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                               Abstract   
                                                                                                  
During the past several years, fuzzy control has emerged as one of the most active and fruitful 

areas for research in the applications of fuzzy set theory, especially in the realm of industrial 

process, which do not lend themselves to control by conventional methods because of a lack of 

quantitative data regarding  the input-output relation. In this dissertation, after describing the 

advantages of fuzzy control we verify the equation of motion s vt=  for an automobile by taking 

distance and speed as inputs and time as output, a hotel model is also discussed with two discrete 

inputs, food and service quality and one continuous output percentage of guests. At the end a 

short description of industrial application is added. 
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                   Chapter 1: Introduction 
                                                                                                  
One goal of classical science is to understand the behaviour of physical system. In control 

theory, instead of this to understand such behaviour, the object is to force a system to behave in 

the way we want. The term control has two main meanings. First, it is understood as the activity 

to test or check satisfactory behaviour of physical or mathematical device. Secondly, to control is 

to act or implement decisions that gives the guarantee that the device behaves as required. To 

control is to get “ordo ab chaos”. The devices that accomplish the control function is called 

controller and the system for which some property is to be controlled is called the plant. So a 

“control system” means a plant and a controller, together with communication between them [3], 

[4]. Controllers are used in these cases of describing the relationship between a set of 

independent variables and a variable dependent on them when the exact analytic formula is not 

known. 

When we can compute exactly the value of the dependent variable for a set of independent 

variable values then controllers provide us with the approximate quantity of the dependent 

variable named in the model [11]. 

1.1 Classical Control 

Using conventional control systems, an incredible system invented about 2000 years ago by Hero 

of Alexandria, a device that is used for opening and closing the temple doors. Aristotle (384-322 

BC) had also written in his most influencing book “Politics”, Chapter 3, Book 1: 

“… if every instrument could accomplish its own work, obeying or anticipating the will of others 

… if the shuttle weaved and the pick touched the lyre without a hand to guide them, chief 

workmen would not need servants, nor masters slaves.”  

In the above lines Aristotle described in very transparent manner that to automatize processes in 

such a way to achieve their goal that have constructed of and to let the human being in freedom 
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and liberty. The control theory is based on three fundamental concepts: feedback, need for 

fluctuation and optimization that are discussed in details [N. Andrei 2005] [1], [2]. 

Over recent years the controller design has been based on classical or modern control theory. 

Similarity to both approaches is that the plant to be controlled is competent of being described in 

a rigid mathematical form. Conventional control theory has provided and still provided very 

good design solutions for linear single input and single output system problems. Modern control 

theory has also proved to be very useful in solving problems of linear multivariable systems that 

that are of stochastic or deterministic nature using frequency response or state space method. 

Before a plant has installed an automatic controller it will commonly regulated by a human 

operator who manually adjust control settings. For highly non linear plant system difficulties 

originate in designing an appropriate controller using linear system technique. For highly non 

linear plant the human operator still manages to control the system. So it would logical to design 

a controller that is based on experience of human operator. For accurate representation of control 

strategy the following problems have to be overcome: 

a) The control actions using human operators are often unpredictable, discrepant or subject 

to error due to the ambiguous nature of human decision processes, and hence it is difficult 

to interpret operator´s control activity in accurate way. 

 

b) The human operators repeatedly answer not only to single measurements but to complex 

patterns of measurements and observations of immeasurable variables, such as 

consistency, collar etc. Then these observations are categorized subjectively and used as a 

basis for control decisions. 

Unluckily, using classical control theory, the conversion of above imprecise information into a 

quantitative control system would prove very difficult. However, the theory of fuzzy sets can be 

used to describe such information directly and implemented in fuzzy controller development [8]. 

1.2 Fuzzy Set Theory  

It is the 45th   anniversary of the publication of influential paper of Lofti A. Zadeh in 1965, 

professor at the University of California at Berkley, in which he introduced the concept of fuzzy 
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sets which shows us the new view of systems, logics and reasoning models. He presented this not 

as control methodology but as a way of processing data by assigning partial membership when  

comparing to crisp set membership or no membership [3], [4]. 

Definition 1.2.1 

Let M be a universe set and : [0,1]Mµ →  a membership function, i.e., for every x A∈ , ( )A xµ  is 

a well defined value out of the interval [0,1] . We call ( ), ( ) ,AA x x x Mµ= ∈ a fuzzy set. The 

image of x in [0,1] is called the membership degree of x in M. 

Together with this well known definition we visualize two common membership functions in 

Fig.1.1. We will use them later on in our examples. 

Definition 1.2.2 

a) The fuzzy set defined as “triangle” has the triangular membership function 

: [0,1]triangle Mµ →  is defined by  

 

, [ , )

1 ,
( )

, ( , ]

0 , otherwise

triangle

x a x a c
c x

x c
x

b x x c b
b c

µ

− ∈ −
==  − ∈

 −



 

b) The set “trapezoid”  with The trapezoidal membership function : [0,1]trapezoid Mµ →  is 

defined by  

1
1

1 2

2
2

, [ , )

1 , [ , ]
( )

, ( , ]

0 , otherwise

trapezoid

x a x a c
c a

x c c
x

b x x c b
b c

µ

− ∈ −
∈

=  − ∈
 −
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A triangle membership function is a special case of a trapezoid membership function 1 2( )c c= . 

a

( )xµ

c b a 1c 2c b
x

 

Figure 1.1: (left) Triangle membership function                                                                                                            

(right) trapezoidal membership function. 

In a fuzzy system such a membership function will be assigned to linguistic terms of fuzzy 

variable, e.g. “low”, “middle”, or “high” for variable “temperature”.  

1.3 Fuzzy Control  

In order to accomplish a control synthesis, it is necessary to model the linguistic information as 

well as an inference process, an aggregative process and possibly a defuzzification process. 

Using fuzzy logic to transform linguistic knowledge into actual control laws leads us to the field 

of fuzzy control and its main idea is to make algorithms for control laws using logical rules. 

Therefore somehow we call this methodology “fuzzy logic control”.  

Fuzzy logic rules are obtained from human experience and are designed for the control of 

technical processes. The typicality of these systems is ranges from cameras and vacuum cleaners 

[Wakami and Terai 1993], cement kilns [Larsen 1981], trains [Yasunobu & Miamoto 1985] and 

car models [Sugeno and Nishad 1985]. The basic idea behind fuzzy control is to include the 

human “experience” in the controller design. Almost all designers of fuzzy control agree that the 

theoretical origin of these systems is the paper “Outline of a New Approach to the Analysis of 
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Complex Systems and Decisions processes” by Zadeh [1973b]. Particularly the composition rule 

of inference is considered to be a backbone of all fuzzy control models. The Professor E. 

Mamdani and his students from the Department of Electrical and Electronical Engineering, 

Queen Mary College made key development in fuzzy control. The first application of fuzzy set 

theory to control system made by Mamdani and Assilian [1975].  The first industrial application 

of fuzzy control is the control of cement kiln in Denmark [Holmblad & Ostergaard 1982]. Fuzzy 

control is largely ignored in the USA and Europe until 1980s when the Japanese manufacturers 

introduce the wide range of products using fuzzy control system. 

At the end of 1980s, “fuzzy logic” became the marketing argument in Japan and a famous press 

article describe that fuzzy control systems are cheap, easy to design, very robust and capable of 

outer performing of conventional control systems. The shortage of practical experience in fuzzy 

control and lack of high-skilled manufacturers also considered when someone decides to 

implement fuzzy controllers. Fuzzy control is however starting to make itself as a recognized 

central prototype and will play a huge role in control theory in future [2], [5].  

Fuzzy controllers are specially Direct Digital Control Systems that use rules to process 

knowledge in a cleared way. In spite of designing algorithm that clearly define the control 

actions as function of controller input variables. Fuzzy controller designers write rules that 

connect the input variables with control variables by means of linguistic variables. For example 

consider a heating system in your room. If the temperature is slightly too low, than you would 

obviously want to increase the heating power a bit. Now if you want to use the fuzzy controller 

for controlling room temperature then you explicate the terms slightly too low and a bit as terms 

of linguistic variables and make rules to connect these variables, e.g.  

If temperature = “slightly too low”, then change of power = “increased by a bit” 

At last the rules have been prepared and control process starts with the computation of all rule-

consequences. Then the consequences are summed into one fuzzy set describing the possible 

control actions, which in this case are different values of the change of power. These 

computations are done with the computational unit. As our heating system does not read a 

control action like “increased by a bit”, using the defuzzification module the corresponding 
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fuzzy set has to be defuzzified into one crisp control. This simple example illustrates the main 

parts of a fuzzy controller: the rule base that applies on linguistic variables, the fuzzification 

module that governs terms as a part of crisp input values (in this case, temperature), and the 

computational unit that governs the terms of output variables as a function of input values and 

the rules of the rule base. Since the crisp signal fed the controlled process (in place of increasing 

a bit in the example), the computation result in linguistic value has to be converted into crisp 

value. Figure 1.1 paints a generic so called “Mamdani” fuzzy controller [5].  

 

              Figure 1.2: “Mamdani” fuzzy controller [5]. 

1.4 Why Use Fuzzy Control   

Considering the existing applications of very fabulous technique fuzzy control, which ranges 

from very small, micro-controller based systems in home appliances to large scale process 

control systems, the advantages of using fuzzy control are discussed here shortly. 

1) Fuzzy logic allows us to describe complex systems using our knowledge and experience 

in transparent English-like rules. It does not need complex math equations and system 

modelling that governs the relation between inputs and outputs. Fuzzy rules are very 

simple to use by non experts also. It takes only few rules to describe a system whereas 
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conventional software takes several lines to describe it. In short fuzzy logic simplifies 

design complexity [6]. 

2) It is inherently robust because it does not require precise, noise free inputs. It can also be 

programmed to fail safely if the feedback sensor is quiet or is destroyed. The output is 

smooth control function in spite of wide range of input variations. 

3) Fuzzy controller processes user defined rules governing the target control system, it can 

be modified and adjusted easily to improve or extremely change system performance. 

One can easily incorporate sensor into the system simply generating appropriate 

governing rules. 

4) It is not limited to few feedback inputs and a few control outputs, nor is it necessary to 

measure or compute rate of change parameters. Any sensor data that provides attestation 

of systems action and reaction is compulsory. This makes the sensors to be reasonable 

and imprecise thus keeping the overall system cost and complexity low. 

5) By using rule-based operation any reasonable number of inputs (1-8 or more) and several 

outputs (1-4 or more) governed, though defining the rule base quickly becomes complex 

by using too many inputs and outputs are selected for unique implementation since rules 

that defining their inter relations must also be expressed. So it would be easy to break 

control system into smaller chunks and we use several smaller fuzzy controllers 

distributed with the system each with the limited responsibilities. 

6) “Fuzzy logic provides a certain level of artificial intelligence to the conventional 

controllers, leading to the effective fuzzy controllers. Process loops that can benefit from 

a non linear control response are excellent candidates for fuzzy control. Since fuzzy logic 

provides fast response times with virtually no overshoot. Loops with noisy process 

signals have better stability and tighter control when fuzzy logic control is applied” [3], 

[7].  
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          Chapter 2: Mamdani Controllers  
                                                                                                  
Mamdani fuzzy models are intuitive, give heuristic insight, had received wide range of 

acceptance in the industrial media and are well fitted in terms of interactions with humans [10]. 

In this chapter we will discuss two real time examples: first we will verify the equation of motion 

s v t=  by using fuzzy control and then we will solve a hotel model with two discrete inputs and 

one continuous output.  

The Mamdani rule is crisp model of a system that is it takes crisp inputs and produces crisp 

outputs. This procedure depends on user defined fuzzy rules on user defined fuzzy variables. 

There are three steps to design Mamdani rule base: 1) find the suitable fuzzy sets over the input 

domain and output range; 2) determine a set of rules that model the system behaviour between 

the fuzzy inputs and fuzzy outputs; 3) make a model that maps crisp inputs to crisp outputs given 

by 1) and 2). Steps 1) and 2) are generally dependent on given application although step 3) is 

application dependent. 

The operation of Mamdani rule base consists of four parts: 

2.1 Fuzzification        

Since the Mamdani rule base models a crisp system, it has crisp inputs and outputs. We evaluate 

membership function of each fuzzy set representing the level of the input and output variable for 

the given crisp input and use the resulting value in evaluating rules. 

2.2 Evaluating the Rule 

By using the membership values which are determined through fuzzification, the rules are 

computed according to compositional rule of inference. Then the result is an output fuzzy set 

which is some clipped version on the user indicate output fuzzy set and  height of this clipped set 

depends on the minimum height of antecedents. The other way to use the minimum height of 

antecedents is to use the product of minimum heights. So if two of the inputs are “half true” and 
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all remaining are completely true than the output is only “quarter true” in place of “half true”. 

The other possibility is to use any of intersection operators on fuzzy sets. The rule base which we 

are used lets the user determine which type to use: the product, drastic intersection or Yager 

intersection, bounded difference, minimum. 

2.3 Aggregating the Rules 

After the previous step we have a fuzzy output defined for each of the rules in rule base. Then we 

have to combine these fuzzy outputs into single fuzzy output. Mamdani defines that the output of 

rule base should be maximum of the outputs of each rule. The other way is to use any of union 

operators defined on fuzzy sets. Our rule base allows the user to find which type to use: bounded 

sum, algebraic sum, the maximum drastic union or Yager union. The other thing to consider is 

that some rules might be more important than other rules in finding the system behaviour. To 

account for this our rule base allows the user to define a weight to each of the rules. The 

maximum weight is one and the minimum weight is zero. The fuzzy output of each rule is then 

multiplied by its weight. 

2.4 Defuzzification 

After the previous step, we have a fuzzy output defined for the rule base. We then convert this 

fuzzy output into crisp output [9]. These defuzzification strategies use extremal values of the 

membership function (generally the maxima) to define the crisp equivalent value.  Let us assume 

that the membership function is not unimodal (have a unique maximum) but either have a several 

maxima with same value of ( )xµ or a “core”, i.e. a compact subset of the support in which the 

degree of membership has the maximum value (a plateau as maximum). Depending on whether 

the left, the right end or the centre of “core” is considered most appropriate for defuzzification, 

one arrives at one of the following strategies: 

 Left of maximum (LOM), 

 Right of maximum (ROM) or Centre of maximum (COM) . 
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Definition 2.4.1 

The core of a fuzzy set is defined as  

 ( ) { and ( )( ( ) ( )}.oc X x x X y X A y A x= ∈ ¬ ∃ ∈ >  

Then for the LOM-strategy the defuzzified value is   

min{ }.LOM ou u u C= ∈  

For the ROM-strategy it is  

max{ }.ROM ou u u C= ∈  

And for the COM-strategy it is  

.
2

ROM LOM
COM

u u
u

−
=  

This should be considered with the “Mean of Maxima” (MOM) strategy, which assumes that 

there is not a core of the fuzzy sets but separate different maxima. The information taken into 

account in above strategies is very limited. If more information shall be considered, which is 

available via the membership function of the fuzzy set to be defuzzified, then one normally 

resorts to centroid strategies. The best-known of these are the “centre of areas” and the “centre of 

gravity” strategies.   

1) The COA method chooses as the control action that corresponds to the centre of the area 

with membership greater than zero. Formally, the control action is computed as: the 

defuzzified value is the support element that divides the area below a continuous 

membership function into two equal parts. 
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max

min

( ) ( ) .
COA

COA

d d

x x

x dx x dxµ µ=∫ ∫  

The procedure can be computationally complex and can lead to unwanted results if the fuzzy set 

is not unimodal. 

2) The centre of gravity (COG) method is the most trivial weighted average and has a 

distinct geometrical meaning. From mathematical point of view the COG corresponds to 

the expected value of probability. It is defined as 

 
. ( )

( )
u

COG

u

u u du
u

u du

µ

µ
=
∫

∫
 

Controllers are used in these cases of describing the relationship between a set of independent 

variables and a variable dependent on them when the exact analytic formula is not known. 

When we can compute exactly the value of the dependent variable for a set of independent 

variable values then controllers provide us with the approximate quantity of the dependent 

variable named in the model [11]. 

Example (Automobile) 2.1 

In this example we will examine the output generated by the control systems in order to do 

comparison of it with original one. So for this verification of control systems we will use 

equation of motion        

      distance time
speed 

=                                                                                                       

Let us consider an auto mobile which covers a distance X with speed Y and time Z.    

                              X = Distance covered by an automobile.     
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                                        Y = Speed of an automobile. 

 Now we are going to describe Z the procedure of dependence between X, Y as     

( ),Z f X Y=                                                                                                 

All variables are verbally divided in levels which create lists of terms. Each term is represented 

by a fuzzy set with the corresponding membership function. 

The variable X is designed as 

                                       {short,average,long}X =  

     
 
                                      4      8     12   16    20    24 28   32   36 40   44   48 52   54   56 

1
short average Long 

Membership 

X = Distance in km 
0

   

Figure 2.1: Membership functions of the fuzzy sets representing                                                           

the variable “distance”. 

The semi trapezoidal function “short” with endpoints (0, 0) and (12, 0), and high points (0, 1) 

and (4, 1) is defined by  

                

1 for 0 4,
1 3( ) for 4 12,
8 2
0 for 12.

short

X

X X X

X

µ

≤ ≤
= − + ≤ ≤


≥  

( )2.1
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The triangular function “average” with endpoints (4, 0) and (48, 0), and high point (20, 1) is 

defined by  

0 for 4,
1 1 for 4 20,

16 4( )
1 12 for 20 48,
28 7
0 for 48.

average

X

X X
X

X X

X

µ

≤

 − ≤ ≤
= 
− + ≤ ≤

 ≥

 

 

The semi trapezoidal function “long” with endpoint (29, 0), and high points (48, 1) is defined by  

  

0 for 30,
1 5( ) for 30 48,

18 3
1 for 48.

long

X

X X X

X

µ

≤
= − ≤ ≤


≥

 
 

The variable Y is described by its levels as  

                                                         {low,average,high}Y =  

0

1

      10    20   30  40    50    60    70     80    90
Y= speed in km/h

Membership

low average high

 

( )2.2

( )2.3
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Figure 2.2: Membership functions of the fuzzy sets forming                                                                                

the variable “speed”. 

 

The semi trapezoidal function “low” with endpoints (30, 0) and (0, 0), and high point (20, 1) and 

(0, 1) is defined by 

  

1 for 0 30,
1( ) 3 for 20 30,

10
0 for 30.

low

Y

Y Y Y

Y

µ

≤ ≤
= − + ≤ ≤


≥  

The triangular function “average” with endpoints (20, 0) and (60, 0), and high point (40, 1) is 

defined by 

       

0 for 20,
1 1 for 20 40,
20( )
1 3 for 40 60,
20
0 for 60.

average

Y

Y Y
Y

Y Y

Y

µ

≤

 − ≤ ≤
= 
 − + ≤ ≤

 ≥

 

The semi trapezoidal function “high” with endpoints (50, 0), and high point (60, 1) is defined by 

         

0 for 50,
1( ) 5 for 50 60,

10
1 for 60.

high

Y

Y Y Y

Y

µ

≤
= − ≤ ≤


≥  

Finally the output variable Z = time which depends on the distance and speed can be 

characterized by its levels as. 

( )2.4

( )2.5

( )2.6
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{short,medium,long}Z =  

 0.2     0.4    0.6 0.8     1      1.2 1.4 Z = time in hours

Membership

0

1
short medium long

 

Figure 2.3: Membership functions of the fuzzy sets included                                                                                       

in the description of the variable set “time”. 

The semi trapezoidal function “short” with endpoints (0, 0) and (0.4, 0), and high points (0.2, 1) 

and (0, 1) is defined by 

    

1 for 0 0.2,
( )

5 2 for 0.2 0.4.short

Z
Z

Z Z
µ

≤ ≤
=  − + ≤ ≤

 

 

The triangular function “medium” with endpoints (0.2, 0) and 0.8, 0), and high point (0.5, 1) is 

defined by 

0 for 0.2,
3.33 0.67 for 0.2 0.5,

( )
3.33 2.66 for 0.5 0.8,
0 for 0.8.

medium

Z
Z Z

Z
Z Z

Z

µ

≤
 − ≤ ≤= − + ≤ ≤
 ≥  

The semi trapezoidal function “long” with endpoints (0.6, 0), and high point (0.8, 1) is defined 

by 

( )2.7

( )2.8
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0 for 0.6,
( ) 5 3 for 0.6 0.8,

1 for 0.8.
long

Z
Z Z Z

Z
µ

≤
= − ≤ ≤
 ≥  

Now we forecast states of Z by using the logical connections between levels of X and Y. 
 

Table 2.1:  Judgments of aggregations made by means of our own experience. 

                                           Low average     High 

                       short       Short       short   Medium 

                     average       Short     medium   Medium 

                      long     Medium     medium      Long 

We can interpret the connections from Table 2.1 in this way, e.g.                                                                          

If X = “distance” is short and Y = “speed” is average then Z = “time” is short. This set of laws 

attaches the states of input variables X, Y to suitable states of the output variable Z. 

We select a pair (X, Y) = (10.6, 27.3), then we have to find the value of Z.     

We evaluate the membership degrees of chosen values in all sets of X and Y, which posses these 

values in their supports.                                          

X =10.6 belongs to “short” with 1 3(10.6) (10.6) 0.18
8 2shortµ = − + =

 

 speed

distance

( )2.9



 
 

17 
 

X =10.6 belongs to “average” with 1 1(10.6) (10.6) 0.41
16 4averageµ = − =

 

Y =27.3 belongs to “low” with 1(27.3) (27.3) 3 0.27
10lowµ = − + =

 

Y =27.3 belongs to “average” with 1(27.3) (27.3) 1 0.37
20averageµ = − =

 

In conformity with Table 2.1 we build the set of laws ir  which match the combinations of short 

and average for X with low and average for Y: 

r1: If X = short and Y = low then Z = short. 

r2: If X = short and Y = average then Z = short. 

r3: If X = average and Y = low then Z = short. 

   r4: If X = average and Y = average then Z = average. 

For the set of laws the estimation of the connective "and" is replaced by the minimum operator. 

The values of irα  assist the influence of independent variables on the output- 

( )min ( ), ( ) where 1,2,3,4.
i i ir r rX Y iα µ µ= =

 
Hence, min(0.18,0.27) 0.18.

min(0.18,0.37) 0.18.
min(0.41,0.27) 0.27.
min(0.41,0.37) 0.37.

=
=
=
=  

After that we concatenate the values of 
irα  with the output in law ir   to approximate the 

consequence of using law ir  in the model according to the formula 
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( ) min( ,set of time for law ) for 1,2,3,4.
i i
consequence

r r iZ r iµ α= =
 

 

So, for i = 1, ( )
1

( ) min 0.18, ( )consequence
r shortZ Zµ µ= will be a fuzzy set restricted by the 

membership function sketched in figure 2.4. 

 0.2     0.4    0.6 0.8     1      1.2 1.4 Z = time in hours

Membership

0

1
short medium long

0.5

0.18
1

0.18rµ =

Figure 2.4: Membership function of
1

( )consequence
r Zµ  in the universe set of “time”. 

 

For i = 2, ( )
2

( ) min 0.18, ( )consequence
r shortZ Zµ µ=  reveals the membership function plotted in 

figure 2.4. 

    
 0.2     0.4    0.6 0.8     1      1.2 1.4

Z = time in hours

Membership

0

1
short medium long

0.5

0.18
2

0.18rµ =

 

Figure 2.5: Membership functions of 
2

( )consequence
r Zµ in the universe set of “time”. 
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For i = 3, ( )
3

( ) min 0.27, ( )consequence
r shortZ Zµ µ=  which reveals the next consequence fuzzy set 

seen in figure 2.6. 
 
 

 0.2     0.4    0.6 0.8     1      1.2 1.4 Z = time in hours

Membership

0

1
short medium long

0.5

0.27
3

0.27rµ =

                

Figure 2.6: Membership functions of 
3

( )consequence
r Zµ in the universe set of “time”. 

For i = 4,
 ( )

4
( ) min 0.37, ( )consequence

r averageZ Zµ µ=  is a membership function of a set from figure 
2.4. 

 

 0.2     0.4    0.6 0.8      1     1.2 1.4 Z = time in hours

Membership

0

1
short medium long

0.5
0.37 4

0.37rµ =

 

Figure 2.7: Membership functions of 
4

( )consequence
r Zµ  in the universe set of “time”. 
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Let us set  ( ), 1, 2,3, 4,
i

consequence
r Z iµ =  in the common representation showed by figure 2.8.

 0.2     0.4    0.6 0.8     1      1.2 1.4 Z = time in hours

Membership

0

1
short medium long

0.27
0.37
0.5

0.18 1 2
, 0.18r rµ µ =

3
0.27rµ =

4
0.37rµ =

Figure 2.8: Common representation of all ( )
i

consequence
r Zµ  in the universe set of “time”. 

For all consequences of rules we produce the common influence of (X, Y) on the output Z by 

manipulating with previously obtained the consequence membership function according to  

( )1 2 3 4
( ) max ( ), ( ), ( ), ( ) .consequence consequence consequence consequence consequence

r r r rZ Z Z Z Zµ µ µ µ µ=
 

The common fuzzy set in the Z universe, plotted in figure 2.9, is the fuzzified output of crisp 

(X,Y).  

 0.2     0.4    0.6 0.8     1      1.2 1.4 Z = time in hours

Membership

0

1
short medium long

0.27
0.37
0.5

( ) 3.33 0.67Z Zµ = −

( ) 3.33 2.66Z Zµ = − +

0.28 0.31 0.69

Figure 2.9: The aggregated membership function of all ( )
i

consequence
r Zµ                                                                             

 

in the universe set of “time”.
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Now we use the centre of gravity method for defuzzifying the membership function from figure 

2.9 to get one numerical representative of Z typical of the tested pair of (X, Y). For this objective 

we adopt the formula  

 
 
            

0.28 0.31 0.69 0.8

0 0.28 0.31 0.69
0.28 0.31 0.69 0.8

0 0.28 0.31 0.69

0.28
2 3 2

0

0.27 (3.33 0.67) 0.37 ( 3.33 2.66)
(10.6,27.3) ,

0.27 (3.33 0.67) 0.37 ( 3.33 2.66)

0.27 3.33 0.67
2 3 2

ZdZ Z ZdZ ZdZ Z ZdZ
Z

dZ Z dZ dZ Z dZ

Z Z Z

+ − + + − +
=

+ − + + − +

+ −
=

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

( )

0.31 0.80.69
2 3 2

0.310.28 0.69
0.31 0.8

0.28 0.692 2
0 0.31

0.28 0.69

0.37 3.33 2.66
2 3 2

,
3.33 3.330.27 0.67 0.37 2.66

2 2

0.36h. 2.10

Z Z Z

Z Z Z Z Z Z

Z

  + + − +   
   

   + − + + − +   
   

=
 

For distance = 10.6 km and speed = 27.3 km/h, the approximated time with Mamdani controller 

is time Z = 0.36h. 

Now the exact time by equation of motion is:   

distancetime=
speed

10.6
27.3

0.39 .h

=

=

 

The difference is only 0.03h, so the approximated value is very near to the original value. Hence 

this result proves that when we do not have any formula that gives relation between independent 

variables and a variable dependent on them then we can use fuzzy control for reaching an 
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approximated value of the dependent variable. The data in the example discussed above consist 

of two inputs and one output but we can extend a number of independent variables easily up to 

the case of n inputs and one output. 

 

Figure 2.10: Graphical representation of 

(speed, distance, time) = (27.3, 10.6, 0.36). 

We can create forecasting for each couple (X, Y) from the XY-plane to get a surface containing 

all singletons. 

Example (Hotel) 2.2 

In the previous example we just verify the existing formula using fuzzy control. But in this 

example we do not have any formula that gives us the relation between two (discrete) 

independent variables and a (continuous) variable depending on them, so we will find the 

approximated value of dependent variable by using fuzzy control. 

The model contains two independent variables   
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                                                  X = food quality in a hotel, 

 Y= service quality in a hotel, 

 and the dependent variable Z =f(X, Y) = % of guests in the hotel.  

For evaluation of food taste we assume the number of codes { }0,1,...,10X =  coming from a 

questionnaire given to some hotel guests to fill in. At the same time { }0,1,...,10X = constitutes 

the universe set of the variable X which is characterized by three overlapping levels as  

 

X= {not tasty, average, tasty} 

1       2      3      4     5      6     7      8    9     10

0

1

Membership

not tasty average taste tasty 

X = food quality 

 
Figure 2.11: Membership functions for the fuzzy sets forming “food quality”. 

The semi trapezoidal function “not tasty” with end points (0, 0) and (6, 0) and high points   (0, 1) 

and (2, 1) is defined by  

0.75 0.5 0.251 1 1" " .0 1 2 3 4 5not tasty = + + + + +  

The triangular function “average taste” with end points (1, 0) and (9, 0) and high points (8, 1) 

and (10, 1) is defined by  

( )2.11
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0.25 0.5 0.75 0.75 0.5 0.251" " .2 3 4 5 6 7 8average = + + + + + +
  

 

The semi trapezoidal function “tasty” with end points (4, 0) and (10, 0) and high points (8, 1) and 

(10, 1) is defined by  

0.25 0.5 0.75 1 1 1" " .5 6 7 8 9 10tasty = + + + + +
 

 Similarly, assuming that Y is defined in the reference set { }0,1,...,10Y = we differentiate Y in 

three levels.
 

Y = {poor, medium class, good} 

represented by membership functions given in figure 2.12. 

1       2      3      4     5      6     7      8    9     10

0

1

Membership

poor medium class good

Y= service quality 

 

Figure 2.12: Membership functions of fuzzy sets forming the levels                                                      

of the discrete set “service quality”. 

The semi trapezoidal function “poor” with end points (0, 0) and (6, 0) and high point (0, 1) and 

(2, 1) is defined by  

0.75 0.5 0.251 1 1" " .0 1 2 3 4 5poor = + + + + +
 

( )2.12

( )2.13

( )2.14
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The triangular function “medium class” with end points (0, 0) and (10, 0) and high point (5, 1) is 

defined by  

      
0.2 0.4 0.6 0.8 0.8 0.6 0.4 0.21" " .1 2 3 4 5 6 7 8 9medium class = + + + + + + + +

 

 

The semi trapezoidal function “good” with end points (4, 0) and (10, 0) and high points (8, 1) 

and (10, 1) is defined by  

0.25 0.5 0.75 1 1 1" " .5 6 7 8 9 10good = + + + + +
 

Additionally the output Z = f(X, Y) is described by levels  

Z= {very few, few, average, a lot} 

characterized by membership functions presented in figure 2.13. 
 

0

1

Membership

     very few a  lot

Z= % of guests 10    20    30 40    50 60    70 80   90 100

few   average

       

Figure 2.13: Membership functions for levels of the continuous variable “% of guests”. 

The semi trapezoidal function “very few” with end points (10, 1) and (30, 0) and high point (0, 

1) and (10, 1) is defined by                    

( )2.15

( )2.16
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1 for 0 10,
1 3( ) for 10 30,
20 2
0 for 30.

very few

Z

Z Z Z

Z

µ

≤ ≤
= − + ≤ ≤


≥

 

The triangular function “few” with end points (20, 0) and (60, 0) and high points (90, 1) and 

(100, 1) is defined by 

      

0 for 20,
1 1 for 20 40,
20( )
1 3 for 40 60,
20
0 for 60.

few

Z

Z Z
Z

Z Z

Z

µ

≤

 − ≤ ≤
=
 − + ≤ ≤

 ≥  

The triangular function “many” with end points (40, 0) and high point (80, 0) and high point (60-

, 1) is defined by  

   

0 for 40,
1 2 for 40 60,
20( )
1 4 for 60 80,
20
0 for 80.

average

Z

Z Z
Z

Z Z

Z

µ

≤

 − ≤ ≤
=
 − + ≤ ≤

 ≥  

The semi trapezoid function “a lot” with end points (70, 0) and (100, 1) and high point (60, 1) is 

defined  

        

0 for 70,
1 7( ) for 70 90,
20 2
1 for 90 100.

a lot

Z

Z Z Z

Z

µ

≤
= − ≤ ≤


≤ ≤  

( )2.17

( )2.18

( )2.19

(2.20)
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Now we forecast states of Z by using the logical connections between levels of X and Y.

 

Table 2.2:  Judgments of aggregations made by means of our own experience. 

                                         poor medium class      good 

                 not tasty     very few      very few      few 

              average taste      few       average        average  

                  Tasty      few      average       a lot 

                                                                                                                                                                                            

We can interpret the connections in Table 2.2 in this way, e.g.  

If X = “food” is not tasty and   Y = “service quality” is poor then Z= “% of guests” are very few. 

In the same way if X = “food” has average taste and Y = “service quality” is medium class then Z 

= “% of guests” are average. 

The above table of laws joins the states of input variables X, Y to suitable state of output variable 

Z.  

We select a pair (X, Y) = (3, 4) and we will find the value of Z corresponding to these values. 

We evaluate the membership degrees of chosen values in all sets of X and Y, which posses these 

values in their supports. 

X =3 belongs to “not tasty” with (4) 0.75not tastyµ =
 

 ( )Yservice quality

 ( ) Xfood quality
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X =3 belongs to “average taste” with (4) 0.5average tasteµ =
 

Y= 4 belongs to “poor” with (4) 0.5poorµ =  

Y= 4 belongs to “medium class” with (4) 0.8medium classµ =  

In conformity with Table 2.2 we construct a set of laws ri  which match the combination of “not 

tasty” and “average” taste for X with “poor” and “medium class” for Y: 

r1: If X =not tasty and Y = poor then Z = few. 

r2: If X = not tasty and Y = medium class then Z = few. 

r3: If X = average taste and Y = poor then Z = few. 

r4: If X = average taste and Y = medium class then Z = average. 

For the set of laws the estimation of the connective "and" is replaced by the minimum operator. 

The values of irα assist the influence of independent variables on the output 

( )min ( ), ( ) where 1,2,3,4.
i i ir r rX Y iα µ µ= =  

Hence ,
min(0.75,0.5) 0.5.
min(0.75,0.8) 0.75.
min(0.5,0.5) 0.5.
min(0.5,0.8) 0.5.

=
=
=
=  

After that we concatenate the values of 
irα  with the output in law ir   to approximate the 

consequence of using law ir  in the modal according to the formula. 

( ) min( ,set of time for law ) for 1,2,3,4.
i i
consequence

r r iZ r iµ α= =
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For i = 1, ( )
1

min 0.5, ( )r few Zµ µ= represents a fuzzy set depicted in figure 2.14. 
 

 

0

1

Membership

     very few a  lot

Z= % of guests 10    20    30 40    50 60    70 80   90 100

few   average 

1
0.5rµ =

0.5

 

Figure 2.14: Membership functions of
1

( )consequence
r Zµ  for the set “% of guests”. 

 

For i = 2, ( )
2

( ) min 0.75, ( )consequence
r fewZ Zµ µ= determines a fuzzy set presented in figure 2.15. 

 

0

1

Membership

     very few a  lot

Z= % of guests 10    20    30 40    50 60    70 80   90 100

few    average

2
0.75rµ =

0.75

 

Figure 2.15: Membership functions of
2

( )consequence
r Zµ  for the set “% of guests”. 
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For i = 3, ( )
3

( ) min 0.5, ( )consequence
r fewZ Zµ µ= is a membership function of a set from figure 2.16. 

 

0

1

Membership

      very few a  lot

Z= % of guests 10    20    30 40    50 60    70 80   90 100

few  average 

3
0.5rµ =

0.5

 

Figure 2.16: The membership functions of
3

( )consequence
r Zµ  for the set “% of guests”. 

For i = 4, ( )
4

( ) min 0.5, ( )consequence
r averageZ Zµ µ= represents a fuzzy set sketched in figure 2.17. 

 

 

0

1

Membership

       very few a  lot

Z= % of guests 10    20    30 40    50 60    70 80   90 100

few average

4
0.5rµ =

0.5

 

Figure 2.17: Membership functions of
4

( )consequence
r Zµ  for the set “% of guests”. 
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Let us set place all ( )
i

consequence
r Zµ  in the common representation. 

0

1

Membership

      very few a  lot

Z= % of guests 10    20    30 40    50 60    70 80   90 100

few   average

3
0.5rµ =

4
0.5rµ =

2
0.5rµ =

1
0.75rµ =

          Figure 2.18: Common representation of all ( )
i

consequence
r Zµ  for the set “% of guests”. 

For all consequences of rules we produce the common influence of (X, Y) by manipulating with 

previously obtained the consequence membership function according to  

( )1 2 3 4
( ) max ( ), ( ), ( ), ( ) .consequence consequence consequence consequence consequence

r r r rZ Z Z Z Zµ µ µ µ µ=
 

as a fuzzy set reflected in figure 2.19. 

0

1

Membership

      very few a  lot

Z= % of guests 10    20    30 40    50 60    70 80   90 100

few   average

3
0.5rµ =

4
0.5rµ =

1
0.75rµ =

15 25 70 

1 3( )
20 2

Z Zµ = − +

1( ) 1
20

Z Zµ = −

1( ) 4
20

Z Zµ = − +

Figure 2.19: Aggregation of all ( )
i

consequence
r Zµ  for the set “% of guests”.                                                          

Now we use the centre of gravity method for defuzzifying the membership function from figure 

2.19 to get one numerical representation of Z typical of the tested pair of (X,Y). For this objective 

we adopt the formula. 
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15 25 30 70 80

0 15 25 30 70
15 25 30 70 80

0 15 25 30 70

15
2 3

0

1 3 1 10.75 1 0.5 4
20 2 20 20

(3,4) ,
1 3 1 10.75 1 0.5 4
20 2 20 20

0.75 1
2 60

ZdZ Z ZdZ Z ZdZ ZdZ Z ZdZ
Z

dZ Z dZ Z dZ dZ Z dZ

Z Z

     + − + + − + + − +     
     =
     + − + + − + + − +     
     

+ − +
=

∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫

( )

25 30 8070
2 3 2 2 3 2

3015 25 70
25 30 80

15 702 2 2
0 30

15 25 70

3 1 1 0.5 1 2
4 60 2 2 60

,
1 3 1 10.75 0.5 4
40 2 40 40

34.84%. 2.21

Z Z Z Z Z Z

Z Z Z Z Z Z Z Z

µ

     + − + + − +     
     

     + − + + − + + − +     
     

=
   

So for food quality X=3 and service quality Y=4 and % of guest is Z= 34.84%.

 

 
 

Figure 2.20: Graphical representation of                                                                                            

(food quality, service equality, number of customers) = (3, 4, 34.84%) 
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We can create forecasting for each couple (X, Y) from the XY-plane to get a surface containing 

all singletons [2], [11]. 

The above discussed models consist of two inputs and one output but we can extend it easily up 

to n inputs and one output. The rules connect the input variables with the output variables and are 

based on the fuzzy state description that is obtained by the definition of the linguistic variable. 

Formally the rule can be written as 

1 2
1 1 2 2rule : is and is ... and , then is ,njj j j

n nr If X A X A X is A u A  

where 1
1
jA is the thj term of linguistic variable i corresponding to the membership function  

( )j uµ  representing the term of control action variable [5]. 
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    Chapter: 3 Applications of Fuzzy Control
                                                                                                  
Fuzzy logic is useful for converting heuristic control rules declared by a human operator into an 

automatic control approach [12]. Fuzzy control definitely is the stem of fuzzy set theory with the 

most applications, and their number is gradually increasing. The application explosion was 

started by Japanese manufacturers who applied fuzzy logic to processes ranging from home 

appliances to industrial control. The first main book containing applications of FLC was edited 

by M. Sugeno [1985a] and shows that the term fuzzy control is scarcely interpreted as 

applications of the Mamdani or Sugeno controller to a definite process but includes other fuzzy 

logic techniques such as fuzzy algebra as well. It is also significant to state that most successful 

applications unite FLC systems with conventional control strategies to hybrid systems. 

We now present few application of fuzzy control without going into details. Interested readers 

may consult the original literature. 

3.1 Crane Control 

Cranes are mostly used in industrial assembly systems where heavy load have to be transported. 

Today, modern cranes reach a top speed of 160 m/min and an acceleration of up to 2 m/s2[Behr 

1994]. One of the major problems that have to be taken into account in the control of crane 

system is that the load may start to swing. This can be avoided with the help of mechanical 

constructions such as telescopes and stays or electronic loss control. These methods are, 

however, costly and the structure depends on the specific crane under consideration. In contrast, 

it was observed that an experienced operator was able to control a crane adequately without such 

higher devices. This was the motivation for the design of an FLC system for crane control. 

The crane control trust on the shape of operation: one distinguishes between manual operation, 

where an operator controls the crane and the objective of the fuzzy controller is to avoid 

swinging, and automatic operation, where a confident position has to be reached. Here we focus 

on automatic operation. 
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The automatic operation mode can be separated into three different phases of motion: 

acceleration, normal motion, and positioning. Figure 3.1 shows the typical behaviour of the 

speed in different phases.  

t

rpm 

acceleration normal motion positioning

 

Figure 3.1: Phases of motion. 

Different controllers were designed for the three phases. Input values were the position, the 

speed, the length of the pendulum, the angle of the pendulum, and in some cases the mass of the 

load. When the mass was unknown, a fuzzy estimator system was activated that calculates the 

mass as a function of the observed system behaviour. The controllers were implemented on a 

fuzzy processor for real- time control of the crane [5]. 

3.2 Fuzzy Control for Temperature and Humidity in Refrigeration  

         Systems 

Refrigeration is one of the most common methods for conservation of food. The aim of 

refrigeration is quality protection, the essential parameters are temperature and- when goods are 

stored, which may dry out- relative humidity. 

Quality preservation of goods in cold stores as well as the power utilization of refrigerator 

systems depends on the installed controller. 
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Bang-bang controllers are still most widely used for cold store temperature control. In spite of 

this relative humidity is often not controlled. Increasing demands for quality preservation of 

refrigerated food and low power consumption system cannot be fulfilled with the traditional 

control concepts used in this field. Fuzzy logic is a useful method for implementing new rule-

based control strategies for refrigeration systems. 

The fuzzy controller used in this case consists of a fuzzy temperature controller and a fuzzy 

humidity controller. In the control design the thermodynamic coupling of temperature on relative 

humidity is considered by using the temperature error as additional input for the fuzzy humidity 

controller. The controller requires continuous actuators (compressor of the refrigerator, 

evaporator fan), which are available, but presently not widely used in cold store applications. 

Very favourable dynamic process behaviour can be achieved under a wide range of operating 

conditions by using continuous actuators together with the introduced fuzzy controller [13]. 

3.3 Control of a Diesel Engine  

Murayama et al. [1985] designed a fuzzy controller for a marine diesel engine. The objective 

here was to minimize the fuel consumption rate (FCR). The engine is controlled by fuel flow rate 

(Q), fuel injection timing (U), fuel injection duration (T), and inner pressure of the fuel pipe (P). 

Special attention was paid to the fuel injection timing, which influence the FCR directly. 

Since the data are noisy, gradient methods cannot be employed directly. Therefore the authors 

use an adaptive method to verify the results obtained by the gradient search. Fuzzy numbers and 

an adjustment that uses a fuzzy set to assess the credibility of the computed results are employed.  

No rules are used to calculate the actual control output as in the Mamdani and the Sugeno 

controller. Therefore one may also consider this application as an application of fuzzy data 

analysis to a control problem. The results that were obtained with this simple method were, 

however, very encouraging. The fuzzy control method outperformed the conventional method 

[5].  
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                           Conclusion 
                                    
It is proved that the use of fuzzy controller for making input-output relation is very efficient. 

This is achieved by using a fuzzy controller with overlapping triangular and trapezoidal input 

and output membership functions and completing a rule table. When this framework is 

accomplished, no plateau affects the output fuzzy set and COG method is used for 

defuzzification. To display such behaviour, I have used equation of motion s vt=  with distance 

and speed as inputs and time as output to compare the approximated value of time given by 

Mamdani controller with the original value of time by equation of motion for an automobile 

system. The difference is very small which shows the accuracy of Mamdani controller. Then I 

have formulated a relation between food and service quality in a hotel and corresponding 

percentage of guests.                  
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