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fitting to DSC data, Loos and Springer obtained a relationship between rate 
of cure and degree of cure in the general form given by (4-7): 

	 1 0.3
1 0.3 

 
(4-9) 

 
 

Where 

, 1,2,3 

 
(4-10) 

 
 in Equation (4-9) is a temperature independent constant and was 

determined by non-linear curve fitting [24]: 

	
0.47 0.07 

 

Loos and Springer report the kinetic parameters for Hercules Corporation’s 
3501-6 resin reinforced with unidirectional graphite fibers as: 

 

Table 4 - Cure kinetic parameters for Graphite/Epoxy [24]. 

Parameter Unit Value 
 1⁄ 2.102 10  
 1⁄ 2.014 10
 1⁄ 1.960 10  
 ⁄  8.07 10  
 ⁄  7.78 10  
 ⁄  5.66 10

 ⁄ 198.9
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5. Finite Element Analysis 
 

A natural way of understanding complex problems is by dividing it into its 
individual components that are understandable. Once the behavior of these 
individual components is understood, they are combined in order to rebuild 
the original problem. As an example of such approach, in dealing with 
structures force-displacement relations of each and every components is 
calculated and then complete solution is obtained by assembling local 
equilibrium at each of the connecting points of the structure. Similar 
examples are available in the Electrical and Hydraulic engineering [25]. 

 

What is mentioned above is adaptable to discrete systems. In approximating 
the solution of continuum problems, the continuum domain should be 
discretized to finite subdomains, called elements in which the behavior of 
these elements is determined by means of finite number of parameters. 
Then similar assembling techniques such as the ones used in discrete 
systems are used to obtain the solution of the continuum problem [25]. 

 

In order to discretize a continuum problem, let’s consider a simple stress-
strain distribution in elastic continua. This problem is often encountered in 
engineering and is given here only to show the steps required to discretize a 
continuum problem. Let’s imagine that the solution domain is separated by 
means of imaginary lines into finite number elements. These elements are 
interconnected at a discrete number of nodal points located on the boundary 
of each element such as the one shown in Figure 9 [25]. 
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Figure 9 - Discretization of continuum domain. 

 

The unknowns of such problem, is basically the displacement of these 
nodal points. For each of these elements, a function is assumed that 
describes the displacement within each element and in particular in terms of 
the nodal points on the boundary of each element. Using the principle of 
virtual work a system of equivalent forces at each node is evaluated. This is 
a particular mathematical relation known as weak form formulation. These 
equivalent forces can also be determined by minimizing the total potential 
energy. While the latter approach is not always possible, the virtual work 
approach is always valid [25]. 

 

In order to have a structured approach towards solving partial differential 
equations using finite element method, several steps must be taken that are 
given in the following [25]: 

 

1. The starting point of many physical problems is a mathematical model 
in the form of differential equations. Examples are heat conduction 
equation, wave equation and Maxwell’s equations of Electromagnetism 
fields. In finite element method terminology, these equations are called 
the strong form. The integral form or the weak form of these equations 
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needs to be constructed either by virtual work or by minimizing the 
potential energy. 

2. In discretizing the domain, type and order of elements must be chosen 
a priori. A meshing algorithm is usually used in order to obtain a good 
discretization of the domain. 

3. For each and every element in the domain, element matrices should be 
evaluated and assembled to the global matrix.  

4. The sought for unknowns are determined by solving a set of linear 
algebraic equations. 

5. Results are generated and post-processed. 

 

In solving a problem using finite element method, we are seeking an 
unknown parameter that satisfies a set of differential equation along with 
specific boundary conditions given respectively in a general form in (5-1) 
and (5-2): 

.

.

.

0 
 

(5-1) 
 

 

.

.

.

0 
 

(5-2) 
 

 

Where  corresponds to the differential equation and  to the boundary 
condition as is shown in Figure 10. We shall call the domain  and the 
boundary	 . 
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Figure 10 - Arbitrary Domain of the Problem. 

 

The sought for unknown variable can be either a scalar or a vector. As 
explained earlier, the finite element method approximates the solution over 
each individual element. This approximation is of the form: 

 
 

(5-3) 
 

 

where  is the total number of elements in the domain and  is called the 
shape function of element . Shape functions are defined locally i.e. for 
elements and are a function of independent variables, often the coordinates. 
The unique characteristic of (5-3) is that it separates the physics and 

geometry of the problem [26]. In (5-3), 	  is unknown. 

 

As previously stated, in discrete systems approximations are done for 
subdomains and then, they are assembled together to correspond to the 
complete domain. This characteristic is a result of converting the governing 
equation to an integral form given in (5-4): 

Ω Γ 0 ; 1  
 

(5-4) 
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Where 	and 	contain known parameters and n is the total number of 
elements. These integral forms allow the approximation to be carried out 
element by element and then assembled together. Since 	and  should be 
integrable functions, (5-4) can be rewritten as in (5-5): 

 

Ω Γ Ω Γ

0

 
(5-5) 

 

 

Where  and 	correspond to the domain and boundary of element	i. 

 

These integral forms are obtained either by minimizing the potential energy 
or by the method of weighted residuals. As the former is not in the scope of 
this work, the second method which is alternatively known as the Galerkin 
procedure is used here. This method is explained at some length in the 
following section. 

 

5.1.  Method of Weighted Residuals 
 

As the governing equation of the problem dictates that the set of equations 
given in (5-1) to be zero at each point of	 , it follows that the sum of each 
and every element in the domain multiplied by an arbitrary function should 
be zero. These arbitrary functions are called weight functions and are given 
in the following format: 

Ω ≡ 0 
 

(5-6) 
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Where  

.

.
 

 
(5-7) 

 

 

It is evident that if (5-7) is satisfied for all  then (5-1) must be satisfied 
for the complete domain. As far as the boundary condition is concerned, the 
same statement holds: 

 Γ 0 
 

(5-8) 
 

Where again: 

.

.
 

 
(5-9) 

 

 

Where  and  should satisfy (5-1) and (5-2) respectively. The choice of 
these functions is limited by the order of derivatives in  and	 . As a 

general rule if the n  order derivatives exist in (5-1) and (5-2), then the 

function should be in a way that its n 1  order derivatives are 
continuous. In finite element terminology it is referred to as 
C 	continuity. Combining (5-6) and (5-8) gives: 

Ω Γ 0 
 

(5-10) 
 

 

It is possible to implement integration by parts on (5-10). Changing the 
notation for the sake of generality, (5-10) is written as: 
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Ω Γ 0 
 

(5-11) 
 

 

Where A and E  contain lower derivative than in operators D and	B. As a 
result of this new formulation, lower continuity is required for the choice of 
ϕ	 by having a higher continuity for W and	V. Equation (5-11) is called the 
weak form of equations (5-1) and (5-2). It is believed that the weak form of 
equations is more reliable than their corresponding strong form. This 
integral form is the basis of finite element method. 

 

Recalling (5-3) it is evident that finding and approximating function that 
satisfies the differential equation and the boundary condition in the general 
sense is a difficult task. The approximation can only be achieved if W and 
V are of the following form: 

 
 

(5-12) 
 

 

 
 

(5-13) 
 

 

where, δ	ϕ  is an arbitrary parameter. By inserting (5-3), (5-12) and (5-13) 
into (5-11) we have: 

	 Ω Γ 0 
 

(5-14) 
 

 

Since 	  is arbitrary, we have: 
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Ω Γ  
 

(5-15) 
 

 

The two terms term in (5-15) are the residual or error of the differential 
equation and boundary condition respectively, after substituting the 
approximations in the weak form. This approximating method is therefore 
called the method of weighed residuals [25].  

 

The name of weighted residual method existed long before the finite 
element method which is utilized locally. For the weight functions, virtually 
any set of independent function can be utilized and when these weight 
functions are chosen to be identical as the shape function	W N , the 
method is called Galerkin method. Using Galerkin method has many 
advantages and it leads symmetric matrices. It is worthwhile mentioning 
that the well-known finite difference method also falls under the category 
of weighted residual method [25].   

 

As is evident by now, discretizing the domain into smaller subdomain 
called elements is a unique characteristic of the finite element method. The 
importance of elements lies in the fact that they directly define the shape 
functions used and in any finite element analysis, they have to be 
determined.  
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5.2. The Solution Domain 
 

Before obtaining the finite element formulation for the problem at hand, the 
solution domain and the assumptions made prior to this analysis should be 
investigated. The FRP bar used in this simulation has circular cross section 
with steel wires embedded into it. The schematic view of the domain is 
shown in Figure 11 with exaggerated dimensions. In this figure, there are 2 
layers of wires with equal number of wires (four) in each layer. There is 
also one wire placed in the center of the FRP rebar.  

 

 

Figure 11 - Schematic view of FRP rebar (dimensions exaggerated) 

 

The dimensions of the steel wires and the rebar are given in  

Table 5: 

 

Table 5 - Dimension of FRP rebar [3]. 

Diameter Value 
Carbon Fiber-Epoxy Core 23  
Overwrap 1  
Steel Wire 0.5
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As explained earlier, two finite element analyses were carried for 
simulating the curing process of the FRP rebar. The main difference in 
these two analyses lies in the meshing algorithm used for each analysis and 
in what follows their differences are explained. 

 

5.2.1.  Choice of Subdomains 
 

Equation (5-3) is the general form of the approximating function. In the 
case of scalar filed problems such as head conduction, polynomials are the 
preferred type of approximation because of its advantages and convenience 
in element wise approximation. The convergence requirement of these 
approximations, dictates that if the domain is discretized into infinitely 
small elements, the approximation is infinitely close to the exact solution 
[27]. 

 

In order to meet this requirement, polynomials should have the complete 
and conforming. These requirements are given below [27]: 

 Completeness requirement 
 

o The approximation must represent an arbitrary constant field gradient 
(e.g. temperature gradient) 

o The approximation must represent an arbitrary constant field (e.g. 
temperature) 
 

 Conforming requirement 
 

o The approximation of the field variable over element boundaries must 
be continuous. 
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In other words, convergence requirement depends on the fulfillment of both 
completeness requirement and conforming requirement while for some 
especial cases the latter can be relaxed [27].  

 

As stated before, once the element type and its corresponding shape 
function are determined, the rest of finite element method is identical for 
many differential equations. There are many element types in one, two and 
three dimensions. Since it is not in the scope of this section to go deep into 
different element type, the main focus of this section is on two dimensional 
rectangular and triangular elements. 

 

5.2.1.1. Linear Triangular Elements 
The simplest possible element in two dimensions is triangular elements. 
The approximating polynomial used for these elements are given below: 

 
 

(5-16) 
 

Where	α , α  and α  are parameters that will be defined in terms of the 
nodal values of the filed variable	ϕ. These nodal values define the geometry 
of the element. The term linear means that the contour lines connecting	ϕ	 , 
ϕ  and ϕ  in Figure 12 are straight lines. 

 

Figure 12 - Field variable over linear triangular element [27]. 
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Rewriting (5-16) and (5-3) in matrix form, for each element we have: 

1  
 

(5-17) 
 

 

Where  is the shape function and should be defined in terms of the 
geometry: 

 

1
 

 
(5-18) 

 
 

Where A is the area of the triangle shown in Figure 12. The unique 
characteristic of (5-18) is that  

1
0

 
 

(5-19) 
 

 

In solving differential equations, gradient of the field variable has to be 
considered. This gradient is defined as: 

 
 

(5-20) 
 

 

By defining the matrix	 : 

 
 

(5-21) 
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5.2.1.2. Linear Rectangular Elements 
 

As in the case of linear triangular elements, for a 4-node rectangular 
element polynomials are chosen to approximate the behavior of the field 
variable over each element. This polynomial is of the form: 

 
 

(5-22) 
 

 

A 4-node rectangular element (a.k.a. Melosh Element) is shown in Figure 
13. 

 

Figure 13 - 4-Node rectangular element. 

 

Following the same approach as in the case of triangular elements, shape 
function of a 4-node rectangular element is given below: 

1
4

 
 

(5-23) 
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Again, it has to be emphasized that for these shape function, relation (5-19) 
holds. Similar to (5-21), for 4-node rectangular elements we have: 

 
 

(5-24) 
 

 

In addition to (5-19) another unique characteristic of shape functions is that: 

1 
 

(5-25) 
 

 

The MATLAB® subroutine generated to carry on this analysis, checks 
whether (5-19) and (5-25) holds for each of the meshing algorithms used. 

 

5.3. Finite Element Formulation 
 

5.3.1. Assumptions 
 

There are a number of assumptions made prior to implementing the finite 
element analysis, these are given below: 

It is assumed that: 

1. The carbon/epoxy mixture is a thermally isotropic material. 
2. As a result of contentious process, heat flux perpendicular to the cross-

section is negligible. 
3. During the manufacturing process, steel wires are embedded in the 

desired location and are placed parallel to each other along the length 
of the FRP rebar. 
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5.3.2. Formulation 
 

As the problem under investigation, is a boundary value problem, it is 
important to have an understanding on the boundary conditions of the 
problem. In Table 3 a list of boundary conditions for heat conduction 
equation were presented. For this investigation, temperature induced in 
steel wires is taken as a Dirichlet boundary condition. As previously 
mentioned, these values are reported by Sandness to be 200  [3]. 
Recalling the one of the main heat sources in curing of these FRP rebars is 
the radiation and convective heat loss in the tunnel ovens, the outer layer of 
FRP is the boundary on which natural boundary conditions are enforced. 

 

 

Figure 14 - Boundary condition for the curing process of FRP rebars. 

 

This boundary is characterized by a unit normal vector	  directed outwards. 
This vector is shown in Figure 15. In this figure, the total amount of heat 
passing through a unit area on the boundary per unit time is denoted by	 . 
In evaluating the boundary condition, it is desirable to determine	 . As is 
shown in this figure, the tangential component of  does not contribute 
to	 . 
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Figure 15 - Normal unit vector [27] 

 

Using Fourier’s law, natural boundary conditions are given in the following 
form: 

1. Convective Heat Loss: 
 
On boundary  where we have convective heat loss (Figure 14) 

,  
 

(5-26) 
 

 
 

2. Radiation 
On boundary  where we have radiation (Figure 14) 

,  
 

(5-27) 
 

 

Where  

, ,  
 

(5-28) 
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Equation (5-28) makes the problem highly non-linear. It is important that 
the direction of flux be considered when using Equations (5-26) and (5-27). 
As the goal of this section is to obtain finite element formulation for the 
problem at hand, use is made of the information provided in section 5.1 
extensively. The mathematical model under investigation is the transient 
heat conduction given in (4-1) and the field variable is temperature, 
therefore: 

 
 

(5-29) 
 

 

Recalling (5-3), the approximated solution over each element (regardless of 
element type) is given by: 

 
 

(5-30) 
 

 

Where  is the nodal degree of freedom. Equation (5-15) explains the 
residual of a partial differential equation and applying the Galerkin method 
to the head conduction equation, we have: 

0 

 
(5-31) 

 

 

By applying the Green-Gauss theorem which is the two dimensional 
equivalent of integration by part, we obtain: 
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0 

 
(5-32) 

 

 

The last integral in (5-32) corresponds to the natural boundary conditions 
on the boundary	 . These boundary conditions are radiation and convective 
heat loss. By incorporating Equations (5-26) and (5-27) into Equation 
(5-32), we have: 

	

0 

 
(5-33) 

 

 

By keeping all the terms with  on the left side of equation, we have: 
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(5-34) 

 

 

Remembering (5-30) we have: 

 
 

(5-35) 
 

 

 
 

(5-36) 
 

 

And  

 

 
 

(5-37) 
 

 

By incorporating Equations (5-30) and (5-35) - (5-37) into (5-34) we 
obtain: 
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(5-38) 

 

 

Since the material is assumed to be thermally orthotropic, the thermal 
conductivity coefficient in matrix form is defined as: 

 

 
 

(5-39) 
 

Therefore Equation (5-38) can be rewritten in the following form: 

 

	

	

	 	

 

 
(5-40) 
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Each term in Equation (5-40) corresponds to element matrices. This 
equation can be summarized to:  

 
 

(5-41) 
 

 

Where: 

Capacity Matrix:  
 
(5-42) 
 

Conductivity 
Matrix: 

 
 
(5-43) 
 

Convection 
Matrix: 

 
 
(5-44) 
 

Radiation Matrix:  
 
(5-45) 
 

Heat Generation 
Vector: 

 
 
(5-46) 
 

Convection 
Vector: 

 
 

(5-47) 
 

Radiation Vector:  
 

(5-48) 
 

 

Equations (5-42) to (5-48) are element matrices and have to be evaluated 
for each element separately and then assembled to the global matrix.  
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5.4. Mesh Generation 
 

As it is clear by now, the first step in finite element analysis is to discretize 
the domain into elements. Together, these elements are called the finite 
element mesh and the process is call mesh generation. Extensive research 
has been done for more than 5 decades and different mesh generation 
algorithms have been developed [25]. It is often common practice that a 
two dimensional domain be decomposed into quadrilateral elements and by 
dividing these initial elements accordingly, more complex meshes such as 
triangles can be achieved. These types of meshes are called structured 
meshes and until this date no automated meshing algorithm has been 
achieved for this type of mesh. In contrast to structured meshes, un-
structured meshes exist which mainly generate triangular elements in two 
dimensional domains. 

 

 

5.4.1. Approach 1 – Structured Mesh 
 

Initially in this work, 4-node rectangular elements were used to mesh the 
geometry. In this approach, it was assumed the since diameter of steel wires 
are small in comparison with the diameter of the FRP rebar, steel wires can 
be taken as nodes in the decomposed domain. Moreover, it was assumed 
that identical number of wires is used in each layer and therefore use was 
made of the symmetry in the problem. This is shown in Figure 16.  
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Figure 16 - Schematic view of the symmetry and steel wire assumption. 

 

The meshing algorithm allows various numbers of layers and adjusts the 
symmetry along the centerline that goes through the wires. The area of the 
circular cross section is divided into n sections where n corresponds to the 
number of wires per layer. As an example, for the case shown in Figure 16, 
there are 4 wires in each layer and therefore the domain is divided into 4 
segments. In this algorithm, the subroutine requires the user to input desired 
element numbers in each direction along with information regarding, 
number of layers and number of wires per layer. 

 

The result of finite element analysis which will be presented in chapter 5.5 
showed that the assumption of considering steel wires as nodes in the finite 
element mesh is an underestimation of the effects of induction unit in the 
curing process and thus it was decided to improve the finite element mesh 
using triangular elements. 

 

5.4.2. Approach 2 – Unstructured Mesh 
 

The need for a better simulation of the induction coil had to be addressed 
by including steel wires in the finite element mesh. Good meshing of these 
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wires which have circular cross section can be achieved by means of 
triangular elements. As previously stated one way to mesh geometry is by 
decomposing the domain using rectangular elements and then dividing 
these rectangular elements into two triangles. This method poses a problem 
near the circumference of steel wires in which the final mesh will have 
elements with some nodes in the steel wire and some nodes in the Carbon-
Epoxy core. This problem is shown schematically in Figure 17. As can be 
seen, node 1 of the element is located in the steel wire while nodes 2 and 3 
are in the carbon-epoxy core. 

 

Figure 17 - Schematic view of bad domain decomposition. 

 

A second approach to achieve triangular elements is by degradation method 
which for the problem at hand will have a similar issue as is shown in 
Figure 17.  

 

One the fundamentally distinctive meshing algorithm is the Delaunay 
triangulation method and other well-known algorithms are the advancing 
front method and the tree method [25]. The mesh generation algorithm 
utilized in this work is presented by Per-Olof Persson in the Massachusetts 
Institute of Technology under the title ‘Mesh Generation for Implicit 
geometries’ [28].  In this method, Persson makes use of a physical analogy 
between a simplex mesh and a two dimensional truss. In this analogy, mesh 
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points represent nodes of the truss.  The mesh is improved by solving for 
equilibrium in a truss structure using piecewise linear force-displacement 
relations. For this iterative mesh generator, during nodal movements, the 
mesh connectivity is changed using Delaunay triangulation. Other methods 
that use this analogy, often use Laplacian smoothing without triangulation 
which can be categorized as force-based methods [28]. The Delaunay 
triangulation method used in this algorithm is the MATLAB® code 
provided by Mathworks® that is readily available for all MATLAB users. 
This MATLAB function triangulates any set of points in x y plane. This 
triangulation method finds non-overlapping triangles which fill the convex 
hull of the initial points in a way that every side of the triangle is shared by 
at most two triangles and the circum-circle of every triangle contains no 
other input points. In other words this method maximized the minimum 
angle of all triangles [28]. 

 

In this algorithm the desired size element size is given by means of a mesh 
size function. A signed distance function is used to represent the geometry 
where negative sign corresponds to the interior of the domain.  In the 
mechanical model, sides of triangles correspond to bars and the points 
correspond to joints. This analogy is schematically shown in Figure 18.  

 

Figure 18 - Schematic view of the analogy of a truss with simplex mesh. 
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For each bar shown in Figure 18 there is a force-displacement relationship 
f l, l  where l is the current length and l  is the un-extended length [28]. 
The external forces are perpendicular to the boundary and their magnitude 
is large enough to keep the nodes on the boundary. The external forces can 
be considered as boundary reactions.  The principal unknowns of this 
meshing algorithm are the position of these nodes and these are found by 
solving for static force equilibrium [28].  

 

As stated earlier, to obtain a good mesh, static force equilibrium should be 
solved, that is: 

, 0 
 

(5-49) 
 

 

This function is not continuous since positions of nodes constantly changes. 
Persson suggests that introducing an artificial time-dependence can lead to 
an ordinary differential equation and the stationary solution to this equation 
satisfies (5-49). This ordinary differential equation is given in (5-50) 
where	p x, y  corresponds to the position of nodes [28]: 

0 
 

(5-50) 
 

 

Making use of forward difference approximation of the term in the left of 
equal sign in (5-50), the updated position is determined: 

∆  
 

(5-51) 
 

 

Where n corresponds to the iteration where the position is known. 
Enforcing the external forces leads to bringing back the nodes that their 
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updated positions are outside of the geometry. As stated previously, this is 
checked by means of a signed distance function where negative values 
correspond to the inside of the boundary. In order to model the force 
function	f l, l , use is made of Hook’s model of linear springs [28]: 

,  
 

(5-52) 
 

 

where 1. 

As a result of small diameter of steel wires in comparison with the diameter 
of FRP rebar, adaptive mesh size is required otherwise the meshing 
algorithm produces many uniform small meshes thus the computational 
cost will be expensive. In order to obtain an adaptive mesh, Persson makes 
use of an element size function	h x, y . Introducing an element size 
function controls the number of elements and nodes and therefore it is not 
required that the user inputs element numbers as inputs to the subroutine 
whereas the first meshing approach introduced earlier. This element size 
function is basically the distance between the boundaries in the domain 
[28]. 

 

The improvements in this new meshing approach are not limited to 
triangular elements. Referring to Figure 11 in the first meshing approach, 
identical number of elements were forced in each layer otherwise the 
problem lost its symmetry. In this approach not only it is possible to have 
different wires in each layer, the orientation of layers can be different form 
one another. This is shown in Figure 19 where 3 and 6 steel wires located in 
layer 1 and layer 2 respectively. A 30° rotation of layer 1 with respect to 
layer 2 is also evident. 
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Figure 19 - Schematic view different wires per layer and layers with 
different orientations. 

 

5.4.2.1. MATLAB Implementation 
 

A MATLAB® subroutine called tri_mesh is generated to use the meshing 
algorithm introduced by Persson.  As an example, to mesh the domain 
shown in Figure 19, the following line of code should be used: 

 

[topology,p,t,wire_cord,wire_nodes,id,name]=  
tri_mesh(3,[0,3,6],[0,pi/6,0] ,0.0003,material,100,0,0); 

 
  

Inputs of this subroutine are: 

 Number of layers: This number is the total number of layers. Layer 1 
always corresponds to the steel wire in the center of the core and has to 
be counted even if no wire is embedded in the center. Number of wires 
in Figure 19 is: 3. 
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 Number of wires per layer: This is row vector with identical elements 
as the number of layers. Number of wires per layer in Figure 19 is: [0, 
3, 6]. 
 
 

 Orientation: This is a vector with the same size as the number of 
layers. The rotation angles are given in radians. Orientation of layer in 
Figure 19 is: [0, pi/6, 0]. 
 

 Initial nodal distance:  This is a constant number for initial 
distribution of nodes.  
 
 

 Material Matrix: A 2 4 matrix with the first row corresponding to 
the overwrap and the second row corresponding to Carbon-Epoxy core. 
The material properties are reported by Sandness and are given in 
Table 2 [3]. 

 

 

To make sure the problem explained in Figure 17 does not happen in the 
overwrap and Carbon-Epoxy boundary, an arbitrary number of points 
should be fixed along the boundary. This number can be obtained by trial 
and error. In this example 100 nodes will suffice. 

 

The last two terms are used to control the plot and save options. In this 
example, since 0 is used for both, no plot will be generated and 
consequently the figures will not be saved. 
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Outputs of this subroutine are: 

 A Topology Matrix: This matrix is the essential output and is all the 
FEM code needs for analysis. This matrix is a 15 matrix which  
corresponds to the total number of elements. In FEA analysis, 
calculations are done element by element; when the calculation is 
being done for element , MATLAB® can access all the information 
that is necessary for that element in row  of Topology Matrix. Figure 
20 shows the corresponding information in these 15 columns. The first 
six columns hold the global coordinate information. The order in which 
nodal information is placed in this matrix, complies with the 
counterclockwise convention. Column 11, 12 and 13 stores the global 
node numbers. This information is used later on for assembling the 
elemental information in order to obtain the solution for the entire 
domain. The last two columns, store the local node numbers (1, 2 or 3) 
of the elements that are on the boundary. This information are used 
later to correct local node numbering to make in numerical integration 
easier (refer to Section 5.6). A detailed explanation is provided in the 
section that follows. 

 

Figure 20 - Columns of Topology Matrix. 

 Positions:  Matrix p is given as an output just for the sake of 
programming consistency. The information it provides is already given 
in the first six columns of Topology Matrix. 
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 List of Triangles:  The same statement holds for the matrix t as it is 
only given here for the sake of sake of programming consistency. The 
information this matrix holds, is given in columns 11, 12 and 13. 
 

 Coordinate of Nodes on Steel Wires:  This matrix stores the 
coordinate information of nodes fixed on the circumference of steel 
wires. Total number of 8 nodes is fixed on each wire. This number was 
obtained by trial and error and it leads to an optimal decomposition of 
each steel wire. 
 

 Nodal numbers for those nodes that are in steel wires:  This stores 
global node numbers of nodes located on the steel wires. This is a very 
important output and is mainly used to enforce the Dirichlet boundary 
conditions. 
 

 Identifier: a 4 matrix which consists of 1s and 0s. The first 
column of the matrix corresponds to elements in the wire. The second 
column corresponds to elements in the Carbon-Epoxy core. The third 
column corresponds to elements in the overwrap region and the last 
column is used to identify elements located on the boundary. This 
matrix is mainly used in implementation of natural boundary 
conditions. 
 

 Name of the topology data:  Due to the characteristic of this research, 
multiple analyses should be carried on each topology, in order to avoid 
extra processing time, each topology data is saved under a name that 
corresponds to the input information. 

 

Now that the inputs and outputs of the user subroutine are introduced, it is 
time for the actual mesh generation algorithm. The code block that is 
responsible for generating the mesh is called DistMesh and is available on 
the author’s website. In the beginning of the block some constant 
parameters are introduced which controls the iteration. These are mainly 
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tolerances used in different part of the code in order to achieve the optimum 
mesh quality.  

 

The initial step of the meshing algorithm is creating a distribution of nodal 
points (uniform) within the so-called bounding box. This initial distribution 
is shown in Figure 21. The distance between the nodes is set to be	h
0.0003. This small value is selected as a result of small steel wire 
diameters. Using this set of points, a rectangular grid is created by 
MATLAB®’s meshgrid function. 

 

 

Figure 21 - Schematic view of the initial step in discretizing the domain. 

 

Utilizing a signed distance function, outside nodes are removed from the 
domain. This method is called the rejection method and nodes that remain 
after this step are shown in red in Figure 21. A signed distance function is 
given in a form of a MATLAB® subroutine. The way a signed distance 
function works is shown in Figure 22.  
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Figure 22 - Signed Distance Function. 

 

For the three nodes shown in this figure we have: 

 

	 : 0;
	 : 0;
	 :	 0; 	

 
 

(5-53) 
 

 

The next step is to use the element size function h x, y  to evaluate its value 
at each node. Following this, the codes starts iteratively improving the 
location of nodes until the termination criterion is met. In the iteration, 
Delaunay triangulation method is used to find the location of nodes. This 
location is compared with the previous topology to determine any large 
movements. A list of bars or edges is created by taking into account the fact 
that for each bar belongs to two triangles and therefore the duplicates must 
be removed. The force in each bar is determined by comparing the current 
length of the bar with	l . Using equation (5-51) the new position of nodes is 
determined. At this point it is possible for some nodes to move outside of 
the boundary and by using the gradient of the signed distance function; they 
are moved back to the boundary. 
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Let’s use the notation d x, y  for the signed distance function. Using the 
index j	for the nodes outside of boundary, we have: 

, ,

, ,
 

 
(5-54) 

 

 

 
 

(5-55) 
 

 

The gradient of a node that is outside of the boundary is determined by 
means of numerical differentiation. Then these nodes are projected back to 
the boundary by: 

 

, , , ,

 

 
(5-56) 

 

 

The termination criterion is based on the difference in the movement of 
nodes. If the difference is less than a given tolerance, the iteration is 
stopped. 
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5.5. Mapping 
  

As stated previously, since the conforming requirement of elements 
restricts the use of linear elements, these elements are mapped from their 
global coordinate system into their so-called parent coordinate system. This 
process is called mapping of elements and its concept is explained in Figure 
23 and Figure 24. 

 

 

Figure 23 - Rectangular Element Node Numbering. 

 

 

Figure 24 - Triangular Element Node Numbering. 
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The mapping is described by means of one-to-one transformation: 

 

,
,  

 
(5-57) 

 
 

Using this transformation, each and every point in the parent domain 
corresponds to a unique point in the global domain and vice versa [27]. 
Since now x and y are functions of ξ and	η, we have make use of the chain 
rule to differentiate them: 

 

 
 

(5-58) 
 

 

Where  is called the Jacobian matrix. It is required that for every mapping  

 

det 0 
 

(5-59) 
 

 

The generated MATLAB® subroutine checks whether (5-59) holds for 
each and every mapping. Equation (5-59) holds if and only if nodes in the 
element are numbered counter clockwise locally. The fact that often the 
Jacobian of elements is not a constant value, conventional integration 
techniques are not possible and therefore use is made of the numerical 
methods such as Gauss Quadrature Figure 23 shows a rectangular 4-node 
iso-parametric element. The name iso-parametric, suggests the use of the 
same function that describe the 4 corner nodes of the element, to 
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approximate the field variable. For these elements, the shape function is as 
follows: 

 

 

1 1

1 1

1 1

1 1

 
 

(5-60) 
 

 

 

It is worthwhile to mentioning that as in the case of linear rectangular and 
triangular elements, for these iso-parametric elements, (5-19) and (5-25) 
hold. The general form given in (5-57) is rewritten: 

 

, , , , ,
, , , , ,

 
(5-61) 

 
 

As stated before, shape function given in (5-60) are also used for 
approximating the field variable, similar to (5-30), we have: 

, ,  
 

(5-62) 
 

 

Following the same line of approach for iso-parametric triangular elements 
(Figure 24), we have: 
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1

 
 

(5-63) 
 

 

, , , ,
, , , ,

 
 

(5-64) 
 

 

It is important to emphasize that once iso-parametric elements are used, all 
the integral formulas in Equations (5-42) - (5-48) must be transferred using: 

det  
 

(5-65) 
 

And  

| |  
 

(5-66) 
 

If , and:  

| |  
 

(5-67) 
 

 

If		 . In addition to these terms, limits of integration are also 
subject to change. 

 

Φ Φ det  
 

(5-68) 
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And 

Φ Φ  
 

(5-69) 
 

 

Where Φ	is an arbitrary argument. 

 

5.6. Gauss Quadrature 
 

As previously mentioned, in order to evaluate any integral in the general 
form of (5-68) and (5-69), numerical integration must be utilized. Here 
Gauss Quadrature is used for both of the approaches utilized in this thesis. 
The discussion that follows is for the second approach (iso-parametric 
triangular elements) and was motivated by the implementation of Gauss 
Quadrature in rectangular elements. 

 

  

Figure 25 - Node renumbering for boundary elements. 
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As is shown in Figure 25, for a triangular element that is on the 
boundary, there are three different sides that can be exposed to the natural 
boundary conditions. The difference of these sides is in the way this 
triangular element is numbered locally. As previously mentioned, the 
meshing algorithm ensures that all the elements are numbered counter 
clockwise and the reason for this is to ensure criteria (5-59) is met. By 
mapping the elements from their global coordinate system into their 
respective parent domain, a triangle is obtained that that has unit length 
along the parent axis. By ensuring that local node numbering is in a way 
that in the parent domain, only side 1 (shown with red line in the parent 
coordinate in Figure 25) is exposed to the natural boundary condition, 
implementing Gauss quadrature becomes easier since in this case		

. 
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6. Results and Discussions 
 

In the section, the initial finite element analysis’ results are presented.  The 
first part, 4-node isoparametric rectangular elements are used to mesh the 
geometry. The second part of this section presents the results of the second 
code generated for this simulation. Utilizing isoparametric triangular 
elements and adaptive meshing enabled a better simulation of the effect of 
induction unit. The last part of this section presents a nodal investigation 
and showcases the contributions of each process in a more detailed way. 
The diagram of rate of cure vs. degree of cure is also presented for these 
nodes. They comply well with the model developed by Loos and Springer 
[24]. 

 

6.1. 4-Node Iso-parametric Rectangular Elements 
 

Figure 26 shows the meshed geometry. In this simulation, there are a total 
number of 6 wires embedded in the FRP rebar. One of the wires in located 
in the center while the rest of five wires are placed in the center of FRP’s 
radius. The pull rate for this simulation is75	 cm⁄ . Since the symmetry 

is considered, only 1 5⁄ 	 of the cross sectional area is shown. 

 

Figure 26 - Meshed Geometry. 
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Figure 27 presents the temperature distribution and cure profile of the FRP 
rebar after the induction coil.  

 

 
Figure 27 - Temperature distribution and Cure Profile after the First 

Tunnel Oven. 

 

It can be seen that the temperature of embedded wire is 200	  and near the 
wires, curing starts. Figure 28 presents show the final results and based on 
this simulation, the FRP rod under the given production parameters is not 
fully cured. The problem shown below is common in manufacturing and in 
many instances, the outer shell of the FRP rebar can be cured while the 
inside is not fully cured. This makes visual inspection difficult and the 
under cured core is detrimental to the overall mechanical properties of the 
rebar. 
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Figure 28 - Temperature distribution and Cure Profile after Tunnel Oven. 

 

6.2. 3-Node Iso-parametric Triangular Elements  
 

In this section, an advanced meshing algorithm is utilized in order to better 
modeling of the effect of the induction unit. Figure 29 shows the meshed 
domain. There are a total 7 number of steel wires used in this simulation 
and the adaptive meshing algorithm generated finer meshes adjacent to the 
embedded steel wires. As stated previously, the adaptive meshing algorithm 
is capable of having multiple layers of steel wire with the possibility of 
layers having different orientation with respect to each other. The pull rate 

for this simulation is	50	 . 

 

Figure 29 - Meshed Geometry 



74 
 

Figure 30 presents the temperature distribution and cure profile after the 
induction coil. It can be seen that the symmetric temperature distribution 
and cure profile adjacent to the steel wires is a result of the assumption 
made regarding thermal orthotropic material. The black circle in the 
diagram of cure profile is the location of steel wires. For these wires, curing 
has no physical meaning. 

 

Figure 31 shows the contribution of the first tunnel oven. While the 
temperature in steel wires has decreased, radiation heat transfer starts to 
increase the temperature of the outer layer thus curing can start from 
outside towards inside of the FRP rebar. 

 
Figure 30 - Temperature distribution and Cure Profile after Induction Unit 

 
Figure 31 - Temperature distribution and Cure Profile after the First 

Tunnel Oven 
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Figure 32 shows the contribution of the second oven. It can be seen that the 
temperature of the outer layer of the FRP rebar is increasing anf the 
diagram for the cure profile shows that the curing of the outer layer is 
speeding up. 

 
Figure 32 - Temperature distribution and Cure Profile after the Second 

Tunnel Oven 
 

Figure 33 presents the final temperature distribution and cure profile of the 
FRP rebar. It is can be seen that the temperature throughout the FRP rebar 
has not increased the flash point of the resin and a uniform cure has been 
achieved. 

 

 
Figure 33 - Temperature distribution and Cure Profile after the Last 

Tunnel Oven 
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6.3. Nodal Investigation: 
 

This nodal investigation aims at showing the contribution of each and every 
process in a more detailed manner. Figure 34 shows the nodal history of a 
node near the outer layer of the FRP rebar. It is expected that the 
contribution of induction coil be minimum for this node and the curing 
starts in the oven. Diagrams in the top right and bottom right clearly prove 
this.  

 

 

Figure 34 - (Top Left) –Node 2155 near the outer layer of FRP Rebar. (Top 
Right) – Temperature Distribution of Node 2155. (Bottom Right) – Cure 

Profile of Node 2155. (Bottom Left) – Rate of Cure vs. Degree of Cure for 
Node 2155. 
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The diagram of rate of cure vs. degree of cure is presented here as a 
verification of the cure kinetics model used. The discontinuity in this 
diagram is a result of Equation (4-9) which happens in the vicinity of	α
0.3. This diagram shows that the rate of curing has increased towards the 
end of the process which means that the exothermic reactions for this node 
initiated while the FRP rod was in the oven 

 

Figure 35 – (Top Left) –Node 2122 near the outer layer of FRP Rebar. 
(Top Right) – Temperature Distribution of Node 2122. (Bottom Right) – 

Cure Profile of Node 2122. (Bottom Left) – Rate of Cure vs. Degree of Cure 
for Node 2122. 

 

By observing a node closer to the embedded steel wires and closer to the 
center of FRP rebar, it can be shown that while the FRP was in oven one, 
nodes in the central region of the FRP rebar, experienced a drop in 
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temperature. The rest of ovens contributed to increasing of the temperature 
and activating the exothermic reactions of the node. The rate of cure vs. 
degree of cure for this diagram shows that during the first oven, rate of cure 
has decreased which is explained by the fall of temperature. Again, in this 
diagram the discontinuity is as a result of the kinetic model. 

 

Figure 36 shows the temporal history and the cure profile of nodes closer to 
the center of the FRP rebar. While it can be seen from the cure profile 
diagram that this node is not fully cured, the faster cure rate of the node 
before tunnel ovens is explained by the closeness of the node to the steel 
wires regions.  

Figure 36 – (Top Left) –Node 2109 near the outer layer of FRP Rebar. 
(Top Right) – Temperature Distribution of Node 2109. (Bottom Right) – 

Cure Profile of Node 2109. (Bottom Left) – Rate of Cure vs. Degree of Cure 
for Node 2109. 
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Figure 37 presents is for a node that is adjacent to the steel wires. 
Temperature history of this node shows that tunnel ovens contributed very 
little to the curing of this node and while the FRP was in the induction coil, 
rate of cure was faster. 

 

 

Figure 37 – (Top Left) –Node 2077 near the outer layer of FRP Rebar. 
(Top Right) – Temperature Distribution of Node 2077. (Bottom Right) – 

Cure Profile of Node 2077. (Bottom Left) – Rate of Cure vs. Degree of Cure 
for Node 2077. 

 

As previously mentioned the exothermic reactions of the thermosetting 
resin, start near	80	 . By comparing the diagram of temperature gradient 
and degree of cure of the nodes shown above, this phenomena can be 
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observed. In other words, in the first few seconds of the process, diagram of 
degree of cure reports a very small value for the degree of cure of the node. 
And in the vicinity of 	80	  an increase in the degree of cure for all nodes 
is observed. 
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7. Conclusions and Future Work 
 

In conclusion, using triangular elements has shown significant 
improvements in obtaining the temperature distribution and cure profile of 
FRP rebars. The advanced meshing algorithm used for the second analysis, 
reduced production of elements with bad aspect ratios. In the first analysis, 
because of type of meshing used, elements with bad aspects ratios were 
produced which made the code unstable.  

 

The finite element analysis showed that increasing the number of wires can 
help obtaining a better cure profile while speeding up the process. Future 
studies can show that whether increasing layers of embedded steel wires 
can increase the unwanted residual stresses. 

 

Numerical solution can help the engineer obtain an a priori understanding 
of the behavior of the system. This numerical simulation needs to be 
experimentally verified. This verification can show the accuracy of the 
model and the correctness of assumptions. As previously mentioned, there 
are many challenges in the production line that has to be addressed mostly 
by trial and error and this numerical simulation hopes to have reduced the 
number of these trials.  

 

The temperatures induced in the steel wires, was measured in an 
experiment by Sandness [3]. Using a finite element analysis of 
electromagnetic fields induced by the induction unit can provide a more 
realistic cure profile. The temperatures measure by this method can adapt to 
the changes enforced by the different pull rates and different wire 
arrangements. 
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In addition to what was mentioned above, in a finite element analysis of 
electromagnetic fields, temperature variations along the length of FRP 
rebars can be obtained. In this work, it was assumed that as a result of 
continuous process, temperature gradient along the length of the FRP rebar 
is zero and thus the problem is two dimensional.  

 

The kinetics model used for this analysis was a model that was developed 
by Loos and Springer for Graphite/Epoxy composites. A differential 
scanning calorimetry can be used to obtain a more suitable kinetics model 
for the particular material used in this study. 

 

During experimental work, it is often difficult to maintain consistency in 
the production. In this case, the assumption made regarding the location of 
steel wires (Parallel to each other and along the length of the FRP rebar) 
can distant the simulation results from the actual experimental result. A 
finite element analysis with random wire arrangement can help achieving a 
better understanding of the cure profile. 
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8. Publications 
 

The following is the abstract of a peer reviewed full paper accepted by the 
American Society for Composite’s 28th technical conference in PENN 
State University, USA.  

 

Title: An Investigation on Fast Curing of Braid Reinforced FRP Rebars 
Using a Finite Element Analysis. 
 
 
Authors :  Amir Haji Hosseini(1) 
      Cagri Ayranci(2) 
    Jason Carey (2) 
 
(1) Blekinge Tekniska Högskola, Karlskrona ,  371 79, Blekinge, Sweden. 
(2) University of Alberta, Mechanical Engineering Department, Edmonton, AB, Canada, 
T6G2G8 
(2) Corresponding author: cayranci@ualberta.ca, Dr. Cagri Ayranci 
 
 

ABSTRACT 

 
Conventional steel rebars are widely used in reinforced concrete structures. 
They have numerous mechanical advantages such as high stiffness, strength 
and low cost as well as their wide-spread availability. However, they also 
present some disadvantages, such as low chemical resistance to corrosion, and 
their metallic nature that create challenges for structures that require non-
magnetic construction. In recent years, fiber reinforced plastic (FRP) 
composite rebars have been developed to address some of the aforementioned 
shortcomings. Amongst the various ways to produce these rebars, some 
researchers utilized a combination of braiding and pultrusion techniques. In 
this combined technique, a unidirectional-continuous fibers core are is 
encapsulated by one or more layers of braided fiber preforms. One of the 
major challenges in broader commercialization of FRP rebars are their 
limitation in continuous, fast and mass production resulting from long curing 



84 
 

times. Depending on the type of the resin that is used, curing of the 
conventional resins may take up to hours at room temperature. This time can 
be reduced if the curing is done at elevated temperatures in autoclaves or 
ovens; however, this poses considerable problems in terms of additional 
handling, storing and overall production time for these rebars. Literature 
suggests use of electron beam and high frequency microwaves for fast curing 
in composite materials; however, these techniques also have shortcomings, 
such as high costs and potential problems with certain fibers (e.g. arcing of 
carbon fibers), respectively.   
 
This study investigates an alternate fast curing technique for braid reinforced 
FRP rebars using a combination of induction heating and ovens. Internal 
curing resulting from induction heating is accomplished using small diameter 
metallic wires embedded into the core of the rebars during manufacturing, 
which reduces internal cracking. 
 
In-line ovens contribute to curing from outside towards the middle of the core. 
The induction heating and ovens system is used in-parallel with the 
production line for the rebars resulting in fast production speeds. This paper 
reports on the Finite Element Analysis prediction of the fast curing process 
using a MATLAB® program. The program calculates parameters such as 
curing fraction, required power to run the induction units, and line-speed of 
the production process. The program will be used to predict the curing as well 
as to avoid shrinkage cavities during the process, and it will also enable 
continuous production of these rebars for commercial applications. 
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