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Assessment of dynamic characteristics of me-
chanical systems often relies on linear analysis 
methods. However, these are not capable of 
providing relevant information when the sys-
tems include significant nonlinearities. The aim 
of this thesis is to develop and validate new ef-
ficient analysis methods for the theoretical and 
experimental study of nonlinear mechanical sys-
tems under stochastic excitation, with emphasis 
on two specific problem areas; forced response 
computation and system identification from experi-
mental data. The purpose is to contribute to the 
development of analysis methods that can faci-
litate an efficient study of complex engineering 
systems and thereby support and enhance the 
product innovation process. Fundamental re-
search is therefore combined with participatory 
action-research in ongoing development of a 
new concept for wave energy extraction. Theo-
retical modelling, computer simulation and ex-
perimental investigation are combined to syste-
matically assess and improve the new methods. 
An essential strategy is to model the nonlinea-
rities as external forces acting on an underlying 
linear system so that established linear analysis 
techniques can, to a large extent, be utilized. The 
work focuses on mechanical systems that can be 
described as predominantly linear systems but 
with local significant nonlinear characteristics.

The developed simulation methods utilize di-
gital filters and modal superposition to describe 
the linear subpart which is then solved recur-
sively together with the counteracting non-

linear restoring forces in the system. The result 
is computationally efficient simulation routines 
suitable for performance predictions when the 
input excitation consists of long segments of 
discrete data representing a realization of the 
stochastic excitation of the system. The indu-
strial case-study has resulted in an efficient ana-
lysis procedure which is useful for assessing and 
dimensioning the wave energy converter based 
on site specific wave data. A significant part of 
the thesis is devoted to the verification and vali-
dation of a nonlinear system identification met-
hod that is capable of characterizing nonlinear 
mechanical systems under stochastic excitation. 
The identification method builds on multiple-
input/multiple-output techniques and uses the 
measured responses to create artificial inputs 
to the parameter estimation model. This makes 
it possible to separate the linear system from 
the nonlinear parameters. Extensive simulation 
and experimental investigation demonstrate the 
potential of this method for classification, spatial 
localization and parameter estimation of struc-
tural, zero-memory, nonlinearities.

In summary, this thesis presents new simu-
lation methods that enable extensive investi-
gations of non-linear systems together with 
strategies and procedures for experimental 
verification and validation. It provides a basis 
for more efficient product innovation as well 
as future research and development of analysis 
methods for mechanical systems with nonlinear 
characteristics.
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Abstract

Assessment of dynamic characteristics of mechanical systems often relies on
linear analysis methods. However, these are not capable of providing relevant
information when the systems include signi�cant nonlinearities. The aim of this
thesis is to develop and validate new e�cient analysis methods for the theoret-
ical and experimental study of nonlinear mechanical systems under stochastic
excitation, with emphasis on two speci�c problem areas; forced response com-
putation and system identi�cation from experimental data. The purpose is to
contribute to the development of analysis methods that can facilitate an e�-
cient study of complex engineering systems and thereby support and enhance
the product innovation process. Fundamental research is therefore combined
with participatory action-research in ongoing development of a new concept
for wave energy extraction. Theoretical modeling, computer simulation and
experimental investigation are combined to systematically assess and improve
the new methods. An essential strategy is to model the nonlinearities as ex-
ternal forces acting on an underlying linear system so that established linear
analysis techniques can, to a large extent, be utilized. The work focuses on
mechanical systems that can be described as predominantly linear systems but
with local signi�cant nonlinear characteristics.

The developed simulation methods utilize digital �lters and modal superpo-
sition to describe the linear subpart which is then solved recursively together
with the counteracting nonlinear restoring forces in the system. The result
is computationally e�cient simulation routines suitable for performance pre-
dictions when the input excitation consists of long segments of discrete data
representing a realization of the stochastic excitation of the system. The indus-
trial case-study has resulted in an e�cient analysis procedure which is useful
for assessing and dimensioning the wave energy converter based on site spe-
ci�c wave data. A signi�cant part of the thesis is devoted to the veri�cation
and validation of a nonlinear system identi�cation method that is capable of
characterizing nonlinear mechanical systems under stochastic excitation. The
identi�cation method builds on multiple-input/multiple-output techniques and
uses the measured responses to create arti�cial inputs to the parameter esti-
mation model. This makes it possible to separate the linear system from the
nonlinear parameters. Extensive simulation and experimental investigation
demonstrate the potential of this method for classi�cation, spatial localization
and parameter estimation of structural, zero-memory, nonlinearities.

In summary, this thesis presents new simulation methods that enable exten-
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sive investigations of non-linear systems together with strategies and procedures
for experimental veri�cation and validation. It provides a basis for more e�-
cient product innovation as well as future research and development of analysis
methods for mechanical systems with nonlinear characteristics.

Keywords: nonlinear structural dynamics, system identi�cation, simula-
tion, non-deterministic excitation, zero-memory nonlinear systems, wave power
engineering
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1 Introduction

An introduction to the research is presented together with the aim and scope
of the research, a description of the research methodology and the structure of
the thesis.

1.1 Background

The analysis of the dynamic behavior of mechanical systems often relies on
methods suitable for systems with linear characteristics. Linear theory provides
a condensed description of the mechanical system which in turn simpli�es both
computer-based calculations and experimental procedures.

In practice, engineering structures display a certain degree of nonlinearity,
often due to a combination of nonlinear material properties, geometric e�ects,
structural joints and nonlinear boundary conditions. Normally these e�ects
are neglected by a linearization in the intended working range. However, it be-
comes increasingly more important to take the nonlinear e�ects into account.
One reason is the ongoing ambition to expand the performance envelope of engi-
neering structures while reducing the weight. This often leads to lighter, more
�exible, structures where the nonlinear characteristics are more pronounced
[1, 2, 3].

In addition, the ongoing desire for more e�ective and e�cient product de-
velopment has resulted in a considerable shift toward more cost-e�cient virtual
prototyping (computer-aided design and simulation) which, in turn, leads to
higher demands on simulation models. Recent studies [4, 5, 6, 7, 8] indicate
that the full potential of simulation-driven design is best utilized when it is
combined with physical prototyping so that simulation models can contribute
to a more e�ective and e�cient prototype testing, which in turn can guide the
virtual prototyping and altogether lead to a more successful development.

An essential key to more qualitative experimental testing is the capability to
extract relevant information about the dynamic behavior and create condensed
structural models from experimental data. These experimental models can ei-
ther be used as a simulation tool to assess product behavior, or be utilized for
model updating and comparisons with virtual simulation models. Identi�ca-
tion of nonlinear characteristics at this stage can lead to improved simulation
models since measured data can be extrapolated outside the particular test
scenario with less uncertainty. Nonlinear systems also exhibit a very rich and
complex dynamic behavior which can then be further investigated with simula-
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tion models [9, 10, 11, 12]. Furthermore, since defects in structures and possible
faults introduced in the measurement chain often results in a departure from
linearity, an increased understanding of nonlinearity in structural dynamics can
contribute to better assessment and diagnosis of experimental data [13].

In general, the dynamic response of a nonlinear system is preferably charac-
terized under periodic, single-frequency, excitation. As a result, many existing
analysis techniques [13, 14] for nonlinear mechanical systems often build on
the assumption that the input excitation of the system is periodic and de-
terministic. This often results in highly ine�cient analysis procedures when
nonlinear mechanical systems under stochastic, non-deterministic, excitation
are studied. In addition, introductory studies in this research work [15, 16]
have indicated that it can be challenging to accomplish a proper periodic ex-
citation of a structure under test due to the interaction between the structure
and the test equipment.

1.2 Aim and Scope

The general aim of the research that this thesis presents is to gain a better
understanding of the dynamic behavior of mechanical systems with nonlinear
characteristics and contribute to the development and validation of methods
for the theoretical and experimental study of nonlinear mechanical systems.
The research is motivated by the overarching goal to create e�cient and e�ec-
tive analysis tools suitable for implementation into the product development
process.

The speci�c aim of this research address the development and validation
of simulation and system identi�cation methods for nonlinear mechanical sys-
tems subjected to stochastic dynamic excitation. In the present work, simu-
lation refers to the process of reproducing the dynamic characteristics when
the parameters that de�ne the system are given, while system identi�cation
deals with characterization of the underlying system based on input and out-
put quantities. Furthermore, the assumption of stochastic excitation means
that the mechanical system is driven by forces, or forced motions, that are
characterized by their statistical properties.

The mechanical systems considered in this work are seen as being predomi-
nantly linear systems but with local nonlinear properties which gives the overall
system a weak nonlinear behavior. In many practical applications it is often
reasonable to assume that the nonlinearities are local [17, 18, 14, 19, 20, 21] and
thus only a�ect a limited set of spatial coordinates. The concept of weak nonlin-
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earity lacks a distinct mathematical de�nition in the literature [14, 22, 23] but
strongly nonlinear systems may require an analysis strategy di�erent from what
is presented in this work. In this context, the assumption of weak nonlinearity
indicates that linear terminology still has some relevance when representing the
system but cannot completely describe the dynamic characteristics.

Aspects that are treated throughout this thesis include: (i) forced response
computation, (ii) detection and classi�cation of nonlinearity, (iii) spatial loca-
tion identi�cation of nonlinearity and (v) formulation of parameter estimation
models.

1.3 Research Design

The research methodology utilized in this thesis work builds on, and contributes
to, the coordinated approach, illustrated in Fig. 1, which has evolved through
several preceding studies [4, 5, 6, 7, 8].

CoordinationTheoretical
Modelling

Simulation

Experimental
Investigation

Optimization,
Model Updating

Figure 1: The coordinated approach. The purpose is to assess and improve
product properties and analysis procedures. This is achieved with intelligent
iteration between modeling, simulation and experimental work.

The central idea with the coordinated approach is to establish an appro-
priate balance between theoretical and experimental work already at an early
stage in the development, and take full advantage of cross-bene�ts between
early virtual modeling and experimentation to facilitate a successful develop-
ment [4, 5]. As such, it was found particularly suitable for guiding the research
work carried out in this thesis.

To secure industrial relevance, the research work has been carried out in
close collaboration with industrial partners. The presented research work has
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been founded by Sandvik Coromant, Faurecia Exhaust System AB, Axiom
EduTech and Ocean Harvesting Technologies. The research has been designed
so that the questions are addressed with a combination of fundamental research
work and action research in an ongoing product development process.

A part of the research work has been dealing with development of e�cient
simulation routines, as presented in paper C and [24], that can enable exten-
sive, computer-based, investigations based on theoretical models, experimental
models or a combinations between these. The simulation routines were then
utilized for the studies in papers B-C and papers E-F for designing physical
models prior to the experimental testing. In addition, simulation has played a
vital role for validation of analysis procedures prior to the experimental vali-
dation as demonstrated in papers B-E. In these studies, a simulation model is
used to generate input and output data which is then analyzed with a system
identi�cation algorithm, i.e. the inverse problem is considered. The main ad-
vantage is that the true underlying system is known beforehand, and external
disturbance can be arti�cially created and added to the simulated data in order
to evaluate the performance of the identi�cation algorithm.

From this perspective, the purpose with the experimental investigations
is to obtain further validation as well as providing a vital feedback to the
simulation procedures, since an experiment can lead to an enhanced theoretical
model of the studied system as well as further insight into possible external
disturbance that prevents an identi�cation of the system parameters. This
information can then be used to design enhanced simulations which can support
the development of improved identi�cation algorithms and, in turn, lead to
improved identi�cation and understanding of experimental systems.

1.4 Thesis Outline

This thesis is based on six studies as reported in papers A-F. This introductory
part gives a general background to the appended papers where fundamental
concepts, used throughout the thesis, are introduced and discussed together
with an overview of related research. Simulation methods and experimental
techniques are then described followed by a summary of appended papers and
concluding discussions.
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2 Nonlinear Mechanical Systems under Random

Excitation

A theoretical background to the present research work is presented and related
to previous research studies in this �eld.

2.1 Mathematical Description of Random Data

Random data is a term used for any type of time histories or signals that cannot
be described with an explicit mathematical formula since a chance mechanism
is working as the basic source. Instead, a given time history is seen as one
possible realization of a stochastic process and statistical averages are used
to describe the properties of the data. A statistical description of physical
quantities is frequently used in engineering because mechanical oscillations are
often produced by sources with a random behavior.

For a stationary, ergodic, process the statistical properties can be calculated
from either time averages or ensemble averages [25, 26]. The mean value for
an observed time-record, x(t), can then be expressed with the expected value
operator as

µx = E [x(t)] =

∫ ∞
−∞

x(t) · p(x)dx (1)

where p(x) denotes the amplitude probability density function (APDF) which
describes the statistical properties in amplitude domain by giving the relative
occurrence of amplitudes. The APDF does not provide any information on
the time-related characteristics, i.e. how an instantaneous value at a certain
time depends on an instantaneous value at some other point in time. These
properties are instead studied by calculating the product between the original
time record, x(t), and a time-shifted version of the time record, x(t+ τ). The
autocorrelation function is then de�ned as the mean value of this product, i.e.

Rxx(τ) = E [x(t) · x(t+ τ)] (2)

Hereafter, all time records are assumed to have a zero mean-value, µx = 0,
so that the autocorrelation function at zero time-shift equals the variance, i.e.
Rxx(0) = σ2

x. A description of the statistical properties in frequency domain is
then obtained by studying how the variance is distributed with frequency. A
power spectral density function (PSD) can be de�ned as the Fourier transform
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of the autocorrelation function [26] and the single-sided PSD can be written as

Gxx(f) = 2

∫ ∞
−∞

Rxx(τ) · e−j2πfτdτ , f > 0 (3)

where the area under the PSD over all frequencies gives the total variance of
the time record. The single-sided PSD can also be de�ned with a �nite Fourier
transform of the time record [13, 25, 26] as

Gxx(f) = lim
T→∞

2

T
E [X(f)X∗(f ]) , f > 0 (4)

whereX(f) is the Fourier transform of x(t) on the interval [0, T ] and superscript
∗ denotes the complex conjugate. This de�nition agrees better with how the
PSD is normally estimated in practice with Welch's method [27] where the
discrete Fourier transform (DFT) is applied on �nite, windowed, time segments.
Throughout this thesis the expression given in Eq. (4) will be used to denote
the theoretical spectral density function and the limit T →∞ will be omitted
hereafter.

2.2 Linear Systems versus Nonlinear Systems

A dynamic system has one or more time-varying inputs causing one or more
time-varying outputs. A system is said to be linear if it ful�lls the principle of
superposition which states that the system should be additive and homogeneous
[25, 22]. Combing these two criteria, a linear dynamic system must satisfy the
following condition

H {k1 · x1(t) + k2 · x2(t)} = k1 ·H {x1(t)}+ k2 ·H {x2(t)} (5)

where H {x(t)} denotes the response due to x(t) and k1 and k2 are constants.
Furthermore, if the parameters that describe H {.} are independent of time the
system is said to be a linear time invariant (LTI) system.

The analysis of LTI-systems has a wide range of applications and plays an
important role for the systems studied within the engineering �eld. Consider a
mechanical structure with P inputs and Q outputs. The inputs could, as an ex-
ample, represent the time histories of applied forces at certain points/directions,
and the outputs could represent time histories of the displacement measured
at a set of points/directions.
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[H(s)]

X1(s)

X2(s)

XP(s)

:

Y1(s)

Y2(s)

YQ(s)

:

Figure 2: A general linear, time invariant, system with P inputs and Q outputs.

Using the Laplace transform, the outputs can then be related to the inputs
with a transfer function matrix, [H(s)], as illustrated in Fig. 2, i.e. H11(s) · · · H1P (s)

...
. . .

...
HQ1(s) · · · HQP (s)




X1(s)
...

XP (s)

 =


Y1(s)
...

YQ(s)

 (6)

A general description of the transfer function matrix can be obtained by
using the theorem of partial fraction expansion which leads to the modal model
[13, 28], compactly written as

[H(s)] =

N∑
r=1

[Ar]

s− λr
+

[A∗r ]

s− λ∗r
(7)

where each element in the transfer matrix is split up into a sum of N modes.
Each mode is described with a residue matrix [Ar] and a pole λr. The residue
matrix contains the spatial information (mode shape vectors) and the poles
contain information about the resonance frequency and modal damping [26].
Modal Analysis, which constitutes a central �eld within structural dynamics,
is the study and estimation of these modal parameters.

The PSD for a single time history was de�ned with Eq. (4) and this can be
extended to the case with multiple inputs where the inputs {x1(t), x2(t), . . . xp(t)}
are random data. The auto-spectral density matrix is then de�ned as

[GXX(f)] = E




X1(f)
...

XP (f)




X1(f)
...

XP (f)


H
 (8)

where superscript {.}H denotes the hermitian transpose of a vector.
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For a LTI-system it is then possible to describe the statistical properties of
the responses in frequency domain by using the transfer function matrix. If
the frequency response (FRF) matrix, [H(f)], is de�ned as the transfer func-
tion matrix evaluated at s = j2πf , the auto-spectral density matrix for the
responses {y1(t), y2(t), . . . yq(t)} can be written as

[GY Y (f)] = [H(f)] · [GXX(f)] · [H(f)]
H

(9)

The diagonal elements in [GY Y (f)] gives the PSD for each response while
the non-diagonal elements are the cross-spectral density functions (CSD) be-
tween the responses. Similarly, the CSD matrix between the inputs and outputs
can be related to [GXX(f)] with

[GY X(f)] = [H(f)] · [GXX(f)] (10)

where [GY X(f)] is de�ned as

[GY X(f)] = E




Y1(f)
...

YQ(f)




X1(f)
...

XP (f)


H
 (11)

In the case where the inputs follow a normal distribution, the responses to
a LTI-system will follow a normal distribution as well [25]. As a result, for
zero-mean input data, the linear system will only a�ect the standard deviation
of each response and how the power is distributed over the frequency range.
Since this information is contained in the PSDs/CSDs, the calculations can be
carried out entirely in the frequency-domain as given by Eq. (9) and Eq. (10).

A system which does not ful�ll the properties given by Eq. (5) is de�ned as
a nonlinear system. In a case where the nonlinearity is signi�cant the Laplace
domain model in Eq. (6) will not be able to fully describe the dynamic be-
havior of the system. Instead, many of the system properties introduced with
linear theory (e.g. resonance frequency, FRF, mode shape) will appear as if
they were dependent on the characteristics of the excitation when applied to a
nonlinear system [14]. In some cases, the physical interpretation of these sys-
tem parameters may be lost, e.g. a linear FRF cannot explain the generation
of higher-order harmonics.

Consider a nonlinear dynamic system with responses {y(t)} due to ran-
dom inputs {x(t)}. If the outputs are stationary, one possible way to do a
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linearization of the system can be derived from Eq. (10) as[
Ĥ(f)

]
= [GY X(f)] · [GXX(f)]

−1
(12)

where the FRF matrix
[
Ĥ(f)

]
will become dependent on the excitation level.

An example for a single-input-single-output (SI/SO) system can be seen in Fig.
3. In this case, a mechanical system with a cubic hardening spring (Du�ng)
de�ned as

mÿ(t) + cẏ(t) + ky(t) + py3(t) = x(t) (13)

is excited with a normally distributed force input x(t). The raw, linearized,
FRF can be seen in Fig. 3 for three di�erent excitation levels.
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Figure 3: A du�ng oscillator is excited with a random force, bandpass �ltered
between 0-100 Hz. The raw, linearized, frequency response function is then
estimated for three di�erent excitation levels. Parameters: m=50 kg, c=300
Ns/m, k=1 · 106 N/m, p=1 · 1015 N/m3

As the force is increased, the resonance tends to shift upwards in frequency
i.e. the e�ective sti�ness of the system is increased. By comparing raw linear
FRFs for di�erent excitation levels it may be possible to detect the presence
of nonlinearity and, to some extent, classify what type of nonlinearity (e.g.
softening spring, hardening spring, nonlinear damping, stick-slip) that is sig-
ni�cant [14, 22, 29]. But the raw linear FRF in itself is unable to completely
describe the statistical properties of the response. In the example above, with a
hardening spring, the input excitation around the resonance generates response
at higher frequencies which can be seen when studying the PSD of the output
y(t) [30]. Furthermore, the APDF for the response will, in general, not be
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normally distributed even though the excitation is normally distributed [31].
This is illustrated in Fig. 4 using the system in Eq. (13). An estimate of the
APDF for y(t) is here compared with a theoretical normal distribution with
standard deviation σy.
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Figure 4: The estimated amplitude probability density function (APDF) for
the displacement of the du�ng oscillator when excited by a random force.

2.3 Characterization Methods

Traditionally, linearization techniques have often been used to characterize non-
linear mechanical systems [32, 14, 22, 33]. One example was illustrated with
the du�ng system in Eq. (13) and the linearized FRFs in Fig. 3 for white
excitation. One di�culty with doing a linearization of a general nonlinear sys-
tem is that the linearized FRF depends on how the power is distributed over
frequency. Hence, the FRFs in Fig. 3 may not be representative for a narrow-
band force excitation, or if the force excitation is of a di�erent signal type such
as transient or periodic.

For periodic excitation, the harmonic balance [34] or the multi-harmonic-
balance methods [35], generates an alternative FRF representation of a nonlin-
ear system, while a similar generalization of the FRFs for random excitation
is more challenging. The Volterra series [36, 30, 37] uses higher-order FRFs to
describe the input-output relationship for a generic nonlinear system. This has
been used to derive analytic approximations of the raw, linearized, FRFs (illus-
trated in Fig. 3) for the Du�ng oscillator [22]. The main drawback with the
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Volterra series is that it is a non-parametric, blackbox, model and the higher
order FRFs can be di�cult to interpret [30, 14].

The characterization techniques studied in this research work achieves an
FRF description of a zero-memory nonlinear system by adding supplementary
inputs based on an assumed model of the nonlinearity prior to the estimation
of the spectral matrices in Eq. (8) and Eq. (11). A least-square solution of
the FRF matrix for the modi�ed system is then used to identify the linear and
the nonlinear parameters. The assumption of zero-memory nonlinearity means
that the nonlinear restoring forces in the system can be written as a function
of instantaneous displacement, velocity and acceleration [30].

yp

Σ xq

-1
pqH

{ }ppp2 y,y,yg &&&

M

1p

2p

Np

{ }ppp1 y,y,yg &&&

{ }pppN y,y,yg &&&

Figure 5: A SI/SO case is transformed into a multiple-input/single-output
(MI/SO) identi�cation problem by adding supplementary inputs based on an
assumed model of the nonlinearity in the system.

The technique, as illustrated in Fig. 5, was �rst introduced by Bendat et
al. in [38] to model systems with square-law operations and was later used
by the same author for modeling and identifying wave forces based on Mor-
rison's model [39]. Rice et. al. [40] generalized the approach to arbitrary
nonlinear systems and later work [41, 30] expanded the methodology which
by then became known as the reverse-path method since the input and out-
put quantities were reversed. Although the methodology was from the begin-
ning applicable for multi-degree-of-freedom (MDOF) systems, Richards et. al.
[42, 43, 44, 45, 46] introduced an alternative approach, known as the conditioned
reverse-path method, to extract the underlying linear FRFs. In parallel, Adams
et. al. [18, 47, 17, 48] proposed the variant known as Nonlinear-Identi�cation-
Through-Feedback-of-Outputs (NIFO) which removed the original reversal of
input and outputs.
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3 Simulation & Measurement Techniques

An overview of the simulation methods and experimental techniques that have
been developed for veri�cation and validation of analysis methods in the present
research work is presented.

3.1 Forced Response Computation

Computation of the motion response (e.g. displacement, velocity, acceleration)
for a given dynamic input to a mechanical system is often referred to as force
response simulation [26]. When studying nonlinear mechanical systems under
random excitation, a direct time-domain solution of the governing equations
becomes a helpful tool for validation and evaluation of system identi�cation
methods or more approximate solution techniques.

The general approach for force response calculation is to use some method
for time integration such as Runge-Kutta [49], Newmarks method [50, 51], or
improved variants of these methods [49, 50], to solve a lumped parameter,
second-order, system given by

[M ] {ÿ(t)}+ [C] {ẏ(t)}+ [K] {y(t)}+ {g({ÿ} , {ẏ} , {y})} = {x(t)} (14)

The system matrices [M ], [C] and [K] denotes the mass, viscous damping
and sti�ness matrices, respectively, while {y(t)} is the displacement vector,
{x(t)} is the external load vector and {g(t)} describes the nonlinear restoring
forces in the system.

If the excitation of the system is random in nature, the external loads,
{x(t)}, may be seen as a realization of stochastic process and it is then necessary
to create time signals based on desired statistical properties. For the studies
carried out in Paper A, the FFT-algorithm [52] (Fast Fourier Transform) was
found to be an e�cient way to generate pseudo-random signals from a PSD
function. A random phase, with a uniform distribution in the interval {0, 2π},
is then added to each frequency component, followed by an inverse FFT to
obtain the time series.

The linear system in Eq. (14) is characterized with a lumped mass-damper-
sti�ness (MCK) model. As illustrated in Eq. (7), a very compact representation
of the linear system is achieved with the modal parameters, i.e. the residues
and the poles of the system. The strategy [53] utilized in this work is to
design digital �lters from the residues and poles and use modal superposition
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to obtain a robust and e�cient solution, in terms of numerical stability and
computational cost, of the underlying linear system.

In Eq. (7), a continuous-time system representation (Laplace) of the trans-
fer function matrix for a linear system was expressed with the residue matrix
and the poles. For an input force at DOF q and an output response at DOF p
the transfer function is given by

Hpq(s) =

N∑
r=1

Apqr
s− λr

+
A∗pqr
s− λ∗r

(15)

where Apqr is the residue for mode r. An in�nite impulse response (IIR) digital
�lter can be seen as a di�erence equation where the sampled output is written
as a weighted sum of previous input and output samples. For the system in
Eq. (15), the sampled response due to the input force xq [n] for mode r is then
written as

ypr [n] =

Nb∑
i=0

bpqri xq [n− i]−
Na∑
i=1

apqri ypr [n− i] (16)

where Na is the number of poles and Nb is the number of zeros for the �lter [8,
9]. Hence, each mode is represented with a digital �lter and the total response
at DOF p is obtained by a summation over N modes as

yp [n] =

N∑
r=1

ypr [n] (17)

Each mode in Eq. (15) can be seen as an analog �lter and a transformation
technique is needed in order to obtain a discrete time �lter, as in Eq. (16), by
using a suitable design method (e.g. impulse invariant, step invariant, ramp
invariant, bilinear transformation) [52, 54, 55]. For the present research work,
the ramp-invariant transformation was selected since it gives a suitable com-
promise between the aliasing error and the bias error that are introduced by
the interpolation between samples in the input [53, 13].

The example in Eq. (15)-Eq. (17) illustrated the case with a single-input
force to a linear system which is, with superposition, straightforward to extend
to the multiple-input case in Fig. 2. The general linear case with P inputs, Q
outputs and N modes is then represented with PxQxN parallel �lter sets.

The methodology used for incorporating the nonlinearities is demonstrated
next. For a nonlinearity connected between ground and DOF p, Eq. (16) is
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modi�ed to

ypr [n] =

Nb∑
i=0

bpqri (xq [n− i]− g [n− i])−
Na∑
i=1

apqri ypr [n− i] (18)

Hence, the nonlinear restoring force, g [n], is seen as an external force acting
on an underlying linear system. With g [n] being a function of the total response
yp [n], it is necessary to solve a nonlinear equation at each time step. Eq. (18)
can be written more compactly as

ypr [n] = Qr − bpqr0 g [n] (19)

where the term Qr is a function of the �lter coe�cients, the external force and
the history of the nonlinear force and the modal response. After a summation
over all modes with Eq. (17), the total response at DOF p can be written as

yp [n] =

N∑
r=1

Qr − g [n]
N∑
r=1

bpqr0 (20)

Eq. (20) is written in compact form as

yp [n] + g [n] ·Bn −An = 0 (21)

where the terms An and Bn only depends on the external force and the history
of the response and the nonlinear restoring force. Eq. (21) then reduces the
problem to a relatively simple equation that must be solved at each time step.
Once a solution is found for yp [n], the terms An and Bn are updated and n is
incremented to the next time step.

When the nonlinear restoring force is determined, linear �ltering can be
used to obtain the responses at other DOFs in the system. Hence, for the
general problem in Eq. (14), it is only necessary to consider the responses that
are explicitly included in the nonlinear terms {g(t)} when solving the equations
at each time step. Once {g(t)} is known the problem is reduced to a linear
MI/MO case which is solved with linear �ltering for the remaining responses.

Based on the methodology described above, and schematically illustrated in
Fig. 6, simulation routines have been realized with in-house MATLAB@ code.
One bene�t with this approach is the ability to e�ortlessly exclude individual
linear modes if needed. In addition, several di�erent types of models can be
easily combined when the simulation routines are based on digital �lters. Apart
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Figure 6: Illustration of the methodology that is used for forced response com-
putations. The linear subpart can be characterized by its residues and poles
which may come from di�erent types of models or from experiments. The
residues and poles then de�ne the corresponding �lters.

from lumped-parameter MCK-systems, other common ways to represent linear
mechanical systems include Finite Element Models (FEM), analytic continu-
ous models such as Euler-Bernoulli's beam theory [50] or experimental modal
models [28]. All of them can provide quantitative information about the modal
parameters, i.e. poles and residues of the system, which is then used to de�ne
the corresponding �lters.
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3.2 Experimental Testing

The nonlinear characteristics of three experimental systems are studied in paper
B-C and paper E-F. The nonlinearity is introduced with thin beams to create
a stress-sti�ening e�ect [56, 1] at larger displacements. The aim with each
experimental system is to design a predominantly linear system containing a
local hardening-spring nonlinearity. The systems are excited with a random
force by using electro-dynamic shakers and the responses are measured with
piezoelectric accelerometers.

Figure 7: Example of a testrig that have been used for experimental validation.

The experimental data is analyzed with both classic linear techniques as well
as the nonlinear identi�cation method discussed in Section 2.3. In general, the
following questions are pursued when interpreting the analysis result: a) Does
the experimental system exhibit any signi�cant nonlinear dynamic behavior?
b) Can the nonlinear dynamic behavior be explained with the assumed model
of the nonlinearity? and c) How well can the system identi�cation method
extract the linear and the nonlinear parameters?

The interaction between the shaker and the structure under test may in-
troduce some unwanted dynamics which can make it di�cult to actually excite
the nonlinearities in the system. A simpli�ed model of a grounded shaker inter-
acting with a structure is illustrated in Fig. 8. A model previously studied by
Maia et. al. [28] is here modi�ed by adding a cubic spring so that the structure
under test represents a du�ng system (as discussed in Section 2.2).

A simulation model of the system in Fig. 8 is created with parameters
(given in Fig. 8) selected so that the structure has a linear resonance at 20 Hz.
The system is then excited with a white random voltage signal. The structure
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Figure 8: A simpli�ed model of a shaker interacting with a nonlinear mechanical
structure (Du�ng).

displacement and the force acting on the structure is then determined and the
raw, linear, FRF is estimated.

The result is illustrated in the left graph in Fig. 9. A voltage signal with
0.1 VRMS resulted in an excitation force with 0.41 NRMS while a voltage signal
with 12 VRMS gave an excitation force with 49.5 NRMS . Both test scenarios
resulted in nearly identical FRFs, indicating that the system is linear. The
model in Eq. (13), without any shaker-interaction, is then excited with a white
random force with 0.41 NRMS and 49.5 NRMS , respectively, and the estimated
linear FRFs can be seen in the right graph in Fig. 9.

The example above illustrates how the structure-shaker interaction can
practically eliminate the nonlinear response of the structure, since the result-
ing force PSD in the structure-shaker model shows, so-called, force drop-outs
[28, 57, 58] close to the resonance frequency, as is illustrated in Fig. 10.

For the experimental investigations in paper B-C and paper E-F it was
necessary to compensate for force-dropouts in order to drive the structure into
its nonlinear regimes. This is achieved by designing voltage signals with more
power concentrated to the resonance regions. A linear estimate of the dynamics
between the applied voltage and the resulting force is then utilized to do an
initial linear compensation, followed by, if needed, a �ne-tuning of the voltage
PSD around the resonance region.

The experimental investigations that are related to the industrial case-study
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Figure 9: The left graph gives the estimated FRFs at two di�erent levels of
voltage excitation for the coupled shaker/structure model. The right graph gives
the estimated FRFs for a du�ng system using a force with the same RMS-value
as obtained in the coupled model.
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Figure 10: The estimated PSD for the resulting force at 12 VRMS illustrating
force drop-outs around the resonance.

on wave energy development include land-based testing and hydrodynamic
measurements on scale-models. The study carried out in paper A builds on
measurements [59] on a prototype of the studied wave energy converter as il-
lustrated in Fig. 11. The test rig consists of a main moving unit (converter)
which is lifted and lowered with two servo motors in order to simulate incom-
ing waves. A signi�cant nonlinearity is introduced due to the backstop clutches
that are used in the mechanical transmission [59]. For the dynamic system be-
tween the heave force acting on the converter and the resulting heave motion
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of the converter, the e�ective inertia and the e�ective damping is essentially
depending on the direction of movement i.e. if the converter is lifted or low-
ered. The study in paper A combines a simpli�ed model of this mechanical
transmission with a linear model of the wave-body interaction.

 

Figure 11: Illustration of a land-based prototype of a wave-energy converter
which was studied in [59].
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4 Summary of Papers

A summary of the appended papers, and how these studies are related to
each other, is presented. The industrial case-study is �rst treated in paper
A where a new concept to harvest energy from ocean waves is investigated
with combined theoretical modeling, experimental investigation and simulation.
The fundamental research questions related to simulation and identi�cation of
nonlinear mechanical systems under random excitation are then addressed in
Paper B to Paper F.

Paper A

An introductory study on a new concept for wave energy extraction is pre-
sented. The mechanical transmission was previously studied in [59] and the
aim with this work is to include the wave-body interaction. A mathematical
model describing the vertical dynamics of the studied wave energy converter
is presented where linear theory is used to model the wave-body interaction
and a nonlinear rigid-body model describes the power take-o� system. Ex-
perimental data from a scale-model test is utilized to validate and update the
linear hydrodynamic model. A simulation study is then carried out in order to
investigate the performance characteristics of the coupled hydrodynamic and
mechanical system. An e�cient time-domain algorithm is developed in order
to simulate the discontinuous nonlinear characteristics of the combined system
in non-deterministic wave situations. The simulation result provides a predic-
tion of the absorbed power and capture ratio which can be used to evaluate
the performance in di�erent wave situations. The developed analysis procedure
demonstrates its capability to produce computationally e�cient performance
predictions suitable for design evaluation and optimization.

Paper B

A system identi�cation method that can be suitable for identifying linear and
nonlinear parameters from stochastic data is investigated. The methodology
is demonstrated with a theoretical model and di�erent ways to formulate a
parameter estimation model is illustrated. The methodology requires some
initial knowledge about the nonlinearity, such as the physical location and the
type of nonlinearity present. A strategy is proposed to identify the nonlinear
nodes and the type of nonlinearity that is present in the system. A validation
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with a simulation model indicate that this approach can be useful. Finally,
an experimental system with a hardening-spring nonlinearity is studied. The
analysis of the experimental data indicates that the estimate of the underlying
linear system around the resonance is very sensitive to how the parameter
estimation model is formulated. In general, the experimental result shows that
the analysis is signi�cantly improved when using the nonlinear identi�cation
method compared to traditional linear techniques.

Paper C

The simulation technique that has been utilized in this research work is pre-
sented, and the study on the system identi�cation method is continued by
extending both the theoretical and the experimental investigations. A simula-
tion model of a beam system with two local nonlinearities is �rst studied with
the identi�cation method with a successful result. An experimental system
that consists of a T-beam structure with a local hardening-spring nonlinearity
is then examined. Following the experimental study in paper B, the aim in
this work was to design an experimental system with two, relatively closely-
spaced, linear resonances which are both a�ected by a local nonlinearity. The
analysis results indicate that this was accomplished since the coherence and
the estimate of the underlying linear system is signi�cantly improved, around
both resonances, when taking the nonlinearity into account in the parameter
estimation model. As with the analysis results in paper B, a very poor esti-
mate of the linear system at the resonance is obtained when the parameter
estimation model is formulated so that the contaminating noise on the linear
response channel is minimized (NIFO) while the original reverse-path formula-
tion gave a better result. Finally, the estimated nonlinearity is veri�ed with a
static measurement and a very good agreement is found.

Paper D

The results from the studies in paper B and paper C initiated an investigation
on the performance of di�erent estimators for frequency response functions
(FRFs). A part of the investigations focused on the windowing of the data
(leakage) since this is one source that contributes to both bias and random
errors when estimating the underlying linear system and the nonlinear coe�-
cients. In this study, a SI/SO case is considered and a new analysis method
is proposed which is able to determine the relative bias error at the resonance
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frequency, for di�erent window functions, within a high accuracy. The method
is based on using a sum of real exponentials to describe the window's deter-
ministic autocorrelation function. The H1- and the H2-formulation are studied
and simple theoretical expressions are derived for two di�erent window func-
tions. The excellent agreement between the theoretical expressions and the
exact numerical result is demonstrated.

Paper E

A strategy to identify the spatial location of the nonlinearity was previously
investigated with a simulation model for the study in paper B. The aim with this
study is to further extend and validate this approach. A theoretical formulation
of the methodology is presented and tested on a simulation model of a system
with two local nonlinear elements. The �ctive underlying linear system in the
simulation model is represented as a beam system with ten linear modes and
ten response DOFs. An experimental investigation is then carried out with an
experimental model similar to the one that was used for the study in paper
C. The obtained results indicate that the presented approach works well for
identifying the spatial location of local nonlinearities.

Paper F

Building on previous studies in paper B and paper C, where structures with a
grounded nonlinearity were examined, the main purpose with this study is to
validate the system identi�cation method when it is applied to a mechanical
structure with a nonlinearity that depends on the relative motion between two
degrees-of-freedom. In addition, the aim with this study was to design an ex-
perimental system where the driving-point data could be estimated away from
excitation point by using the knowledge about the nonlinearity in the system.
The studied experimental system consist of two cantilever beams which are con-
nected with a thin beam element. Analysis result for the experimental system
show that a signi�cant improvement is achieved when taking the nonlinearity
into account which indicate that the assumed model of the system has some
relevance. For the studied system is was also possible to obtain an estimate of
the driving-point frequency-response-function away from the excitation point
which agreed well with the result obtained from a modal curve�t. The result
is validated by performing an experiment at low force amplitude to obtain an
estimate of the underlying linear system.
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5 Concluding Discussion

The work presented in this thesis has been focused on development and val-
idation of methods for simulation and identi�cation of nonlinear mechanical
systems when the input excitation is stochastic. This research question has
evolved through a collaborative work with industrial partners and, in partic-
ularly, through action-research in ongoing development of a new concept for
wave energy extraction. In practice, the combination between nonlinear system
characteristics and stochastic excitation may be either intentional, in order to
realize a broad-band excitation of the system for a more e�cient characteri-
zation, or unavoidable when the system is being characterized under environ-
mental loads, such as wave excitation.

A fundamental strategy in this thesis has been to design simulation and
identi�cation methods that build on, and take advantage of, already estab-
lished, and well tested, linear techniques. Both the method for forced response
computation and for system identi�cation models the nonlinearities as exter-
nal forces acting on an underlying linear system. The forced response calcula-
tions build on linear methods such as digital �ltering and modal superposition
while the system identi�cation method utilize classic techniques for estimating
spectral densities and linear multiple-input/single-output techniques for FRF
estimation.

The combination between nonlinear system characteristics and stochastic
excitation leads to higher demands on simulation routines because a large
amount of data is often needed in order to obtain an accurate estimate of the
statistical properties of the forces/motions that the system produces. One rea-
son is that nonlinearities often generate responses at higher frequencies, which
make it necessary to perform the numerical simulation with a very �ne time
resolution. In addition, if the simulated data is used to do a linearization of the
system, the nonlinearities will contribute to an increased variance in the esti-
mated quantities which calls for more averaging, and hence, a larger amount of
data, to obtain accurate estimates. This thesis has resulted in computationally
e�cient simulation routines which makes extensive investigations of systems
with nonlinear characteristic possible.

The simulation routines have enabled direct simulation support to the devel-
opment of a new concept for wave energy extraction. In a development process
like the one studied in this work, critical design parameters needs to be selected
already at an early phase in the development, where full-scale experiments with
sea prototypes is not feasible due to the cost and complexity involved with each
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test. The presented analysis procedure, where theoretical modeling, simpli�ed
scale-testing and numerical simulation is combined, enables a resource-e�cient
assessment and dimensioning based on site speci�c wave data which can guide
the development towards an optimized design of the wave energy converter.

For the system identi�cation method, the procedure to synthesize supple-
mentary inputs from measured responses forms an attractive methodology for
identifying linear and nonlinear characteristics since a least-square solution is
obtained based on smoothed spectral data. Furthermore, an FRF description
of the underlying linear system is utilized which makes it possible to use modal
analysis techniques to extract the linear parameters. The simulation and ex-
perimental investigation carried out in this thesis demonstrate the potential of
this method for classi�cation, spatial localization and parameter estimation of
structural, zero-memory, nonlinearities. A recommendation for future research
work is to study how the parameter estimation models can best be formulated
when contaminating noise and the segmentation of the data is taken into ac-
count. In practice, when estimating the spectral densities and the FRFs, it is
necessary to �nd a compromise between the length of each data window, the
number of averages as well as the number of additional inputs that are created.
The latter may lead to an undesirable simpli�cation of the nonlinear model
for the system. Furthermore, the discrepancy between the reverse-path formu-
lation and nonlinear-identi�cation-through-feedback-outputs indicates that the
presence of contaminating noise has a signi�cant e�ect on the result which
suggest that there is potential for future improvements. A comprehensive com-
parison between di�erent estimators needs to consider both the systematic and
random errors that are introduced due to the segmentation of the data as well
as the systematic and random errors that are introduced due to the contami-
nating noise and how these errors depends on the force excitation level.

An important question for future research is also the identi�cation of non-
linear damping in mechanical structures. The methods studied in this work
can, in theory, identify zero-memory damping nonlinearities from random data
and this needs to be experimentally validated in future research. Another, re-
lated problem, is how to identify nonlinearities with memory (such as stick-slip)
from random data.

26



A. Josefsson

References

[1] J. Ferreira, Dynamic Response Analysis of Structures with Nonlinear Com-
ponents. PhD thesis, Imperial College, London, 1998.

[2] L. Jezequel, New Advances in Modal Synthesis of Large Structures: Non-
linear Damped and Non-deterministic Cases. Proceedings of the Interna-
tional Conference MV2, �rst ed., 1997.

[3] D. Wagg and S. Neild, Nonlinear Vibration with Control: For Flexible and
Adaptive Structures. Canopus Academic Publishing, �rst ed., 2010.

[4] A. Jönsson, Lean Prototyping of multi-body and mechatronic systems. PhD
thesis, Blekinge Institute of Technology, 2004.

[5] J. Wall, Simulation-driven design of complex mechanical and mechatronic
systems. PhD thesis, Blekinge Institute of Technology, 2007.

[6] J. Fredin, Modelling, simulation and optimisation of a machine tool. Li-
centiate Thesis, Blekinge Institute of Technology, 2009.

[7] J. Wall, Dynamic study of an automobile exhaust system. Licentiate The-
sis, Blekinge Institute of Technology, 2003.

[8] T. Englund, Dynamic characteristics of automobile exhaust system com-
ponents. Licentiate Thesis, Blekinge Institute of Technology, 2003.

[9] R. C. Hilborn, Chaos and nonlinear dynamics. Oxford University press,
second ed., 2000.

[10] J. Awrejcewicz, Bifurcation and chaos in simple dynamical systems. Wold
Scienti�c, �rst ed., 1989.

[11] N. V. Lawrence, Introduction to experimental nonlinear dynamics. Cam-
bridge University press, �rst ed., 2000.

[12] S. H. B. Thompson, J.M.T., Nonlinear dynamics and chaos - geometrical
methods for engineers and scientists. Cambridge University press, �rst ed.,
1989.

[13] A. G. Piersol and T. L. Paez, Harris' Shock and Vibration Handbook. The
McGraw-Hill Companies, sixth ed., 2010.

27



A. Josefsson

[14] D. E. Adams and R. J. Allemang, �Survey of nonlinear detection and
identi�cation techniques for experimental vibrations,� in Proceedings of
the 23rd International Conference on Noise and Vibration Engineering,
ISMA, (Leuven, Belgium), pp. 517 � 529, 1998.

[15] A. Josefsson, M. Magnevall, and K. Ahlin, �Control algorithm for sine
excitation on nonlinear systems,� in Proceedings of the IMAC-XXIV, (St.
Louis, US), 2006.

[16] M. Magnevall, A. Josefsson, and K. Ahlin, �Experimental veri�cation of
a control algorithm for nonlinear systems,� in Proceedings of the IMAC-
XXIV, (St. Louis, US), 2006.

[17] D. Adams and R. Allemang, �Characterization of nonlinear vibrating sys-
tems using internal feedback and frequency response modulation,� Trans-
actions of the ASME. Journal of Vibration and Acoustics, vol. 121, no. 4,
pp. 495 � 500, 1999/10/.

[18] D. Adams and R. Allemang, �A new derivation of the frequency response
function matrix for vibrating non-linear systems,� Journal of Sound and
Vibration, vol. 227, no. 5, pp. 1083 � 108, 1999/11/11.

[19] R. M. Lin and D. J. Ewins, �Location of localised sti�ness non-linearity
using measured modal data,� Mechanical Systems and Signal Processing,
vol. 9, no. 3, pp. 329 � 339, 1995.

[20] I. Trenda�lova, V. Lenaerts, G. Kerschen, J.-C. Golinval, H. Van Brussel,
and W. Heylen, �Detection, localisation and identi�cation of nonlinearities
in structural dynamics,� Proceedings of the 25th International Conference
on Noise and Vibration Engineering, ISMA, pp. 453 � 460, 2000.

[21] T. Roscher, R. J. Allemang, and A. W. Phillips, �A new detection method
for structural non-linearities,� Proceedings of the 25th International Con-
ference on Noise and Vibration Engineering, ISMA, pp. 717 � 724, 2000.

[22] K. Worden and G. R. Tomlinsson, Nonlinearity in structural dynamics.
Institute of Physics Publishing, �rst ed., 2001.

[23] D. Fuellekrug, U. Goege, �Identi�cation of weak non-linearities within com-
plex aerospace structures,� Aerospace Science and Technology, no. 283,
2011.

28



A. Josefsson

[24] K. Ahlin, M. Magnevall, and A. Josefsson, �Simulation of forced response
in linear and nonlinear mechanical systems using digital �lters,� in Proceed-
ings of the International Conference on Noise and Vibration Engineering
(ISMA), (Leuven, Belgium), 2006.

[25] J. S. Bendat, Random data - analysis and measurement procedures. John
Wiley Sons, Inc., second ed., 1986.

[26] A. Brandt, Noise and Vibration Analysis - Signal Analysis and Experi-
mental Procedures. John Wiley Sons, Inc., �rst ed., 2011.

[27] P. Welch, �The use of fast fourier transform for the estimation of power
spectra: A method based on time averaging over short, modi�ed peri-
odograms,� Audio and Electroacoustics, IEEE Transactions, vol. 15, pp. 70
� 73, June 1967.

[28] M. M. M. Nuno and M. M. S. Julio, Theoretical and experimental modal
analysis. Research studies press Ltd., �rst ed., 1997.

[29] M. Magnevall, A. Josefsson, and K. Ahlin, �On nonlinear parameter es-
timation,� in Proceedings of the International Conference on Noise and
Vibration Engineering (ISMA), (Leuven, Belgium), 2006.

[30] J. S. Bendat, Nonlinear System Analysis and Identi�cation from Random
Data. John Wiley Sons, Inc., �rst ed., 1990.

[31] R. N. Iyengar and B. Basak, �Investigation of a non-linear system under
partially prescribed random excitation,� International Journal of Non-
linear Mechanics, vol. 40, no. 8, 2010.

[32] S. H. Crandall, �A half-century of stochastic equivalent linearization,�
Structural control and health monitoring, vol. 13, no. 1, 2006.

[33] S. H. Crandall, �On using non-gaussian distributions to perform statistical
linearization,� International Journal of Non-Linear Mechanics, vol. 39,
2004.

[34] R. L. Rongming, Identi�cation of The Dynamic Characteristic of nonlinear
structures. PhD thesis, Imperial College, London, 1990.

[35] M. Magnevall, Methods for simulation and characterization of nonlinear
mechancial structures. Licentiate Thesis, Blekinge Institute of Technology,
2008.

29



A. Josefsson

[36] M. Schetzen, The Volterra and Wiener Theories of Nonlinear Systems.
Krieger Publishing Company, 2006.

[37] K. Kerschen, K. Worden, F. V. Alexander, and J. Golinval, �Past, present
and future of nonlinear system identi�cation in structural dynamics,� Me-
chanical Systems and Signal Processing, vol. 20, pp. 505 � 592, 2005.

[38] J. Bendat and A. Piersol, �Spectral analysis of non-linear systems involving
square-law operations,� Journal of Sound and Vibration, vol. 81, no. 2,
1981.

[39] J. Bendat and A. Piersol, �Decomposition of wave forces into linear and
non-linear components,� Journal of Sound and Vibration, vol. 106, no. 3,
1986.

[40] H. J. Rice and J. A. Fitzpatrick, �A generalized technique for spectral
analysis of non-linear systems,� Mechanical Systems and Signal Processing,
vol. 2, no. 2, 1987.

[41] H. J. Rice and J. A. Fitzpatrick, �A procedure for the identi�cation of linear
and nonlinear mdof systems,� Journal of Sound and Vibration, vol. 149,
no. 3, 1991.

[42] C. Richards and R. Singh, �Identi�cation of multi-degree-of-freedom non-
linear systems under random excitation by the reverse-path spectral
method,� Journal of Sound and Vibration, vol. 213, no. 4, 1998.

[43] H. J. Rice and J. A. Fitzpatrick, �Comments on 'identi�cation of multi-
degree-of-freedom non-linear systems under random excitation by the
reverse-path spectral method',� Journal of Sound and Vibration, vol. 237,
no. 2, 2000.

[44] C. M. Richards and R. Singh, �Comparison of Two Non-Linear System
Identi�cation Approaches Derived from "Reverse Path� Spectral Analy-
sis,� Journal of Sound Vibration, vol. 237, pp. 361�376, Oct. 2000.

[45] L. Garibaldi, �Application of the conditioned reverse-path method,� Me-
chanical systems and Signal Processing, vol. 17, no. 1, 2003.

[46] S. Marchesiello, �Application of the conditioned reverse-path method,� Me-
chanical systems and Signal Processing, vol. 17, no. 1, 2003.

30



A. Josefsson

[47] D. Adams and R. Allemang, �A frequency domain method for estimating
the parameters of a non-linear structural dynamic model through feed-
back,� Mechanical systems and Signal Processing, vol. 14, no. 4, 2000.

[48] M. Haroon, D. E. Adams, Y. W. Luk, and A. A. Ferri, �A time and
frequency domain approach for identifying nonlinear mechanical system
models in the absence of an input measurement,� Journal of Sound and
Vibration, no. 283, 2005.

[49] G. James, Advanced modern engineering mathematics. Pearson Education
Limited, third ed., 2004.

[50] J. W. Tedesco, G. W. McDougal, and C. A. Ross, Structural dynamics -
theory and applications. Addison Wesley Longman, �rst ed., 1999.

[51] S. Y. Chang, �Studies of newmark method for solving nonlinear systems,�
Journal of the Chinese Institute of Engineers, vol. 27, no. 8, 2004.

[52] J. Proakis and G. M. Dimitris, Digital signal processing - principles, algo-
rithms and applications. Prentice-Hall, third ed., 1996.

[53] K. Ahlin, �Time history forced response in mechanical systems,� in Pro-
ceedings of SVIB AU1 Symposium, (Riksgränsen, Sweden), 2005.

[54] D. Schlichtharle, Digital �lters: basics and design. Springer-Verlag, sec-
ond ed., 2000.

[55] R. K. R. Yarlagadda, Analog and Digital Signals and Systems. Springer
New York Dordrecht, �rst ed., 2010.

[56] G. Kerschen, L. V., and J. Golinval, �Identi�cation of a continuous struc-
ture with a geometrical non-linearity. part i: Conditioned reverse path
method,� Journal of Sound and Vibration, vol. 262, 2003.

[57] P. S. Varoto and L. P. R. Oliveira, �On the force drop o� phenomenon
in shaker testing in experimental modal analysis,� Shock and Vibration,
vol. 9, no. 4, 2002.

[58] S. Ricci, B. Peeters, R. Fetter, D. Boland, and J. Debille, �Virtual shaker
testing for predicting and improving vibration test performance,� in Pro-
ceedings of the IMAC-XXVII conference, (Orlando, Florida), 2009.

31



A. Josefsson

[59] M. Sidenmark, A. Josefsson, A. Berghuvud, and G. Broman, �The ocean
harvester - modelling, simulation and experimental validation,� in Proceed-
ings of the 8th European Wave and Tidal Energy Conference, (Uppsala,
Sweden), 2009.

32



Paper A

Performance of a Wave Energy
Converter with Mechanical

Energy Smoothing

33



Paper A is published as:

Josefsson, A., Berghuvud, A., Ahlin, K. and Broman, G., Perfor-
mance of a Wave Energy Converter with Mechanical Energy Smooth-
ing, Proceedings of the 9th European Wave and Tidal Energy Con-
ference, Southampton, UK, 2011

34



Performance of a Wave Energy Converter with

Mechanical Energy Smoothing

Andreas Josefsson, Ansel Berghuvud, Kjell Ahlin, Göran Broman

Abstract

A wave energy converter which uses a power balancing mechanism
for turning intermittent and irregular wave motion input to smoothed
continuous electrical power output is studied by combined scale-model
testing and numerical simulation. The studied concept consists of a
moored �oating device together with a moving mass which is used to
store instantaneous incoming power and deliver a controllable load to an
electric generator over a unidirectional rotating shaft. A mathematical
model describing the vertical dynamics of the wave energy converter is
presented. The wave-body interaction is modelled with linear potential
theory and a nonlinear rigid-body model describes the power take-o�
system. Experimental data from a scale-model test is utilized to validate
and update the linear hydrodynamic model. A simulation study is then
carried out in order to investigate the performance characteristics of the
coupled hydrodynamic and mechanical system. An e�cient time-domain
algorithm is developed in order to simulate the discontinuous nonlinear
characteristics of the combined system in non-deterministic wave situa-
tions. The simulation result provides a prediction of the absorbed power
and capture ratio which can be used to evaluate the performance in dif-
ferent wave situations. The developed analysis procedure demonstrates
its capability to produce computationally e�cient performance predic-
tions suitable for design evaluation and optimisation.

Keywords: wave energy converter, energy smoothing, nonlinear, hy-
drodynamics, numerical study
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1 Introduction

Growing demands on clean and renewable energy that can replace fossil fuels
in combination with a large potential for ocean energy has lead to an increased
activity in the o�shore energy sector. A large variety of concepts for wave
energy extraction are currently being developed and as a result there is a need
for e�cient engineering tools that can both enhance the product development
and assess di�erent concepts. Development of new wave power technology
cannot depend entirely on investigations with physical prototypes due to the
cost and complexity of testing in a real sea environment. Theoretical modelling
and simulation therefore plays a vital role in order to create more resource
e�cient and successful development.

Designing simulation models that can represent the conversion of wave en-
ergy into electrical energy within a reasonable accuracy and to a satisfactory
computational e�ciency is however a challenging task due to the many physical
subsystems that are interacting with each other.

In many situations, a frequency-domain representation of the wave-body
interaction is utilized [1, 2] while the sea environment is de�ned by spectral
density functions [3] describing the frequency content of the incident wave el-
evation. In linear modelling it is then straightforward to predict the dynamic
behavior by using analytic frequency-domain calculations. However, nonlin-
ear problems are often encountered [2, 4, 5] which complicates the matter.
Frequency-domain algorithms for predicting the nonlinear response to periodic
excitation are well developed while the case with stochastic excitation is more
challenging. As a result, a direct time-domain solution [4, 6] of the governing
equations is often needed in order to take the non-deterministic nature of real-
istic ocean waves in combinations with nonlinear characteristics into account.
It is then necessary to generate time histories of the incident wave elevation
from the spectral density functions and design a time-domain algorithm that
can realize the frequency-domain representation of the wave-body interaction.
The latter often results in an undesirable simpli�cation of the dynamic char-
acteristics which is motivated by the need for a more computationally e�cient
algorithm [6].

This paper presents a study on a new concept for wave energy extraction,
known as the The Ocean Harvester. This concept was previously introduced in
[7] where the mechanical transmission system was evaluated with experimental
testing and numerical simulation. The present study builds on the previous
work and extends the analysis by including the wave-body interaction. The
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conceptual design of the system is illustrated in Fig. 1 and is summarized next
(see [7] for a more thorough description).

Two drums, a planetary gear and a generator are built into a buoy. In
general, a basic planetary gear system consists of three components; a sun
gear, a carrier and a ring gear. For this system, the anchor drum feeds a
driveshaft, which is rigidly �xed to the planet carrier. Hence, the carrier will
rotate as the buoy is lifting. As the buoy moves downwards, the planet carrier
is �xed and disengaged from the anchor drum. Furthermore, a counterweight
produces a load over a drum which is rigidly connected to the ring gear. A
generator is then �xed to the sun gear as illustrated in Fig. 1. This mechanism
enables a maintained load over the generator nearly independently of the buoy
motion. The counterweight acts as a mechanical accumulator and by tuning

 

Figure 1: The conceptual design of the Ocean Harvester includes an anchor
drum connected with two backstop clutches to the carrier in a planetary gearbox.
The generator is then connected to the sun gear and a counterweight provides a
nearly constant load to the ring gear.

the characteristics of the generator, the falling speed of the counterweight can
be controlled in order to match the power produced over the generator with
the average level of absorbed wave energy.

A nonlinear rigid-body model of the mechanical transmission was previously
developed and validated with a land-based testrig [7]. The excitation of the
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system was then de�ned with a forced translational motion of the buoy whereas
the present study includes the dynamic interaction between the wave and the
buoy. The analysis procedure presented in this work deals with the theoret-
ical modelling of the assembled system and the design of a simulation model
that can replicate both the hydrodynamic characteristics of the buoy and the
nonlinear characteristics of the transmission system in non-deterministic wave
situations.

The theoretical model developed in this work considers the vertical dynam-
ics of the wave energy converter and utilize linear potential theory to model
the hydrodynamic interaction. Experimental data from a scale-model test is
then used to validate the hydrodynamic model and identify the characteristics
for the buoy. A simulation study is then carried out in order to investigate
the performance characteristics of the coupled hydrodynamic and mechanical
system.

2 Theoretical Modelling

The model of the vertical dynamics of the Ocean Harvester system consists
of a rigid �oating buoy, a submerged counterweight and a planetary gear as
illustrated in Fig. 2. The incident (undisturbed) wave motion is given in the
time-domain by ϕ(t) while x1(t) and x2(t) denotes the vertical heave motion of
the buoy and the counterweight, respectively. m1 is the structural buoy mass
while m2 is the structural counterweight mass. The planetary gear is built
into the buoy and the gear motion is described with ωS(t), ωC(t) and ωR(t),
denoting the rotational speed of the sun gear, the carrier and the ring gear,
respectively.

Three heave force components which acts on the buoy are introduced in Fig.
2, denoted by f(t), fR(t) and fT (t). Here, f(t) is the excitation heave force
acting on the buoy due to incident waves while fR(t) is a reaction force due to
the waves generated by the buoy. Furthermore, fT (t) is a reaction force from
the mooring line which in turn depends on the motion in the planetary gear
and the counterweight movement, x2(t). Assuming that the system illustrated
in Fig. 2 is constrained to heave motion only, the force equilibrium for the
buoy is written as

mẍ1(t) + kx1(t) + fR(t) + fT (t) + fC(t) = f(t) (1)

where m represents the total mass (to be de�ned later), k is the hydrostatic
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Figure 2: Illustration of the theoretical model developed to study the vertical
heave motion of the wave energy converter. Here, x1(t) denotes the translational
motion of the buoy while x2(t) is the vertical position of the counterweight.

sti�ness and fC(t) is a reaction force from the counterweight.

The hydrodynamic forces, f and fR, are �rst examined. These forces are
produced by a combination of pressure and drag forces. In general, the char-
acteristic length of the buoy, L, in relation to the wavelength of the incident
wave, λ, determines the relative importance of either drag or pressure forces.
If the ratio L/λ is large the body will have a signi�cant impact on the wave
�eld and di�raction theory [1] is used to determine the forces. The latter ap-
proach is often utilized to evaluate the dynamic behaviour of larger o�shore
structures and in particular wave energy absorbing devices. Furthermore, due
to the complexity of the problem, it is common to neglect or simplify real �uid
e�ects such as viscosity and �ow separation.

In linear potential theory [1, 2] the Navier-Stokes equation is linearized by
assuming an incompressible �uid, irrotational �ow and simpli�ed boundary
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conditions valid for small body motion. The reaction force on the body due to
radiated waves is then modelled as an added impedance. Introducing FR(ω)
and V1(ω) as the Fourier transforms of the radiation force and the buoy heave
velocity, respectively, it is assumed that

FR(ω) = V1(ω) · ZR(ω) (2)

where ZR(ω) is de�ned as the radiation impedance generally written as

ZR(ω) = CA(ω) + jωMA(ω) (3)

with j =
√
−1 and ω as the angular frequency in rad/s. The real part of

the radiation impedance, CA(ω), is often referred to as the added damping
coe�cients while the imaginary part is related to the added mass coe�cients,
MA(ω). In general, these quantities are frequency dependent and determined
from the geometry of the �oating body and �uid boundaries such as the water
depth. The added mass will increase the inertia of the system since it is neces-
sary to accelerate the surrounding �uid as well as the structural mass. It can
be shown [2] that the body cannot generate free-surface waves as ω →∞. As a
result, the added damping goes to zero for high frequencies i.e. no energy can
be radiated from the body. The added mass, however, tends to a �nite value
for high-frequencies. We can rede�ne the added impedance as

Z(ω) = ZR(ω)− jωm∞1 (4)

where m∞1 denotes the added mass at in�nite frequency. A frequency domain
representation of Eq. (1) can then be expressed as

(ZM (ω) + Z(ω))V1 + FT + FC = F (5)

Here, ZM (ω) is a mechanical impedance de�ned as

ZM (ω) = j (ωm− k/ω) (6)

where the total mass includes the high-frequency limit of the added mass, i.e.
m = m1 +m∞1 .

In Eq. (5), F denotes the Fourier transform of the external excitation force
due to incident waves. In linear potential theory, a frequency response function
B(ω) is de�ned which relates the Fourier transform of the incident waves, Ψ(ω),
to the excitation force as

F (ω) = Ψ(ω) ·B(ω) (7)

40



Performance of a Wave Energy Converter with Mech. Energy Smoothing

As with the radiation impedance, the force coe�cients B(ω) depend on the
body geometry and �uid boundaries. For very low frequencies, the magnitude
of the heave force coe�cients will tend to the buoyancy sti�ness, |B(ω)| = k,
as given by Archimedes' principle, while for very high-frequencies it tends to
zero [1].

Combing Eq. (5) and Eq. (7) gives a frequency-domain representation of
Eq. (1) as

(ZM (ω) + Z(ω))V1 + FT + FC = Ψ(ω) ·B(ω) (8)

In Eq. (8), FT and FC denotes the Fourier transform of the transmission
force and the counterweight force, respectively, which are studied next.

Assuming ideal, rigid, mooring lines the buoy cannot lift without rotating
the carrier. As the buoy move downwards the carrier is �xed and fT (t) = 0.
Hence, fT (t) has a nonlinear relationship with the heave motion of the buoy.

Returning to Fig. 2, the following two kinematic constraints are de�ned

ωS(t) = RωR(t) + (1−R)ωC(t) (9)

ẋ2(t) = ẋ1(t) + rLωR(t) (10)

where R is the gear ratio for the planetary gear and rL is the radius of the
ring gear. Eq. (9) gives the velocity ratio in an ideal planetary gear [8] while
Eq. (10) assumes ideal mooring lines. The latter means that the instantaneous
velocity of the counterweight can be written as the sum of the buoy velocity and
the tangential speed of the ring gear. The relationship between the rotational
speed of the carrier and the buoy velocity is modelled as

ωC(t) = θ (ẋ1(t)) · ẋ1(t)/rA (11)

where θ(.) denotes the unit step function and rA is the radius of the anchor
drum. This kinematic constraint ensures that the carrier rotates forward when
the buoy lifts (ẋ1 positive), otherwise the carrier is �xed (ẋ1 negative).

The torque relationships for an ideal planetary gear can be written as [8, 9]

MC(t) = (R− 1)MS(t) =
1−R
R

MR(t) (12)

In Eq. (12), the torque acting over the carrier, the sun gear and the ring gear
are denoted by MC , MS and MR, respectively.

The structural mass of the counterweight is given by m2. For a body oscil-
lating in an in�nite �uid, the added damping will be zero while the added mass

41



Paper A

is constant [2]. It is here assumed that the distance between the free surface
and the counterweight is large enough so that this approximation holds. De�n-
ing m∞2 as the added hydrodynamic mass and me

2 as the e�ective mass of the
counterweight in water, moment equilibrium for the ring gear can be written
as (omitting the dependence on time)

R(ωSCS + ω̇SIS) + fCrL = −me
2grL (13)

In Eq. (13), (ωSCS+ω̇SIS) is the counter-acting torque from the sun gear while
me

2grL is the static moment produced by the counterweight. CS is a viscous
rotational damping coe�cient which represents the electric generator, IS is the
e�ective inertia at the sun gear and fC(t) = (m2 +m∞2 )ẍ2. The planetary gear
ratio, R, in Eq. (13) comes from the relationship between the torque at the
sun gear and the torque at ring gear as given by Eq. (12).

By combing Eq. (13) with Eq. (9)-(10) we can eliminate ωS and ωR and
write

(m2 +m∞2 +α1IS)ẍ2 +α1CS ẋ2 = −me
2g+α1(ẍ1IS + ẋ1CS)−α2(ωCCS + ω̇CIS)

(14)
with the constants α1 = (R/rL)2 and α2 = R(1−R)/rL.

It then remains to determine the reaction force fT (t). As the buoy lifts, a
counteracting torque from the carrier is created since it is necessary to overcome
the static load on the carrier and accelerate the counterweight. By using the
torque relationships as given in Eq. (12), the reaction force on the buoy can
be written as

fT (t) = α3(me
2g + (m2 +m∞2 )ẍ2) · θ(ẋ1) (15)

with the constant de�ned as α3 = −(rL/rA)(1−R)/R.
Due to the assumed geometrical constraints, the system illustrated in Fig.

2 has two degrees of freedom, x1(t) and x2(t). Eq. (14) can be seen as a
�rst-order, linear, di�erential equation where the input load has a nonlinear
dependence on ẋ1 as given by Eq. (11). Hence, the dynamic response can be
determined by solving Eq. (1) together with Eq. (14).

The hydrostatic sti�ness, k, is given by k = ρgA where ρ is the water
density, g is the gravity and A is the water plane area of the buoy.

The radiation impedance and the force coe�cients, as de�ned in Eq. (3)
and Eq. (7), can be found experimentally or by solving the linearized Navier-
Stokes equation with proper boundary conditions. The latter can be solved
analytically (for simple buoy shapes) or by using numerical boundary-element
methods [1, 2].
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3 Experimental Study

Experimental data from a scale-model test is studied next in order to validate
and update the linear model of the hydrodynamic interaction proposed in pre-
vious section. Experimental results for a simpli�ed scale model - including a
buoy and a counterweight but no planetary gear or electrical generator - are
studied in this section.

3.1 Experimental Setup

A schematic view of the tested device is illustrated in Fig. 3. The system
is simpli�ed by combining the mooring line and the counterweight line. The
movement in the counterweight is then directly dependent on the buoy response
and a slow down-going or up-going trend in the counterweight's position cannot
be rendered. Hence, to some extent, the experimental model represents a case
where the power outtake is balanced against the average level of absorbed
energy.

Table 1: Con�guration Parameters

Symbol Description Value

a Length 0.628 · λ m
b Length 0.208 · λ m
c Length 0.07 · λ m
d Draft 0.032 · λ m
e Length 1.1 · λ m
f Length 0.27 · λ m
g Water Depth 3 · λ m
h Diameter 0.278 · λ m
A Cross-Section Area 0.143 · λ2 m2

m1 Buoy Mass 3 · λ3 kg
m2 Counterweight Mass 0.713 · λ3 kg

The scale-model is designed based on geometrical similarity to a planned
full-scale prototype of the wave energy converter, and dynamic similarity is
achieved with the Froude scaling method which is generally the preferred ap-
proach when testing point-absorbing wave energy converters [10]. Key dimen-
sions are given in Table 1, where λ denotes the scaling factor.
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Figure 3: The studied experimental system consists of a �oating buoy and a
submerged counterweight. One mooring line is used which connects the anchor
point and the counterweight. Dimensions are given in Table 1.

The scale model test is performed in two stages: �rst by force measurements
on a �xed buoy (as shown in Fig. 4) followed by response measurements on a
�oating buoy (as shown in Fig. 5). In the �xed setup, the buoy is rigidly �xed
in the water and two force transducers are placed between the buoy and a rigid
beam. For the response test, a laser system is used to measure the rigid-body
motions of the buoy in all six degrees of freedom. This test also measures the
mooring force by using a force transducer between the device and the anchor
point.

For both the �xed buoy measurement and the response measurement, pla-
nar, irregular, waves are generated and the wave elevation is measured in par-
allel with the device, at a distance where the wave elevation is assumed to be
undisturbed.
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Figure 4: The �rst experimental setup is concerned with the wave excitation
forces. The buoy is rigidly �xed at draft d (see Table 1). Two force transducers
are mounted between the buoy and a rigid beam, and the wave elevation is
measured in parallel with the buoy (the wave measuring device can be seen to
the right in the �gure).

 

Figure 5: In the second experimental setup, the dynamic response of the buoy
due to planar, irregular, waves is studied. Five re�ective balls (with negligible
weight) are mounted on the buoy and a laser-tracking system is used to measure
the rigid-body motions. As with the �xed test, the wave elevation is measured
in parallel with the buoy.

3.2 Theoretical Model of the Experimental System

Studying the vertical heave motion of the system illustrated in Fig. 3, the force
equilibrium for the buoy can be written as
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(m1 + 4(m2 +m∞2 ))ẍ1(t) + kx1(t) + fR(t) = f(t) (16)

where it is assumed that ẍ2(t) = 2ẍ1(t). The dynamic �exibility (the frequency
response function between external force and heave displacement) is then given
by

Hx(ω) = (−ω2(m1 + 4(m2 +m∞2 )) + k + jωZR)−1 (17)

where ZR denotes the radiation impedance for the buoy de�ned in Eq. (3).
Response Amplitude Operators (RAOs) are often utilized when studying the
dynamic response of �oating structures [9]. These functions are frequency
response functions between the incident wave and the resulting buoy motion.
Using the wave force coe�cients for the buoy, as de�ned in Eq. (7), a theoretical
RAO for the heave motion can be written as

R(ω) = B(ω) ·Hx(ω) (18)

The theoretical radiation impedance, ZR(ω), is calculated by using an analytic
solution for a rectangular buoy shape [11]. A simple approximation to the
wave force coe�cients, B(ω), is obtained by considering the pressure induced
by an incident harmonic wave with amplitude one and wave frequency ω on
a �xed body. The wavelength λ is then determined from linear wave theory
and the resulting pressure pro�le is integrated over the bottom surface in order
to obtain the heave force. This approximation - known as the Froude-Krylov
force [1] - assumes that the wave �eld is not changed by the body i.e. forces
due to di�racted waves are neglected.

3.3 Parameter Estimation & Validation

Estimated frequency response functions for the experimental system are next
compared with theoretical calculations. All measurement results in this section
are presented as measured for the scale model, i.e. λ = 1, with the scaling
factor shown in each axis label. Furthermore, all spectral density functions are
estimated usingWelch's method [12] with 50 percent overlapping and a Hanning
window. The total measurement time for each dataset is approximately 35·λ0.5

minutes with a sampling frequency fs = 160 · λ−0.5 Hz.
The estimated spectral density function of the incident wave elevation, that

was used when estimating the parameters, is shown in Fig. 6. Most of the
power is concentrated between the range 0.5 − 2.5 · λ−0.5 Hz which is within
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the working range of the test facility, i.e. the e�ects from basin resonance and
breaking waves are limited.

 

Figure 6: Spectral density function for the incident wave elevation. The result
is presented for λ = 1 (model scale) and the scaling factors are included in the
axis labels. The area under the PSD corresponds to the squared RMS-value.

Studying Eq. (7), and assuming that the heave force cannot be measured
without contaminating noise, an estimator for B(ω) is given by

B̂(ω) =
ĜFΨ(ω)

ĜΨΨ(ω)
(19)

where ĜΨΨ is the auto-spectral density function (PSD) of the incident wave

elevation, as shown in Fig. 6, and ĜFΨ is the cross-spectral density function
(CSD) between the measured force and the measured wave elevation for the �rst
experimental setup (Fig. 4). The symbolˆ(hat) denotes that the quantities are

estimated. An estimate of the coherence function [13] for B̂(ω) can be written
as

γ̂B(ω) =

∣∣∣ĜFΨ(ω)
∣∣∣2

ĜFF (ω) · ĜΨΨ(ω)
(20)

where ĜFF is the estimated PSD for the measured force. The coherence func-
tion provides a quality measure of the estimated frequency response function
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indicating, in this case, the linear dependence between the wave elevation and
the wave forces.

The estimated force excitation function can be seen in Fig. 7 together
with the estimated coherence function as a function of period. The result is
compared with the theoretical Froude-Krylov approximation of the excitation
force.

 

Figure 7: The magnitude of the estimated force coe�cients together with the
estimated coherence function as a function of period. The result is compared
with the theoretical Froude-Krylov approximation. The result is presented for
λ = 1 (model scale) and the scaling factors are included in the axis labels.

For the second experimental setup (response test), the RAO for the heave
motion, as de�ned in Eq. (18), is estimated with

R̂(ω) =
ĜXΨ(ω)

ĜΨΨ(ω)
(21)

In Eq. (21), ĜXΨ is the estimated CSD between the heave motion and the

incident wave elevation. Using ĜXX to denote the estimated PSD for the heave
displacement, an estimate of the coherence function for R̂(ω) is given by

γ̂R(ω) =

∣∣∣ĜXΨ(ω)
∣∣∣2

ĜΨΨ(ω) · ĜXX(ω)
(22)
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The estimated RAO for the heave motion and the estimated coherence
function can be seen in Fig. 8.

 

Figure 8: The magnitude of the estimated heave RAO together with the esti-
mated coherence function as a function of period.

 

Figure 9: The estimated �exibility is shown together with the theoretical �ex-
ibility as a function of period. The theoretical �exibility is derived by using the
theoretical impedance for an equivalent rectangular buoy shape.

Using measured force data at the anchor point, the added hydrodynamic
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counterweight mass is estimated to m̂∞2 = 0.48λ3. An estimate of the dynamic
�exibility can be obtained by taking the quotient between the estimated RAO
and the estimated force coe�cients, i.e.

ĤX(ω) =
R̂(ω)

B̂(ω)
(23)

The estimated �exibility function can be seen in Fig. 9 together with the
theoretical �exibility as given by Eq. (17).

A relatively good agreement between experimental and theoretical results is
obtained which indicates that the model proposed in the previous sub-section
is relevant. The experimental results have been validated using a heave model
with the Froude-Krylov approximation and the radiation parameters for a 2D-
dimensional rectangular buoy shape.

The Froude-Krylov approximation over-predicts the wave excitation coe�-
cients, as can be seen in Fig. 7. The estimated �exibility function is comparable
with the theoretical �exibility function, as can be seen in Fig. 9. This con-
�rms that the theoretical radiation impedance for a rectangular buoy shape is
a reasonable approximation, since the �exibility is strongly in�uenced by the
radiation parameters for the buoy without any in�uence from the wave excita-
tion forces. As shown in Eq. (17), no additional viscous damping, aside from
the radiation impedance, is added to the theoretical model.

For the experimental results there is an indication of a resonance around
1.1 · λ−0.5 Hz, while for the theoretical results the resonance occurs at around
1.25 · λ−0.5 Hz.

The estimated coherence functions (Fig. 7 and Fig. 8) suggest that a linear
model works in the region 1 ·λ0.5−3 ·λ0.5 s. The coherence drops below 1 ·λ0.5

s which is most likely due to a combination of nonlinear interaction and a poor
signal-to-noise ratio. As can be seen in Fig. 6, the range of the wave excitation
drops fast after 2 · λ−0.5 Hz.

In total, the carried out experimental work provides validated hydrody-
namic parameters for the conceptual con�guration representing the essential
hydrodynamics on which the developed analysis procedure is applied.

4 Simulation Study

A simulation model featuring the mechanical transmission and the hydrody-
namic interaction is utilized in order to evaluate the characteristics of the Ocean
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Harvester system. The numerical model presented in this section combines the
experimental data with the theoretical model developed in Section 2. Based on
the experimental results, the measured force coe�cients are used to determine
the wave forces acting on the system while the hydrodynamic parameters for a
rectangular buoy shape are used to determine the radiation forces.

4.1 Implementation

The dynamic response of the system is obtained by solving Eq. (1) and Eq.
(14). These equation are coupled with the nonlinear constrains given by Eq.
(11) and Eq. (15).

For a given time history of the incident wave elevation, ϑ(t), the wave ex-
citation forces, f(t), are determined prior to the simulation. This is consistent
with the linear modelling of the hydrodynamic interaction discussed in sec-
tion 2, i.e. the force coe�cients, B(ω), are assumed to be independent of the
system's response.

When describing the sea state it is common to separate between short-term
and long-term statistics. Within an interval of typically three hours (short-
term) [2, 3] the sea state can be described as a stationary random process. The
sea surface elevation is then assumed to be normally distributed around the
mean sea level and a spectral density function, S(ω), is used to describe the
frequency content of the wave elevation.

The signi�cant wave height, Hs, and the mean wave period, T1, can be
de�ned as [2]

Hs = 4
√
m0 (24)

T1 = m0/m1 (25)

where mk is the spectral moment given by

mk =

∫ ∞
0

fkS(f)df (26)

Several empirical models exists to de�ne a spectral density function when
Hs and T1 are given. In this study, the JONSWAP model (North Atlantic sea)
is used, given by [2]

S(ω) = 155
H2

s

T 4
1 ω

5
· exp(−944

T 4
1 ω

4
) · 3.3Y (27)

51



Paper A

where

Y = exp(−(
0.191ωT1 − 1

1.4142 · σ
)2) (28)

with ω = 2πf , σ = 0.07 for ω ≤ 5.24/T1 and σ = 0.09 for ω > 5.24/T1

In a long-term description of the sea-state, the signi�cant wave height and
the mean wave period will vary. In this case scatter-diagrams [3] are often used
to show the relationship between Hs and T1 and their occurrences at a certain
location. In this study, the performance is characterized over a range of Hs

and T1 combinations. This data can then be combined with scatter diagrams
in order to assess long-term characteristics such as annual power production.

 

Figure 10: Spectral density functions for the incident wave elevation from the
Jonswap model with T1 = 1.0 ·

√
λ s and three di�erent wave heights.

An example illustrating the Jonswap model can be seen in Fig. 10. A
random phase with uniform distribution in the interval [0, 2π] is assigned to the
spectral density function and the inverse Fourier transform is used to obtain a
realization of ϕ(t). This time history is then convolved with the inverse Fourier

transform of B̂(ω) in order to obtain a realization of the wave excitation force,
f(t), which de�nes the input signal to the simulation model.

A frequency domain model of Eq. (1) and Eq. (14) can be written as

V1(ω) = HM (ω) · F1(ω) (29)

V2(ω) = H2(ω) · F2(ω) (30)
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where HM = Z−1
M is a mobility function de�ned for the buoy system (see Eq.

(6)) and H2 is a mobility function de�ned for the counterweight given by

H2(ω) =
1

jω(m2 +m∞2 + α1IS) + α1CS
(31)

Furthermore, F1 and F2 are two nonlinear restoring forces which can be repre-
sented in time-domain as (see Eq. (1) and Eq. (14))

f1 = f − fT − fR − fC (32)

f2 = −me
2g + α1(ẍ1IS + ẋ1CS)− α2(ωCCS + ω̇CIS) (33)

In order to obtain a discrete time-domain representation of Eq. (29) and Eq.
(30), HM and H2 are realized with two ramp-invariant digital �lters [14]. The
input signals, given by Eq. (32) and Eq. (33), are then determined at each
time-step by solving the nonlinear equations.

The radiation force, fR, included in Eq. (32), is evaluated at each time step
by creating a digital �lter of the radiation impedance. A curve �t using a �lter
order of 10 coe�cients can be seen in Fig. 11. The radiation impedance, as
de�ned in Eq. (4), is here shown together with the response of the �lter. The
added mass coe�cients in Fig. 11 are negative because the high-frequency limit
of the added mass has been removed and instead been added to the structural
mass of the buoy.

The theoretical expressions for fT and ωC contains the unit step function
which comes from the kinematic constraint de�ned with Eq. (11). As discussed
in Section 2, this is a simpli�ed model of the disengagement of the driving shaft
in the mechanical transmission system. A smooth approximation of the unit-
step function is used in the simulation, given by

θ(ẋ1) ≈ atan(qẋ1)/π + 0.5 (34)

A suitable shape-coe�cient, q, is then determined based on experimental
studies [7] on the mechanical transmission system.

The viscous rotational damping coe�cient, CS , in Eq. (31) represents the
electrical generator and the instantaneous power over the generator is deter-
mined by

P (t) = CS · ω2
S(t) (35)

where ωS(t) denotes the rotational speed of the sun gear as de�ned in Section 2.
The mean generator power for a time interval of length T can then be written
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Figure 11: A digital �lter with buoy velocity as input and radiation force as
output is designed and utilized to simulate the radiation properties of the buoy.
The top �gure illustrates the added mass coe�cients (without the high-frequency
limit of the added mass) while the bottom �gure gives the added damping coef-
�cients as a function of period. The analytic coe�cients are compared with the
response of a digital �lter obtained from a curve �t.

as

P̄ =
1

T

∫ T

0

CS · ω2
S(t)dt (36)

By controlling the viscous damping, the power outtake over the generator
can be controlled and consequently the mean position of the counterweight
[7]. The instantaneous generator power can, momentarily, be higher than the
instantaneous absorbed power if energy has previously been accumulated in
the counterweight. In order to determine the average generator power that can
be achieved in a certain sea state it is necessary that the counterweight stays
within a given interval, i.e. the trend must be removed. For a time segment of
length T the following condition is used∫ T

0

x2(t)dt = 0 (37)

The simulation is carried out by �rst calculating the response to a realization
of ϕ(t). If Eq. (37) is not ful�lled the viscous damping coe�cient is either
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increased or decreased and the response due to ϕ(t) is calculated again. The
process is repeated until the condition given in Eq. (37) is, within a tolerance,
ful�lled. This will ensure that average power produced over the generator is
balanced against the average absorbed power.

4.2 Simulation Results

A short time segment of simulated data is illustrated with Fig. 12 and Fig. 13.
The power outtake over the generator is balanced against the absorbed power
as discussed in previous subsection. Fig. 12 illustrates the wave elevation
together with the resulting heave motion of the buoy in a wave situation, with
Hs = 0.09 · λ m and T1 = 1.0

√
λ s. The instantaneous generator power for

three di�erent wave situations can be seen in Fig. 13. The power stays at a
nearly constant level as intended and the variations seen here are comparable
with previous experimental results on the mechanical transmission system [7].

The simulation result is summarized in Table 2 and Table 3. Several com-
binations of Hs and T1 are tested and the average generator power for each
combination is given in Table 2 in scaled dimensions.

 

Figure 12: A short time segment of 30
√
λ s illustrating the incident wave

elevation and the resulting heave motion of the buoy. The result is presented in
scaled dimensions where λ denotes the scaling factor.

Using a deep water approximation [15], the incident wave energy �ux is
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Figure 13: A short segment of the instantaneous generator power in three
di�erent wave situations. The result is shown for T1 = 1

√
λ s with three di�erent

wave heights corresponding to the wave situations in Fig. 10. The variations
seen here are mainly due to inertia e�ects when the counterweight is accelerating.

given by

J =
ρg2

64π
TeH

2
s (38)

where Te is the energy period, de�ned as Te = m−1/m0, which can be
calculated from the wave spectral density function, and b is a characteristic
width of the buoy. A capture ratio, CR, can then be de�ned as the mean power
over the generator divided with the incident wave across the width of the buoy
[15]

CR =
P̄

b · J
(39)

The estimated capture ratio, for each wave situation, is given in percent in
Table 3 using b = 0.24 · λ m (the mean width of the buoy).

Studying Table 2 and Table 3, it can be seen that both the mean power and
capture ratio depends on the signi�cant wave height and the mean wave period.
In regular (periodic) sea, a symmetric body constrained to heave motion can,
theoretically, absorb 50% of the wave energy when the body is in resonance
with the wave [1]. While this condition is di�cult to achieve in irregular sea,
the e�ect can still be seen in Table 3; a higher capture ratio is obtained when
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the mean wave period coincides with the resonance frequency (compare with
the �exibility function in Fig. 9).

It is necessary to overcome the static load over the carrier (see Eq. (15)) in
order to store energy in the counterweight. This nonlinear e�ect can be seen in
Table 2, where the mean power is low for Hs = 0.01 ·λ m. Hence, no signi�cant
absorption will occur until the wave excitation force reaches a critical value
which is achieved by either increasing the wave height or the mean period (see
Fig. 7).

Based on a given scatter diagram for an intended location, the power and
capture ratio matrices can be used to predict the performance of the wave
energy converter. For instance, a scale factor of λ = 20 would give a mean
generator power of 11.5 kW (0.32 · λ3.5) in a wave situation with Hs ≈ 2.6m
(0.13 · λ) and T1 ≈ 4.5 s (1.0 ·

√
λ).

The result is restricted to the con�guration given in Table 1 and the working
range of the test facility. The latter can be assessed by studying the coherence
functions in Fig. 7 and Fig. 8 where the reliable range of mean wave periods can
be determined when the scale factor is given. It is also important to emphasize
that some of the combinations of Hs and T1 given in the tables corresponds to
extreme wave conditions (depending on the scale factor) which are not likely to
occur, and if they do occur they are not rendered well by the Jonswap model
[3]. These wave conditions may also be outside the operational range of the
wave energy converter and it is therefore necessary to complement the tables
with the load limits given by the design.

Table 2: Predicted Mean Power, P̄ /λ3.5 (W)

T1/
√
λ

0.4 0.7 1.0 1.3 1.6 1.9 2.2 2.5

Hs/λ

0.01 0.00 0.00 0.01 0.01 0.01 0.01 0.01 0.01

0.05 0.01 0.08 0.11 0.10 0.09 0.07 0.07 0.06

0.09 0.04 0.19 0.21 0.20 0.17 0.15 0.13 0.12

0.13 0.08 0.30 0.32 0.29 0.26 0.22 0.19 0.18

0.17 0.13 0.41 0.43 0.39 0.33 0.29 0.26 0.24

0.21 0.17 0.51 0.53 0.48 0.42 0.37 0.33 0.30

0.25 0.21 0.62 0.65 0.57 0.50 0.44 0.39 0.36

0.29 0.26 0.75 0.76 0.68 0.59 0.51 0.45 0.42
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Table 3: Predicted Capture Ratio (In Percent)

T1/
√
λ

0.4 0.7 1.0 1.3 1.6 1.9 2.2 2.5

Hs/λ

0.01 0.3 4.4 21.9 28.2 26.8 19.3 17.4 15.3

0.05 5.7 31.5 29.1 20.6 15.1 10.4 8.4 6.7

0.09 8.6 22.2 17.9 12.5 8.9 6.5 5.1 4.1

0.13 8.2 17 12.8 9.0 6.4 4.6 3.4 2.9

0.17 7.3 13.6 10.1 7.0 4.9 3.5 2.7 2.3

0.21 6.5 11.2 8.1 5.7 4.0 3.0 2.3 1.9

0.25 5.8 9.6 7.0 4.8 3.4 2.5 1.9 1.6

0.29 5.2 8.6 6.1 4.2 3.0 2.2 1.7 1.4

5 Conclusions

An analysis procedure for predicting the performance of the Ocean Harvester
concept has been presented by utilizing combined theoretical modelling, ex-
perimental investigation and numerical simulation. The developed theoretical
model describes the vertical dynamics of the wave energy converter by using
linear hydrodynamic interaction in combination with a nonlinear rigid-body
model of the transmission system. The representation of the physical system
consists of a rigid �oating buoy, a submerged counterweight and an ideal plan-
etary gear system coupled with a viscous damper.

A case study on a proposed con�guration has been carried out with experi-
mental testing and numerical simulation. Experimental data from a simpli�ed
scale-model test is utilized to validate the linear modelling of the wave-body
interaction. A satisfactory agreement between experimental results and model
was obtained when using the theoretical radiation impedance and modelling
the counterweight with an added hydrodynamic mass. However, the Froude-
Krylov approximation of the force coe�cients is too coarse to be acceptable.
Since the wave excitation forces have a signi�cant impact on the theoretically
predicted power it is essential that these can be determined within a reasonable
accuracy when evaluating future buoy designs.

A simulation study was carried out for the proposed con�guration by com-
bining experimental data with theoretical data in order to obtain an estimate

58



Performance of a Wave Energy Converter with Mech. Energy Smoothing

of the produced power in di�erent wave climates. A computationally e�cient
simulation model, based on using recursive �lters to represent the linear sub-
parts and the radiation impedance, was developed which made it possible to
evaluate the characteristics of the system in more realistic, irregular, ocean
waves. Based on stochastic wave data generated with the Jonswap sea model,
the performance, in terms of mean power and capture ratio, was characterized
over a range of combinations of signi�cant wave height and mean wave period.
The estimated power and capture ratio matrices can be a useful engineering
tool to assess and dimensioning the wave energy converter based on site speci�c
scatter diagrams.

6 Future Work

The simulation tools developed in this work will be utilized in future opti-
mization studies. The theoretical model of the Ocean Harvester will also be
enhanced to include directional properties of the buoy and additional degrees
of freedom such as the rotation of the buoy (pitch) and the horizontal motion
(surge). Results from scale-model testing indicate that the rotational motion
can be signi�cant when the wave excitation coincides with the buoy's natural
frequency in pitch. The amount of wave energy that can be absorbed from
the pitch motion will be considered in future work, and a theoretical model
that can predict the surge motion is believed to be useful for the design of the
mooring system.

Based on the con�guration studied in this work, a prototype of the Ocean
Harvester system, with a scale factor λ = 20, has been designed and is currently
being prepared for manufacturing and sea trials.
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On Nonlinear Parameter Estimation with

Random Noise Signals

Andreas Josefsson, Martin Magnevall, Kjell Ahlin

Abstract

In the �eld of nonlinear dynamics it is essential to have well tested
and reliable tools for estimating the nonlinear parameters from measure-
ment data. This paper presents an identi�cation technique based on
using random noise signals, as initially developed by Julius S. Bendat.
With this method the nonlinearity is treated as a feedback forcing term
acting on an underlying linear system. The parameter estimation is then
performed in the frequency domain by using conventional MISO/MIMO
techniques.

To apply this method successfully it is necessary to have some pre-
information about the model structure and thus methods for nonlinear
characterization and localization are studied. The paper also demon-
strates the various ways the method can be formulated for multiple-
degree-of-freedom systems.

The implementation of the method is illustrated with simulated data
as well as a practical application, where the method is used to create a
dynamic model of a test-rig with a signi�cant nonlinearity.
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Nomenclature

H Frequency Response Function
Gxx Single sided, auto-spectrum of signal x
Gxy Single sided, cross-spectrum of x with y
F (.) Fourier Transform
F,X Force and displacement, frequency domain
f, x Force and displacement, time domain
γ2m Multiple Coherence Function

1 Introduction

The overall aim with parameter estimation is to �nd suitable parameters to a
mathematical model, based on measurements of the inputs and outputs of a
system. The mathematical model can, for instance, be based on a beforehand
known model structure. This is known as parametric modelling, which will
be studied in this paper. Furthermore, the systems studied contain signi�cant
nonlinearities that must be included when creating the model, hence nonlinear
parameter estimation.

Systems used in engineering can generally be separated into two distinct
groups; linear or nonlinear. A system, H, is said to be linear if it ful�lls the
principle of superposition:

H {c · x} = c ·H {x} (1)

H {x1 + x2} = H {x1}+H {x2} (2)

A useful tool for detecting nonlinearities is the frequency response function.
For a signi�cant nonlinearity the amplitude and/or the resonance frequencies
will be dependent on the excitation amplitude. Thus, the FRF's gives a linear
approximation at the speci�c excitation amplitude and fails to fully describe
the dynamics.

This work will study a method where random noise signals are used and
the parameter estimation is done in the frequency domain. The methods are
described in Chapter 2 and Chapter 3. This will be followed by a brief analysis
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of the errors introduced when doing the parameter estimation. Finally an
experimental test is performed, in Chapter 5, where a nonlinear structure is
studied.

2 Using Random Noise Signals for Nonlinear Sys-

tems

One of the most promising identi�cation techniques for nonlinear parame-
ter estimation was initially developed by Bendat [1]. The method estimates
the parameters in the frequency domain with conventional Multiple-Input-
Multiple/Single-Output (MIMO/MISO) procedures. The latter is often used
in linear theory and is demonstrated below.

For a general linear system, with N inputs andM outputs, and noise on the
measured outputs, as shown in Fig. 1, a least-square solution that minimize
the noise on the outputs (H1-estimator) can be determined at each frequency
as

H1 = GY X ·G−1XX (3)

 
+

+

+

H 
... ...

1n

2n

Mn
{X} {Y} 

Figure 1: A Multiple-Input-Multiple-Output Model (MIMO) with noise on the
outputs.

In Eq. (3),GY X is the cross-spectral density matrix with size (MxN),GXX

is the auto-spectral density matrix with size (NxN) and H1 is the estimated
transfer matrix with size (MxN). Furthermore, a multiple coherence function
can be calculated for each output as

γ2m =
GY X ·G−1XX ·G

H
YX

GY Y
(4)
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The size of GY X will be (1xN) and GY Y will be a scalar since only one
output is selected. Thus, M number of multiple coherence functions can be
calculated for the system shown in Fig. 1. A multiple coherence equal to one
for all frequencies indicates that the measured response can be explained totally
by the measured inputs, without the e�ect of extraneous noise.

The MIMO/MISO technique can also be suitable to model nonlinear me-
chanical systems. In many cases, a nonlinear problem can be viewed as several
nonlinear feedback forces acting on an underlying linear system. Thus, arti-
�cial inputs are created and, together with the measured quantities, used as
input to the MIMO/MISO model when doing the analysis. This can best be
illustrated with a simple example.

 

 Mb 

( )tf a

Ma 

( )bxgp ⋅

Figure 2: A nonlinear system with two degrees of freedom and a nonlinear ele-
ment connected to the second dof. The nonlinearity is described with a nonlinear
operator g(.) with a coe�cient p.

The system shown in Fig. 2 can be modeled in frequency domain as[
Haa Hab

Hba Hbb

]{
Fa

−P ·F (g(xb))

}
=

{
Xa

Xb

}
(5)

Alternatively, Eq. (5) can be rewritten, for each row, as

Xa ·H−1aa +
Hab

Haa
· P ·F (g(xb)) = Fa (6)

Xb ·H−1ba +
Hbb

Hba
· P ·F (g(xb)) = Fa (7)

There are several possible ways to formulate this problem with MIMO/MISO.
With the original Reverse-Path technique (RP) [1], Eq. (6)-(7) can be used
and the analysis is accomplished as illustrated in Fig. 3. With Nonlinear-
Identi�cation-Through-Feedback-of-Outputs (NIFO) [2], Eq. (5) is used directly
and the linear system and the nonlinear coe�cients are estimated as shown in
Fig. 4.
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Figure 3: Reverse-Path (RP): Two MISO analyses are performed and using
the reciprocity of the underlying linear system H−1

aa , H−1
ba and the nonlinear

coe�cient P can be identi�ed. Here, g(.) is a nonlinear operator.
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Figure 4: Nonlinear Identi�cation Through Feedback of Outputs (NIFO): A
single MIMO analysis is performed and using the reciprocity of the underlying
linear system Haa, Hba and the nonlinear coe�cient P can be identi�ed. As in
Fig. 3, g(.) is a nonlinear operator.

In the above �gures, all inputs and outputs quantities are given in the
time domain, to emphasize that the input signal xb(t) must pass through the
nonlinear function, for instance g(x) = x3, before the spectral densities can be
calculated. The transfer functions are then given by Eq. (3) and, in both cases,
two multiple coherence functions can be calculated with Eq. (4).

Notice that the transfer function P (f) can be both frequency dependent
and complex. However, in this example P (f) will be, after a su�cient number
of averages, real-valued and constant throughout the frequency range. It is also
possible to use several nonlinear inputs and obtain a polynomial �t to the true
nonlinearity, as may be the case with a gap- or clearance-nonlinearity.

As shown in the above example, the NIFO-technique is more compact and
easier to work with - especially for larger systems with several nonlinear ele-
ments - since MIMO is used as shown in [2, 3]. With the reverse-path technique
the system must always be rewritten with force as output as in Eq. (6)-(7).
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In an ideal case, without any noise, both methods will give the same es-
timates since they are mathematically identical. However, in the presence of
leakage errors and - for a real measurement - external noise, the estimates are
not identical as will be discussed in chapter 4.

3 Classify Nonlinearities and Finding Nonlinear

Nodes

With the method studied in previous chapter the type of nonlinearity and its
location in the system must be known for the analysis to work which may
seem like a major drawback. However, as will be shown in this chapter, the
MIMO/MISO analysis can actually be a good tool to determine the model
structure.

 

xb 

xa 
fa 

xc 

Figure 5: A blackbox system used in simulations with three degree of freedoms.
A nonlinear element is connected either to a single node, or is dependent on the
relative motion between two nodes.

A simulated blackbox system with three degrees-of-freedom is studied, as
shown in Fig. 5. The system does not ful�ll the properties given by Eq. (1)-(2)
since a nonlinear element is connected somewhere. By studying the FRF data
it was possible to see the presence of a hardening spring nonlinearity.

Random data was simulated at all three dofs and, for the analysis, a reverse-
path model was created for the system as illustrated in Fig. 6. Here, a polyno-
mial with three terms is used to describe the nonlinearity but the input signal
q(t) is unknown. The nonlinear element may be connected to ground from any
dof or may depend on the relative motion between two dofs.

To solve this problem all possible combinations of inputs was tested and
the multiple coherence function was used to evaluate each combination. If the
model is correct the multiple coherence function should be close to one for all
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Figure 6: A reverse-path model created for the unknown system shown in Fig.
5. The input signal q(t) is unknown and depends on the nonlinearity.
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Figure 7: Multiple Coherence Function. The area shown in the �gure was
calculated for each combination of inputs and an error function was de�ned as
1/(Ae).

frequency. The area, Ae, shown in Fig. 7, was therefore calculated for each
combination of inputs. The error function is then de�ned as 1/Ae, i.e the
highest value for the overall best multiple coherence.

As shown in Fig. 8, this method correctly detects that the nonlinear ele-
ment is connected between xb and xc. With the nonlinear nodes identi�ed the
test was repeated but with di�erent nonlinear functions as shown in Fig. 9.
Nonlinear functions that depend on the velocity, as well as x2, were included for
comparison. The true nonlinearity in the black-box system was a cubic function
that depends on the relative motion between xb and xc. As illustrated with
this example, random data can in many cases be used to classify nonlinearities
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and �nding nonlinear nodes.
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Figure 8: The method correctly detects that the nonlinear element is connected
between xb and xc. The true nonlinearity in the black-box system was a cubic
function that depends on the relative motion between xb and xc.
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Figure 9: The presence of a cubic sti�ness could clearly be seen. Nonlinear
functions that depend on the velocity, as well as x2, were included for comparison.

72



On Nonlinear Parameter Estimation with Random Noise Signals

4 Errors in the Analysis

When using random noise signals the estimated spectral densities will contain
random and bias (systematic) errors. The e�ect from random errors can be
controlled with a su�cient number of averages and normally, overlap processing
is applied for more e�ective use of data. The bias error, on the other hand, does
not necessarily decrease with averaging since this error comes from consistently
estimating an incorrect spectrum, for instance due to aliasing or leakage.

The time-leakage e�ect can give a considerable random error. This error
occurs when the signal is truncated and an output signal is measured which
is not totally correlated with the input signal. In the beginning of the output
signal, for a certain time block, there is data which depends on the input signal
from the previous time block. This e�ect will be even more signi�cant for
lightly damped structure. The leakage error can be reduced by increasing the
block length. The bias error is a function of the truncation and the window
used and may also be reduced by increasing the block length.

When using MIMO/MISO to identify nonlinear systems it is essential to use
a su�cient amount of data due to a relatively high sensitivity to these errors,
as can clearly be seen in simulations.

Bias errors can also be introduced by contaminating noise in the mea-
surement. The H1-estimator, Eq. (3), assumes that the noise on the input
channels in the MIMO/MISO model is small and can be neglected, while the
H2-estimator, Eq (8), neglects the noise on the output channels.

H2 = GY Y ·G−1XY (8)

However, the H2-algorithm is less useful for multiple-input models since it
is necessary to calculate an inverse to a non-square matrix if the number of
inputs and outputs are not equal. For this reason, the H1-estimator must be
used instead. The e�ect this will have on the parameter estimation can be
demonstrated with a simulated example.

A du�ng system is used with the following parameters: M = 150 Kg,
C = 800 Ns/m, K = 4 · 106 N/m and a cubic term P = 2 · 1012 N/m3. The
excitation force was set to an amplitude were the resonance would increase
approximately 15-20 percent relative to the underlying linear system.

Two possible MISO-models (NIFO and Reverse-Path) are shown in Fig.
10. When doing the analysis a small amount of noise was added to the force
channel as shown in the �gure. The noise was designed with an RMS-value
equal to approximately 5-10 percent of the RMS-value of the force signal.
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Figure 10: Analysis of a du�ng system with a NIFO model (above) and the
reverse-path technique (below). A small amount of noise is added to the force
channel as shown in the �gure.

The simulation was done with a sampling frequency of 512 Hz and enough
data was simulated so that the analysis could be done with 216 in blocksize
(�t) and 200 averages with 50 percent overlap.

As shown in Fig. 11, the reverse-path formulation performs better while
the NIFO formulation gives a relatively large bias error since the H1-estimator
minimizes the e�ect from noise at the output. This is an undesirable e�ect since
in reality the dominating noise may be on the force signal due to force-dropouts
and a very weak force signal at the resonance.

5 Experimental Test

In this chapter the methods described previously is used to model a real struc-
ture with a small but signi�cant nonlinearity. The test structure is described
in section 5.1 and the experimental setup is explained in Section 5.2 followed
by results from the nonlinear analysis in Section 5.3.

5.1 The Nonlinear Testrig

The structure under test consists of a clamped beam supported at point A with
two clamped thin beams as shown in Fig. 12. The design comes from a similar
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Figure 11: Estimated linear system - comparison between the two models
shown in Fig. 10. After averaging a large bias error is left with NIFO while the
reverse-path formulation performs better since the H1-estimator minimizes the
e�ect from noise at the output.

test-rig that was developed by J. Ferreira [4] and has since then been used to
verify various identi�cation methods [4, 5].

 
 
 
 
 

A 

Figure 12: The structure used in the experiment consists of a clamped beam
with two �xed transversal beams connected at point A. The clamped beam has a
cross section of (15x8) mm with a free length of 420 mm and the two transversal
beams has a cross section of (13x1.4) mm and free length 242 mm.
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The properties of the beam are interesting since it can be described as a
linear system (the clamped beam) with a local nonlinearity at the free end.
Due to the thin geometry of the transversal beams the linear assumption is no
longer valid. As illustrated in Fig. 13, the geometry is changed as the beams
de�ect and the length along the center line of the beams (L′) becomes longer
than the original length L. This will introduce axial forces (N) which will
increase the sti�ness of the beam [6]. However, the material is still elastic and
when the force is removed, the system will return to its initial position without
any change in material properties. Hence, this e�ect is known as geometric
nonlinearity since the nonlinearity is only related to changes in geometry.

 
 
 
 

L

F

N N 

L’ 

Figure 13: The transversal beams will behave nonlinearly at higher displace-
ments. As the force is increased the beams becomes longer than the original
length L, and an axial force is introduced along the beams. The sti�ness will
therefore increase. This e�ect is known as geometric nonlinearity.

Using ABAQUS R© a nonlinear static model could be created. ABAQUS
uses an iterative scheme where the force is applied incrementally and a Newton-
Raphson solver is used to balance the nonlinear equations. Using this solver,
the theoretical nonlinear force-displacement relationship at point A could be
calculated as

Fs(x) = 1.76 · 104 · x+ 2.97 · 109 · x3 (9)

5.2 Experimental Setup

The complete setup for the experimental test is shown in Fig. 14. The structure
is �rmly �xed to a rigid table and a rigid steel module is used to �x the shaker.
The free end of the cantilever beam was selected as a response point since the
nonlinear element is connected to this point. With the identi�cation method
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described previously it is necessary to measure the response at the nonlinear
degree of freedoms. However, the reference point (force) can be selected at any
point along the cantilever. For practical reasons the shaker is �xed to the same
point and thus the linear point-�exibility and the nonlinear coe�cients will be
estimated.

 

Figure 14: The complete setup for the experimental test. The structure is
�xed to a rigid table and a shaker is used to excite the structure.

A force transducer was mounted on the top of the beam and the accelerom-
eter was mounted under the bottom beam as shown in Fig. 15. The force
signals were created in MATLAB@ and Signal Calc Mobilyzer@ was used to
acquire the raw time data. All data analysis was done in MATLAB.

Initially, no evident nonlinear phenomena could be seen in the measure-
ments due to force dropouts which only increased with higher excitation ampli-
tude and thus avoiding the high displacement at the resonance. It was therefore
necessary to create voltage signals which added more power at the resonances
and carefully make sure that the force spectrum obtained was constant over
the desired frequency range.

5.3 Analysis of Experimental Data

The structure behaves linearly at low excitations and it was therefore necessary
to a �nd level of the excitation where the nonlinear e�ects are clear. A force
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 Figure 15: A detail view of the experimental setup. A force transducer and an

accelerometer are used at the selected measurement point.

amplitude which made the resonance move approximately 15% was selected for
nonlinear analysis.

In the following two �gures, two nonlinear analyses are compared with
the raw FRF. The latter is the FRF obtained with conventional linear the-
ory (SISO). Thus, the raw FRF is calculated without any compensation for
nonlinear e�ects.

The nonlinear e�ects can clearly be seen in the raw measured FRF. A
disturbance occurs at approximately 2f0 and 3f0. This disturbance can also
be seen in the coherence function. A part of the response that is obtained at
the resonance frequency will, due to the nonlinearity, create higher frequency
response which the linear model fails to describe.

Two reverse-path models were created. First, a cubic function was used
to describe the nonlinearity and the result can be studied in Fig. 16. In the
second model, shown in Fig. 17, a cubic- and a square are used to describe the
nonlinearity. It could be seen that the true nonlinearity was a non-symmetric
function and thus a cubic function was not enough to describe this behavior.

Fig. 18 shows the estimated linear system with di�erent methods. The true
linear FRF was measured at very low excitation where the sti�ness nonlinearity
is una�ected. As shown in the �gure, the estimated linear system with NIFO
techniques gives larger amplitude errors. One possible explanation for this was
given in chapter 4; if the force signal is contaminated with noise, the reverse-
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Figure 16: The Raw FRF (linear theory) compared with the linear system
estimated with reverse-path technique. A cubic function is used to describe
the nonlinearity. As shown, the FRF and the coherence are improved at the
resonance and at three times the resonance frequency.
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Figure 17: The Raw FRF (linear theory) compared with the linear system
estimated with reverse-path technique. A cubic- and a square- function are
used to describe the nonlinearity. As shown, the FRF and the coherence are
considerably improved over the frequency range.
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Figure 18: The estimated linear system with di�erent methods. The true
linear FRF, used as reference, was measured at very low excitation. As shown,
the estimated linear system with NIFO techniques gives larger amplitude errors.

40 60 80 100 120 140100

105

1010

Frequency [Hz]

N
on

lin
ea

r C
oe

ffi
ci

en
ts

X3 Coefficient
X2 Coefficient

-4 -2 0 2 4
x 10-3

-200

-150

-100

-50

0

50

100

150

Displacement [m]

Fo
rc

e 
[N

]

Experimental
Model
Model Updated

Figure 19: The nonlinear coe�cients (left) and the estimated nonlinearity
compared with the model (right). The nonlinear static model could be updated
with the experimental parameters.

path technique will perform better.

The real parts of the nonlinear coe�cients are shown in Fig. 19. By de�ni-
tion, for a zero-memory nonlinear system, the imaginary parts of the nonlinear
coe�cients should be relatively small after a su�cient number of averages. For
this experiment, the imaginary part was approximately ten times smaller than
the real part after averaging. This may indicate a small amount of nonlinear
damping which was not considered in the modeling.

The estimated cubic coe�cient was 2.2 · 109N/m3, which was considered to
be reasonable in comparison with the theoretical value from section 5.1. Due
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to the non-symmetric force, a square coe�cient was identi�ed as 4 · 106 N/m2.
When studying the test rig it could be seen that the slender beams were not
perfectly aligned with the cantilever beam, and thus creating a non-symmetric
force. When this e�ect was included in the nonlinear static model, a better
correlation between the experimental results and the simulated results could
be obtained.

6 Conclusion

Nonlinear parameter estimation can be performed with random noise signals
by using conventional MIMO/MISO techniques. The methods described in this
work treat the nonlinearity as a feedback forcing term acting on an underlying
linear system. Thus, the true linear system and the nonlinear coe�cients can
be estimated by measuring the input and output quantities.

The approach that is used in this work requires some pre-information about
the type of nonlinearity present, and its location in the system. If this infor-
mation cannot be obtained before the analysis it may be possible to try a set
of di�erent combinations and then utilize the multiple coherence function as
shown in Chapter 3.

When using MIMO/MISO there are several possible ways to formulate a
nonlinear problem. Two methods have been studied in simulations and ex-
periments - referred to as NIFO and Reverse-Path. As shown in this work, it
is essential to create nonlinear models which best compensate for the errors
introduced with contaminating noise.

An experimental test was done on a structure with a signi�cant nonlinearity
and the results, presented in section 5.3, shows that the underlying linear sys-
tem and the coe�cients describing the nonlinearity could be identi�ed. When
comparing the results with linear theory a clear improvement could be seen:
The estimated linear system is free from disturbance and with a correct res-
onance frequency. Thus, a simple but very useful application of the methods
may be to make a better estimate of the linear system, for instance when com-
parison are made to a numerical linear model.
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Abstract

When dealing with nonlinear dynamical systems, it's important to have
well tested, accurate and reliable tools for estimating both the linear and
nonlinear system parameters from measured data. The identi�cation
technique used in this paper is based on random noise excitation and
treats the nonlinear term as a feedback force acting on an underlying
linear system. The parameter estimation is done in the frequency domain
using conventional MIMO/MISO techniques. Two di�erent formulations
are studied in this paper, the �rst one is known as �reverse-path� and
the second one is called �Nonlinear Identi�cation through Feedback of
Outputs�. Both these formulations are based on a technique initially
developed by Julius S. Bendat.

Both these methods are applied to a continuous mechanical system,
a beam structure with a geometrical nonlinearity. The di�erent results
obtained are then compared to each other. Also, a very fast way to
simulate forced response of the estimated nonlinear system, based on
residues and poles and the use of digital �lters, is demonstrated.
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Nomenclature

M, C, K Mass, Damping and Sti�ness matrices
x Displacement vector, time domain
X Displacement vector, frequency domain
f Force vector, time domain
F Force vector, frequency domain
H Transfer function of underlying linear system
g(x, ẋ) Nonlinear function
P Nonlinear Coe�cient
R Input vector to the Reverse Path MISO model
R Residue of the underlying linear system
λ Pole of the underlying linear system
B Transfer function in the Reverse Path MISO model
A, B Filter coe�cients
F Fourier Transform

1 Introduction

In the past years much e�ort has been put into the �eld of parameter estima-
tion of nonlinear dynamical systems. A large number of methods have been
developed, but there is still no method which is applicable to a general struc-
ture with an arbitrary nonlinearity. An important method, initially developed
by Julius S. Bendat [1], treats the nonlinearity as a force feedback term acting
on an underlying linear system. The parameter estimation is done in the fre-
quency domain and is known as the Reverse Path (RP). A method based on the
same principles as RP is NIFO, Nonlinear Identi�cation Through Feedback of
Outputs, proposed by Adams and Allemang [2]. NIFO has an advantage over
RP because it can easily be extended to multiple degree of freedom systems
with several nonlinearities. While on the other hand RP is less sensitive to
force dropouts and disturbances in the force signal that might occur around
the resonances.

A frequently reoccurring discussion connected to nonlinear analysis with
random data, especially when using the Reverse Path method, is the need for
conditioned inputs. This has led to the formulation of the CRP method, Condi-
tioned Reverse Path [1, 3]. However, the use of conditioned inputs complicates
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the problem formulation and increases computational cost considerably. Also,
for all systems tested in both simulations and in measurements, no improve-
ment has been obtained by using conditioned instead of unconditioned inputs.

The aim of parameter identi�cation/estimation is to �nd suitable parame-
ters to a mathematical model of a system. Once these parameters are identi�ed,
the model may be used to predict the behavior of the system. Since simulation
of nonlinear systems can be a very time consuming and di�cult task, an inno-
vative and fast method developed by the authors will also be brie�y described
in this paper.

2 Random Noise Excitation of Nonlinear Sys-

tems

In this chapter a general approach to estimate the nonlinear coe�cients of
a system with an arbitrary amount of zero memory nonlinearities using the
unconditioned Reverse Path method is presented. This approach assumes that
the location of the nonlinearities is known beforehand and that it is possible
to measure the responses in the nonlinear nodes. However, the driving point
does not have to be located on a nonlinear node. For a deeper discussion
about locating nonlinear nodes, see [4]. Also, in the derivation below, a single
excitation force is assumed i.e. single input.

A nonlinear MDOF system can in time domain be expressed by the following
equation:

Mẍ+Cẋ+Kx+nl(x,ẋ) = f (1)

where nl is the nonlinear restoring forces acting on the system, these forces can
be dependent on either x or ẋ. The nonlinear restoring forces are expressed
more clearly in equation (2).

nl =

NEL∑
m

Pmwm gm(x,ẋ) (2)

Where Pm is the coe�cient related to the nonlinear function gm and wm is a
position vector describing where the nonlinearity is located. So, every nonlinear
element is described by a coe�cient Pm, a nonlinear function gm and a position
vector wm. Examples of nonlinear functions are given in equation (3) and (4).

gm = wTm x |wTm x | Square hardening spring (3)
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gm = (wTm ẋ)
2 Quadratic damping (4)

Combining equation (1) and (2) in the frequency domain gives the following
expression:

X = H

(
F−

NEL∑
m

Pmwm F
(
gm(x,ẋ)

))
(5)

This expression is the same as used in the derivation of NIFO, where the
force and nonlinear feedback forces are used as input, see [5]. In RP the dis-
placements and the nonlinear feedback forces are used as input, and the force
as output. As mentioned above it is assumed that the system is only excited in
one point, this means that only one row in the transfer matrix H is obtained.
Therefore it's not possible to invert the matrix in order to obtain the equation
needed to directly formulate the RP method. However, by formulating an input
vector R to be used as input to the MISO model shown in �gure 1, a transfer
function B can be calculated.

i

B
INPUT OUTPUT

F

11
EL

N
11

EL
N

11

i

R

Figure 1: Displacement and nonlinear restoring forces are used as input and
the force as output in a MISO model.

If we apply the H1 estimate to this system the transfer function B is ob-
tained by equation (6), where N is the number of measured responses:

Bi = GRi F GRiRi i =
[
1 2 . . . N

]
(6)

The vectors Ri are given by:

Ri =
[
Xi r1 r2 . . . rNEL

]T
(7)

Where rm is the Fourier transform of the nonlinear function gm, according
to equation (8)

rm = F
(
gm(x,ẋ)

)
(8)
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As seen above the vector Ri contains the displacement of degree of freedom
i in frequency domain and the Fourier transforms of the nonlinear functions. As
also evident the only di�erence between the vectors Ri and Ri+1 is the linear
displacement Xi, everything else remains the same. Therefore it is possible to
calculate as many transfer functions Bi as there are measured responses.

When all the transfer functions Bi are calculated the nonlinear coe�cients
Pm can be obtained according to equation (9)

Pm =
1

B
Inp
Inp

N∑
i=1

wm(i)
1

BiInp
(9)

Where the superscript refers to the B vector used, the subscript tells the
speci�c position in that vector and wm(i) refers to the value at the position i
in the vector wm. Inp means Input i.e. the driving point. Since BiInp is known
for all measured DOFs, it is possible to calculate the corresponding transfer
functions of the underlying linear system H according to equation (10).

Hi
Inp =

1

BiInp
(10)

The method described above can also be used to estimate polynomial non-
linearities, as for example structural play or bilinear sti�ness. It can easily
be extended to several input forces, but as long as forces are not applied in
every measurement point the simplest way is still to set up the system as a
MISO system. The bene�t of applying extra forces, except it might be easier
to excite the nonlinearity, is that for every transfer function B calculated, it is
possible to estimate as many transfer functions of the underlying linear system
as there are driving points. This fact will a�ect the simulation time needed for
the parameter estimation in a positive way.

By applying the method above, all the transfer functions of the underlying
linear system in the driving point column are obtained, as well as estimates of
all the nonlinear coe�cients Pm. By modal parameter estimation it is there-
fore possible to obtain the complete transfer function of the underlying linear
system.
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3 Time Response Simulation of Nonlinear Me-

chanical Systems

There exist several methods to calculate the time response of a mechanical
system to an arbitrary excitation. A few of these methods are: the convolution
integral, the state transition matrix method and the Runge-Kutta method with
variations. A disadvantage with the convolution integral is the computational
cost due to its non-recursive nature. However the integral can be used to
derive a recursive algorithm, a digital �lter, which reduces the computational
cost signi�cantly compared with the convolution integral.

3.1 Linear Systems

Working with discrete sampled data demands a transformation from the con-
tinuous time domain into the discrete time domain. The basis for a family of
methods is the convolution integral:

x(t) =

∫ t

0

h(t− τ)f(τ)dτ (11)

The convolution integral can be used with any linear time invariant system.
According to the modal superposition theorem a frequency response function
can be expressed using partial fraction expansion of the residues Rr and poles
λr as follows:

H(s) =

N∑
i=1

Rr
s− λr

+
R∗
r

s− λ∗r
(12)

In equation (12), s is the Laplace variable andN denotes the total number of
modes included. To simplify the upcoming derivation of the digital �lter, only
one mode, r, will be considered. The complex conjugate in the equation above
is also removed in order to simplify the expressions further. In the derivation,
a temporary function HD will be used.

HD(s) =
Rr

s− λr
(13)

The impulse response of HD(s) is:

hd(t) = Rr e
λrt (14)
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Changing to discrete time, the response xr(nT+T ), where T is the sampling
interval, can be calculated using the convolution integral from equation (11)
with x as output and f as input:

xr(nT + T ) =

∫ nT+T

0

Rr e
λr(nT+T−τ) f(τ)dτ

= Rr e
λrT xr(nT ) +Rr e

λrT

∫ T

0

e−λru f(u+ nT )du (15)

From the equation above, it is obvious that xr(nT + T ) can be calculated
with a recursion formula using only xr(nT ) and the input signal in the interval
[f(nT ) f(nT + T )]. The way the samples f(t) are treated in the evaluation
of the last integral de�nes the design method, i.e. Impulse invariant, Step
invariant or Ramp invariant.

As an example, the step invariant method uses the constant value f(nT ) in
the entire interval. Therefore equation (15) becomes:

xr(nT + T ) = Rr e
λrT xr(nT ) + f(nT )

Rr
λr

(
eλrT −1

)
(16)

Equation (16) can be expressed in the Z-domain:

HD(z) =
z−1Rr

λr

(
eλrT −1

)
1− z−1Rr eλrT

(17)

Adding the complex conjugate and considering N number of modes, the
transfer function H can be expressed according to equation (18) below:

H(z) =
N∑
r=1

[
z−1Rr

λr

(
eλrT −1

)
1− z−1Rr eλrT

+
z−1R

∗
r

λ∗
r

(
eλ

∗
rT −1

)
1− z−1 eλ

∗
rT

]
(18)

Equation (18) shows that one set of �lter coe�cients A and B is needed
for each individual mode included in the simulation. It might seem compli-
cated to calculate these �lter coe�cients, but by putting the numerator and
denominator in vector form according to the speci�ed time delays and then
use convolution, the �lter coe�cients are obtained. In equation (19) below,
a formula to calculate the corresponding �lter coe�cients to equation (18) is
shown. N stands for numerator and D for denominator:

Nr =
[
0 Rr

λr

(
eλrT −1

)]
(19a)
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Dr =
[
1 −Rr eλrT

]
(19b)

Br = 2Re(Nr) ∗ Re(Dr) + 2 Im(Nr) ∗ Im(Dr) (19c)

Ar = Re(Dr ∗D∗
r) (19d)

These �lter coe�cients are obtained using step invariant, other methods can
also be used and then the change occurs in the numerator and depends on how
the sample in the last integral in equation (15) is treated. The denominator
stays the same regardless of which method is used. The time response can be
calculated according to the di�erence equation below:

x(n) =

N∑
r=1

B0
rf(n) +B1

rf(n− 1) + . . .+Bmr f(n−m)

−A1
rxr(n− 1)− . . .−Aprxr(n− p) (20)

As seen in equation (20), one digital �lter is obtained for every mode in-
cluded. Using the superposition theorem, the total response x(n) is the sum of
the individual digital �lters.

3.2 Extending to Nonlinear Systems

The equation of motion for a system in discrete time domain with a single
displacement dependent nonlinearity can be expressed in z-domain, as:

Z(z)X(z) +NL(z) = F (z) (21)

Where Z(z) is the impedance matrix of the underlying linear system andNL(z)
is the nonlinear function. The system response can be expressed as:

X(z) = H(z)
(
F (z)−NL(z)

)
(22)

The nonlinearity is simply considered as an extra force acting on the un-
derlying linear system. Therefore the response of the nonlinear system can be
expressed with a few small modi�cations to the di�erence equation (20) used for
linear systems. The di�erence equation for a system with a single displacement
dependent nonlinearity connected to ground is shown below:

x(n) =

N∑
r=1

B0
r

(
f(n)− nl(n)

)
+B1

r

(
f(n− 1)− nl(n− 1)

)
+ . . .

+Bmr
(
f(n−m)− nl(n−m)

)
−A1

rxr(n− 1)− . . .−Aprxr(n− p) (23)
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The only unknown parameters in equation (23) are the displacement x(n)
and the nonlinear force f(n)−nl(n), since nl(n) is a function of x(n) and f(n)
is a known value, a nonlinear equation is obtained which needs to be solved
for every single mode at each time step. This can be done with any suitable
numerical method. Once these equations are solved modal superposition can
be adopted and the response from each individual digital �lter sums up to the
total response, exactly as in the linear case.

This method can be extended to nonlinear systems with an arbitrary amount
of nonlinearities connected between any degrees of freedom. The algorithm can
be made very fast, so time simulations of systems with several degrees of free-
dom can be done in a very e�cient way. Also, a huge bene�t of using residues
and poles as base in the algorithm is that they can be obtained either from
MCK-systems, experimental measurements, analytical models or FE-models
which of course gives a very wide application area. For a detailed description
of the errors involved in these simulations see [6].

4 Simulations

The system used consists of a cantilever beam with two cubic nonlinearities,
see �gure 2. One nonlinearity is connected between DOF a and ground and
the second one between DOF b and c. The force is applied in DOF d, away
from the nonlinearities. In the simulation the �rst �ve modes of the beam are
taken into account. To further explain the method presented in chapter two, a
few steps in the process will be shown by speci�c equations, only valid for this
model, which are related back to the corresponding general equation in chapter
two.

The system in �gure 2 can be expressed in frequency domain according
to equation (24) below. Where H is the transfer function of the underlying
linear system and all nonlinearities are expressed as external forces acting on
that system. For this analysis, the input vectors w1 and w2 from chapter two
becomes,

[
1 0 0 0

]
and

[
0 1 −1 0

]
respectively.

Haa Hab Hac Had

Hba Hbb Hbc Hbd

Hca Hcb Hcc Hcd

Hda Hdb Hdc Hdd




−P1F (x3a)
−P2F

(
(xb − xc)3

)
P2F

(
(xb − xc)3

)
F

 =


Xa

Xb

Xc

Xd

 (24)

From this equation, an expression for the displacement Xd can be obtained
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Figure 2: The cantilever beam with two nonlinearities used in the simulation.
The mass of the beam is 1.1 kg and the �rst resonance frequency is 10Hz, the
�rst �ve modes were considered. 50% overlap and a hanning window were used.

as shown in equation (25).

FHdd − P1HdaF (x3a)− P2(Hdb −Hdc)F
(
(xb − xc)3

)
= Xd (25)

Solving for F and putting the equation in matrix form yields the following
expression:

[
1
Hdd

P1
Hda

Hdd
P2

(Hdb−Hdc)
Hdd

]
︸ ︷︷ ︸

Bd=G
Rd F

G
−1

Rd Rd

 Xd

F (x3a)
F
(
(xb − xc)3

)


︸ ︷︷ ︸
Rd

= F (26)

Equation (26) contains the transfer function Bd, from equation (6) in chap-
ter two. From this equation it is possible to get an estimate of Hdd of the
underlying linear system. By calculating the rest of the transfer functions Bc,
Bb and Ba, all unknowns in equation (26) can be obtained and the nonlinear
coe�cients solved for by using equation (9) from chapter two.

The settings and nonlinear coe�cients used in the simulation are all listed
in table 1. The simulation was carried out in MATLAB [7] on a laptop with an
Intel Pentium M processor of 1.7GHz and 512 Mb RAM, the total simulation
time was 330 seconds.

The frequency response functions of the underlying linear system for all
responses were calculated as well as the two nonlinear coe�cients using the
method derived in chapter two. The estimated linear transfer function from
DOF a were then compared with the true transfer function of the underlying
linear system. The results are shown in �gure 3 to 6.
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Table 1: Settings and coe�cients used in the simulation.

Variable Value
Signal Length 221 samples
Blocksize 217 samples
Fs 4096 Hz
P1 7e6
P2 3e8
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Figure 3: The underlying linear system obtained from the analysis compared
to the raw FRF in DOF a.

Figure 3 and �gure 4 clearly shows that the estimated underlying linear
system is very close to the true linear system. Also a huge improvement between
the FRF obtained if the system is not considered nonlinear, the Raw-FRF and
the FRF obtained from the nonlinear analysis can be seen.
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Figure 4: The underlying linear system obtained from the analysis compared
to the raw FRF in DOF a around the �rst two modes.

100 200 300 400 500 600 700
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Frequency [Hz]

C
oh

er
en

ce

Raw−Coherence
Multiple Coherence

Figure 5: The raw coherence compared with the multiple coherence obtained
from the nonlinear analysis in DOF a.
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The multiple coherence is often used as a measure of the goodness-of-�t for
the estimated nonlinear system. As seen in �gure 5, the multiple coherence is
almost equal to unity for all frequencies, indicating a very good �t. Also a big
improvement compared with the raw-coherence obtained by linear analysis can
be seen.
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Figure 6: The real part of the estimated nonlinear coe�cients P1 and P2. The
real parts of P1 and P2 are approximately 1000 and 5000 times bigger than the
imaginary parts.

Figure 6 shows that the estimated nonlinear coe�cients are constant over
the entire frequency range, as expected. If the studied system contains zero
memory nonlinearities, the estimated coe�cients should be real valued after av-
eraging. Therefore only the real part of the estimated coe�cients is used in the
analysis. The estimated coe�cients di�ers maximum 2% from the theoretical
value.
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5 Experimental Test

The test rig chosen is a T-beam with a cubic nonlinearity at one end. This beam
has two closely spaced modes, the �rst bending and torsional mode, both highly
a�ected by the nonlinearity. The nonlinearity is obtained by using two slender
beams �xed in the end points. These beams will, when subjected to large
displacements, behave nonlinear due to the e�ect of geometrical nonlinearity.
The system can be seen as a linear system with a local nonlinearity connected
to ground. The system is excited in point 5 and responses are measured in
points 1 to 6, where point 5 is the nonlinear node. Two rigid tables are used
in the experimental setup in order to reduce the risk of bias errors as much as
possible. A picture and a schematic drawing of the test rig are shown in �gure
7 below:

1

4
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2

5

6

F

250

250

250

250

525

175

Figure 7: The experimental test rig, a T-beam with a geometrical nonlinearity.
One end of the T-beam and both ends of the two slender beams are �rmly �xed
to rigid tables. Measurements are given in [mm].

Since the nonlinearity a�ects the system more at high vibration levels, it is
important to use a su�ciently high excitation force so that a clear nonlinear
e�ect is visible. The RMS value of the force used in this experimental test is
14.3 N . Due to force dropouts around the resonances, the nonlinear e�ects are
reduced substantially if a �at force spectrum is supplied to the shaker. The
force dropouts needs to be compensated for by adding extra energy into the
voltage signal around the resonances in order to excite the nonlinearity in a
su�cient way for the nonlinear analysis. As mentioned earlier, two nonlinear
identi�cation techniques were tested on the experimental data, Reverse Path
and NIFO. None of these methods demands that the system is excited in the
nonlinear node in order to work. However, due to physical limitations and the
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need to excite the torsional mode, node 4, 3 and 6 could not be used. When the
system was excited in node 1 and 2, the weak nature of the beam made it very
hard to excite the nonlinearity enough for successful parameter estimation.

All force signals were created in MATLAB and Signal Calc Mobilyzer [8] was
used to collect the time data. The data analysis was carried out in MATLAB.

Also, a static measurement was performed in order to get a second estimate
of the nonlinearity to compare with the results from the dynamic experiments.

5.1 Analysis of Experimental Data

There are a few uncertainties when performing nonlinear analysis on experi-
mentally acquired data, for example the integration from acceleration to dis-
placement and the polynomial form of the nonlinearity. It is not for certain the
exponent of the nonlinearity is an even number, see for example [9], and the
parameters used in the integration process can change the �nal result signi�-
cantly. As mentioned previously, the multiple coherence function is a measure
of the goodness-of-�t of the estimated nonlinear system. Therefore, the mul-
tiple coherence function can be used as an error function in order to �nd the
most suitable parameters for the integration and also the best estimate of the
nonlinear power. In this case the inverse of the area under the multiple coher-
ence function was used as error estimate and the built in MATLAB function
fminsearch was used to optimize the integration and to �nd the best estimate
of the nonlinear exponent in the studied system. The best �t was obtained with
|x2.5872| sgn(x) as nonlinear function. This is the nonlinear function used in the
analysis that follows. All calculations are done with a sampling frequency of
2604 Hz, a block size of 215 samples, 50% overlap and 120 averages.

Figure 8 shows the raw coherence from linear analysis (SISO) compared with
the multiple coherence obtained from the nonlinear analysis (MISO). The non-
linear e�ect is clearly visible in the raw-coherence function, especially around
the resonances. There is also a clear disturbance in the coherence at approxi-
mately three times the resonance frequencies, indicating a close to cubic non-
linearity. Also, a huge improvement in the coherence can be seen after the
nonlinear analysis, indicating a good estimate of the nonlinearity. The multi-
ple coherence function from RP is slightly better than the one obtained using
NIFO.

In �gure 9 the estimated FRFs of the underlying linear system obtained
from the nonlinear analysis is compared to the Raw-FRF obtained by linear
analysis. Again, the nonlinear e�ect is evident in the heavily distorted Raw-
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Figure 8: Raw coherence compared with multiple coherence obtained by
Reverse-Path.
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Figure 9: Transfer functions obtained from the nonlinear analysis using RP
and NIFO compared with the transfer function obtained using linear analysis,
Raw-FRF.

FRF. Also evident is the huge di�erence in amplitude around the resonances in
the estimates of the underlying linear system obtained by RP and NIFO. This
has been observed before in [10]. One possible reason for this is disturbances,
uncorrelated noise, present in the force signal around the resonances. Since RP
minimizes the e�ect of noise on the force channel, the estimate of the underlying
linear system becomes better with RP compared to NIFO.
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In �gure 10 the absolute value of the estimated nonlinear coe�cients are
plotted. The estimation is more or less constant with exception for a small
disturbance in the region between [60 70] Hz. By looking at the Raw coherence
in �gure 8, it is clear that the coherence is 1 above 55 Hz with exception for
the region around 90 Hz. This indicates a perfect linear relationship between
the input and output of the system. Thus, there is no nonlinear e�ect at these
frequencies. Therefore, the frequency span between [15 55] Hz was used to
estimate the nonlinear coe�cient since this is the frequency span where the
nonlinear e�ect is clear. Also, only the real part of the estimated coe�cient
was used. The real part is approximately 10 times bigger than the imaginary
part, for both methods.
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Figure 10: Nonlinear coe�cients obtained by Reverse-Path and NIFO.

To get an extra assurance of the validity of the estimated parameters from
RP and NIFO, a static measurement was performed on the structure. The non-
linear coe�cient obtained from this measurement is compared to the nonlinear
coe�cient from the RP analysis in �gure 11 below. The di�erence between the
estimated nonlinear coe�cients using RP and NIFO and the static measure-
ment is between 3-4%. All the estimated nonlinear coe�cients are listed in
table 2.

Table 2: The estimated nonlinear coe�cients

RP NIFO Static Measurement
Nonlinear Coe�cient 1.2224 · 108 1.2376 · 108 1.2740 · 108
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Figure 11: Static measured forces vs. displacement and the estimated function
from the static measurement in the left �gure. The nonlinear function estimated
from the static measurement compared to the nonlinear function estimated by
Reverse Path to the right.

As a �nal test of the validity of the estimated system, a time response
simulation was carried out using the input force from the measurements. The
forced response of node 2 was simulated and compared to the measured response
of node 2. The result from the RP analysis was used to calculate the residues
and poles of the underlying linear system. Also, the estimated nonlinearity
from RP was used in the simulation. The results are shown in �gure 12.
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Figure 12: Measured time response in node 2 compared with the simulated
time response of node 2 on the left. To the right the PSDs of the two responses
are compared to each other.

As seen to the left in �gure 12 the simulated and measured response ampli-
tudes are very similar. In fact the di�erence in standard deviation between the
two responses is only 3%. To get an estimate of the frequency content in the
signals, the PSDs of the measured and simulated response are compared to the
right in �gure 12. The match between the PSDs is also very good, especially
at the high displacement levels.

6 Conclusions

In chapter two, a general approach for analyzing MDOF systems with several
nonlinearities and only one input force using the Reverse Path method was
developed. This method is based on using partially correlated inputs which
makes the formulation much simpler than the well known Conditioned Reverse
Path method (CRP). This approach was tested both in a simulation and on an
experimental test rig with good results.

Two methods, based on random noise excitation, Reverse Path and NIFO
was used in the experimental test. Both these methods treats the nonlinearity
as a force feedback term making it possible to estimate both the underlying
linear system as well as the nonlinear coe�cients, and thereby get su�cient
information to make a mathematical model of the system from one single mea-
surement. Both methods used have been proven to work with experimental
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data. The di�erence between the estimated nonlinear coe�cients using RP
and NIFO is very small. However, the estimation of the underlying linear sys-
tem becomes poor when using NIFO on experimental data and can, in this
case, not be used to get a good estimate of the residues and poles.

A mathematical model was created from the data obtained by the RP anal-
ysis and used to simulate a forced response. The model could predict the
standard deviation of the displacement of the system within 3%. When com-
paring the PSDs of the simulated and measured response, a close match was
observed, indicating a very good agreement between the model and the tested
structure.
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Bias Errors Due To Leakage E�ects When

Estimating Frequency Response Functions

Andreas Josefsson, Kjell Ahlin, Göran Broman

Abstract

Frequency response functions are often utilized to characterize a sys-
tem's dynamic response. For a wide range of engineering applications, it
is desirable to determine frequency response functions for a system under
stochastic excitation. In practice, the measurement data is contaminated
by noise and some form of averaging is needed in order to obtain a con-
sistent estimator. With Welch's method, the discrete Fourier transform
is used and the data is segmented into smaller blocks so that averaging
can be performed when estimating the spectrum. However, this segmen-
tation introduces leakage e�ects. As a result, the estimated frequency
response function su�ers from both systematic (bias) and random errors
due to leakage. In this paper the bias error in the H1 and H2-estimates
is studied and a new method is proposed to derive the relative bias error
at the resonance frequency for di�erent window functions. The method
is based on using a sum of real exponentials to describe the window's de-
terministic autocorrelation function. Simple expressions are derived for
a rectangular window and a Hanning window. The theoretical expres-
sions are veri�ed with numerical simulations and a very good agreement
is found between the results from the proposed bias expressions and the
empirical results.

Keywords: frequency response functions, bias error, leakage e�ects,
Welch's method
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1 Introduction

Estimation of Frequency Response Functions (FRFs) from experimental data
is commonly carried out as a �rst step in the system identi�cation process. The
FRFs provide a condensed overview of the system's dynamic response and often
form the basis for selection of a more sophisticated, parametric, identi�cation
algorithm. This is the case in experimental modal analysis where many para-
metric curve-�tting routines identify the model order and corresponding modal
parameters from measured FRFs. Hence, getting accurate FRF-estimates from
experimental data is critical for the subsequent analysis. Being able to under-
stand, predict and, to some extent, compensate for possible errors in the FRFs
is therefore valuable.

This paper is concerned with the frequency-domain approach known as
Welch's method, which uses the discrete Fourier transform and achieve av-
eraging by segmenting the data as initially proposed in [1]. This is the most
common estimator implemented in signal analysis software due to its speed and
low memory requirement. However, it is also well known that this method in-
troduces leakage errors in the spectral densities since only a �nite measurement
time is studied. This windowing of the data introduces spectral smoothing and
ripple in the signals' spectral density. As a result, the FRF estimator is a�ected
by leakage errors since it is calculated from the spectral densities.

In practice, the measurement data is also contaminated by measurement
noise. Systematic (bias) errors due to measurement noise can normally be
avoided depending on how the FRF-estimator is formulated (H1, H2, Hc, etc.).
But the estimator will still be a�ected by a random error due to measurement
noise and thus it is necessary to segment the data and perform averaging over
several blocks of data to obtain a consistent estimate. On the other hand,
this segmentation of the data makes the leakage e�ects more severe. As a
consequence, for a given input and output signal, a compromise needs to be
made between the number of segments and the length on each segment when
estimating the FRF.

A comparison of transfer function estimators was shown in [2, 3, 4] where
the bias and variance due to leakage were studied for the H1-estimate and
compared with the raw quotient between the Fourier transform of the output
and the input. More recently, an extensive study on the bias and variance of
the H1-estimate was given in [5, 6, 7] where di�erent window functions and
overlapping strategies were investigated. In [8, 9] an approximate expression
for the bias error at the resonance frequency was derived for a single-degree-

110



Bias Errors Due To Leakage E�ects When Estimating FRFs

of-freedom system with white noise input. The bias expression was found by
assuming that the estimation is accomplished with an ideal rectangular spectral
window, which is an approximation that is not often appropriate in practice.

The aim of this paper is to derive a bias expression which shows better
agreement with empirical results. The study is carried out for theH1-estimator,
the H2-estimator and the coherence function assuming white noise excitation.
Speci�cally, an approximation based on using a sum of real exponentials to
describe the window's deterministic autocorrelation function is used to derive
an expression for the relative bias error at the resonance frequency. Finally, the
accuracy of the proposed expressions is examined with numerical simulations.

2 System identi�cation in the frequency domain

The problem studied is summarized below. For a single-input-single-output
case an input signal, x[n], and an output signal, y[n], both of length L samples,
and both normally distributed and stationary random sequences, are given as

x [n] = {x0, x1, . . . , xL−1} (1)

y [n] = {y0, y1, . . . , yL−1} (2)

It is assumed that the output signal is the input signal convolved with
a linear, time-invariant and causal system impulse response, h[n], with some
added measurement noise, u[n]. In the H1-case, it is assumed that the output
signal cannot be measured without noise, Eq. (3), while in the H2-case it is
assumed that the input signal cannot be measured without noise, Eq. (4).

y [n]− u [n] =

∞∑
k=0

h [k] · x [n− k] (3)

y [n] =
∞∑
k=0

h [k] · (x [n− k]− u [n− k]) (4)

The goal is then to �nd the best estimate of the linear system. With Welch's
method the problem is solved by dividing the given signals in M , possibly
overlapping, segments, each with length N samples. A window function, w[n],
is then applied to each segment and the discrete Fourier transform is calculated,
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for m = {0, 1, 2 . . .M − 1}, as

Xm [k] =

N−1∑
n=0

w [n] · xm [n] · e−
j2πkn
N (5)

Ym [k] =
N−1∑
n=0

w [n] · ym [n] · e−
j2πkn
N (6)

The spectral densities are then estimated by multiplying with the complex
conjugate and averaging over M blocks, as shown in Eq. (7) for the H1-
estimator or in Eq. (8) for the H2-estimator

Ĥ1 [k] =

∑M−1
m=0 Ym ·X∗m∑M−1
m=0 Xm ·X∗m

(7)

Ĥ2 [k] =

∑M−1
m=0 Ym · Y ∗m∑M−1
m=0 Xm · Y ∗m

(8)

Since the ratio between these two estimators can be used as a quality mea-
sure of the estimated FRF, the ordinary coherence function is de�ned as

γ̂2
yx =

Ĥ1

Ĥ2

(9)

The coherence will give a value between zero and unity at each frequency,
indicating how much of the measured output that can be explained with a
linear model and the measured input. Possible bias error due to measurement
noise can be avoided in either the H1 or the H2-case (assuming that the noise
is uncorrelated with the input signal). However, the estimators - including the
coherence function - still su�er from random error due to measurement noise as
well as, due to the �nite-length record in Eq. (5)-(6), a bias- and random-error
due to the leakage.

3 Bias errors due to leakage in the H1- and H2-

estimate

The technique described above assumes that a windowed output block is iden-
tical to the system response of the corresponding windowed input block which
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is true only if the linear system is an ideal delta-function. In practice, transient
terms from previous input blocks will always be present in a studied output
block. Hence, any possible correlation with previous input blocks is neglected
with Welch's method.

The bias error in the estimates due to leakage can be determined by studying
the bias error in spectral densities estimates, since the FRF is calculated as
the quotient between two spectral densities. Bias error in spectral densities
estimates has been studied in for instance [9, 10, 11].

First, the discrete normalized (deterministic) autocorrelation function of
the window, as a function of lag l, is de�ned with Eq. (10)-(11).

kww [l] =

{
1
N

∑N−l−1
n=0 w [n+ l] · w [n] l ≥ 0

kww [−l] l < 0
(10)

rww [l] =
1

kww(0)
· kww [l] (11)

A biased cross-correlation function of two windowed signal blocks can then
be written as [10]

r̂yx [l] = E {ym [n] · w [n] · xm [n− l] · w [n− l]} = ryx [l] · rww [l] (12)

where E {.} denotes the expected value. Similarly, a biased autocorrelation
function of y[n] is given by

r̂yy [l] = E {ym [n] · w [n] · ym [n− l] · w [n− l]} = ryy [l] · rww [l] (13)

If the excitation signal is assumed to be white noise with variance σ2
x, the

following relationships can be used [10, 11]

ryy [l] = σ2
x · kww [0] · rhh [l] (14)

ryx [l] = σ2
x · kww [0] · h [l] (15)

where rhh [l] denotes the discrete, deterministic, auto-correlation function of
the impulse response. Using Eq. (7) and Eq. (8) then gives an expression for
the biased estimates as

Ĥ1 [k] =

N−1∑
n=0

h [n] · rww [n] · e−
j2πkn
N (16)
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Ĥ2 [k] =

∑N−1
n=0 rhh [n] · rww [n] · e−

j2πkn
N∑N−1

n=0 h [−n] · rww [n] · e− j2πknN

(17)

Studying Eq. (16) - (17), it can be seen that the window function e�ectively
truncates the true impulse response function as is illustrated in Fig. 1.
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Figure 1: The biased H1-estimator is obtained by taking the Fourier transform
of a truncated impulse response (above). For the H2-estimator, the autocorrela-
tion function of the impulse response is truncated (below) which gives a biased
magnitude square function in frequency domain. The latter is then divided with
the conjugate of the biased H1-estimate in order to obtain the H2-estimate.

4 A Study of a Single-Degree-of-Freedom Sys-

tem

The relative bias error obtained at the resonance frequency for a single-degree-
of-freedom (SDOF) system is considered next. In experimental modal analysis
it is common to describe a general linear system with a set of modal parameters
such as natural frequencies, mode shapes and modal damping. The FRFs be-
tween any measurement points can then be synthesized from the modal model.
Hence, by relating the bias error to the modal parameters it is possible to
obtain an estimate of the bias error in the FRFs at each modal frequency.
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Studying a linear, second-order, continuous-time, system with input x(t)
and output y(t)

ÿ(t) + 2ζω0 · ẏ(t) + ω2
0 · y(t) = d · ω2

0 · x(t) (18)

where ζ denotes the relative damping, ω0 is the undamped resonance frequency
and d is a real constant. The impulse response to this system, in continuous
time τ , is given by [12]

h(τ) =
d · ω0√
1− ζ2

· e−ζω0τ · sin(ω0τ
√

1− ζ2) (19)

and, for ζ ≤ 1/
√

2, the peak value in the FRF occurs at the damped resonance

frequency, ωd = ω0

√
1− ζ2, and can be written as [9]

|H(ωd)| =
d

2ζ
√

1− ζ2
(20)

If the system is excited by a random input and Welch's method is used
to calculate the FRF, a bias error will be introduced as shown in previous
chapter. The di�erence between the true peak value at resonance frequency
and the biased peak value is considered here, and a normalized bias error can

be de�ned as shown in Eq. (21) where
∣∣∣Ĥ(ωd)

∣∣∣ denotes the estimated quantity.

εb =
E

{∣∣∣Ĥ(ωd)
∣∣∣}− |H(ωd)|

|H(ωd)|
(21)

This bias error will depend on the frequency resolution, window type (e.g.
rectangular, Hanning) as well as system properties (resonance frequency and
relative damping). For the proceeding calculations, the input excitation is
assumed to be white noise so that Eq. (16)-(17) are applicable and the relative

damping is assumed to be small so that
√

1− ζ2 ≈ 1. Furthermore, it will
be assumed that the continuous, deterministic, autocorrelation function of the
window can be approximated as a sum of real exponentials, i.e.

rww(τ) ≈ 1

As

P∑
n=0

an · e−kn|τ | (22)
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where {an, kn} are real-valued constants, As =
∑P
n=0 an and kn > 0. As is

shown in the next section, Eq. (22) is a reasonable approximation given the
shape of the windows typically used.

Starting with the H1-estimator, Eq. (16) can be combined with Eq. (22)
and the truncated impulse response can be written as

h1(τ) = h(τ) · rww(τ) ≈ 1

As

P∑
n=0

h(τ) · an · e−kn|τ | (23)

A multiplication with a single real exponential only changes the relative
damping of the system [9]. As a result, the truncated impulse response can be
seen as the sum of P + 1 impulse responses, each with modi�ed relative damp-
ing and each weighted with the an-coe�cients. Hence, using the assumptions
above, the peak value in the biased FRF can be written as∣∣∣Ĥ1(ω0)

∣∣∣ ≈ 1

As

P∑
n=0

an · d
2 · ζn

(24)

where ζn = ζ + kn/ω0. By using the following relationship

P∑
n=0

an
ζω0 + kn

=

∫ ∞
0

e−ζω0τ ·
P∑
n=0

an · e−kn|τ |dτ (25)

an approximation can now be derived for the relative bias error by combining
Eq. (21)-(25) which gives

ε
|H1|
b ≈ ζω0 ·

∫ ∞
0

e−ζω0τ · rww(τ)dτ − 1 (26)

Next, the relative bias error obtained at the resonance when using the H2-
estimator is examined. Studying the numerator in Eq. (17), the deterministic
autocorrelation function of the impulse response can be written as [8]

rhh(τ) ≈ d2ω0

4ζ
· e−ζω0|τ | · [cos(ω0 |τ |) + ζsin(ω0 |τ |)] (27)

when
√

1− ζ2 ≈ 1. If this function is weighted with a single real exponential,
the biased magnitude square function can be written as

F (rhh · e−k|τ |) ≈
d

4
F (dω0 · e−ζω0|τ | · sin(ω0 |τ |) · e−k|τ |))

+
d

4ζ
F (dω0 · e−ζω0|τ | · cos(ω0 |τ |) · e−k|τ |))

(28)
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where F (.) denotes the Fourier transform. The value at the resonance can
be approximated as

F (rhh · e−k|τ |)ω=ω0 ≈
d

4
(
d

j2ζ0
+

d

−j2ζ0
)+

d

4ζ
(
d(ζ0 + j)

j2ζ0
+
d(ζ0 − j)
−j2ζ0

) =
d

2ζ
· d

2ζ0

(29)

when higher-order terms, ζ2 and ζ2
0 are neglected. In Eq. (29), ζ0 denotes

the modi�ed relative damping given by ζ0 = ζ + k/ω0. Extending this to the
general form of rww(τ), shown in Eq. (22), gives the numerator in Eq. (17) as∣∣∣Ĥ(ω0)

∣∣∣2 ≈ d

2ζ
· 1

As

P∑
n=0

an · d
2 · ζn

(30)

Since the denominator in Eq. (17) can be described with Eq. (24) it follows
that the H2-estimator gives the true peak value as given by Eq. (20). Hence,

ε
|H2|
b ≈ 0 (31)

Using Eq. (9) it then follows that the coherence value at the resonance can
be approximated with

γ̂2
yx ≈ ε

|H1|
b + 1 (32)

The bias in the H1-estimator, as given by Eq. (26), can be calculated when
the window type is given. Consider, as an example, the rectangular window
and the Hanning window which have deterministic autocorrelation functions
given by [13]

rRectww (τ) = (1− |τ | ·∆f ) · (1− θ(|τ | − 1

∆f
)) (33)

rHannww (τ) = ((1− |τ | ·∆f ) · (2

3
+

1

3
cos(2π∆f · τ))...

...+
1

2π
sin(2π∆f · |τ |)) · (1− θ(|τ | −

1

∆f
))

(34)

where θ(τ) denotes the stepfunction and ∆f is the frequency increment. Using
Eq. (33) in Eq. (26) and carrying out the calculations gives the relative bias
error for the rectangular window as

ε
|H1|
b ≈ ∆f

πBr
(e−πBr/∆f − 1) (35)
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where Br is the 3dB-bandwidth for the system [9] de�ned as Br = ζω0/π
Similarly, combining Eq. (26) with Eq. (34) gives the relative bias error for
the Hanning window as

ε
|H1|
b ≈ 2∆f

3
(

1

πBr
+

B3
r

πA2
− 2Br
πA

)(e−πBr/∆f − 1) +
B2
r

3A
− 1

3
(36)

with A = B2
r +4∆2

f . Hence, if the modal damping and resonance frequency are
given or estimated, Eq. (35)-(36) can be used to approximate the bias error at
the resonance frequency.

5 Simulation Result

Results from numerical simulations are shown next where the bias error is
demonstrated and compared with the previously derived formulas. All sim-
ulations are performed with white noise excitation and the time-response is
calculated using ramp-invariant digital �lters [14].

At �rst a discrete mass-spring-damper system with two degrees of freedom
is studied with matrices given by

[M ] =

[
20 0
0 25

]
kg, [C] =

[
90 −50
−50 80

]
Ns/m

[K] =

[
3 −1
−1 1.5

]
· 106 N/m

The simulation is performed with a sampling frequency of 2048 Hz, and
Welch's estimator is used for the analysis with 50 percent overlap and a Hanning
window. No external noise is added to the simulated data, i.e. u(n) = 0, and
the high sampling frequency ensures that truncation errors when calculating
the time-responses are negligible. The errors in the estimated FRFs are then
dominated by a random error due to leakage and a bias error due to leakage.
16384 averages are taken in order to remove the random error and 2048 points
are used for the �t-blocksize giving a frequency resolution of ∆f = 1 Hz.

Both the H1- and H2-formulations are tested in the analysis. Fig. 2 shows
the true FRF for the system together with the estimated FRF when using
the H1-estimator. Similarly, Fig. 3 shows the true FRF together with the
estimated FRF when using the H2-estimator.
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Figure 2: A simulation on a mass-spring-damper system is performed and
the result with Welch's method and the H1-formulation is compared with the
system's true FRF. After averaging, a relatively large bias error is obtained at
the resonances. Finally, the simulation results are veri�ed by comparing with
the theoretical biased FRF (-) as given in Eq. (16).

When comparing the actual FRF for the system with the estimated FRFs
it is clear that the �t-blocksize is small in this example and relatively large
bias errors are obtained. In the H1-case, this can be seen around the resonance
peaks in Fig. 2, while in the H2-case the biased FRF tend to broaden the
resonance peaks and gives a larger bias error at the anti-resonance as shown in
Fig. 3.

The theoretical biased FRFs can be obtained by using the true impulse
response for the system and the deterministic autocorrelation function of the
window as given in Eq. (11). Using Eq. (16)-(17) then produces the biased
FRFs, which agrees well with the simulation results as shown in Fig. 2 and
Fig. 3. Next, the bias error at the resonance frequency for a single-degree-of-
freedom is considered and the formulas derived in Section 4 are compared with
simulation results. In the derivation, it was assumed that the deterministic
autocorrelation function of the window can be approximated with a sum of
real exponentials. The validity of this assumption is demonstrated in Fig. 4
for a 256-point rectangular window and a Hanning window. Referring to Eq.
(22), 100 kn-values are generated for this example and the best an values are
found with a least-square technique, which yields a very good approximation
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Figure 3: Based on the same system as in Fig. 2 but the analysis is carried out
with the H2-formulation. In this case, the estimated FRF over-predicts the true
FRF value before and after the resonance and gives a larger bias error at the
anti-resonances. The simulation results agrees well with the theoretical biased
FRF (-) as given in Eq. (17) for the H2-estimator.

 

Figure 4: The discrete deterministic autocorrelation function of a rectangular
window (above) and a hanning window (below) is shown together with a curve
�t consisting of a sum of real exponentials as given in Eq. (22). 100 coe�cients
are used in this example.
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of the window functions as shown in Fig. 4.
The accuracy of the proposed bias expressions for the rectangular window

and the Hanning window is demonstrated next. The time-response from a
second-order system, with relative damping ζ = 0.005 and natural frequency
f0 = 50 Hz, is simulated (Fs = 2000 Hz) and Welch's estimator is used to
calculate the transfer function.

The theoretical FRF value at the resonance frequency is then compared with
the estimated FRF value and the relative bias error, as de�ned in Eq. (21), is
calculated. This is repeated with increasing �t-blocksizes in order to get the
bias error as a function of frequency resolution. The analysis is carried out
with 50 percent overlap and 100000 averages for both the rectangular window
and the Hanning window.

 

Figure 5: An FRF is calculated from simulated time-responses for a single-
degree-of-freedom system. The result is compared with the true FRF and the
relative bias error at the resonance is determined. This is done for both the
rectangular window and the Hanning window using the H1-formulation. Nu-
merical results, which agree well with the proposed bias expressions, are shown
with increasing frequency increment.

Simulation results for the H1-estimator agree well with results from Eq.
(35)-(36) as shown in Fig. 5 and Table 1. It can be observed that the Han-
ning window gives a smaller bias error when the frequency increment is low
but a larger bias error at a larger frequency increment. However, it should be
emphasized that Fig. 5 only demonstrates the accuracy of the derived bias
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expressions. For a meaningful comparison between window functions it is nec-
essary to also study the variance due to leakage noise.

Table 1 shows the simulation results for the Hanning window where the H2-
estimator and the coherence value at the resonance are included as well. The
H2-estimator is close to zero and the coherence value depends on the relative
bias error in the H1-estimator as discussed in Section 4.

Table 1: The relative bias error at the resonance frequency obtained with the
H1 and H2-estimator and the coherence value for the Hanning window, together
with theoretical results for di�erent frequency increments.

Rel. Bias Error, H1 Rel. Bias Error, H2 Coherence Value

∆f Simulation Eq. (35) Simulation Eq. (31) Simulation Eq. (32)

1 -0.612 -0.612 0.002 0 0.388 0.389

5/6 -0.557 -0.558 -0.001 0 0.444 0.441

2/3 -0.491 -0.489 -0.001 0 0.510 0.511

1/2 -0.397 -0.397 -0.001 0 0.604 0.603

1/3 -0.271 -0.270 -0.003 0 0.731 0.729

1/4 -0.194 -0.193 0.002 0 0.805 0.807

1/6 -0.109 -0.109 -0.000 0 0.891 0.890

1/14 -0.025 -0.025 -0.000 0 0.975 0.975
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6 Discussion

Calculation of frequency-response-functions (FRFs) from �nite data sequences
often requires a segmentation of the data (Welch's method) in order to obtain
a consistent estimator when contaminating measurement noise is present. This
segmentation can in turn introduce severe stochastic errors due the leakage
noise. In practice, it is necessary to trade between the number of segments and
the length on each segment in order to �nd an acceptable compromise between
the bias error and the random error due to leakage noise and the random errors
due to measurement noise in the estimated transfer function.

The systematic (bias) error due to leakage has been studied in this work for
two common estimators; H1 and H2. It is shown that the resulting biased FRF
depends on what type of estimator that is used. In practice, it can therefore be
bene�cial to combine the results from both estimators in order to �nd a better
approximation of the system's actual FRF.

An e�ective technique has been proposed in this work, based on using a
sum of real exponentials to describe the e�ect of the window, which makes
it possible to determine the relative bias error at the resonance frequency for
di�erent window functions. The calculations were carried out for a rectangular
window and a Hanning window, but the principle can be applied to other
window functions as well. The derived formulas give a simple relationship
between bias error, frequency resolution and 3dB-bandwidth for the resonance.

A simulation study was carried out and the results from the bias expressions
were found to agree very well with empirical results. By replacing the unknown
parameters with the estimated parameters, these formulas can be useful for
quantifying the bias errors in the FRF analysis. Further studies on the random
error due to leakage noise with di�erent estimators are recommended.
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Spatial Location Identi�cation of Structural

Nonlinearities from Random Data

Andreas Josefsson, Martin Magnevall, Kjell Ahlin, Göran Broman

Abstract

With growing demands on product performance and growing com-
plexity of engineering structures, e�cient tools for analyzing their dy-
namic behavior are essential. Linear techniques are well developed and
often utilized. However, sometimes the errors due to linearization are too
large to be acceptable, making it necessary to take nonlinear e�ects into
account. In many practical applications it is common and reasonable
to assume that the nonlinearities are highly local and thus only a�ect a
limited set of spatial coordinates.

The purpose of this paper is to present an approach to �nding the
spatial location of nonlinearities from measurement data, as this may
not always be known beforehand. This information can be used to sep-
arate the underlying linear system from the nonlinear parts and create
mathematical models for e�cient parameter estimation and simulation.

The presented approach builds on the reverse-path methodology and
utilizes the coherence functions to determine the location of nonlinear el-
ements. A systematic search with Multiple Input/Single Output models
is conducted in order to �nd the nonlinear functions that best describe
the nonlinear restoring forces. The obtained results indicate that the
presented approach works well for identifying the location of local non-
linearities in structures. It is veri�ed by simulation data from a cantilever
beam model with two local nonlinearities and experimental data from a
T-beam experimental set-up with a single local nonlinearity. A possible
drawback is that a relatively large amount of data is needed. Advantages
of the approach are that it only needs a single excitation point, that re-
sponse data at varying force amplitudes is not needed and that no prior
information about the underlying linear system is needed.

Keywords: system identi�cation, structural nonlinearities, location
identi�cation, reverse-path
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Nomenclature

Hnm Frequency response function between input m and output n
xp Displacement at DOF p (time-domain)
fp External force at DOF p (time-domain)
Xp Fourier transform of xp
Fp Fourier transform of fp
GXX Single-sided auto-spectral density function of signal x
GY X Single-sided cross-spectral density function between y and x
[.] Matrix
{.} Column vector

{.}T Transpose of a vector

{.}H Hermitian transpose of a vector
E [.] Expected value
γ2 Multiple coherence function

1 Introduction

Many identi�cation techniques used for nonlinear mechanics analysis require
some initial knowledge about the nonlinearities. In general, the type of non-
linearity (sti�ness, damping, hysteretic, etc.) and its location in the structure
must be known beforehand [1]. With this knowledge it is possible to create a
more e�cient parameter estimation model.

The location of the nonlinearities can be challenging to obtain, especially for
more complex structures. The main purpose of this paper is to present an ap-
proach to �nding the location of nonlinearities from measurement data, so that
the following parameter estimation can be done more e�ciently. However, the
information about the location of the nonlinearities can be used also for more
applications, for instance, to detect misalignment or a possible malfunction in
a structure.

Traditional linear techniques based on frequency response functions (FRFs)
cannot fully represent the dynamic characteristics in the presence of nonlin-
earities. Response data, for increasing force amplitudes, can still be useful to
detect the presence of nonlinearity as well as for classi�cation. But it is di�-
cult to identify the nonlinear degrees of freedom by simply studying the FRF's,
especially if the structure is excited in a degree of freedom (DOF) away from
the nonlinearity, which can be the case in reality.
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Only a few references which focus on this problem can be found in the
literature. Many of the techniques developed so far require that either the
underlying linear system is known beforehand or that the measurements can
be carried out with increasing force levels so that changes in FRFs (or mode
shapes) can be studied. Localization procedures that compare linear numerical
models with experimental data were suggested in [2, 3, 4]. Techniques based on
internal feedback and modulation were presented in [5, 6] and a method using
combined coherence functions was utilized to identify nonlinearities between
degrees of freedom in [7].

The problem studied in this work is summarized below. The displacement
measured at N points, {x1 (t) , x2 (t) , ..., xN (t)}, are given together with a force,
fp (t), measured at DOF p as shown in Fig. 1. The excitation force is broadband
noise and large enough to excite the nonlinearities in the system. Only a single
set of data exists, i.e. the response at varying force levels (RMS-value) is not
available. It is assumed that the system can be described as an underlying linear
system (which is unknown) with zero-memory nonlinear elements included at
discrete points. The goal is to identify the degrees of freedom that are a�ected
by a local nonlinearity from the given data.

Figure 1: The problem considered in this work: A single input force is used to
excite the structure and the displacement response is measured at N points. The
goal is to identify the degrees of freedom that are a�ected by a local nonlinearity.

2 A Reverse-Path Algorithm

The approach presented in this work builds on the reverse-path methodology,
whereby the system is rede�ned as an MI/SO (Multiple-Input/Single-Output)
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system. The measured responses are then used to create arti�cial inputs which
can separate the linear system from the nonlinear parameters. Reverse-path
techniques for nonlinear parameter estimation in the frequency domain were
�rst introduced in [8] and have since been studied extensively, e.g. [9, 10].

To analyze how local nonlinearities a�ect a system it is often easier to see
them as external forces acting on an underlying linear system. A time-domain
model of a generalized lumped parameter system with local zero-memory non-
linearities can be written as [5, 11]

[M] {ẍ (t)}+ [C] {ẋ (t)}+ [K] {x (t)} = {f (t)} − {g ({x} , {ẋ} , {ẍ})} (1)

where [M], [C] and [K] are the mass, viscous damping and sti�ness matrices,
respectively. The vector {g (t)} describes the nonlinear restoring forces in the
system and is composed of nonlinear functions of the response vectors.

Introducing {F (ω)}, {X (ω)} and {G (ω)} as the Fourier transforms of the
external force vector, {f (t)}, the displacement vector, {x (t)}, and the restoring
force vector, {g (t)}, respectively, gives the following frequency domain model

[H (ω)] · ({F (ω)} − {G (ω)}) = {X (ω)} (2)

where [H (ω)] is the linear FRF matrix.
For an input force acting at DOF p and a single grounded nonlinearity at

DOF m (see Fig. 1), Eq. (2) can be simpli�ed to
H1p (ω)
H2p (ω)

...
HNp (ω)

 · Fp (ω)−


H1m (ω)
H2m (ω)

...
HNm (ω)

 ·Gm (ω) =


X1 (ω)
X2 (ω)

...
XN (ω)

 (3)

by using column p and column m in the linear FRF matrix. Each row n can
then be written as

Hnp (ω) · Fp (ω)−Hnm (ω) ·Gm (ω) = Xn (ω) (4)

An example of a time-domain description of the nonlinear restoring force is
given in Eq. (5). In this case a polynomial of degree Q is used to describe a
grounded sti�ness nonlinearity acting at DOF m.

gm (t) = {q}T · {z (t)}m =
[
q1 q2 . . . qQ−1

]

x2m (t)
x3m (t)

...
xQm (t)

 (5)
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In Eq. (5), a constant vector, {q}, is introduced which contains the polynomial
coe�cients while the nonlinear functions of xm (t) are collected in {z (t)}m.
The terms used in the latter depend on the characteristics of the nonlinearity.
For instance, it is possible to introduce velocity terms in {z (t)}m to account
for a damping nonlinearity. Without loss of generality, the description of the
nonlinear restoring force as de�ned in Eq. (5) can be written in frequency
domain as

Gm (ω) = {q}T {Z (ω)}m (6)

where {Z (ω)}m denotes the Fourier transform of {z (t)}m.
Multiplying both sides of Eq. (4) with H−1

np (ω) and combining with Eq.
(6) then leads to a general MI/SO model as given in Eq. (7) and illustrated in
Fig. 2.[

H−1
np (ω) Hnm (ω)H−1

np (ω) {q}T
]
·
[

Xn (ω)
{Z (ω)}m

]
+Kp (ω) = Fp (ω) (7)

An error term Kp (ω) is introduced in Eq. (7) which represents the frequency

Figure 2: A general MI/SO model for a system with a zero-memory nonlinear
element. The reverse-path model has displacement and nonlinear restoring force
as input and external force as output. Vp is the output predicted by the model
without any in�uence from contaminating noise, Kp.

content of the measured force which cannot be explained by the model.

The linear FRFs and the polynomial coe�cients can be estimated with the
H1-estimator [12] as (from now on omitting the dependence on frequency)[

H−1
np HnmH

−1
np {q}

T
]

= {B}T = [GFX ]m,n · [GXX ]
−1
m,n (8)

[GFX ]m,n is a cross-spectral row-vector between output and all inputs while
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[GXX ]m,n is the auto-spectral matrix for the inputs given by

[GFX ]m,n = E

[
Fp ·

{
Xn

{Z}m

}H
]

(9)

[GXX ]m,n = E

[{
Xn

{Z}m

}
·
{

Xn

{Z}m

}H
]

(10)

where E [.] denotes the expected value. Subscriptm denotes the nonlinear DOF
while subscript n is the linear response DOF used in the MI/SO model.

The most important aspect here is that the estimated FRFs, calculated with
Eq. (8), are linear and independent of the force amplitude if the vector with
nonlinear functions is correctly de�ned. Note that the inverse to the FRFHnp is
estimated with this MI/SO model, since the input and the output are reversed.
Although the signals can easily be exchanged, the reverse-path formulation has
practical advantages since it minimizes the in�uence from external noise on the
force channel [9, 10].

A MI/SO model can be created for each response measured, {x1, x2, ..., xN}.
For a nonlinear element that is away from the force excitation point, it is
necessary to create several MI/SO models in order to actually determine the
nonlinear coe�cients.

As shown above, this whole approach to estimating nonlinearities requires
that the model structure is known. However, as will be shown next, this type of
MI/SO-modeling can be used repeatedly to identify an unknown model struc-
ture. When the data has been collected it is possible to cycle through all
points in a systematic way by creating nonlinear feedback forces of each re-
sponse measured. The force feedbacks must then be created with a general,
adaptable, function, since the actual nonlinear function is still unknown.

The parameters obtained with Eq. (8) �ts the data best in a least-square
sense and the coherence function [12] is normally used to examine the quality
of the model, i.e. to quantify Kp (ω) in Fig. 2. The coherence is very useful in
linear analysis because it reveals errors in the estimate caused by contaminating
noise, nonlinearities or signal processing errors. For a system with nonlinearity,
the overall coherence can be improved by adding nonlinear feedback functions
as in Fig. 2. Thus, by using the coherence function it is possible to evaluate
each tested response point.

There are several di�erent types of coherence functions de�ned for a system
with several inputs, e.g. ordinary, partial, virtual or multiple coherence [12].
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The ordinary coherence is only useful if the inputs are uncorrelated with each
other, as it is normally misleading otherwise. Partial and virtual coherences are
normally calculated between conditioned inputs/outputs and multiple coher-
ence calculates the linear dependence between a single output and all inputs.
The latter will be used in this work since it is relatively easy to calculate, as
will be shown next.

For the system given in Fig. 2 and Eq. (7), the output from the MI/SO
model without any in�uence from contaminating noise can be written as

Vp = {B}T · {Q}m,n (11)

where {B} is the estimated FRF vector including both linear and polynomial
coe�cients and {Q}m,n denotes the input vector given by

{Q}m,n =

[
Xn

{Z}m

]
(12)

Multiplying with the complex conjugate on both sides yields

VpV
H
p = {B}T · {Q}m,n ·

(
{B}T · {Q}m,n

)H
(13)

Using Eq. (8), this can be rewritten as

VpV
H
p = [GFX ]m,n [GXX ]

−1
m,n · {Q}m,n {Q}

H
m,n · [GXX ]

−1
m,n [GFX ]

H
m,n (14)

Taking the expected value on both sides, Eq. (14) can be expressed with
spectral densities as

GV V = [GFX ]m,n [GXX ]
−1
m,n · [GXX ]m,n · [GXX ]

−1
m,n [GFX ]

H
m,n (15)

And �nally, the estimated coherent output spectrum is given by

GV V = [GFX ]m,n [GXX ]
−1
m,n [GFX ]

H
m,n (16)

Normalizing with the true measured force spectral-density, GFF , yields an
expression for the multiple coherence function as

γ2m,n =
[GFX ]m,n [GXX ]

−1
m,n [GFX ]

H
m,n

GFF
(17)
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Eq. (17) will give a frequency-dependent scalar value between zero and unity,
indicating how much of the measured output that can be explained with the
measured inputs. Note that all three spectral matrices in the numerator will
be a�ected by the nonlinear guess-functions. Referring back to Fig. 1, the goal
is to �nd the DOF m that creates the overall best coherence. Incrementing
n = (1, 2, ..., N) and m = (1, 2, ..., N) gives NxN auto- and cross-spectral
density matrices as de�ned in Eq. (9) and Eq. (10). Each combination can
then be evaluated with the multiple coherence function as given in Eq. (18)
where the di�erence between the RMS-value of the measured force spectra and
the RMS-value of the coherent output spectra is calculated.

Rm,n =

√√√√∆ω

2π

ω=ω2∑
ω=ω1

GFF −

√√√√∆ω

2π

ω=ω2∑
ω=ω1

γ2m,n ·GFF (18)

In practice, the expectations given in Eq. (9)-(10) are often estimated with
averaging and overlap processing using Welch's method [13]. The summation in
Eq. (18) is preferably done in a frequency interval {ω1, ω2} where the ordinary
coherence functions are suspected to drop due to nonlinear e�ects. ∆ω denotes
the frequency increment (in rad/s) and Rm,n is a scalar value for each input
combination and, as de�ned in Eq. (18), the minimum value indicates the best
input combination. In this formulation, all combinations are tested and an
NxN matrix is obtained.

3 Simulation Results

Results from a numerical simulation are shown next. Fig. 3 illustrates a can-
tilever beam with a cubic sti�ness-element at point 9 and a linear element with
a clearance at point 5.

The cantilever beam is modeled with Euler-Bernoulli beam theory and the
�rst 10 modes are used to describe the dynamic behavior, with 0.5% relative
damping de�ned for each mode. The parameters of the nonlinear elements are
P = 7 · 1013 N/m3, K = 2 · 1014 N/m3 and d = 0.1 mm (clearance). The
system is excited with a random force, in DOF 7, which is band-pass �ltered
between 1 and 1000 Hz and has an amplitude of 8.5 NRMS . The nonlinear
time-responses are calculated using a recursive method based on digital �lters
[14]. A sampling frequency of 20 kHz is used and enough data is simulated so
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Figure 3: A nonlinear system with 10 response points is tested. The total mass
of the cantilever is 2 kg and with the �rst resonance at 15 Hz. A cubic spring,
P = 7 · 1013 N/m3, is added to point 9 and a linear element with a clearance is
added to point 5 with K = 2 ·1014 N/m and d = 0.1 mm. The system is excited
in point 7 with a random force (8.5 NRMS) �ltered between 1 and 1000 Hz.

that the analysis (Welch's method) can be done with a frequency increment of
0.5 Hz and 50 averages using 50% overlap.
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Figure 4: For the force level used, the FRFs become distorted due to nonlinear
e�ects. In this example, the underlying linear system is compared with the raw
estimated FRF for H77 (below). The ordinary coherence function (above) shows
that a linear model is not su�cient.
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Figure 5: This plot is created by incrementing n and m in Eq. (9)-(10) and Eq.
(17)-(18). The inverse, R−1

m,n is then shown for each combination. Here, m is
the point tested for nonlinearity and n is the �rst (linear) input to each MI/SO
model. As shown, nonlinear functions based on response measured in DOF 5
and DOF 9 signi�cantly improve the model compared to the others, which gives
an indication that a nonlinearity is acting at these points.

The distortion in the FRFs is demonstrated in Fig. 4 where the raw esti-
mated H77 is shown together with the true linear FRF. In this case, the raw
FRF is an attempt to linearize the system at the current force level. However,
studying the ordinary coherence function (also shown in Fig. 4) it can be seen
that a linear model is not su�cient.

Next, the technique discussed in Section 2 is demonstrated. A trial function
with Q = 10 (see Eq. (5)) is used for the analysis and the data is processed
using Eq. (17)-(18). For this system it is necessary to include both the nonlin-
ear degrees of freedom in each MI/SO model in order to get a perfect multiple
coherence. However, the method proposed in Section 2, where each DOF is
independently tested for nonlinearity, still gives a good indication that a non-
linearity is acting at DOF 5 and DOF 9 as is seen in Fig. 5.

4 Experimental Test

A continuous T-beam structure with a local geometric nonlinearity is used for
experimental testing. A local nonlinearity is introduced with two clamped thin
beams at one end of the T-Beam as shown in Fig. 6. At large displacement
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these thin beams will be in�uenced by a geometric nonlinearity [9] and con-
sequently, the whole structure can be approximated as a linear system (the
T-beam structure) but with a local nonlinearity at one point. Six response-
points are selected on the structure, as shown in Fig. 6, and the aim is to
identify DOF 5 (the point that holds the local nonlinearity) from measurement
data.

Figure 6: A T-Beam structure (made of aluminum) is used in the experiment.
A local nonlinearity is introduced at point 5 with two thin beams (1.5 mm
thick). At higher displacements, these thin beams will be a�ected by a geometric
nonlinearity. All dimension in mm.

The experimental setup is shown in Fig. 7. The left picture shows the
shaker mounted at point 2, i.e. away from the local nonlinearity, while the
right picture shows the shaker mounted in point 5 and a more detailed view of
the thin beams. Six accelerometers are used to measure the response at each
DOF. The time-data is collected with a SignalCalc R© Mobilyzer unit and the
subsequent analysis is carried out in MATLAB R©.

In total four di�erent sets of data were collected (see Table 1) by varying
the force amplitude and the excitation point. The force is band-pass �ltered
between 15 and 100 Hz which means that it will mainly excite the two �rst
modes of the underlying linear system. For this T-beam structure, the �rst
(bending) mode is at 25 Hz and the second (torsional) mode occurs at 33
Hz. The total measurement time for each set was around 5 minutes with a
sampling frequency of 2600 Hz. The spectral analysis (Welch) is carried out
with a frequency increment of 0.04 Hz and 22 averages with 50% overlap and
a Hanning window.

A typical example of a frequency response function - calculated from low
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Figure 7: The experimental setup. The left picture shows a setup with the
shaker mounted in point 2. Some measurements were also done with a shaker
mounted in point 5, as shown in the right picture. The latter also shows a
detailed view of the thin beams connected to the T-Beam.

Table 1: Four di�erent sets of data were obtained by changing the force-level
and the excitation point. The local nonlinearity is connected to Point 5.

Set Frequency Range Excitation Point Force Level (N rms)

1 15-100 Hz 2 1.6 (low)
2 15-100 Hz 2 9.5 (medium)
3 15-100 Hz 5 1.17 (low)
4 15-100 Hz 5 7.85 (medium)

and medium force level - is shown in Fig. 8. The �rst resonance increased
approximately 5% in frequency, indicating that nonlinearities were excited. In
this case H55 is shown from data set 3 and 4.

Results from data set 2 and 4 are shown in Fig. 9 where the localization
routine is tested. The analysis was done with Eq. (17)-(18), using a trial
function of degree Q = 7 (see Eq. (5)). In both cases, measurement point 5
could be identi�ed as the location for the nonlinearity as is seen in Fig. 9.
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Figure 8: The estimated frequency response function, H55, calculated with low
force level ((in N rms)) and medium force level. The resonances increased in
frequency which indicates that nonlinearities are excited in the system.
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Figure 9: Results with shaker mounted in point 2 (left plot) and shaker
mounted in point 5 (right plot). Nonlinear functions based on response mea-
sured in point 5 improves the model signi�cantly compared to the others in both
cases. As de�ned in Section 2, m is the point tested for nonlinearity and n is
the �rst (linear) input to each MI/SO model.

5 Discussion

The obtained results indicate that the presented approach works well for iden-
tifying the location of nonlinearities in structures. It is veri�ed by simulation
data from a cantilever beam model with two local nonlinearities and experimen-
tal data from a T-beam experimental set-up with a single local nonlinearity.

141



Paper E

The systematic search with MI/SO (Multiple Input/Single Output) models im-
proves the multiple coherence function and thus provides an indication of where
the nonlinearity is located.

An advantage of the approach is that it is based on random excitation and
only needs a single excitation point, anywhere in the structure, provided that
the nonlinearities in the system are excited. In addition, response data at
varying force amplitudes is not needed and no prior information regarding the
underlying linear system is necessary, which is a great advantage in comparison
with previously suggested techniques for locating structural nonlinearities [1]-
[7]. A possible drawback with the proposed approach is that a relatively large
amount of data is needed in order to suppress leakage e�ects and stochastic
errors due to contaminating noise in the estimators. Furthermore, extending
the case to nonlinearities between degrees-of-freedom and nonlinearities that
depend on either displacement or velocity can also lead to a very large amount
of combinations that need to be tested. Future work will therefore investigate
if it is possible to reduce the search space when using this approach.
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Identi�cation of a beam structure with a local

nonlinearity using reverse-path analysis

Andreas Josefsson, Martin Magnevall, Kjell Ahlin

Abstract

Several identi�cation methods for mechanical systems with nonlin-
ear characteristics have been developed throughout the recent years and,
as a result, there is an increasing demand for experimental testing in
order to further validate and improve the methods. The identi�cation
technique considered in this paper is known as the reverse-path method.
This method can be suitable for random data since multiple-input/single-
output, spectral, techniques are utilized to separate the linear system
from the nonlinear parameters. The objective of this paper is to demon-
strate and validate the performance of the reverse-path method when it
is applied to a nonlinear mechanical systems under random excitation. In
addition, a more transparent matrix formulation is utilized to illustrate
how the reverse-path analysis is carried out. The studied experimental
system consist of two cantilever beams which are connected with a thin
beam element, designed to introduce a signi�cant nonlinearity that de-
pends on the relative motion between two degrees-of-freedom. Analysis
results for the experimental data show that a signi�cant improvement
is achieved when taking the nonlinearity into account. For the studied
system is was also possible to obtain an estimate of the driving-point
frequency-response-function away from the excitation point when using
the reverse-path method. The result is validated with a modal model
and by performing an experiment at low force amplitude to obtain an
estimate of the true underlying linear system.

Keywords: system identi�cation, structural nonlinearities, reverse-
path, MISO identi�cation
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Nomenclature

Hnm Frequency response function between input m and output n
xp Displacement at DOF p (time-domain)
fp External force at DOF p (time-domain)
Xp Fourier transform of xp
Fp Fourier transform of fp
[Gzz] Single-sided auto-spectral density matrix
[Gyz] Single-sided cross-spectral density matrix
[.] Matrix
{.} Column vector

{.}Tr
Transpose of a vector

{.}H Hermitian transpose of a vector
E [.] Expected value
γ2y:z Multiple coherence function

1 Introduction

The process carried out to characterize the dynamic response of experimental
mechanical systems often begins with estimation of linear frequency response
functions (FRFs) from measurement data which is then followed by more so-
phisticated, parametric, curve-�tting routines where the modal parameters are
extracted. In practice, engineering structures show a certain degree of non-
linearity which is often neglected by a linearization in the intended working
range. But in an application where the nonlinearity is signi�cant, traditional
estimators result in distorted FRFs which complicate the subsequent modal
parameter extraction, and may lead to a linearization of the system which is
unable to describe relevant dynamic characteristics.

The nonlinear identi�cation technique considered in this study is able to
characterize both the nonlinearity and the FRFs of the true underlying linear
system under certain conditions. One requirement is that the nonlinearity is
zero-memory meaning that the nonlinear restoring forces in the system can be
written as a function of instantaneous displacement, velocity or acceleration
[1]. Based on a model of the nonlinearity (such as spatial location and type of
nonlinearity), supplementary inputs are created from the measured responses
and multiple-input/single output (MI/SO) or multiple-input/multiple output
(MI/MO) theory [2] is utilized to determine the underlying linear system and
the unknown parameters that describe the nonlinearity.
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The basic idea to remodel the system by using �ctive, describing, forces as
supplementary inputs was originally proposed in [3], further expanded in [1, 4],
and has become known as the reverse-path method since the inputs and outputs
were originally reversed so that the measured forces acted as outputs in the
parameter estimation model. Other extensions and variations on this approach
are the Conditioned reverse-path method [5, 6] and Nonlinear Identi�cation

Through Feedback of Outputs [7]. Much theoretical work has been spent on
generalizing the methods to handle arbitrary multi-degree-of freedom systems
with several nonlinearities, acting at arbitrary degrees-of-freedoms (DOFs) in
the system, which has lead to successful results when tested on simulated data
[5, 8]. The experimental application of the methods has, to a large extent, been
carried out on relatively simple test-rigs and has been more concerned with a
validation of the very fundamental aspects of the theory, e.g. [9, 10, 11, 12, 13].

This study starts from the general MI/SO identi�cation problem and demon-
strates how the theory can be useful for nonlinear system identi�cation by a
direct application to the studied system. Building on previous work [12, 13],
where structures with a grounded nonlinearity were examined, the identi�ca-
tion methods are applied to a mechanical structure with a nonlinearity that
depends on the relative motion between two DOFs. The present study de-
scribes the analysis techniques and experimental methods utilized to validate
the identi�cation method and the assumed model of the experimental system.

2 Multiple-Input/Single Output Identi�cation

The general multiple-input/single-output (MI/SO) case is �rst considered. Given
a stationary, random, time-history y(t) and N stationary, random, time histo-
ries as

{z(t)} =
{
z1(t) z2(t) . . . zN (t)

}Tr
(1)

where {.}Tr denotes the transpose. It is assumed that y(t) is the result of {z(t)}
passing through a linear, time-invariant, system.

Introducing Y (ω) as the �nite Fourier Transform of y(t) on the time interval
0 ≤ t ≤ T and {Z(ω)} as a vector containing the �nite Fourier Transform of
{z(t)}, i.e.

{Z(ω)} =
{
Z1(ω) Z2(ω) . . . ZN (ω)

}Tr
(2)

The single-sided, auto-spectral matrix for {Z(ω)} and the single-sided cross-
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spectral row vector between Y (ω) and {Z(ω)} can then be written as

[Gzz(ω)]NxN = lim
T→∞

2

T
E
[
{Z(ω)} {Z(ω)}H

]
(3)

[Gyz(ω)]1xN = lim
T→∞

2

T
E
[
Y (ω) {Z(ω)}H

]
(4)

where [.]
H

denotes the Hermitian transpose, E[.] is the expected value and
lower indices gives the size of the matrices. Assume that y(t) can be written as

y(t) = yL(t) + n(t) (5)

where yL(t) is the linear response due to {z(t)} and n(t) is seen as contaminat-
ing noise. If n(t) is uncorrelated with {z(t)} an unbiased estimate of the linear
system is given by the so-called H1-estimate [2] as

[L(ω)]1xN = [Gyz(ω)]1xN · [Gzz(ω)]
−1
NxN (6)

where the row vector [L(ω)] contains N frequency response functions (FRFs).
The in�uence from contaminating noise, n(t), can be studied by using the

power-spectral density functions (PSDs) for y(t) and yL(t) given by (from now
on omitting the limit T →∞ and the scaling factor 2/T )

Gyy(ω) = E [Y (ω)Y ∗(ω)] (7)

GyLyL
(ω) = E [YL(ω)Y

∗
L (ω)] (8)

In Eq. (7)-(8), superscript ∗ denotes the complex conjugate. The multiple
coherence function [1, 2] is then de�ned as the quotient between these two
quantities, i.e.

γ2y:z(ω) =
GyLyL

(ω)

Gyy(ω)
=

[Gyz(ω)]1xN · [Gzz(ω)]
−1
NxN · [Gyz(ω)]

H
Nx1

Gyy(ω)
(9)

The lower index y : z is interpreted as y given all inputs z since the multiple
coherence function takes all inputs into account. Eq. (9) will give a frequency-
dependent scalar value between zero and unity, indicating how much of the
measured output that can be explained with the measured inputs and the
estimate of the linear system obtained with Eq. (6).
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3 The Studied System

The structure under test consists of two cantilever beams connected with a
thin beam element as illustrated in Fig. 1. The displacement measured at
DOF 1 and DOF 2, is denoted with x1(t) and x2(t), respectively, and f1(t) is
the applied force at DOF 1.

x1(t) x2(t)

L1 L2

f1(t)

L3

a b

Beam Profile

x1

f1

x2

Figure 1: Two cantilever beams are connected with a thin beam element (1
mm in thickness). Two response points (DOF 1 and DOF 2) are used and the
system is excited with a random input at DOF 1. Dimensions: L1=550 mm,
L2=400 mm and L3=55 mm with a beam pro�le 10x5 mm.

It is assumed that a hardening sti�ness nonlinearity will be activated be-
tween the two cantilever beams when the relative de�ection, x1−x2, is greater
than the thickness of the thin beam. Consequently, the whole system is mod-
elled as a linear system with a local sti�ness nonlinearity between DOF 1 and
DOF 2. A time-domain representation of x1(t) and x2(t) is then given by

x1(t) = h11(t) ∗ (f1(t)− fx(t, x1 − x2)) + h12(t) ∗ fx(t, x1 − x2) (10)

x2(t) = h21(t) ∗ (f1(t)− fx(t, x1 − x2)) + h22(t) ∗ fx(t, x1 − x2) (11)

where ∗ denotes convolution, hnm(t) is the linear impulse response between
response point n and excitation point m, and fx(t, x1 − x2) is a nonlinear
restoring force modeled with a general odd function as

fx(t, x1 − x2) = p · sgn(x1(t)− x2(t)) · |x1(t)− x2(t)|q (12)
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where q is an arbitrary exponent and p determines the strength of the nonlinear-
ity. A zero-memory nonlinearity is assumed, i.e. both q and p are independent
of time so that the nonlinear restoring force only depends on the instantaneous
values on x1(t) and x2(t).

A frequency domain representation of the system can be written as[
H11(ω) H12(ω)
H21(ω) H22(ω)

]
·
{
F1(ω)− p ·G(ω)

p ·G(ω)

}
=

{
X1(ω)
X2(ω)

}
(13)

where Hnm is the linear FRF between response point n and excitation point m.
F1(ω), X1(ω) and X2(ω) denotes the �nite Fourier transforms of f1(t), x1(t)
and x2(t), respectively, and G(ω) is given by

G(ω) =

∫ T

0

sgn(x1 − x2) · |x1 − x2|q · e−jωtdt (14)

so that Fx(ω) = p ·G(ω). By assuming a value on the exponent q it is possible
to calculate G(ω) from the measured quantities and obtain an estimate of the
linear FRFs and the nonlinear coe�cient, p, which �ts the data best in the
least-square sense. One way to accomplish this is to view each row in Eq. (13)
as a MI/SO identi�cation problem. By �rst de�ning the following two FRFs:

β11(ω) = p · (1−H−111 (ω) ·H12(ω)) (15)

β21(ω) = p · (1−H−121 (ω) ·H22(ω)) (16)

Combing Eq. (15)-(16) with Eq. (13) then leads to the following two MI/SO
models: [

H−111 (ω) β11 (ω)
]
·
[
X1 (ω)
G(ω)

]
= F1 (ω) (17)

[
H−121 (ω) β21 (ω)

]
·
[
X2 (ω)
G(ω)

]
= F1 (ω) (18)

Returning to the general MI/SO case in Section 2 and de�ning Y (ω) and
{Z(ω)}m as

Y (ω) = F1(ω) (19)

{Z(ω)}m =

{
Xm(ω)
G(ω)

}
, m = 1, 2 (20)

152



Ident. of a beam structure with a local nonlin. using reverse-path analysis

Using Eq. (6) then gives the H1-estimate of the linear system as[
H−1m1(ω) βm1(ω)

]
= [Gyz(ω)]1xN · [Gzz(ω)]

−1
NxN (21)

Eq. (21) directly identi�es the inverse to H11 and the inverse to H21. By
using the reciprocity of the underlying linear system, H12 = H21, the nonlinear
coe�cient is given by

p(ω) =
β11(ω)

1−H−111 (ω) ·H12(ω)
(22)

which is, in theory, real-valued and constant over the frequency range.

Hm1
-1xm

sgn(x1-x2)·|x1-x2|
q βm1

Σ

n

f1

Figure 2: Illustration of the MI/SO model used, for each response, to identify
the linear FRFs and the nonlinear coe�cient.

The methodology utilized here, as illustrated in Fig. 2, is in the literature
known as the reverse-path method. The key di�erence compared to tradi-
tional MI/SO estimation is that some of the input signals are not actually
measured but instead arti�cially created from the measured responses based
on an assumed model of the nonlinearity in the system. Since the additional
inputs are created from the measured responses, as illustrated in Eq. (14), the
reverse-path method will lead to a MI/SO model with inputs that are partially
correlated with each other. If the coherence between any two inputs is close
to unity at some frequency, the auto-spectral matrix will be nearly singular
and not possible to invert. In practice, this is rarely a problem since modern
software tools for linear algebra are capable of inverting spectral matrices that
are poorly conditioned [7] and, if needed, the correlation between inputs can
be examined to assess the quality of the result from the matrix inversion.

The spectral densities in Eq. (21) can be estimated with classical techniques
such as Welch's method [14] where windowing and overlap processing is utilized
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to obtain a consistent estimator. The quality of the estimated FRFs can be
examined with the multiple coherence function as de�ned in previous section.

When studying the estimated FRFs, and the estimated coherence func-
tion, it is often helpful to, in parallel, do a comparison with a linear single-
input/single-output (SI/SO) analysis. If the coherence for a linear SI/SO model
drops because a nonlinearity is a�ecting the responses, it should be possible
to see an improvement when studying the multiple coherence functions for the
models in Fig. 2. This comparison can be useful to determine if the coher-
ence for a linear analysis drops because of a structural nonlinearity or due to
unwanted noise generated from other sources.

In addition, it is also necessary that the estimated nonlinear coe�cients
are real-valued and constant over the frequency range so that the physical
interpretation of these quantities is not lost. Measurement disturbance and
errors introduced in the estimation of the spectral densities, together with
other nonlinear sources which are not considered in the modeling, may lead to
complex-valued coe�cients that display a signi�cant dependence on frequency.
An improvement in coherence can then be misleading if imaginary values are
neglected and the frequency dependence is removed when post-processing the
data.

As shown in previous section, the H1 estimator is de�ned so that systematic
errors due to contaminating noise on the output is avoided. For a SI/SO
analysis it is also possible to calculate the H2 estimate which is capable of
minimizing the in�uence from contaminating noise on the input. It then follows
that the coherence for a linear analysis - the ordinary coherence - is de�ned as
the quotient between the H1 estimate and the H2 estimate [2]. Using the force
as an input, the two estimates for a linear SI/SO analysis are de�ned as

Ĥ1 =
E [XmF

∗
1 ]

E [F1F ∗1 ]
(23)

Ĥ2 =
E [XmX

∗
m]

E [F1X∗m]
(24)

where Xm is the response measured at DOF m. The H2 estimator is gen-
erally not possible for a MI/SO model since the number of inputs exceeds the
number of outputs [2] which is why the H1 estimator is used in the reverse-path
analysis. Since the force is here used as an output, uncorrelated noise, n(t),
added to the measured force will not introduce a bias error in the estimated
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quantities for the reverse-path model, i.e.

E
[
N(ω) {Z(ω)}Hm

]
= 0, m = 1, 2 (25)

It can be observed that an estimator which can remove the systematic
errors due to uncorrelated noise added to the response is more challenging
to obtain for a general nonlinear problem. In this case, if x1(t) and x2(t)
cannot be measured without contaminating noise it may not be reasonable to
assume that the additional input G(ω) can be created without disturbance from
contaminating noise. As a result, due to the operation in Eq. (14), uncorrelated
noise on x1(t) and x2(t) will create correlated contaminating noise on the input
G(ω).

Using the H1 estimator, the FRFs for the reverse-path model in Fig. 2 can
be expressed with spectral quantities as[

Ĥ−1m1 β̂m1

]
=
[
F1X

∗
m F1G

∗ ] [ XmX
∗
m XmG

∗

GX∗m GG∗

]−1
(26)

where the expected value operator has been omitted for the spectral den-
sities. If the correlation between the additional nonlinear input G and the
measured quantities is negligible (i.e the nonlinearity in the system is not ex-
cited or an irrelevant nonlinear input is used), the estimated inverse of the
linear system is reduced to

Ĥ−1m1 ≈
E [F1X

∗
m]

E [XmX∗m]
(27)

This quantity is then inverted to produce the estimated linear FRF, i.e.

Ĥm1 ≈
E [XmX

∗
m]

E [F1X∗m]
(28)

Hence, the reverse-path model gives the H2-estimate in this case, which has
to be considered when doing comparisons between a linear SI/SO analysis and
a reverse-path analysis. For a linear SI/SO analysis, the H1-estimate under-
predicts the true FRF while the H2-estimate may give a better indication of the
resonances since the FRF is over-predicted in the presence of contaminating
noise, which, if created by the nonlinearities in the system, tends to dominate
around the resonances.
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4 Experimental Setup

The setup, with a shaker mounted at DOF 1 and two accelerometers mounted
at each side of the thin beam element (DOF 1 and DOF 2), can be seen in Fig.
3. A pre-test analysis with a �nite-element model was carried out and the two
�rst mode shapes of the underlying linear system were identi�ed. For the �rst
mode (around 20-30 Hz), DOF 1 and DOF 2 are moving in phase with each
other while for the second mode (around 50-60 Hz), DOF 1 and DOF 2 are
moving out of phase with each other.

 

Figure 3: The experimental setup with an accelerometer at each DOF and a
shaker mounted at DOF 1 together with a force transducer.

In order to study the nonlinear e�ects on the two �rst modes, the experi-
mental system is excited in the frequency span 15-70 Hz. To accomplish this,
suitable band-pass �ltered time signals are synthesized in MATLAB@ and then
transferred to a SignalCalc@ Mobilyzer unit, which then, through an ampli-
�er, sends a voltage signal to the shaker. The resulting force and acceleration
signals are then recorded with the Mobilyzer unit and the raw time data is
exported to MATLAB@ for the subsequent analysis.

The resulting force excitation can be strongly in�uenced by the dynamic
interaction between the shaker and the structure since so-called force drop-
outs are created in the region of the resonances [15]. This can potentially
give misleading results when traditional linearity checks are carried out based
on estimated FRFs at di�erent force levels, since the characteristic nonlinear
behavior of the structure under test is practically eliminated due to the weak
force excitation at the resonances. For this study, the voltage signals generated
in MATLAB are designed so that more power is added to the resonance regions
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in order to compensate for force drop-outs.

The data analyzed in the following section was collected with a sampling fre-
quency of 5200 Hz for a measurement running for 20 minutes with a force level
of 3 NRMS . Since the acceleration signals are measured, a double-integration
is carried out, using the trapezoidal method, in order to synthesize the supple-
mentary nonlinear input illustrated in Fig. 2. The low frequency characteristics
of the numerical integration can be a challenge to deal with. Since the inte-
gration is unstable for low frequencies a high-pass �lter is needed. While the
system is only excited in the frequency span 15-70 Hz, nonlinear e�ects can pro-
duce responses at lower frequencies which is then lost when �ltering the data.
For this structure, an odd hardening spring nonlinearity is assumed and the
generation of lower frequency components is expected to be limited. This was
veri�ed when studying the frequency content of the acceleration data. Based
on the characteristics of the sensors, and by studying the acceleration response,
a cut-o� frequency of 5 Hz was selected for the high-pass �lter and the data is
�ltered in both directions in order to remove possible phase errors introduced
in the �ltering process.

5 Identi�cation Results

The �rst step is to determine the spectral densities that are needed in order
to form the spectral matrices in Eq. (21). Since these quantities are estimated
with the discrete Fourier transform and Welch's method, a low frequency reso-
lution gives more averages and a better suppression of the random error (due to
leakage and contaminating noise) but may lead to a signi�cant bias error due to
leakage. All spectral densities are evaluated with 50% overlap and a Hanning
window. To �nd a suitable window length, several PSD/CSD calculations are
carried out with gradually decreasing frequency increment (the FFT-blocksize
is increased) until the estimated peak values close to the resonances are stabi-
lized.

Once the spectral matrices are calculated, Eq. (21) is solved and the mul-
tiple coherence function is determined with Eq. (9). This process is then
repeated with di�erent values on the exponent (q) which is included in the
model for the nonlinear restoring force in Eq. (12). The strategy utilized here
is to select the exponent that gives the overall best multiple coherence for the
MI/SO models in Fig. 2. The mean value of the multiple coherence functions
is then calculated for exponents in the interval {2, 7} and a global maximum
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is found at q = 3.3. Hence, the analysis result presented next are calculated
using the following model of the nonlinear force:

fx(t, x1 − x2) = p · sgn(x1(t)− x2(t)) · |x1(t)− x2(t)|3.3 (29)

The estimated linear FRFs, H11 and H21, can be seen in Fig. 4 and Fig. 5,
respectively. The result is compared with a linear SI/SO analysis using the H1

estimate as de�ned in Eq. (23).
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Figure 4: Magnitude and phase for the estimated FRF H11. The result is
compared with a linear (SI/SO) analysis using the H1 estimate.

The estimated ordinary coherence functions for the linear SI/SO analysis
are illustrated in Fig. 6 together with the multiple coherence functions for
the reverse-path models in Fig. 2. The ordinary coherence functions indicates
how much of the measured response PSD that can be explained with a linear
model and the measured force. Similarly, the multiple coherence functions in-
dicates how much of the force PSD that can be linearly related to the measured
response and the supplementary nonlinear input.
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Figure 5: Magnitude and phase for the estimated FRF H21 compared to a
linear (SI/SO) analysis using the H1 estimate.
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Figure 6: Estimated coherence functions for the linear SI/SO analysis together
with multiple coherence functions for the reverse-path analysis. The upper graph
for response DOF 1 (m = 1) and the lower graph for response DOF 2 (m = 2).

In summary, the analysis result indicates that a signi�cant improvement is
achieved when taking the nonlinearity into account in the parameter estimation
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model. First of all, the presence of a nonlinearity in the system was clearly seen
with the ordinary coherence functions for a linear analysis as demonstrated in
Fig. 6. In this case, an estimated coherence value of, for example, 0.3 at
a certain frequency indicates that 30% of the measured response PSD can
be explained with a linear model and the measured force. As seen in Fig. 6,
coherence values close to zero are obtained around the second resonance, which
appears to be more a�ected by the nonlinearity in the system.

The improvement in overall coherence can be seen by comparing the or-
dinary coherence with the multiple coherence in Fig. 6. Furthermore, the
distortion in the FRFs, as calculated with SI/SO and the H1-estimator, is
clearly seen in Fig. 4 and Fig. 5, particularly around the second resonance.
Most of the distortion in the magnitude and phase is removed for the linear
system estimated with the reverse-path model.

As can be seen in Fig. 4 and Fig. 5, the raw linear FRF is so distorted
that it is di�cult to identify the second resonance frequency. As discussed
in Section 3, the H1-estimator generally underestimates the true linear FRF
when contaminating noise is present. As a comparison, the raw H1-estimate
and the rawH2-estimate are illustrated in Fig. 7 together with the reverse-path
estimate of H11.
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Figure 7: The estimated H11 with the reverse-path analysis is compared with
a linear SI/SO analysis. The SI/SO analysis is performed with two di�erent
estimators: H1 and H2

The estimated nonlinear coe�cient, p(ω), as calculated from β11 and the
linear FRFs with Eq. (22), can be studied in Fig. 8. The absolute value of the
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real part is here plotted together with the absolute value of the imaginary part.
The real part is dominating between 40 to 70 Hz as well as between 15 to 22
Hz. The imaginary part is, in average, two orders of magnitude smaller than
the real part in the frequency range 40 Hz to 70 Hz. This is also the frequency
range where the overall coherence is signi�cantly improved.
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Figure 8: The estimated nonlinear coe�cient, p(ω), with the reverse-path anal-
ysis. The absolute value of the real part is illustrated togheter with the absolute
value of the imaginary part.

Studying the multiple coherence functions in Fig. 6, it can be seen that there
are still frequency regions where the coherence deviates from unity. The drop
that occurs around 47 Hz to 48 Hz strongly depends on the frequency increment
that is used to determine the spectral densities, i.e. it is most likely related to
bias error introduced with leakage: H11 has an anti-resonance around 47 Hz to
48 Hz and the leakage errors dominates around peak values in the estimated
quantity (the inverse to the linear FRF is estimated with the reverse-path
algorithm). The e�ect from this can also be seen in the estimated nonlinear
coe�cient where the imaginary part is increased one order of magnitude around
47 Hz to 48 Hz. It is interesting that, despite the long measurement time
utilized here (20 min), it was not possible to completely remove the e�ects
from leakage.

The drop in coherence that occurs around the �rst resonance, as well as
between 50 Hz to 70 Hz for the second MI/SO model, is more serious and

161



Paper F

could indicate that the actual nonlinearity is not completely described with
the assumed model. The imaginary part of the estimated nonlinear coe�cients
is also signi�cant in the interval 25 to 40 Hz as illustrated in Fig. 8.

6 Validation

Studying Eq. (16) it can be seen that the driving-point FRF, H22, can be
determined directly when the nonlinearity is taken into account in the modeling.
The point-�exibility at DOF 2 can be calculated as

H22(ω) = H21(ω)−H21(ω)
β21(ω)

β11(ω)
(1−H12(ω)H

−1
11 (ω)) (30)

Another way to obtain this information is to do a modal curve-�t of the
FRFs H11 and H21 and synthesize the full FRF matrix from the modal param-
eters. These two ways to estimate H22 are compared next.

The modal parameters are determined from the reverse-path estimate of
H11 and H21 with a global complex exponential method [15] to estimate the
poles followed by least-square frequency domain estimation of the residues. The
result is shown in Fig. 9 and compared with the H22 calculated with Eq. (30).
Fig. 9 also shows H11 from the modal model for comparison.

A relatively good agreement is found, particularly around the resonances.
By comparing Fig. 6 with Fig. 9, there is an indication that a good estimate
of H22 is obtained with the reverse-path model when the supplementary non-
linear input is contributing to the overall coherence. In addition, by comparing
with Fig. 8, it can be seen that a poor estimate of the nonlinear coe�cient is
obtained in the frequency region where H22 has an anti-resonance. An inter-
esting observation is that a relatively good estimate of H22 is obtained in the
frequency range 23 to 28 Hz even though the estimated nonlinear coe�cient
is complex-valued and clearly frequency-dependent in this frequency region as
can be seen in Fig. 8.
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Figure 9: The estimated point-�exibility at DOF 2 with the reverse-path anal-
ysis and the point-�exibility calculated with a modal curve�t
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Figure 10: The estimated H11 with the reverse-path analysis and the raw linear
analysis (SI/SO) are compared with the FRF estimated with SI/SO at low force
level, around the �rst resonance (left graph) and the second resonance (right
graph).
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Figure 11: The �rst resonance (left graph) and the second resonance (right
graph) for H21 estimated with reverse-path analysis and linear analysis (SI/SO)
at high force level. The result is compared with H21 estimated with SI/SO at
low force level.

An additional measurement at very low force amplitude was carried out to
validate the estimated FRFs of the underlying linear system. The measure-
ments were done at an force amplitude where no evident drop in coherence
occurred and the displacement level was smaller than the thickness of the thin
beam element. The �rst and the second resonance for H11 and H21 can be
seen in Fig. 10 and Fig. 11, respectively. The linear FRF obtained with the
reverse-path analysis and the raw linear analysis (SI/SO) are here compared
with the FRF estimated with SI/SO at low force level.

The amplitude di�erence for the resonance peaks is around 15-30 % for
the �rst resonance and around 10-15 % for the second resonance. The latter is
predicted at a somewhat lower frequency with the reverse-path model compared
to the FRF estimated at low amplitude but the di�erence in frequency is less
than 1%.

7 Discussion and Future Work

The application of the reverse-path method for nonlinear system identi�cation
has been illustrated by studying a beam structure, with a local nonlinearity,
under random excitation. The procedure to synthesize supplementary inputs
from measured responses forms an attractive methodology for identifying linear
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and nonlinear characteristics since a least-square solution is obtained based on
smoothed spectral data and the underlying linear system is described with fre-
quency response functions. This makes the methodology applicable for a wide
range of problems, and also makes it possible to use modal analysis techniques
to extract the linear parameters. As demonstrated in this work, much of the
conventional techniques generally used for multiple-input frequency response
measurements can be utilized when performing a reverse-path analysis.

The studied experimental system displayed a substantial nonlinear behavior
where a linear analysis gave a very low coherence in the resonance regions. This
was signi�cantly improved when taking the nonlinearity into account. The dis-
tortion in the frequency response functions was removed with the reverse-path
analysis, and the estimated linear system agreed well with the frequency re-
sponse functions measured at low force amplitudes. The estimation of driving-
point data, away from the excitation point, when the nonlinearity is taken into
account in the modeling has been pointed at in this study. The possibility
to utilize driving point data obtained from a modal model in order to either
improve or assess the estimate of the nonlinear coe�cients will be considered
in future work.
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Assessment of dynamic characteristics of me-
chanical systems often relies on linear analysis 
methods. However, these are not capable of 
providing relevant information when the sys-
tems include significant nonlinearities. The aim 
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experimental study of nonlinear mechanical sys-
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action-research in ongoing development of a 
new concept for wave energy extraction. Theo-
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An essential strategy is to model the nonlinea-
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linear system so that established linear analysis 
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work focuses on mechanical systems that can be 
described as predominantly linear systems but 
with local significant nonlinear characteristics.

The developed simulation methods utilize di-
gital filters and modal superposition to describe 
the linear subpart which is then solved recur-
sively together with the counteracting non-

linear restoring forces in the system. The result 
is computationally efficient simulation routines 
suitable for performance predictions when the 
input excitation consists of long segments of 
discrete data representing a realization of the 
stochastic excitation of the system. The indu-
strial case-study has resulted in an efficient ana-
lysis procedure which is useful for assessing and 
dimensioning the wave energy converter based 
on site specific wave data. A significant part of 
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dation of a nonlinear system identification met-
hod that is capable of characterizing nonlinear 
mechanical systems under stochastic excitation. 
The identification method builds on multiple-
input/multiple-output techniques and uses the 
measured responses to create artificial inputs 
to the parameter estimation model. This makes 
it possible to separate the linear system from 
the nonlinear parameters. Extensive simulation 
and experimental investigation demonstrate the 
potential of this method for classification, spatial 
localization and parameter estimation of struc-
tural, zero-memory, nonlinearities.
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lation methods that enable extensive investi-
gations of non-linear systems together with 
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for more efficient product innovation as well 
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methods for mechanical systems with nonlinear 
characteristics.
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