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Abstract—In this paper, we examine the performance of
multiple-input multiple-output (MIMO) cognitive amplify-andforward (AF) relay systems with maximum ratio transmission
(MRT). In particular, closed-form expressions in terms of a
tight upper bound for outage probability (OP) and symbol error
rate (SER) of the system are derived when considering channel
estimation error (CEE) and feedback delay (FD) in our analysis.
Through our works, one can see the impact of FD and CEE on the
system as well as the benefits of deploying multiple antennas at
the transceivers utilizing the spatial diversity of an MRT system.
Finally, we also provide a comparison between analytical results
and Monte Carlo simulations for some examples to verify our
work.

I. I NTRODUCTION
Two major challenges for a communication system design
are how to use frequency resources efficiently and how to overcome multipath fading to guarantee transmission reliability.
Recently, studies on cooperative diversity techniques and cognitive radio networks (CRNs) have revealed promising solutions to combat these difficulties. Deploying cooperative relaying has been shown to offer many benefits such as extending
coverage, improving throughput and enhancing transmission
reliability [1], [2]. Moreover, CRNs permit unlicensed users,
also called secondary users, to access the licensed spectrum
opportunistically or concurrently as reported in [3]. Therefore,
combining cooperative diversity with CRNs not only improves
the efficiency of spectrum usage but also provides higher
transmission reliability, e.g. [1]–[4]. Specifically, the works of
[3] presented a brief overview about the cognitive cooperative
techniques. Further, [1], [2], [4] obtained improved throughput
of secondary nodes by increasing spatial diversity through a
cooperative cognitive approach.
When considering techniques which enable a secondary user
to access licensed spectrum, there are two kinds of approaches,
spectrum underlay and spectrum overlay. In spectrum overlay,
a secondary user is only allowed to use licensed spectrum
when the primary user is idle. Whenever the primary user
becomes active, the overlay secondary user must switch off
its transmission and search for another spectrum hole. Hence,
there is no constraint on transmit power at the secondary
transmitter in the overlay approach. Instead, spectrum sensing
and detecting a spectrum white space are required at the secondary user. Specifically, [5], [6] proposed spectrum sharing
schemes in decode-and-forward (DF) relay overlay cognitive
networks for single relay and multiple relays, respectively. In
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the underlay approach, both secondary users and primary users
can use the same spectrum simultaneously. As such, underlay
secondary transmitters must constrain their transmit power to
guarantee that the interference at the primary user is kept
below a given threshold. For this reason, their coverage is often
not large. If a secondary user wants to extend its coverage,
it normally cooperates with other relays. In particular, [7]
analyzed outage probability (OP) for a DF relay cognitive
network while [8] investigated OP for an amplify-and-forward
(AF) relay cognitive network. Moreover, [9] proposed a power
allocation to enhance the spectral efficiency and increase the
bit rate for a network coded cognitive cooperative network
(NCCCN) under peak interference constraints. Additionally,
[10], [11] proposed algorithms to distribute transmit power for
beamforming transmission via a multi-relay underlay cognitive
radio architecture. Besides beamforming transmission, maximum ratio transmission (MRT) is shown in [12] as a powerful
diversity technique. Deploying antenna arrays in maximum
ratio transmission has been shown to offer many benefits such
as combating the adverse effect of fading, increasing capacity
and extending coverage [12]. Thus, MRT seems to be suitable
for underlay cognitive transmission which suffers from a very
strict constraint on their transmit power. To the best of our
knowledge, there is no work focusing on MRT for an underlay
cognitive AF relay network.
In this paper, we deploy MRT with two hop AF relaying
in an underlay cognitive network. Specifically, we derive a
closed-form expression for the cumulative distribution function
(CDF) of the instantaneous signal-noise-ratio (SNR). This outcome enables us to obtain a tight upper bound for the outage
probability and symbol error rate (SER) of the considered
system.
The paper is organized as follow: Section II describes
the considered system, related concepts and definitions. The
system performance in terms of outage probability and symbol
error rate are analyzed in Section III. Section IV presents
numerical results and discussions of the achieved results.
Finally, conclusions are given in Section V.
Notation: In this paper, matrices and vectors are denoted
by bold upper and lower case letters, respectively. Next,
∥.∥𝐹 indicates the Frobenius norm and † stands for transpose
conjugate of a vector or matrix. Then, the probability density
function (PDF) and the cumulative distribution function (CDF)
of a random variable 𝑋 are written as 𝑓𝑋 (.) and 𝐹𝑋 (.), respec-
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tively. Furthermore, the gamma function in [13, eq. (8.310.1)]
and the incomplete gamma function in [13, eq. (8.350.2)] are
denoted as Γ(𝑛, 𝑥) and Γ(𝑛), respectively. Finally, the confluent hypergeometric function [13, eq. (9.211.4)] is expressed
by 𝑈 (𝑎, 𝑏; 𝑥).

H1 (𝑡) and there always exits feedback delay (FD) from SUR
to SUTX in practice. When taking into account the effect of
channel estimation error (CEE) and FD, 𝜏 , the channel coefficient matrix at the SUTX is Ĥ1 (𝑡−𝜏 ). As a consequence, v1 (𝑡)
is selected as the eigenvector û1 (𝑡) corresponding to the largest
†
eigenvalue 𝜆𝑚𝑎𝑥1 of the Wishart matrix Ĥ1 (𝑡−𝜏 )Ĥ1 (𝑡−𝜏 ) and
†
w1 (𝑡) is chosen to be w1 (𝑡) = û†1 (𝑡)Ĥ1 (𝑡 − 𝜏 ). As mentioned
in [14], the relationship between H1 (𝑡) and Ĥ1 (𝑡 − 𝜏 ) is given
by
H1 (𝑡) = 𝜌Ĥ1 (𝑡 − 𝜏 ) + E(𝑡) + D(𝑡)

Fig. 1. System model for a cognitive MRT AF relay network under channel
estimation error and feedback delay.

II. S YSTEM AND C HANNEL M ODEL
We consider an underlay cognitive AF relay system including 𝑁1 antennas at the secondary transmitter SUTX , 𝑁2
antennas at the secondary relay SUR , 𝑁3 antennas at the
secondary receiver SURX and 𝑁4 antennas at the primary
receiver PURX as shown in Fig. 1. The primary and the
secondary users (including SUTX and SUR ) can simultaneously
access the same spectrum as long as the secondary users
guarantee that their interference to the primary user is kept
below a predefined threshold, 𝑄. In the first hop from SUTX
to SUR , we implement MRT at the SUTX by multiplying the
transmit signal, 𝑠(𝑡) with an 𝑁1 × 1 transmit weighting vector
v1 (𝑡) and employ maximum ratio combining (MRC) at the
SUR by multiplying the received signal with an 1×𝑁2 receive
weighting vector w1 (𝑡). As a result, the received signal 𝑠𝑟 (𝑡)
at the SUR is given by
𝑠𝑟 (𝑡) = w1 (𝑡) [H1 (𝑡)v1 (𝑡)𝑠(𝑡) + n1 (𝑡)]

(1)

where H1 (𝑡) is an 𝑁2 × 𝑁1 channel coefficient matrix from
SUTX to SUR whose elements are independent and identical
distributed (i.i.d.) complex Gaussian random variables (RV)
with zero mean and variance Ω1 , denoted as 𝒞𝒩 (0, Ω1 ).
Further, 𝑠(𝑡) is the transmit signal at the SUTX with average
power 𝐸{∣𝑠(𝑡)∣2 } = 𝑃1 where 𝐸{⋅} stands for an expectation
operator. Finally, n1 (𝑡) is an 𝑁2 × 1 additive white Gaussian
noise (AWGN) vector at the SUR . It is assumed that all
elements of n1 (𝑡) are i.i.d. complex Gaussian RVs with
zero mean and variance 𝑁0 , denoted as 𝒞𝒩 (0, 𝑁0 ). To get
maximum signal-to-noise ratio (SNR) at the SUR , the transmit
weighting vector v1 (𝑡) is chosen to be the eigenvector u1 (𝑡)
corresponding to the largest eigenvalue of the Wishart matrix
H†1 (𝑡)H1 (𝑡) and the receive weighting vector w1 (𝑡) is selected
as w1 (𝑡) = u†1 (𝑡)H†1 (𝑡).
In order to deploy MRT/MRC, SUTX and SUR need the
channel state information (CSI) to adjust the weighting vectors. However, the SURX can usually not perfectly estimate

(2)

where 𝜌 denotes the channel correlation coefficient. As in [14],
for the Clarkes fading spectrum, 𝜌 is expressed in terms of
FD 𝜏 and the Doppler frequency 𝑓𝑑 as 𝜌 = 𝐽0 (2𝜋𝑓𝑑 𝜏 ) where
𝐽0 (⋅) is the zero-th order Bessel function of the first kind [13,
eq.(8.441.1)]. Further, E(𝑡) is an 𝑁2 × 𝑁1 CEE matrix whose
elements are i.i.d. complex Gaussian RVs, 𝒞𝒩 (0, 𝜎 2 Ω1 ); 𝜎 2
is the variance of CEE. Finally, D(𝑡) stands for an 𝑁2 × 𝑁1
error matrix induced by FD whose elements are i.i.d. complex
Gaussian RVs, 𝒞𝒩 (0, (1 − 𝜎 2 )(1 − 𝜌2 )Ω1 ). For this more
practical scenario, the received signal at the SUR is given by
†

†

𝑠ˆ𝑟 (𝑡) = 𝜌û†1 (𝑡)Ĥ1 (𝑡 − 𝜏 )Ĥ1 (𝑡 − 𝜏 )û1 (𝑡)𝑠(𝑡) + û†1 (𝑡)Ĥ1 (𝑡 − 𝜏 )
†

× E(𝑡)û1 (𝑡)𝑠(𝑡) + û†1 (𝑡)Ĥ1 (𝑡 − 𝜏 )D(𝑡)û1 (𝑡)𝑠(𝑡)
†

+ û†1 (𝑡)Ĥ1 (𝑡 − 𝜏 )n1 (𝑡)

(3)

At the SUR , the received signal is amplified with a factor
𝐺 and is then forwarded to the SURX . Let 𝑃2 be the average transmit signal at SUR , the gain factor 𝐺 must satisfy
𝐸{∣𝐺ˆ
𝑠𝑟 (𝑡)∣2 } = 𝑃2 or
𝐺2 ≈

𝑃2
2
2
𝜌 𝜆𝑚𝑎𝑥1 𝑃1

(4)

Due to the interference constraint 𝑄 at the PURX , both
SUTX and SUR must control their transmit power 𝑃1 , and
𝑃2 , respectively, to meet the power interference constraint at
PURX , i.e.,
𝑄
∥H3 (𝑡)∥2𝐹
𝑄
𝑃2 =
∥H4 (𝑡)∥2𝐹

𝑃1 =

(5)
(6)

where H3 (𝑡) stands for an 𝑁4 ×𝑁1 fading channel matrix from
SUTX to PURX , and H4 (𝑡) denotes an 𝑁4 × 𝑁2 fading channel
matrix from SUR to PURX . It is assumed that all elements
of H3 (𝑡) are i.i.d. complex Gaussian RVs with zero mean
and variance Ω3 , 𝒞𝒩 (0, Ω3 ); and all elements of H4 (𝑡) are
i.i.d. complex Gaussian RVs with zero mean and variance Ω4 ,
𝒞𝒩 (0, Ω4 ).
In the second hop, we also deploy MRT at the SUR with
an 𝑁2 × 1 transmit weighting vector v2 (𝑡) and MRC at the
SURX with an 1 × 𝑁3 receive weighting vector w2 (𝑡). For
this hop, v2 (𝑡) is selected to be the eigenvector u2 (𝑡) corresponding to the largest eigenvalue 𝜆𝑚𝑎𝑥2 of the Wishart matrix
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H†2 (𝑡)H2 (𝑡), and w2 (𝑡) is chosen as w2 (𝑡) = u†2 (𝑡)H†2 (𝑡).
Here, H2 (𝑡) is an 𝑁3 ×𝑁2 fading channel matrix from SUR to
SURX . Consequently, the received signal at SURX is obtained
as

By integrating 𝑓𝜆1 (𝑥) with respect to variable 𝑥 over the
interval (0, 𝜆1 ) and then applying [13, eq.(3.351.2)] to solve
the integral, we obtain the CDF of 𝜆1 as
𝐹𝜆1 (𝜆1 ) = 1 − 𝐾1

𝑠𝐷 (𝑡) =
†

𝐺𝜌u†2 (𝑡)H†2 (𝑡)H2 (𝑡)u2 (𝑡)û†1 (𝑡)Ĥ1 (𝑡 − 𝜏 )Ĥ1 (𝑡 − 𝜏 )û1 (𝑡)𝑠(𝑡)



𝑑𝑒𝑠𝑖𝑟𝑒𝑑 𝑠𝑖𝑔𝑛𝑎𝑙

†

+ 𝐺 u†2 (𝑡) H†2 (𝑡) H2 (𝑡) u2 (𝑡)û†1 (𝑡)Ĥ1 (𝑡 − 𝜏 )E(𝑡) û1 (𝑡)𝑠(𝑡)



+𝐺


u†2 (𝑡)

H†2 (𝑡)

+ 𝐺 u†2 (𝑡) H†2 (𝑡)


𝑠𝑒𝑙𝑓 𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒
†
H2 (𝑡)u2 (𝑡) û†1 (𝑡)Ĥ1 (𝑡



− 𝜏 )D(𝑡) û1 (𝑡)𝑠(𝑡)




− 𝜏 )n1 (𝑡) + u†2 (𝑡)


𝑠𝑒𝑙𝑓 𝑖𝑛𝑡𝑒𝑟𝑓 𝑒𝑟𝑒𝑛𝑐𝑒
†
H2 (𝑡) u2 (𝑡) û†1 (𝑡)Ĥ1 (𝑡
𝑛𝑜𝑖𝑠𝑒

× H†2 (𝑡) n2 (𝑡)




Here, n2 (𝑡) is an 𝑁3 × 1 AWGN vector at the SUR whose
elements are i.i.d. complex Gaussian RVs, 𝒞𝒩 (0, 𝑁0 ). Let 𝜆1
and 𝜆2 be the maximum eigenvalues of the complex central
Wishart matrices X† X and Y† Y, respectively, where X, Y are
𝑁2 × 𝑁1 and 𝑁3 × 𝑁2 matrices with all standard complex
Gaussian elements, 𝒞𝒩 (0, 1). Then, the relationships between
𝜆𝑚𝑎𝑥1 and 𝜆1 , 𝜆𝑚𝑎𝑥2 and 𝜆2 are given by 𝜆𝑚𝑎𝑥1 = Ω1 (1 −
𝜎𝑒2 )𝜆1 and 𝜆𝑚𝑎𝑥2 = Ω2 𝜆2 . For notational brevity, we utilize
𝜆3 to stand for ∥H3 (𝑡)∥2𝐹 and 𝜆4 to denote ∥H4 (𝑡)∥2𝐹 . As a
result, the expression for the end-to-end instantaneous SNR of
the secondary network is obtained from (4), (5), (6) and (7),
as
𝜆1 𝜆2
𝛾𝐷 =
(8)
𝑐𝜆2 + 𝑑𝜆2 𝜆3 + 𝑒𝜆1 𝜆4
(2−𝜌2 )
𝜌2 ,

𝑑=

𝑁0
𝑄𝜌2 Ω1 (1−𝜎 2 ) ,

and 𝑒 =

𝑁0
𝑄Ω2 .

III. E ND - TO -E ND P ERFORMANCE A NALYSIS
In this section, we analyze the outage probability (OP)
and the symbol error rate (SER) of the considered system.
To do so, we need to obtain the cumulative distribution
function (CDF) of 𝛾𝐷 . However, deriving the exact expression
of 𝐹𝛾𝐷 (𝛾) from (8) is very challenging, so we use another
approach. First, we propose a tightly bounded expression for
the CDF of the instantaneous SNR, 𝛾𝐷 in a similar manner
as in [15, eq.(25)]. With this outcome, we will obtain tight
expressions for the OP and SER of the considered system.
As mentioned in [14], the probability density function (PDF)
of 𝜆1 is given by
𝑓𝜆1 (𝜆1 ) = 𝐾1

𝑃1
∑

(𝑄1 +𝑃1 −2𝑘1 )𝑘1

𝑘1 =1

𝑙1 =𝑄1 −𝑃1

∑

𝑑𝑘1 ,𝑙1 𝜆𝑙11 exp(−𝑘1 𝜆1 ) (9)

where
∏𝑃1 𝑃1 = min(𝑁1 , 𝑁2 ), 𝑄1 = max(𝑁1 , 𝑁2 ), and
𝑖=1 (𝑄1 − 1)!(𝑖 − 1)!.

𝐾1−1

(𝑄1 +𝑃1 −2𝑘1 )𝑘1

𝑘1 =1

𝑙1 =𝑄1 −𝑃1

∑

𝑑𝑘1 ,𝑙1 𝑙1 !

𝑙1
∑
𝑘1𝑚
𝑚!
𝑚=0

exp(−𝑘1 𝜆1 )

(10)

Similarly, the PDF and CDF of 𝜆2 are given by
𝑓𝜆2 (𝜆2 ) = 𝐾2

𝑃2
∑

(𝑄2 +𝑃2 −2𝑘2 )𝑘2

𝑘2 =1

𝑙2 =𝑄2 −𝑃2

∑

𝑑𝑘2 ,𝑙2 𝜆𝑙22 exp(−𝑘2 𝜆2 )
(11)

𝐹𝜆2 (𝜆2 ) = 1 − 𝐾2

(7)

𝑛𝑜𝑖𝑠𝑒

where 𝑐 =

×

𝜆𝑚
1

𝑃1
∑

𝑃2
∑

(𝑄2 +𝑃2 −2𝑘2 )𝑘2

𝑘2 =1

𝑙2 =𝑄2 −𝑃2

∑

𝑑𝑘2 ,𝑙2 𝑙2 !

𝑙2
∑
𝑘2𝑛
𝑛!
𝑛=0

× 𝜆𝑛2 exp(−𝑘2 𝜆2 )

(12)

−1
where
∏𝑃2 𝑃2 = min(𝑁2 , 𝑁3 ), 𝑄2 = max(𝑁2 , 𝑁3 ), and 𝐾2 =
𝑖=1 (𝑄2 − 1)!(𝑖 − 1)!.

Since 𝜆3 is the Frobenius norm of the channel coefficient
matrix from SUTX to SUR , it is a sum of the squares of 𝑁4 ×𝑁1
i.i.d. complex Gaussian RVs with zero mean and variance Ω3 .
Thus, 𝜆3 is a Gamma random variable with parameter set
(𝑁1 𝑁 4, Ω3 ) whose PDF and CDF are, respectively, written
as
)
(
𝜆3𝑁1 𝑁4 −1
𝜆3
𝑓𝜆3 (𝜆3 ) = 𝑁1 𝑁4
(13)
exp −
Ω3
Ω3
Γ(𝑁1 𝑁4 )
𝐹𝜆3 (𝜆3 ) = 1 − exp(−

𝑁 𝑁4 −1
𝜆𝑝3
𝜆3 1∑
)
Ω3
Ω𝑝3 𝑝!
𝑝=0

(14)

Similarly, 𝜆4 is a sum of the squares of 𝑁4 ×𝑁2 i.i.d. complex
Gaussian RVs with zero mean and variance Ω4 . Therefore,
𝜆4 has Gamma distribution with parameter set (𝑁2 𝑁 4, Ω4 )
whose PDF, CDF are, respectively, given by
)
(
𝜆𝑁2 𝑁4 −1
𝜆4
𝑓𝜆4 (𝜆4 ) = 𝑁2 𝑁44
(15)
exp −
Ω4
Ω4
Γ(𝑁2 𝑁4 )
𝐹𝜆4 (𝜆4 ) = 1 − exp(−

𝑁 𝑁4 −1
𝜆𝑞4
𝜆4 2∑
)
Ω4
Ω𝑞4 𝑞!
𝑞=0

(16)

Now, we approximate 𝛾𝐷 as in [15, eq.(25)], i.e, 𝛾𝐷 ≈
𝜆1
𝜆2
min(𝛾1 , 𝛾2 ) where 𝛾1 = 𝑐+𝑑𝜆
and 𝛾2 = 𝑒𝜆
. Because
3
4
𝜆1 , 𝜆2 , 𝜆3 , 𝜆4 are independent, we can apply the order
statistics theory to obtain the CDF of 𝛾𝐷 as
𝐹𝛾𝐷 (𝛾) = 1 − [1 − 𝐹𝛾1 (𝛾)][1 − 𝐹𝛾2 (𝛾)]

(17)

where 𝐹𝛾1 (𝛾) and 𝐹𝛾2 (𝛾) are given by

=

∫∞
𝐹𝛾1 (𝛾) =

𝐹𝜆1 (𝛾(𝑐 + 𝑑𝜆3 ))𝑓𝜆3 (𝜆3 )𝑑𝜆3
0
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(18)

∫∞
𝐹𝛾2 (𝛾) =

𝐹𝜆2 (𝛾𝑒𝜆4 )𝑓𝜆4 (𝜆4 )𝑑𝜆4

(19)

0

Substituting (10), (13) into (18) and (12), (15) into (19), after
some algebraic manipulations, we rewrite 𝐹𝛾1 (𝛾) and 𝐹𝛾2 (𝛾)
as
𝐹𝛾1 (𝛾) = 1 − 𝐾1
×

𝑙1
∑

𝑃1
∑

(𝑄1 +𝑃1 −2𝑘1 )𝑘1

𝑘1 =1

𝑙1 =𝑄1 −𝑃1

𝛾

∑

𝑚
∑

𝑚

𝑙1 −𝑚+1
𝑚! 𝑢=0
𝑚=0 𝑘1
(
∫∞

𝜆3𝑁1 𝑁4 +𝑢−1

×
0

𝑑𝑘1 ,𝑙1 𝑙1 !
𝑁1 𝑁4
Ω3
Γ(𝑁1 𝑁4 )

Outage probability, the probability that the instantaneous
SNR drops below a predefined threshold 𝛾𝑡ℎ , is easily obtained
by using 𝛾𝑡ℎ as argument of the CDF of the instantaneous SNR
given in (24), 𝑃out = 𝐹𝛾𝐷 (𝛾th ).
B. Symbol Error Rate

𝐶𝑢𝑚 𝑑𝑢 𝑐𝑚−𝑢 exp(−𝑘1 𝑐𝛾)

)
𝑘1 𝛾𝑑Ω3 + 1
exp −
𝜆3 𝑑𝜆3 (20)
Ω3

(𝑄2 +𝑃2 −2𝑘2 )𝑘2

𝑙2
∑
𝑑𝑘2 ,𝑙2 𝑙2 !
𝑒𝑛
𝑁2 𝑁4
Ω
Γ(𝑁
𝑁
)
2
4
4
𝑛=0
𝑘2 =1
𝑙2 =𝑄2 −𝑃2
∞
(
)
∫
𝛾𝑛
𝑘2 𝛾𝑒Ω4 + 1
× 𝑙2 −𝑛+1
𝜆4𝑁2 𝑁4 +𝑛−1 exp −
𝜆4 𝑑𝜆4
Ω4
𝑘2
𝑛!
𝑃2
∑

𝐹𝛾2 (𝛾) = 1 − 𝐾2

A. Outage Probability

∑

As shown in [16], for several modulation schemes, the
expression for SER can be derived directly from 𝐹𝛾D (𝛾) as
√ ∫∞
1
𝑎 𝑏
√
𝑃𝐸 =
𝐹𝛾𝐷 (𝛾)𝛾 − 2 𝑒−𝑏𝛾 𝑑𝛾
(25)
2 𝜋
0

where 𝑎 and 𝑏 are modulation parameters (see [16]), i.e., for
𝑀 -PSK, 𝑎 = 2, 𝑏 = sin2 (𝜋/𝑀 ). By substituting (24) into
(25), after some simplifications, the closed-form expression of
a tight upper bound for the SEP is rewritten as
√ ∫∞
√
𝑃1
1
𝑎 𝑏
𝑎 𝑏𝐾1 𝐾2 ∑
√
𝑃𝐸 = √
𝛾 − 2 exp(−𝑏𝛾)𝑑𝛾 −
2 𝜋
2 𝜋

(21)

𝐹𝛾1 (𝛾) = 1 − 𝐾1
×

𝑚
∑

(𝑄1 +𝑃1 −2𝑘1 )𝑘1

𝑘1 =1

𝐶𝑢𝑚

𝑢=0

∑

𝑑𝑘1 ,𝑙1 𝑙1 !

𝑙1 =𝑄1 −𝑃1

𝑙1
∑

𝑃2
∑
𝑘2 =1

(𝑄2 +𝑃2 −2𝑘2 )𝑘2

∑

𝑑𝑘2 ,𝑙2 𝑙2 !

𝑙2 =𝑄2 −𝑃2

1

(23)

By substituting (22) and (23) into (17), the CDF of the
instantaneous end-to-end SNR 𝛾𝐷 is finally obtained as
𝐹𝛾D (𝛾) = 1 − 𝐾1 𝐾2

𝑃1
∑
𝑘1 =1

1

𝑚
∑

𝑘1𝑙1 −𝑚+1

𝑢=0

𝐶𝑢𝑚

(𝑄1 +𝑃1 −2𝑘1 )𝑘1

∑

𝑘2 =1

𝑑𝑘1 ,𝑙1 𝑙1 !

𝑙1
∑
1
𝑚!
𝑚=0

𝑑𝑘2 ,𝑙2 𝑙2 !

𝑙2
∑
1
𝑛!
𝑛=0

𝑙1 =𝑄1 −𝑃1

𝑃2 (𝑄2 +𝑃∑
2 −2𝑘2 )𝑘2
∑
𝑙2 =𝑄2 −𝑃2

𝑃2 (𝑄2 +𝑃∑
2 −2𝑘2 )𝑘2
∑
𝑘2 =1

1

𝑙2 −𝑛+1
𝑛!
𝑛=0 𝑘2

𝑒𝑛 Ω𝑛4 𝛾 𝑛
Γ(𝑁2 𝑁4 + 𝑛)
×
Γ(𝑁2 𝑁4 ) (𝑘2 𝛾𝑒Ω4 + 1)𝑁2 𝑁4 +𝑛

×

×

∫∞
×
0

𝑙1
∑

𝑚
∑

1

𝑙1 −𝑚+1
𝑚! 𝑢=0
𝑚=0 𝑘1

𝑑𝑘2 ,𝑙2 𝑙2 !

𝑙2 =𝑄2 −𝑃2

× 𝑐𝑚−𝑢 𝑒𝑛 Ω𝑢3 Ω𝑛4

𝑙1 −𝑚+1
𝑚!
𝑚=0 𝑘1

𝑙2
∑

𝑑𝑘1 ,𝑙1 𝑙1 !

𝑙1 =𝑄1 −𝑃1

𝑑𝑢 𝑐𝑚−𝑢 Ω𝑢3 𝛾 𝑚
Γ(𝑁1 𝑁4 + 𝑢)
exp(−𝑘1 𝑐𝛾)
Γ(𝑁1 𝑁4 ) (𝑘1 𝛾𝑑Ω3 + 1)𝑁1 𝑁4 +𝑢
(22)

𝐹𝛾2 (𝛾) = 1 − 𝐾2

∑

×

Utilizing [13, eq.(3.351.2)] to solve the integral of (20) and
(21), the closed-form expressions for the CDF of 𝛾1 and 𝛾2
are acquired as
𝑃1
∑

𝑘1 =1

0
(𝑄1 +𝑃1 −2𝑘1 )𝑘1

0

𝑙2
∑

𝐶𝑢𝑚

1

𝑙2 −𝑛+1
𝑛=0 𝑘2

𝑛!

𝑑𝑢

Γ(𝑁1 𝑁4 + 𝑢) Γ(𝑁2 𝑁4 + 𝑛)
Γ(𝑁1 𝑁4 )
Γ(𝑁2 𝑁4 )
1

𝛾 𝑚+𝑛− 2 exp(−(𝑘1 𝑐 + 𝑏)𝛾)
𝑑𝛾
(𝑘2 𝛾𝑒Ω4 + 1)𝑁2 𝑁4 +𝑛 (𝑘1 𝛾𝑑Ω3 + 1)𝑁1 𝑁4 +𝑢

(26)

Utilizing [13, eq.(3.351.2)] to calculate the first integral of
(26), and then applying the partial fraction in [13, eq.(3.326.2)]
to transform the expression in the second integral of (26) into
a tabulated form, we have
√
𝑃1 (𝑄1 +𝑃∑
1 −2𝑘1 )𝑘1
𝑎 𝑎 𝑏𝐾1 𝐾2 ∑
√
𝑃𝐸 = −
𝑑𝑘1 ,𝑙1 𝑙1 !
2
2 𝜋
𝑘1 =1

𝑙1
𝑃2
𝑚
∑
1 ∑ 𝑚 ∑
×
𝐶𝑢
𝑚! 𝑢=0
𝑚=0

∑

𝑘2 =1

𝑐𝑚−𝑢 𝑑𝑢 𝑒𝑛 Ω𝑢3 Ω𝑛4 Γ(𝑁1 𝑁4 + 𝑢) Γ(𝑁2 𝑁4 + 𝑛)
×
Γ(𝑁1 𝑁4 )
Γ(𝑁2 𝑁4 )
𝑘2𝑙2 −𝑛+1
𝑚+𝑛
exp(−𝑘1 𝑐𝛾)
𝛾
×
(24)
(𝑘2 𝛾𝑒Ω4 + 1)𝑁2 𝑁4 +𝑛 (𝑘1 𝛾𝑑Ω3 + 1)𝑁1 𝑁4 +𝑢

𝑙2 =𝑄2 −𝑃2

𝑑𝑘2 ,𝑙2 𝑙2 !

𝑙2
∑
𝑛=0

𝑐𝑚−𝑢
1
1
×
𝑛! 𝑘1𝑁1 𝑁4 +𝑢+𝑙1 −𝑚+1 𝑘2𝑁2 𝑁4 +𝑙2 +1 𝑒𝑁2 𝑁4 𝑑𝑁1 𝑁4
Γ(𝑁1 𝑁4 + 𝑢) Γ(𝑁2 𝑁4 + 𝑛)
1
× 𝑁1 𝑁4 𝑁2 𝑁4
Γ(𝑁1 𝑁4 )
Γ(𝑁2 𝑁4 )
Ω3
Ω4
∞
[𝑁2∑
∫ 𝑚+𝑛− 1
𝑁4 +𝑛
2 exp (−(𝑘 𝑐 + 𝑏)𝛾)
𝛾
1
×
𝜅𝑖
𝑑𝛾
(
)𝑖
1
𝑖=1
𝛾
+
0
𝑘 2 𝑒 Ω4
+

𝑁1∑
𝑁4 +𝑢
𝑗=1
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𝑙1 =𝑄1 −𝑃1

(𝑄2 +𝑃2 −2𝑘2 )𝑘2

∫∞

𝜃𝑗
0

1

𝛾 𝑚+𝑛− 2 exp (−(𝑘1 𝑐 + 𝑏)𝛾)
𝑑𝛾
(𝛾 + 𝑘1 𝑑1 Ω3 )𝑗

]
(27)

where 𝜅𝑖 , and 𝜃𝑗 are defined as
[(
)−(𝑁1 𝑁4 +𝑢) ]

𝑑𝑁2 𝑁4 +𝑛−𝑖 𝛾 + 𝑘1 𝑑1 Ω3


𝜅𝑖 =

𝑁
𝑁
+𝑛−𝑖
(𝑁2 𝑁4 + 𝑛 − 𝑖)! 𝑑𝛾 2 4
𝛾=−
𝑑𝑁1 𝑁4 +𝑢−𝑗
𝜃𝑗 =

[(

𝛾+

1
𝑘 2 𝑒 Ω4

)−(𝑁2 𝑁4 +𝑛) ]

(𝑁1 𝑁4 + 𝑢 − 𝑗)! 𝑑𝛾 𝑁1 𝑁4 +𝑢−𝑗

1
𝑘2 𝑒 Ω4

(28)






𝛾=− 𝑘

1
1 𝑑 Ω3

(29)

The integrals in (27) are solved by using [17, eq.(2.3 .6 .9)].
After some algebraic manipulations and re-arranging terms,
we finally obtain an expression for the SER as follows:
√
𝑙1
𝑃1 (𝑄1 +𝑃∑
1 −2𝑘1 )𝑘1
∑
∑
1
𝑎 𝑏
𝑎
𝑃𝐸 = − √ 𝐾1 𝐾2
𝑑𝑘1 ,𝑙1 𝑙1 !
2 2 𝜋
𝑚!
𝑚=0
𝑘1 =1

×
×
×

𝑚
∑

𝑃2 (𝑄2 +𝑃∑
2 −2𝑘2 )𝑘2
∑

𝑙2
∑

𝑙2 !
𝑁1 𝑁4 +𝑢+𝑙1 −𝑚+1
𝑢=0
𝑛=0 𝑛!𝑘1
𝑘2 =1
𝑙2 =𝑄2 −𝑃2
)
(
𝑐𝑚−𝑢 Γ(𝑁1 𝑁4 + 𝑢)Γ(𝑁2 𝑁4 + 𝑛)Γ 𝑚 + 𝑛 + 12
2 𝑁4 𝑁1 𝑁4
1 𝑁4
𝑘2𝑁2 𝑁4 +𝑙2 +1 𝑒𝑁2 𝑁4 Ω𝑁
𝑑
Ω𝑁
Γ(𝑁1 𝑁4 )Γ(𝑁2 𝑁4 )
4
3
𝐶𝑢𝑚

[𝑁2∑
𝑁4 +𝑛

𝜅𝑖

𝑖=1

+

𝑙1 =𝑄1 −𝑃1

𝑁1∑
𝑁4 +𝑢
𝑗=1

𝜃𝑗

𝑑𝑘2 ,𝑙2

(
𝑈 𝑚 + 𝑛 + 12 , 𝑚 + 𝑛 +

(
𝑈 𝑚

1
2

+ 1 − 𝑖, 𝑘𝑘21𝑒𝑐+𝑏
Ω4

)

𝑚+𝑛+ 12 −𝑖 𝑚+𝑛+ 1 −𝑖 𝑚+𝑛+ 12 −𝑖
2
𝑒
Ω4
)
1
1
]
+ 𝑛 + 2 , 𝑚 + 𝑛 + 2 + 1 − 𝑗, 𝑘𝑘11𝑑𝑐+𝑏
Ω3

𝑘2

𝑚+𝑛+ 12 −𝑗 𝑚+𝑛+ 1 −𝑗 𝑚+𝑛+ 12 −𝑗
2
𝑑
Ω3

𝑘1

(30)

Fig. 3. SER of Q-PSK for cognitive AF relay systems with MRT for various
transceiver antenna configurations.

cognitive AF relay network. In all scenarios, average channel
power gains of Rayleigh fading channels are selected as
Ω1 = 0.5, Ω2 = 0.7, Ω3 = 0.8, Ω4 = 0.6. First, we examine
the effect of the number of transceiver antennas on the system
by fixing the variance of CEE 𝜎 2 = 0.01 and the normalized
Doppler frequency 𝑓𝑑 𝜏 = 0.03 to scale the channel correlation
coefficient 𝜌 = 0.99. Furthermore, to demonstrate the impact
of CEE and FD on the considered system, we also illustrate the
OP and SER when fixing the number of transceiver antennas
while changing the level of channel estimation error and
feedback delay.
Fig. 2 and Fig. 3 depict the OP and SER versus average
SNR for various antenna configurations in three cases:
∙
∙
∙

Fig. 2. Outage probability for cognitive AF relay systems with MRT for
various transceiver antenna configurations.

IV. NUMERICAL RESULTS AND DISCUSSION
In this section, numerical results are presented for the OP
and SER of 𝑄-PSK for the examined MRT scheme in a

Case 1: (𝑁1 , 𝑁2 , 𝑁3 , 𝑁4 = 2, 2, 2, 2)
Case 2: (𝑁1 , 𝑁2 , 𝑁3 , 𝑁4 = 2, 3, 2, 3)
Case 3: (𝑁1 , 𝑁2 , 𝑁3 , 𝑁4 = 3, 3, 3, 3)

As can be seen from these figures, when the number of
transceiver antennas increases, the OP and SER of the considered system is improved significantly; which illustrates
the benefits of deploying MRT with multiple antennas in a
cognitive AF relay system.
Fig. 4 and Fig. 5 plot the OP and SER versus average SNR
for various levels of feedback delay and channel estimation
error. We consider four examples where the system is equipped
with 𝑁1 = 3 transmit antennas at the SUTX , 𝑁2 = 3 receive
antennas at the SUR , 𝑁3 = 3 receive antennas at the SURX ,
and 𝑁4 = 3 receive antennas at the PURX . In Case 4, the
system has imperfect CSI in both channel estimation error
𝜎 2 = 0.01 and feedback delay presented through the channel
correlation coefficient 𝜌 = 0.9 (corresponding to 𝑓𝑑 𝜏 = 0.1).
Case 5 has perfect channel estimation 𝜎 2 = 0 but having
feedback delay with 𝜌 = 0.9 or 𝑓𝑑 𝜏 = 0.1. Furthermore,
in Case 6, we illustrate the system performance for channel
estimation error 𝜎 2 = 0.5 and no feedback delay 𝜌 = 1.0.
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performance being remarkable in all SNR range.
V. C ONCLUSION
In this paper, we investigated the performance of an underlay cognitive AF relay system deploying MRT/MRC. More
specifically, we have derived closed-form expressions in terms
of tight upper bounds for OP and SER in i.i.d. Rayleigh fading
channels. Our analysis takes into account the impact of both
channel estimation error and feedback delay on the system.
The numerical results illustrate the influence of the number of
transceiver antennas and the effect of imperfect CSI including
channel estimation error and feedback delay on the considered
network.
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