
 

Non-linear ultrasound 
investigation of extended plates 

 

Rikard Gunnarsson 
 

Department of Mechanical Engineering 

Blekinge Institute of Technology 
Karlskrona, Sweden 

2003 
 

Thesis submitted for completion of Master of Science in Mechanical 
Engineering with emphasis on Structural Mechanics at the Department of 
Mechanical Engineering, Blekinge Institute of Technology, Karlskrona, 
Sweden. 

 
Abstract: 
A non-linear ultrasound non-destructive testing method called Non-
linear Wave Modulation Spectroscopy is studied. The method shows the 
non-linearity of the test specimen and can in that way detect cracks. It is 
at present non-localizing. For some particular objects like extended 
plates and long tubes, the whole object cannot be investigated in one 
sampling. It is for these objects important to know in which region the 
crack might be and one needs to know the wave field. In this report the 
wave field from an acoustic source in a plate is shown experimentally 
and numerically. Further, in order to obtain higher localisation to a small 
region the concept of a standing wave in a resonator can be studied. 
Keywords: 
Ultrasonic NDT, Non-linear acoustic testing, Non-linear non-destructive 
testing, Non-linear Wave Modulation Spectroscopy, Non-linear Elastic 
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1 Notation 

a Amplitude 

c Material Sound Velocity 
f Frequency 

h Thickness 
k Damping constant 

L Length 
N Length to natural focus of a transducer 

n Integer value 
R Reflection coefficient 

r Radius 
T Period of time 

t Time 
x Distance from source 

z Impedance 
λ Wavelength 

θ Angle 

ρ Density 

ω Angular frequency 
 

Indices 

i Incident wave 

r Reflected wave 
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Abbreviations 

FFT Fast Fourier Transform 
FRF Frequency Response Function 

IRAS Impulse Resonance Acoustic Spectroscopy 
NEWS Non-linear Elastic Wave Spectroscopy 

NWMS Non-linear Wave Modulation Spectroscopy 
SIMONRAS Single Mode Non-linear Resonance Acoustic Spectroscopy 
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2 Introduction 

Non-destructive testing is used in many applications in industries. The most 
common way to test is ordinary linear ultrasound testing where the cracks 
can be seen in the reflected or transmitted sound. Other linear method uses 
the fact that cracks in a material changes characteristic properties as 
resonance frequencies and Q-factors. One example of a linear method is 
IRAS, Impulse Resonance Acoustic Spectroscopy, where an ordinary FRF 
is used.  

In this thesis a non-linear method called NWMS, Non-linear Wave 
Modulation Spectroscopy, is studied. The method is relatively new and is a 
part of the NEWS group, Non-linear Elastic Wave Spectroscopy, also 
containing for example SIMONRAS, Single Mode Non-linear Resonance 
Acoustic Spectroscopy, which uses an experimental technique that 
interrogates the material resonance modes as a function of the driving 
amplitude. For an intact sample the resonance frequency is constant and 
there is also small evidence of harmonics generated by the material while in 
a damaged sample the resonance frequency shifts significantly and the level 
of harmonics in the material increases dramatically. 

The NWMS method uses the generation of sum and difference frequencies 
from two simultaneous excited frequency components when having non-
linearity. This phenomenon can easy be seen in the spectrum where side 
bands occur close to the high input frequency component when having a 
damaged sample. The advantage of these non-linear methods is that they 
are really sensitive also to micro cracks and another big advantage that they 
react on cracks but not holes. The method is at present non-localising an 
shows only the total amount of non-linearity of the excited region. Much 
research is going on in the field and this thesis is an introduction of a 
research project to implement the NWMS method in ship building industry. 
The main thing in the total project is to find and locate cracks and 
delaminations in a ship hull in composite material. It has been shown that 
the method works on material like steel [1-5] and stone [6] but in 
composites the NWMS method is not that developed. Krohn and Busse [7] 
have shown that delaminations in composites give rise to non-linearity in 
form of overtones and it means that the NWMS method should also work. 

The main part in the thesis have been to get more knowledge about how to 
use NWMS in large structures like buildings, airplanes, cars, ships etc. 
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Then the complete structure cannot be tested in one single point. It is also 
needed to be able to test certain regions of the structures in order to know 
approximately the crack locations, and in order to avoid other known non-
linear sources. Thus one should seek the criteria for exciting only a specific 
region. These two points of interest, the wave field and the localising 
criteria, are in this work interesting for thin plates.  
First, experiments are made on test specimens in steel to examine the non-
linear behaviour when having a crack and which parameters that affect the 
results. Experiments are made to see the wave propagation from an acoustic 
source in a plate and the purpose is to be able to only excite a small area. A 
mathematical model is built to simulate the behaviour of the wave in a plate 
for different materials and with different thickness.  
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3 Theory 

3.1 NWMS method 

NWMS, Non-linear Wave Modulation Spectroscopy, is a method for 
detecting micro cracks in simple as well as complex geometrical objects. 
The object is excited simultaneously with low frequencies and a high 
frequency. The side bands around the high frequency peak caused by sum 
and difference frequencies (intermodulation), due to distortion in the 
material are studied. The distortion components also include signals at the 
second and higher harmonics of the two primaries. The side bands show the 
amount of non-linearity of the test specimen. The exact way of how the 
non-linearity occurs in the material is not known. One thing is known and it 
is that when having a totally open crack, like a hole, non-linearity does not 
occur and probably it means that the non-linearity originates from the fact 
that the crack is closing and opening like in Figure 3.1. To obtain a totally 
reliable method more research of this phenomenon must be done. 

 

Figure 3.1. Theory of how the non-linear behaviour occurs when the crack 
is oscillating. 
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The method can be applied in two different types of modes, continuous or 
impact mode, where in the continuous mode two sinusoidal waves are 
simultaneous input into the object with separate frequencies, one generating 
a low frequency signal and the other generating a high frequency wave. At 
a separate location on the object the interacted signals are recorded. For an 
intact object one can expect a spectrum containing only the two frequencies 
(peaks). For a damaged object one can expect the two frequencies and the 
sum and difference frequencies, the side bands, illustrated in Figure 3.2. 
One problem with continuous mode is to get enough energy into the object. 
By using impact mode the low frequency signal is generated by a hammer 
that is exciting the entire resonance mode frequency spectra. When having 
a damaged sample the side bands should have the look of the low resonance 
spectrum from the hammer hit, see Figure 3.2. The hammer hit spectra 
compared to the side bands is studied more in Larsson and Silverbris [12]. 

 
Figure 3.2. Frequency spectra, a) continuous mode non-cracked, b) 

continuous mode cracked, c) impact mode non-cracked, d) impact mode 
cracked. 

The method shows the total non-linearity and it means that it cannot see 
any difference from one big crack and a lot of small ones and this is 
something that has to be taken in account when dealing with material 
having inherent micro cracks or dislocations.  
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3.2 Wave Propagation 

To know more about the region where cracks can be found by the NWMS 
method it is important to know how the applied ultrasound travels through 
the test specimen.  

 
3.2.1 Applying ultrasound 

Sound generated above the human hearing range, typically 20 kHz, is 
called ultrasound  

Ultrasound travels through the material in the form of a wave and can be 
explained by a sinus wave with a specific frequency, period of time and 
wavelength. The wavelength depends on the frequency and sound velocity 
of the specific material 

 (3.1) 

and as we know that 

 (3.2) 

the wavelength can also be expressed as 

 (3.3) 

The most common way to apply ultrasound is to use a piezoceramic 
transducer that transforms electric energy into vibrations. The sound beam 
from the transducer diverges in the material. In the near field from the 
transducer, also called the Fresnel zone, the amplitude vary between 
multiple maxima and minima and it’s hard to say exactly how the wave 
behaves. The ultrasonic beam is more uniform in the far field, the 
Fraunhofer zone, where the beam spreads out in a pattern originating from 
the centre of the transducer. The transition between these zones occurs at a 
distance, N, and is sometimes called the "natural focus" of a flat transducer. 
[8]  
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Figure 3.3. Sound beam from a flat transducer [13]. 

The length of the Fresnel zone can be described by [8] 

 (3.4) 

where r is the radius of the transducer. In the far field, the Fraunhofer zone 
the sound beam diverges in a more uniform way, see Figure 3.3. The sound 
beam is often expressed as the angle where the pressure has dropped for 
example 3 dB or 6 dB. An approximately half-angle in radians, θ, where 
the pressure has dropped 3 dB (half power), can be described by the 
equation [8] 

 (3.5) 

where  gives 

 (3.6) 

In the Fraunhofer zone, as seen in Figure 3.3, the maximum sound pressure 
is always found along the acoustic axis of the transducer.  
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Beam angle is an important consideration in transducer selection and it 
defines how much the beam will spread with distance. Beam angle is 
largely determined by the frequency of the sound waves. A high frequency 
on the transducer produces a narrow beam. A low frequency produces a 
wider beam. 

 
3.2.2 Reflection and refraction 

The process of wave reflection may be defined as the return of all or part of 
a sound beam when it encounters the boundary between two media.  

 

Figure 3.4. Reflection and refraction at a boundary. 

The most important rule of reflection is that the angle of incidence is equal 
to the angle of reflection, where both these angles are measured relative to 
an imaginary line, which is normal to the boundary. [9] 

 (3.7) 

Reflection is often quantified in term of the reflection coefficient, R, and is 
defined as the ratio of the reflected and incident wave amplitudes [9] 

 (3.8) 
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where ai and ar are the incident and reflected wave amplitudes respectively. 
The value of the reflection coefficient depends on the impedance of the two 
different media and also the incident angle. The impedance is measured in 
Rayles and defined as [9] 

 (3.9) 

The expression for sound reflection coefficient, or Rayleigh reflection 
coefficient is [9] 

 (3.10) 

where n=(c2 / c1)2 . 
The reflection coefficient can take a value between minus one and plus one. 
Here we can identify four different kinds of reflection: 
1) z2 >> z1, R => 1 (Rigid boundary), i.e. most of the acoustic energy will 
be reflected without a change in phase.  
2) z2 << z1, R => -1 (Soft or pressure release boundary), i.e. most of the 
acoustic energy is reflected with a 180 degree phase change.  
3) z1 = z2, R = 0, (No Reflection)  

4) Similar acoustic impedance, -1 << R << 1, some phase change.  
The sound, which is not reflected, is going through the surface and this is 
called refraction. Sound refraction follows Snell’s law [9, 10] 

 (3.11) 
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3.2.3 Attenuation 

The sound pressure is attenuated in each reflection due to refraction. It is 
also attenuated when travelling trough the material and the reasons for that 
are many, for example absorption and scattering. A general theory of sound 
absorption in all the diverse solids from rocks to metals and plastics does 
not exist. Most causes to attenuation are frequency dependent and a good 
approximation of the total attenuation can be an exponential function 

 (3.12) 

where k is a constant and the function of frequency often is the frequency 
squared. [14] 
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3.2.4 Standing wave 

The idea of a standing wave in the NWMS tests is to obtain much higher 
amplitude in a concentrated region and in that way be able to locate the 
crack. The standing wave is obtained by setting the frequency so that the 
half wavelength is n times the thickness of the structure. The reflected 
waves will then be added together and the amplitude will be higher like the 
dashed curve in Figure 3.5. In order to give rise to a standing wave through 
the thickness of an extended plate it is needed to fulfil the criteria for an 
open resonator. More about the open resonator can be found in Arnoldsson 
[11]. 

 

Figure 3.5. Schematic picture of a standing wave. 
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4 Mathematical model 

Mathematical models of the beam spread from a transducer and the wave 
propagation in a plate are built to be able to, in a quick way, get a clue of 
the behaviour when changing material properties and dimensions.  

 

4.1 Beam spread 

When making measurements on large structures it can be useful to have a 
narrow sound beam to obtain a smaller excitation area and in that way be 
able to locate the cracks. From a flat transducer the sound beam varies with 
frequency and diameter of the transducer. A higher frequency and also a 
bigger radius give less spread. When using 

 (3.6) 

and a locked radius of 15 mm the beam spread in Figure 4.1 is obtained. 

 
Figure 4.1. Beam spread from a flat transducer, varying the frequency. 
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When the frequency instead is locked the beam spread in Figure 4.2 is 
obtained. 

 
Figure 4.2. Beam spread from a flat transducer, varying the radius. 

It is mathematically shown that beam spread is highly dependent on 
frequency as well as on the radius of the transducer. The MATLAB script 
can be seen in Appendix A. 



 19 

4.2 Wave propagation 

A mathematical model is built in MATLAB that describe the propagation 
from a transducer in a plate. The idea is to come as close to reality as 
possible and to use the model to predict the behaviour of the wave in the 
test specimen.  
The sound beam is represented of different rays like in Figure 4.3. The 
angle between each ray is the same. 

 

Figure 4.3. Schematic sketch of the wave propagation. 

Each ray represents a sine wave with a wavelength and amplitude. The 
amplitudes of all rays, Figure 4.4, are summarized over a length, dL, at the 
boundary. 
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Figure 4.4. The amplitudes of each ray represented of a point where it is 

reflected at the boundary. 
 

4.2.1 Beam spread 

As explained in Chapter 3.2.1 the beam spread from a flat transducer 
follows a complicated curve as in Figure 3.3 and the spread in the 
Fraunhofer zone is often expressed as the angle where the sound pressure 
has dropped for example 3 dB, 6 dB or 12 dB.  
A simplification is made that the spread follows the curve 

 (4.1) 

where the halfdrop is the angle where the sound pressure has dropped 3 dB 
or 50 %. The approximate curve has the form of a 1-x2, which is really 
close to the sound pressure in the Fraunhofer zone in Figure 3.3. 

   dL    dL    dL 
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4.2.2 Reflection and Refraction 

The ray is reflected “mirror-like” with the same angle of the incident and 
reflected wave. Some of the wave is refracted and the reflected wave is 
attenuated. The attenuation due to refraction follows the reflection 
coefficient in 

 (3.10) 

and in the case of reflection from metal or Plexiglas to air the reflection 
coefficient is close to minus one and it means that there is a phase shift of 
180 degrees in each reflection. In the mathematical model phase shift is not 
taken in account. It can be shown that in our case when having reflection 
from a material with high impedance to a material with low impedance the 
phase shift is always close to 180 degrees and then the wave propagation 
will stay the same. 

 
4.2.3 Attenuation in material 

The wave is also attenuated when travelling through the material and it is 
caused by many different reasons. These phenomenons are very difficult to 
describe mathematically and are different from material to material. One 
thing that we can describe is the beam spread, which is dependent on 
frequency, sound velocity, radius of transducer and of cause the length 
from the transducer. In fact most causes to attenuation are frequency 
dependent. An approximation of the total attenuation can be an exponential 
function 

 (4.2) 

where k is a damping constant and is often dependent of the frequency 
squared. [14, 15] 

kxfe
2−  (4.3) 

Equation 4.3 is the one used in the mathematical model and this is of cause 
a simplification of the reality but it is a good approximation that should 
work satisfactorily in most materials.  
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The simplifications made in the mathematical model should be close to 
reality and to summarize them they are: 

• Sound beam is represented by a lot of rays 

• Phase shift is always set to 0 or 180 degrees 
• Total attenuation is described by one frequency dependent equation 

• Beam spread is described by an approximate equation 
The script can be seen in Appendix B and an example of the wave 
propagation in a 5 mm Plexiglas can be seen in Figure 4.5. The figure 
shows the response at a certain moment and when looking over time there 
will be phase shifts all the time. It can be seen that there are positions on 
the Plexiglas where there will be no response at all, also called nodes. 
 

 
Figure 4.5. Example of mathematically described wave propagation in a 
Plexiglas of 5 mm where the response is measured on the surface of the 

opposite side from the transducer. 
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5 Experiments 

5.1 NWMS, test specimens 

This experiment, a Non-linear Wave Modulation Spectroscopy, is made to 
get more knowledge about which parameters that are important to obtain 
reliable results. 
 

5.1.1 Test objects 

We tested two identical test specimens in stainless steel where one of them 
had been bent several times to induce cracks inside the material. It can be 
noted that the test specimen that is supposed to be non-cracked still can 
have some invisible micro cracks but not in the same level as the bent one. 

 

Figure 5.1. Test specimen in stainless steel. 
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5.1.2 Experimental set-up 

The test object is either hanging in rubber bands like in Figure 5.1 or placed 
on foam rubber to make it as free as possible from disturbances. A single 
ultrasound frequency from the amplifier is transmitted into the test object 
by a piezoceramic transducer at the left end. The signal is measured at the 
right end by another piezoceramic element. The low frequency input signal 
is obtained from an impact hammer hitting the test object. 

 

Figure 5.2. Experimental set-up. 

 
5.1.3 Experimental equipment 

Digital oscilloscope: LeCroy waverunner-2 LT262  
Ultrasound amplifier: Agilent waveform generator 33250A 

Impact hammer: PCB Piezotronics with steel tip 
Accelerometer: Piezoceramic OD10 THI P26 disc, Ferroperm 
Piezoceramics A/S 
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5.1.4 Procedure and results 

There are a few parameters that affect the results when making these kinds 
of experiments. The most important thing is of course to get a signal 
through the area we want to test. It maybe seems to be easy to just put 
higher amplitude on the in signal, but one must take in account that when 
having higher amplitude it also means that the current around the 
measuring system gets higher and the disturbances can be higher. One have 
to be sure that the signal in the oscilloscope is the one going through the 
test specimen and not directly from the signal generator via the air. 
Next step is to find a resonance frequency. This is not necessary but there is 
an advantage is that the excitation gets higher without putting more energy 
into the object and some disturbances from outside can be avoided. The 
easiest way to find this resonance is to sweep through the frequencies and 
look at the amplitude of the time signal. There are of course a lot of 
resonance frequencies that can be used. One should find a frequency where 
the disturbances in the interesting field, around the resonance frequency, 
are small and of course it is better the higher amplitude found.  
Now we are able to see if there is a crack or not in the tested area and the 
question is how it is displayed in the best way? Looking directly on the 
time signal, Figure 5.3, it is almost impossible to see any differences. The 
signal seems to be the same if the test specimen is cracked or not. 
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Figure 5.3. Time signal from a cracked specimen in an NWMS-test. 

When filtering the signal to only visualize the frequencies close to the high 
frequency peak, Figure 5.4, the differences should occur between cracked 
and non-cracked samples. In the cracked specimen there will arise new 
frequency components close to the high input frequency. These frequencies 
decay almost in the same time as the low frequencies from the hammer hit, 
Figure 5.5, and is hard to discern directly in the time signal. Still it is hard 
to se any difference because of the small non-linearity obtained even for the 
non-cracked sample. Some of this can be due to non-linearities in the 
measurement system, or to micro cracks even in the “undamaged” part. 
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Figure 5.4. Band-pass filtered time signals over the sum and difference 

frequencies. 
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Figure 5.5. Band-pass filtered time signal over the low frequencies from 

hammer hit. 

The easiest way is to use the Fourier transform to step into the frequency 
domain. If there is a crack in the specimen, side bands occur beside the high 
frequency peak. To visualize it in a good way it is important to only look at 
the part of the signal that contains the non-linear interaction. This can vary 
between different materials and has to do with the damping of the 
specimens. It is also important to not use to short time because of the 
accuracy of the Fourier transform. The following experiment is made by 
making the Fourier transform directly in the oscilloscope and the mean of 5 
different hits is taken. 
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Figure 5.6. FFT of 50 ms (non-cracked at the left and cracked on the right) 

 
Figure 5.7. FFT of 20 ms (non-cracked at the left and cracked on the right) 

 
Figure 5.8. FFT of 10 ms (non-cracked at the left and cracked on the right) 
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Figure 5.9. FFT of 5 ms (non-cracked at the left and cracked on the right) 

 
Figure 5.10. FFT of 2 ms (non-cracked at the left and cracked on the right) 

As seen from the figures above the side bands vary a lot when taking FFT 
of different times. When going back to the filtered time signal over the side 
bands, Figure 5.4, it can be seen that the non-linear behavior lasts for about 
20-30 ms and there is also a big difference on the cracked and non-cracked 
spectrum when using the first 20 ms of the time signal. On the other hand 
the side bands are clearly visible also when taking FFT of 50 ms. The 
problem is that when using really long times the side bands die out in the 
noise floor. 

The NWMS method is very sensitive and the small side bands on the “non-
cracked” specimens can arise from really small cracks that cannot be seen 
by any other method. Here it must be noted that this is not always an 
advantage. For example there cannot be seen any difference between one 
big crack and a lot of small ones. This means that there is always some side 
bands occurring from dislocations and small micro cracks even in an almost 
perfect material. To use the method in industry to discard damaged objects 
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one must quantify the non-linearity in some way and it is studied more in 
Larsson and Silverbris [12].  
 

5.2 Wave propagation, steel plate 

When dealing with large structures it is important to know what area that is 
really measured and this is of course dependent on how big area that is 
excited of the transducer.  
 

5.2.1 Experimental set-up 

The propagation of the wave signal is measured on a thick plate in steel, 
Figure 5.11. 

 

Figure 5.11. Experimental set-up of a thick plate of steel. 
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5.2.2 Sound velocity 

The sound velocity of the material is important to know in order to find the 
resonance frequency. The easiest way is to measure the time of the wave 
through the test specimen and use the formula 

 (5.1) 

to calculate the sound velocity of the specific material. An average of 
several hits were made. 

 

Figure 5.12. Test set-up 
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Figure 5.13. Sound velocity test 

The experimentally calculated sound velocity is just under 6000m/s, which 
should be compared to the given sound velocity in tables, around 6100m/s 
for steel. [8] 
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5.2.3 Standing wave 

If one can obtain a standing wave trough the test piece there will be much 
higher excitation in a concentrated area and the non-linearity would also be 
measured more in this area. 
A sweep is done from 30 to 190 kHz, Figure 5.14. Theoretically the first 
standing wave will appear somewhere between 35 and 40 kHz. The sweep 
contains a lot of resonances and to see which ones that are standing waves 
is almost impossible.  

 
Figure 5.14. Frequency sweep. 

When making a new sweep with better resolution in small steps, Figure 
5.15, one can see a high resonance peak at 37,3 kHz. If this is a standing 
wave it should, due to theory, be another peak at the double frequency, 74.6 
kHz. Making a new sweep with good resolution in this region, Figure 5.16, 
one can see the same shape of a resonance at 74,5 kHz. 
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Figure 5.15. Supposed first standing wave. 

 
Figure 5.16. Supposed second standing wave. 
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An interesting thing of the two peaks in Figure 5.15 and Figure 5.16 is that 
the high frequency peak is wider and it means that we have higher 
damping. 

There should also be a standing wave at the triple frequency but there is 
not. The reason of this can be that the resonances at 37,3 and 74,5 are not 
standing waves. If they are it can at least not be used to get a concentrated 
excitation of a small area because of all the other high resonances close to 
the standing wave. Measuring the response in other points of the test 
specimen it can also be seen that we have as high or sometimes higher 
resonances than in the sound beam centre. This means that the entire area is 
excited and that is not what we in this case want.  
An attempt with higher frequency is made and here the response is 
measured in two points: one in the centre of the sound beam, Figure 5.17, 
and one 16 cm from the centre, Figure 5.18. Here it is seen that the 
resonances occurs in the beam centre and not far from centre. This means 
that if a concentrated excitation should be used, the frequency must be high 
and one cannot find a clear resonant standing wave in the low frequency 
region. 

 
Figure 5.17. Response in the sound beam centre. 
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Figure 5.18. Response 16 cm from the sound beam centre. 

Theoretically the response from a standing wave would be much higher in 
the centre than beside and the reason that this is not obtained can be that the 
surfaces are not perfectly flat and it means that the wave is not reflected in 
exactly the same angle as the incident wave and they cannot interact with 
each other.  
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5.2.4 Propagation from beam centre 

The theoretical model of beam propagation in a plate should be verified by 
an experiment. A piezoceramic element of diameter 30 mm is used as a 
transducer and is connected in the opposite side from the measuring area, 
Figure 5.19. The purpose is to measure with another piezoceramic element 
in different positions of the plate. As receiver a smaller piezoceramic of 
diameter 10 mm is used and it is connected with wax to be able to use the 
same receiver all the time and move to different positions.  

 

Figure 5.19. Test set-up. 

The measurement is first made with a step of 1.5 mm between each point 
all the way out to the edge of the plate. A supposed standing wave is found 
in 1004 kHz and the response in the plate is like in Figure 5.20. Next 
measurement is done at a higher frequency, 1678 kHz, and the step length 
is now set to 0.5 cm., Figure 5.21.  

As expected the experiment shows that the sound beam is getting more 
concentrated in a higher frequency. An interesting thing is that close to the 
standing wave there is a position with no response, also called a node. Far 
from the beam centre the response is more uniform but still there are some 
small raises in amplitude that occurs in a systematic way. It can be noted 
that the supposed standing waves found in 37.3 and 74.5 kHz would give 
standing waves also in 1006 and 1676 that is really close to 1004 and 1678 
kHz. Looking at the peaks it can be seen that they are almost equally high 
and that could mean that the damping is not that much frequency dependent 
as supposed. It can also be the fact that a more concentrated sound beam 
when having higher frequency increase the amplitude in the beam centre in 
the same time as the damping decreases it.  
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Figure 5.20. Wave propagation in a thick plate when having a standing 

wave (1004kHz). 

 
Figure 5.21. Wave propagation in a thick plate when having a standing 

wave (1678kHz). 



 40 

An interesting thing is that after the first node the response is getting higher 
all the way out to end of the plate. It means probably that the plate is not 
enough extended compared to the thickness and the waves are reflected at 
the end of the plate. 
If we compare to the mathematical model, Figure 5.22 we can see that a 
larger area is excited than in the experiment. It can be the damping 
coefficient that is set wrong and it can also be that the exponential damping 
according to the approximation in Equation 4.3 is not good enough. 

 
Figure 5.22. Mathematical model of wave propagation in a plate with a 

thickness of 8 cm. 

It has in this experiment been shown that the excited region gets smaller 
when having higher frequency. It is also shown that a resonant standing 
wave is very difficult to obtain in low frequencies but in higher frequencies 
it can probably be found. 
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5.3 Wave propagation, Plexiglas 

Since it was difficult to find the standing waves in the thick steel plate a 
new experiment was done in a Plexiglas of 5 mm. Plexiglas is a highly 
linear material which should make it easier to find a standing wave but on 
the other hand it is also more damped than steel and it should mean that the 
standing waves get smaller.  

 
5.3.1 Experimental set-up 

A 30 mm piezoceramic element is used as transducer and a smaller one, 
diameter 10 mm, is used as receiver. The transducer is glued on the 
Plexiglas and a receiver connected with wax, Figure 5.23, measures the 
response on the opposite side. Notice that when finding the standing wave 
the receiver is placed in the sound beam centre and not like in Figure 5.23  

 

Figure 5.23. Experimental set-up. 



 42 

5.3.2 Procedure and results 

A sweep is made between 250 and 2500 kHz, Figure 5.24, to find the 
standing waves. The reason to start at 250 kHz is that the amplitudes get 
very high in low frequency and the high frequency resonances would be 
difficult to locate in the same scaling.  

 
Figure 5.24. Linear frequency sweep to find standing waves. 

Standing waves can be seen in 350, 700 and about 1050 kHz and as we 
know from theory there should also be one in about 1400 kHz. This 
resonance does not exist. As seen in Figure 5.24, it looks like something 
happens around 1100 kHz. Maybe, the damping is too high, but it also 
seems like there should be another explanation. Taking a look at the theory 
of the wave propagation from a flat transducer, Chapter 3.2.1, it can be seen 
that we are in the Fresnel zone and it can be a possible explanation to the 
strange behaviour at high frequencies. 
The wave propagation is investigated in the first three standing wave 
frequencies by moving the receiver to different positions on the Plexiglas. It 
can be seen in Figure 5.25 that the response far from transducer is really 
close to zero.  
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Figure 5.25. Experimentally obtained wave propagation of the first three 

standing waves. 

 
Figure 5.26. Experimentally obtained wave propagation close to the 

transducer. 
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Zooming the area close to the transducer, Figure 5.26 it can also be seen the 
excited area getting smaller when having a higher frequency. The excited 
area is also dependent on the diameter of transducer and the sound velocity 
of the specific material. It seems like a great opportunity has occurred to be 
able to locate cracks in extended plates. 

If we compare to the wave propagation from the mathematical model, 
Figure 5.27, it can be seen that it works fairly good but that it seems to be 
something wrong with the damping.  

 
Figure 5.27. Wave propagation in a Plexiglas obtained by the 

mathematical model in MATLAB (k=1e-13). 

An attempt is made where the damping coefficient is changed. We can see 
in Figure 5.28 that when having higher damping the excited area decreases 
and we come closer to the experimentally obtained wave propagation. 
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Figure 5.28. Mathematical model with different damping coefficients. 

Still we cannot obtain the experimental look in the mathematical model. As 
noticed before the response in the sound beam centre is almost equally high 
in different frequencies. This may hint that the damping is not as frequency 
dependent as supposed. An attempt is made where the approximate 
equation 

kxfe
2−  (4.3) 

is replaced with 
fkxe −.  (5.2) 

The result can be seen in Figure 5.29 and here we can change the damping 
coefficient to obtain a response that is really close to the reality. When 
using the same kind of damping on the steel plate, the results are not that 
good but it is a quite different material. Comparing steel and Plexiglas, we 
know that Plexiglas is more linear and probably the attenuation caused by 
scattering is much less than in steel. It means that we cannot use the same 
damping in different material and each material must be investigated to get 
more knowledge of the behaviour. 
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Figure 5.29. Mathematical model with a less frequency dependent 

damping. 

We have shown that the excited area is highly dependent on frequency and 
that we can concentrate the excitation to a really small area. It is also shown 
that the mathematical model works satisfactory but that damping is really 
hard to simulate and that it also changes a lot from material to material. 
Most important to note is that we are able to excite a small region of the 
plate and it can be useful when using NWMS in plates or plate-looking 
structures.  
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6 Prototype description 

It has been shown in section 4 and 5 that a concentrated excitation can be 
obtained by changing different parameters. It means that by scanning a 
plate a crack can be localised. 

 

250 kHz 

Crack 
 

Figure 6.1 Prototype description. 

In Figure 6.1 a flat circular piezoceramic element is used as transducer and 
the response is measured close to the transducer by another piezoceramic 
element. The sound will be reflected at the surfaces and the plate will work 
as an open resonator, more described in Arnoldsson [11]. The size of the 
sound field can be described by 

 ~
r f
h
⋅ ⋅φ

 (6.1) 

where r is the radius of the transducer, f the high input frequency, θ spread 
angle from transducer and h the thickness of the plate. The sound field is 
also dependent on parameters like sound velocity, damping, scattering, 
diffraction etc. and each material must be handled unique. 
The transducer and receiver can be moved like a scanner over the plate and 
when there is a crack in the excited area it will give rise to non-linearity 
that can be seen as side bands in the frequency spectrum. There will always 
be some small side bands in the spectrum and it must be quantified in some 
way. More about how to quantify the non-linearity can be read in Larsson 
and Silverbris [12].  
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7 Discussion 

The NWMS method to detect cracks has a great potential to be successfully 
used in many applications. It is really sensitive to non-linearity and this can 
be an advantage but sometimes it can also be a problem. An example is if 
the method should be used in industry to detect cracks and discard pieces 
that have cracks bigger than a certain level. As the method currently shows 
only the amount of non-linearity it cannot see any difference between one 
big crack and a lot of small ones. If there is a possibility to only excite a 
small part of the object this will not be any big problem any more. A first 
successful step has been shown in this work, as the excited region was quite 
small for a thin plate and a wide transducer. It had also been shown that a 
higher frequency decreases the beam spread from the transducer. It could 
also be interesting to investigate other possibilities to obtain a more focused 
transducer. An idea is to use many small transducers and another idea is to 
build a concave transducer that also should decrease the beam spread.  
In this work the method is studied for thin plates. Further work can be to 
investigate more complicated geometries and find out which objects that 
can be excited with the resonant method. 

An advantage would be if NWMS could be used in continuous mode. As 
known it is really hard to make exactly the same hammer hit many times 
and they also affect the result in different ways. A problem with continuous 
mode is to get enough energy into the object. 

Another work in this field can be to investigate how the non-linearity 
occurs in the crack. The fact that this is not really known makes it more 
difficult to analyse the results and also to know which parameters that 
affects the non-linear behaviour and the reliability of the method can be 
questioned.  
A vision is that NWMS could be used without any piezoceramic 
transducers and receivers and instead uses non-contact equipment with an 
ultrasonic loudspeaker as transducer and a laser as receiver. Large areas can 
in that way be scanned in really short times and the method should 
successfully compete with existing methods in many industry applications. 
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8 Conclusion 

Experiments were made of the time signal and on the frequency spectra to 
investigate the non-linear behaviour of a wave in a damaged test sample. 
The non-linear response is damped out in the same time as the signal from 
the hammer hit. The side bands in the spectrum also seem to be best 
visualized when using the reverberation time in the Fourier transform. 

Experiments as well as a mathematical model were made to investigate the 
wave propagation in plates. It was shown that it is possible to excite a small 
region by using a higher frequency and a larger transducer. To obtain an 
even higher excitation the resonant standing wave can be used, where the 
same criteria as for an open resonator should be used. 
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A. MATLAB model, beam spread 

A simple model of the beam spread from a flat transducer is built in 
MATLAB. The model shows the angle where the amplitude has dropped 3 
dB when having different frequency and radius of the transducer. 

MATLAB script 
%*********************************************** 
%beam spread -3dB with various frequencies and radius 
clc 
clear all 
close all 
%*********************************************** 
c=6000;     %sound velocity of the material (m/s) 
%*********************************************** 
%Varying frequency 
r=0.015;    %radius of the transducer (m) 
alfavector=[]; 
frequencyvector=[]; 
for f=1:1000:1000000;     %frequency (Hz) 
    alfa=asin(0.5144*c/f/r)*180/pi; 
    if imag(alfa)>0 
        alfa=90; 
    end 
    alfavector=[alfavector alfa]; 
    frequencyvector=[frequencyvector f]; 
end 
plot(frequencyvector/1000,alfavector) 
grid on 
xlabel('Frequency (kHz)') 
ylabel('Angle from beam centre (degrees)') 
title('-3 dB beam spread from a flat transducer (r=15mm)') 
%********************************************** 
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%*********************************************** 
%Varying radius of transducer 
f=200000;   %frequency (Hz) 
alfavector=[]; 
radiusvector=[]; 
for r=1:1:50;   %radius (m) 
    alfa=asin(0.5144*c/f/(r/1000))*180/pi; 
    if imag(alfa)>0 
        alfa=90; 
    end 
    alfavector=[alfavector alfa]; 
    radiusvector=[radiusvector r]; 
end 
figure (2) 
plot(radiusvector,alfavector) 
grid on 
xlabel('Radius (mm)') 
ylabel('Angle from beam centre (degrees)') 
title('-3 dB beam spread from a flat transducer (f=200kHz)') 
%************************************************ 
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B. MATLAB model, wave propagation 

The MATLAB model of wave propagation in a plate includes the most 
important parameters to fit to reality and should at least give a hint of the 
real wave propagation. A thing that is difficult to build mathematically is 
for example different defects in the material and also the fact that the 
surfaces are not perfect flat. Some simplifications, explained in Chapter 4.2, 
are done to not get a too complex model.  
MATLAB script 
%*********************************************************** 
%Wave propagation of a sine wave in a plate 
clc 
clear all 
close all 
%*********************************************************** 
%Input parameters 
%*********************************************************** 
f=1050000;           %frequency (Hz) 
b=0.005;             %thickness of plate (m) 
k=0.0000000000001; %damping factor in the material due to (exp(-
f^2*k*x)) 
c1=3500;             %sound velocity of the material (m/s) 
c2=343;              %sound velocity of surrounding material (m/s) 
ro1=1200;            %density of material (kg/m^3)    
ro2=1.29;            %density of surrounding material (kg/m^3) 
D=0.03;              %diameter of transducer (m) 
tcheck=0.5;          %time (s) 
startphase=pi/2;       %phase (rad) 
dL=0.001;            %length step for summation of amplitudes (m) 
dv=0.1;              %angle step (degrees) 
%*********************************************************** 
A=[];                %amplitude vector 
R=[];                %radius vector (L_origo) 
z1=ro1*c1;           %impedance 
z2=ro2*c2;           %impedance of surrounding material 
n=(c2/c1)^2;         %constant 
T=1/f;               %period of time (s) 
vl=c1/f;             %wavelength (m)
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%*********************************************************** 
threedB=(asin(0.5144*c1/f/D)); 
if  imag(threedB)>0 
    threedB=pi/2; 
end 
threedB 
vmax=threedB/sqrt(0.5);   %"max beam spread" 
%*********************************************************** 
for v=0:dv*pi/180:vmax                  %spread angle 
    L_wave_tot=tcheck*c1; 
    L1=b/cos(v);                        %length of ray 
    L2=b*tan(v);                        %the ray spread from origo 
    reflects=L_wave_tot/L1;             %reflections  
    reflectioncoeff=((z2/z1)-sqrt(1-(n-1)*(tan(v))^2))/((z2/z1)+sqrt(1-(n-
1)*(tan(v))^2)); 
    refraction=abs(reflectioncoeff);     %attenuation due to refraction 
    for n=1:2:c1*tcheck 
        L_origo=L2*n;                    %length from origo 
        if L_origo>0.5 
            break 
        end 
        L_wave=L1*n;                     %total length at the specific point 
        t_wave=L_wave/c1;                %total time at the specific point 
        attenuation=exp(-f^2*k*L_wave); %attenuation factor 
        startamplitude=1-1/vmax^2*v^2;  %correction for "beam-spread" 

(due to 1-x^2) 
 =>y=1-1/vmax^2*x^2 
        a=sin((2*pi*f*t_wave)+startphase)*attenuation*refraction^(n-
1)*startamplitude;     %amplitude at a point 
        A=[A a]; 
        R=[R L_origo]; 
        plot(L_origo,a); 
        grid on; 
        hold on 
    end 
end 
%*********************************************************** 
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%********************************************************** 
AAA=[]; 
RRR=[]; 
for RR=0:dL:max(R) 
    [I,J]=find(R>=RR & R<(RR+dL)); 
    R(J); 
    AA=sum(A(J));  
    RRR=[RRR RR]; 
    AAA=[AAA AA]; 
end 
%*********************************************************** 
figure(2) 
plot(RRR,AAA,'r') 
grid on; 
xlabel('Distance from wave centre (m)') 
ylabel('Response amplitude') 
title('Wave propagation in a plate-theoretical model') 
%*********************************************************** 
 


