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ABSTRACT 

 
Dempster-Shafer theory nowadays is used to model the epistemic (subjective) uncertainty as 

an alternative to the traditional probabilistic approach. Few decades back, Bayesian 

probability theory was used for this purpose as to handle problems encountered in different 

engineering disciplines. Since bayesian theory primarily needs precise measurements from 

experiments, this requirement restricted its application for problems having weak and sparse 

information and urged for further research to explore new techniques.  In the meanwhile 

concept of imprecise probability came to light ensued different formalism, among them 

Dempster-Shafer theory is a prominent frame work. In this thesis Dempster-Shafer theory 

(D-S Theory) a data fusion technique is discussed along with subsequent improvements for 

combining conflicting information in D-S structure. 

 

In mining engineering during underground extraction of minerals (coal particularly) 
chances of  occurrence of natural  hazards like mine fires, gas outbursts, flooding with 
water and subsidence of overlying strata etc are although rare but with high 
uncertainty thus provides weak information about the system. Their history having 
detailed records is short. To wrestle with such problems, Dempster-Shafer formalism is 
a strong and effective tool. 
 

Here in this thesis complete modus operandi of the Dempster-Shafer formalism has been 

narrated with the help of illustrative examples. And by using this technique, quality of mine 

air in a coal fire zone is ascertained and a Mine Fire Index (MFI) is developed which is easy 

to use even for the lower hierarchy of the mine management and is helpful in making 

decision. 
   

Keywords: Dempster-Shafer theory, evidence, data fusion, coal mining, sealed fires, air 

quality and mine fire index. 
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1 INTRODUCTION 
 

This thesis aims at exploring the relevance and applicability of Dempster-Shafer (D-S) 

theory using subjective knowledge of experts about events as inputs for decision 

making encountered while combating underground coal mine fire problems.  

Minerals are naturally occurring substance and nature has hidden most of them under 

thick cover of soil. Their exploration and exploitation stages involve high degree of 

uncertainty. During underground extraction of minerals (coal particularly) chances of  

occurrence of natural  hazards like mine fires, gas outbursts, flooding with water, roof 

falls and subsidence of overlying strata etc are high. All these natural hazards are 

inherently highly uncertain but rarely occurring. In underground coal mines business, 

regular changes of the nature and hold of uncertainty has much influence over 

corporate success as compared to other industries. There is an old saying, “No man 

knows beyond the point of his pick” sounds true [1].  

Uncertainty is inescapable, even in daily life we often find ourselves in a state of 

uncertainty and its degree depend upon the nature of the problem and the knowledge 

about the scenario to which problem relates. In natural phenomenon degree of 

uncertainty is usually high because of partial or complete lack of knowledge. In 

engineering discipline whether it is a matter of designing a new project or monitor a 

current project, engineers have to make decisions under uncertainty. The events 

however having lesser uncertainty and little impacts can be ignored as compared to 

those involving high uncertainties and significant effect. Such events obviously requires 

to be dealt with meticulously and due care. In coal mining field, mine fires accidents 

have severe effects in terms of loss of precious human lives, expensive machinery and 

incineration of coal deposit so it needs to be dealt with extreme care and top priority 

basis. Obviously this demands maximum knowledge about the behavior of system, 

procedure and previous history of the similar events (mine fire incidents). As vague, 

imprecise and partial or complete lack of knowledge about the system and 

phenomenon relating the problem give birth to uncertainty and impairs decision 

maker’s ability for making right and good decisions [2]. To model uncertainty one has 

to resort to probability theory and in classical probability theory relative frequencies of 

the scenario needs long history of equally likely events which is rarely possible in coal 

extraction projects. And alternative to classical theory was Bayesian probability theory 

which uses the concept of subjective knowledge of the expert. This theory was 

extensively used in machine learning, econometrics and other sciences. But again this 
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theory was not success full in engineering perspective particularly where decision 

problems are mostly natural, complex and rarely occurring thus gives weak 

information. A promising theory that works well in a weak and imprecise information 

giving scenario is Dempster-Shafer (D-S) theory of evidence which is more flexible and 

accommodative than Bayesian approach. Here probability is assigned both to singleton 

and set of events in disregard to Bayesian approach where probabilities are only 

assigned to singletons. 

1.1 Aims and Objectives of the Thesis  
 

D-S theory is based on the concept of data fusion technique. Data obtained from 

different independent sources are combined in a numerical way to capture single 

reliable and intuitive result hence can be used for making decision. Here in this thesis 

the same basic theme is used for making decision, by assessing the status of sealed fire 

in an underground coal mine for safe re-opening. 

 

1.2 Structure of the Thesis 
 

The remaining of the thesis is arranged as follows. Chapter 2 gives the details about 

uncertainty and different views of probabilities. Chapter 3 introduces the concept of 

Dempster-Shafer theory with illustrative examples and modifications proposed by 

different mathematicians. Chapter 4 explains about mine fire, combustion gases 

produced there from and how from these gases intensity of the fire can be guessed.  

Chapter 5 provides the application of D-S theory in assessing the status of sealed fires 

in an underground coal mine and construction of Mine Fire Index (MFI) and 

summarizes the conclusion and future work. 
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2 UNCERTAINTY AND DIFFERENT VIEWS OF 

PROBABILITIES: 
 

While defining uncertainty there is no harm to say that it is an antonym of certainty 

meaning anything which is not certain is uncertain. To handle a problem information 

are needed, the portion of the problem about which complete information are obtained 

is called deterministic or certain and usually it is small whereas the main portion of the 

problem about which we cannot fetch complete information for any reason for example 

due to complexity of the system, ignorance, imprecision and randomness etc are called 

uncertain. Hence incomplete knowledge about the system, procedure and data 

generates uncertainty. Ross explained this concept with the help of a similar figure 

shown below [3].  

 

 
     Figure 2.1 illustrates the concept of uncertainty and certainty. 
 
 

2.1 Types of uncertainty 
 

According to references [4][32] there are two types of uncertainties: 

2.1.1 Aleatory  Uncertainty  
 

This uncertainty emerges due to natural unpredictable variation in the performance of 

the system under study. It is called natural uncertainty and cannot be reduced by 

obtaining more information about the variable. Other names are “stochastic 

uncertainty” and “irreducible uncertainty”.  
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2.1.2 Epistemic uncertainty 
 

This type of uncertainty results from the lack of knowledge about a system and it can 

be reduced as knowledge increases and more data becomes available by careful study 

of the system. Therefore expert judgments may be useful for its reduction. This is also 

called “subjective uncertainty” and reducible uncertainty.  

2.2 Representation of Uncertainty  
 

Uncertainty is represented and quantified by probability theory.  

2.2.1 Probability  

 

``The probability of an event is a measure of likelihood that it will happen and it is given 

on a numerical scale from 0 to 1. It is represented by percentages, fractions or 

decimals’’ [32].  

Probabilities are categorized under two views:- 

 Objective view 

 Subjective or Bayesian view. 

2.2.2 Objective View  
 

It relates to the situation where experiment can be repeated indefinitely under 

identical conditions but the observed outcome is random. Here the relative frequency 

of an event converges to a limit as the number of repetitions of the experiments 

increases this limit is called the probability. This view is related to aleatory uncertainty. 

 

Probability = lim
n→∞

number of favourable outcomes

total numbers of outcomes  n
………… . (1) 

 

2.2.3 Subjective View or Bayesian View 
 

If it is not possible to work out a probability through objective way then subjective 

method is used. A subjective probability is in fact a reflection of a decision maker’s 

belief pertaining to a particular event. An event can be a statement and the subjective 

probability of an event is a measure of degree of belief that the expert or decision 

maker has in the truth of the statement. For example one may wish to estimate the 

probability that it will rain on 1st of January. In this case one has to make subjective 

probability on past experience, such as weather records or expert opinion etc. Here one 
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can make mistake and different people have different opinions, so it is open to errors 

[32].  

A probability to an event is assigned on the basis of current knowledge and is updated 

on receiving new information (Bayesian theorem)[2]. The theorem relates the 

conditional and marginal probability of the events and is as under 

 

𝑃𝑟  
𝑥

𝑦
 =  

Pr(𝑦/𝑥) × Pr(𝑥)

Pr(𝑦)
……………… (2) 

 

Where       Pr  
x

y
  is the posterior probability 

                     Pr  
y

x
  is the conditional probability 

                     Pr x  is the prior probability  

                     Pr y  is the marginal probability 

 

This paragraph follows [2][5], In the past traditional probability theory was only used 

to model both the aleatory and epistemic uncertainties because of lack of knowledge 

and non availability of computational methods. Later, on the evolution of Bayesian 

theory it was proved that the traditional probability theory holds good only to handle 

uncertainties encountered in system that behave random ways and with prior 

knowledge. It was unable to cover the situations that falls under ignorance or 

subjective uncertainty. But in monitoring or designing engineering project engineers 

sometimes have to face such situations where information about the system was 

limited. Bayesian theory accommodated engineer’s subjective knowledge which was an 

important supplement to sample information. In classical statistical approach only the 

sampling data was used and the subjective information of the expert was ignored, 

producing less informative inferential results. This theory was different from the 

classical theory in respect of the fact that it uses subjective knowledge of the expert 

about the unknown state of nature through prior probability distribution and on 

receiving more information converted to posterior information which was used in 

decision making. However Bayesian theory does not handle weak and incomplete 

information. On the other side in engineering projects like underground extraction of 

coal projects some time mine fire outbreak spontaneously. No single reason 

contributed to this incident rather multiple reasons including several geological, 

environmental and mining factors could be responsible for this occurrence. Therefore 

no one can say for sure which reason was prevailed at the time of start of mine fire. 



  6 

Since the inception of mechanized coal mining operations, the ratio of mine fire 

accidents has increased so it can be a reason of mine fire but it does not have large 

history as mechanization of coal mining started few decades before. In such state of 

affairs, prior subjective knowledge of the expert about an event (Bayesian view) was 

used to model the uncertainty; as stated above Bayesian approach did not support the 

weak information (lack of understanding about the system and rarely occurring 

uncertain events etc.).  The short comings observed and felt in traditional and Bayesian 

theory was removed with the evolution of Dempster-Shafer theory (D-S) theory of 

evidence. In some cases D-S theory is deemed as a generalization of Bayesian theory 

because in D-S theory probabilities are assigned both to singletons and sets as opposed 

to mutually exclusive singletons (Bayesian concept). In almost the same era different 

thoughts or methodologies like Bayesian Robustness, fuzzy logic (non probabilistic 

approach), Upper Lower probability were also emerged out which considers the said 

aspect of weak information and imprecise in a proper way[9], [10].  

 

2.3 Imprecise Probability 
 
Imprecise Probability follows [11], [12] and [13] this term is used for those 

mathematical models that measure uncertainty without sharp numerical probabilities 

e.g. belief functions, fuzzy measures, interval-valued probabilities and plausibility 

measures etc. These models are used in decision making and inference problems where 

the information about the unknown state of nature is scarce, vague or conflicting. In 

conventional probability scheme for some unknown state of nature, a probability is 

assigned to each state out of all possible states of nature. Such an assignment is done 

with absolute precision taking into account whether any one of state is equally likely, or 

more likely or less likely than the rest. And one cannot guarantee for this precision if 

the information about the unknown state of nature is weak in this case we have to 

resort to imprecise probability. In an imprecise probability frame work precise 

statements are avoided by introducing degree of freedom into the formal expression of 

uncertainty. In this way one can express his knowledge according to its quality. This is 

done by using probability intervals in place of a single probability value to model 

uncertainty. Imprecise probability can be illustrated with the help of an example say 

two gentlemen arguing on the point that if “I toss the coin it will land on head” is true. 

1st one might know about the status/type of the coin that it is a fair coin whereas 2nd 

might not know whether it is biased having heads or tails on either sides or one side is 

heavier than other or it is a fair coin? Ramsey author of [13] proposes that if ‘A’ denotes 
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“flip the coin” and B denotes “then it will lands on head”.  This statement can be written 

in the form of conditional probabilities P B ∣ A . Since both the persons are at different 

states of their knowledge about the coin, obviously they are at different state of 

uncertainty and so will assign conditional probability according to their understanding. 

The 1st person gives subjective probability equals to 0.5 where as for 2nd person being 

ignorant about the coin, justified for him to assign imprecise probability with lower and 

upper bonds say in this case i.e. [0,1]. The advantage of interval representation is that it 

does not make assumptions that are not substantiated by the available evidence. The 

resulting indeterminacy in the belief about unknown state of the nature indicates 

weakness of the knowledge which is reflected in subsequent decision analysis. This 

indeterminism can be viewed as a strength showing the reality of the scenario faced by 

a decision maker. Many statisticians have agreed that this approach is better than a 

probabilistic approach because in most applications, information about uncertainty is 

based on expert judgment. There is wealth of literature which shows that the concept 

of imprecise probability to represent weak information is proposed by many 

statisticians but there is no single universal technical definition has emerged. Imprecise 

probabilities have been represented in a number of ways; among them three 

representative approaches are the Dempster-Shafer evidence theory, the upper lower 

probability and the Bayesian Robustness. Dempster-Shafer evidence theory 

characterizes uncertainties as discrete probability masses assigned directly to subsets 

of the combined states of nature as well as to the individual states of nature.  
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3 INTRODUCTION TO DEMPSTER-SHAFER THEORY 
 

This chapter defines basic concept of Dempster-Shafer theory and describes how D-S 

theory is used to combine imprecise and imperfect information to capture more 

reliable single information through computing probability of an event in the presence 

of evidences. The imperfect information is mainly due to imperfection of the 

information by itself or to unreliability of the sources [14], [15]. 

3.1 History and basic concept of Dempster-Shafer 

Theory 

Presentation in this paragraph follows [14], [16] and [19] the seminal work of the 

theory was initiated by Arthur P. Dempster in 1960’s, which included concept of “upper 

and lower probabilities”. Later in 1970’s, Shafer re-cased and extended the theory by 

replacing the concept of upper and lower probabilities with degree of belief and given 

the name of “Mathematical Theory of Evidence” which is now famous under the title of 

“Dempster-Shafer theory of evidence (D-S theory ”. It is in fact theory of mathematical 

evidence based on the belief function and used to combine separate and independent 

pieces of evidence to quantify the belief in a given statement. It is considered as 

generalizations of Bayesian probability theory as probabilities/mass are assigned to 

multiple possible events as opposed to mutually exclusive singletons in bayesian 

probability theory. The basic assumptions of Dempster-Shafer theory are that 

ignorance exists in the body of knowledge and the ignorance creates uncertainty which 

induce belief. Belief function is used to represent the uncertainty of the hypothesis. The 

theory releases some of the axioms of probability theory.   It is characterized by two 

qualities (1) permit assigning the probability to set of multiple possible events and (2) 

requires events to be exclusive and exhaustive. Within the framework of D-S theory the 

information obtained from multiple sources are represented by degree of belief/mass 

function and then fused/ aggregated using  Dempster-Shafer rule of combination, hence 

D-S theory is in fact a multi source data fusion technique to capture more reliable single 

information combining several mass functions through normalization step. D-S theory 

has limitation of intensive computation as large number of evidences from multiple 

sources increases exponentially and it suffers for independence assumptions. D-S 

theory was previously used in Artificial Intelligence and Expert System but now is also 

used in medical diagnosis, social sciences (auditing) and engineering [16] [17][18]. 
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3.2 Basic Terms Used In Dempster-Shafer Theory  

3.2.1 Frame of discernment „„Ө‟‟ 

``Let Ө represent a random variable whose true value is unknown. Let Ө= {θ1, θ2…… 

θn} represent individual, mutually exclusive, discretized values of the possible 

outcomes of Ө. In conventional probability theory uncertainty about Ө is represented by 

assigning probability values pi to the elements θi, i…n, which satisfy ∑𝑝𝑖  = 1.0. As an 

example, consider a random variable with only four outcome values a, b, c and d. Then a 

typical probability assignment might be as shown below. 

0.20 

a 

0.35 

b 

0.40 

c 

0.05 

d 

The representation of uncertainties in the D-S theory is similar to that in conventional 

probability theory and involves assigning probabilities to the space Ө. However the D-S 

theory has one significant new feature: it allows the probability to be assigned to subsets of 

Ө as well as the individual element θi‟‟[2].  

3.2.2 Power Set P(Ө) =2θ   

The power set P(Ө)of aforesaid random variable `Ө‟ is a set of all subsets of Ө 

including the singleton elements, defines the D-S frame of  Ө. A subset of said power set 

may consist of a single hypothesis or conjunctions of hypotheses. Any subset except 

singleton of possible values means their union, for example, {θ2, θ3, θ4} ⇒ θ2 ∪ θ3 ∪ θ4. 

Complete probability assignment to power set is called basic probability assignment bpa 

[2][4]. 

3.2.3 Evidence 

Evidences are events/symptoms and one evidence relates to only one hypothesis or set 

of hypotheses. No relation is permissible between different pieces of evidence to same 

hypothesis or set of hypotheses. In other words there is cause effect relation between 

evidence and hypothesis. The relation between piece of evidence and hypothesis or set 

of hypotheses is quantified by an expert /data source [4]. 

3.2.3.1 Types of Evidence 

There are four types of evidences [4]:  

i. Consonant evidence: A nest like structure where elements of the first subset are 

included in the immediate next larger set and all of whose elements are 
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included in the next larger set and so on. This depicts a state where information 

is obtained over time thus refines the size of the evidentiary set. 

ii. Consistent evidence:  There is at least one element that is common to all 

subsets. 

iii. Arbitrary evidence: There is no element common to all subsets, though some 

subsets may have elements in common. 

iv. Disjoint evidence: No any two subsets have elements in common with any other 

subset. 

Each type of evidence from multiple sources has different implications on the level of 

conflict associated with the situation. Clearly in the case of disjoint evidence, all of the 

sources supply conflicting evidence. With arbitrary evidence, there is some agreement 

between some sources but there is no consensus among sources on any one element. 

Consistent evidence implies an agreement on at least one evidential set or element. 

Consonant evidence represents the situation where each set is supported by the next 

larger set and implies an agreement on the smallest evidential set; however, there is 

conflict between the additional evidence that the larger set represents in relation to the 

smaller set. Except disjoint evidence, traditional probability theory cannot handle the 

other three types of evidence on their own. It also cannot figure out the level of conflict 

between these evidential sets. Dempster-Shafer theory can handle the said evidences 

by combining concept of probability and of sets [4]. 

3.2.4 Data source 

Data source can be some person or entities that give relevant information of the 

state/situation. Data sources have to be representative or as free from bias as possible 

(e,g. experts) [20]. 

3.2.5 Data fusion 

Combining data received from several sources to produce new data that is expected to 

be more reliable and authentic than the inputs is called data fusion[4][20]. 
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3.3 Main Components of D-S theory                                                                                                                              

There are three important functions in D-S theory [4][20][21].     
 

3.3.1 Basic Probability Assignment (bpa) / Mass Function (m-value) 

A piece of evidence that influences our belief concerning the true value of a proposition 

‘A’ can be represented by a basic probability assignment m().   It is a mapping of the 

power set P (Ө) = 2θ to the interval between 0 and 1, where the bpa of the null set is 0 

and the summation of the bpa’s of all the subsets of the power set is 1. Thus, m(A) is a 

measure of belief assigned by a given evidence to A, where A is any element of 2θ. The 

bpa or m(A) deals with the belief assigned to A only, and not A subset, non belief is 

forced by the lack of knowledge[21]. Mathematically this is denoted by: 

m: 2θ → [0,1] 

m(ϕ)  = 0 

m A ≥ 0, ∀ A ∈  2θ    

  m A      ∀ A ∈  2θ       = 1……………… (3) 

Above equation tells that all statements of a single data source have to be normalized, 

just to ensure that the evidence presented by each data source carries equal weight, no 

data source is more important than other one. Elements of power set having m(A)> 0 

is called focal elements. This can be explained with the help of simple example. 

Θ = {a, b, c} 

There are 8 subsets, P (Ө) = 2θ = {∅, a, b, c,  a, b ,  a, c ,  b, c , a, b, c }.The expert 

assigned following masses (bpa or m-values) to subsets according to his judgment. 

m(a)  =  0.4 

m(c)  =  0.3 

m(a, b)  = 0.2 

m(a, b, c)= 0.1 

The above four subsets are called focal elements. 
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3.3.2 Belief function (Bel)  

 From the basic probability assignment, the lower and upper bounds of an interval can 

be found and in this interval our probability of set of interest lies. The lower bound is 

called belief function and upper bound is called plausibility function. 

The belief function can be worked out by taking sum of all the basic probability 

assignments of the proper subsets (B) of the set of interest (A). The belief function 

measures how much the information given by a data source supports the belief in a 

specified element as a right answer, thus 

Bel ∶  2θ  → [0,1] 

The belief function of the set of interest A, Bel (A) is given by: 

     

Bel A =   m B    for all  A ⊆ θ

B⊆A

………… . . (4) 

3.3.3 Plausibility function (Pl) 

Plausibility, the upper bound of the interval, is calculated by taking the sum of all the 

basic probability assignments of the sets (B) that intersect the set of interest (A) 

 B∩A≠Ø). 

Pl: 2θ  →  [0,1] 

Pl A =   m B …………………………… (5)

B∩A≠∅

 

 It can be shown that Pl(A) ≥ Bel(A). The two measures belief and plausibility functions 

are non additive means that it is not required that the sum of all belief measures should 

be equal to 1 and similarly sum of all plausibility measures to be 1. The upper 

probability function or plausibility function, (Pl) measure how much the information 

given by a source does not contradict a specified element as the right answer. 

3.3.4 Commonality function Q (A) 

The third function beside (Bel) and (Pl) function is Commonality function which is 

defined as                        Q(A) ∶  2θ  → [0,1]     

Q A =   m(B)

A⊆B

       for all A ⊆ B………………… (6) 
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The D-S theory of evidence provides a generalization of probability theory where our 

knowledge of the probabilities of events are not precisely known but known within 

intervals” [22].  Under this interpretation of D-S belief structure the measure Pl(A) is 

the upper probability of the subset A and the measure Bel(A) is the lower probability of 

the subset A. Thus the probability of the subset A, Prob(A), is bounded as follows:  

Bel A  ≤ Prob A  ≤ Pl A) 

Plausibility and Belief are related to each other in the following way: 

Pl A = 1 − Bel A− ……………………………… . (7) 

Where  A−  is complement of A. This definition of plausibility in terms of belief comes 

from the fact that all basic assignments must sum to 1.  

3.3.5 Uncertainty Interval (U) 

The uncertainty interval represents a range in which true probability may lie. By 

subtracting belief from plausibility uncertainty interval can be determined [23].   

Graphically this can be represented as`` 

 

Figure3.1:  Uncertainty interval between plausibility and belief ’’ [24]. 

The difference Pl(A)― Bel(A) indicates the uncertainty regarding hypothesis A. 

3.4 Dempster-Shafer Rule of Combination  

The purpose of data fusion is to summarize and simplify information rationally 

obtained from independent and multiple sources [23]. It emphasizes on the agreement 

between multiple sources and ignores all the conflicting evidence through 

normalization. A strict conjunctive logic through AND operator (estimated by a product 

of two probabilities) is employed in combination of evidence. The D-S combination rule 
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determines the joint m1-2 from the aggregation of two basic probability assignments 

and by following equation:  

 

m1−2 A =
∑ {m1 B m2 C }B∩C=A     

(1 − K)
……………… (8) 

when A ≠ ∅          

m(∅)=0      and  

K =  ∑  {m1 B m2 C }B∩C=∅ ……………………………… (9) 

 

where K is the degree of conflict in two sources of evidences.  The denominator (1-K) is 

a normalization factor, which helps aggregation by completely ignoring the conflicting 

evidence and is calculated by adding up the products of bpa’s of all sets where 

intersection is null [4]. The Dempster -Shafer rule of combination is illustrated with the 

help of following example. 
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Example: While assessing the grades of the class of 100 students, two of the class 

teachers responded the overall result as follow. First teacher assessed that 40 students 

will get A and 20 students will get B grade amongst the total 60 students he 

interviewed. Whereas second teacher stated that 30 students will get A grade and 30 

students will get either A or B amongst the 60 students he took the interview. 

Combining both evidences to find the resultant evidence, we will do following 

calculations. Here frame of discernment θ= {A, B} and Power set 2θ = {∅, A, B,  A, B }, 

            Evidence (1) =Ev1                                          Evidence (2) =Ev2 

m1(A)  =  0.4 m2(A)  =   0.3 

m1(B)  =  0.2 m2 A, B =  0.3 

m1(θ)  =  0.4 m2(θ)  =    0.4 

 

   Belief function (bel): 

 

Bel1 A = m1 A =  0.4 Bel2 A = m2 A =  0.3 

 

Bel1 B = m1 B =  0.2 Bel2 A, B = m2 A + m2 B + m2 A, B =

 0.3 + 0 + 0.3 = 0.6  

 

Bel1 θ = m1  A + m1 B + m1 ⊝ 

= 0.4 + 0.2 + 0.4

= 1.0 

Bel2 θ = m2  A + m2 B + m2 A, B 

+ m2 ⊝    

= 0.3 + 0 + 0.3 + 0.4 = 1.0  
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Plausibility function (PI): 

A ∩ A = A    ≠ ∅  hence     m1  A = 0.4 

A ∩ B =  ∅ 

A ∩ θ = A ≠ ∅   hence     m1  θ = 0.4 

Pl1 A =  m1  A + m1  θ = 0.4 + 0.4

= 0.8 

A ∩ A = A    ≠ ∅  hence     m2 A = 0.3 

A ∩ B =  ∅ 

A ∩ θ = A ≠ ∅   hence     m2  θ = 0.4 

Pl2 A =  m2 A + m2  θ = 0.3 + 0.4

= 0.7 

B ∩ A =  ∅ 

B ∩ B =  B ≠ ∅  hence m1  B = 0.2 

B ∩ θ =  B ≠ ∅ hence m1  θ = 0.4 

Pl1 B =  m1  B + m1  θ = 0.2 + 0.4

= 0.6 

 A, B ∩ A = A ≠ ∅   m2 A = 0.3 

 A, B ∩ B =  B ≠ ∅  , m2  B = 0 

 A, B ∩  A, B =  A, B ≠ ∅   m2 A, B 

= 0.3 

 A, B ∩ θ = (A, B) ≠ ∅ hence m2  θ 

= 0.4 

Pl1 A, B =  m2  A + m2  A, B 

+ m2  θ  

= 0.3 + 0.3 + +0.4 = 1.0 

θ ∩ A = A ≠ ∅   hence m1  A = 0.4 

θ ∩ B =  B ≠ ∅  hence m1  B = 0.2 

θ ∩ θ =  θ ≠ ∅ hence m1  θ = 0.4 

Pl1 θ =  m1  A + m1  B + m1  θ  

= 0.4 + 0.2 + 0.4 = 1.0 

θ ∩ A = A ≠ ∅   hence m2  A = 0.3 

θ ∩  A, B = (A, B) ≠ ∅, m2  A, B = 0.3 

θ ∩ θ =  θ ≠ ∅ hence m2  θ = 0.4 

Pl2 θ = m2  A + m2  A, B + m2  θ  

= 0.3 + 0.3 + 0.4 = 1.0 
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D-S Rule of Combination: using equation 8 & 9 

Evidences m1(A)=0.4 m1(B)=0.2 m1(θ)=0.4 

m2(A)=0.3 m1-2 (A)    0.12 m1-2  ∅      0.06 m1-2 (A)   0.12 

m2(A,B)=0.3 m1-2 (A)    0.12 m1-2 (B)     0.06 m1-2 (A,B)  0.12 

m2(θ)=0.4 m1-2 (A)    0.16 m1-2 (B)     0.08 m1-2 (θ)    0.16 

Table 3.1 shows combination of concordant evidences using D-S theory. 

k = 0.06  and 1 − k =  0.94  Combined masses are worked out using equation (8)& (9). 

m1−2 A =
0.12 + 0.12 + 0.12 + 0.16

0.94
= 0.553 

m1−2 B =
0.06 + 0.08

0.94
= 0.149 

m1−2 A, B =
0.12

0.94
= 0.128 

m1−2 θ =
0.16

0.94
= 0.170   

Bel1-2(A) = m1-2(A) = 0.553 

Bel1-2(B) = m1-2(B) = 0.149 

Bel1−2 A, B = m1−2 A + m1−2 B + m1−2 A, B  = 0.553 + 0.149 + 0.128 = 0.83  

Bel1−2 θ = m1−2 A + m1−2 B + m1−2 A, B + m1−2 θ = 0.553 + 0.149 + 0.128 +

0.170 = 1  

Pl1−2 A = m1−2 A + m1−2 A, B + m1−2 θ = 0.553 + 0.128 + 0.170 = 0.851,

 85 students in A Grade   

Pl1−2 B = m1−2 B + m1−2 A, B + m1−2 θ = 0.149 + 0.128 + 0.170 = 0.447,

(45 students in B Grade)  
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Pl1−2 A, B = m1−2 A + m1−2 B + m1−2 AB + m1−2 θ = 0.553 + 0.149 + 0.128 +

0.170 = 1.0  

Pl1−2 θ = m1−2 A + m1−2 B + m1−2 A, B += 0.553 + 0.149 + 0.128 + 0.170 =

1.00.   100 students in total   

According to rule of combination, concluded ranges are then 55 to 85 students will get 

``A’’ grade and 15 to 45 students will get ``B’’ grade.    

3.5 Counter Intuitive Behaviors of D-S theory 

In evidence combination, it is not necessary that all the time different evidences to be 

combined are consonant. Presence of conflicts among different evidences is not 

unnatural. These conflicts may arise due to various reasons. In Dempster-Shafer theory 

combining such evidences discards the conflicting mass assignment and the supportive 

evidences are reinforced. In the event of low conflicts among different evidences then 

due to commutative and distributive property of the Dempster-Shafer theory, the 

degree of mass assignment are aggregated  to those elements which have low 

uncertainty. However in strong conflicts among evidences builds counter intuitive 

behaviors [17].  

Zadeh (1984) pointed out the defect in D-S rule of combination by quoting an example 

where the two experts have high conflicting evidences. Let a doctor examines to a 

patient and suppose he believes that the patient either has meningitis with a 

probability of 0.99 or a brain tumor with a probability of 0.01. On the contrary a second 

doctor believes the said patient suffers from concussion with a probability of 0.99 and 

also believes that patient has a brain tumor with a probability of 0.01. Then we can say 

with sure that the patient has the lowest probability of having brain tumor. Let us work 

out using Dempster-Shafer theory [4]. 

Here in this case θ = {meningitis, tumor, concussion} 

According to advice of first doctor:- According to opinion of second doctor:- 

m1 (A) = 0.99 (meningitis) m2 (C) = 0.99 (concussion) 

m1 (B) = 0.01(tumor) m2 (B) = 0.01(tumor) 

m1  θ  = 0.00 ignorance  m2  θ  =0.00 ignorance  
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Evidences m2(C)      0.9900 m2(B)     0.0100 m1 θ      0.0000 

m1(A)   0.9900 m1-2(Ø)   0.9801 m1-2(Ø)  0.0099 m1-2(A)    0.0000 

m1(B)   0.0100 m1-2(Ø)    0.0099 m1-2(B)  0.0001 m1-2(B)    0.0000 

m1 θ    0.0000 m1-2(C)    0.0000 m1-2(B)    0.0000 m1-2 θ     0.0000 

Table 3.2 shows combination of conflicting evidences using DST. 

 

Here K = ø + ø + ø = 0.9801 + 0.0099 + 0.0099 = 0.9999 

1-K = 0.0001 

m1 -2 (A) = 0.0000 ÷  0.0001 = 0.0, 

m1 - 2 (B) = 0.0001+0.0000+0.0000 ÷ 0.0001=1.0, 

m1 -2 (C) = 0.0000 ÷ 0.0001 = 0.0, 

m1 -2  θ  = 0.0000+0.0000+0.0000 +0.0000÷ 0.0001=0.0 

From the above calculations, it is evident that the probability of having tumor is 100% 

and totally eliminating chances of meningitis and concussion, which was absolutely 

incorrect. Thus in the present form of combing evidence D-S theory fails to give 

satisfactory results when high degree of conflict between different evidences present 

[4]. 

3.6 Modified Combination Rule  

3.6.1 Yager‟s Rule 

Yager proposed amendment in Dempster Shafer rule of combination by taking ground 

probability mass assignment (q) in place of basic probability mass assignment (m) to 

overcome the issue of unintuitive results occurred due to conflicting evidences. The 

only difference was normalization factor and the mass attributed to the universal set Ө. 

The combined ground probability assignment is given as: 

q A =  m1

B∩C=A≠∅

 B m2 C ……………………… . . (10) 

q θ =  m1 θ m2 θ +  m1

B∩C=∅

 B m2 C ………… (11) 
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Here q (A) ground probability mass assignment associated with A and there is no 

normalization factor. The normalization is avoided by allowing ground probability 

assignment to null set  

                                            q ∅ ≥ 0………………………………… . (12) 

q ∅  is calculated exactly in the same manner as K in Dempster-Shafer’s original 

combination rules[4]. Yager’s modified rule of Dempster is illustrated as follows:- 

Example (3):  θ = {A, B, C} is a set of discernment which represents three main faults 

(causes of failure) in a car. Mass functions assigned by two different mechanics are as 

under: 

m1(A)= 0.00,   m1(B)=0.20,   m1(C)=0.70,  m1 θ =0.10 

m2(A)=0.60,  m2(B)=0.20,  m2(C) =0.00,  m2 θ =0.20 

Combining evidences with D-S rule of combination 

   Evidence 1  ⇨ m1 A = 0.00 m1 B = 0.20 m1 C = 0.70 m1(θ) = 0.10 

⇩Evidence 2 

m2 A = 0.60 m1−2 A  

0.00 

 ∅  

0.12 

 ∅  

0.42 

m1−2 A  

0.06 

m2 B = 0.20  ∅  

0.00 

m1−2 B  

0.04 

 ∅  

0.14 

m1−2(B) 

0.02 
m2(C) = 0.00 

 ∅  

0.00 

 ∅  

0.00 

m1−2 C  

0.00 

m1−2 C  

0.00 

m2(θ) = 0.20 m1−2 A  

0.0 

m1−2 B  

0.04 

m1−2 C  

0.14 

m1−2 θ  

0.02 

Table 3.3 shows combination of basic probability assignment (bpa or 𝐦𝟏−𝟐). 

K=0.12+0.42+0.00+0.14+0.00+0.00=0.68 and 1-K = 1-0.68 = 0.32 

The original Dempster-Shafer rule of combination produces m- values or bpa as under, 

m1−2 A =
0.06

0.32
= 0.1875 
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m1−2 B =
0.10

0.32
= 0.3125 

m1−2 C =
0.14

0.32
= 0.4375 

m1−2 θ =
0.02

0.32
= 0.0625 

However Yager’s rule of combination generates the ground probability mass {q(A) = 

m1−2 A } as under:-  

q A = m1−2 A =  m1

B∩C=A≠∅

 B m2 C  

q (A) = ∑m1-2(A) =0.06 

q (B) = ∑m1-2(B) =0.10 

q(C) = ∑m1-2(C) =0.14  

q θ =  m1−2 θ . +  m1

B∩C=∅

 B m2(C) 

q  ∅ =K=0.12+0.42+0.00+0.14+0.00+0.00=0.68 

q  θ =m1-2 θ  = 0.02+0.68 = 0.70 

From above it is evident that Yager’s rule furnish the same result as Dempster’s rule 

provided when conflict is zero (k = 0 or q(ø)= 0).   

3.6.2 Inagaki‟s Rule 

The effect of ignorance and conflicting evidences was removed by using disjunction of 

combined mass of ignorance i.e. {m1-2 θ } plus mass of conflicting evidences i.e. {m1-

2 ∅ }. The difference between the Inagaki’s rule and Dempster’ s rule is in distributing 

the conflicting evidences and ignorance to each combined estimations [25]. The 

mathematical representation of the rule is as under:- 

minagaki
1−2 A =

∑ m1 B m2(C)B∩C=A    

1 − m1−2 θ − ∑ m1 B m2(C)B∩C=∅
…… . . (13) 

In example  3 , the combined bpa  by Inagaki’s rule are  following: 



  22 

 minagaki
1−2 A =

0.06   

(1−0.02−0.68)
= 0.20 

minagaki
1−2 B =

0.10   

(1 − 0.02 − 0.68)
= 0.33 

minagaki
1−2 C =

0.14  

(1 − 0.02 − 0.68)
= 0.47 

minagaki
1−2 θ = 0 

3.6.3 Dubois and Prade‟s Disjunctive Consensus Rule 

Dubois and Prade in order to remove the shortcomings appeared in D-S rule of 

combination presented an alternative that is based on the unions rather than 

intersections. It is a disjunctive consensus rule where the combined bpa need to obtain 

support from one source. Its mathematical formula is given as: 

mU
1−2 A =  m1

B∪C=A

 B m2 C …………… (14) 

The union operation does not create any conflict and does not reject any information of 

the sources. So no normalization procedure is required. The only drawback is the 

results are more imprecise than desirable. [4]. Below is a combined bpa for example 3 

based on Dubois and Prade formula. 

Evidence 1  ⇨ m1 A = 0.00 m1 B = 0.20 m1 C = 0.70 m1(θ) = 0.10 

⇩  Evidence 2 

m2 A = 0.60 m1−2 A  

0.00 

m1−2 A, B  

0.12 

m1−2 A, C  

0.42 

m1−2 A, B, C  

0.06 

m2 B = 0.20 m1−2 A, B  

0.00 

m1−2 B  

0.04 

m1−2 B, C  

0.14 

m1−2(A, B, C) 

0.02 
 

m2 C  
 

0.00 

m1−2 A, C  

0.00 

m1−2 B, C  

0.00 

m1−2 C  

0.00 

m1−2 A, B, C  

0.00 

m2 θ  

0.20 

m1−2 A, B, C  

0.0 

m1−2 A, B, C  

0.04 

m1−2 A, B, C  

0.14 

m1−2 A, B, C  

0.02 

Table 3.4 shows combined bpa using Dubois and Parde method. 
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mU
1−2 B = 0.04, 

mU
1−2 A, B = 0.12, 

mU
1−2 A, C = 0.42, 

mU
1−2 B, C = 0.14, 

mU
1−2 A, B, C = 0.28. 

3.6.4 Triangular Norms 

This part of presentation follows [23,25], triangular norms or t-norms and t-conorms 

are classes of well accepted aggregation operators that are used to combine values in 

the probabilistic metric space [0, 1] and have been used to aggregate knowledge in 

different applications such as fuzzy logic, risk management, medical decision support 

system and multimedia data bases. They furnish a technique for defining various types 

of intersection of fuzzy sets and probability theory expressing conjunctive logic. A 

binary operation* is a t norm iff it shows the following properties  

1. Associativity, Commutativity i.e.∀ 𝑥,𝑦, 𝑧 ∈ [0,1],  𝑥 ∗ 𝑦 ∗ 𝑧 = 𝑥 ∗  𝑦 ∗ 𝑧 ; 

2. Monotonicity ∀ 𝑥,𝑦, 𝑧 ∈ [0,1], 𝑥 ≤ 𝑦 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥 ∗ 𝑧 ≤ 𝑦 ∗ 𝑧; 

3. Boundary condition ∀ 𝑥 ∈ [0,1], 1 ∗ 𝑥 = 𝑥; 

 Before aggregation of the evidences, proper selection of the aggregating operator is to 

be made on the basis of the requirement. T-norm (and- operators) are used when all or 

many criteria (performance indicator) have to be met, and t-conorms (or-operators) 

are used when few criteria has to met out of many. So t-norms shows much strictness 

criteria being conjunction (and type operator) of aggregation whereas t-conorm shows 

relaxed criteria being disjunction (or -type operator) of aggregation. 

3.6.5 Yager‟s Modification “Use of Disjunctive Operator in D-S Rule”  

Dempster-Shafer rule of combination works well when used to aggregate consonant 

information/evidences but generates counter intuitive results when combine 

conflicting evidences [23]. Yager (2004) introduced the use of disjunctive operators (t-

conorm) in the original formula to address the problem; the modified formula is as 

under, 

m1−2 A =
   ∑ max[m1 B , m2(C)]B∩C=A    

∑ max[m1 B , m2 C ]B∩C≠∅
……………… . (15) 
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Now applying this modified formula in doctor-patient example discussed by Zadeh 

(1984) generates intuitive results. 

 

Evidence 1  ⇨ m2(B)      0.01 m2(C)     0.99 m2(θ      0.00 

⇩  Evidence 2 

m1(A)    0.99 m1-2(Ø)   0.99 m1-2(Ø)  0.99 m1-2(A)     0.99 

m1(B)      0.01 m1-2(B)    0.01 m1-2(Ø)  0.99 m1-2(B)    0.01 

m1 θ       0.00 m1-2(B)   0.01 m1-2(C)  0.99 m1-2 θ      0.00 

     

Table 3.5 shows combination of bpa’s using disjunctive operator in D-S rule of 

combination. 

 

∑ =  ∑m1−2 A + ∑m1−2(B) + ∑ m1−2 C +  ∑m1−2(θ)B∩C≠0 = 0.99+0.03+0.99=2.01 

 m1-2 (A) = 0.99 ÷  2.01 = 0.4925, 

m1-2 (B) = (0.01+0.01+0.01)÷ 2.01=0.015, 

m1-2 (C) = 0.99 ÷ 2.01 = 0.4925, 

The results obtained are intuitive and reliable. 

3.6.6 Aggregating Information of Varying Credibility  
 

Till now it was assumed that all the data sources are of equally credible however 

practically it may vary, in that case adjustment has to be made accordingly. Yager 

(2004) discussed this issue at length and proposed a credibility transformation 

function. He proposed that evidence should be discounted by credibility factor  α  and 

distributed to the remaining evidence (1- α  equally among elements (n) of frame of 

discernment. Adjusted values m  A adjusted  

m A adjusted = m A × α +
(1− α) 

n
…………………… . .… . (16)  

where α is the credibility factor and n is the number of elements in the frame of 

discernment. This concept is illustrated with the help of following example. 

Example:-Two test reports were received from two different laboratories (labs) for the 

same sample. The apparatus present in lab 1 was of high precision and therefore its 
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report was 100% credible whereas apparatus of second lab was of low precision to the 

extent of 30%. To combine both these information necessary adjustment were 

required, the credibility factor for the first report is α1=1, since second lab lack 30% of 

precision so its credibility is α2 = 1−0.30 = 0.70   Number of elements in frame of 

discernment “n” =2 

m1-value needs no adjustment m2-value adjusted using equation (16) 

m1(A)= 0.55    m2 A adjusted = 0.6 ∗ 0.7 +
(1− 0.7) 

2
= 0.57  

m1(B)= 0.35    m2 B adjusted = 0.3 ∗ 0.7 +
(1− 0.7) 

2
= 0.36  

m1 θ = 0.10       m2 θ adjusted = 0.1 ∗ 0.7 = 0.07 

 

It is worth considering that as α → 0 the result approaches Bayesian values. Now using 

adjusted values of evidences belief function and plausibility functions of the evidences 

are worked out with the help of  Yager’s modified D-S rule of combination (disjunctive 

operator) as under:- 

 

Evidence m2 A adjusted = 0.57  m2 B adjusted = 0.36  m2 θ adjusted = 0.07  

m1(A)=0.55 m1-2 (A)=0.57 m1-2 (Ø)=0.55 m1-2(A)=0.55 

m1(B)= 0.35 m1-2  (Ø)=0.57 m1-2 (B)=0.36 m1-2 (B)=0.35 

m1 θ = 0.10 m 1-2(A)=0.57 m1-2 (B)=0.36 m1-2 (θ)=0.10 

Table 3.6 shows combination of two adjusted evidences. 

∑m1-2 (A) + ∑m1-2 (B) + ∑m1-2  θ) = 1.69+ 1.07+ 0.10 = 2.86 

After combining both evidences, single information for the same elements is, 

m1-2(A)=(0.57+0.57+0.57)  ÷ 2.86 =0.60 

m1-2(B)=(0.36+0.35+0.36)  ÷ 2.86 =0.37 
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m1-2 θ  =0.10 ÷ 2.86 = 0.03 

In view of above discussions, it is evident that confidence in the judgment can be 

increased by collecting more and more evidences and thus reducing the chances of 

uncertainty. 
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4 INTRODUCTION TO MINE FIRE 
 

 Coal being a natural and cheap energy source has attracted much importance in 

industrialized and economically fast growing countries. This surge in demand has put 

great pressure on the coal excavating companies to increase their productions even 

beyond their safe limits. With the result rate of mine accidents has also increased as no 

substantial developments in the mining techniques were made. This increasing trend in 

mine accidents on one hand put the safety of mine workers at jeopardy and on the 

other hand also cause heavy loss to the country in the form of machinery and mineral 

wealth. So it is need of the time to give special attention to improve the mining 

techniques using scientific/ mathematical tools.  

During underground coal mining sometime it happens that coal started burning. Exact 

single cause of this burning/fire is not known. However there can be multiple factors 

like geological, environmental and mining which cause this fire. Geological factor inter 

alia include presence of high percentage of sulfur, inflammable gases like methane and 

depth and thickness of coal seam can cause fire. Similarly mining and environmental 

factors may include improper mining techniques, generation of heat from coal and 

machine during working; improper ventilation and change in barometric pressure and 

temperature etc play an important role to start mine fires.  Once the mine fire started 

its control become much difficult and it continued over long span of time. The fire 

section is sealed in such a way that no air can reach there and keep it under constant 

observance. Coal combustion causes physical and chemical changes in the closed 

environment of the mine. These physical changes includes rise in temperature, 

humidity and increased concentration of dust particles. Under chemical changes 

percentages of various combustion gases like CO, CO2, CH4, C2H4 and SO2 etc are 

increased. Gas samples are collected and analyzed either manually or with auto gas 

analyzers. Interpretations of gas analysis are made with the help of different fire 

indices. Decision about the status of fire is taken by observing the different indices 

together with the temperature etc.  

4.1 Analysis of Mine Air Samples for Different Indicators 
 

Normal atmospheric air consists of N2, O2 and CO2 in the proportion of 79.04%, 20.93% 

and 0.03% respectively. During burning of coal different gases like CO, CO2, CH4, high 

molecular hydrocarbons, smoke and ash (dust) produced that causes severe changes in 

gases ratio in mine air being closed area. The changes in composition of mine air are 
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very helpful to assess the intensity of fire and make decision to control it. The liberation 

of different pollutant gases and its order do not follow a definite rule rather it depends 

on the chemistry of the coal and the environment. Representative gas samples are 

collected and analyzed. And in the light of these reports current status about the fire 

are made. No single indicator gives the true picture of the fire therefore different 

indicators are used together and their measurements/observations are aggregated to 

arrive at a correct decision [27], [28], [29]. Scientists have suggested some useful gas 

indices which are given below:- 

4.1.1  Oxygen Consumption ΔO2 
 
 Polish scientist suggested that depreciation in %age of O2 in fire zone in a mine can 

prove a good indicator for making a good estimation about the current status of mine 

fire. He explained that a normal air contains 79.04% nitrogen (N2) gas, 20.93% oxygen 

(O2) gas and 0.03% carbon dioxide (CO2) {a negligible amount}. Since N2 does not take 

part in the combustion process so its %age remains constant. The O2/N2 ratio in normal 

air is  
20.93

79.04
≃ 0.265 .This %age between N2 and O2 should remain unchanged if O2 is not 

consumed in burning.  But since there is significant depreciation in O2 concentration 

during combustion, it can be expressed as under:- 

 
ΔO2   = 0.265N2 ― O2……………………… 17  

 
ΔO2 = Oxygen consumed,  
 
0.265N2 =%age of O2 in normal air 
 
O2 = %age of oxygen observed or measured 
 
 

4.1.2 Graham‟s Ratio (GR) 

 
In closed area the availability of oxygen is limited so during burning of coal carbon 

monoxide (CO) is produced. The production of CO in relation to oxygen consumed is a 

function of temperature and shows the intensity of fire, which is expressed in %age and 

is calculated as under:- 

 

Graham’s Ratio  GR  
CO

ΔO2 
=

100 ∗ CO

0.265N2 ― O2
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There are no hard and fast rules for the interpretation of status of fire after observing 

the value of GR, however following criteria is generally accepted with little variations 

according to circumstances. 

Graham’s ratio (GR) Forecasted status of fire 

≤ 0.5 No fire(NF) 

>0.5―≤1.0 Superficial  heating(SH) 

>1.0―≤2.0 Preliminary fire(PF) 

3.0 ― 7.0 

>7.0 

Active fire(AF)                               

Blazing fire(BF) 

 

Table 4.1 shows different GR values and tentative states of fire. 

4.1.3   Young‟s Ratio (YR) 
 

At high temperatures %age of carbon dioxide (CO2) produced in relation to 

oxygen consumed is more significant. At high temperatures %age of CO starts 

decreasing; oxidation of carboniferous material at elevated temperatures gives 

CO2. The ratio of production of CO2 in relation with consumption of O2 is used to 

predict the status of fire. This ratio can be worked out as under and is expressed 

in %age; 

Young’s Ratio  YR  
CO2

ΔO2 
=

100 ∗ (CO2 − 0.03)

0.265N2  ― O2
…… . (19) 

Note:- 0.03 is % age of CO2  already present in normal air. 

On the basis of experience, values given in the table below are used to interpret 

the status of fire. 

Young’s ratio  YR %age Forecasted status of fire 

0 ―25 No fire 

25 ― 35 superficial heating 

35 ― 45 Preliminary fire    

45 ― 55 Active fire 
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>55 Blazing fire 

 

Table 4.2 shows different YR values and tentative states of fire. 

 

4.1.4   Oxides of carbon Ratio CO/CO2 

 

This ratio is deemed more authentic as compared to earlier ones due to maintaining 

equilibrium in a particular combustion scenario and is not affected due to inflow of air.   

Oxides of Carbon Ratio 
CO

CO 2
 is expressed in percentage. 

Oxides of Carbon Ratio (
CO

CO 2
) %age Forecasted status of fire 

0~3 No fire 

3~7 Superficial heating 

7~9 Preliminary fire 

10~13 Active fire 

>13 Blazing fire 

Table 4.3 shows different  
𝐂𝐎

𝐂𝐎𝟐
  values and tentative states of fire. 

 

Regular monitoring through sampling and their analysis facilitates the experts to 

forecast about the status of fire behind the seal. 

The evidences or information received from aforesaid indicators can be combined 

together using different techniques like Bayesian inference, fuzzy rule based inference 

and Dempster-Shafer (D-S) rule of combination. Each has its own merits and 

limitations. Anyhow here D-S rule of combination is used being highly flexible and 

accommodative even in weak and conflicting evidences. Most suitable and appropriate 

technique for mine fire scenario. In this data fusion technique after getting test results 

the expert using his subjective knowledge assign probability to different stages of the 

fire and then these probabilities are aggregated to arrive at a unified single, well 

founded decision Thus in this way the prior information is updated on receiving 

subsequent fresh information [27],[28],[29]. Complete modus operandi is explained in 

next chapter with illustrative examples. 
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5 APPLICATION OF D-S THEORY TO ASSESS THE 

STATUS OF SEALED FIRE IN A COAL MINE  
 

Burning of coal in a mine brings several physical changes (increase in temperature, 

dust particles and humidity etc) and chemical changes (increase percentage of various 

gases) thus disturbing the ratio set by the nature. Study of these changes in mine air is 

very helpful to combat the mine fire. To ascertain the current status of sealed fire 

regular measurements and observations of different indicators are obtained. Collected 

data are then aggregated/ fused to capture a reliable single value used to arrive at a 

decision. Here “Dempster Shaffer  D-S  Theory of evidence” is used with illustrative 

examples to fuse data/information. The first case will demonstrate the application of 

Dempster-Shafer theory to assess the air quality by collecting contaminated air samples 

at different points behind the sealed area at a given time (spatial information). In 

second case Mine fire index (MFI) is developed using D-S theory which will be very 

helpful even for lower management to make decision [23]. 

5.1 Air Quality Behind The Sealed Fire in a Mine. 

This is a study pertaining to an imaginary coal mine where mine fire started in certain 

portion. To control it for further spreading, area was sealed off by constructing walls 

across the passages leading to the fire zone. It was regularly inspected and monitored 

by the mine inspector to ascertain the status of fire from time to time. Samples of the 

air behind the seals were collected at different points and analyzed in the laboratory. In 

the light of said test reports, the mine inspector on the bases of his past experience gave 

his personal judgments by way of assigning certain degree of confidence to any single 

state or combined state in conjunction with the other state of the atmosphere. This 

constitutes an evidence for that specific location; samples collected from different 

locations or at different times produce different evidences. In this way different spatial 

or temporal evidences are combined together with the help of Dempster-Shafer rules of 

combination to assess the current status of the fire whether it is dangerous or 

otherwise. Here in this study, the frame of discernment consists upon three states 

which cover each and every aspects of the fire and all states are non-overlapping. The 

frame of discernment is represented by θ and its member states are completely 

disjunctive and exhaustive. 

Universe of discernment θ = { H ,  M ,  L }; 

Highly Dangerous = (H)    Medium Dangerous= (M)     Low Dangerous= (L). 
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Power set 2θ describes all the possible states/events that can happen and here it 

comprises over 23 = 8 subsets. The three important ingredients of the D-S theory are 

basic probability assignment (bpa ), belief function (bel) and plausibility function (pl). 

Example   Two samples were collected at locations X and Y and analyzed. Mine 

inspector after examining the analysis reports of the gas samples taken at ‘X’ , was 20% 

confident that it is highly dangerous, 30% confident for medium dangerous and laid 

40% belief in either medium or highly dangerous state. He showed ignorance about the 

remaining 10%. Second sample was collected through manual apparatus at ‘Y’ location 

and analyzed in the laboratory using controlled chromatography bearing 100% 

credibility. The mine inspector reported with 30% confidence that present status of fire 

was of medium dangerous, 40% belief in either medium or low dangerous, assigned 

20% surety to low dangerous and showed ignorance about the status to the tune of 

10%. 

 

m-values at location ‘X’ before 

applying credibility factor αX=0.5 

Adjusted m-values after   applying 
credibility factor αX=0.5 

m1 Adj  X = m X × αX +
1 − αX

n
 

m1(X)H=0.20 

 

m1adj(X)H=0.27 

m1(X)M=0.30 

 

m1adj(X)M=0.31 

m1(X)L=0.00 

 

m1adj(X)L=0.17 

m1(X)M,H=0.40 

 

  m1adj(X)M,H=0.20 

m1(X)θ=0.10 

 

m1adj(X)θ=0.05 

Table 5.1 Showing the original and adjusted m-values. 

The m-values assigned by the mine inspector at location ‘Y’ bears 100% credibility thus 

will be used as it is; 

m2(Y)M=0.30 m2(Y)M,L=0.40 m2(Y)L=0.20 m2(Y)θ=0.10 

 

Both the evidences were combined with the help of Yager’s modified Dempster-Shafer 

rule of combination using disjunctive (max) operator given below; 

m A =
   ∑ max[m1 B ,  m2(C)]B∩C=A    

∑ max[m1 B , m2 C ]B∩C≠∅
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Evidence  ⇨ m2(Y)M 

=0.30 

m2(Y)M,L 

=0.40 

m2(Y)L 

=0.20 

m2(Y)θ 

=0.10 ⇩   Evidence 

m1adj(X)H 

=0.27 

m (∅) 

=0.30 

m  ∅  

=0.40 

m  ∅  

=0.27 

m (z)H 

=0.27 

m1adj(X)M 

=0.31 

m (z)M 

=0.31 

m (z)M 

=0.40 

m  ∅  

=0.31 

m (z)M 

=0.31 

m1adj(X)L 

=0.17 

m  ∅  

=0.30 

m (z)L 

=0.40 

m (z)L 

=0.20 

m (z)L 

=0.17 

m1adj(X)M,H 

=0.20 

m (z)M 

=0.30 

m (z)M 

=0.40 

m  ∅  

=0.20 

m (z)M,H 

=0.20 

m1adj(X)θ 

=0.05 

m (z)M 

=0.30 

m (z)M,L 

=0.40 

m (z)L 

=0.20 

m (z)θ 

=0.10 

  Table 5.2 shows combination of m-values with Yager´s disjunctive operator. 

Normalized values are worked out as under: 

m(Z)L = 0.30  m(Z)M =  0.41  m(Z)H = 0.08 

m(Z)M,H=0.06    m(Z)L,M =0.12    m(Z) θ =   0.03      

 

With the help of these combined bpa´s belief, plausibility and uncertainty intervals are 

worked out and is given table below. 

 

STATES m(Z) bel(Z) pl(Z) U(Z) 

{L} 0.30 0.30 0.45 [0.30, 0.45] 

{M} 0.41 0.41 0.62 [0.41, 0.62] 

{H} 0.08 0.08 0.17 [0.08, 0.17] 

{L,M} 0.12 0.83 0.92 [0.83, 0.92] 

{M,H} 0.06 0.55 0.70 [0.55, 0.70] 

{θ} 0.03 1.00 1.00 [1.00. 1.00] 

 Table 5.3 shows bel, pl and uncertainty interval for different states of fire.  

Perusal of the table 5.3 reveals that belief of the medium state was the highest among 

the other two single states (low, high), and similarly the mine inspector after observing 

the other two joint conditions (low, medium) and (medium, high) can conclude that the 
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status of mine fires inclined much towards medium dangerous side, so it was not 

advisable to reopen the sealed area. To be more cautious in making decision the mine 

inspector may collect more evidences. 

5.2 Using Dempster-Shafer Theory to Develop Mine Fire 

Index (MFI) 

 
 

Mine fire Index (MFI) work in a simple and systematic way to interpret the present 

status of fire using %ages of different combustion gases(as discussed earlier) present 

in the sealed area. The introduction of MFI is a good tool for the mining community to 

control and reducing the chances of fire accidents and can be used even by the lower 

hierarchy of mine management. MFI is developed with the help of a simple example for 

easy understanding. Three indicators Graham’s Ratio  GR , Young’s Ratio  YR , and 

Oxides of carbon ratio (CO/CO2) are used to find the concentration of combustion gases 

and are harbinger for the current status of fire. Intensity/Stages of mine fire are defined 

by the following classes. 

i. No fire (NF). 

ii. Superficial heating (SH). 

iii. Preliminary fire (PF). 

iv. Active fire (AF) and 

v. Blazing fire (BF).  

For each indicator as given in relevant literature, there are almost 4-5 classes with 

almost distinct boundaries. Such division with sharp boundaries constitutes five crisp 

sets. These crisp sets practically do not represent the real situation on ground and so 

are not helpful for making right decision e.g. since elements of classical sets have 

membership degree according to their belonging to that set i.e. either 100% yes or no. 

There are no intermediate values to be assigned. Rigid/sharp boundaries between 

different sets are unnatural and illogical when dealing with natural phenomenon.  

 

Figure 5.1 shows Graham’s ratio with the help of crisp. 
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For example Graham’s ratio  GR  < 0.5 reflects “No fire  NF ” whereas GR >0.5 shows 

“Superficial heating  SH ”. This distinction creates ambiguity and is absolutely self 

contradictory approach and does not receive any appreciation when making decisions. 

Thus the single value can be elusive and may lead astray. On the other hand in the 

present scenario, fuzzy triangular membership functions cover this vagueness and 

gives intuitive approach as each member of fuzzy set is assigned membership degree 

according to his belongings with that set. This characteristic gives opportunity to 

almost each member of the set for his representation according to his relation. The 

shape and size of the membership function is fixed experimentally with the help of 

histogram or through subjective knowledge of the experts. This can be illustrated with 

the help of figure shown below `` 

 

 

                                

Figure 5.2 Both shows selection of different types of membership function using 

histogram [30]”” 

 

If the same value of GR < 0.5 would be considered in fuzzy set formalism then it will 

represent both classes “No fire” and “Superficial Heating” but may be with different 

memberships degrees which is intuitive and close to reality. Such acceptability and 

flexibility indicates the universal nature of fuzzy set theory which with extreme 

beautifully represents imprecision and vagueness present in natural world problem. 

Otherwise single value “No fire” or “Presence of fire” obtained from crisp set theory put 

the decision maker in complete confusion [31]. 

      2.00        4.00             7.00 

 

 

 

2.0    5.0    7.0           11.0 
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Inspired and motivated with the usefulness of fuzzy triangular functions, the same 

concept is followed here to find the basic probability assignment (bpa or m-values) for 

each fire indicators. Here in this case the frame of discernment is, 

 

Θ = {NF, SH, PF, AF, BF} 

 

The limiting values as shown in fig 5.3, 5.4 and 5.5 for each class are fixed arbitrarily 

considering the available literature and discussion with expert. These are designed in 

such a way that for any value of indicator two bpa’s values are determined by mapping 

on respective triangular functions. 

 

Example 5.1 From a sealed fire of a mine, sample was tested for Graham’s ratio  GR , 

Young’s ratio  YR  and oxides of carbon ratio CO/CO2 and found as under:- 

 

GR = 1.65% YR = 46.65% CO/CO2  = 11.7% 

After obtaining the ratios of each fire indicators their bpa or m-values are evaluated by 

mapping it on respective triangular functions.  

  

 
                  Figure 5.3 Fuzzy set describing Graham’s Ratio. 
 

 
     Figure 5.4 Fuzzy set describing Young’s Ratio.                              
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     Figure 5.5 Fuzzy set describing  
𝐂𝐎

𝐂𝐎𝟐
 Ratio. 

      

From above figures the bpa values obtained for all indicators are as below:- 

m(GR)NF=0.00 
 

m(YR)NF=0.00 m(CO/CO2)NF=0.00 

m(GR)SH=0.285 
 

m(YR)SH=0.00 m(CO/CO2)SH=0.00 

m(GR)PF=0.715 
 

m(YR)PF = 0.00 m(CO/CO2)PF=0.00 

m(GR)AF=0.00 
 

m(YR)AF = 0.90 m(CO/CO2)AF=0.30 

m(GR)BF=0.00 
 

m(YR)BF= 0.10 m(CO/CO2)BF=0.70 

Table5.4: shows bpa values for different gas indicators obtained from triangular function. 
 

 
Mine inspector keeping in view the accuracy observed while undertaking the 

experiment was of the view that these observations are not 100% credible and gives 

credibility factors to each indicator as below. Their bpa ‘s are adjusted according to 

equation(16) and are given in table 5.5 

 

α GR = 70%     α YR  = 80% α CO/CO2  = 80% 

 
After applying credibility factor to the respective indicators the adjusted bpa or m-
values are as under:- 
 

m(GR)NF=0.06 
 

m(YR)NF=0.04 m(CO/CO2)NF=0.04 

m(GR)SH=0.26 
 

m(YR)SH=0.04 m(CO/CO2)SH=0.04 

m(GR)PF=0.56 
 

m(YR)PF = 0.04 m(CO/CO2)PF=0.04 

m(GR)AF=0.06 
 

m(YR)AF = 0.76 m(CO/CO2)AF=0.28 

m(GR)BF=0.06 
 

m(YR)BF= 0.12 m(CO/CO2)BF=0.60 

Table 5.5 shows adjusted values after making credibility adjustment. 
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The adjusted basic probability assignments are combined with the help of Yager’s 
modified Dempster-Shafer  Rule of combination using disjunctive operator.  
 

 
bpa 

 
Bel 

 
pl 

 
m(fire status)NF = 0.02 
 

 
bel(fire status)NF = 0.02 

 
pl(fire status)NF = 0.02 

m(fire status)SH = 0.10 
 

bel(fire status)SH = 0.10 pl(fire status)SH = 0.10 

m(fire status)PF = 0.20 
 

bel(fire status)PF = 0.20 pl(fire status)PF = 0.20 

m(fire status)AF = 0.28 
 

bel(fire status)AF = 0.28 pl(fire status)AF   =0.28 

m(fire status)BF = 0.40 
 

bel(fire status)BF = 0.40 pl(fire status)BF   =0.40 

Table 5.6   shows combined values of adjusted bpa.  
 
From the above table, it is evident that intensity of the fire is increasing and there is 

40% degree of belief that blazing fire present in the sealed area.  These belief functions 

when plotted against different classes produced the following graph. 

  
 

 
Figure5.6 mine fire index depicting the current status of fire. 

 
 
5.3 Conclusion 

 
In this thesis, concept of Dempster-Shafer theory and its practical application has been 

studied. It is a good tool for decision making in a weak and sparse information scenario 

encountered right from exploration to exploitation of mineral deposits. In the past for 
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such scenarios, the Bayesian formalism was used but it has severe shortcoming under 

ignorance condition. The shortcomings in fact arise because of the limitation of 

assigning Bayesian probability to only mutually exclusive and exhaustive single state of 

the nature. With the development of imprecise probabilities and dempster-shafer 

theory, Bayesian framework was extremely criticized on the plea that it does not 

provide a strong basis to express weak information in a natural way as D-S theory 

provides. More over D-S scheme replicates Bayesian results in cases when the prior 

information conforms to Bayesian formalism and moderate to large sized samples are 

involved [33]. The application of D-S scheme for decision analysis in engineering 

problems dealing weak information generates indeterminate results for obvious 

reasons [2].  

From above, it is concluded that D-S formalism has distinct advantage of modeling 

uncertainty in weak information. However both D-S scheme and Bayesian scheme 

converges when the information becomes strong. 

 

5.4     Future work 

The D-S theory of evidence can be proved much strong and more versatile if used with 

the Neural Network, Genetic Algorithm and Fuzzy frame work. Since D-S theory is 

based on imprecise probabilities represented by probabilities intervals, its comparison 

with Fuzzy intervals can be explored as a future work. 
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