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Abstract 
A Brain-Computer Interface (BCI) is a system to communicate with external world through the 

brain activity. The brain activity is measured by Electro-Encephalography (EEG) and then processed 
by a BCI system.  

EEG source reconstruction could be a way to improve the accuracy of EEG classification in EEG-
based brain–computer interface (BCI). In this thesis BCI methods were applied on derived sources 
which by their EEG enhancement it became possible to obtain a more accurate EEG detection and 
brought a new application to BCI technology that are recognition of writing letters imagery from brain 
waves. The BCI system enables people to write and type letters by their brain activity (EEG). To this 
end, first part of the thesis is dedicated to EEG source reconstruction techniques to select the most 
optimal EEG channels for task classification purposes. Due to this reason the changes in EEG signal 
power from rest state to motor imagery task was used, to find the location of an active single 
equivalent dipole. Implementing an inverse problem solution on the power changes by Multiple Sparse 
Priors (MSP) method generated a scalp map where its fitting showed the localization of EEG 
electrodes. Having the optimized locations the secondary objective was to choose the most optimal 
EEG features and rhythm for an efficient classification. This became possible by feature ranking, 1-
Nearest Neighbor leave-one-out. The feature vectors were computed by applying the combined 
methods of multitaper method, Pwelch. The features were classified by several methods of Normal 
densities based quadratic classifier (qdc), k-nearest neighbor classifier (knn), Mixture of Gaussians 
classification and Train neural network classifier using back-propagation. Results show that the 
selected features and classifiers are able to recognize the imagination of writing alphabet with the high 
accuracy.  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

Acknowledgment 
I would first like to thank my supervisor Dr. Siamak Khatibi for giving me this wonderful 

opportunity of working on a research under his guidance. I am grateful to all the help and guidance 
that he offered me though out my graduate studies. I  am also thankful to Dr. Maghouli from Azad 
University- Science and Research Branch and Dr. Erfanian from Iran University of science and 
technology for letting me to be a part of their committee in emotion detection of paralyzed people and 
online hand grasping. I am grateful to the time that Petar Jercic spent with me to show how to work 
with Biosemi equipment for recording EEG data (he was responsible of the equipments). I would like 
to thank my family and friends for their continuous support they provided through out. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

Contents 
Table of figures: ............................................................................................................................................ 5 

Introduction ....................................................................................................................................................... 7 

Chapter1: ....................................................................................................................................................... 9 

Interesting information .................................................................................................................................. 9 

1.1 History of Electroencephalography (EEG) ................................................................................................... 9 

1.2 Types of EEG activity .................................................................................................................................. 9 

1.3 Recording and Patterns of EEG Activity .................................................................................................... 10 

1.4 Types of Artifacts ...................................................................................................................................... 13 

1.5 Digitalization and Sampling Rate ............................................................................................................... 14 

1.6 Frequency Analysis.................................................................................................................................... 15 

Chapter2: ..................................................................................................................................................... 16 

Methods and algorithms ............................................................................................................................... 16 

2.1 Feature Extraction Algorithms ............................................................................................................... 16 

2.1.1 Multi-Taper Method ............................................................................................................................ 16 

2.1.2 Spectral estimation by averaging modified periodograms .................................................................... 17 

2.1.3 Morlet Wavelet and complex Morlet Wavelet...................................................................................... 18 

2.2 Classifiers’ Algorithms ..................................................................................................................... 19 

2.2.1 K-Nearest Neighbor algorithm ............................................................................................................ 19 

2.2.2 Principles of training neural network using back-propagation .............................................................. 20 

2.2.3 Mixture of Gaussians classifier............................................................................................................ 23 

2.2.4 Quadratic classifier ............................................................................................................................. 25 

2.3 Classifier evaluator ................................................................................................................................ 26 

2.3.1 Cross Validation method ..................................................................................................................... 26 

2.4 inverse problem method ......................................................................................................................... 27 

2.4.1 Multiple Sparse Priors ......................................................................................................................... 27 

2.4.2 Bayesian Model Averaging (BMA) ..................................................................................................... 29 

Chapter3: ..................................................................................................................................................... 30 

EEG Data processing ................................................................................................................................... 30 

3.1 Experiments setup .............................................................................................................................. 30 

3.2 EEG Source Localization ................................................................................................................... 31 



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

3.2.1 Implementing Statistical Parametric Mapping (SPM) ....................................................................... 31 

3.2.2 EEGLAB ........................................................................................................................................ 46 

Arbitrary units are used for the scale of the component’s activity time course. However, multiplication of 
the component’s scalp map values by the component’s activity time course has the unit of the data. ......... 49 

3.2.3 Optimal EEG channel selection ....................................................................................................... 54 

3.3 Feature extraction ............................................................................................................................... 60 

3.4 Classification ..................................................................................................................................... 60 

3.4.1 Linear Method of Classification....................................................................................................... 61 

3.4.2 Non Linear Method of Classification ............................................................................................... 61 

Conclusion ...................................................................................................................................................... 63 

References ....................................................................................................................................................... 64 

 
 

Table of figures:  
 
Figure 1 The position of the 32 and 64 electrodes used for data acquisition located according to the 10-20 
system. CMS and A12 are referring electrodes.   ................................................................................................ 11
Figure 2 Frequency Spectrum of Normal EEG   ................................................................................................. 11
Figure 3 The international 10/20 system seen from left   .................................................................................... 12
Figure 4 The international 10/20 system seen from top  ..................................................................................... 12
Figure 5 Different kinds of artifacts during EEG record   .................................................................................... 13
Figure 6 Back-propagation networks   ............................................................................................................... 23
Figure 7 Visualization of electrode locations in 32 channels   ............................................................................. 34
Figure 8 2D topography for “A” imagination minus “B” imagination at 3304ms   .............................................. 35
Figure 9 Topography of the average ERP   ......................................................................................................... 35
Figure 10 The bottom image is a 2D x-y space interpolated from the attuned electrode locations (at one point in 
time). The two top images are sections through x and y respectively, now expressed over time (vertical (z) 
dimension)  ....................................................................................................................................................... 36
Figure 11 The time axis is reflected in the two MIP windows in the top row, with time proceeding from the 
bottom to the top of the page. The cursor has been positioned by selecting the “goto global maxima” option by 
right clicking on the figure. This occurs at time point 3945.31ms on “Fz”. The design matrix on the right hand 
side comprises two columns, the first for “A” imagination trials and the second for “B” imagination trials   ....... 37
Figure 12 Registration of electrode locations on the brain   ................................................................................ 38
Figure 13 Cortex (blue), inner skull (red), outer skull (orange) and scalp (pink) meshes with transverse slices of 
the subject's MRI   ............................................................................................................................................. 40
Figure 14 Graphical output of Co-registration of EEG data, showing (upper panel) cortex (blue), inner skull 
(red) and scalp (black) meshes, electrode locations (green), MRI/Polhemus fiducials (cyan/magneta), and head-
shape (red dots).   .............................................................................................................................................. 41
Figure 15 BEM meshes with the EEG sensors marked as asterisks.   .................................................................. 42



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

Figure 16 Graphical output of MSP estimation of the average and differential ERP for A and B imaginations at 
3945ms. Condition 1 considered as difference of evoked response between two activities and condition 2 as 
average of evoked response for two activities.  .................................................................................................. 43
Figure 17 Condition 2 in 3D shape   ................................................................................................................... 44
Figure 18 3D reconstruction saved as a smoothed NIfTI image of the average evoked response for A & B 
imaginations.   ................................................................................................................................................... 45
Figure 19 2D electrode locations for 32 channels   ............................................................................................. 47
Figure 20 3D electrode locations for 32 channels   ............................................................................................. 48
Figure 21 Scalp map projection of 31 components   ........................................................................................... 49
Figure 22 Evaluating independent component contributions References   ........................................................... 50
Figure 23 Auto fitted component 8 shows the lowest RV   ................................................................................. 51
Figure 24 Components with RV less than 60%  ................................................................................................. 52
Figure 25 Visualization of the closest MRI slices to the dipole location  ............................................................ 52
Figure 26 The location of dipoles in BEM model for the components without artifacts   ..................................... 53
Figure 27 Dipole-location in 2D scalp map   ...................................................................................................... 53
Figure 29 K-nearest neighbor classifier’s result   ................................................................................................ 62
Figure 30 Train neural network classifier’s result   ............................................................................................. 62
Figure 28 Normal densities based quadratic classifier’s result   .......................................................................... 62
Figure 31 Mixture of gaussians classifier’s result   ............................................................................................. 63
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

Introduction 
BCI controls external devices and interacts with the environment by brain signals. Measured EEG 

signals over the motor cortex exhibit changes in power related to the movements or imaginations 
which are executed in motor tasks [1]. These changes declare increase or decrease of power in the 
alpha (8Hz-13Hz), and beta (13Hz-28Hz) frequency bands from resting state to motor imagery task 
that known as event related synchronization (in case of power increasing) and desynchronization (in 
case of power decreasing) [2].  

The necessity to communicate with the external world for locked-in state (LIS) patients (a paralyzed 
patient who only communicates with eyes), made doctors and engineers motivated to develop a BCI 
technology for typing letters through brain commands. Many researches have been done around this 
area to ascertain the dream of typing for handicapped.  

In the brain some regions of the cerebral cortex (motor cortex) are involved in the planning, control, 
and execution of voluntary movements. Electroencephalography (EEG) signals are electrical potential 
generated by the nerve cells in the cerebral cortex. In order to execute motoric tasks, the EEG signals 
are appeared over the motor cortex [1]. The measured brain response to a stimulus is called event-
related potential (ERP). 

P300-event related potential (ERP) is an evoked neuron response to an external auditory or visual 
stimulus that is detectable in scalp-recorded EEG (The P300 is evoked potential which occurs across 
the parieto-central on the skull 300 ms after applying the stimulus). Farwell and Donchin have proven 
in a P300-based BCI speller [3] that P300 response is a reliable signal for controlling a BCI system. 
They described the P300 speller, in which alphanumeric characters are represented in a matrix grid of 
six-by-six matrix. The user should focus on one of the 36 character cells while each row and column of 
the grid is intensified randomly and sequentially. The P300, observed in EEG signals, is created by the 
intersection of the target row and column which causes detection of the target stimuli with a 
probability of 1/6 (in case of high accuracy of flashing operation). Also when the target stimulus is 
rarely presented in the random sequence of stimuli causes a neural reaction to unpredictable but 
recognizable event and a P300 response is evoked [3]. Generally when the subject is involved with the 
task to recognize the targets, the P300 wave happens and the signal amplitude varies with the 
unlikelihood of the targets. Its dormancy changes with the difficulty of recognizing the target stimulus 
from the standard stimuli [3].The attended character of the matrix can be extracted by proper feature 
extraction and classification of P300. A plenty of procedures for feature extraction and classification 
have been applied to improve the performance of originally reported speller [3], such as stepwise 
linear discriminate analysis (SWLDA) [4, 5], wavelets [1], support vector machines [6, 7, 8] and 
matched filtering [9]. 

Till now, BCI-related P300 research has mostly considered on signals from standard P300 scalp 
locations. While in [10, 11, 12, 13, 14, 15, 16] it has been proven that the use of additional locations, 
especially posterior sites, may improve classification accuracy, but it has not been addressed to 
particular offline and online studies. Recently, auditory version improvement of the visual P300 speller 

http://en.wikipedia.org/wiki/Cerebral_cortex�
http://en.wikipedia.org/wiki/P300�
http://click.dictionary.com/click/nn1ov4?clkpage=the&clkmod=1clk&clksite=thes&clkld=0&clkdest=http%3A%2F%2Fthesaurus.com%2Fbrowse%2Funlikelihood�


                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

allows locked in patients who have problem in the visual system to use the P300 speller system by 
relating two numbers to each letter which indicate the row and column of letter position [17]. 

Now a new technology is needed which can substitute a keyboard with no alphabet menu. The 
technology will be handy for blind people and useful for healthy persons who need to work hands free 
with their computer or mobile. The aim of this thesis is to improve EEG detection through source 
localization for a new BCI application to type with EEG signals without using alphabet menu.  
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Chapter1:  

Interesting information 
 

1.1 History of Electroencephalography (EEG) 
An intrinsic form of nerves’ electrical activity was noticed by scientists in the late 18th century. In 

the 1920s, the first one who proved that cortical processes in human brain incurs potential differences 
between recording locations rather than other physiological activity (such as blood flow through scalp 
vessels, cerebral pulsations, cerebral blood flow, muscle activity, heart rate activity, eye movements 
and electrical properties of the skin), was Hans Berger. “Elektrenkephalogram” was named by Berger 
as electrical activity. Moreover, he identified two EEG wave forms with different physiological 
meanings which he named them as alpha activity and beta activity. Alpha is related to cortical 
inactivity, and beta is related to cortical activity. 

From the physiological basis of EEG activity, the latest discovery [18, 19] indicates that the EEG 
comes from the depolarization of the dendritic trees of pyramidal cells. The EEG is a result of the time 
and spatial sum of synaptic currents that arise on the dendrites and cell bodies of billions of cortical 
pyramidal cells that are primarily located a few centimeters below the scalp surface. The synaptic 
currents consist of neurotransmitter storage and release which are related to the unity of the 
sodium/potassium and calcium ionic pumps that are located in the membranes of each neuron. 

 

1.2 Types of EEG activity 
EEG is found in sleep, epilepsy and brain pathology. Some EEG patterns are reliable and can be 

visually observed, but several complex EEG patterns can only be illuminated by advanced signal 
processing methods such as time-frequency analysis. The order of these patterns’ discovery is 
identified by the sequence of Greek letters α (alpha), ß (beta), δ (delta), 𝛾𝛾 (gamma) and 𝜃𝜃 (theta). 

Alpha activity can be seen in awake and relaxed state. When individuals relax and close their eyes 
relatively, then large rhythmic waves of about 8-12 Hz will be resulted in alternate periods of several 
seconds in EEG signal. The alpha rhythm is related to the lack of cognitive activities. If someone is 
asked to perform cognitive activity such as solving a mathematic problem in his mind, alpha activity 
will vanish from his EEG signal which the phenomena is called as alpha blocking.  

Beta activity appears when one is alert. Traditionally, lower-voltage or low amplitude with 
frequency range of about 13 to 28 Hz have been referred to as beta rhythm and higher frequency 
ranging from about 30 to 90 Hz with lower-voltage known as gamma rhythm. Primary studies declared 
that gamma activity is related to the brain’s ability for integrating of various stimuli into a coherent 
whole. Delta activity (0.5-4 Hz), theta activity (5-7 Hz), lambda, K-complex waves and sleep spindles 
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are additional patterns of spontaneous EEG activity which are not defined solely in terms of frequency. 
Theta rhythm (4-8 Hz) was introduced by Grey Walter in 1953, and he suggested that theta was seen at 
the cessation of a sensuous activity. In recent research has been discovered that theta is associated with 
hypnologic imagery, REM (rapid eye movement) sleep, problem solving, attention, and hypnosis. 

 Delta activity has a lower frequency (0.5-4Hz.) and is associated with sleep and pathological 
conditions such as cerebral infarct, contusion, local infection, tumor, epileptic foci and subdural 
hematoma. The idea is that these types of disorders affect the neural tissue because by cutting off these 
tissues from major input sources, unusual neural activity in the frequency range of delta is created. 
These observations were first seen with intracranial electrodes, but recently researchers have used 
Magneto-encephalography MEG and EEG techniques. During the first two years of a human life, delta 
activity is also the prevailing frequency of EEG in infants. 

Considering above information a frequency range between 0.5 to 50 Hz was used in the thesis and 
later on the frequencies belong to Alpha band (8 9 11) showed profusely efficient in recognition of 
writing alphabet imagery writing. 

 

1.3 Recording and Patterns of EEG Activity 
EEG signals represent an electrical signal (postsynaptic potentials) generated by a large number of 

nerve cells called neurons in the cerebral cortex. Measured EEG from a scalp cap is a signal according 
to voltage (micro volts) and time (second or millisecond), the voltage difference is calculated between 
the reference electrode and the electrode of interest. To analyze EEG signal sometimes we need to 
convert the signal from time domain to frequency domain which you can see the frequency spectrum 
of normal EEG in figure 2. Nowadays, variety of EEG helmets up to 256 electrodes are used to record 
EEG signals, although it is always possible to record EEG from only two electrodes. The location and 
number of the electrodes depends on the purpose of recording. 

Mostly, the coordinating system of electrode locations in EEG is the International 10-20 system [20, 
21]. Since electrodes in this system are placed in a relative distance to each other which is 10% or 20% 
from the total distance of front–back or right–left distance of the skull (the anatomical landmarks; 
nasion and inion, right and the left preauricular points) it was named 10-20. In the front, the bridge of 
the nose called nasion. In the rear of the head, the bump at the back of the head just above the neck 
named inion. The left and right landmarks (preauricular points) are depressions in front of the ears 
above the cheekbone. In this system, letters indicate the areas of the brain: O = occipital, P = parietal, 
C = central, F = frontal and T = temporal. Numerical subscripts indicate the degree of displacement 
from the midline subscripted by z, odd numbers located at left and even numbers located at right. 
According to given information, ”C3” is an electrode over the central region of the brain on the left 
side, whereas ”Cz” would refer to an electrode placed in the middle of the central area. The original 
10-20 system was slowly expanded by the development of dense array systems. Figure 1 shows 
electrode locations in Biosemi 32 channels and 64 channels as a more recent 10-20 system. In the 
thesis, the main focus was on electrodes of ”FC”, ”C” and ”CP” which are dedicated for motor cortex 
and body movement sensing, see figure 4 for more information.  
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Figure 1 The position of the 32 and 64 electrodes used for data acquisition located according to the 10-20 system. CMS and A12 are 
referring electrodes. 

 
Figure 2 Frequency Spectrum of Normal EEG 
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Figure 3 The international 10/20 system seen from left 

 
Figure 4 The international 10/20 system seen from top 

 
Monopolar and bipolar recordings are two specific types of EEG recording. A site with no 

reflection of EEG activity such as ear (or ears), the mastoid, or even the nose is used as a reference site 
for monopolar recording. Also, the average of all signals from a network of electrodes spaced across 
the scalp has been used as the reference. In the thesis a monopolar type of recording was implemented. 
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Bipolar recording is the amplitude difference sampling of two electrode signals in an EEG activity. 
For example, one electrode can be located at the right frontal, and the other one can be located at the 
left frontal area. This type of recording is used in clinical settings to diagnose unusual pathological 
waveforms such as epileptic discharges. 
 

1.4 Types of Artifacts 
Before any further analysis on the raw data from EEG recording, the data should be processed to 

decrease or remove the artifacts such as Electro Ocular Gram (EOG), Electromyogram (EMG), 
Electrocardiogram (ECG) and the noise from power line. These artifacts (unwanted signals) can be 
recorded during the data acquisition process. Artifacts affect the quality of the signal and its analysis in 
terms of leading to wrong interpretation of data, due to the fact that they change the fundamental 
sample of the signal. Figure 5 shows various types of artifacts. 
 

 
Figure 5 Different kinds of artifacts during EEG record 

Description of the mentioned artifacts: 
 

1. Electro Ocular Gram (EOG): blinking or eye movements generate EOG artifact during the 
record of EEG. The eye creates an electric dipole (Cornea being positive and retina being 
negative). Therefore, any eye movement generates an electric field around the eye which can 
overpass into the scalp and get recorded with EEG [22]. EOG signal has high amplitude, which 
can be visually detectable in recorded EEG signal. Without correcting the data from these 
artifacts, they would be misunderstood as desired signal and lead to wrong results. 
The EOG can be eliminated from the EEG signal by recording the ocular signal and 
subtracting it from EEG (in case of the eye blinking or eye movement). There are different 
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algorithms for this purpose, but another way to eliminate the artifact is to forbid the examined 
person to blink the eyes during the data acquisition. 

2.  Electromyogram (EMG): the EMG produced by the muscles propagates through the body and 
reach the skull. Muscle artifacts have higher frequencies in comparison with EEG and can be 
easily identified by determining an appropriate threshold and using a suitable filter to cut the 
frequency containing EMG artifact from recorded EEG signal or using Independent 
Component Analysis (ICA) to separate independent signals from each other and extract the 
EMG from EEG signal. 

      3.   Electrocardiogram (ECG): ECGs represent the heart activity. The heart functions are 
independent of the brain activity, but the electrical activity generated by the heart is appeared in 
the EEG signals. So a mixture of EEG wave form with ECGs would lead to faulty analysis of 
the recorded signal. However, this type of artifact is not always observed because it rarely 
happens on EEG. One way to remove this noise from EEG signal is using adaptive noise 
cancellation algorithm, in this method ECG will be recorded parallel to EEG recording, ICA 
algorithm is also another way of extracting this signal from EEG data. 

      4.   Power Line Noise: Power Line signal is created through the power line which is connected to 
the data acquisition system (EEG recorder system). The related frequency for this noise is 50 
Hz or 60 Hz. The power line noise can be suppressed by applying a notch filter at 50 Hz or 60 
Hz, which would remove the data at 50 Hz or 60 Hz. 

In the thesis, to avoid these artifacts, the constraints on subjective persons during the experiments 
were to have no eye movement, no eye blinking and no body movement while the task was 
proceeding. Also since Biosemi is a chargeable device and it is not connected directly to the electricity, 
there was no power line noise during the experiments in the thesis. Therefore, there was no need for 
any notch filter or noise canceller algorithm to preprocess the data. Despite that, the artifact remover 
algorithms such as Adaptive Neural Network Noise Cancelation are efficient noise cancelling 
procedures however, these algorithms may destroy some useful data at the same time which would 
have an impact on correct classification of the data. 
 

1.5 Digitalization and Sampling Rate 
Converting the continuous analog EEG signal into a digital form is the first step of quantitative 

analyses, which is accomplished by an analog to digital converter. To achieve an accurate signal 
recording, the sampling rate should be selected properly according to the data frequency. Thus, for 
accurate digital recording of an EEG signal which has a frequency between 4 and 30 Hz at least, we 
should have a sampling rate of 60 Hz.  

In the thesis, during the experiments, the highest observed frequencies of EEG signal was100 Hz. 
Therefore, the sampling rate of 256 Hz was selected on the Biosemi system.  
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1.6 Frequency Analysis 
Fourier analysis is one of the most common frequency analysis techniques. Fourier is the name of 

French mathematician, who described any given time series as a corresponding sum of sine and cosine 
functions. The Fourier Transform maps an EEG signal from time-domain to frequency-domain where 
the amplitude and phase of the signal are computed for each frequency. As far as the EEG signals are 
considered as a result of a stochastic process, the power of the signal, the square of amplitude, can be 
used for the quantitative analysis.  

Using Fast Fourier Transform (FFT) the power of an EEG signal for the respective frequency can 
be computed in an efficient way. This classical analysis method can be used in power comparison of 
EEG signal in the motor imagery task and the resting state task which would render a superior 
suppression of power in motor imagery task in frequency range of alpha (8–12 Hz) band [1]. In the 
thesis, the power quantity was used for source localization technique of an EEG signal where the 
highest reduction of power during the motor imagery task in comparison to the resting state task could 
indicate the closest electrode to the source position. The results are shown in source localization 
section. 
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Chapter2: 

Methods and algorithms 
 

2.1 Feature Extraction Algorithms 
 

2.1.1 Multi-Taper Method 
The Multi-Taper approach estimates the average of the orthogonal Eigen-spectrum from each taper 

to minimize spectral leakage outside a frequency band of half bandwidth through the tapers known as 
discrete prolate spheroidal sequences while decreasing the variance of the calculation to provide an 
optimal spectrum [23]. Length of the data set, time resolution and preferred frequency resolution in the 
power spectrum are important characteristics of a data, when the number of tapers is selected. 
Increasing the number of tapers increases the frequency resolution (df), but on the other hand, it 
increases the leakage as well.   

     𝑆𝑆𝑀𝑀(𝑓𝑓) is a leakage resistant spectral estimation where every taper is weighted. 

𝑆𝑆𝑀𝑀(𝑓𝑓) =
∑ 𝑏𝑏𝑘𝑘2(𝑓𝑓)𝐾𝐾
𝑘𝑘=1 𝜇𝜇𝑘𝑘 |𝑌𝑌𝑘𝑘(𝑓𝑓)|2

∑ 𝑏𝑏𝑘𝑘2(𝑓𝑓)𝜇𝜇𝑘𝑘𝐾𝐾
𝑘𝑘=1

 

 𝑏𝑏𝑘𝑘(𝑓𝑓) is a weighting function to resist against the broadband leakage,  𝜇𝜇𝑘𝑘  is the weight or Eigen-
value of the taper and 𝑌𝑌𝑘𝑘(𝑓𝑓) is the Fourier transform of each taper. In frequency resolution “df”, 
parameter p is an important integer which can be set. The number of tapers (K) should be less than 2p-
1 to keep the stability between p and K because only the first 2p - 1 taper provides small spectral-
leakage. In the following equation, 𝑓𝑓𝑅𝑅  is the Rayleigh frequency. 

𝑑𝑑𝑓𝑓 = 2𝑝𝑝𝑓𝑓𝑅𝑅   ,    𝑓𝑓𝑅𝑅 =
1
𝑁𝑁𝑑𝑑𝑁𝑁

 

Here “dt” is the time resolution of data and N is the number of samples.  Independent distribution of 
Eigen-spectra constitutes a good base for calculation of the outstanding peaks in the analysis. The 
combination of multi-Taper spectra causes the multi-spectrum to follow the distribution of a chi-
squared with a scaling factor of  𝑆𝑆(𝑓𝑓)

2𝐾𝐾
 where 2K is the degree of freedom.  Using the more tapers results 

the spectral estimation with the less variability. The chi-squared variable is estimates the relation 
between the expected frequencies and the observed one against the null hypothesis (background noise 
is considered here) and tests the difference to be in the range of the error probability (𝑃𝑃𝑒𝑒 ).  
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𝑃𝑃[𝜒𝜒2 ≦ 𝑄𝑄𝑣𝑣(𝑝𝑝𝑒𝑒)] = 𝑝𝑝𝑒𝑒  

 𝑄𝑄𝑣𝑣(𝑝𝑝𝑒𝑒) is the percentage point of 𝑝𝑝𝑒𝑒 in the distribution. The following relation is given for 0 ≤ 𝑝𝑝𝑒𝑒 ≤
1
2
. 

𝑃𝑃 �𝜆𝜆 log �
𝑣𝑣𝑆𝑆𝑀𝑀(𝑓𝑓)

𝑄𝑄𝑣𝑣(1 − 𝑝𝑝𝑒𝑒)� ≤ 𝜆𝜆 log�𝑆𝑆(𝑓𝑓)� ≤ 𝜆𝜆 log �
𝑣𝑣𝑆𝑆𝑀𝑀(𝑓𝑓)
𝑄𝑄𝑣𝑣(𝑃𝑃𝑒𝑒) �� = 1 − 2𝑝𝑝𝑒𝑒  

λ is a logarithmic scale’s constant and ν is the degree of freedom. The following equation is used in 
the choosing of outstanding peaks. 

𝜆𝜆 log �
𝑣𝑣

𝑄𝑄𝑣𝑣(𝑝𝑝𝑒𝑒)� + 𝜆𝜆 log(𝑆𝑆𝑀𝑀(𝑓𝑓)) 

 

2.1.2 Spectral estimation by averaging 
modified periodograms  

Welch’s power spectral density is an improved form of Bartlett method [24, 25]. Before estimation 
of individual periodogram for each data segment, Welch’s method applies the window w(n) to the data 
segments. the sectioned data sequence is: 

𝐿𝐿 ≤
𝑁𝑁
𝑀𝑀

 

Segmentations of M samples: 

𝑋𝑋𝑀𝑀ℓ (𝑓𝑓) = 𝑋𝑋(𝑛𝑛 + ℓ𝑀𝑀 −𝑀𝑀) �0 ≤ 𝑛𝑛 ≤ 𝑀𝑀 − 1
1 ≤ ℓ ≤ 𝐿𝐿

� 

The modified L through windowing: 

𝐼𝐼𝑀𝑀ℓ (𝑓𝑓) =
1
𝑈𝑈𝑀𝑀

�� 𝑋𝑋𝑀𝑀ℓ (𝑛𝑛)𝑤𝑤(𝑛𝑛)𝜖𝜖−𝑗𝑗𝑗𝑗𝑛𝑛𝑗𝑗
𝑀𝑀−1

𝑛𝑛=0

�
2

  , 1 ≤ ℓ ≤ 𝐿𝐿 

U is the window energy: 

𝑈𝑈 =
1
𝑀𝑀
� 𝑤𝑤2
𝑀𝑀=1

𝑛𝑛=0

(𝑛𝑛) 

 
The spectral estimate: 

𝐼𝐼𝑀𝑀ℓ (𝑓𝑓) =
1
𝐿𝐿
�𝐼𝐼𝑀𝑀ℓ
𝐿𝐿

ℓ=1

(𝑓𝑓) 
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The expected value of the spectral estimate: 

𝐸𝐸�𝐼𝐼𝑀𝑀ℓ � = � 𝑆𝑆𝑁𝑁𝑋𝑋𝑋𝑋 (𝜂𝜂)
1

2�

−1
2�

𝑊𝑊(𝑓𝑓 − 𝜂𝜂)𝑑𝑑𝜂𝜂 = 𝑆𝑆𝑁𝑁𝑋𝑋𝑋𝑋 (𝜂𝜂) ∗ 𝑊𝑊(𝜂𝜂) , 𝑊𝑊(𝑓𝑓) =
1
𝑈𝑈𝑀𝑀

�� 𝑤𝑤(𝑛𝑛)𝜖𝜖−𝑗𝑗𝑗𝑗𝑛𝑛𝑗𝑗
𝑀𝑀=1

𝑛𝑛=0

�
2

 

The normalizing factor U is used to unbiased the spectral estimate 𝐼𝐼𝑚𝑚ℓ (𝑓𝑓), of the modified 
periodogram [26]. For non-overlapping X(n) intervals: 

𝑣𝑣𝑣𝑣𝑣𝑣[𝐼𝐼𝑚𝑚ℓ (𝑓𝑓)] ≅
1
𝐿𝐿
𝑣𝑣𝑣𝑣𝑣𝑣[𝑆𝑆𝑁𝑁𝑋𝑋𝑋𝑋 (𝑓𝑓)] ≅

1
𝐿𝐿

[𝑆𝑆(𝑓𝑓)]2 

The relation between the individual periodograms and the number of data segments (M), which can 
be formed, increase with enhancement of the overlap. When the variance 𝐼𝐼𝑚𝑚ℓ (𝑓𝑓) is considered, these 
two results neutralize each other. Before having a too large overlap, an efficient data window makes a 
powerful affect of the enhanced number of segments. For a constant “N” a 50 percent overlap is a 
rational selection for diminishing the variance. Therefore, across the windowing process, the data 
segments attain a variance decrement over the Bartlett method before the periodogram estimations, and 
simultaneously, smooth the spectrum by decreasing the resolution which is a characteristic of spectrum 
estimators. 
 

2.1.3 Morlet Wavelet and complex Morlet 
Wavelet 

Definition of mother wavelet is as follow: 

𝜓𝜓(𝑁𝑁) =
1
√𝜋𝜋4 (𝑒𝑒𝑗𝑗𝑤𝑤0𝑁𝑁 − 𝑒𝑒−

𝑤𝑤0
2

2 )𝑒𝑒−
𝑁𝑁 2

2  

 𝑤𝑤0 is the central frequency of wavelet. Non-zero mean of the complex sinusoid is corrected with 

𝑒𝑒−
𝑤𝑤0

2

2  and when 𝑤𝑤0 > 5 then this term can be neglected, and the morlet wavelet equation will be as 
below: 

𝜓𝜓(𝑁𝑁) =
1
√𝜋𝜋4 𝑒𝑒𝑗𝑗𝑤𝑤0𝑁𝑁𝑒𝑒−

𝑁𝑁 2

2  

And the complex morlet wavelet: 

𝜓𝜓(𝑁𝑁) = 𝜋𝜋−
1
4(𝑒𝑒𝑖𝑖𝑤𝑤0𝑁𝑁 − 𝑒𝑒−

𝑤𝑤0
2

2 )𝑒𝑒−
𝑁𝑁2

2  

The furrier transform of morlet wavelet: 

𝜓𝜓�(𝑗𝑗) = √2𝜋𝜋
1
4𝑒𝑒−

(𝑗𝑗−𝑗𝑗0 )2

2  

Extended morlet wavelet in terms of the scale parameter “a” and the shift parameter “b”: 
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𝜓𝜓𝑣𝑣𝑏𝑏 (𝑁𝑁) =
1
𝑣𝑣
𝜋𝜋−

1
4𝑒𝑒−𝑖𝑖𝑤𝑤0

𝑁𝑁−𝑏𝑏
𝑣𝑣 𝑒𝑒−

1
2(𝑁𝑁−𝑏𝑏𝑣𝑣 )2

 

𝜓𝜓(𝑁𝑁) = √2𝜋𝜋
1
4𝑒𝑒−

1
2(𝑣𝑣𝑗𝑗−𝑗𝑗0)2

 

Above equations show that morlet wavelet is real in the frequency domain and complex in the time 
domain. The continuous wavelet transform (CWT)  𝑤𝑤𝑥𝑥 (𝑁𝑁,𝑣𝑣) of x(t) is: 

𝑤𝑤𝑥𝑥(𝑁𝑁,𝑣𝑣) =
1
𝑣𝑣
�𝑥𝑥(𝜏𝜏)𝜓𝜓�

𝑁𝑁 − 𝜏𝜏
𝑣𝑣

�𝑑𝑑𝜏𝜏 = 𝑥𝑥(𝑁𝑁) ∗ 𝜓𝜓𝑣𝑣𝑏𝑏 (𝑁𝑁) 

Continuous wavelet transform (CWT) in the frequency domain: 

𝑊𝑊𝑥𝑥 (𝑁𝑁,𝑣𝑣) =
1
𝑣𝑣
𝐹𝐹−1[𝑋𝑋(𝑗𝑗).𝑣𝑣𝑊𝑊(𝑣𝑣𝑗𝑗)] 

 𝑋𝑋(𝑗𝑗) and 𝑣𝑣𝑊𝑊(𝑣𝑣𝑗𝑗) are the Fourier transform of x(t) and 𝜓𝜓𝑣𝑣𝑏𝑏 (𝑁𝑁) respectively. 𝐹𝐹−1 is the symbol of 
inverse furrier transform. Since the Morlet wavelet is complex-valued, then the Morlet wavelet 
transform 𝑊𝑊𝑥𝑥(𝑁𝑁, 𝑣𝑣) is complex-valued as well. The following equation shows the transient phase of a 
signal x(t): 

𝜃𝜃𝑥𝑥(𝑁𝑁,𝑣𝑣) = 𝑁𝑁𝑣𝑣𝑛𝑛−1 �
𝐼𝐼𝑚𝑚[𝑊𝑊𝑗𝑗𝑥𝑥 (𝑁𝑁,𝑣𝑣)]
𝑅𝑅𝑒𝑒[𝑊𝑊𝑗𝑗𝑥𝑥(𝑁𝑁, 𝑣𝑣)]

� 

“Re” and “Im” indicate the real part and the imaginary part respectively, 𝑁𝑁𝑣𝑣𝑛𝑛−1 means the inverse 
tangent. 

  

2.2 Classifiers’ Algorithms 
 
 

2.2.1 K-Nearest Neighbor algorithm 
 The K-Nearest Neighbors (K-NN) algorithm is a nonparametric method means that there is no 

estimation of parameters. In this method, to predict the output values in the validate data set the 
adjacent neighbors of the observed inputs in the training data set and their output values are used. If 
the output variables are with an interval, the K-NN algorithm performs as a predictor, but if the output 
variables are nominal, categorical or ordinal, the K-NN algorithm is a classifier. 

In classification problem, k-nearest neighbor (k-NN) method presumes that all occasions accord to 
points in the n-dimensional space. The nearest neighbors of an occasion are obtained by standard 
Euclidean distance. 

Euclidean distance between two input vectors is computed as the length of the difference vector. 
Assume: 
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𝑈𝑈� = �𝑢𝑢1,𝑢𝑢2, … ,𝑢𝑢𝑝𝑝�   ,    𝑉𝑉� = �𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑝𝑝� 

𝑑𝑑(𝑈𝑈�,𝑉𝑉�) = |𝑈𝑈� − 𝑉𝑉�| = �(𝑢𝑢1 − 𝑣𝑣1)2 + (𝑢𝑢2 − 𝑣𝑣2)2 + ⋯+ (𝑢𝑢𝑝𝑝 − 𝑣𝑣𝑝𝑝)2 

To apply KNN for classification, some data points for training and new unlabelled data for testing 
are needed to find the class label for this unlabelled data. Various numbers of K cause different 
behaviors for the algorithm.  

Consider a matrix 𝐷𝐷 = 𝑁𝑁 × 𝑃𝑃 as a data set, this matrix contains P columns 𝑠𝑠1, … , 𝑠𝑠𝑝𝑝  and each 
column 𝑠𝑠𝑖𝑖 consists of N features 𝑠𝑠1

𝑖𝑖 , … , 𝑠𝑠𝑁𝑁𝑖𝑖 . Consider the column vector �̅�𝑜 including output values with 
length P, �̅�𝑜 = {𝑜𝑜1, … ,𝑜𝑜𝑃𝑃}, then assume each 𝑠𝑠𝑖𝑖  contains this column vector �̅�𝑜. 

There are three steps to perform K-NN algorithm for data points 𝑠𝑠𝑖𝑖 : 
1- Save M nearest neighbor values in q (the query) with the form of vector 𝑣𝑣̅ = {𝑣𝑣1, … , 𝑣𝑣𝑀𝑀} by 

M times iteration of the following loop: 
a. Go to the next sentence of the data set (𝑠𝑠𝑖𝑖), i= {1, …, P} is the present iteration. 
b. If q is not set or 𝑞𝑞 < 𝑑𝑑�𝑞𝑞, 𝑠𝑠𝑖𝑖�:𝑞𝑞 ⟵ 𝑑𝑑�𝑞𝑞, 𝑠𝑠𝑖𝑖�, 𝑁𝑁 ⟵ 𝑜𝑜𝑖𝑖 
c. Stay in the loop till the end of the data length “P” 
d. Save values of t in vector 𝑣𝑣̅ and values of q in vector 𝑐𝑐 ̅

2- Compute the arithmetic mean for the values of vector 𝑣𝑣̅ 
𝑣𝑣̅ = 1

𝑀𝑀
∑ 𝑣𝑣𝑖𝑖𝑀𝑀
𝑖𝑖=1   

3- Return 𝑣𝑣̅ and save it as the output value for q. 
 

 

2.2.2 Principles of training neural network 
using back-propagation 
Learning algorithm of neural networks: 
 

To learn a neural network, the neural network environment takes the part via stimulation process to 
adapt free parameters of the neural network. The way of parameter changing specifies the type of 
learning. Two major methods of learning are: 

 
Supervised learning: 
 

It combines an external trainer to specify the desired response of the given input signal for the 
output node. Global information may be used during the learning procedure. Error-correction, 
stochastic learning and reinforcement learning are different kinds of supervised learning. 
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Error convergence is a significant subject for the supervised learning. In this case it, specifies a set 
of weights to minimize the error between the desired and estimated node values. Least mean square 
(LMS) method of convergence is a common method for learning patterns. 
 
Unsupervised learning: 
 

There is no external trainer for that, and it uses local information for the learning step.  It is called 
self-organized due to the fact that it organizes the presented data to the network and detects the 
necessary collective features of them on its own. Hebbian learning and competitive learning are two 
unsupervised learning patterns.  

 
 Learning with back propagation (an unsupervised learning): 

 
To minimize the error function E related to the network weights, all weights in the network should 

be considered simultaneously. The feed-forward is computed (signal x is assumed as an input to the 
network. The primitive functions and their derivatives are estimated at each node. Then the estimated 
derivatives are saved), and the output of each unit is stored in its right side. 

The back-propagation is performed in the extended network that computes the error function, then 
one of the weights such as “𝑤𝑤𝑖𝑖𝑗𝑗 ”, which is related to the edge points from the i-th to the j-th node in the 
network, will be considered. This weight can be assumed as an input for the next sub-network 
(network layer) which consists of all paths coming from 𝑤𝑤𝑖𝑖𝑗𝑗  and ending in the single output unit of the 
network. In the feed-forward step the information 𝑜𝑜𝑖𝑖𝑤𝑤𝑖𝑖𝑗𝑗  is fed to the sub-network, “oi” is the output of 
unit I which is stored. The Back-propagation step computes the gradient of E. “oi” is considered as a 
constant. 

𝜕𝜕𝐸𝐸
𝜕𝜕𝑤𝑤𝑖𝑖𝑗𝑗

= 𝑜𝑜𝑖𝑖
𝜕𝜕𝐸𝐸

𝜕𝜕𝑜𝑜𝑖𝑖𝑤𝑤𝑖𝑖𝑗𝑗
 

All defined sub-networks by a network weight can be used at a time. Additionally stored items at 
each node i are: 
• The node output “𝑜𝑜𝑖𝑖” in the feed-forward step. 
• The backward estimation results of the back-propagation step up to this node called back-propagated 
error. 

Assume 𝛿𝛿𝑗𝑗  as the back-propagated error at the j-th node, then the partial derivative of E is as the 
following equation: 

𝜕𝜕𝐸𝐸
𝜕𝜕𝑤𝑤𝑖𝑖𝑗𝑗

= 𝑜𝑜𝑖𝑖𝛿𝛿𝑗𝑗  

After calculation of the partial derivatives, gradient descent is performed by adding the increment 
term to each weight. 

Δ𝑤𝑤𝑖𝑖𝑗𝑗 = −𝛾𝛾𝑜𝑜𝑖𝑖𝛿𝛿𝑗𝑗  
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Back-propagation algorithm should be transformed into a learning method for neural networks in 
this correction step. 
 
Implementation of the back-propagation algorithm 
 

In the back-propagation algorithm, each input is multiplied by a weight that may cause to either 
suppress or stimulate the input. Sum of the weighted input is calculated [27, 28]. 

𝑋𝑋𝑗𝑗 = �𝑦𝑦𝑖𝑖𝑤𝑤𝑖𝑖𝑗𝑗
𝑖𝑖

 

     𝑋𝑋𝑗𝑗  is the estimated summation of weighted input, 𝑦𝑦𝑖𝑖  is the activity level of the j-th node in the 
previous layer and 𝑤𝑤𝑖𝑖𝑗𝑗 is the connection weight between i-th and j-th nodes. Then passing the weighted 
𝑋𝑋𝑗𝑗  across a sigmoid function scales the output between 0 and 1. Next, the activity “𝑦𝑦𝑖𝑖” is estimated by 
the node using sigmoid function of the total weighted input: 

𝑦𝑦𝑗𝑗 =
1

1 + 𝑒𝑒−𝑋𝑋𝑗𝑗
 

After calculation of the output, the required output is compared with it and the total Error is 
evaluated. When all output node activities were specified, the Error is estimated by the network: 

𝐸𝐸 =
1
2
�(𝑦𝑦𝑗𝑗 − 𝑑𝑑𝑗𝑗 )2

𝑗𝑗

 

 𝑑𝑑𝑗𝑗  is the desired output of i-th node. 
 

Backwards propagation of the error: 
 

Estimation of the error derivative “𝐸𝐸𝐸𝐸𝑗𝑗” for the j-th node to show the speed of the error changes as 
the activity of an output node is changed [29, 30]. 

𝐸𝐸𝐸𝐸𝑗𝑗 =
∂E
∂yj

= yj − dj  

Estimating the speed of error changes as the total input coming from an output node is changed. 

𝐸𝐸𝐼𝐼𝑗𝑗 =
𝜕𝜕𝐸𝐸
𝜕𝜕𝑥𝑥𝑗𝑗

=
𝜕𝜕𝐸𝐸
𝜕𝜕𝑦𝑦𝑗𝑗

×
𝑑𝑑𝑦𝑦𝑗𝑗
𝑑𝑑𝑥𝑥𝑗𝑗

= 𝐸𝐸𝐸𝐸𝑗𝑗 𝑦𝑦𝑗𝑗 (1− 𝑦𝑦𝑗𝑗 ) 

Estimating the speed of error changes as the related weight of the output is changed. 

𝐸𝐸𝑊𝑊𝑖𝑖𝑗𝑗 =
𝜕𝜕𝐸𝐸
𝑑𝑑𝑤𝑤𝑖𝑖𝑗𝑗

=
𝜕𝜕𝐸𝐸
𝜕𝜕𝑥𝑥𝑗𝑗

×
𝜕𝜕𝑥𝑥𝑗𝑗
𝑑𝑑𝑤𝑤𝑖𝑖𝑗𝑗

= 𝐸𝐸𝐼𝐼𝑗𝑗𝑦𝑦𝑖𝑖  

Estimating the speed of error changes as a node activity of the previous layer is changed. It is an 
essential step that causes back-propagation to be used in multi-layer networks. Changes of a node 
activity from the previous layer impress all the output node activities connected to this node. The 
following equation computes the overall effect on the Error.  

𝐸𝐸𝐸𝐸𝑖𝑖 =
𝜕𝜕𝐸𝐸
𝜕𝜕𝑦𝑦𝑖𝑖

= �
𝜕𝜕𝐸𝐸
𝜕𝜕𝑥𝑥𝑗𝑗

×
𝜕𝜕𝑥𝑥𝑗𝑗
𝜕𝜕𝑦𝑦𝑖𝑖𝑗𝑗

= �𝐸𝐸𝐼𝐼𝑗𝑗𝑤𝑤𝑖𝑖𝑗𝑗
𝑗𝑗
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Using 𝐸𝐸𝐼𝐼𝑗𝑗  and 𝐸𝐸𝐸𝐸𝑖𝑖  allows to convert the EA’s of one layer to EA’s from the previous layer. To get 
the desired layer of the previous one, this step should be iterated. When the EA of a node is known, 𝐸𝐸𝐼𝐼𝑗𝑗  
and 𝐸𝐸𝑊𝑊𝑖𝑖𝑗𝑗  is applied to estimate the EW’s on its next connections. 

 
Figure 6 Back-propagation networks 

 

2.2.3 Mixture of Gaussians classifier  
The Gaussian probability density function is defined by mean “𝜇𝜇” and variance “𝜎𝜎2”. This 

definition in D-dimensional space is a matrix as it has came below. 

𝒩𝒩(𝓍𝓍; 𝜇𝜇,Σ) =
1

(2π)𝐷𝐷 2� |Σ|1 2�
𝑒𝑒𝑥𝑥𝑝𝑝 �−

1
2

(𝓍𝓍 − 𝜇𝜇)𝑗𝑗Σ−1(𝓍𝓍 − 𝜇𝜇)� 

 𝜇𝜇 and Σ are the mean vector and  the covariance matrix respectively. Since the Gaussian distribution 
is a sound function and can be extended to multiple dimensions, it is good for a class model shape in a 
selected feature space. The Gaussian distribution assumes that the class model is a model of one basic 
class, and it fails if the actual probability density function is multimodal.  
Gaussian mixture model (GMM) is a combination of several Gaussian distributions which express 
different subclasses inside one class. The probability density function is defined as below: 

𝑝𝑝(𝑥𝑥;𝜃𝜃) = �𝛼𝛼𝑐𝑐

𝐶𝐶

𝑐𝑐=1

𝒩𝒩(𝓍𝓍;𝜇𝜇𝑐𝑐 ,Σ𝑐𝑐) , 0 < 𝛼𝛼𝑐𝑐 < 1 

 𝛼𝛼𝑐𝑐 is the weight of the component “c” and ∑ 𝛼𝛼𝑐𝑐𝐶𝐶
𝑐𝑐=1 = 1. The following list expresses the parameters 

of a especial Gaussian mixture probability density function. 
𝜃𝜃 = {𝛼𝛼1, 𝜇𝜇1, Σ1, … , 𝛼𝛼𝐶𝐶 ,𝜇𝜇𝐶𝐶 ,Σ𝐶𝐶} 

Computing the parameters of the Gaussian mixture for one class is taken as unsupervised learning. 
In this case samples are generated by individual components of the mixture distribution but the 
component of the generated sample is not determined, for that reason Gaussian mixtures can be used 
for approximating an arbitrary distribution. 
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Basic EM algorithm: 

To compute the maximum likelihood distribution an iterative method called expectation 
maximization (EM) algorithm is used; parameter is estimated from incomplete data of feature 
vectors. In addition, EM algorithm is applied to handle an infeasible analytical approach of 
maximum likelihood estimation. 

Good features of all training samples are assumed as known features and marked with X, missing or 
unknown features of samples are marked with Y. below is the expectation of the EM algorithm: 

𝑄𝑄(𝜃𝜃; 𝜃𝜃𝑖𝑖) ≡ 𝐸𝐸𝑌𝑌[lnℒ�𝑋𝑋, 𝑌𝑌;𝜃𝜃𝑖𝑖�|𝑋𝑋;𝜃𝜃𝑖𝑖] 
  

The previously estimated distribution parameters is mentioned as 𝜃𝜃𝑖𝑖, and 𝜃𝜃 describing the 
distribution for a new estimate. The likelihood function mentioned as ℒ . Calculation of the likelihood 
function includes the marginalized unknown feature Y with considering to 𝜃𝜃𝑖𝑖. The maximization is 
done as follow, and the equation is iterated till the convergence happens [27]: 

𝜃𝜃𝑖𝑖+1 ⟵ arg maxθ 𝑄𝑄(𝜃𝜃; 𝜃𝜃𝑖𝑖) 

The convergence criterion: 

𝑄𝑄�𝜃𝜃𝑖𝑖+1;𝜃𝜃𝑖𝑖� − 𝑄𝑄�𝜃𝜃𝑖𝑖; 𝜃𝜃𝑖𝑖−1� ≤ 𝑗𝑗   ,   �𝜃𝜃𝑖𝑖+1 − 𝜃𝜃𝑖𝑖� ≤ 𝜖𝜖  

When the values become less than thresholds, iterations are stopped for both criteria. 𝜃𝜃0 is an initial 
guess  for the distribution parameters when the EM algorithm starts, and the log-likelihood increases 
during the iterations till the convergence happens. The convergence goes to either global maximum or 
singular estimates due to arbitrary covariance matrices of Gaussian mixture distributions. Following is 
the application of the EM algorithm to Gaussian mixtures: 
The known feature “X” is defined as incomplete data and the unknown feature “Y” determines the 
generator component of sample 𝑥𝑥𝑛𝑛 . If component c generated the sample, then there will be a binary 
vector, 𝑦𝑦𝑛𝑛 = �𝑦𝑦𝑛𝑛 ,1 , … ,𝑦𝑦𝑛𝑛 ,𝑐𝑐�,𝑦𝑦𝑛𝑛 ,𝑐𝑐 = 1, for each 𝑥𝑥𝑛𝑛 . 

lnℒ(𝑋𝑋,𝑌𝑌;𝜃𝜃) = ��𝑦𝑦𝑛𝑛 ,𝑐𝑐 ln(𝛼𝛼𝑐𝑐𝑝𝑝(𝓍𝓍𝑛𝑛 |𝑐𝑐;𝜃𝜃))
𝐶𝐶

𝑐𝑐=1

𝑁𝑁

𝑛𝑛=1

 

Estimation of the conditional expectation for the complete data log-likelihood came in the following 
equation.  

𝑄𝑄�𝜃𝜃, 𝜃𝜃𝑖𝑖� ≡ 𝐸𝐸�lnℒ(𝑋𝑋,𝑌𝑌; 𝜃𝜃)|𝑋𝑋,𝜃𝜃𝑖𝑖� = lnℒ(𝑋𝑋,𝑊𝑊;𝜃𝜃) 
𝑤𝑤𝑛𝑛 ,𝑐𝑐 ≡ 𝐸𝐸�𝑦𝑦𝑛𝑛 ,𝑐𝑐�𝑋𝑋, 𝜃𝜃𝑖𝑖� = Pr[𝑦𝑦𝑛𝑛 ,𝑐𝑐 = 1|𝓍𝓍𝑛𝑛 ,𝜃𝜃𝑖𝑖] 

Calculation of the probability with the Bayes theorem 
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𝑤𝑤𝑛𝑛 ,𝑐𝑐 =
𝛼𝛼𝑐𝑐𝑖𝑖𝑝𝑝(𝓍𝓍𝑛𝑛 |𝑐𝑐; 𝜃𝜃𝑖𝑖)

∑ 𝛼𝛼𝑗𝑗𝑖𝑖𝑝𝑝(𝓍𝓍𝑛𝑛 |𝑗𝑗; 𝜃𝜃𝑖𝑖)𝐶𝐶
𝑗𝑗=1

 

    𝛼𝛼𝑐𝑐𝑖𝑖  is the priori probability and 𝑤𝑤𝑛𝑛 ,𝑐𝑐  is the posterior probability that component c generated 𝓍𝓍𝑛𝑛  and 
𝑦𝑦𝑛𝑛 ,𝑐𝑐 = 1. [28] 

Estimating the distribution parameters for c-component is described by the below equations. 

𝛼𝛼𝑐𝑐𝑖𝑖+1 =
1
𝑁𝑁
�𝑤𝑤𝑛𝑛 ,𝑐𝑐

𝑁𝑁

𝑛𝑛=1

 

𝜇𝜇𝑐𝑐𝑖𝑖+1 =
∑ 𝓍𝓍𝑛𝑛𝑤𝑤𝑛𝑛 ,𝑐𝑐
𝑁𝑁
𝑛𝑛=1
∑ 𝑤𝑤𝑛𝑛 ,𝑐𝑐
𝑁𝑁
𝑛𝑛=1

 

� =
∑ 𝑤𝑤𝑛𝑛 ,𝑐𝑐�𝓍𝓍𝑛𝑛 − 𝜇𝜇𝑐𝑐𝑖𝑖+1�(𝓍𝓍𝑛𝑛 − 𝜇𝜇𝑐𝑐𝑖𝑖+1)𝑗𝑗𝑁𝑁
𝑛𝑛=1

∑ 𝑤𝑤𝑛𝑛 ,𝑐𝑐
𝑁𝑁
𝑛𝑛=1

𝑖𝑖+1

𝑐𝑐

 

If the convergence criterion didn’t meet the requirements, then “𝑖𝑖 ⟵ 𝑖𝑖 + 1” and last four equations 
are repeated again with the new estimates [27]. The weight “𝛼𝛼𝑐𝑐” is the portion of samples related to 
component-c. “𝜇𝜇𝑐𝑐” and “Σ𝑐𝑐” are mean covariance matrix of the component respectively. After 
weighting the samples with their related probabilities of the component, the sample mean and the 
sample covariance matrix are computed. 

Here was assumed that the number of components “C” is known. Since in this training task, a 
classifier needs enough approximation of the distribution for each class, then there is no need a correct 
guess for “C”. If “C” is very small, classifier cannot learn the sample distributions appropriately and if 
“C” is very large, that may cause the classifier to be over fitted. Besides, when the amount of training 
data is not appropriate, a large “C” causes the singularities. 
 

2.2.4 Quadratic classifier 
The quadratic classifier (QC) is constructed from probability density function (PDF); it can evaluate 

the likelihood of a data point to one of the classes using quadratic function decision boundary in the 
feature space between any two classes. If PDF is the producer of the input data to the same class of the 
training set, maximum likelihood estimate (MLE) can be used to identify the PDF parameters. PDF 
equation in the d-dimensional Gaussian normal distribution: 

𝑔𝑔(𝑋𝑋�, �̅�𝜇,Σ) = [(2𝜋𝜋)𝑑𝑑 × |Σ|]−0.5 × exp[−(𝑋𝑋� − �̅�𝜇)𝑗𝑗Σ−1(𝑋𝑋� − �̅�𝜇)/2] 
For each class, only one Gaussian distribution is used in the quadratic classification approach. 

Below describes the procedure of quadratic classifier: 
1. A d-dimensional Gaussian probability density function is considered for classification: 

𝑔𝑔(𝑋𝑋�, �̅�𝜇𝑖𝑖 ,Σ𝑖𝑖) = [(2𝜋𝜋)𝑑𝑑 × |Σ𝑖𝑖|]−0.5 × exp[−(𝑋𝑋� − �̅�𝜇𝑖𝑖)𝑗𝑗Σ𝑖𝑖−1(𝑋𝑋� − �̅�𝜇𝑖𝑖)/2] 
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 �̅�𝜇𝑖𝑖 and Σ𝑖𝑖  are the mean vector and the covariance matrix of the PDF respectively. Consider 
{𝑋𝑋�1,𝑋𝑋�2, … ,𝑋𝑋�𝑛𝑛} as a training data of class “i”, following equation describes the optimum parameters 
based on maximum likelihood: 

�̅�𝜇𝑖𝑖 = (𝑋𝑋�1 + 𝑋𝑋�2 + ⋯+ 𝑋𝑋�𝑛𝑛)/𝑛𝑛 
Σ𝑖𝑖 = [(𝑋𝑋�1 − �̅�𝜇𝑖𝑖)(𝑋𝑋�1 − �̅�𝜇𝑖𝑖)𝑗𝑗 + (𝑋𝑋�2 − �̅�𝜇𝑖𝑖)(𝑋𝑋�2 − �̅�𝜇𝑖𝑖)𝑗𝑗 + ⋯+ (𝑋𝑋�𝑛𝑛 − �̅�𝜇𝑖𝑖)(𝑋𝑋�𝑛𝑛 − �̅�𝜇𝑖𝑖)𝑗𝑗]/(𝑛𝑛 − 1) 

2. To express the probability density of 𝑋𝑋�, 𝑝𝑝(𝑐𝑐𝑖𝑖)𝑔𝑔(𝑋𝑋�,𝜇𝜇𝑖𝑖 , Σ𝑖𝑖) is used due to the fact that the 
Gaussian PDF does not reflect the prior probability ( 𝑝𝑝(𝑐𝑐𝑖𝑖)) of class “i”.  

3. High amount of the probability density shows the likelihood of vector 𝑋𝑋� for belonging to class 
“i”. The following equation represents the natural logarithm of the probability density 
estimation: 

log[𝑝𝑝(𝑐𝑐𝑖𝑖)𝑔𝑔(𝑋𝑋�, �̅�𝜇𝑖𝑖 ,Σ𝑖𝑖)] = log�𝑝𝑝(𝑐𝑐𝑖𝑖)� −
𝑑𝑑 × log(2𝜋𝜋) + log|Σ𝑖𝑖 |

2
− (𝑋𝑋� − �̅�𝜇𝑖𝑖)𝑗𝑗Σ𝑖𝑖−1(𝑋𝑋� − �̅�𝜇𝑖𝑖)/2 

Equation below indicates the decision boundary between class “i” and “j”: 
𝑝𝑝(𝑐𝑐𝑖𝑖)𝑔𝑔(𝑋𝑋�, �̅�𝜇𝑖𝑖 ,Σ𝑖𝑖) = 𝑝𝑝�𝑐𝑐𝑗𝑗 �𝑔𝑔(𝑋𝑋�, �̅�𝜇𝑗𝑗 , Σ𝑗𝑗 ) 

 

log�𝑝𝑝(𝑐𝑐𝑖𝑖)� −
𝑑𝑑 × log(2𝜋𝜋) + log|Σ𝑖𝑖 |

2
−

(𝑋𝑋� − �̅�𝜇𝑖𝑖)𝑗𝑗Σ𝑖𝑖−1(𝑋𝑋� − �̅�𝜇𝑖𝑖)
2

= log�𝑝𝑝�𝑐𝑐𝑗𝑗 �� −
𝑑𝑑 × log(2𝜋𝜋) + log|Σ|𝑗𝑗

2
− �𝑋𝑋� − �̅�𝜇𝑗𝑗 �

𝑗𝑗Σ𝑗𝑗−1(𝑋𝑋� − �̅�𝜇𝑗𝑗 )/2 

Following is the decision boundary equation: 

�𝑋𝑋� − �̅�𝜇𝑗𝑗 �
𝑗𝑗Σ𝑗𝑗−1�𝑋𝑋� − �̅�𝜇𝑗𝑗 � − (𝑋𝑋� − �̅�𝜇𝑖𝑖)𝑗𝑗Σ𝑖𝑖−1(𝑋𝑋� − �̅�𝜇𝑖𝑖) = log{[|Σ|𝑖𝑖𝑝𝑝2(𝑐𝑐𝑖𝑖)]/[|Σ|𝑗𝑗 𝑝𝑝2(𝑐𝑐𝑗𝑗 )]} 

The equation, which came after equal, is constant. The estimated equation indicates a quadratic 
decision boundary form in d-dimensional feature space due to quadratic equations in the left hand side 
of the above equation.  

 

2.3 Classifier evaluator 
 

2.3.1 Cross Validation method 
K-Fold Cross-Validation 
 

Among collected data, a validation would be aside to be used for assessing the performance of the 
prediction model. K-fold cross-validation is applied for the occasions with fewer amounts of data; it 
uses a part of collected data to fit the model, and the other part of that to test it. Data is split into K 
equal-sized parts; for K = 5, there are 4 train parts and one validation part. 



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

To predict Kth part of the data, prediction error should be estimated after fitting the model with 
other K-1 parts of the data. This procedure is repeated K times and every time one part plays as the 
validation set then K estimated prediction errors are combined for the final estimation. 
Mathematical estimation: 
  Assume 𝑘𝑘 ∶  {1, . . . ,𝑁𝑁} →  {1, . . . ,𝐾𝐾} as an indexing function. In the following equation 𝑓𝑓−𝑘𝑘(𝑥𝑥) is 
the fitted function, computed with the validation set which is removed. Following is the estimation of 
prediction error by cross-validation: 

𝐶𝐶𝑉𝑉�𝑓𝑓� =
1
𝑁𝑁
�𝐿𝐿(𝑦𝑦𝑖𝑖 ,𝑓𝑓−𝑘𝑘(𝑖𝑖)(𝑥𝑥𝑖𝑖))
𝑁𝑁

𝑖𝑖=1

 

Assume that K = N (it is known as leave-one-out cross-validation). In this case 𝑘𝑘(𝑖𝑖)  =  𝑖𝑖 and the fit 
is computed for the i-th observation using all the data except the i-th. 

𝐶𝐶𝑉𝑉�𝑓𝑓,𝛼𝛼� =
1
𝑁𝑁
�𝐿𝐿(𝑦𝑦𝑖𝑖 ,𝑓𝑓−𝑘𝑘(𝑖𝑖)(𝑥𝑥𝑖𝑖 , 𝛼𝛼))
𝑁𝑁

𝑖𝑖=1

 

Here 𝛼𝛼 is a tuning parameter and in the function 𝑓𝑓−𝑘𝑘(𝑥𝑥, 𝛼𝛼) the 𝛼𝛼 -th model fits with the k-th part of 
the data removed. In the function 𝐶𝐶𝑉𝑉�𝑓𝑓,𝛼𝛼� the test error is estimated and 𝛼𝛼 minimizes it. 𝑓𝑓(𝑥𝑥,𝛼𝛼) is the 
final model which is fitted to all the data. The quantity that K-fold cross-validation estimates is the 
average error Err. In the cross-validation estimator, the expected prediction error for K = N is 
unbiased, but it has high variance due to the similarity of the N training sets to each other.  

With a small amount of K, cross-validation has lower variance. Bias makes a problem depending on 
the variation of the learning method performance with the size of the training set. Enhancement of the 
training set size to 100 observations, improves the performance of the classifier, but this growth to 200 
observations does not have noticeable benefit. Therefore, there is no much bias in the cross-validation 
estimation. On the other hand, leave-one-out cross-validation (with a constant K) has low bias and 
high variance. After all, five or ten fold cross-validation are recommended amount of K [27, 28]. 
 

2.4 inverse problem method 
 

2.4.1 Multiple Sparse Priors 
Empirical Bayes is the main Bayesian approach to estimate the source covariance matrix as below: 

𝑄𝑄 = �𝑒𝑒𝜆𝜆𝑖𝑖𝐶𝐶𝑖𝑖

𝑁𝑁𝑞𝑞

𝑖𝑖=1

 

 𝐶𝐶𝑖𝑖 is the covariance component which is constructed by a patch [31] and each component (𝐶𝐶𝑖𝑖 =
{𝐶𝐶1, 𝐶𝐶2, … ,𝐶𝐶𝑁𝑁𝑞𝑞} represents a focal region of neural activity. To generate the set of components Green’s 
function with respect to a graph Laplacian was used [32]. It creates a set of patches with bell shape 
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from limited cortical surface. To estimate the source activity, hyper-parameters 𝜆𝜆 =  {𝜆𝜆1, . . . , 𝜆𝜆𝑁𝑁𝑞𝑞}  are 
weighted to determine the priority of the patches placed in the active regions. 
 
 Optimization process: 
 

Restricted Maximum Likelihood (ReML), which is a non-linear search algorithm, is applied to 
optimize the hyper-parameters “𝜆𝜆”. ReML follows curvature and the gradient of the Free energy based 
on the hyper-parameters [33]. 𝐹𝐹 ≈  𝑙𝑙𝑜𝑜𝑔𝑔 𝑝𝑝(𝑌𝑌) is the logarithm of the model evidence, this 
approximation is called the Free energy. When data set is fixed, the evidence p(Y) is constant. 
Following equation expresses the Free energy [34]: 

𝐹𝐹 = −
𝑁𝑁𝑐𝑐
2
𝑁𝑁𝑣𝑣𝑣𝑣𝑐𝑐𝑒𝑒 �

Σ𝑌𝑌
Σ
� −

𝑁𝑁𝑐𝑐
2

log|Σ| −
𝑁𝑁𝑛𝑛
2
𝑙𝑙𝑛𝑛2𝜋𝜋 +

1
2

(𝜇𝜇 − 𝜈𝜈)𝑗𝑗 +
1
2

log|Σ𝜆𝜆Π|  ,

Σ𝑌𝑌 =
1
𝑁𝑁𝑐𝑐

𝑌𝑌𝑌𝑌𝑗𝑗 ,Σ = Σ𝜖𝜖 + 𝐿𝐿𝑄𝑄𝐿𝐿𝑗𝑗 

“| |” indicates the matrix determinant, Σ𝑌𝑌 is the sample covariance matrix, Σ is the sample 
covariance matrix based on model, 𝑝𝑝(𝜆𝜆) = 𝑁𝑁(𝜆𝜆; 𝜈𝜈,Π−1) is the prior density of the hyper-parameter 
and 𝑞𝑞(𝜆𝜆) = 𝑁𝑁(𝜆𝜆; 𝜇𝜇,Σ𝜆𝜆) stand as the approximate density of the hyper-parameter. �̂�𝜆 = arg𝑚𝑚𝑣𝑣𝑥𝑥𝜆𝜆𝐹𝐹 is 
the optimal combination of hyper-parameters. 

 
Random generation of patches:  
 

The optimization is performed with ReML for the Gaussian posterior, thus the convergence is 
guaranteed. It is assumed that the closest patches to the source have the highest values of the hyper-
parameters. In addition, higher value of free energy belongs to a MSP reconstruction with a set of 
patches including the true source location. Following is the Performance procedure of the default MSP 
to generate the patches.  

First of all, for all the available current dipoles (𝑁𝑁𝑑𝑑 ) a function is produced. This function called 
Green: 

𝑄𝑄𝐺𝐺 ∈ ℜ𝑁𝑁𝑑𝑑×𝑁𝑁𝑑𝑑  
Then a set of dipoles, which are distributed on the cortical surface, and Nq < Nd are chosen. Vector 

𝑄𝑄𝐺𝐺  will make the diagonal matrix 𝐶𝐶𝑖𝑖, this vector accords to one of the Nq dipoles. 
The mentioned technique performs randomly to select the patche places and applies the 

reconstruction procedure iteratively to find the exact location of the source, in this way it moderates 
the procedure of the 𝑁𝑁𝑞𝑞dipole set selection. At the end, to achieve vigorous neural source estimation, 
all solutions based on their Free energy are averaged by Bayesian Model Averaging (BMA). 
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2.4.2 Bayesian Model Averaging (BMA)  
In ReML method, the reconstruction with higher Free energy value will be the best one in 

comparison with the other performed reconstructions due to the fact that the reconstruction with higher 
Free energy value is closest to the evidence 𝑝𝑝(𝑌𝑌). When the Free energy values are the same in several 
reconstructions, they should be averaged based on their own probability to make a robust solution. The 
BMA grant a good average of Bi models based on their own probability.  

𝑝𝑝(𝐽𝐽|𝑌𝑌) = �𝑝𝑝(𝐽𝐽|𝑌𝑌,𝐵𝐵𝑖𝑖)𝑝𝑝(𝐵𝐵𝑖𝑖|𝑌𝑌) , 𝑝𝑝(𝐵𝐵𝑖𝑖|𝑌𝑌) ≈ exp(𝐹𝐹𝑖𝑖 − 𝐹𝐹�)  
𝑁𝑁𝑏𝑏

𝑖𝑖=1

 

Here ” 𝐹𝐹�” is the mean free energy, 𝐵𝐵 ∈ ℜ𝑁𝑁𝑏𝑏×1is a set of 𝑁𝑁𝑏𝑏  source reconstructions and each Bi has 
its own estimation of current dipoles “𝑗𝑗�̂�𝑖”:  

𝐽𝐽 = 𝑄𝑄𝐿𝐿𝑗𝑗(Σ𝜖𝜖 + 𝐿𝐿𝑄𝑄𝐿𝐿𝑗𝑗)−1𝑌𝑌 
“L” is the propagation model of the head and “𝜖𝜖” is the zero mean Gaussian noise. “Y” is the 

measured data and estimated as: 
𝑌𝑌 = 𝐿𝐿𝐽𝐽 + 𝜖𝜖 

     Σ𝜖𝜖  is the covariance of 𝜖𝜖 and Σ𝑗𝑗  is the covariance of J which is computed as follow: 
𝑐𝑐𝑜𝑜𝑣𝑣�𝐽𝐽� = Σ𝐽𝐽 = 𝑄𝑄 − 𝑄𝑄𝐿𝐿𝑗𝑗(Σ𝜖𝜖 + 𝐿𝐿𝑄𝑄𝐿𝐿𝑗𝑗)−1𝐿𝐿𝑄𝑄 

 Free energy “𝐹𝐹𝑖𝑖” coming from the ReML optimization.  
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Chapter3:  

EEG Data processing 
 

3.1 Experiments setup 
One subject was participated in experiments for EEG signals enhancement during recognition 

of imagery writing letters. Subject was 29 years old and female. She was trained for doing the task in 
10 sessions. EEG data were recorded from 32 and 64 channels where the electrodes were placed 
according to the international 10/20 system. A little change was applied on 32 channel electrode 
placement; electrodes T3, T4 were placed on C5, C6 (in system of 64 channel electrode placements). 
The data was sampled by rate of 256 and 2048 Hz. Also the data was preprocessed by a band pass 
filter with the frequency band of 0.5-50 Hz. During each test the subject was seated in front of a 
display screen and imagined writing the letters of A, B or C with her right hand, each in specific and 
limited time. Totally 155 trials were done in which imagery writing of A, B or C were 55, 50 and 50 
times respectively. Each trial epoch lasted 115 s and started with a black screen displayed for 15 s 
(when the black screen was displayed she was free to do any movement), then an empty paper was 
displayed for 5s which meant no movement and no motor imagery activity (e.g. the resting state task). 
After that a hand was shown for 10s which meant ready to write with a pencil on an empty paper (e.g. 
the motor imagery task), where the subject should imagine to write the asked letters with her right 
hand (no movement and no eye blink were allowed during this task). 
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3.2 EEG Source Localization 
 

3.2.1 Implementing Statistical Parametric 
Mapping (SPM) 
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Table I: after starting SPM in MATLAB, “EEG” tab is selected for EEG analysis performance. First step is preprocessing of the EEG signal which 
includes conversion of recorded EEG by Biosemi from “bdf” format to “mat” through “Convert” tab, removing the channels which are not EEG (such as 
EOG or ECG) by choosing the “Montage” tab, filtering the data between 0.5-50 Hz by “Filter” option, down sampling the data by “Downsample” tab, 
epoching the data to cut it into a limited range of time in milliseconds via pressing the “Epoching” tab, importing individually measured electrode 
locations for the input EEG data via “prepare” tab, detecting artifacts to exclude from analysis of EEG signals contaminated with large artifacts by 
choosing the “Artifacts” button, producing an ERP by averaging the EEG data after pressing the “Averaging” tab, the produced dataset contains the 
weights instead of EEG, all the mentioned procedures are done in turn. Sensor space analysis is done after preprocessing analysis. In this step NIFTI 
images are created from ERP signals for two groups of recorded data (they can be from two different takes or the same task), these images are taken into 
an unpaired t-test across trials to compare two mentioned groups, Identifying the locations in space and time in which a reliable difference occurs in ERP 
amplitude of two groups by classical SPM, defining a new F-contrast to examine statistical results for condition effects; the mentioned process is 
performed to complete the “sensor space analysis”. At the end, source reconstruction analysis is applied on data through loading the data and creating a 
cortical mesh, adding the locations in MNI coordinates of the fiducial positions to data to perform the “co-registration” step, EEG-BEM is selected to 
perform the “forward model”, the forward model will then be inverted using the MSP algorithm to complete the “source reconstruction analysis”. 

start SPM and select EEG 

Sensor space analysis

create a a NIfTI image for 
each trial

take the images into an 
unpaired t-test across 

trials to perform statistics 
on the images

define  a new F-contrast

preprocessing analysis

Filtering the data in time 
to remove unwanted 

frequency bands from the 
data

convert the input data to 
SPM format

remove several channels 
that

don't carry EEG data

downsample the data in 
time

epoch the data

press averaging button to 
produce an ERP

add the separately 
measured electrode 

locations and headshape 
points to the dataset

Artefact rejection

source reconstruction 
analysis

load the data and create a 
cortical mesh to project 

the EEG data

coregisteration

Forward model

invert
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The reconstruction of the brain intracranial current sources from the recorded EEG signals is one of 
the challenging tasks in recent EEG studies. A recorded EEG signal is actually projections on the scalp 
from separately generated EEG processes which overlap both in time and space and cause a 
complicated mixed in scalp electrode. It is mathematically impossible to reconstruct a unique 
intracranial current source for a given EEG signal as some currents produce potentials that cancel each 
other out. Therefore this is referred to as the inverse problem. However, much work has been done to 
produce remarkably good estimations of, at least, a localized electric dipole that represents the 
recorded currents. The procedure of source localization works by first finding the scalp potentials that 
would result from hypothetical dipoles, or more generally from a current distribution inside the head – 
the forward problem; this is calculated or derived only once or several times depending on the 
approach used in the inverse problem. In the thesis the software of statistical parametric mapping 
(http://www.fil.ion.ucl.ac.uk/spm/) was used which implement the forward modeling to solve the 
inverse problem. The software covers three distinct domains; source reconstruction, statistical 
parametric mapping (topological inference over various spaces) and dynamic causal modeling. It uses 
Bayesian source reconstruction and statistical analysis of data. 
 
Preprocessing analysis: 
 

Figures and steps explained in below show the step procedures in SPM8 for finding the source 
location. The first step is usually a conversion procedure of data from its native machine-dependent 
format to a Matlab based format. Here the input data has BDF format where the data is recorded with 
32 Biosemi channels. The data includes 45 epochs each for 10s during imagery writing A, B and C. 
sampling rate is 256 Hz and the band frequency is set to 0.5-50 Hz. During the recording it is not 
allowed to blink or have eye movement. Next step is to separate the data to equal epochs in 
milliseconds. In the thesis the epoch length was chosen between 100 to 9000 ms. Then in the ”prepare” 
step, the separately measured electrode locations and head shape points by Polhemus are linked to 
dataset, this information is needed to perform 3D source reconstruction in SPM. Then it should link the 
coordinate system of sensor positions to the coordinate system of a structural MRI image (MNI 
coordinates). Therefore, a set of at least 3 points called “fiducials”, which their coordinates are 
coincident on both systems, is needed to link between two coordinate systems. Here 32 channels 
Biosemi electrode location and 2D head shape point coordinates of used Biosemi scalp (small cap size 
with 32 channels), which is available at http://www.biosemi.com/headcap.htm, are added to a SPM file 
as EEG sensor and fiducial positions respectively. The figure 7 shows the 32 channel location data.  
 

http://en.wikipedia.org/wiki/Inverse_problem�
http://en.wikipedia.org/wiki/Electric_dipole�
http://www.fil.ion.ucl.ac.uk/spm/�
http://www.biosemi.com/headcap.htm�
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Figure 7 Visualization of electrode locations in 32 channels 

To remove the possible artifacts from each channel data the threshold value of e.g.200 𝜇𝜇𝑉𝑉 is applied 
due to the facts that artifacts have higher amplitude in comparison with EEG’s amplitude. As a result, 
if any recorded signal exceeds 200 microvolt this method will detect it as an artifact.  

To produce an Event-related Desynchronization (ERP), the SPM8 provides the ”grand” mean of 
data, which can be used to average multiple EEG data such as multiple sessions of a single subject. 
Averaging of single trial data is for obtaining the evoked response which estimates weights with the 
value between 0 and 1. For example, if a sample has been weighted close to zero, then it will be 
considered as an artifact and doesn't have much influence in the average. Therefore, with averaging the 
data in this way the target part of data will be found where the desired brain activity happened. 

SPM can create linear combinations of single trials or evoked responses to extend the average 
function. For example, to compute the differential ERP between two evoked responses (“A” 
imagination and “B” imagination) a contrast vector of [-1; 1] is applied, also a contrast vector of [1/2; 
1/2] is used to make the average ERP for “A” and “B” imaginations to study the difference of evoked 
responses between two classes. Figure8 and 9 show respectively the topography of the differential 
ERP and average ERP of evoked response in data after applying the contrast. 
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Figure 8 2D topography for “A” imagination minus “B” imagination at 3304ms 

 
Figure 9 Topography of the average ERP 

As it is shown in figure 8 it can be concluded that there is no difference between two classes in 
terms of the brain activity location, however the average activity was occurred in two major regions of 
the brain as it is visualized in the figure 9. The maximal average of activity happened around 3304ms 
where the two active regions are placed in “Fz” and “C4”. 
 
Source space alalysis:  

 
SPM uses Random Field Theory for the accurate multifold statistical comparisons over N-

dimensional spaces. For example, a 2D coordinate of the scalp data can be generated by flattening the 
sensor locations and interpolating between them to create an image. This technique allows identifying 
the location that ERP amplitude differs reliably in each condition (writing “A” imagination and writing 
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“B” imagination) at a definite time point in different subjects, this location is corrected by performing 
the multiple t-tests across pixels. Random Field Theory is used to do this correction rated as spatial 
correlation across pixels (i.e, that the tests are not independent). A first level design is used to create 
the images for a given weighting across time points of an ERP and a second level design can be used 
to test these images across subjects. 

Here a 3D image will be considered, where the third dimension is time, to be tested among trials of 
one subject. SPM writes out a NIfTI image for each trial in a new directory which contains two 
subdirectories (one for writing “A” imagination and one for writing “B” imagination), in this 
subdirectories there are an image and a header for each trail. These images have dimension of 
32*32*1767, Figure 10 shows one of these images.  
 

 
Figure 10 The bottom image is a 2D x-y space interpolated from the attuned electrode locations (at one point in time). The two top 

images are sections through x and y respectively, now expressed over time (vertical (z) dimension) 

To perform statistics on above images two-sample t-test is chosen then 2 groups containing “A” 
imagination and “B” imagination are compared with each other and the design matrix for a two-sample 
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t-test is produced. After estimation of this matrix and defining a new F-contrast with threshold at p < 
0.05 FWE for the whole search volume the result will look like figure 11. An F-test was used because 
the sign of the difference reflects the polarity of the ERP difference, which is not acceptable (it 
depends on the chosen reference).  
 

 
Figure 11 The time axis is reflected in the two MIP windows in the top row, with time proceeding from the bottom to the top of the page. 

The cursor has been positioned by selecting the “goto global maxima” option by right clicking on the figure. This occurs at time point 
3945.31ms on “Fz”. The design matrix on the right hand side comprises two columns, the first for “A” imagination trials and the second 

for “B” imagination trials 
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Figure 12 Registration of electrode locations on the brain 

 
Figure11 reveals “regions” within the 2D sensor space and data evoked response within the 100ms 

to 9000ms epoch for both “A” and “B” imaginations after multiple F-tests across pixels and time. The 
largest region of the resulted evoked response for “A” and “B” imagination is happening in the 
coordinates of [0 24 3945] and [1 24 2312], the third coordinate is time. These coordinates indicate the 
most activated locations, “Fz” and “C4”, during the task. 

Figure 12 shows the relation of these coordinates to the original sensors and the red cursor indicates 
the place with the maximum brain activity (A31 or Fz) or in the other words the greatest difference of 
evoked response for “A” and “B” imagination happens at this region where these two activities are 
discriminated. 
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Source reconstruction analysis: 
 
Source reconstruction approach in SPM results a 3D projection of sensors on the brain. In this 

technique brain activity is considered as dipolar sources with fixed location and orientation dissipated 
over the cortical surface. This method can estimate preprocessed data or evoked activity for each 
dipolar source in a single time sample. 

Mass-univariate analysis in SPM will be applied on the obtained reconstructed activity which is in 
3D voxel space for the further analysis. EEG source reconstruction is mathematically ill-posed and 
some primary information such as mathematical, anatomical or functional constraints is needed to 
obtain a solution [35]. 

Pipeline method for an imaging solution in SPM is classical and very common solution in this field. 
There are four sequential steps for the EEG imaging pipeline containing source space modeling, data 
co-registration, forward computation and inverse reconstruction. 

The method which is used for source space modeling, data co-registration and forward computation 
is based on an empirical Bayesian formalism; also data-driven relevance can be estimated by Bayesian 
model comparison [36, 37, 38 and 39].  

To do inverse reconstruction, particular anatomy of subject without cortical surface extraction is 
appended to the generative model of the data. The individual cortical mesh is obtained from a 
canonical mesh in Montreal Neurological Institute (MNI) space. Inverse reconstruction is the only step 
which contains real EEG data. 

In figure13 head meshes showing the boundaries of cortex, inner scull, outer scull and scalp based 
on a template structural scan. To drive canonical meshes from MNI template, generated meshes by the 
inverse of the deformation field should be derived from the normalized structural image to MNI 
template. 

If the subject’s structural scan is not available, combination of the template head model with the 
subject’s head-shape points can also generate an accurate head model. 
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Figure 13 Cortex (blue), inner skull (red), outer skull (orange) and scalp (pink) meshes with transverse slices of the subject's MRI 

This figure 13 verifies that the meshes fit the original image well. 
To give a meaningful explanation to the results of source reconstruction, SPM should link the 

coordinate of sensor positions to the coordinate of a structural MRI image (MNI coordinates). To link 
between two coordinate systems, a set of at least 3 points whose coordinates coincide in both systems 
are needed. These points are called fiducials nas” (nasion), “lpa” (left preauricular) and “rpa” (right 
preauricular)) and the process is called co-registration. 
There are two kinds of co-registration for the EEG data into the structural MRI space: 

1- Landmark based co-registration which just uses fiducials. 
Rotation and Translation matrices which called rigid transformation matrices are generated in a way 
that match each fiducial in the EEG space to the structural MRI space. Then, the generated rigid 
transformation matrices are applied to the electrode positions. 

2- Surface matching (between EEG sensor location space and structural MRI space). 
An Iterative Closest Point (ICP) algorithm is applied for the surface matching [40]. The ICP algorithm 
is an iterative alignment algorithm that has three performance phases: 
2.1- aligning of feature pairs in the two structures based on proximity. 
2.2- calculation of the rigid transformation to map the first member of the pair onto the second one in 
the best way. 
2.3- Applying the calculated rigid transformation to all features in the first structure. Repeating these 
three steps till the convergence happens.  
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Therefore in this step electrode positions are added to match the template head, here cortical mesh 
matches the fiducials in both spaces (electrode position and structural MRI) by an accurate surface-
matching that fits the head-shape. There are three cortical mesh sizes available in SPM containing 
coarse, normal and fine with 5124, 8196 and 20484 vertices respectively. Normal mesh is used for this 
step. The result of co-registration is presented in figure 14. 
 

 
Figure 14 Graphical output of Co-registration of EEG data, showing (upper panel) cortex (blue), inner skull (red) and scalp (black) 

meshes, electrode locations (green), MRI/Polhemus fiducials (cyan/magneta), and head-shape (red dots). 

Forward computation mentions the effect that each dipole on the cortical mesh would have on the 
sensors. The result of forward computation is a “N” by “M” matrix (“N” is the number of sensors and 
“M” is the number of mesh vertices). ”Lead field” is the name of each column accord with one mesh 
vertex. forwinv toolbox which is developed by Robert Oostenveld 
(http://fieldtrip.fcdonders.nl/development/forwinv) is used to compute the lead fields based on 
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Maxwell's equations and makes assumptions about the physical properties of the head. Forward 
models define these assumptions. 

Here boundary element model (BEM) is the applied as forward model. The BEM model consists of 
three 3-D surfaces include skin, skull and cortex extracted from the MNI canonical template brain, 
Figure 15 declares the forward model. 

 

 
Figure 15 BEM meshes with the EEG sensors marked as asterisks. 

EEG reconstruction is done based on an empirical Bayesian technique to localize the evoked 
response, the evoked power or the induced power. After all multiple sparse priors (MSP) method is 
used for inverse solution. MSP algorithm [41] is applied to the whole input data segment as the 
inversion method.  
 When the inversion is completed, time course of the region with maximal activity is appeared in the 
top plot of the graphics window as it came in figure 16. The bottom plot shows the maximal intensity 
projection (MIP) at the time of the maximal activation. The log-evidence value can be used for model 
comparison, since in the Bayesian inversion framework various inversions which differ by their hyper-
prior models such as IID - equivalent to classical minimum norm, COH - smoothness prior similar to 
methods like LORETA or the MSP method can be applied for the same data using Bayesian model 
comparison. The values of the exported images are normalized to reduce between-subject variance. 
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Figure 16 Graphical output of MSP estimation of the average and differential ERP for A and B imaginations at 3945ms. Condition 1 
considered as difference of evoked response between two activities and condition 2 as average of evoked response for two activities. 

The hot-spots are visible in sensory area from parietal lob, motor function area and occipital lob 
these areas are equal to electrodes “C5”, “C6” and “CP3”. The time courses come from the peak voxel. 
The red curve shows the condition 2 which declared the average evoked responses and the grey line 
shows Condition 1 which was the differential evoked responses for “A” vs. “B”. 

Figure 16 shows a rendering of the inversion results on the brain surface. It is possible to rotate the 
brain, focus on different time points, run a movie and compare the predicted and observed scalp 
topographies and time series. A useful option is virtual electrode which allows extracting the time 
course from any point on the mesh and the MIP at the time that maximal activation happens at this 
point and the maximal activity in this figure happens at “C4” and “Fz”. 
 



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

 
Figure 17 Condition 2 in 3D shape 

The solution image in figure 18 is in MNI (normalized) space, because the use of a canonical mesh 
provides us with a mapping between the cortex mesh in native space and the corresponding MNI 
space. Here also the hot spot is visible on electrode “C4”. 
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Figure 18 3D reconstruction saved as a smoothed NIfTI image of the average evoked response for A & B imaginations. 

 
 
 

 
 

 



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

3.2.2 EEGLAB 
 
 
 

 
 

Table II: above diagram shows the procedure of EEG source recunstruction by EEGLAB. First of all the dataset including EEG data, with ”bdf” format, 
that is the target of souce localization is loaded to the software. To plot EEG scalp maps in 2 or 3 dimensional format, or source localizations of data 
components, information about the locations of the recording electrodes should be added to the dataset, and then ICA decomposition should be estimated 
on data through the independent component filters to extract the independent signals from the EEG channel. Finally, dipole fitting is performed on ICA 
components to create equivalent dipole models for independent components 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

start EEGLAB import the data
import a 

channel location 
file

compute an ICA 
decomposition 

of data

fit dipole 
models to ICA 
components
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Importing the data: 
 

Another software, EEGLAB, was used which applies equivalent dipole based on independent 
component analysis (ICA) for EEG source localization.  
After loading the dataset to the sofware this approach tries to find equivalent current dipoles that its 
total projections from the scalp are so close to the observed scalp distribution. Lamentably, there is 
no solitary location for several equivalent dipoles which are active at the same time together, the 
output of the "best fit" solution from the software varies based on the given scalp map to the inverse 
algorithm. Therefore, fitting the scalp maps of an active single dipolar observed as the EEG inverse 
problem solution.  
Using Independent Components Analysis (ICA) makes it possible to work with the unaveraged EEG. 
The ICA has ability to find independent signals and their instruction of scalp surface projection from 
multichannel EEG data. Several scalp maps of independent EEG components fit a single equivalent 
dipole projection well.  
 
Importing a channel location file: 
 

In the software, to estimate source locations of data, channel location should be imported which 
makes it possible to plot EEG scalp maps in 2-D or 3-D format, see figure 19 and 20. 
 

 
Figure 19 2D electrode locations for 32 channels 

http://click.thesaurus.com/click/nn1ov4?clksite=thes&clkpage=the&clkld=0&clkorgn=0&clkord=0&clkmod=1clk&clkitem=solitary&clkdest=http%3A%2F%2Fthesaurus.com%2Fbrowse%2Fsolitary�
http://click.thesaurus.com/click/nn1ov4?clksite=thes&clkpage=the&clkld=0&clkorgn=0&clkord=0&clkmod=1clk&clkitem=instruction&clkdest=http%3A%2F%2Fthesaurus.com%2Fbrowse%2Finstruction�
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Figure 20 3D electrode locations for 32 channels 

 
For localization of the equivalent dipole of independent component scalp maps, EEGLAB uses 
DIPFIT plug-in which calls Matlab for its estimations [42].  

Standardized boundary element head model [43], a 4-shell spherical model [44] or a Non-linear 
optimization method [34] are the EEGLAB techniques to fit an equivalent current dipole model in 
source localization performance of DIPFIT2. Since the density of local connections is higher than 
longer range connections of the cortex, there is compatibility between ICA component scalp maps and 
their generation in different partial synchrony domains. There is an assumption that simultaneous 
connection of neuronal activity, which is separated by ICA, happens in an individual brain area. Best 
fitted single- dipole or two-dipole component, which may express the activity projection from one or 
two symmetric patches of the cortex usually have low residual variance of the scalp map, later residual 
variance has been explained.  
 
ICA decomposition: 
 

ICA decomposition should be performed to match dipole patterns to ICA components. First of all, 
the dataset is loaded for DIPFIT usage, so BDF file (32 channel biosemi) is loaded to EEGLAB which 
calls function pop_readbdf.m for this reason. 

ICA data decomposition changes linearly the single scalp channels where data is collected at to a 
virtual channel. In this procedure, the data is transformed to a set of outputs which are recorded at a 
time form filtered channels.  

In the genuine data recorded form scalp channel, each row of the data matrix exhibits the voltage 
differences between one of channels and the selected reference channel in the course of time, so the 
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number of rows is equal to the number of channels, but each row of the data matrix after ICA 
decomposition shows the activity of one component, which is coming from filtered channel, in the 
course of time. 

In ICA decomposition, available independent signals whose mixtures are recorded from the scalp 
channels are extracted by independent component filters.  

 

 
Figure 21 Scalp map projection of 31 components 

Arbitrary units are used for the scale of the component’s activity time course. However, 
multiplication of the component’s scalp map values by the component’s activity time course has the 
unit of the data.  

Some features of eye artifact components are as below: 

1. When there is an eye artifact EEG spectrum decreases slowly. 
2. A robust far-frontal projection is exhibited in the scalp map; this is common for eye artifact.  
3. Individual eye movements are visible in the component.  

Muscle artifact component is another artifact which can be realized in decomposition. This type of 
component has high power at frequencies higher than 20Hz and it is localized spatially. 

 The brain-related components have the following factors for recognition: 

1. Scalp maps which seems to have dipolar behavior, 
2. Spectral peaks in the frequency domain of EEG signal, 
3. Typical plots of ERP-images which does not show any special activity happening in some 

trials. 
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To quantify the power of signal in different components power spectrum method is used. Figure 22 
shows the range of frequency and power distribution over the scalp. In the bottom the power spectrum 
is shown; each line is the power vs. frequency for each channel. The black line is an average across all 
channels. 

 
Figure 22 Evaluating independent component contributions References 

 
Fit dipole models to ICA components: 
 

The EEGLAB is applied to find the component’s equivalent dipole and fit the ICA components 
automatically. To find the exact position for each dipole an optimization algorithm in the EEGLAB is 
used. Figure 23 shows the result of the fitting process. 
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Figure 23 Auto fitted component 8 shows the lowest RV 

On the right top corner of the figure 23 the residual variance (RV) is shown by the component 
number, this threshold is based on the outputs from the DIPFIT plug-in. The residual variance (RV) 
between the actual independent component (IC) topography and the model projection for the 
equivalent dipole to the same electrode montage can be applied as a discrimination principle, due to 
the fact that brain related ICs are dipolar and have a much lower RV. Therefore, avoid the further 
selection of ICs that would likely represent brain related activity.  

"Comp: 8 RV: 5.71%" indicating that the plotted component is component 8 and the residual 
variance is 5.71%. It means that the most active places during the task are electrodes “C5” and “C6”  

Residual variance is a measure of the y value variations with the regression line. The following 
equation describes the residual variance: 

𝑆𝑆𝑦𝑦 .𝑥𝑥
2 =

∑(𝑦𝑦 − �́�𝑦)2

𝑛𝑛 − 2
 

The dot between the subscript y and x means that the regression line is that of y on x, because 
y values are predicted from the corresponding x values. In figure 24 components with residual variance 
below 60% are shown without ”best fit” performance.  
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Figure 24 Components with RV less than 60% 

To visualize dipole models the component dipoles are plotted using DIPFIT by selecting the 
number of components to perform the fit for them. Figure 25 exhibits the condition of MRI slices to 
the dipoles in the closest situation. 

The MRI used to plot the BEM is the average MNI brain of a single subject 
 

 
Figure 25 Visualization of the closest MRI slices to the dipole location 
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Figure 26 The location of dipoles in BEM model for the components without artifacts 

 
In the figure 26 component 18 with the least RV (44%) also shows the activity on electrode “C5” 

and component 20 with RV equals to 45% indicates the brain activity around electrode “C4”, single 
equivalent dipole of other components are concentrated at electrode “Cz”. 

Figure 27 shows component maps in 2 dimensional space. In components 3, 4, 5, 6, 7, 8, 9, 10, 11, 
12, 13 and 14, single equivalent dipole is settled on electrode “Fp1”, which shows the ocular artifact 
activity on the brain, then components 1, 2, 15, 17, 16, 20, 22, and 23 show the brain activity on 
electrode “Cz”. Components18 and 19 indicate the presence of brain activity on electrode “C3”. 

 
 

 
Figure 27 Dipole-location in 2D scalp map 
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3.2.3 Optimal EEG channel selection 
In this section analysis of results from previous researches are presented. The previous results 

demonstrated remission of power and contra lateral decrease of EEG activity in alpha and beta 
frequency band at the sensory motor area when the brain is busy with movement imagery. Based on 
this finding to locate the place of power remission within alpha band data was filtered for the 
frequency range of (8-12 Hz) using band-pass FIR equiripple filter then FFT, Pwelch and morlet 
wavelet was applied on data to convert it in frequency domain for further analysis on remission of 
power during the task performance. In addition, for the final test to confirm the reduction of EEG 
activity in the range of alpha frequency during the performance of motor imagery task, moving 
average was used for input signals in time domain. Since “Cz” was used as the reference electrode, it 
was extracted from calculation. 

 
Fast furrier transform (FFT) power estimation for the input EEG signal:  
 

The Fourier transform (FT) of the function f(x) is the function 𝐹𝐹(𝑗𝑗), where: 

𝐹𝐹(𝑗𝑗) = � 𝑓𝑓(𝑥𝑥)𝑒𝑒−𝑖𝑖𝑗𝑗𝑥𝑥 𝑑𝑑𝑥𝑥  ,    𝑒𝑒−𝑖𝑖𝑤𝑤𝑥𝑥 = cos(𝑗𝑗𝑥𝑥) + 𝑖𝑖 sin(𝑗𝑗𝑥𝑥)
∞

−∞
 

f(x) is the input EEG signal from different electrode channels which measures the voltage 
fluctuation in time domain and 𝐹𝐹(𝑗𝑗) is the signal’s spectrum. 
 𝐹𝐹(𝑗𝑗) consists of a real part and an imaginary part, so after calculation of 𝐹𝐹(𝑗𝑗) for all channels 
during resting state and motor imagery state, the maximum amplitude of the real part of FFT for each 
state of a channel is extracted to be subtracted from each other. Ratio of power between resting state 
and motor imagery task is calculated with FFT for all 32 channels so that the electrode with the 
greatest difference of power between these two states can be found among 32 electrodes of the scalp 
map. The technique used to test this remission for electrode  𝑐𝑐4 is as follow: 

𝑚𝑚𝑣𝑣𝑥𝑥(𝐹𝐹�𝑤𝑤𝑣𝑣𝑒𝑒𝑠𝑠𝑁𝑁𝑖𝑖𝑛𝑛𝑔𝑔  𝑠𝑠𝑁𝑁𝑣𝑣𝑁𝑁𝑒𝑒 �𝑐𝑐4
)/𝑚𝑚𝑣𝑣𝑥𝑥(𝐹𝐹�𝑤𝑤𝑚𝑚𝑜𝑜𝑁𝑁𝑜𝑜𝑣𝑣  𝑖𝑖𝑚𝑚𝑣𝑣𝑔𝑔𝑒𝑒𝑣𝑣𝑦𝑦 �𝑐𝑐4

) 

Table III shows the results of this calculation: 
 
 

Number of 
trials 

extracted electrodes with the most 
remission of power based on FFT 

estimation 
1 
2 
3 
4 
5 
6 
7 
8 

C6 
C6 
C6 
C4 
C6 
C4 
C3 
C4 
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9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

C3 
C4 
C6 
C5 
C5 
C5 
C6 
C4 
C6 
C6 
C6 

CP2 
C4 
C5 
C6 

CP2 
CP2 
CP2 
C6 

CP3 
C6 

CP2 
Table III 

 
Pwelch power estimation for the input EEG signal: 

 
Welch's method yields a biased estimator of the PSD.  

𝐸𝐸{�̂�𝑝𝑤𝑤𝑒𝑒𝑙𝑙𝑐𝑐 ℎ} =  
1

𝑓𝑓𝑠𝑠𝐿𝐿𝑠𝑠𝑈𝑈
 � 𝑃𝑃𝑥𝑥𝑥𝑥 (𝜌𝜌)|𝑊𝑊(𝑓𝑓 − 𝜌𝜌)|2𝑑𝑑𝑓𝑓

𝑓𝑓𝑥𝑥
2�

−𝑓𝑓𝑥𝑥 2�
 

𝑈𝑈 =
1
𝐿𝐿
� |𝑗𝑗(𝑛𝑛)|2

𝐿𝐿−1

𝑛𝑛=0
 

Ls is the data segments length and L is the data length (input EEG signal), U is the window 
normalization constant which is independent from the selected window. Welch's estimator is 
asymptotically unbiased.  

After the estimation of Pwelch method for all channels on both states, the ratio between the power 
of resting state and the power of motor imagery task for each channel is evaluated. For this estimation 
the mean value (it means the average along an array dimension) of power for each state is considered. 
Table IV consists the results of this computation. An example of Pwelch estimation for one of 
channels: 

𝑚𝑚𝑒𝑒𝑣𝑣𝑛𝑛(𝑃𝑃�𝑤𝑤𝑣𝑣𝑒𝑒𝑠𝑠𝑁𝑁𝑖𝑖𝑛𝑛𝑔𝑔  𝑠𝑠𝑁𝑁𝑣𝑣𝑁𝑁𝑒𝑒 �𝑐𝑐4
)/𝑚𝑚𝑒𝑒𝑣𝑣𝑛𝑛(𝑃𝑃�𝑤𝑤𝑚𝑚𝑜𝑜𝑁𝑁𝑜𝑜𝑣𝑣  𝑖𝑖𝑚𝑚𝑣𝑣𝑔𝑔𝑒𝑒𝑣𝑣𝑦𝑦 �𝑐𝑐4

) 
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Number of 
trials 

extracted electrodes with the most 
remission of power based on Pwelch 

method 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

C6 
C6 
C6 
C4 
C6 
C4 
C3 
C4 
C3 
C4 
C6 
C5 
C5 
C5 
C6 
C4 
C6 
C6 
C6 

CP2 
C4 
C5 
C6 

CP2 
CP2 
CP2 
C6 

CP3 
C6 

CP2 
Table IV 

 
Morlet wavelet estimation for the input EEG signal: 
 

The Morlet wavelet is complex-valued, and consists of a Fourier wave modulated by a Gaussian 
envelope of width 𝑧𝑧0/π: 

𝜓𝜓𝑀𝑀 ,𝑧𝑧0
(𝑁𝑁) = (𝑒𝑒2𝜋𝜋𝑖𝑖𝑁𝑁 − 𝑒𝑒−

𝑧𝑧0
2

2 )𝑒𝑒
−−2𝜋𝜋2𝑁𝑁2

𝑧𝑧0
2  

The envelope factor 𝑧𝑧0 controls the number of oscillations in the wave packet. A value of    𝑧𝑧0 = 5 is 
generally adopted, with the result shown elsewhere in these pages. If 𝑧𝑧0 is greater than 4, then the 

correction factor 𝑒𝑒−
𝑧𝑧0

2

2  will be very small and can be neglected. The correction factor makes the wavelet 
acceptable 
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𝜓𝜓�𝑀𝑀,𝑧𝑧0
(𝑁𝑁) =

𝑧𝑧0

2√𝜋𝜋
𝑒𝑒−

𝑧𝑧0
2

2 �1+𝑗𝑗2�(𝑒𝑒−𝑧𝑧0
2𝑗𝑗 − 1) 

The equation after normalization: 

Ψ𝑀𝑀(𝑁𝑁𝑗𝑗) =
𝑗𝑗
�𝑐𝑐𝜓𝜓

𝜓𝜓𝑀𝑀 ,𝑧𝑧0 (𝑁𝑁,𝑗𝑗) 

𝑐𝑐𝜓𝜓  is the normalization constant which the normalization coefficients 𝑐𝑐𝜓𝜓  for a few values of  𝑧𝑧0 are 
as follow: 

𝑧𝑧0 𝑐𝑐𝜓𝜓  
4 1.676 
5 1.4406 
7 1.9955 
10 2.8353 

 
After calculation of morlet wavelet for the input signals the ratio between two states is assessed. 

The results have come in table V. 
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Number of 
trials 

extracted electrodes with the most 
remission of power based on morlet 

wavelet 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

C6 
C6 
C6 
C4 
C6 
C4 
C3 
C4 
C3 
C4 
C6 
C5 
C5 
C5 
C6 
C4 
C6 
C6 
C6 

CP2 
C4 
C5 
C6 

CP2 
CP2 
CP2 
C6 

CP3 
C6 

CP2 
Table V 

 
Moving average estimation for the input EEG signal: 

 
Stationary time series are suitable data for averaging methods. The series should be in equilibrium 

around a constant value (the underlying mean) with a constant variance across time. The mean uses the 
average of all the historical data  

𝐹𝐹𝑁𝑁+1 =
1
𝑁𝑁
� 𝑦𝑦𝑖𝑖

𝑁𝑁

𝑖𝑖=1
 

For new data in time t+2, the new mean includes the previously observed data plus this new 
observation. 

𝐹𝐹𝑁𝑁+2 =
1

𝑁𝑁 + 1
� 𝑦𝑦𝑖𝑖

𝑁𝑁+1

𝑖𝑖=1
 

When there is no specially trend or seasonality, this method is useful. The moving average for time 
period t is the mean of the last “k” observations. The amount of “K” is determined at the outset. The 
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smaller “K” gives the more weight to the recent period and vice versa, so when there are wide 
infrequent fluctuations in the series, the large “K” is suitable, but when there are sudden shifts in the 
level of series, the small “k” will come useful. Equal weights are assigned to each observation which 
is used in the average and each new data point is added to the average, and the oldest one is discarded. 

The following equation shows a moving average of order “K”: 

𝐹𝐹𝑁𝑁+1 = 𝑦𝑦�𝑁𝑁+1 =
(𝑦𝑦𝑁𝑁 + 𝑦𝑦𝑁𝑁−1 + 𝑦𝑦𝑁𝑁−2 + ⋯+ 𝑦𝑦𝑁𝑁−𝑘𝑘+1)

𝐾𝐾
 ,𝐹𝐹𝑁𝑁+1 =

1
𝑘𝑘

� 𝑦𝑦𝑖𝑖

𝑁𝑁

𝑖𝑖=𝑁𝑁−𝑘𝑘+1

 

When the moving average is computed on input data for both states in all channels the mean value 
of each state is considered for the ratio calculation between them. 25 was taken as the order of “K”. 
Table IV consists the results: 
 

Number of 
trials 

extracted electrodes with the most 
remission of amplitude based on moving 

average method 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

C6 
C6 
C6 
C4 
C6 
C4 
C3 
C4 
C3 
C4 
C6 
C5 
C5 
C5 
C6 
C4 
C6 
C6 
C6 

CP2 
C4 
C5 
C6 

CP2 
CP2 
CP2 
C6 

CP3 
C6 

CP2 
Table IV 
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Results of all tables are the same for each trial whether in amplitude or power estimation which 
makes the methods reliable. Resulted source electrodes from 30 trials, declared in tables I,II,III and IV, 
that are equal to the consequences of EEGLAB and SPM8, indicate brain activity around electrodes 
“C3”, “C6”, “C5”, “C4” and “Cz”. “CP2” and “CP3” are two other channels which rarely appeared in 
the tables.  
 

3.3 Feature extraction  
Extracting the relevant data from the digitized data called feature extraction which conduces to a 

proper classification. Discriminatory information obtained from accurate feature extraction affects the 
accuracy of classification. Features can be extracted in both time and frequency domain. We can name 
auto regressive parameter estimation, basic probability and statistical analysis as time domain analysis 
and Fourier spectrum analysis and power spectral density estimation as frequency domain analysis. 

Data reduction can be achieved by selecting the relevant data for the feature extraction process in 
terms of classification purposes which cause to reduce the processing time. 

Extracted features in the thesis are based on changes in frequency power. The power spectral 
density was used for 29 frequencies between 0.5 and 28 Hz with modern multitaper methods and 
optimal frequencies were extracted from feature ranking method that are 1, 2, 3, 4 and 7 Hz. A second 
set is based on Pwelch method in frequency range of 8-12 Hz. 

Feature ranking was done using 1-Nearest Neighbor leave-one-out. PCA and Kernel PCA were 
used as feature dimension reduction methods. 
 

3.4 Classification 
Classification is divided into two main methods: 

1. Offline method: In this method begins after the data acquiring. Since we can choose the right set of 
data for classification, it exhibits more accuracy. Offline process helps in data reduction, thus it 
conduce to faster process of data. Offline methods are useful for training step [45]. 
2. Online or real time processing: In this method the classification process performes simultaneously 
with data acquisition. This method is much quicker than the offline method as the entire process of 
classification is completed once the data is acquired. Online classification methods are not as accurate 
as offline methods due to the fact that there is no choice in choosing the optimal data for classification 
[45]. 

In the thesis the offline method technique was used. Optimal channels are selected for a particular 
subject. The set of optimal channels can vary from subject to subject. EEG signals recorded by asking 
to imagine of writing a certain letter in a distinct time and then it will be asked to have a rest and not to 
think of anything.  
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After feature extraction step classification method must be done to classify or identify input data as 

a certain occurrence or class. Classification methods can be classified into Linear Method and Non 
Linear Method of Classification. 

 

3.4.1 Linear Method of Classification 
This method of classification has a simple decision boundary for classifying. The boundary line 

linearly separates two classes based on which side of the boundary they belong to. Easy design and 
implementation are the features of linear boundaries. On the other hand linear classifiers have less 
accuracy in comparison with non linear classifiers. Two examples of linear classifiers are Linear 
Fisher Discriminate and Large margin classification analysis. Linear classifiers are less likely to over 
fitting since they have less parameter to tune which causes a stability and robustness for the classifier. 
 

3.4.2 Non Linear Method of Classification 
In this method of classification the classifier creates boundaries based on the nature of the classes to 

be separated. Non linear classifiers have complicated design and implementation, featured with high 
accuracy of classification. Support Vector Machines, Artificial Neural Networks and quadratic 
classifiers are some examples of non linear classifiers. The non-linear classifiers have more parameters 
associated with them to tune them hence they tend to over fit. 

 
Classification procedure: 
 

The data is divided into training and test set. Further, we would subdivide the training set into a 
smaller training set and a validation set to have three separate sets. To Estimate all the parameters and 
train the classifier the training set recorded in offline mode is used. The validation set of classification 
also use the results of the training set. At the end, the test set presents the result of the method on 
totally new data after definition of every parameter. 

The classifiers used in the thesis are: k-nearest neighbor classifier and Train neural network 
classifier by back-propagation with 3 hidden units that are nonlinear classification, Mixture of 
Gaussians classification and quadratic classifier which are a normal density base classification. These 
four classifiers from different kinds are applied to decide unanimously the best class for the entrance 
data.  Below shows the results of classifiers with applied features. 
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Figure 29 K-nearest neighbor classifier’s result 

 
Figure 30 Train neural network classifier’s result 

Figure 28 Normal densities based quadratic classifier’s result 
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Figure 31 Mixture of gaussians classifier’s result 

Classifier error estimation was done by 10 fold cross validation method [46]. It allows small data 
set to be divided into train and test partitions. Cross validation method is able to train with all the data 
and then use it indirectly for testing as well. A large value of k seems to be desirable, since with a 
larger k more estimation performance is done, and the training set becomes larger and close to the size 
of whole data. On the other hand, as k increases the overlap between training sets increases as well. 
For instance, with 5-fold cross-validation, data is divided into 5 segments with equal sizes one segment 
is extracted as the test segment then each training set shares three out of four instances with each of the 
other four training sets whereas with 10-fold cross validation, each training set shares eight out of nine 
instances with each of the other nine training sets. In addition, with k enhancement size of the test set 
decreases and it causes metric measurements to be less precise and less fine-grained. For example, if a 
test set size has only 10 instances, then the accuracy is measured to approximately 10%, whereas with 
20 instances the accuracy can be measured to the nearest 5%. Choosing the value of 10 for k makes 
predictions using 90% of the data and making it more likely to the full data. 

The estimated error classification for classifying 3 letters (“A”, “B” and “C”) for each classifier is 
0.0160. This result was confirmed by the above figures. Each classifier could find the area related to 
each class with a precise boundary. 
 

Conclusion 
In this thesis, a source reconstruction method is proposed in a BCI framework to enhance EEG 

detection and improve classification to bring a new application in BCI technology which is typing by 
imagination of writing letters without looking at any menu. The source reconstruction methods were 
based on Multiple Sparse Priors (MSP), localization of a single equivalent dipole and finding optimum 
channels obtained from processing the changes of EEG amplitude and power between motor imagery 
task and resting state task. The results from this last method is equivalent with resulted source from 
EEGLAB and SPM8 which means that the location of EEG source is detectable by finding the location 
of amplitude and power  with the most remission when two task states are compared. Selected 



                                                                                                                                                                                               
 

 
 

Blekinge Tekniska Högskola 
SE–371 79 Karlskrona 
Tel.vx 0455-38 50 00 
Fax    0455-38 50 57 

channels with the possibility of being EEG source after consideration of all results are “C4”, “C6” and 
“C5”, these channels show that brain activity mostly showed up from ipsilateral side. I had to deal with 
an increasing number of features so I proposed to select the best features based on their ranking from 
1-Nearest Neighbor leave-one-out method. Consequently, multitaper method with optimal frequencies 
1, 2, 3, 4 and 7 Hz, Pwelch in the frequency range of alpha band (8-12 Hz) were chosen and fed to 
classifiers. 

At the end classification is done with Normal densities based quadratic classifier (qdc), Train neural 
network classifier by back-propagation, k-nearest neighbor classifier (knn) and Mixture of Gaussians 
classification. Accuracy of the classifiers was evaluated by 10-fold Cross-Validation method. This 
classification was done for classifying 3 tasks that was imagination of writing letters A, B and C 
during specific and limited time. 

As a future work I plan to perform the system in online mode for typing letters and reduce the 
training time to make it easy and fast to use. 
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