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UTILIZATION OF CANONICAL VARIABLES FOR

INTEGRATION OF SYSTEMS OF FIRST-ORDER
DIFFERENTIAL EQUATIONS

NAIL H. IBRAGIMOV
Department of Mathematics and Science,
Research Centre ALGA: Advances in Lie Group Analysis,
Blekinge Institute of Technology,
SE-371 79 Karlskrona, Sweden

Abstract. Systems of two nonlinear ordinary differential of the first order admitting nonlinear
superpositions are investigated using Lie’s enumeration of group on the plane. It is shown that
the systems associated with two-dimensional Vessiot-Guldberg-Lie algebras can be integrated
by quadrature upon introducing Lie’s canonical variables. The knowledge of a symmetry group
of a system in question is not needed in this approach. The systems associated with three-
dimensional Vessiot-Guldberg-Lie algebras are classified into 13 standard forms 10 of which
are integrable by quadratures and three are reduced to Riccati equations. It is also shown
that canonical variables furnish a convenient tool for solving systems of two linear partial
differential equations of the first order.

Keywords: Two-dimensional Lie algebras Lo, Standard forms of Lo, Canonical variables,
Non-linear superposition, First-order linear partial differential equations.

1 Canonical variables for two-dimensional Lie algebras

Consider linearly independent first-order linear partial differential operators

0

0 0 0
X = 51(56,y)% + nl(x,y)a—y , Xo = ég(ﬂﬁ,y)% + n2($,y)a—y (1.1)

with two variables x,y. The commutator [ X, X5| of the operators (1.1) is a linear
partial differential operator defined by the formula

[Xla XQ] - X1X2 - X2X17

or equivalently

(X1, Xo] = (X1(£2) - Xz(fl))(% + <X1(772) - Xz(m))a%' (1.2)

© 2009 ALGA
(© 2009 N.H. Ibragimov



2 Nail H. Ibragimov

The linear space L, spanned by the operators (1.1) is a two-dimensional Lie if
(X1, Xs| € Ls. (1.3)

In order to formulate the result on canonical variables in two-dimensional Lie al-
gebras, it is convenient to use, along with the commutator [ X1, X5] of the operators
(1.1), their pseudo-scalar product

X1V Xo = &mp — mée. (1.4)
Recall that the operators (1.1) are said to be linearly connected if the equation
)\l(x7y)X1 + A2($a y)XQ =0

holds identically in z, y with certain functions A\ (x,y), A2(z,y), not both zero.

A geometrical significance of the pseudo-scalar product is clarified by the follow-
ing statement: the operators (1.1) are linearly connected if and only if their pseudo-
scalar product (1.4) vanishes.

Lie’s method of integration of second-order ordinary differential equations by us-
ing their symmetries is based on existence of so-called canonical coordinates in two-
dimensional Lie algebras. These variables provide, for every L,, the simplest form
of its basis and therefore reduce a differential equation admitting L5, to an integrable
form. The basic statement is formulated as follows (for the proof, see[2], Chapter 18,
§1; see also [1], Section 12.2.2).

Theorem 1.1. Any two dimensional Lie algebra can be transformed, by a proper
choice of its basis and suitable variables ¢, u, to one and only one of the four non-
similar standard forms presented in the following table.

Table 1. Structure and standard forms of L,

Type Structure of Lo Standard form of L,
0 0
I [Xl, XQ]:O, Xl\/XQ%O Xlz— XQI—
ot’ ou
0 0
1I (X7, Xo] =0, X3VXe=0|X;= , Xo=t—
Ou ou
0 0 0
III X1, Xo| = X1, X3 VX X , Xo —
(X1, Xy L, X1 VX #0 1= 5 8+u8u
0 0
v [Xl, XQ] :Xl, X1VX2:0 X1 XQ—U—
ou ou
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The variables ¢, u presented in Table 1 are called canonical variables. They are found,
for each type, by solving the following systems of first-order linear partial differential
equations:

Type I: Xi(t) =1, Xa(t) =0; Xi(u)=0, Xo(u) =1

Typell: X(t)=0, Xo(t)=0; Xi(u)=1, Xo(u)=t (1.5)
Typelll: X(t) =0, Xo(t)=1t; Xi(u)=1, Xo(u) =u
TypelV: Xi(t)=0, Xo(t) =0; Xi(u)=1, Xo(u) =u

2 Application to systems with nonlinear superposition

2.1 Integration of systems associated with L-

A method for integrating systems of ordinary differential equations admitting nonlinear
superpositions with two-dimensional associated Lie algebras L, was suggested in [1],
Section 11.2.6. The result is formulated as follows.

Theorem 2.1. Consider a system of coupled nonlinear first-order ordinary differential
equations of the form

dx
= = Tit) &, y) + To(t) (2, y),
(2.1)
dy
= = L0 & (@) + Ta(t) &, )
admitting a nonlinear superposition principle. Let the operators
0 0 0 0
Xi =& y) o+ (@ y) Xy =& (2,y) 5 +&(2.9) (2.2)

oy’ dy

associated with the system (2.1) span a two-dimensional Lie algebra Lo, i.e.

ox ox

(X1, Xo] = a1 X1 + 2 Xs, ¢, = const.
Then Egs. (2.1) can be solved by quadratures upon introducing canonical variables.
Proof. After a change of the variables x, y into new variables
T=I(x,y), §=1y(y) (2.3)

without changing ¢, the operators (2.2) will be transformed into the operators

0 0 0 0

Xi=8@ 0z +8@N g, X=6@057+8@N, @4
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where the vectors (£1,£2), a = 1,2 are obtained from the vectors (£!,£2) by the
transformation law for contravariant vectors:

1 _ 1 2
fa - ax 504 _I_ (9y o)
=~ 0y ay
& iz, y) €y J(z,y) €.

ox oy

The derivative of (x, y) with respect to ¢ obeys the same transformation law:

dz _ 0i(z,y)dz  Ox(x,y)dy
dt  Ox dt Oy dt’

dy _ 0§(z,y)dz | 0j(z,y)dy
dt Or dt Oy dt

Therefore Egs. (2.1) will be written in the form

o ) _
%:E@&@@+R@$@@>
” (2.5)
%:nmﬁ@m+ﬁwéﬁw

with the same coefficients 7 (t), 75(t) as those in the system (2.1).

To complete the proof, we chose for Z, iy canonical variables mapping the operators
(2.2) to the standard forms from Table 1, and hence convert Egs. (2.1) to the simple
integrable forms given in the following table, where 7, y are denoted again by z, y.

Table 2. Standard forms of operators (2.2) and systems (2.1)

Standard forms of operators (2.2) | Standard forms of Egs. (2.1)
0 0 dx dy
I Xi=—- Xo= - — =Ti(t), - =Th(t
0 0 dx dy
n | Xi=—,Xo=0— — =0, = =T(t) +Th(t
YTy R x@y dt Todt 1) + B
0 0 0 dx dy
Im | X, = —, Xo =o— — — =T5(t — =Ti(t) + T5(t
Py P T or +y8y dt 2(H)z, dt 1) + Ty
0 0 dx dy
IV Xi=—, Xo=y— — =0, ==T1(t) +Tx(t
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Example 2.1. Let us apply the method to the following nonlinear system:

dx 2 _ T dy 2 Yy
@ W e, Y 2.6
aa YT o Y Ty (2.6)

In this case we have Egs. (2.1) with

Ty(t) =1, &z, y) = ay?,  E(r,y) = 2%y,
1 2.7)

L) =-5, &y =  &ly =y

Hence, the operators (2.2) are written:

0 0 0 0
X1 nyQ%eran—y, Xy =x£+y0—y- (2.8)

We have:
(X1, Xo] = —2X;, XqiVXo=&m—mé& = xy(yQ - 352) # 0.

Hence, the operators (2.8) span a two-dimensional Lie algebra of type III. Therefore
we can transform the operators (2.8) and Egs. (2.6) to the form III from Table 2.
Let us find canonical variables Z, ¢ for the first operator (2.8) by solving the equa-
tions
Xi(7) =0, Xi(7) =1

in accordance with Egs. (1.5) for Type III. These equations are written

0z 0z 0y ay
2 2 2 2
— — =0 — — =1
Ty &E—l—:cyay , XY &C—ir:vyay
The characteristic equation

dx dy
)
Y x

for the equation X;(Z) = 0 has the first integral 2> — y*> = const. Hence, 7 is an
arbitrary function of 22 — 32. One can take it in the simplest form & = 22 — 2.
Let us solve the equation X () = 1. Consider its characteristic system

dx dy
ry? 2y

= dj.
Using the integral given by the first equation of this system in the form 22 — y? = a2,
we write the second equation dz/(zy?) = dj of the characteristic system in the form

dx

B ¥y
x(z? — a?) Y

5
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or

i = {2(931—@ + 2(x1+a) - ﬂ dr.

The resulting integral
1
U—— [111\/1:2 —a? - ln|m\] =C
a
together with the integral 2% —y? = a? provide the solution to the equation X () = 1 :

+ F(z? — 3?).

(2.9)

One can verify that the variables (2.9) are the canonical variables required for our
algebra L. Indeed, the operators (2.8) are written in the form of type III of Table 2 (up
to nonessential constant factors in X5):

_9
oy’
These operators have the form (2.4) with
§=0, =1 =2, §=-2
Substituting these expressions in (2.5) (or differentiating (2.9) with respect to ¢ and us-

ing Egs. (2.6)) we see that Egs. (2.6) are written in the variables (2.9) as the following
simple linear equations:

X2:2<:z=3— a).

X Y
! ot 7op

dz i dy i
-z 2 —=14+Z. 2.10
@ @ (10
Integration of Egs. (2.10) yields:
C
35:71, §=Cyt+tnt. (2.11)

Now we solve Egs. (2.9) with respect to x and y :
—_— j —_—
TV e YT Ve
substitute here the solutions (2.11) and finally arrive at the following general solution
to the system of equations (2.6):

k k
B S N ) =

Here ¢ = Ot*, where C and k are arbitrary constants.

< | &
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2.2 Lie’s classification of L3

Lie showed that the basis X7, X5, X3 of any three-dimensional algebra of operators in
two variables can be mapped, by a complex change of variables, to one of the following
13 standard forms (see [2], Chapter 22; see also [1], Section 7.3.8).

Table 3. Standard forms of three-dimensional Lie algebras

A. The first derived algebra has the dimension three :

1)X1:%+§y, XQZx%—i-yagy, ngxzé%—l—f%,
2)X1:%, X2:2x%+y§y, X3:x2§+xy(%,
3)X1:a%’ Xa—ya%, 3=y2§

B. The first derived algebra has the dimension two :
4) 1:%, XQZ%, ngxé%chy%(c;éO,#l),
5)X1:é%, Xg—x%, X3_(1—c)m(%+y§y(c#0,7él),
gx=l =2 xmal iyl
7)X1:(%, Xzzx(%, 329827
8)X1:%, XQ:%, ng(x—i-y)a——l-y%,
9)X1:§y, nga:(%, XgI%—l-y%'

C. The first derived algebra has the dimension one :
wx= L xm el
11)X1:%, Xz_x%, Xg—sc(%er%,
12)X1:€%, Xz—%, X3_xa%

D. The first derived algebra has the dimension zero :
13)X1:a%, ngx%, ngp(;,;)a%.
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Remark 2.1. In 13), p(z) is any given function. Lie uses the algebras 1) and 2) also
in the following alternative forms:

0 0 0 0 0 0
) X 8x+$8y’ 2 x@a:—{—y@y’ 3= (@ y)8x+xy8y’
0 0 0 0
N Xi=1, Xo=ap —yn, Xg=yn

Recall that the derived algebra L} of the Lie algebra L3 with a basis X7, X3, X3 is
the algebra spanned by the commutators [ X1, X5], [X1, X3], [X2, X3]. The higher
derivatives are defined by induction, L% = (L), etc. A Lie algebra is solvable if its
derivative of a certain order vanishes. It is obvious that L3 is solvable if dim Lj < 2
and not solvable if dim L} = 3.

2.3 Integration of systems associated with L

Using Lie’sa classification of three-dimensional algebras, I extend Theorem 2.1 from
Section 2.1 as follows.

Theorem 2.2. Consider a system of coupled nonlinear first-order ordinary differential
equations of the form

dx
= = T & (@) + D) &, 9) + Ta(t) & (2, y),
(2.13)
dy _ 2 2 1
at Ti(t) & (2, y) + Ta(t) & (2, y) + Ts(t) (2, y)
admitting a nonlinear superposition principle. Let the operators
0 0
_ el Y e 9
Xl - §1<x7y)aw + gl(aj7y)8y )
0 0
_ ¢l _ 2 -
X2_52(x7y)ax +€2(x7y)aya (214)
0 0
— ¢l - 2 -
X3 - 53(1‘17 y>al’ + é3(x7y)8y

associated with the system (2.13) span a three-dimensional Lie algebra L3. Then Egs.
(2.13) can be solved by quadratures if the algebra L3 is solvable and reduced to inte-
gration of Riccati equations if L3 is not solvable.

Proof. We transform the Lie algebra L3 associated with the system (2.13) to an appro-
priate standard form given in Table 3 and map Egs. (2.13) to the following forms.

8
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Table 4. Standard forms of Eqs. (2.13)
A, dimLj=3:
1) & =Ti(t) + Ta(t)z + Ts(t)2?, g =Ti(t) + To(t)y + Ta(t)y*;

2) & =Ty(t) + 2T (t)x + Ts(t)x?, y = Ty(t)y + Ts(t)zy;

3) i =0, y="T(t)+ To(t)y + T3(t)y*
B. dimLj=2:
) =Ti(t) +20(t)r + T3(t)z?,  §=Te(t)y + T3(t)zy (c # 0,# 1);
5) & = (1 —c)Ts(t)x (¢ #0,# 1), =Ty /t) + To(t)x + T5(t)
6) &t =T1(t) + T5(t)x, =Ty(t) + T5(t)y;
)& =0, =Ti(t) + To(t)x + T5(t)y;
8) & =Ti(t) + Tr(t)(z + y), =Ty(t) + T5(t)y;
9) & = Ts(t), g ="Ti(t) + To(t)x + T5(t)y.
C. dimLj=
10) & = Ty (t) + Tx(t)z, v = Th(t);
11) & = T3(t)x, gy ="Ti(t) + Ta(t)x + T5(t)y;
12) & = Th (1), y = Ts(t) + T5(t)x.
D. dimL;=0:
13) & = 0, g =Ti(t) + To(t)z + T3(t)p().

In this table, x, y are the derivatives of z, y with respect to t.

It is manifest that the systems of forms B, C and D can be solved by quadratures.
It is also obvious that the systems in A require integration of Riccati equations and, in
general, cannot be solved by quadratures. This completes the proof of the theorem.

Remark 2.2. The alternative forms in Remark 2.1 provide the following alternative
standard forms of Eqgs. (2.13):

V)i =T(t) + Tat)e + Ta(t)(2* = 1), §=Ti()x + 2Ta(t)y + Ts(t)zy;

2) & =Ty(t)x + T5(t)y, y=Ti(t)x — Ta(t)y.
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In certain particular cases the systems in A can be integrated either by quadratures
or in terms of special functions. The simplest case is 75(¢) = 0. Then the equations
1) - 3) become easily solvable linear systems. Furthermore, if 7 (¢) = 0 the Riccati
equations in systems 1) - 3) can be linearized by a change of the dependent variables
(see [3], Chapter 1). Moreover, it is demonstrated in [3] that the Riccati equations in
systems 1), 3) can be linearized by a change of the dependent variables if

T3(t) = k[Ty/t) — kTy(t)], k = const.

In the case of the system 2) this condition is replaced by T3(t) = k[2T5/t) — kT (t)].

It is well known that if T5(¢) # 0, one can transform the Riccati equations in
question to the equivalent form with T5(t) = —1, T»(t) = 0. Assuming that this
transformation has been done, let us consider, e.g., the system 2),

i +2?=Ti(t), §+ay=0. (2.15)

We set = (In |u|)" and rewrite the first equation of this system in the form of a linear
second-order equation
u” = T1 (t),

where v’ is the derivative of u with respect to ¢. The above equation can be solved in
terms of special function if 77 (¢) is a linear function. Indeed, let 7' (t) = at+03, a # 0.
Then our equation

v =at+ 3
becomes the Airy equation

d*u

W —TU= 0

upon introducing the new independent variable
T =a lat + 3.
The general solution to the Airy equation is given by the linear combination
u = C1Ai(7) + CyBi(7)

of the Airy functions

>1|~

/ cos ST+—8 >ds,
0
o 1 ) 1 4
eXp T——S>+SIH<ST+§S>:|(1$.
0

10

>1|+~
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Assuming that C'; # 0 and introducing the new constant ; = C/C; we obtain

z(t) = % In|Ai(a™*Plat + 8]) + KiBi(a [t + J])]. (2.16)

Now we substitute (2.16) in the second equation of the system (2.15) and obtain upon
integration:

y(t) = Ky {Ai(a™Pat + ) + KiBi(a ot + 8))} . @17)

Thus, the solution of the system (2.15) with T3(t) = at + [ is given by the special
functions (2.16), (2.17).

Example 2.2. Consider the nonlinear system

dx
o = Ty (0) y o) 1 Ty(t)a + Ty(0)y,
(2.18)
d
= Td)ae™ W 4 Tty — Tyt)a

with arbitrary coefficients 77 (¢), 75(t), T5(t). The operators (2.14) associated with Egs.

(2.18) have the form
Xl _ earctan(y/z) (l‘ﬁ _ 9 ) ,

oy ox
0 0
_ 2.19
X xﬁeryay, (2.19)
0 0
Xs=y5. ~ oy

and span a three-dimensional Lie algebra L3 with the following commutator relations:
[Xla XZ] = Oa [X17 X3] = X17 [X27 X3] =0. (220)

It follows that the derived algebra L’ has the dimension one, and hence our algebra
L3 belongs to the category C' of Table 3. Specifically, comparison of the commutator
relations (2.20) with the commutators of the standard operators 10), 11) or 12) from
Table 3 shows that the operators (2.19) can be mapped by a change of variables (2.3)
either to 10) or to 11). However, it is easy to show that they cannot be mapped to the
form 11). Indeed, the change of variables (2.3) converts (2.19) to the form 11),

0 0 0 0
~ -
= X3 = x_aic + y_9§ )
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if  and ¥ solve the following over-determined systems:

X7 =0, X\ =1,
X2(‘%) =0, XZ(@) =T,
Xs(z) =1, Xs3(9) =,

where X, Xo, X3 are the operators (2.19). These equations are not compatible. For
example, the equations X;(Z) = 0 and X3(Z) = ¥ contradict each other because X
differs from X3 by a non-vanishing factor only. For another reasoning, see the general
construction of similarity transformations given in [1], Section 7.3.7.

Let us find the change of variables (2.3) mapping (2.19) to the form 10),

oz

X1 = 8_§’ 0%

Now 7 and y should solve the following over-determined systems:

Xi(@)=1 X =0
Xo(#) =0, Xa(p) =1,
Xo(#) =&, Xa(f) =0.

Substituting the expressions (2.19) for X, X5, X3 we write these equations in the form

ax 8.T _ tan(y/z) ag ay
e _ arctan(y/« Yd -0
Yoy Yor —°© Ty Y T
0z 0T a7y a7y
- 9y 222
8x+y6y 0, xaeryay ; (2.22)
I R
8y Yor =0 x@y Yor —

Comparison of the first and third equations for ¥ yields & = e~2°%"u/?) QOne can
readily verify that this function solves all three equations (2.22) for 2. The equations
for y are easy to solve and yield § = In /22 + y2. Thus, the canonical variables
mapping the operators (2.19) to the standard form (2.21) are given by

Fo= e actanw/v) g — In /a2 + 42 (2.23)

In these variables Eqgs. (2.18) are written in the integrable form 10) from Table 4:
dx dy
— =Ti(t)+T5(t)x, —= =Ti(t). 2.24
o = nt)+ )z, - =T() (2.24)

12



Utilization of canonical variables for integration of systems of first-order equations 13

3 Calculation of invariants using canonical variables

I will explain the essence of the approach by discussing the problem on invariants of a
linear representation of the two-parameter group composed by the homogeneous dila-
tions and rotations on the (z, y) plain. Namely, let us find the invariants J(z, y, u, v, w)
of the two-parameter group with the generators

X, = 2%— ﬁ+u£+vﬁ+kwi
1T Tor y@y ou v ow’
3.1

0
u+yx + 0y)—

0 9] 0
Xo=y=— —v—+ (v+az+ [y) 90

ox Jy %_(

where k, o, 3,7, 0 are any constants.

3.1 Computation in original variables

We have to solve the following system of linear homogeneous first-order partial differ-
ential equations:

oJ 0J 0J oJ 0J
N L L T 2
X(J) x@.ﬂ:+y8y+u8u+vav+ Yow 0 3-2)

oJ oJ oJ
Xo(J)=y— —z2— + (v+ ax + By)

oJ
- 3 Y (u+ vz + dy)=— = 0. (3.3)

ov

The integration of the characteristic system for Eq. (3.2),

dr dy du dv dw
r y u v kw’
provides the following invariants for X; :
Y U v w

Hence, the general solution to Eq. (3.2) has the form
J=J\NUV,W).

Therefore we write the action of the operator X, on functions depending on A\, U, V, W.
This action is obtained by the formula

0 B, 0 0
= — X (V) + Xo(W)— -
X, XQ()\)a)\%—Xg(U)anL Q(V)aVJr o( )8”,

13



14 Nail H. Ibragimov

The reckoning yields:

Xo(A) =—=(1+X), X(U)=V =\ +a+ B,
Xo(V) = —(U+ AV +7+0)), Xo(W) = —kAW,

and hence
X, = —(1JFAZ)Q+(V—/\U+04+6A)i - (U+Av+~y+5A)i w2
O\ ou ov ow
Now the characteristic system for Eq. (3.3) is written
d\ aUu av aw

TIEN VoM tat B UMW v+ W

Thus, we have arrived at the problem of integration of the following system of first-
order linear ordinary differential equations with variable coefficients:

d A 1
v_ U

av _ _ v A

il e (Ve

v\ 1

av _ 5\ 3.5
e A e eACR (3-5)
aw_ m

dx 1+ X2

3.2 Computation in canonical variables

First we compute the commutator (1.2) and the pseudoscalar product (1.4) of the op-
erators (3.1) and obtain:

(X1, Xo] =0, X;VXy=—(2®+y*) #0.

Therefore, according to Table 1, the operators (3.1) span a Lie algebra Ls of type L.
In order to find canonical variables for this algebra, we have to determine a change of
variables of the form (2.3),

by solving Eqgs. (1.5) for type I,

o 0F o 0w
0§ 0§ =08 0%z _

14



Utilization of canonical variables for integration of systems of first-order equations 15

Writing the characteristic equation for the equation X5 (z) = 0 from (3.6) in the form
xdr 4+ ydy =0

we obtain the first integral
z? + y2 = const.

Hence, the general solution to the equation X»(Z) = 0 has the form

T =2(r), where r=+/2%4y>

We have: P 9
r Y
X =r— = =
1(r) S +y8y T,
and hence the restriction of X, to functions depending only on 7 has the form
0
Xi=r—-
1= B

Therefore the equation X;(Z) = 1 from (3.6) is written

dz(r)
=1
" ar
and yields
T=Inr=In+/22+ 2.

Now we proceed likewise with Egs. (3.7). Namely, starting with the equation
X1(7) = 0 we conclude that

The reckoning shows that the restriction of X, to functions depending only on A has
the form (see also Section 3.1)

0

Xp=—(14+M) 51

Therefore the equation X5(g) = 1 from (3.7) is written

(1+A2)d‘zl—(;‘):—1

and yields

y = —arctan A = — arctan <Q> .
x

15



16 Nail H. Ibragimov

Thus, we have the following canonical variables:
Z=1In \/m, gy = — arctan(y/x) . (3.8)
The inverse transformation to (3.8) is given by
r=c" cosfy, y=—e"sing. (3.9)

Using Egs. (3.8) and (3.9) one can readily rewrite the operators (3.1) in the canonical
variables and obtain:

0 0 0 0
X1 == — — + kw— 3.10
! 3i+u(9u+vcf)v+ Yow’ (3.10)
Xy = 9 + [v+ e (o cosg — singj)}g — [u+e’(ycosjg—4 singj)}2~
oy ou ov
Now the characteristic system for the equation X;(.J) = 0 is written
du dv dw N
_——=— = — = dl‘
u v kw
and provides the following invariants:
g, U=ue?, V=ve?l, W=weh. (3.11)

The second operator (3.10) is written in terms of the invariants (3.11) as follows:

0 . .4 0 _ .4 0
X2:8_g+[v+acosy—ﬂs1ny]%—[U—l—fycosy—ésmy]w- (3.12)

The characteristic system for the equation X5(.JJ) = 0 reduces to the following simple
system of non-homogeneous first-order linear equations:

aUu av
— =V +acosy—fsingy, ——=-U—ycosy—+9sing. (3.13)
dy dy
It can be easily integrated by variation of parameters. I provide the solution when
d=a, v=-0, (3.14)

1.e. for the system

Z—[{:V—ka cosy — [3 siny, (fZ_Y:_U—'—B cosy + « sin . (3.15)
Y Y

The general solution to Egs. (3.15) has the form

B g _ ay Lo
U= <C1 + 5) cosy + <02+ 5) sin g,

(3.16)
V= (C’g — %) cosy — (01 — é) sin 3.

2

16



Utilization of canonical variables for integration of systems of first-order equations 17

3.3 Summary

Let us summarize our results on invariants for the operators (3.1) in the case (3.14), i.e.
for the operators

L AL AV LA A
1T o y@y You Yo T ow’
(3.17)

(u—ﬁx—i—ay)ﬁ-

0 0 0
Xo=y=——ao—+ (v+ax+ [y) 90

ox oy ou
Solving Egs. (3.16) with respect to C', C'; we obtain two first integrals
CYl = Jl(gaUaV)7 02 = JQ(gaUaV)

of the system (3.15). The functions J; and .J, provide two functionally independent
invariants for the operators X1, X5. The third invariant J3 is W from Eqgs. (3.11).
Egs. (3.8) and (3.9) yield:

650 — /IEQ‘I‘yQ, COSg:xe_j, Sing: —ye_i. (318)
Substituting (3.18) in Egs. (3.11), (3.16) and setting C'; = J;, C5 = Jo, W = J3, we

obtain:
_ B a
U—(J1+§ w—(J2+§>ya

v:<ﬁ—§)y+<b_%>x7 (3.19)

w = (x2 + y2)k/2 J3.

Solving Egs. (3.19) with respect to Ji, Jo, J3 we finally obtain the following basis o
invariants for the operators (3.17):

1
J = P (xu—l—yv—l—a:cy — g(xQ — y2)> :
1 a, 5 o (3.20)
Jo = 214 (xv—yu+ﬁxy+§(x —Y )) )
JS — ({L‘2 + yQ)—k/Qw.
& March 2009
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Abstract. The paper is devoted to the group analysis of equations of motion of two-dimensional
uniformly stratified rotating fluids used as a basic model in geophysical fluid dynamics. It is
shown that the nonlinear equations in question have a remarkable property to be self-adjoint.
This property is crucial for constructing conservation laws provided in the present paper. In-
variant solutions are constructed using certain symmetries. The invariant solutions are used for
defining internal wave beams..

Keywords: Self-adjointness, Lagrangian, Energy, Invariant solutions, Internal wave beams.

1 Introduction

We will apply Lie group analysis for investigating the system of nonlinear equations

Awt — 9Pz — fvz = wawz - %wa ) (11)
(e f¢z = wxﬂz - wzvx ) (12)
N2

used in geophysical fluid dynamics for investigating internal waves in uniformly strat-
ified incompressible fluids (oceans). In particular, the system (1.1)-(1.3) with f = 0
was used in [1] to study two non-unidirectional wave beams propagating and interact-
ing in stratified fluid. An exact solution of the same system, again in the case when

© 2009 ALGA
(© 2009 N.H. Ibragimov and R.N. Ibragimov
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20 N.H. Ibragimov and R.N. Ibragimov

f = 0, was employed in [2] for investigating stability of a singe internal plane wave.
Weakly nonlinear effects in colliding of internal wave beams were investigated in [3],
[4] by using Egs. (1.1)-(1.3) with f = 0. The system (1.1)-(1.3) with f # 0 was used
in [5] to model weakly nonlinear wave interactions governing the time behavior of the
oceanic energy spectrum.

In these equations A is the two-dimensional Laplacian:

Oy | Oy
Ox? + 022
and g, f, N are constants. Namely, g is the gravitational acceleration, f is the Coriolis
parameter. The quantity N appears due to the density stratification of a fluid and is
constant under the linear stratification hypothesis.

We will show in what follows that the system of equations (1.1)-(1.3) is self-adjoint
(in the terminology of [6, 7]) and use this remarkable property of the system for calcu-
lating conservation laws associated with symmetry properties of the system (1.1)-(1.3).

In some calculations, e.g. in Sections 4.7, 4.5, 4.8 it is convenient to write Eqgs.
(1.1)-(1.3) by using the Jacobians J (¢, v) = v, — ¥,v,, etc., in the following form:

A:D:§+Dgu €.g. Awt:

= Di(AY),

Aqujt_gpa:_fvz = J(¢7A¢)a (14)
Ut_{_fq/}z = J(¢7U)v (15)

N2
pﬁ?%:J(?ﬂ,p). (1.6)

2 Self-adjointness

2.1 Preliminaries

We will use the terminology and the following definitions from [6, 7] (see also [8]).
Let # = (x!,...,2") be n independent variables, and u = (u',...,u™) be m
dependent variables. The partial derivatives of u® with respect to x* are denoted by

Uy = {u?}, U2) = {u%}, ... with
uf = Di(u®), ug; = Dz(u;“) = D;D;(u%),...,
where D; is the operator of fotal differentiation with respect to x* :

0 0 0

D; = 1=1,...,n. (2.1)
Even though the operators D; are given by formal infinite sums, their action D;(f) is
well defined for functions f(x,u,u(),...) depending on a finite number of the vari-
ables x, u, u(1), u(2), . . - The usual summation convention on repeated indices « and ¢
is assumed in expressions like Eq. (2.1).

20



Group analysis of internal waves. I: Self-adjointness and conservation laws 21

The variational derivatives (the Euler-Lagrange operator) are defined by

50 . )
%_auaJF;(_l)D“'”DiSM’ a=1,...,m, (2.2)

where the summation over the repeated indices 7; . . . 75 runs from 1 to n.
Definition 2.1. The adjoint equations to nonlinear partial differential equations
Fo(z,u,...,ue) =0, a=1,...,m, (2.3)

are given by (see also [9])

Fo’j(x,u,u,...,u(s),u(s)) =0, a=1,...,m, (2.4)
where = (', ..., u™) are new dependent variables, and F* are defined by
. 0(u’Fp)
Fa(I,U,ILL,...,U(S),M(S)) = Taﬁ' (2.5)

In the case of linear equations, Definition 2.1 is equivalent to the classical definition
of the adjoint equation.
Consider the function

EI/L/H}%(QZ,U,...,U(S)) (26)

involved in (2.5). Egs. (2.3) and their adjoint equations (2.4) can be obtained from
(2.5) by taking the variational derivatives (2.2) with respect to the dependent variables
u and the similar variational derivatives with respect to the new dependent variables i,

0 0 - 0
— = + =1)°D;, - Dy, 57—, a=1,...,m. (2.7)
ope o ;( ) g,
Namely:

)
% = Fa(x,u,...,u(s)), (2.8)
oL .
Sue =r, (J;, Uy fhy ooy Us), u(s)). 2.9)

This circumstance justifies the following definition.

Definition 2.2. The differential function (2.6) is called a formal Lagrangian for the
differential equations (2.3). For the sake of brevity, formal Lagrangians are also re-
ferred to as Lagrangians.

21



22 N.H. Ibragimov and R.N. Ibragimov

If the variables u are known, the new variables y are obtained by solving Egs. (2.4)
which are, according to (2.5), linear partial differential equations (2.4) with respect to
1e. Using the existing terminology (see, e.g. [10]), we will call u“ nonlocal variables.

Nonlocal variables can be excluded from physical quantities such as conservation
laws if Egs. (2.3) are self-adjoint ([6]) or, in general, quasi-self-adjoint ([11]) in the
following sense.

Definition 2.3. Eqgs, (2.3) are said to be self-adjoint if the system obtained from the
adjoint equations (2.4) by the substitution p = w :

F;‘(x,u,u,...,u(s),u(s)) =0, a=1,...,m, (2.10)
is equivalent to the original system (2.3), i.e.
F;(m,u,u, o ,u(s),u(s)) = @gFg(x,u, o ,u(s)), a=1,...,m,
with regular (in general, variable) coefficients ®2.

Definition 2.4. Eqs, (2.3) are said to be quasi-self-adjoint if the system of adjoint
equations (2.4) becomes equivalent to the original system (2.3) upon the substitution

p = h(u) (2.11)
with a certain function h(u) such that '(u) # 0.

2.2 Adjoint system to Egs. (1.1)-(1.3)

Let us apply the methods from Section 2.1 to Eqgs. (1.1)-(1.3). In this case the formal
Lagrangian (2.6) for Egs. (1.1)-(1.3) is written
L= @[A¢t — 9Pz — Ju. — ¢IA¢Z + @ZJZwa}
N2 (2.12)
+N{Ut +f¢z - ¢xvz +d}zvz] +T|:pt + ?djx - %pz +¢sz )

where ¢, 1 and r are new dependent variables. The adjoint equations to Eqs. (1.1)-
(1.3) are obtained by taking the variational derivatives of £, namely:

%:0, %:O’ %:0, (2.13)
where (see (2.2); see also Egs. (3.6))
=5 Dy~ D,
%: %—Dxai%—Dzai%+Dth%+Dth%+~~

22



Group analysis of internal waves. I: Self-adjointness and conservation laws 23

Taking into account the special form (2.12) of £, we have:
oL

0L _ 0L oc
oY My o,

oL oL oL
— (D2 + D |D D D
(0 + D) | Peg g + Do, + Pegag,

N2
= D, (oA, + pv, — ” r+rp.) — D, (@AY, + fu+ pv, + rpy)

N2
= meAqvbz - QDZA#}:E + MUy — ? Ty + TePz — f:uz — MU — TP

oL oL oL oL

_:_D—_Dx—_Dz—:_ A z z¥x
5 D0, 90, a0, e — pas + fo + pat
oL oL oL oL
5 o o op. i+ gz — Tetb. + o0
Hence, the adjoint equations (2.13) can be written as follows:
N2
Ap + ? Te + flb, — e AV, + p, Ath, — O =0, (2.14)
- Mt — #x¢z + f‘;pz + Mz% = 07 (215)
— Tt + gz — Ta:wz + Tzwx = O, (216)
where

2.3 Self-adjointness of Eqgs. (1.1)-(1.3)
Theorem 2.1. Egs. (1.1)-(1.3) are quasi-self-adjoint.

Proof. Looking for (2.11) in the form of a general scaling transformation, one can
readily obtain that after the transformation

e

=1, p=-v, T:_mpv (2.18)
the quantity © given by Eq. (2.17) vanishes. Therefore the adjoint equations (2.14)-
(2.16) become identical with Eqs. (1.1)-(1.3) after the substitution (2.18). Hence,
according to Definition 2.4, Eqs. (1.1)-(1.3) are quasi-self-adjoint. Since Egs. (2.18)
are obtained just be simple scaling of the equations ¢ = 1, u = v,r = p required for

the self-adjointness, we will say that Egs. (1.1)-(1.3) are self-adjoint.

23



24 N.H. Ibragimov and R.N. Ibragimov

3 Conservation laws

3.1 General discussion of conservation equations

Along with the individual notation ¢, x, z for the the independent variables, and
v, p, 1 for the dependent variables, we will also use the index notation z' = ¢, 22 =
x, 23 = zand u' = v, u? = p, u3 = 1), respectively. We will write the conservation

laws both in the differential form

Dy(C") + D,(C*) + D.(C*) =0 (3.1)

d 1 B
< / / Cldads — 0, (3.2)

where the double integral in taken over the the (z, z) plane R%. The equations (3.1)
and (3.2) provide a conservation law for Eqgs. (1.1)-(1.3) if they hold for the solutions
of Egs. (1.1)-(1.3). The vector C = (C', C?%, C?) satisfying the conservation equation
(3.1) is termed a conserved vector. Its component C'! is called the density of the con-
servation law due to Eq. (3.2). The two-dimensional vector (C?, C?) defines the flux
of the conservation law.

The integral form (3.2) of a conservation law follows from the differential form
(3.1) provided that the solutions of Eqs. (1.1)-(1.3) vanish or rapidly decrease at the
infinity on R?. Indeed, integrating Eq. (3.1) over an arbitrary region 2 C R? we have:

// Cldrdz = — // +(C?) + D.(C?)] dadz.

According to Green’s theorem, the integral on the right-hand side reduces to the inte-
gral along the boundary OS2 of 2 :

// +(C?) + D.(C?%)] dadz —/ C3dx — C?dz,

o0

and the integral form

and hence vanishes as () expands and becomes the plane R?.

Remark 3.1. It is manifest from this discussion that one can ignore in C'! “divergent
type” terms because they do not change the integral in the conservation equation (3.2).
Specifically if C'! evaluated on the solutions of Egs. (1.1)-(1.3) has the form

C' = C" + D (h?) + D.(h%) (3.3)

with some functions A%, h3, then the conservation equation (3.1) can be equivalently
rewritten in the form (see [12], Paper 1, Section 20.1)

Dy(CY) + D, (C?) + D.(C®) =0
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Group analysis of internal waves. I: Self-adjointness and conservation laws 25

where B B
C? = C? + Dy(h?), C°=C°+4 Dy(h*).

Accordingly, we have
/ / Cldzdz = / / Cldadz,

and hence the integral conservation equation (3.2) provided by the conservation density
C! of the form (3.3) coincides with that provided by the density C.

In particular, if C' = 0the integral in Eq. (3.2) vanishes. This kind of conservation
laws are trivial from physical point of view. Therefore we single out physically useless
conservation laws by the following definition.

Definition 3.1. The conservation law is said to be trivial if its density C'! evaluated on
the solutions of Egs. (1.1)-(1.3) is the divergence,

C' = D,(h*) + D,(h?).

The following statement ([13], Section 8.4.1; see also [7]) simplifies calculations
while dealing with conservation equations.

Lemma 3.1. A function F'(v, p, ¥, Uy, Uz, Puy Poy Vs Yoy Yat, Yo, - - ) is the divergence,

F = D,(C") + D.(C?), (3.4)
if and only if satisfies the following equations:
oF oF oF
- — —=0. — =0. 3.5
ov T op B 0 (3-5)

Here the variational derivatives act on F' as usual (see also Section 2.2):

oF oOF oF oF

5o o0 P (a—> - P (a—) ’

oF oOF oF oF

5 " ap D (%) - b (%) ’ G0

oF  OF or or or oF
w = %_Dx (8—%> - D, (8¢z) + D,D, <%) + D,D; (@) + -

Corollary 3.1. A function C" is the density of a conservation law (3.1) if and only if
the function

F = Dy(C") (3.7)

(1.1)—(1.3)

satisfies Egs. (3.5). Here |(1.1)—(1.3) means that the quantity D,(C") is evaluated on the
solutions of Egs. (1.1)-(1.3).

25
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In particular, Lemma 3.1 allows one to single out trivial conservation laws as fol-
lows.

Corollary 3.2. The conservation law (3.1) is trivial if and only if its density C'! eval-
uated on the solutions of Egs. (1.1)-(1.3), i.e. the quantity

C. = Cl|(1.1)—(1.3) (3.8)
satisfies Egs. (3.5),
5C! 6C! 6C!
S0 - 0, 5 0, o 0, 3.9)

on the solutions of Egs. (1.1)-(1.3).

3.2 Variational derivatives of expressions with Jacobians

We will use in our calculations the following statement on the behaviour of certain
expressions with Jacobians under the action of the variational derivatives (3.6).

Proposition 3.1. The following equations hold:

M, M, (3.10)
WZO’ %Z”’)] _o G.11)
%;ﬂ,p)] o, %;M)] —0, (3.12)
%ﬁ@ o, %ﬂ 0. (3.13)

Proof. Let us verify that the first equation (3.10) holds. We have (see (3.6)):

5J(¢; U) _ 5(1/1351)z - ’l/}Z/U(E)
v ov

Replacing v by 1 one obtains the second equation (3.10). Let us verify now that Egs.
(3.11) are satisfied. We have:

5[UJ(¢7 U)] _ 5[“(%02 - wzvx)] _ 8[1)(77/)961;2 - @/)va)]

o o ov
= JW, 1}) - Dz(U%) + Dx(vwz) = J(T%U) - J(Tﬁ, U) - ’Uwzz + Uwzm =0

— DZ(U¢$) + Dz(vwz>
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and
v (,v)] _
ot

Replacing v by p one obtains Egs. (3.12). Egs. (3.13) are derived likewise even though
they involve higher-order derivatives. We have:

5J("¢7 Aw) o 5(wa1/}z - %A%) . 5[1/195(%% + wzzz) - wz(wxmﬁ + wxzz)]

51 N 51 5
= —D,(A4.) + D.(A,) — D.(D: + D2)(¢s) + Do(D2 4 D?)(¢)2)

= —Du(A.) + D(A,) — DL(AY,) + Dy(Apy) =0

—D,(vv,) + D,(vv,) = =00, — VU, + V0, + VU, = 0.

Derivation of the second equation (3.13) requires only a simple modification of the
previous calculations. Namely:

o o

— %ADZD$(¢2) + %ADIDZ(W) =0.

3.3 Nonlocal conserved vectors

It has been demonstrated in [8, 7] that for any operator

0

x =g ? e (3.14)

a i
admitted by the system (1.1)-(1.3), the quantities

— LW [g‘/‘; —Dj(%> DDk,< ] (3.15)
ij
+D; (W) [;ﬁ; -D (aigkﬂ + D Dk(Wa)[aa‘gk], i=1,23,

define the components of a conserved vector for Egs. (1.1)-(1.3) considered together
with the adjoint equations (2.14)-(2.16). Here

We=n*—&uf, a=123. (3.16)
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28 N.H. Ibragimov and R.N. Ibragimov

The formula (3.15) is written by taking into account that the Lagrangian (2.12)
involves the derivatives up to third order. Moreover, noting that the Lagrangian (2.12)
vanishes on the solutions of Egs. (1.1)-(1.3), we can drop the first term in (3.15) and
use the conserved vector in the abbreviated form

i Wa[au ( ) DDk( jkﬂ (3.17)
000 [ 22 () e 2.

For computing the conserved vectors (3.17), the Lagrangian (2.12) containing the
mixed derivatives should be written in the symmetric form

1
L= g 2 [¢t:m: + ¢mtw + ¢$xt + ¢tzz + wztz + ¢zzt - 39035 - 3fvz

- djx (wzmx + 1/}:vzz + wzxz + 3¢zzz> + wz (32/}:p:vx + wzzz + ¢zmz + ¢zzw)} (318)
N2
+ /u [Ut + f¢z - ,lvaUz + ¢ZU$] + T[Pt + 7 wx - 1/]a:pz ‘I’ ?/fsz} .

Since the Lagrangian £, and hence the components (3.17) of a conserved vector con-
tain the nonlocal variables ¢, i, , we obtain in this way nonlocal conserved vectors.

3.4 Computation of nonlocal conserved vectors

(30cs).
al/Jtzz
oL oL oL oL

3 2 3 2 3
8¢m> i DZ(W )Dz(awtzz)] D (W ) awtxa: D (W ) aiﬂm

The substitution of (3.18) in (3.17) yields:

oL oL oL
Ct=w'Z=Z4+w?2==4+WwW? [DQ( ) + D?
Eh)t 8pt awtxa: -

— {Dx(W3) DI(
or
Cl=W'u+W?r+ % W2 [D2(p) + D2(p)] (3.19)
1 3 3 1 2 3 2 3
= 5 |90 Do) 4 0. DLW 4 5 0| D2WH) + D2AWH)|.
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Furthermore, using the same procedure, we obtain:

oL oL oL oL oL
2 _ sl 9& 2 OL 3 2 2
=W o TV o T [6% +Dw(6wm> *DZ(G%ZZ)

ov, 0pz

oL oL oL oL oL
+ D,D, + +D,D, + — D, (W? Dx( )

or oL oL
— D,(W?) Dm(w—t> - Dx(wf’))Dt(% t) - D-(W?) Dz(a¢ )
S s [ OL oL s (9L oL

or

N2
C? = W' . + W2 (1. — gg) + W2 [ — Agh. — v, + PR (3.20)

1 2 2
+ D3 (v) + 3 Dpye) + 5 @a — 5 DaDa(pt02)]

DLW [Dulpe) + 3 00— 3 Dult)] — 3 DU

— 2 DLW [Da(pt) — Dalpria)] + [D2W?) + D2 g

2 2
Likewise we get

C% = =W (uihe + fo) = W2rihy + WP [ = Athy + (f +va)p+1pe (321

- % D2(pthy) — D2 (pts) + % D2(p1.) + %soxt + % D, D.(¢v.)]

+ % Dy (W?)[Da(¢thz) — D (¢0.)] — % Dy(W?)ep.

1 2 2
— [SD2W) + DAW) v, + S DDL(W?) + 5 0. D. D, (W)
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3.5 Local conserved vectors

The quantities (3.19)-(3.21) define a nonlocal conserved vector because they contain
the nonlocal variables ¢, i, 7. In consequence, the conservation equation (3.1) requires
not only the basic equations (1.1)-(1.3), but also the adjoint equations (2.14)-(2.16).

However, we can eliminate the nonlocal variables using the self-adjointness of Egs.
(1.1)-(1.3) thus transforming the nonlocal conserved vector into a local one. Namely,
we substitute in Egs. (3.19)-(3.21) the expressions (2.18) for ¢, u, r

9
=1, pu=-u, T:—ﬁp. (2.18)

Then the adjoint equations (2.14)-(2.16) are satisfied for any solutions of the basic
equations (1.1)-(1.3), and hence the quantities (3.19)-(3.21) satisfy the conservation
equation (3.1) on all solutions of Egs. (1.1)-(1.3).

Let us apply the procedure to C'*. We eliminate the nonlocal variables in (3.19) by
substituting there the expressions (2.18) and write C'! in the following form:

e

Cl=—oW'- N2 pW?+ 3 [W3 AY —1p, D, (W?) — ¢, D.(W?) + pAW?],
Ay = DY)+ DY), AW?® = DY(W?) + DI(W?).

We further simplify the expression for C'! by using the identities

W2 D3 (v) = Dy [W2D, ()] — u Dy (W),

W3 DZ(y) = D[W’D.(¢)] — ¢.D.(W?)
and

Y DI (W?) = Dy [ Dy (W?)] = v Do (W?),

v DHW?) = D.[vD.(W)] — v.D. (W),
Then we have:

2

Cl = —o W' = L5 pW? = v, Do (W?) = . D (W) + % A(W3).  (3.22)
Dropping in (3.22) the divergent type term
LA@W?) =D, E D, (ww?’)] D E D. (wW?’)]
in accordance with Remark 3.1, we finally obtain:
Cl=—oW'- ]%—22 pW? —tp, D, (W?) — ¢, D, (W?). (3.23)

We will not dwell on a similar modification of the expressions (3.20), (3.21) for the
components C? and C® of conserved vectors. We will see further in Section 4.5 that
they can be found by simpler calculations when a density C'! is known.
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4 Utilization of obvious symmetries

4.1 Introduction

Egs. (1.1)-(1.3) do not contain the dependent and independent variables explicitly and
therefore they are invariant with respect to addition of arbitrary constants to all these
variables. It means that Egs. (1.1)-(1.3) admit the one-parameter groups of translations
in all variables,

v=v+4+a, p=pta, Yv=v-+as, t=t+ay, T=x+as, Zz==z+ ag,
with the generators

0 0 0 0 0 0
X = — Xy = — X = — X, = — X = — X. = —. (4.1
One can also find by simple calculations the dilations (scaling transformations)
v=av, p=bp, Y=cp, t=ol, =01, z=pz (4.2)

admitted by Egs. (1.1)-(1.3). These transformations are defined near the identity trans-
formation if the parameters a, . . . , 3 are positive. The dilations of x and =z are taken by
the same parameter 3 in order to keep invariant the Laplacian A. Let us find the param-
eters a, ..., 3 from the invariance condition of Eqs. (1.1)-(1.3). The transformations
(4.2) change the derivatives involved in Egs. (1.1)-(1.3) as follows:

U = aawy, Uz = afv,, Uz = afu,,

pr = bapy,  pz =bBpz,  pz = bPp, (4.3)
e = cathy,  Yp =By, Uz =B,

Ay = caf? Ay, Az = B Ay, Aoz = cf°Aqp,

where A is the Laplacian written in the variables Z, z. The invariance of Eqs. (1.1)-
(1.3) under the transformations (4.2) means that the following equations are satisfied:

Atpg — gpz — [0z — Vs Aibz + 1h: Az = 0,

Tp + [z — sz + 1305 = 0,

pet N?Q s = Yapz + Vapz = 0,
whenever Eqgs.(1.1)-(1.3) hold. Substituting here the expressions (4.3) we have:
Avg — gpz — [Uz — Vs A + VA0 = caf* Ay, — bBgp, — ¢ (wa@/Jz — ¢zA¢a:)a
Ur + bz — Ualz + 1505 = aav, + cBfv. — acl (Yov. — Yuvs),

NE N? )
pE + " Yz — Yzpz + Yzpz = bapy + Cﬁ; Yy — bef (wzl)z - 1/1sz)-
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32 N.H. Ibragimov and R.N. Ibragimov

These equations show that the invariance of Eqs. (1.1)-(1.3) is guaranteed by the fol-
lowing six equations for five undetermined parameter a, b, ¢, o, 3 :

caB? =b6 =B, aa=cB =acB, ba=-cl=bef> 4.4)
It can be verified by simple calculations that Egs. (4.4) yield

a=1, b=a, c=a", (=—,
a

where a is an arbitrary parameter. We substitute these values of the parameters in (4.2),
denote the positive parameter a by e?, drop the tilde and conclude that Egs. (1.1)-(1.3)
admit the one-parameter non-uniform dilation group

a a = a

t=t, T=uxe" Z==ze" T=we", p=pe’, 1 =1)e*

with the following generator:

o 9 9

o 9
Xi=ago+ag +vg.+pp + Wy 4.5)

ox 0 ov

We will consider the operators (4.1)-(4.5) as obvious symmetries of Eqgs. (1.1)-(1.3)
and will compute the local conservation laws provided by these symmetries.

4.2 Translation of v
For the operator X; from (4.1) Egs. (3.16) yield
wh=1, W?=0, W’=0.
Substituting these expressions in Eq. (3.23) we obtain
Ct = —u.
In this case the equations (3.20) and (3.21) are also simple. They are written
C? =up,, C°=—(ugy + fo)
and upon using Egs. (2.18) yield:
C* = —vyp,, C° =, — f1.

Since any conserved vector is defined up to multiplication by an arbitrary constant, we
change the sign of C'!, C?, (C® and obtain the following conserved vector:

Cl=v, C?*=w, C°= fp—vi,. 4.6)
We have:
Dy(C) + Dy (C?) + Do(C%) = vy + 01, + f1b. — vatby.

Hence, the conservation equation (3.1) coincides with Eq. (1.2).
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4.3 Translation of p
For the operator X, from (4.1) Egs. (3.16) yield
wWt=0, W?=1, W3=0.

Substituting these expressions in Eq. (3.23) we obtain

2

1 9
¢ =

Furthermore, Eqgs. (3.20), (3.21) and Egs. (2.18) yield:

2 2

C* = —gy — %p% C? = %p%-

Multiplying C*, C?, C® by —N?/g* we arrive at the following conserved vector:

N2
Cl=p, C*= 7@/) + s, CF = —pip,. (4.7)

One can readily verify that the conservation equation (3.1) for the vector (4.7) is also
satisfied. Namely, it coincides with Eq. (1.3).

4.4 Translation of )
For the operator X3 from (4.1) Egs. (3.16) yield
wh=o0, wW?=0, W?=1.
Substituting these expressions in Eq. (3.23) we obtain
ct=0.
Hence, the invariance of Egs. (1.1)-(1.3) under the translation of ¢ furnishes only a

trivial conservation law (see Definition 3.1).

4.5 Derivation of the flux of conserved vectors with known densi-
ties

We will show here how to find the components C? and C? of the conserved vector
(4.6) without using Egs. (3.20), (3.21), provided that we know the conserved density
Cl =w.
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Let us first verify that C' = v satisfies Corollary 3.1. In this case D;(C") = v,
and hence Eq. (3.7) yields

F = Dy(C") = J(¥,v) = fib.. (4.8)

(1.1)—-(1.3)
Using Proposition 3.1 we see that Eqgs. (3.5) are satisfied:
OF  OF 0 oF

— = —= — =D.(f)=0. 4.9

=5, =0 =D “9)
Therefore Corollary 3.1 guarantees that /' defined by Eq. (4.8) satisfies Eq. (3.4):

Vv = 0y — [, = Do(H') + D.(H?) (4.10)

with certain functions H', H?2.
In order to find H', H?, we write

¢1’Uz - fd}z = Dz(v¢x - fqvb) - U¢xza _¢zvm = Dm(_vwz) + Uwzz
and obtain:
%Uz - %% - fqu)z = D$<_U¢z> + Dz(”#& - fqu))
Thus, H' = —v,, H? = v, — f1p. Denoting C? = —H', C3 = —H?, i.e.
Cl:qubzv C2:f¢_v¢$7
and invoking Eq. (4.8), we write Eq. (4.10) in the form

D,(Ch) + D, (C") + D,(C?) = 0.

(1.1)—(1.3)

This is precisely the conservation equation (3.1) for the vector (4.6). Thus, we have
obtained the components C?, C? of the conserved vector (4.6) without using Egs.
(3.20), (3.21).

The components C?, C? of the conserved vector (4.7) can be derived likewise.

4.6 Translation of x
For the operator X5 from (4.1) Egs. (3.16) yield
Wl = Uy, W2 = Pz W3 = _w:l:
Substituting these expressions in Eq. (3.23) we obtain
2 2
9 1o 1g o 15 15,
Cl = UUz T 75 PPz xWxx e = Do | 5 N 5 o .
vz + 5 pp + Yoz + Yot (2v toazl tovetgYs

Hence, the invariance of Eqs. (1.1)-(1.3) under the translation of x furnishes only a
trivial conservation law (see Definition 3.1). Similar calculations show that the invari-
ance under the translation of z provides also a trivial conservation law.
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4.7 Time translation

For the operator X, from (4.1) Egs. (3.16) yield
Wl = —Uy, W2 = —P¢, W3 = —’l/}t.

Substituting these expressions in Eq. (3.23) we obtain

2

Ot = oo, + % PPr + utbar + Vi, (4.11)

Changing the last two terms of C'! by using the identity

wm¢xt + ¢z¢zt = D:v(qvm/}xt) - ¢¢xmt + Dz(¢¢zt) - ¢¢zzt

and dropping the divergent type terms, we rewrite C'! given by Eq. (4.11) in the form

2
C' = oy + % ppi — VA, (4.13)

Let us clarify if the conservation law with the density (4.13) is trivial or non-trivial.
According to Definition 3.1, we have to evaluate the density (4.13) on the solutions
of Egs. (1.1)-(1.3). In this case it is convenient to use Eqgs. (1.1)-(1.3) in the form
(1.4)-(1.6) and replace Eq. (3.8) by

1_
¢, =0 ‘(1.4)—(1.6)'

Then we have

2

Ot = {0I(W.0) + 55 pI (. p) = wI (6, M) | = FD.(v0) = 9D.(pv)

and Corollary 3.2 shows that the conservation law is trivial. Indeed, the last two terms
of C! have the divergent form. The expression in braces for C! satisfies Eqs. (3.9)
according to Proposition 3.1, and hence it also has the divergent form.

Thus, the invariance of Egs. (1.1)-(1.3) under the time translation furnishes only a
trivial conservation law.

4.8 Use of the dilation. Conservation of energy

Consider the generator (4.5) of the dilation group,

£+Zﬁ+vﬁ+ 3—1—21#2-
= Pap T Vou

Xe=ag +ag vy,
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In this case the quantities (3.16) have the form
Wl =v—zv, — 20, wW? = p— TPr — 2P, W3 = 200 — xp, — 2v,.  (4.14)
The substitution of (4.14) in (3.23) yields:

2
Ct = —v? + 2vv, + 200, + m (—p2 + Tppz + zppz)

We modify (4.15) by using the identities

vov, + 20, = D, (a0?) + 3 D (20) — 0%
Tppa + 2pps = % D, (zp?) + % D. (2p*) — p?,
Pt + 200e = 3 D [ (82 +2)] - ; (2 +92).
Stbes + 2t = 5 D [ (024 92)] — 5 (42 4+42)

Substituting these in (4.15) and dropplng the divergent type terms we have:
2

¢t = -2 (vQ + 50 |V¢I2) ,

where

[V =i+ 42
Dividing C! by the inessential coefficient (—2) we finally obtain the following conser-
vation law in the integral form (3.2):

// {v +—p +va|2} dxdz = 0. (4.16)

Eq. (4.16) represents the conservation of the energy with the density

2
g

E =1? —i—mp + V|2 (4.17)

Let us find the components C? and C? of this conservation law written in the dif-

ferential form (3.1). We will use the procedure suggested in Section 4.5. Let us first

verify that &/ defined by Eq. (4.17) satisfies Corollary 3.1 for densities of conservation

laws. We have

2
Dy(E) =2 (th + % PPt + Vaptha + ¢z¢zt> . (4.18)
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Since the expression in the brackets in Eq. (4.18) is identical with (4.11) it can be
rewritten in the form (4.13), and hence satisfies Eqs. (3.5). Corollary 3.1 guarantees
that I is the density of a conservation law. It is manifest from Eq. (4.17) that this
conservation law is non-trivial.

According to Corollary 3.1, D,(E) defined by Eq. (4.18) and evaluated on the
solutions of Egs. (1.1)-(1.3) satisfies Eq. (3.4),

Dy(E = D,(H")+ D,(H? 4.19
(B = DelH) 4 D) @19
with certain functions A, H?. In order to find H'!, H?, we use Eq. (4.12),
2(¢xwmt + wzwzt> = Dm(2wth) + Dz(2¢wzt) - 2¢A¢t, (420)
and write:
200, = 2,00, — Yov, — 2fv,
= D.(v*s) — Du(v*):) — 2f D2 (ve) + 2f v, (4.21)
9 9
2o PP =255 (%ppz - wzppx> — 29,
2
= 35 [ D-002) = Dule)| = 20Du(pv) + 2900, (422)

=20 Ay = =291 p, — 2f v, — 200, At + 200, A,
= —2g1p, — 2fYv, — D, (> Avp.) + D, (V> Ay,). (4.23)

Substituting the expressions (4.21), (4.22) and (4.20), (4.23) in the right-hand side of
Eq. (4.18), we arrive at Eq. (4.19) with

H' = —v™, — 25 0. = 2gp0) + 2000 —¥* A,
2
H? = 0s + 555 "0 — 200 4+ 2ty + 7N
Thus, denoting C? = —H*', C® = — H? we arrive at the following differential form
(3.1) of the conservation of energy for Eqgs. (1.1)-(1.3):
Dy(E) + D,(C*) + D (C*) =0 (4.24)

with the density £ given by Eq. (4.17) and the flux given by the equations

C? = 29p¢ + 'U2wz + % psz = 20ty + ¢2Aw27
2
O = 2fvtp = vy — 55 P — 200 — VA, (4.25)
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5 Invariant solutions

5.1 Invariant solution based on translation and dilation

Let us find the invariant solution based on the following two operators:

mXs — kXg = m% - k% (m, k = const.),
(5.1)
X—x£+z£+ ng a+¢a
"= T8, T Yae " Pap T Yoy
We first find their invariants J (¢, z, z, v, p, 1) by solving the equations
(mXs — kXg)J =0, XyJ =0, (5.2)

The characteristic equation kdx + mdz = 0 the first equation (5.2) yields that the
operator mX, — kX3 has, along with ¢, v, p, 1, the following invariant:

A=kx+mz. (5.3)

Therefore we have to find the invariants J(¢, A, v, p, %) for the operator X,. To this
end, we write the action of X, on the variables ¢, \, v, p, 1 by the standard formula

8 0 8
X-=X — —
and obtain 5 5 5
X7 /\a+va—+pa +2¢ %ZJ (5.4)

To solve the equation X,J (¢, A, v, p, 1) = 0 for the invariants, we calculate the first
integrals for the characteristic system

@ _dv  dp dl/)

A v p Qw

and see that a basis of invariants for the operators (5.1) is given by

_Yv.
-4

Accordingly, we assign the invariants V|, R, ¢ to be functions of the invariant ¢ and
arrive at the following general form of the candidates for the invariant solutions:

v=AV(t), p=AR(), 1 =X\0¢1), \=kr+mz. (5.5)

38



Group analysis of internal waves. I: Self-adjointness and conservation laws 39

In order to find the functions V'(t), R(t), ¢(t), we have to substitute the expressions
(5.5)in Egs. (1.1)- (1.3).
We have:

=N (1), e =2kAG(L), 1. = 2mA(t),

Vi = 2(k* +m*)¢'(t), Vi, =0, V¢, =0,
Yavs = 2kmA () V (1), v, = 2kmAo(t) V (1),
Yup. = 2kmAG(t) R(t), .p. = 2kmAo(t) R(t).

Therefore Eqs. (1.1)- (1.3) yield the following system of first-order linear ordinary
differential equations:

2(k* + m*)¢' — gkR — fmV =0,
AV 4+ 2fmAé = 0,

kX
AR +2-= N?p =0,
g

or
¢’—;( kR + fmV) (5.6)
T2+ m2) Y s '
V= —-2fm¢, (5.7)
R = —25 N2¢p. (5.8)

Let us integrate Eqgs. (5.6)-(5.8). Differentiating Eq. (5.6) and using Eqs. (5.7)-
(5.8), we obtain

¢ +wd =0, (5.9)
where N2 2 o
2 _ +m
= (5.10)
The general solution of Eq. (5.9) is given by
o(t) = Cy cos(wt) + Cysin(wt), Cq,Cy = const. (5.11)

Substituting (5.11) in Egs. (5.7)-(5.8) and integrating, we obtain

2

V=0C;— ? [Cl sin(wt) — Cy cos(wt)],
2k ,

R=0Cy— 7 N? [Cl sin(wt) — Cy cos(wt)} :
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To determine the constants C's and C;, we substitute in Eq. (5.6) the above expressions
for V, R and the expression (5.11) for ¢ and obtain

fmCs3+ gkCy = 0.

Thus, the solution to Egs. (5.6)-(5.8) has the following form:

o(t) = Cy cos(wt) + Cysin(wt), (5.12)

V(t) = 2me |:02 cos(wt) — C sin(wt)] + (s, (5.13)
2k

R(t) =~ N7 [02 cos(wt) — Cy sin(wt)} - J;—ZI Cs. (5.14)

Finally, substituting (5.12)-(5.14) in (5.5), we arrive at the following solution to the
system (1.1)-(1.3):

_ 2k J(wt) — Ch si _fm
p= 7o N [C’g cos(wt) — C} Sm(wt)} A e Cs, (5.15)
v = Qme |:02 cos(wt) — C sin(wt)] A+ O3, (5.16)
¢ = [Cy cos(wt) + Cysin(wt)| A2, (5.17)

where \ is given by (5.3), w is defined by Eq. (5.10) and C4, (s, C5 are arbitrary
constants.

5.2 Generalized invariant solution and wave beams

It is natural to generalize the candidates (5.5) for the invariant solutions and look for
particular solutions of the system (1.1)-(1.3) in the following form of separated vari-
ables:

v=FNV(t), p=aNR(), =0Neo(t), \=kx+mz. (5.18)

The reckoning shows that then the right-hand sides of Egs. (1.1)-(1.3) vanish and
Egs. (1.1)-(1.3) become:

(K> +m?) 8" (A\)¢'(t) — gha' (N R(t) — fmF' (N\)V(t) = 0, (5.19)
FV'(t) + fmpB' (N o(t) = 0, (5.20)
a(NR'(t) + %NQ B'(No(t) = 0. (5.21)

40



Group analysis of internal waves. I: Self-adjointness and conservation laws 41

Differentiating Eq. (5.19) with respect to ¢, using Eqgs. (5.20)-(5.21) and dividing by
(', we obtain
1/ / /
2 2\ 272 2 o F
(K* +m )ﬁ¢/,+ (N k E+f m F>¢_O'
Assuming that the ratios 5”/5', a'/«, F'/F are proportional with constant coeffi-
cients and have one and the same sign, we arrive at an equation of the form (5.9). For

example, letting

ﬁ// o !/ Fl
we obtain Eq. (5.9). Then, according to (5.11), we can set in (5.18) ¢(t) = cos(wt)
and ¢(t) = sin(wt), i.e.

= A(N) cos(wt) and ¢ = B(\)sin(wt). (5.23)

For each function ¢ given by (5.23) we determine the functions V'(¢), R(t) using
Egs. (5.20), (5.21), (5.21), then take the linear combinations of the resulting functions
and arrive at the following form of the “generalized invariant solution” (5.18):

1 = A(N) cos(wt) + B(A) sin(wt), (5.24)
v = fjm [B'(\) cos(wt) — A'(N) sin(wt)] + F(N), (5.25)
p= %\f [B'(A\) cos(wt) — A'(\) sin(wt)] + H(N), (5.26)

where w is given by Eq. (5.10).
The reckoning shows that the functions (5.24)-(5.26) with arbitrary A(\), B(\)
solve Egs. (1.1)-(1.3) provided that F'(\), H () satisfy the following equation:

gkH'(A) + fmF'(A) = 0. (5.27)

One can readily verify that the invariant solution (5.15)-(5.17), which is a particular
case of (5.24)-(5.26), obeys the condition (5.27).

5.3 [Energy of the generalized invariant solution

If we substitute in (4.17) the generalized invariant solution (see Egs. (5.24)-(5.26))

1 = A(X) cos(wt) + B(A) sin(wt), (5.28)
v= fjm [B'(\) cos(wt) — A'(N) sin(wt)] (5.29)
p= %]f [B'(A\) cos(wt) — A'(N) sin(wt)], (5.30)
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where 12N 5 o
A=kr+mz, w'= KN m f7
k2 +m?2

)

we obtain:
E = (K*+m?)[A?(\) + B"*(\)].

Invoking that any conserved vector is defined up to multiplication by an arbitrary con-
stant, we divide the above expression for £ by (k? 4+ m?) and obtain the following
energy:

E= A"\ + B2\). (5.31)

Since the energy density (5.31) depends only on A = kx + mz, it is constant along
the straight line
kx + mz = const. (5.32)

Accordingly, the “local energy” (5.31) has one and the same value at points (g, 2)
and (x1, z1) provided that

kxog + mzg = kx; + mzy. (5.33)

The energy density (5.31) describes the local behavior of the solutions. Therefore
it is significant to understand its distribution on the (z, z) plane. Suppose that the
functions A(\), B(\) and their derivatives rapidly decrease as n — oo. If we take, as
an example, the functions

a a

AN) = T B(X) = T2 (5.34)

where a is a positive constant, then the energy density (5.31) of the wave beams has

the form

CL2

(14222
Hence, the energy is localized along the straight line (5.33). Therefore we can define a

wave beam through a point (xo, zo) as the totality of the points (x1, z1) satisfying Eq.
(5.33), i.e. identify it with the straight line (5.33).

6 February 2009
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Abstract. The maximal group of Lie point symmetries of a system of nonlinear equations
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1 Introduction

This is a continuation of the paper [1]. We present here the Lie algebra of the maximal
group of Lie point symmetries for system nonlinear equations

(s fwz - w:ﬂvz - wzvx y (12)
N2

© 2009 ALGA
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used in geophysical fluid dynamics, e.g. for investigating internal waves in uniformly
stratified incompressible fluids (oceans). Here g, f, N are constants and A is the two-
dimensional Laplacian:

A=D2+D?.

2 Symmetries

2.1 General case

The point symmetries of Eqgs. (1.1)-(1.3) have been computed with the help of DIM-
SYM 2.3 package. The maximal admitted Lie point transformation group is infinite
for arbitrary constants f and N. If f # 0, the group is generated by the infinite-
dimensional Lie algebra spanned by the following operators:

Xi= 2 X (,fp Xg—a(t)%, Xi= 2
X5 =b(1) {a%_ %]4— ’(t)z%,

,
X = clt) {% N?(%]—c’(t)x%, N
X5 9 +z§+v§+p§ + w%,
Xs—t%ﬁxaﬁngm@u—w—2fx§+2%23(%
X9:Z%—$%—%[gp+(f2—f\72)}§ 1[fv+(f N?)x}(%.

Here a(t), b(t) and c(t) are arbitrary functions of time t.

Remark 2.1. The presence of the arbitrary functions a(t), b(t), ¢(¢) in the symmetry
Lie algebra is a characteristic property of incompressible fluids ([2], see also [3]).
Namely, the operator X3 generates the group transformation ¢» = v + €3 a(t) of the
stream function i, where 3 is the group parameter. The invariance of fluid flows
under this transformation is quite obvious because the velocity vector (¢, v, —1),) is
invariant under this transformation. The operators X5, Xg express the invariance under
the generalization T = x + €5 b(t), Z = z + £¢ ¢(t) of the coordinate translations and
the Galilean transformations. They provide a generalized relativity principle for the
Euler equations in terms of conservation laws (see [4], Section 25.3).
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Group analysis of internal waves. II: Symmetries and rotation invariant solution 47

2.2 Thecase f =0

In order to include the special case f = 0, we multiply the operator X by the constant
f and consider the operator

0 0 0
Xy = f[za—x —x%] 99+ (" = N*)z] -+

gt (2= Na] 2
g Lt (= N)e] 5

Then we let f = 0 and obtain the operator

0

Xy =—[gp— N*z| =

o= —[9p = N*2]5-

admitted by Eqgs. (1.1)-(1.3) with f = 0. The solution of the determining equations

shows that X is a particular case of a more general symmetry involving an arbitrary

function of two variables. Namely, the system (1.1)-(1.3) with f = 0 admits the
infinite-dimensional Lie algebra spanned by the following operators:

Xlzh(v,gp—NQZ)%, Xzz(%, nga(t)%, X4:%,

X5 = b(t)% + U (t)z % :

Xg = c(t) {%JFN?Q%}—C’U)QJ%, (22)
X7_xa£+z§+v§+p2+ 1/1;;
Xs_t%+2x§+2zg+3w%+2ﬁ 8%’

where h(v, gp — N?z) is an arbitrary function of two variables. The operator X in
(2.1) is obtained from the operator X, in (2.2) by taking h = 1.

3 Invariant solution based on rotations and dilations

3.1 The invariants

We will investigate here the invariant solutions with respect to the dilations and rota-
tions with the generators X, and Xg. Let us introduce the notation

ve=fuo, u=gp, a=f"—-N? (3.1

47
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and write the operators X7, Xy in the form

0 9, 0 9, 0

ngz%—x%+(v*+ax)£—(u+az)

ou ov, .

The operators (3.2) coincide with the operators (3.17) from [5],

0 0
9 29 wrant By L (e tay
2 =Y T vtoaz+ fy)g- — (u— Bz +ay ,

with £ = 2 and 8 = 0 upon identifying v with v, and y with z. Hence, a basis of
invariants for the operators (3.2) contains the time ¢ and the invariants (3.20) from [5]
which have now the form

1
Jl = m ($U+ 2V +OKCEZ) s
D + 0@ - 2)
=— (v, —z2u+ —(2° — 2 ,
2 x? + y? 2
Joo_Yv
3 22 + 42

It is more convenient for our purposes to use, instead of these invariants, the equivalent
equations (3.19) from [5] which are written now as follows:

u:Jlsc—(Jg—i—%) z,

v*zjler(J—%)x, (3.3)

Y = (2% + 2°) Js.

3.2 Candidates for the invariant solution

Knowledge of a symmetry algebra allows one to obtain particular exact solutions to
differential equations in question. These kind of solutions were considered by S. Lie
[6]. They are known today as group invariant solutions (briefly invariant solutions) and
widely used in the modern literature, particularly in investigating nonlinear differential
equations.

48



Group analysis of internal waves. 1I: Symmetries and rotation invariant solution 49

The general form of regular invariant solutions is obtained from Eqs. (3.3) by
setting
Jl = R(t>7 J2 = V(t)a J3 = ¢(t)

with undetermined functions R(t), V(t), ¢(t). Invoking the notation (3.1) we arrive
at the following general form of candidates for the invariant solution with respect to
the dilations and rotations with the generators X, and Xy from (2.1):

v = = [R(t)z—kV(t)x%—wx},

7 7
pzé{ﬂﬂx—vwz+§i;ﬁzy G4

b = (2% +2%) o(t).

Remark 3.1. Solving the Lie equations for the operator Xy from (3.2) and using the
notation (3.1), one can verify that the operator X from (2.1),

0 o 1 o 1 0
ngz%—xa—}[gp+(f2—N2)z}%+§ [fUﬂL(fQ—Nz)ﬂa—p,

generates the following one-parameter transformation group with the parameter ¢ :

T =xcose+ zsing, Z = zcose — xsine,

gp = gpcose + fusine — (N? — f*) wsine,
(3.5
fv = fucose — gpsine + (N? — f?) zsine,
t=t, =1
One can verify by inspection that the transformations (3.5) leave invariant Egs. (3.4):
1 N? — f?
v:-[R@z+vmx+——;L4,
f 2
1 N2 _ £2
5= [mwz—vwz+—7fi4,

3.3 Construction of the invariant solution

It remains to determine the functions R(t), V(t), ¢(t) by substituting the expressions
(3.4) for p, v, v in Egs. (1.1)-(1.3).
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Differentiating (3.4) we obtain:

1 1 [N2— f2 } 1
v =—|R2+V'x], vx:—[ +V|, v.=-=R,
=7 | FLo2 f
1 1 1 [N?%2—f2
pt:_[le_v/Z]a pe = — R, pz:_[ f —V}, 3.6)
g q g 2

¢t = (ZE2 + 22) QZ)/, ¢J} =2z Qb, 77ij =2z ¢7 A¢t = 4¢/

Substitution of (3.6) in Egs. (1.1)-(1.3) yields:

2¢' — R =0, (3.7)
V! —2R@|lz + [R +2V$ + (N* + f2)¢] z = 0, (3.8)
[R'+2V¢+ (N?+ f)plz — [V — 2R¢] z = 0. (3.9)

Since V|, R, ¢ depend only ont, Eq. (3.8) implies that
V' —2Rp =0 (3.10)
and
R +2V¢+ (N? + f3)¢ = 0. (3.11)

Eq. (3.9) is satisfied due to Egs. (3.10), (3.11). Hence, Eqgs. (1.1)-(1.3) are reduced to
Egs. (3.7), (3.10), (3.11).
Let us write Eq. (3.7) in the form

R=2¢. (3.12)

Substitution of the expression for R into Eq. (3.10) yields V' = 4¢¢’, whence upon
integration
V =20+ A, A= const. (3.13)

Finally, substituting Eqs. (3.12) and (3.13) in Eq. (3.11) we obtain the following
nonlinear second-order ordinary differential equation for ¢(t) :

2 2
¢”+2¢3+<A+f ZN)ao:o. (3.14)

Thus, we have arrived at the following result.
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Theorem 3.1. The solutions of the system (1.1)-(1.3) that are invariant with respect to
the dilations and rotations with the generators X7 and Xy from (2.1) are given by

v = % [(2¢2(t) + A+ #) T+ Z(b’(t)z] :

pzékd@x—(%%ﬂ+A—ﬁi;ﬁ)4a (3.15)

U= (2% + 2%) ¢(1),

where ¢(t) is defined by the differential equation (3.14) and A is an arbitrary constant.

3.4 Qualitative analysis of the invariant solution

One can integrate Eq. (3.14) once, e.g., upon multiplying by 2¢’ and obtain

&%+ ¢t 4 (A +— ) $* = const. (3.16)

We will analyze the behavior of the solutions to Eq. (3.16) under the assumption that
the expression in the parentheses is a non-negative constant which we denote by K :

K:A+@, K >0, (3.17)
and write Eq. (3.16) in the form
¢+ ¢* + K¢* = B2, B = const., (3.18)
or solving for ¢’ :
¢ =+\/B?— ¢t — K¢?. (3.19)

Note that ¢(¢) = 0 solves Eq. (3.14). Let us turn to Eq. (3.19). When ¢ is small,
i.e. close to the trivial solution ¢(t) = 0, then

B2~ ¢' — K¢* ~ B
and hence ¢’ is close to the constant value
¢ ~+B.
When ¢(t) varies according to Eq. (3.14), then |¢’| decreases since
B?—¢' — K¢ < B*
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when ¢ # 0. We obtain ¢/ = 0 when ¢(t) = C, where

o K+ VBT PR

* 2

(3.20)

If || > |C,|, then B2 — ¢* — K¢? < 0, and hence Eq. (3.19) does not have a solution.
We have arrived at the following significant results.

Theorem 3.2. Provided that the condition (3.17) holds, the solutions of Eq. (3.19) are
bounded oscillating functions ¢(¢) satisfying the condition

~C, < 6(t) < C., (3.21)

where C, is the positive constant defined by Eq. (3.20). In this notation, the invariant
solution (3.15) is written as follows:

20°(t) + K — f?) x4+ 2¢'(t)z],

[2¢/(t)x — (2¢%(t) + K — N?) 2], (3.22)

Remark 3.2. The invariance of the solution (3.15) with respect to rotations (rotational
symmetry) means that it has the same values on any circle

with a given radius 7. The invariance under dilations means that we can obtain the
solution at any circle just by stretching the radius r. According to Theorem 3.2, this
solution is given by bounded oscillating functions.

4 Energy of the rotationally symmetric solution

The conservation of energy for Eqgs. (1.1)-(1.3) has the form [1]

d 2
7 // {UQ + %pQ + |VY|*| dwdz = 0. (4.1)
Hence, the energy density is
92
E:U2—|—mp2+|v¢|2. (42)

52



Group analysis of internal waves. II: Symmetries and rotation invariant solution 53

For the rotationally invariant solution (3.22) we have
[Vyl* = 4(a* + 2%) 6°(t). (4.3)

Substituting the expression (4.3) and the expressions (3.22) of v and p in Eq. (4.2) we
obtain the following energy density for the invariant solution (3.22):

E =4 (% — %) (a® = 2%)[¢°(t) + K] *(t) + (f - ?) 7
2 (4.4)
+ (N - %) 2244 (% - %) xz [2¢°(t) + K] ¢'(t).
22 April 2009

53



Bibliography

[1]

N. H. Ibragimov and R. N. Ibragimov, “Group analysis of nonlinear internal
waves in oceans. [: Lagrangian, conservation laws, invariant solutions,” Archives
of ALGA, vol. 6, pp. 1944, 2009.

A. A. Buchnev, “Lie group admitted by the equations of motion of an ideal in-
compressible fluid,” Continuum Dynamics, vol. 7, pp. 212-214, 1971. Institute of
Hydrodynamics, USSR Acad. Sci., Siberian Branch, Novosibirsk. (Russian).

V. K. Andreev, O. Kaptsov, V. Pukhnachev, and A. A. Rodionov, Applications of
group theoretic methods in hydrodynamics. Novosibirs: Nauka, 1994. (Russian.
English translation by Kluwer Academic Publishers, 1998).

N. H. Ibragimov, Transformation groups in mathematical physics. Moscow:
Nauka, 1983. English transl., Transformation groups applied to mathematical
physics, Riedel, Dordrecht, 1985.

N. H. Ibragimov, “Utilazation of canonical variables for integration of systems of
first-order differential equations,” Archives of ALGA, vol. 6, pp. 1-18, 2009.

S. Lie, “Zur allgemeine Theorie der partiellen Differentialgleichungen beliebiger
Ordnung,” Leipzig. Ber., vol. 1, pp. 53—-128, 1895. Reprinted in Ges. Abhandl.,
Bd. 4, pp. 320-384. English translation “General theory of partial differential
equations of an arbitrary order” is available in the book Lie group analysis: Classi-
cal heritage, ed. N.H. Ibragimov, ALGA Publications, Karlskrona, Sweden, 2004,
pp. 1-63.

54



: Archives of ALGA
- Volume 6, 2009

GROUP ANALYSIS OF NONLINEAR
INTERNAL WAVES IN OCEANS

III: Additional conservation laws

NAIL H. IBRAGIMOV
Department of Mathematics and Science,
Research Centre ALGA: Advances in Lie Group Analysis,
Blekinge Institute of Technology, SE-371 79 Karlskrona, Sweden

RANIS N. IBRAGIMOV
Department of Mathematics,
Research and Support Center for Applied Mathematical Modeling (RSCAMM),
New Mexico Institute of Mining and Technology, Socorro, NM, 87801 USA
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1 Introduction

The maximal group of Lie point symmetries of the system

Ay — gpe — fv. = V. A0, — . Ay, (L.1)
Ut + f¢z - ¢a¢vz - ¢zvx , (1.2)
N2
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has been presented in [1]. It is generated by the infinite-dimensional Lie algebra
spanned by the following operators:

0 0 0 0
X1:%7 X2:3_p7 nga(t)%, X4=§
o 01 .. 0
Xo=0) |5 £ | 4 V05 5
o N*O1 .. 0
Xr=x +z§—i—v—+ 2—1—21&3 |
"= T8, T Yae T Pap T Yoy
0 0 0 N2 0
Xg=to 4222 4 9: L 43 L _oppd Lo L9
8 ta+xax+ z8 +3wa¢ fxa + gzap’
LI B AP S
Xg—Zax To f[gp+(f N)z}av [fv+(f N)}a

2 Conservation law provided by the semi-dilation
Consider the operator Xg from (1.4),

3 0 0 0 N%Z 9
Xg = 8 + 2:1;8— + 22— + 32/1% — 2f:r;— + 2—za—p 2.1

It generates the following one-parameter transformation group with the parameter ¢ :

t=te®, T=uxe* Z=ze* ) =1pe>

N? (22)
ﬁzv—l—fx(l—e%), ﬁ:p——(l—e%).

g

Since some of variables, namely ¢, x, z and v are subjected to dilations while two other
variables transform otherwise, we call (2.2) the semi-dilation group. Let us construct
the conserved vector provided by this group.

2.1 Computation of the density of the conservation law

We will use the following formula for computing the density of conservation laws (see
Eq. (3.23) in [2])

2
' = o W' = L5 pW? = 0, Do (W) = . D.(W?), 2.3)
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where (see Eq. (3.16) in [2])
W =n*=&uf, a=1,23. (2.4)

These formulas are written using the notation ¢, z, z, v, p, V.
In the case of the operator (2.1) the quantities (2.4) are written:

Wt = —2fx — tv, — 2zv, — 22v,,

2 N2

W3 = 3 — tfy, — 1), — 220,

Substituting (2.5) in (2.4) we obtain upon simple calculations:

2
C' =2(fxv — gzp) — |[VY|* + (2D, + zD,,) (vg + % p2> (2.6)

2
+ (ngc + ZDZ) (‘V¢|2) + t |:th + % PPt + wrd}:pt + wzd}zt:| .

We can drop the last term in (2.6) because it can be written in the divergent form upon

elimination of vy, ps and ¢, by using Eqgs. (1.1)-(1.3). Indeed, it is shown in [2],

Section 4.6, that the expression in the square brackets (cf. Eq. (4.11) in [2]) evaluated

on the solutions of Eqgs. (1.1)-(1.3) has the divergent form. Multiplication by ¢ does

not violate this property. Then we use the identities

2 2
(mD +ZD)<U2+g—p2> :—2<02+g—p2>
+D xv2+g—22 +D zv2+g—22
x sz z sz )

(#Ds + 2D.) (IVY[*) = =20 + D [2(IVI*) ] + D. [(IV¥[*) ],

drop the divergent type terms and obtain the following conserved density:
1 1 2 A 2
€ =2 ( fav - gzp — 5|V —2(u + 5+ VYl ) 2.7)

Finally we note that the last term in (2.7) is the energy density (see Eq. (4.17) in
[2]). Therefore we eliminate it and conclude that the invariance under the semi-dilation
with the generator (2.1) provides the conservation law with the density

1
P = fxv—gzp— §]V¢\2. (2.8)
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2.2 Conserved vector

Let us find the components C?, C® of the conserved vector with the density (2.8). We
will apply the procedure used in [2], Section 4.7. We have:

Dy(P) = fave — gzpy — (Yathar + V2102).
Using Egs. (1.1)-(1.3), we obtain:

D(P) = —f2w. + favv. — favv, + N2,

(1.1)—(1.3)
— g2aps + 920 pr — Do(Yhar) — Do (Vtz) + Y Ay

One can rewrite this equation, using Eq. (4.23) from [2], in the following form:

Dy(P) = Du(N?2 + frpvs — g20p. — Y + 507 A0)

(1.)—(1.3)

= ({2 + fabv, = gupe + b+ S0 AG,).
Thus, the generator (2.1) provides the conservation law
Dy(P) + D,(C*) + D,(C* =0
with the density P given by (2.8) and the flux given by the equations

€% = ~ N2 — [ + gabpe + s — S0P,

C% = P+ fonpo, = gabpa + $ba + 50 A

2.3 Conserved density P of the generalized invariant solution
If we substitute in (2.8) the generalized invariant solution (5.28)-(5.30) from [2],
1 = A(X) cos(wt) + B(A) sin(wt),

o= I [B1(3) cos(wt) — A'(N) sinwt)].

p= " (B0 conter) - A sn(e)],
we obtain:
P = L (e = N22) [B/(3) costet) — A/ sn(e)]
_k ;m [A'(X) cos(wt) + B'(A) Sin(“ﬂf)f'
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3 Conservation law provided by the rotation

Taking the rotation generator Xy from (1.4) and proceedings as in Section 2 we obtain
the following conserved density:

N2
Q=vp+ fxp— 7 20. (3.1

Writing Egs. (1.1)-(1.3) by using the Jacobians J(v,v) = ¥,v, — ¥,v,, etc., we
have:

D) . [Jw, o) - N? w;,,} T[T v) — 1] (32)

(1L)-(13)

NZ2 N2
fa [Jw,m — wr} - L) - el

The reckoning shows that

vJ (Y, p) + pJ (Y, v) = D.(vppr) — Di(vpy.),
xJ (1, p) — p. = D (wpps) — Do(pi)s),

2J (P, 0) + vy = Dy(zv.) — D.(20¢,),

2, — xpy = D, (29)) — Do(29).

Substituting these expressions in Eq. (3.2) we conclude that the rotation generator X
provides the conservation law

Dy(Q) + D4(C*) + Do(C* =0

with the density P given by (3.1) and the flux given by the equations

N? N?
C? = [vp+fxp— 721}} Y, + ?fzw,

% = {ﬁw—w—fﬁp} %—Efww
g g
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4 Summary of conservation laws

It has been demonstrated in [2] that the system of nonlinear equations (1.1)-(1.3) is self-
adjoint. This property of the system has been used for deriving local conservation laws
applying the method developed in [3] to the infinitesimal symmetries (1.4). Some of
the conservation laws associated with these symmetries are trivial, i.e. have vanishing

densities. But five conservation laws are nontrivial.

The nontrivial conservation laws obtained in [2] and in the present paper are sum-
marized below. For the convenience of the reader, we formulate them both in the

integral and differential forms.

4.1 Conservation laws in integral form

d
a//vdxdz—O.
d
%//pdxdz:o.

d 2 g9’ 2 2
p vt 2P + |Vy|?| dedz = 0.

d 1
- // {fﬁw —gzp— E\VW] dzdz = 0.

d N?
— // [vp + fap — — zv] dxdz = 0.
dt g

4.2 Conservation laws in differential form

Dt(v) + Dx(v¢z) + Dz(f@/} - U¢1’) = 0.

N2
Di(p) + Ds (7@& +pwz) T+ Da(=ptha) = 0.

60
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2

D, (v2 + % P+ IVW)

2
+ Dx (QQIW + Usz + % :021/}7: - 2wwzt + w2sz> (43/)

2
+ Dz (va%b - 02¢$ - % 1021/% - 2w¢zt - ¢2A¢x) = 0.

b (- oot
+ Dz (—N2Z¢ - fZE@Z)UZ + ng/f,Oz + ¢¢zt - %¢2sz> (44/)

D, (Pt fobos = g+ b+ 30°80, ) =0

Dy (vp + fap — N?Q zv)
2 2
+ D, ([vp ¥ fap— 2 o+ fzw> (45
g g

+ D, ([N?sz—vp—fxp]wzv—]\gfxw) =0.

The conservation law (4.3) defines the energy of the system. It seems that the con-
servation laws (4.4) and (4.5), unlike (4.3), do not have direct analogies in mechanics
and should be investigated from point of view of their physical significance.

22 April 2009
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Abstract. An alternative approach to Lagrange’s method of variation of parameters is pre-
sented. Explicit formulas for solutions of arbitrary initial value problems for linear equations
of the first, second and third order are provided. These formulas are as simple for practical
using as the formula for roots of quadratic equations.

Keywords: Linear equations, Method of variation of parameters, Initial value problem.

1 Introduction

The simplest general method for integrating non-homogeneous linear ordinary differ-
ential equations of an arbitrary order is the method of variation of parameters. It was
first discovered by Jean Bernoulli for first-order equations in 1697 and later extended
by J.L. Lagrange to higher-order equations. Lagrange’s approach requires imposition
of additional restrictions on varied parameters. I give here an alternative approach.

Theorem 4.1 provides an explicit formula for the solution of an arbitrary initial
value problem for any linear first-order equation. Theorems 4.2 and 4.3 provide sim-
ilar formulas for equations of the second and third order, respectively, provided that
fundamental systems of solutions for the corresponding homogeneous equations are
known. These formulas are as simple for practical using as the formula for roots of
quadratic equations. Namely, the solutions to the Cauchy problem are obtained just by
inserting the coefficients of the differential equations in question and the initial data.

Of course, the integrals involved in the solutions may be difficult or, in general,
impossible to work out in terms of elementary functions. But this circumstance is
unessential. Anyhow, equations whose solutions can be expressed in terms of elemen-
tary functions are very rear and do not have a practical value. They appear mostly in
textbooks as simple illustrations of various methods.

© 2009 ALGA
(© 2009 N.H. Ibragimov
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64 Nail H. Ibragimov

2 Traditional presentation

2.1 First-order equations

Jean Bernoulli noticed in 1697 that any non-homogeneous first-order linear ordinary
differential equation

y + Pz)y = Q(z) 2.1)
can be easily integrated by varying the parameter C' in the general solution
y=Ce | Fd (2.2)
of the homogeneous equation
y + P(x)y = 0. (2.3)

Namely, we replace the constant C'in (2.2) by an undetermined function u(x) and look
for the solution of the non-homogeneous equation (2.1) in the form

y = u(x)e P, (2.4)
Substitution of (2.4) in Eq. (2.1) yields
o' () = Q(x) el P, 2.5)

whence
u(z) = /Qef Pdzqy + C, C = const. (2.6)

Inserting the expression (2.6) for u(z) in (2.4) we obtain the general solution to the
non-homogeneous linear equation (2.1) given by two quadratures:

y:Ce_fpd‘r—|—e_fpdx/Q(x)edexd:z:. 2.7)

Remark 2.1. Often the integrals in (2.7) cannot be worked out in terms of elementary
functions. This fact does not mean, however, that the method of variation of parameter
has disadvantages of its own. It only means that the general solution of the differential
equation in question cannot be expressed in terms of elementary functions.

2.2 Second-order equations

Some 90 years later Lagrange showed that Bernoulli’s method of variation of param-
eters can be extended to higher-order equations. Lagrange’s method of variation of
parameters allows one to integrate non-homogeneous linear ordinary differential equa-
tions of any order provided that one knows the fundamental set of solutions for the
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Alternative presentation of Lagrange’s method of variation of parameters 65

corresponding homogeneous equation. Recall the common way of presentation of this
method, e.g., for second-order equations

y' +a(x)y’ + b(x)y = f(x). (2.8)

Let us assume that we know two linearly independent solutions y; = y1(x), y2 = ya(2)
of the homogeneous equation

Y + a(x)y’ + b(z)y = 0. (2.9)
Then the general solution to Eq. (2.9) is given by
y=Cry +Coys, C1,C5 = const. (2.10)

The essence of the method of variation of parameters is the same as in the case of first-
order equations. Namely, we replace the parameters C';, Cs by unknown functions
uy (), ug(z) and seek the solution of the non-homogeneous equation (2.8) in the form

y = ui(x) y1 + uz(z) yo. (2.11)

Substituting (2.11) in Eq. (2.8) we will obtain only one equation for two unknown
functions u (z) and us(x). Furthermore, computing the derivative of (2.11),

Y = w1 y) + u Yy + Y1 uy + Yo ul, (2.12)

we see that y” will involve second derivatives of w1, us. Therefore, the substitution
(2.11) in Eq. (2.8) leads to a single differential equation of the second order for two
unknowns u; and us. The common way to avoid this complication is to impose on
Uy, us the following restriction:

yruy + yaup =0, (2.13)
Then Eq. (2.12) reduces to
Y =wy; + usyy (2.14)
and yields:
y" = w1 y) +ugyy + Yy Uy + s . (2.15)

Substituting (2.15), (2.14) and (2.11) in Eq. (2.8) and invoking that the functions y; (z)
and y» () solve the homogeneous equation (2.8), we obtain

yiuy+ o uy = f(2). (2.16)

Since y; = y1(z), y2 = yo(x) are known functions, (2.13) and (2.16) provide two
equations for determining two unknown functions u; and us :

Y1) + Yz uy =0,
L o 2.17)
Yy uy +ypuy = f(x).
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66 Nail H. Ibragimov

Solving the system (2.17) with respect to u/, u), :

/ Yo f(l‘) / n f(:l])
U = — ,oul, = (2.18)
! W[yla 3/2] 2 W[yla 3/2}
and integrating we obtain
y2 f(z) y1 [ (@)
u =— | =———=dr+Cy, uy= | ———dx+ Csy, (2.19)
! W[ylv 92] ! 2 W[ylv 92] 2
where C, C, are arbitrary constants, and Wy, yo| is the Wronskian:
Y1 Y2 , ,
Wilyi, 2] = , , | TN Y2 T Y20 (2.20)
Y1 Yo
Inserting (2.20) in (2.11) we obtain the general solution to Eq. (2.8):
y f(2) y1 f(z)
=Ciy +Cyys — ————dxr + ————dx. (2.21)
Yy 191 2Y2 — W[yl, yg] Y2 W[yl, yg]

2.3 Remark

For an extension of the method to higher-order equations, it is useful to write the
system (2.17) in the vector form
MU = F, (2.22)

where M is the 2 X 2 matrix, and U, F' are the column vectors defined as follows:

M = ., U= ., F= ) 2.23
<ya yg> (ug f() 229
The determinant of M is the Wronskian (2.20),

det M = W[yl, yg]

Since the solutions y;(x), y2(z) are linearly independent, we have Wy, ys] # 0.
Hence, the matrix M is invertible and has the following inverse:

- 1 ?/’ —y2)
M1t=—- 2 . 2.24
W[yl, y2] (—yi n ( )

Therefore the solution to Eq. (2.22) is given by
U=M'F
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or
uy 1 —Y2 f(ﬂf))
= — . 2.25
<U/2> Wiy, yo ( y1 f(x) ( )
In other words, we have arrived at Egs. (2.18):
r y2f($) /_ylf(x)
U] = —————— Uy = T———.
Wiy, el [y1, v2)

Note that for computing the solution (2.25) to Eq. (2.22) we need only the last
column in the inverse matrix. Therefore we can write M ~! by keeping only the last

column:
1 .
Mtl=—_ — ( yQ) . 2.26
W[yla yQ] T n ( )

3 Alternative presentation

Imposition of the additional restriction (2.13) often becomes a stumbling block for
students who consider it as an artificial trick that one has to remember. For higher-order
equations the situation is more complicated. I give here an alternative presentation
of the method of variation of parameters which is free from this disadvantage of the
traditional presentation of the method.

3.1 Second-order equations

Let us rewrite the second-order equation (2.8) as the following non-homogeneous sys-
tem of two first-order linear equations for two dependent variables vy, 2 :

/
Yy =z

24 a(x)z+b(x)y = f(z).

3.1

Two linearly independent solutions
y1=y1(x), Y2 =y2(z)
of the homogeneous equation (2.9), taken together with
a =), 2=1y)

provide two linearly independent solutions

_ (N (Y
Y1 = (21) , Yo = <z2> (3.2)
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of the homogeneous system

y =2z
(3.3)
2 +a(r)z+b(x)y=0.
The linear combination of (3.2)
_ _ (Ciyr+Cays
Y =00+ O, = <0121+C222
furnishes the following general solution to the system (3.3):
=Cryr + Coyo,
Y 1Y 2Y2 (3.4)

220121+CQZQ.

Now we replace the parameters C,C5 in (3.4) by wuy(z), ue(z) and seek the
solution to the non-homogeneous system (3.1) in the form

y = wi(z) y1 + uz(x) Yo,
z = uy () 21 + uz(x) 22.

Substitution of (3.5) in Egs. (3.1) yields:

(3.5)

Uy Yy + ug Y + Uy Y1+ Uy Yo = ur 21+ ug 22,
Uy 2] + U 2y + Uy 21 + Uy 20 + a() (uy 21 + us 22)
+b(x) (ur () y1 + uz(x) y2) = f(x),
or upon rearranging the terms:
Uy Yy + Us Yo + UL Y1 + UG Yo = Uy 21 + Ug 2, (3.6)
[ + a(@) 21 + b(x) ya]ur + [25 + a(@) 20 + b(x) yolus
+ul 2 +ub 2 = f(2). (3.7)

Since (Y1, 21) and (s, 22) solve the homogeneous system (3.3), the terms in brackets
in Eq. (3.7) vanish and Egs. (3.6)-(3.7) are written

Uy Yy + U2 Yy + Uy Y1+ Uy Yo = Uy Yy + Us Y,
uy 21 +uy 2o = f(x),
whence

y1uy + yauy =0,
. ;o (3.8)
YUy + Yy Uy = f(@

Thus, we have arrived at Eqgs. (2.17) without imposing the restriction (2.13) a priori.
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3.2 Third-order equations
Let us rewrite the third-order equation
y" + a(z)y” + b(x)y + c(x)y = f(z) (3.9)

as the system of three first-order linear equations for three dependent variables ¥, z, v :

7 =, (3.10)
V4 a(z)v+blx)z+c(x)y = f(z).
Three linearly independent solutions
n=u), y=u), ys=y)
of the homogeneous equation
y" +a(x)y” +b(x)y + c(z)y =0 (3.11)
taken together with

Z1 = yi(l'% U1 = ?/1,(37)7
22 = y;(x)7 Vg = y;/(x)7

23 = ys(x), vs=uys(x),

provide three linearly independent solutions

hn Y2 Ys3
Yi=|xn)], Ya=[2], Ys=|z (3.12)
(%1 (%) U3

of the homogeneous system

2 =w, (3.13)
v+ a(x)v+b(x) 2+ c(x)y = 0.
The linear combination of (3.12)

Ciyn + Coya + C3y3
Y=CY1+CYo+CsYs = | Crz1+ Cozp +Cz23
01U1+02’02+03U3
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furnishes the following general solution to the system (3.13):

y=Cry1+ Caya + C3ys,
Z:CI Zl—|—02 22+0323, (314)
V= 011)1 +02U2 +03U3.

Now we follow the procedure used in the case of second-order equations. Namely,

we replace the parameters C, Cs, C5 in (3.13) by ui(x), us(x), uz(z) and seek the
solution to the non-homogeneous system (3.10) in the form

ur () y1 + ua(x) Yo + us(x) ys,
() 21 + ug(x) 20 + uz(x) 23, (3.15)
U

1(z) vy + ug(x) vo + uz(x) vs.

SEEESIIES
I

Substituting (3.15) in Egs. (3.10) and rearranging the terms we obtain:

3 3 3
/ /
E u; Y; + E Yiu; = E U; Z4,
i=1 i=1 i=1
3 3 3
/ /
E u; z; + g Ziu; = E U; V5, (3.16)
i=1 i=1 i=1

3

3
Z (v] + av; + bz + cy;) u; + Z v = f(x).

i=1 =1
Since (y;, 2, vi), @ = 1,2, 3, solve the homogeneous system (3.13), we have
Vi =z, z.=wv;, U, +av;+bz+cy =0,
and hence Eqgs. (3.16) are written:
3 3 3
Zyiu; =0, Z ziu, =0, Z%U; = f(x).
i=1 i=1 i=1
Thus, we have arrived at the equations
yruy + Y2 uy + ysuy =0,
Yy uy + yhuy + yiug =0, (3.17)
Y uy + b Uy + ys uy = f().

In the traditional approach the first two equations (3.17) are imposed a priori.
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One can readily solve the system of linear equations (3.17) for v}, u}, u} proceed-
ing as in Section 2.3. Namely, we write the system (3.17) in the vector form

MU = F, (3.18)

where M is the 3 X 3 matrix, and U, F' are column vectors defined as follows:

Yi Y2 Y3 uy 0
M=1|vi vb v5|, U=|uy|, F= 0 1. (3.19)
yi Y Yy ug f(@)

The determinant of the matrix M is the Wronskian of vy, 2, y3 :
Yo Y2 Y3
det M = Wiy, yzusl = | i v W5 |- (3.20)
YooY s
Since the solutions (), y2(z), ys(x) are linearly independent, we have

W[yh Y2, ?/3] 7é 0.

Hence, the matrix M is invertible. For our purposes, it suffices to write the inverse
matrix in the form (see, e.g., [1], Section 1.1.1)

X o W vl
M = ——— Wlys, ] | (3.21)
W[y17y2,y3] W[y1,y2]
where
Yi Yk .
Wlywl = | | =vith —wys 1,k =1,2,3. (3.22)
Y Yk

Accordingly, the solution to Eq. (3.18) is given by

) . W{yy%fﬁx%
uh | = ——— [ Wlys, ] f(2) |- (3.23)
ug W[yh Y2, 3/3] W[yb yz]f(x)

In other words,

/ Wlya, ys) f(z) Wlys, y1] f(x)

U, = 1 u/ — —_— u/ —
! W[yl’ Y2, y3] 2 W[yla Y2, y3] 5

Wlyr,yol f ()
Wy, y2, 93]
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whence, upon integration:

W
wy = 3/273/3 d en
y17y27y3
W
Uy = y‘”” @) 4oy e, (3.24)
91,927343
W
Uz = ylayZ d +03,
y1,y27y3

Substituting (3.24) in the first equation (3.15) we obtain the general solution of the
non-homogeneous equation (3.9):

y=Ciy1+Coya +C3yz +u1 de
W y17 Y2, ?JS]
W] W]
t s yS»yl d + s [y1, 2] f () de. (3.25)
WY1, y2, y3] W y1, y2, 3]
3.3 Higher-order equations
Consider an nth-order linear equation
Y™ 4 ar (2)y™ Y 4 a1 (2)y + an(2)y = fx) (3.26)
with known linearly independent solutions y;(x), ..., y,(z) of the homogeneous

equation. Proceeding as in Section 3.2, we obtain the equations similar to (3.17):
nuy et yau, =0,

viuy et ypu, =0,

(3.27)
gy = (o),
Then we introduce the following matrix M and the vectors U, F":
Y1 s Yn uy 0
/ ce ;l / 0
m=| S IS R (3.28)
ygnfl) S yr(lnfl) ul, f(z)
and write the system (3.27) in the vector form:
MU = F. (3.29)
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In order to solve Eq. (3.29), we have to find the inverse matrix to M and write it in the
form similar to (3.21).
Recall that the inverse to a matrix

aix Q2 -+ Aip
ag1 Qg2 - Q2

A= " (3.30)
Ap1 Gp2 - App

with non-vanishing determinant |A| = det A has the form

All AQI t Anl

_ 1 Ag Ay - A,
T A 331

Aln A2n e Ann

where A;; is the cofactor to the element a;; of the matrix (3.30).
Applying the formula (3.31) to the matrix M given in (3.27) and invoking that the
determinant of the matrix M is the Wronskian

Y1 Y2 o Un
Y1 Ys  Yn
Wn[yb Y2, .. ayn] = 5 (332)
n—1 n—1 n—1
T SIS

we obtain by keeping only the last column (cf. (2.26) and (3.21)):

(_1>n_1anl[y27 Y3, - .- 7?/7),]
1 o (_1>n—2Wn71[y1, Yz, - .- 7yn]

M= (3.33)
Wn[yby?? cee 7yn} .........................
Wn—l{yh Y2, .- ;yn—l]
Accordingly, the solution to Eq. (3.29) is given by
U’/l (_1)n_1Wn—1[y27 Yz, ... 7yn] f(.fl?)
U,I2 _ 1 (_1)n71Wn—1[y17 Y3, ... 7yn] f(ZL‘) (3 34)

Uy, Wn—l[ylay%"'?yn—l]f(x)
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Integrating (3.34), we obtain u;(z), i = 1,...,n, and hence the general solution
y=> uix)yz) (3.35)
i=1

of the non-homogeneous equation (3.26).
Example 3.1. Let us solve the fourth-order equation

d4
Ty = fa) (3.36)

dx?

describing the phenomenon of “beating” of driving shafts due to the centrifugal force
(see [2], Section 2.3.3) in presence of an external force f(z) such as friction, etc. The
general solution of the homogeneous equation

yW—y=0

is given by
y=Ce” + Che " 4+ Cscosx + Cysinzx.
Hence, four linearly independent solutions of the homogeneous equation are

x T

yi(z) =¢€", ylx)=e"" ys(z) =cosx, ys(r)=sinz. (3.37)

In our case Eq. (3.34) is written

u} —Wsly2, Y3, ya] f ()
U/2 1 W3 [yh Ys, y4] f(x)
= . (3.38)
uy | Walyrve.ussual | —Walyy, v, v f(2)
Uﬁl W3 [ylv Y2, 3/3] f(l’)
The Wronskian (3.32) of the functions (3.37) has the form
e” e’ cosT sinx
e® —e ¥ —sinx cos x
Wilyr, ya, Y3, ya] = N . _ : (3.39)
e e —cosr —sinx
et —e" sinx —cosx
Working out the determinant (3.39), one obtains
W4[y1,y2,y3,y4] = —8. (3.40)
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Let us compute the Wronskians W3 in (3.38). We have:

—T

e COsS & sin x
Walys,ys, 4] = | —e™* —sinx cosx | =2e ", (3.41)
e —cosx —sinz
e” COsS & sinx
Wilyi,ys,ya) = | € —sinzx cosxz | = 2e". (3.42)
e —cosx —sinx
e” e ” sinx
Wslyi, Y2, ya] = | €©  —e7" cosx | = 4sinx. (3.43)
e” e ¥ —sinz
e” e * Ccos T
Wilyi,y2,ys) = | € —e™® —sinz | = 4 cosu. (3.44)
e” e —coszx

Substituting (3.40)-(3.44) in (3.38) an integrating, we have:

Uy Ci+1 [fl@)e™da
Uy Cy— 1 [ f(z)e"dx
w| |Gt [f@) sinede
Uy Cy— 3 [ f(z) coszda

Now the formula (3.35) gives the following general solution to Eq. (3.36):
Y = y*(ZL') + Cle”” + Cge_’” + 03 Ccos T + 04 sin X,

where C1,...,C} are arbitrary parameters and y.(z) is a particular solution of Eq.
(3.36) defined by

Yu(z) = iex/f(:c) e “dr — iem/f(:c) e’ dx
(3.45)

sin

COSI/f(m) sinx dx — 5 /f(m) cos x dz.

T
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Let us verify that the function y. () solves Eq. (3.36). The differentiation yields:

w0 = 3o [ f@er o s+ e [ e i - 1w

sin x

/f(x) sinz dx + %f(x) COS T sin

COS T

/f(x) cos x dx — %f(x) sin z cos .

Hence,

’;p):iem/f(x)e_xdx—i—%e_m/f(x)exdx
_Sigx/f(x) sinxdm—cosx/f(x) cos T dx.

Differentiating further, we obtain likewise:

—iez/f(ac)e”dx—%ex/f(x)emdac

—COQSJ;/f(x) sinxdx+su2m/f(x) coszdx,

/f _”"dx—l——e /f )e® da

—l—Slgx/f(x) sinxdw—i—COQS:E/f(x) cosx dx

and finally

V)= [s@erdr-je [fw)eds
+C028x/f(96) sinx dx — Sigx/f(x) cosx dx + f(x)

y(x) + ().

Hence, Eq. (3.36) is satisfied: 3 ") () — yu(x) = f(2).
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4 Solution of initial value problems

The integral representations of the general solutions obtained by the method of vari-
ation of parameters are very convenient for solving arbitrary initial value problems
(Cauchy’s problems). I will illustrate the statement using the solutions considered in
the previous sections.

4.1 First-order equations

Let us solve an arbitrary initial value problem for Eq. (2.1) at x = x :

Y + P(z)y = Q(z), y(xo) =Y, (4.1)

where x( and Y|, are arbitrary constants. We will use the integral representation (2.7)
of the general solution:

y=Ce P o[ Pde / Q(z) el Pl dy, 2.7)

Recall that the function e~/ 7% represents any solution of the homogeneous equa-

tions. We will chose for our convenience one of them, y;(x), which equals to 1 at
T = xg, namely

y(w) = e Jao PO, 42)
Then Eq. (2.7) is written

Q&)
=C dg, 4.3
y y1($)+y1(£v)/y1(f) 3 (4.3)
where, according to (4.2),
L o, (4.4)

y1(€)

The second term in (4.3) is an unspecified particular solution to the non-homogeneous
equation. We can take any of them. We will chose the particular solution, y.(x), which
vanishes at z = x(, namely

" Q)
o yl(f)

Thus the general solution (2.7) of the non-homogeneous equation is written in the form

y«(x) = y1(x) dg. (4.5)

y = Cyi(z) + y.(x), (4.6)
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where the particular solution y;(x) of the homogeneous equation satisfies the initial
condition y; (zo) = 1 and the particular solution ¥, (z) of the non-homogeneous equa-
tion satisfies the initial condition y,(x¢) = 0. Now we substitute (4.6) in the initial
condition of the problem (4.1) and obtain C' = Y},

Finally, substituting in Eq. (4.6) C' = Y}, and invoking Eqgs. (4.2), (4.4), (4.5), we
obtain the following result.

Theorem 4.1. The solution to the initial value problem (4.1) with arbitrary z( and Y}
has the form

y(x) —Yyeo f;o P(&)de +e f;o P(&)dﬁ/ Q(f)effo P(n)dn de. 4.7)
zo

4.2 Second-order equations

Let us solve an arbitrary initial value problem for Eq. (2.8) atz = x :
y' +a(@)y + )y = f(z), ylxo) =Yo, ¥(x0) =", (4.8)

where x(, Y; and Y7 are arbitrary constants.
Following the discussion of the initial value problem for the first-order equations,
we will specify the integral representation (2.21) of the general solution as follows:

y(x) = Cryr(x) + Coya(z) + yu(2). (4.9)
Here y. () is a particular solution of the non-homogeneous equation (2.8) defined by

" y2(8) f(§) " @) f(©)
v W1, 92](€) vo Wly1,2](8)

where Wy1, 12](§) = y1(§)wa(8) — y2(§)wi (€)-

Lemma 4.1. The particular solution (4.10) satisfies the following initial conditions:

d€ + ya() dg, (4.10)

Y(2) = =1 ()

Yu(w0) = 0, yL(zo) = 0. 4.11)

Proof. It is obvious from the definition (4.10) of y.(x) that the first equation (4.11) is
satisfied. Let us verify the second equation. We have by differentiation:

" () f(©) AN
x0 W[ylayQ](g) 0 W[ylva](g)

o (2) f () n(e) fla)
Wiyr, yal () Wiy, vl (o)

y.(r) = —yi(z) dé + y5(x)

— y1 () y2()
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Hence,

T () f(©) () f(6)
w0 WY1, y2](€) w0 Wy, 92)(§)

It is manifest from (4.12) that y . (z) = 0. This completes the proof.

y.(z) = —yi(z) dé + y o) de. (4.12)

Theorem 4.2. The solution to the initial value problem (4.8) with arbitrary z, Y, and
Y; has the form

y(x) = Cryi(z) + Caya(x)

“ () £ “ () f€)
0 W[ylayQ] (5) 0 W[y17y2]<§>

where (', C are determined by solving the system of linear algebraic equations

—y1() d§ + y2() dg, (4.13)

Cry1(zo) + Caya(x0) = Yo,
4.14)
C1 91 (o) + Cayy(xo) = Yi.

Proof. We substitute the function y(x) defined by (4.9) and its derivative

y'(z) = Cryi(x) + Cays(x) + ye(x)

in the initial conditions (4.8), use Eqgs. (4.11) and see that the initial conditions lead to
Eqgs. (4.14). This proves the theorem because the function (4.13) solves the differential
equation in the problem (4.8).

Remark 4.1. The system (4.14) can be solved at once, giving

_ Youh(zo) — Y ya(xo0)

C
' Wly1, ya (o)
(4.15)
Cy = Y1 y1(zo0) — Yoy (o) )
Wly1, ya) (o)
4.3 Third-order equations
Let us solve an arbitrary initial value problem for Eq. (3.9) at x = x :
y" +a(z)y” + b(x)y + c(x)y = f(z),
(4.16)

y(wo) = Yo, ¥'(x0) =Y1, y'(z0) = Y2,

where z(, Yy, Y7 and Y5 are arbitrary constants.
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Proceeding as in Section 4.2, we rewrite the formula (3.25) for the general solution
in the form

y(@) = Cryi(z) + Coya(x) + Csys(x) + yu(2), (4.17)
where y. () is a particular solution of the non—homogeneous equation (3.9) defined by
Wl y Y3
— i 2, Y3 ( df
yla Y2, y3
W W
Z/sa Y1 ( df +y yh Yol ( dﬁ'. (4.18)
3/173/273/3 y17y27y3
Lemma 4.2. The particular solutlon (4.18) satlsﬁes the following 1n1t1a1 conditions:
y«(r0) =0, yi(zo) =0, yi(zo)=0. (4.19)

Proof. It is obvious from the definition (4.18) of y.(x) that the first equation (4.19) is
satisfied. In order to verify the second equation (4.19), we differentiate (4.18):

T y2,y3 Wlyz, ys](z) f(z)
@ =n | Fpp 1/3 d€ ) el ()
"W 3/373/1 Wilys, y1] () f(z)
yl ?/2,y3 df - yg(as) W[ylay%yS](x)
CW] yl Y2 ( Wiy, yo](z) f(x) )
+y3 yl yz,y:% d§+y3(x) W[Z/l,?/my:s](x)

The reckoning shows that
y1 () Wlya, ysl(z) + yo(z) Wlys, yi](x) + ys(x) Wiyr, yo](z) = 0.

Therefore

W] W
y* _ 3/1 y2, y3 d§ ty Z/s; yl d
yl 3/2793 y17y27y3
W
yl? y2 d& (4'20)
yl, Y2, y3
Another dlfferentlatlon ylelds
Wyg,yg d§+y£(x)w[y2’y3]($)f<x)
Wy, ya, ys)( Wlyr,y2, ys) ()
,, W Z/3, ?/1 d§ 4 yé(x) W[?/:)n yl](flf) f(x)
Wy, ya2, ys)( Wly1, y2, ys) ()
// W y17 92 d§ + yé(x) W[yla y?](x) f([lf) .
Wly1,y2, ys)( Wly1,y2, ys)(z
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The reckoning shows that

Vi () Wly2, ys] () + () Wlys, 1] (x) + () Wy, o] (x) = 0.

Therefore
Wyz,ys d€+ 2 Wys,yl ) f(&) p
yl,yz,y3 ( Wy, y2, y3](§)
Yl ( "Wl yl’ 12)(€) f(§) de. 4.21)
y17 Y2,Y3 (f)

Egs. (4.20), (4.21) yield that y/ (x¢) = 0, y”(x¢) = 0. This completes the proof.

Theorem 4.3. The solution to the initial value problem (4.16) with arbitrary z, Yp, Y
and Y3 has the form

y(z) = CLys(x) + Coya(z) + Cyys(a) + iz Wy27y3](€>f<€)d

yl: Y2, y3](€)
T Wlys, Wiy,
+ oz y3 Y1) ( d§+ yl y2) () f(§) de,  (4.22)
y17y27y3 ( y17y27y3 (5)

where (', C5 are determined by solving the system of linear algebraic equations

Cry1(xo) + Coya(z0) + Csy3(x0) = Yo,
Cryy(xo) + Cays(xo) + Csyz(xo) = Y7, (4.23)
Ch Yy (o) + Ca s (z0) + C5 95 (20) = Ya.

The proof is similar to the proof of Theorem 4.2.
Higher-order linear equations can be treated likewise.

S Examples

Theorem 4.1 provides the simple formula (4.7) for the solution of an arbitrary ini-
tial value problem for any linear first-order equation. This formula is as simple for
the practical use as the formula for roots of quadratic equations. The solution to the
Cauchy problem (4.1) is obtained just by inserting the coefficients P(z), (Q(x) of the
differential equations in question and the initial data x, Yj.

Theorems 4.2 and 4.3 play the same role for second-order and third-order equa-
tions, respectively, provided that fundamental systems of solutions for the correspond-
ing homogeneous equations are known.
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Of course, the integrals in (4.1), (4.13) and (4.22) may be difficult or impossible
(this is the general case) to work out in terms of elementary functions. But this circum-
stance is unessential. Anyhow, equations whose solutions can be expressed in terms
of elementary functions are very rear and do not have a practical value. They appear
mostly in textbooks as simple illustrations of various methods.

5.1 First-order equations
Example 5.1. Let us solve the Cauchy problem
y —2ay =2, y(l) =Y. (5.1)

Here
P(x) = -2z, Qzx)= 3, oz =1,

and the solution formula (4.7) is written:
y(z) = Yy elt GOd o (200 / ’ g3 i @ndn ge
1
or )
y(z) = Yo 1 4”1 / 3!~ de. (5.2)
1

One can leave the solution in the integral form (5.2). But in this particular case the
integral can be easily worked out:

[ eecas =g [Ceetaey = v e)ee

T

1

1 2
=1-3 (1+z%)e! ™. (5.3)

Substituting (5.3) in (5.2) we obtain the solution to the problem (5.1) in elementary
functions:

1
y(z) = (1+Yp)e” 1 — 5 (L+2%). (5.4)
Example 5.2. Let us solve the Cauchy problem
y —ycosz =z, y(0)=Y,. (5.5)

Here
P(x)=—cosz, Q(x)=uz, z7=0,

and the solution formula (4.7) is written:

y(x> —y, efoz cos £d€ 4 ef(f cosfdf/ fe* f0§ cos ndn df
0
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Since
x .
efo cos &d€ eSine

we obtain the solution to the problem (5.5) containing one quadrature:

y(x) — Ybesinx + esinm/ é-e—sinfdg‘ (56)
0

5.2 Second-order equations

Example 5.3. Consider the Cauchy problem

y' +y=f(x),
) 5.7
y(xo) = Yo, y(x0) =Y.
The functions
yi1(xz) =cosz, yo(x)=sinx (5.8)

provide a fundamental system of solutions for the homogeneous equation y” + y = 0
and have the Wronskian

Furthermore, Egs. (4.15) yield

C1 =Yy cosxg— Y sinxg,

Cs =Y cosxg+ Yy sinzg .
Therefore

Ciyi(z) + Coya ()
=Yy cosxgcosx — Y] sinxgcosx + Y; cosxgsinx + Yy sinxgsinx

= Yy cos(z — xg) + Yisin(x — zg) . (5.10)

Substituting (5.8), (5.9) and (5.10) in the formula (4.13) we obtain the following solu-
tion to the problem (5.7):

y(x) = Yy cos(z — o) + Y3 sin(z — o)

—cosx/zf(§)sin§d§+sinx/mf(f)cosgdf. (5.11)
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Exercise 5.1. Solve the Cauchy problem

' +y=2", (n=1,2,...),
y(ro) =Yo, ¢(x0) =V1.

(5.12)

Solution. Eq. (5.11) provides the following integral representation of solution to the
problem (5.12):

y(x) = Yy cos(x — o) + Y1 sin(z — xp)
—cosx/xfnsinfdﬁ—l—sinx/xfncosfdf. (5.13)

The solution (5.13) can be written in terms of elementary functions by using the well-
known integrals

/sinxd:p:—cosx, /cosxdmzsinx,

/msinxdw—sinx—xcosx, /xcos:cdx—cosx—i—xsin:c

and the recursion formulae
/x" sinxdr = —z"cosx +n / 2" cos z dz,

/w” cosxdr = x2"sinx — n/x"l sin z dz.
Exercise 5.2. Solve the Cauchy problem
1
(z >0),

r+1 (5.14)
y(0) =Yy, ¥ (0)=Y;.

y'+y=

Solution. Substituting x7 = 0 and

1
Cr+1

f(z)

in Eq. (5.11) we obtain the following solution to the problem (5.14):

x

sin & ) cosé
d€ +sinx
+1 g o £+1

y(x) :YO(:osx—l—Ylsinx—cosx/ dg . (5.15)
0
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The integrals in (5.15) cannot be worked out in terms of elementary functions.
Nevertheless, one can readily verify that the function (5.15) satisfies the initial condi-
tions and the differential equation of the problem (5.14). The condition y(0) = Yj is
obviously satisfied. The differentiation of (5.15) yields:

y'(r) = —Yysinw + Yy cosz + sinx siné d¢
o §+1
_cosxsinx+COSI T cos& d€+sin$cosx
z+1 o E+1 z+1
) ) ¥ siné ¥ cosé
= —Yysinz + Yjcosx +sinx d§ + cosx dg.
0 1 i1 § L E+1 3

It is manifest from the above expression for y/(x) that the condition y'(0) = Y} is also
satisfied. Another differentiation yields:

) ¥ 8iné
"() = —Yycosx — Yisinz + cosx d
y'(z) 0 1 0 E+1 §
i 02 T 2
sin x—sinm cos & d€+cos x
r+1 0 €+1 x+1
. ¥ siné , Y cos& 1
=Y cosx—Ysmx+cosm/ dé —sinx d¢ +
’ ' , el o Er1 Mt
- r+1
Hence, the differential equation (5.14) is satisfied.
Example 5.4. Consider the Cauchy problem
22y +3xy +y=— (x>1),
(5.16)
y1) =Yy, y(1)=M.
Solving the homogeneous equation, i.e. the Euler equation
2%y +3ay +y =0,
we obtain the following fundamental system of solutions:
1 Inz
=—, = —" 5.17
nle)=—, )= — (5.17)
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Their Wronskian is

1
Wyr, yol () = 5 (5.18)
Egs. (4.14) yield
Ci=Yy, Co=Yo+Yi. (5.19)
Now we write the differential equation of the problem (5.16) in the form (4.8),

3 1 1
V'+ -y +S5y=—, (5.20)

x x x

apply the formula (4.13) and, invoking Eqgs. (5.17), (5.18), (5.19), obtain:

1 1 1 /%1 1 1
y(z) = Yo~ + (Yo + Y1) — — — n—£d§+ﬂ/  de. (5.21)
x x x ), £ x J; &
The integrals can be worked out at once, giving
“Ing 1 2|* 2
—d¢ = -(1 = (1
28 i = (g)?]) = (ma)”

/j%d&zln{‘j:lnx.

Substituting these expression in (5.21) we obtain the solution to the problem (5.16) in
elementary functions:

2

y(x) = i [Yo—i-(Yo—FYl)lnx—i—%(lnx) (5.22)

It is useful to verify by direct substitution that the function (5.22) satisfies the differen-
tial equation and the initial conditions of the problem (5.16).

Example 5.5. Let us solve the following Cauchy problem:

y' —y cosx+ysinz = f(z),

5.23
YO0 = Yo, y(0) =Y. 629

First, we will find two linearly independent solutions (a fundamental system of solu-
tions) for the homogeneous equation

y" — 1y cosx +y sinx =0, (5.24)
noting that its order can be reduced. Indeed, it can be written in the form

(v —ycosx) =0
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and integrated, giving
y —ycosr = K. (5.25)

One can easily integrate the first-order equation (5.25) and find the general solution
y = K2esina: 4 Klesin:p/esinmdx (526)

to Eq. (5.24) containing two arbitrary constants K, i, . Hence, one can take for a
fundamental system of solutions for Eq. (5.24) the following the functions:

n ($) _ esin:c7 y2<$) _ esinx / e~ sinidé&' (527)
0
Let us find the Wronskian of the functions (5.27). We have:
yi(z) = cosze™  yh(z) =1+ cosxesmm/ e sinde,
0

and hence .
W[yl, yg](I) =7, (528)

Egs. (4.14) yield
CYl = }/07 CZ = }/1 - }/EJ

Substituting now (5.27) and (5.28) in (4.13) we obtain the following solution to the
problem (5.23):

y(m) — }/1 esina: + (le _ YO) esinx/ e_SinEdf
0

o NG [ / 5 dn} de+eme [ Cemtinegg / fe e (5.29)

5.3 Third-order equations
Example 5.6. Let us solve the following Cauchy problem:
y/// _ y// + y/ _ y — f(m)’
/ , (5.30)
y(0) =Yy, ¥(0)=Y1, y"(0)=Y>.

The characteristic polynomial for the homogeneous homogeneous equation
' =y +y —y=0 (5.31)

1s written
Mo A—1=A-1)A+1)
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and has the roots A\ = 1, Ay = 7, A3 = —2. Consequently, a fundamental system of
solutions for Eq. (5.31) is provided by the functions
yi(x) =e%, ya(x) =cosz, yo(r)=-sinz. (5.32)
Let us find the Wronskians (3.20) and (3.22). The reckoning yields
e’ cosx sinw
Wiyi,y2,ys3](x) = | € —sinz cosx =2e" (5.33)
e® —cosx —sinw
and
W[y27 93] (ZL’) - ]-7
Wlys, y1](z) = e*(sinx — cosx), (5.34)

Wiy, y2](z) = —e®(sinx + cos x).
In the problem (5.30) we have x( and Egs. (4.23), (5.32) yield:
Ci+Cy=Y,, Ci+0C3=Y, C—0Cy=Ys,

whence

1 1 1
Ci=50+Ye), G=500-Y) G=;52-Y-) (5.35)

Substituting (5.32)-(5.35) in (4.22) we obtain the following integral representation
of the solution to the problem (5.30):

1
y(x) :5[(}/0—1—3/2)61—1—(3/0—1/2) cosz + (2] — Yy — Ys) sinz

—i—egc/0 egf(f)dercosx/O (sin& — cos&) f(&) d¢

— sin:c/ox(sinﬁ + cos§) f(§) d{}. (5.36)

Let us verify that (5.36) solves our problem. The first initial condition, y(0) = Yy,
is obviously satisfied. We differentiate (5.36):

y’(:v):%{(Yo%—Yg)ex—(%—Yg) sinx + (2Y1 — Yy — Y3) cosx
e [ e pe)de — s “(siné d
ot [ (e e —sina [ (g — cose) 1(6)de
—Cosx/ (sin& + cos&) f(&)dE + f(x)
0

+ cosz(sinz — cosx) f(z) — sinz(sinz + cosz) f(x) |,
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whence

y’(x)z%{(%%—}/z)ex—(l/o—l@) sinz + (2Y) — Yy — Ys) cosw
- x _5 d B ) X ) B d
ot [ ds —sina [ (sin€ - cos) f16) de

— cosx/OI(siHS + cosé) f(§) df} (5.37)

It is obvious now that 3/(0) = Y;. We differentiate (5.37) again and proceed as above
to obtain:

1
y'(x) = 5{(%—1—3@)@” — (Yo —Ys) cosz — (2Y] — Yy — Y3) sinw

o "o ey de - “(siné — d
ot [ ds —cosa [ (ing —cos) ple)ae
+ sinx/x(sinﬁ +cos&) f(§) dﬁ}. (5.38)
0
One can easily see that ”(0) = Y5. We differentiate again and obtain:
y"(x) = % [(Yg +Ys)e" + (Yo — Ya) sine — (2Y; — Yy — Y3) cosx
T ’ =€ d 1 ’ 1 — d
ot [t @ de sing [ sing —cose) f16) de
+ Cosx/x(sinf +cos&) f(§) df] + f(x). (5.39)
0

It follows from (5.36)-(5.39) that the differential equation (5.30) is satisfied.

For particular types of function f(z) the problem (5.30) may have the solution
given by elementary functions. For instance, for the problem (5.30) with f(z) = x one
can easily work out the integrals in (5.36) and obtain

1
y(z) = —(1+x)+§ (Yo+Yo+1)e"+(Yo—Yo+1) cosz+(2Y; —Yy—Ya+1) sinz|.

20 March 2009
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Abstract. A nonlinear equation arising in metallurgical applications of Magnetohydrodynam-
ics is discussed. Lie group analysis reveals two exceptional values of the exponent playing a
significant role in the model. Self-adjointness and first integrals are investigated.

Keywords: Liquid metals, Metallurgy, Group analysis, Boundary-layer equation.

1 Introduction

The growing interest to theoretical investigations on applications of Magnetohydrody-
namics in the metallurgical industry in the 1970s have been motivated by possibilities
of using alternating magnetic fields in the processing of liquid metals when the high
quality of the product is required. For example, high frequency external magnetic fields
are widely used in the casting process in the steel industry in order to control a flow
of liquid metals and to generate internal stirring within the liquid phase. This allows
one to reach the required homogeneity of solidifying metals by eliminating blowholes
usually caused by escaping gases.

The reader can find a good discussion of the process from the physical point of
view in [1] (see also [2], Sections 1 and 4 on electromagnetic shaping and stirring). The
mathematical model suggested by H.K. Moffatt in [1] for describing the “skin effects”
in a thin surface layer of liquid metals near a sharp corner is thoroughly investigated
in the recent paper [3] from the point of view of existence of solutions. In both papers,
[1] and [3], the value m = —1/2 of the exponent m, playing the significant part in the
main equation (3.1), appears as a “critical value”.

The present paper is devoted to the group analysis of Moffatt’s model. The analysis
reveals two exceptional values, m = —1/2 and m = 3, of the exponent m. Namely, it
is shown that Eq. (3.1) is self-adjoint if m = —1/2; in this case a first integral is found
for Eq. (3.1). The second exceptional case m = 3 singles out the equation having
more symmetries than for all other values of m.

© 2009 ALGA
(© 2009 N.H. Ibragimov
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2 Preliminaries

2.1 The Prandtl boundary-layer equations

The system of boundary layer equations for a planar steady flow of liquid with a con-
stant density p and a constant coefficient of the kinematic viscosity v has the form

1
Uy + VUy = VUyy — — P,
P 2.1

py =0, uy+v,=0.

It is known as the Prandtl equation. The flow is parallel to a flat plate and is directed
along the z axis in the Cartesian coordinates (x, y).

2.2 Invariance principle for boundary value problems

We will use a general principle for tackling boundary and/or initial value problems
for equations having certain symmetries. It was formulated in [4] (see also [5]) and
called an invariance principle. This principle states that if a differential equation has a
symmetry group G and if the initial (boundary) data, including the initial manifold, are
invariant under a subgroup H C G then one should seek the solution to the problem
among H-invariant solutions of the differential equation in question. The invariance
principle is applicable both to linear and nonlinear equations.

2.3 Adjoint equation to nonlinear equations and conserved
quantities associated with symmetries

These concepts have been employed in [6], Sections 2 and 3. We will apply them to a
third-order ordinary differential equation

f"+Fm £ f ") =0, (22)

where f and 7 are a dependent and independent variables, respectively, f’ is the first
derivative of f with respect to 7, etc. The adjoint equation to Eq. (2.2) is defined by

oL

— = 2.3
57 0 (2.3)
with
L=z[f"+Fmff, )] (2.4)
where z is a new dependent variable, and §/J f is the variational derivative:
0 0 Di—sz 0 - D? 0 (2.5)

ﬁ:a_f_ of of" 3f”’.
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Here D is the total derivative with respect ton:

8 0 0
D= — + — +
faf f 8f/ f f//
In partlcular D3(z) = and the left-hand side of the adjoint equation (2.3) is
" " " 8_F . OF 2 oF
f O L]} = = e D= 6,f,) € af,,). 2.6)

Eq. (2.2) is self-adjoint if the adjoint equation (2.3) becomes equivalent with Eq. (2.2)

after the substitution z = f. If the equivalence occurs upon the substitution z = h(f)

with a certain invertible function A( f), then Eq. (2.2) is said to be quasi-self-adjoint.
If an operator

X = f(mf)aa77 + F(n,f)aaf (2.7

is admitted by Eq. (2.2), i.e. if X is an infinitesimal symmetry for this equation, then

=W [57-2(5) + (5)

gf ‘D@ﬁ//ﬂ + DX(W) STE W=T-¢f,

is a conserved quantity for Eq. (2.2) considered together with the adjoint equation
(2.5). It is necessary to involve the adjoint equation (2.5) because the quantity (2.8)
contains the variable z and its derivatives. However, if Eq. (2.2) is self-adjoint or
quasi-self-adjoint, then one can eliminate z from Eq. (2.8) by substituting z = f or
z = h(f), respectively, and obtain conserved quantity (first integral) for Eq. (2.2)
considered without its adjoint equation.

(2.8)

+ D(W) [

3 Internal stirring of liquid metals by magnetic fields

3.1 Boundary-layer description of high Reynolds number flows

To describe the “skin effects” in a thin surface layer of high Reynolds number flows of
liquid metals placed in a high frequency magnetic field, Moffatt [1] suggested to use
the boundary layer equation

%%y - %%y = V@byyy (31)

for the stream function ¢/(z, y). He assumes that there is no pressure gradient outside
the boundary layer and obtains the boundary conditions

=0, ¢Y,=Az™ on y=0, (3.2)
Y, —0 as y— oo. (3.3)
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Here v, A, m = const. The physical meaning of the constants A and m shows that
the following conditions hold:

A>0 when m+1>0, (3.4)
A<0O when m+1<0. 3.5)

Remark 3.1. Eq. (3.1) is equivalent to the system (2.1) if p, is negligible compare
with the other terms in the first equation in (2.1). Namely, upon introducing the stream
function ¢(x, y) defined by the equations v = 1,,, v = 1),, the third equation in (2.1)
is satisfied identically, and the first equation in (2.1) takes the form (3.1).

3.2 Moffatt’s solution

Referring to “standard similarity arguments of boundary-layer theory” presented in [7],
Section 5.9, Moffatt states that upon letting

1/2
v = (vAla™ ) ) (3.6)
with s
n= (f1|A\xm+1> y (3.7)

the partial differential equation (3.1) reduces to the third-order ordinary differential
equation

f/// + mTH ff// o mf/Q =0 (38)

The boundary conditions (3.2)-(3.3) yield:
f(0)=0, f(0)=0 (3.9)

and
+1 incase (3.4),

f(0) = { (3.10)

—1 incase (3.5).
It is mentioned in [1], page 186, that
m=—— (3.11)
is a critical value of the exponent m for existence of a solution to the problem (3.8)-
(3.9). One can find there also an interesting discussion of a physical significance of

this critical value of m.
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4 Application of the invariance principle

4.1 Scaling symmetries of the boundary-layer equation

Let us apply the invariance principle (see Section 2.2) to the initial value problem (3.1)-
(3.2). First we have to find appropriate symmetries of the differential equation (3.1).
It is manifest that Eq. (3.1) is invariant under translations of =,y and . But these
translations change the initial data (3.2) and cannot be used in the invariance principle.
Therefore we will look for another type of symmetries that can be easily found, namely
scaling symmetries (called also dilations or similarity transformations). Taking them
in the form

T=ax, y=by, =ci (4.1)

and writing the invariance condition for Eq. (3.1):
by Yoy — Yz Vgg — Vg = A[Wytny — Vathyy — ¥y ],

where ) is an undetermined constant coefficient, we obtain the following equations:

2
— ===\
ab> b3

Hence, the dilation (4.1) is admitted by Eq. (3.1) if the three parameters a, b, ¢ are

connected by one equation
c 1

a b

It means that Eq. (3.1) admits the group G of dilations (4.1) where two parameters,
e.g. a, b, are arbitrary, and the third parameter c is determined by the equation

The generators of this two-parameter group G span the Lie algebra L, with the basis

0 0 9, 0
Xi=ao+or, Xe=ys- —vor
X

5 5 Vs (4.2)

4.2 Operator admitted by the initial data

Let us find the subgroup H C G leaving invariant the initial data (3.2). We write the
generator of H in the form X = aX; + X5 :

0 0 0
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and determine the constant coefficients o and 5 from the invariance conditions of the
initial data (3.2). It is manifest that the invariance test for the initial manifold y = 0,

X, =0

is satisfied. Hence the invariance of the initial data (3.2) is guaranteed by the equations

X@)| =0, X(v, - Axm)’ _0, (4.4)

‘(3.2) (3.2)

where

X:&x%jL(a—ﬁ)w%jL

is the restriction on y = 0 of the prolongation of the operator (4.3) to v,,. We have:

0
Y

X)) = (a—pB), X, — Az™) = (o — 28)p, — maAz™. (4.6)

It follows from (4.6) that the first equation (4.4) is satisfied for any values of the pa-
rameters «, 3. The second equation (4.4) is written

(v — 20 —ma)Ax™ =0,
whence a — 26 — ma = 0. Letting o« = 2, we obtain § = 1 — m and arrive at the

following generator (4.3):

9] 9] 9]
X:2xa—x+(1—m)ya—y+(m+1)w%- 4.7)

4.3 Derivation of Moffatt’s solution

We find two functionally independent invariants of the subgroup H C G with the
generator (4.7) by computing two first integrals the characteristic system

dx dy d

22 (A—myy (m+1)v

of the equation X (J) = 0. Writing the characteristic system in the form

@_i_m—ld_xzo’ d_w_m—l-ld_xzo
Y 2 (0 2

we obtain two first integrals

y :L.(mfl)/Z = const., w xi(de)/z = const.
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The left-hand sides of these first integrals can be multiplied by any non-vanishing
constants, k, /1, and provide two independent invariants denoted here by 1 and J :

n=kyxm V2 J=[" g (M2 4.8)
Letting J = f(n) we obtain the following form for the invariant solutions:
=122 (). (4.9)

We begin by computing the derivatives of 7 defined in (4.8):

k(m—1
Ny = <m2 ) yx(m—?))/Q’ Ny = kl’(m_l)/2.
The differentiations of (4.9) yield:
l _ m
p = 5@ (m Df + (m—Unf], gy =ka™f,  @10)
m—1 p, M- 1 " 27 ,.(3m—1)/2 g1
Yoy = klz mf +T77f . Yy =klx 1, 4.11)
and
Vyyy = Ram (4.12)
Now we substitute the expressions (4.10)-(4.12) in Eq. (3.1). We have:
k 1
Vb + by = Yty = KT [7” R At B CRE)
Since k and [ are arbitrary constants, we will take
l=kv (4.14)

and reduce Eq. (3.1) to the ordinary differential equation (3.8):

m-+1

5 " =mf?=0. (4.15)

f/l/ +

Let us turn now to the boundary conditions (3.2) and (3.3). Applying the first equation
in (3.2) and the condition (3.3) to (4.9) we obtain Eqgs. (3.9):

F(0)=0, f'(c0)=0. (4.16)

Substituting the expression for 1), from (4.10) in the second equation (3.2) and invok-
ing (4.14) we obtain
Eva™ f(0) = Ax™.
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This equation implies the equation
kv = |A| (4.17)
and Eq. (3.10):

+1 when m+1 >0,
£1(0) = (4.18)
—1 when m+1<0.
Furthermore, Eqs. (4.17), (4.14) yield
1/2 1/
k= (y‘1|A|> - (V|A|)
Finally, invoking (4.9) and (4.8), we conclude that the substitution
1/2
b= (V\A|xm+1) () (4.19)
with
1/2
n= <1/_1|A| :zjm_1> Yy (4.20)

reduces the partial differential equation (3.1) with the boundary conditions (3.2), (3.3)
to the ordinary differential equation (4.15) with the boundary conditions (4.16), (4.18).

Remark 4.1. The substitution of (3.6) with n defined by (3.7) and used in [1] and [3]
reduces Eq. (3.1) not to the ordinary differential equation (3.8) but yields

ML~ ) =0

This is due to the fact that 7 defined by (3.7) is not an invariant of the one-parameter
group with the generator (4.7).

xf/// +

S Exceptional values of the exponent m

5.1 Self-adjointness in the case m = —1/2

Let us find the adjoint equation to Eq. (4.15). In this case Eq. (2.4) is written

n m + 1 4 !
L=z|f"+ =5 ff —mfﬂ 5.1)
and Eq. (2.6) yields:
oL o om+1
—_— = —Z
of 2

1
:_Z///+m;_ Zf//+2m(zf//+2,f,)+

2f" +2mD(zf") + TD2(zf)

m+1

(2" + 22 + f2")
— /// (3m + 1)Zf” + fZ” + (3m + 1) f
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Changing the sign in Eq. (2.3), we get the following the adjoint equation to Eq. (4.15):

m+1

2" —(Bm+1)zf" — f2' = @Bm+1) 2 =0. (5.2)

If we let z = f, Eq. (5.2) becomes
1
2" — <3m+1+7m;— >ff"— (3m+1)f? =0.

Hence, Eq. (4.15) is self-adjoint if the following equations hold:

1 1
3m+1+£z—£, 3m+1=m.
2 2
These two equations are identical and yield m = —1/2. Thus, we have proved the
following statement leading by another approach to the critical value (3.11) of the

exponent m.

Theorem 5.1. Eq. (4.15) is self-adjoint if and only if
=—=- 53
m 2 4.3)

Remark 5.1. The reckoning shows that the substitution z = h(f) does not provide
new cases when the adjoint equation (5.2) is equivalent with Eq. (4.15). Hence, there
are no quasi-self-adjoint equations (4.15) except the self-adjoint case (5.3).

5.2 First integral

Investigation of the determining equations shows that Eq. (4.15) with an arbitrary
exponent m has only the obvious translation and scaling symmetries provided by the
following two generators:

0 0 0

Xi= =, X2=778—n— 8_f (5.4)

Using these symmetries and conservation formula (2.8), one can calculate first
integrals for the self-adjoint equation (4.15) with m = —1/2, i.e. for the equation

1 1
f//l + Z ffl/ + 5 f/2 =0. (55)

The reckoning shows that application of the formula (2.8) to the translation generator
X, yields C' = 0. Hence, X; does not provide a nontrivial first integral. However the
operator X, does. Namely, it provides the following first integral:

2/ = f2f —Aff" =C. (5.6)
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5.3 Additional symmetry in the case m = 3

One can demonstrate by inspecting the determining equations that Eq. (4.15) has an
additional symmetry in the case

m = 3. (5.7)
Namely, the equation
[+ 2f =317 =0 (58)
has, along with (5.4), the following symmetry:
0 0
Xs=n"—+(6—2nf)=- 5.9
5= g (6 —-2nf)5 7 (5.9)

The operator X3 generates the projective transformation of 7 followed by a linear trans-
formation of f. Namely, upon solving the Lie equations, one obtains the following
transformation with the group parameter a :

Ui
1—an’

n= f=0—an)?f+6a(l — an). (5.10)

Thus, the Lie group analysis reveals two exceptional (critical) values of the expo-
nent m, namely, m = —1/2 and m = 3.

16 May 2009
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