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In the present work, the non-linear vibrations and 
the corresponding dynamic fracture mechanics 
of cables of cable-stayed bridges are studied. The 
cables are among the most critical components 
in cable-stayed bridges and there are different 
damage sources such as corrosion, vibration, fati-
gue and fretting fatigue that can significantly affect 
them, thereby reducing the cable’s service life and 
even producing their failure.

Cable-Parametric Resonance is the specific non-
linear vibration studied in this research. This type 
of vibration occurs due to displacements presen-
ted at the cable supports. These displacements 
are induced by the wind and traffic loads acting 
on the pylon and deck of the bridge. Under cer-
tain conditions, unstable cable-vibration of signifi-
cant amplitude can be registered. Therefore, nu-
merical and experimental analyses are carried out 
in order to describe this phenomenon and to de-
termine the corresponding instability conditions.

Two non-linear models of cable-parametric reso-
nance are studied to predict the cable response. 
In the simulation method, the non-linear compo-
nents are treated as external forces acting on the 
linear systems, which are represented by Single 
Degree of Freedom systems and described by 
digital filters. A clear non-linear relationship bet-
ween the excitation and the cable response is 
observed in the simulations and the experiments. 
The corresponding experimental analysis is based 
on a scaled model (1:200) of the Öresund bridge 
and a good agreement between the numerical and 
experimental results is found.

After obtaining the relationship between the 
cable response and the excitation, the cable in-
stability conditions are determined. This is done 
by finding the minimum displacement required at 
the cable supports in order to induce non-linear 
cable vibration of considerable amplitude. The in-
stability conditions are determined within a wide 
range of excitation frequencies and conveniently 
expressed in a simplified and practical way by a 
curve. The determination process is rather fast 
and offers the possibility to evaluate all bridge ca-
ble stays in a rather short time.

Finally, the dynamic fracture mechanics of the ca-
ble is considered by studying the fracture tough-
ness characteristics of the material under dyna-
mic conditions. Finite Element simulations on a 
pre-cracked three-point bending specimen under 
impact loading are performed. The observed cable 
instability is equivalently considered as the asso-
ciated response to impact load conditions, and a 
crack as a defect on the wires of a cable stay. The 
simulations are based on an experimental work 
by using the Split Hopkinson pressure bar (Jiang 
et al). The dynamic stress intensity factor KI(t) up 
to crack initiation is then obtained by different 
methods. The numerical estimations based on 
the specimen’s crack tip opening displacement 
(CTOD) and mid-span displacement were closest 
to the experimental results. It is observed that 
a better estimation of the dynamic stress inten-
sity factor relies on a proper formulation of the 
specimen’s stiffness.
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Abstract 

In the present work, the non-linear vibrations and the corresponding dynamic 
fracture mechanics of cables of cable-stayed bridges are studied. The cables are 
among the most critical components in cable-stayed bridges and there are 
different damage sources such as corrosion, vibration, fatigue and fretting 
fatigue that can significantly affect them, thereby reducing the cable’s service 
life and even producing their failure.  

Cable-Parametric Resonance is the specific non-linear vibration studied in this 
research. This type of vibration occurs due to displacements presented at the 
cable supports. These displacements are induced by the wind and traffic loads 
acting on the pylon and deck of the bridge. Under certain conditions, unstable 
cable-vibration of significant amplitude can be registered. Therefore, numerical 
and experimental analyses are carried out in order to describe this 
phenomenon and to determine the corresponding instability conditions.  

Two non-linear models of cable-parametric resonance are studied to predict 
the cable response. In the simulation method, the non-linear components are 
treated as external forces acting on the linear systems, which are represented 
by Single Degree of Freedom systems and described by digital filters. A clear 
non-linear relationship between the excitation and the cable response is 
observed in the simulations and the experiments. The corresponding 
experimental analysis is based on a scaled model (1:200) of the Öresund bridge 
and a good agreement between the numerical and experimental results is 
found.  

After obtaining the relationship between the cable response and the excitation, 
the cable instability conditions are determined. This is done by finding the 
minimum displacement required at the cable supports in order to induce non-
linear cable vibration of considerable amplitude. The instability conditions are 
determined within a wide range of excitation frequencies and conveniently 
expressed in a simplified and practical way by a curve. The determination 
process is rather fast and offers the possibility to evaluate all bridge cable stays 
in a rather short time.  

Finally, the dynamic fracture mechanics of the cable is considered by studying 
the fracture toughness characteristics of the material under dynamic 
conditions. Finite Element simulations on a pre-cracked three-point bending 
specimen under impact loading are performed. The observed cable instability is 
equivalently considered as the associated response to impact load conditions, 
and a crack as a defect on the wires of a cable stay. The simulations are based 
on an experimental work by using the Split Hopkinson pressure bar (Jiang et al). 
The dynamic stress intensity factor KI(t) up to crack initiation is then obtained 
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by different methods. The numerical estimations based on the specimen’s crack 
tip opening displacement (CTOD) and mid-span displacement were closest to 
the experimental results. It is observed that a better estimation of the dynamic 
stress intensity factor relies on a proper formulation of the specimen’s stiffness. 
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1. Introduction 

Cable-stayed bridges have become very popular around the world due to their 
construction and cost effectiveness together with their attractive aesthetics. 
The significant advances and improvements on the cable material properties 
and construction processes bring the possibility of designing and building more 
cable-stayed bridges with longer span distances. There are, though, still many 
challenges to face when designing them. In fact, the stay cables represent one 
of the most critical components in these structures, being in many cases 
vulnerable to significant vibration capable to induce, together with other 
factors, important damages such as their partial or total fracture. 

1.1. Background 

Cable bridges are mainly classified in two types: cable-stayed and cable-
suspension bridges. In the first ones, the cables are inclined and directly 
supporting the deck through the pylons; while in the second ones, there are 
vertical suspender cables that transmit the load from the deck to the main 
catenary-shaped cables, which are anchored at the two ends of the bridge. 

The present work considers only the cable-stayed bridges (figure 1), whose 
design and construction have become very popular and useful around the 
world due to their attractive aesthetics and their cost-effectiveness.  

 

Figure 1.1. The Öresund Bridge[1], a link that joins the cities of Malmö and 
Copenhagen, in Sweden and Copenhagen, respectively 

The basic concept and design of this type of bridges have existed for about 400 
hundreds years. However, in the 1950’s, a new era for cable-stayed bridges 
started with the advances in the production of high-strength cables, making it 
possible to design bridges with longer span distances and with significant 
economical benefits. Then, in 1955, the first modern cable-stayed bridge is built 
in Sweden, the Strömsund bridge, made of steel pylons and deck, with a total 
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length of 332 m and with a span of 182 m. In 1962, the first major cable-stayed 
bridge with pylons and deck made of concrete is built in Venezuela, the 
Maracaibo’s bridge. It has five main spans of 235 m each, and a total length of 
8.7 km.  

There are different types of constructions for the stay cables (figure 1.2). They 
could consist of a single bar, multiple parallel bars, multi-wire helical strands, a 
bundle of parallel wires or a bundle of parallel seven-wire strands. Only a few 
cable-stayed bridges around the world, mainly for pedestrians, have been built 
with single or multiple parallel bars, whose diameter can vary from 26 mm to 
36 mm. On the other hand, the parallel seven-wire strands are the most 
commonly used in the USA, where 75 % of the cable-stayed bridges have this 
type of stay cable [2].   

        

                                      (a)                                             (b) 

 

 

(c) 

Figure 1.2 Different constructions of Stay Cables [2]. (a) Helical wire strand. (b) 
Bundle of parallel wires. (c) Parallel seven-wire strands.   

Usually the individual strands in a stay cable are coated with wax or epoxy to 
avoid the interwire contact. Furthermore, to improve their protection against 
corrosion, the wires or arrangement of strands are located in sheathing pipes, 
commonly made of high-density polyethylene (HDPE) (figure 1.3).  
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Figure 1.3. Protection of strands in a stay cable against corrosion [2,3] 

The cables are among the most critical components in cable-stayed bridges and 
there are many factors that can consequently cause damages on them during 
their operation. Corrosion, cable vibration, fatigue and fretting fatigue are the 
most common damage sources that can significantly affect the cables, reducing 
their service life and even producing their failure.  

The corrosion is one of the most important damages (figure 1.4). This is, mainly, 
due to the surrounding environmental conditions (high humidity, salinity of the 
sea, etc) where bridges are usually built. Then, imperfections in the cable 
protection make the cables vulnerable to corrosion. 

 

Figure 1.4 Corrosion at some strands of a stay cable [2] 

In presence of any defect such as a surface deficiency due to corrosion or 
defects undesirably originated during the cable construction, cable vibration 
and fatigue also represent an important source of damages for cables in cable-
stayed bridges. These defects can act as stress concentrators [4] and, 
consequently, cable vibration and fatigue can originate the initiation and 
propagation of cracks possibly leading to the fracture of some or all wires of the 
cable.  

These loading conditions can also originate what is called fretting fatigue, which 
refers to rubbing or interwire contact among the different wires that 
compound the stay cable. When the wire protection is insufficient, then 
wearing can be observed. This damage can be more severe when combined 



A. Leon. Non-Linear Vibration and Dynamic Fracture Mechanics of Cable Bridges 

 

4 
 

with corrosion, which could lead to crack formation and the partial or total 
fracture of the cable [5]. 

Different types of cable vibrations such as rain-induced and wind-induced 
vibration, galloping, vortex shedding and parametric resonance vibration can be 
found in cable-stayed bridges. This thesis is focused on parametric resonance as 
the type of vibration acting on the stay cables. Under this phenomenon, the 
main vibration sources are the wind and the traffic loads that excite the tower 
and the deck of the bridge, respectively. This causes displacements at the cable 
supports capable to induce, under certain conditions, cable vibration of 
significant amplitude. This type of vibration is characterized by a non-linear 
relationship between the excitation and the cable vibration amplitude. 

1.2. Aim and Scope 

The present work studies the non-linear vibration on cables of cable-stayed 
bridges and its corresponding dynamic fracture mechanics. Parametric 
resonance vibration is the specific cable vibration considered here, where the 
cables are excited by the displacements at the cable supports due to the wind 
and traffic loads acting on the bridge pylon and deck. When the cable is 
subjected to this phenomenon, it can present an unstable vibration 
characterized by a sudden and significant increment in its vibration amplitude. 
This could produce important damages on the cables including the fracture of 
some or all of their wires. Therefore, it results important to understand the 
corresponding dynamic fracture mechanics of the cable in order to avoid its 
fracture. 

Numerical and experimental analyses are carried out in order to describe the 
cable-parametric resonance vibration, as well as to determine and express in a 
practical way the corresponding cable-instability conditions. The dynamic 
fracture mechanics of the cable is considered by studying the fracture 
toughness characteristics of the material under dynamic conditions. This is 
carried out by Finite Element-simulations and applying fundamental concepts 
within fracture mechanics. In this sense, the observed cable instability is 
equivalently considered as the associated response to impact load conditions, 
and a crack as a defect on the wires of a cable stay.  

The aim of this work is, therefore, to develop an integrated research that 
considers the vibration and fracture mechanics of cables in cable-stayed 
bridges. This type of analysis could provide, based on the observed cable 
behavior, important information for the monitoring and maintenance of cable 
stays, where many challenges are currently found since, in most cases, the 
visual inspections and non-destructive testing are difficult to carry out.  



 

5 
 

2. Study of Non-Linear Vibration in Cables   

There are different types of cable vibrations such as rain-induced and wind-
induced vibrations, galloping, vortex shedding and parametric resonance 
vibration. This thesis is focused on the latter one, where the main vibration 
sources are the wind and the traffic loads that excite the tower and the deck of 
the bridge, respectively. This type of vibration is characterized by a non-linear 
relationship between the excitation and the cable vibration amplitude. 

2.1. Linear transverse vibration of a taut cable 

In order to study parametric resonance vibration in cables, it is first necessary 
to understand the theory of linear-transverse vibration of a taut cable [6]. In 
this theory, it is assumed that the cable remains on a single plane with a 
constant tensile force during the cable motion. By applying Newton’s second 
law on an infinitesimal part of a cable, the following expression can be 
obtained: 

                
2

2 ),(
)()sin(sin),(

t

txv
dxxmdTTdxtxf




         (2.1.a) 

where: 

f(x,t) is the external transverse force per unit of length acting on the cable. 
v(x,t) is the transverse displacement of the cable, depending on position and 
time.  
T is the constant tension along the cable. 

  is the slope of the cable at position x. 
m(x) is the cable mass per unit of length. 
 

Since small variations in the cable slope are assumed, in Eq(2.1a), sin  and 

)sin(  d can be approximated to  and  d , respectively.  Therefore, the 

slope, can be written as 
x

v




  and, as a consequence, dx

x

v
d

2

2




 . 

Then, the corresponding governing equation that describes the transverse 
vibration of a taut cable is written as follows: 

                                ),(
),(),(

)(
2

2

2

2

txf
x

txv
T

t

txv
xm 









                      (2.1.b)              

The Eq.(2.1.b), which is a partial differential equation, can be solved by using 
the method of separation of variables [7], where v(x,t) can be expressed as
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)()(),( tQxYtxv  , the multiplication of a function depending uniquely on 

space, Y(x), with a function depending only on time, Q(t). 

Then, by replacing this expression of v(x,t) into Eq. (2.1.b) and assuming the 
cable mass, m(x) constant, we obtain the following equation: 

                                   )(
)()(

)(
2

2
2

2

2

tQ
dx

xYd
c

dt

tQd
xY                                       (2.1.c) 

with 
A

T
c


 , where the cable mass is given by Am  . In this case, 

represents the cable mass density and A, the cable cross section area. 

By writing the time-dependant functions and space-dependant functions in 
different members, the following expression is obtained:  

                                           
2

..

2

''

)(

)(1

)(

)(


tQ

tQ

cxY

xY
                                            (2.1.d)                              

The expression given in Eq.(2.1.d) is only valid if both fractions are equal to a 
constant, which should be negative in order to obtain an oscillatory response 
and avoid a non-trivial solution. From Eq(2.1.d) two equations are derived, one 
as a function of space and one as a function of time:   

                                                        0)()(" 2  xYxY                                        (2.1.e)                                                                                     

                                                     0)()()( 2  tQctQ                                        (2.1.f)                                                                           

For a taut cable of length, l, the boundary conditions are given by the zero 
displacement condition at the cable ends, Y(0)=Y(l)=0. Then, infinite solutions 
are found for the space-dependant function, Y(x), which represents the 
different shape modes the cable describes when vibrating, as given in 
Eq.(2.1.c):  

                                  







 x

l

n
BxY nn


sin)( ,  n=1,2,3,..., .                           (2.1.g)                            

where Bn are constants.                                           

Similarly, when solving Eq. (2.1.f), infinite time-dependant functions are 
obtained: 

                                               
)sin()( nnnn tCtQ                                        (2.1.h)
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where Cn and n  are constants, and n  is the natural frequency associated to 

each shape mode, given as: 

                                                
A

T

l

n
n




   , n=1,2,3,…, .                          (2.1.i)                                 

Then, the transverse vibration of a taut cable is expressed as an infinite sum of 
shape modes with its corresponding generalized coordinate function as: 

                                   )sin(sin),( nnn tx
l

n
Ctxv 


                           (2.1.j)                                           

If only the vibration mode with the lowest resonance frequency is considered, 
the time dependant equation (2.1.f) becomes as given below: 

                                                   0)()(
2

1  tQtQ                                              (2.1.k) 

Then, if the cable inherent relative damping,    is introduced into Eq. (2.1.k), 

the following equation is obtained:  

                                         0)()(2)(
2

11  tQtQtQ                                    (2.1.l) 

As will be discussed in the next section, the Eqs.(2.1.k) and (2.1.l) represent the 
linear equations of the cable vibration. From this linear expression and by 
introducing the respective non-linear components, the corresponding 
governing equation for cable-parametric resonance vibration is then derived.   

2.2. Parametric Resonance Vibration in Cables 

A general expression that describes parametric resonance vibration for a SDOF 
system is given in Eq. (2.2.a) [8].  

                                   )()()( 21 tFxtpxtpx                                                (2.2.a) 

In this equation is noticed that the coefficients, p1 and p2 , which for a SDOF 
system represent its damping and its stiffness, respectively, are in the form of 
functions depending on time. This functions can physically represent additional 
excitations to the system, besides the input force F(t). The Foquet and Mathieu 
Equations are examples of parametric resonance vibration.  

In cable-stayed bridges, the parametric resonance vibration of the cables 
occurs due to the displacements at the cable supports located at the deck and 
the tower of the bridge. Such displacements are induced by traffic loads or 
wind loads acting on the bridge structure. As a result, the tension on the cable 
is not constant, but changing over time, which consequently represent an 
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additional excitation force, besides the external force that can directly act on 
the cable. 

In this thesis two models that describe parametric resonance vibration of 
cables of cable-stayed bridges are studied. Here, these models are called 
uncoupled and coupled model. 

 

 

Figure 2.1 Cable-Parametric Resonance Vibration on cable-stayed bridges 

2.2.1. Uncoupled Cable Model 

This model, proposed by Lilien and Pinto [9], considers one cable end kept fixed 
and the other one free to move according to an arbitrary function, xcs , as seen 
in Fig. 2.2.  

 

Figure 2.2 Cable stay model [9] where the free-cable end is excited by a given 
displacement  

The governing equation for this model can be derived from the theory of a taut 
cable (section 2.1). If only the first vibration mode of the cable is considered, 
the cable transverse displacement, x1 can be written by considering Eq. (2.1.k) 
as:  

x1 

z 

xcs 
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                                 (2.2.1.a) 

Under parametric resonance vibration, the tension on the cable is not constant 
as considered in the taut cable theory. In fact, it is considered as the sum of the 
initial or static tension, T0, plus the dynamic tension, Td.  

In terms of the cable axial stiffness and by applying Hooke’s law, the total 
tension is written as [10]: 

                                       )(00  csd X
l

AE
X

l

AE
TTT                   (2.2.1.b) 

where A is the cable’s cross section, E is the Young modulus of the cable’s 
material, and l is the cable’s length. X0 and Xcs correspond to the cable initial 

stretching and the cable support displacement, respectively; while is the 
cable’s extension induced by the elastic deformation when the cable vibrates. 

The cable’s extension induced by the elastic deformation,   is given by 
[10,11]: 

           
l

X
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          (2.2.1.c)                     

Therefore, the equation for the cable-transversal displacement, X1(t) can be 
obtained by considering the total tension, according to Eqs. (2.2.1.b) and 
(2.2.1.c),  in Eq. (2.2.1.a) as: 

                  01 1

2

1

0

2

11 









 XX

X

X
X cs 

 

                    (2.2.1.d)                

where α is a constant, defined as follows: 

                                                       
0

2

4lX


                                                       (2.2.1.e) 

The first-cable natural frequency,    is as in the theory of a taut cable, by 
evaluating Eq.(2.1.i) with n=1. The initial stretching of the cable, x0, can be 
determined by applying Hooke’s Law as follows: 

                                                      
AE

lT
x 0

0                                                          (2.2.1.f)    
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According to this cable model, the governing equation for cable-parametric 
resonance vibration is finally obtained by introducing the cable inherent 

relative damping,   , into Eq. (2.2.1.d) as follows: 

                            012 1

2

1

0

2

1111 









 XX

X

X
XX cs                   (2.2.1.g) 

 

2.2.2. Coupled Cable Model 

The second model considers one of the cable ends fixed and the remaining one 
connected or coupled to the pylon or deck of the bridge. The pylon or deck is 
modeled as a single degree of freedom (SDOF) system, as seen in figure 2.3. 
This model is based on the presented one by Sun et al.[10], with the difference 
that in the present research, the inherent damping of the cable and of the 
pylon/deck are taken into account.  

 
Figure 2.3 Cable interacting with pylon/deck of bridge, based on model by Sun 

et al [10]. 

The interaction between cable and bridge pylon/deck leads to a model 
described by two degree of freedoms and consequently, two non-linear 
differential equations have to be solved. 

In this model, the equation for the cable is as the one for the uncoupled model, 
Eq.(2.2.1.g), but, in this case, the excitation displacement at the cable support is 
also an unknown variable, x2. Therefore, x2 must be solved through the system 
of equations.  

On the other hand, the motion equation of the mass m can be obtained after 
applying Newton’s second law as follows: 

                                               2222 FkxxcxmTd                                      (2.2.2a)                                               

where    is the dynamic tension acting on the cable; F2 is the external force 
acting on the pylon; m the equivalent mass, c the damping and k the stiffness of 
the pylon/deck at the location of the respective cable support. 
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The dynamic tension is obtained from Eqs.(2.2.1.b) and (2.2.1.c). As a result, a 
coupled system of two non-linear ordinary equations is obtained as follows: 
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                 (2.2.2.b)                              

where
1
 and

2
 are the relative damping of the cable and pylon/deck, 

respectively, and  is the constant given in Eq.(2.2.1.e).                                                                                                              

The first natural frequency of the cable is as given by Eq. (2.1.i) with n=1 and 
the resulting natural frequency of the pylon is as follows: 

                                                         
ml

AE

m

k


2
                                       (2.2.2.c)        

2.3. Numerical Simulation Results 

The Eqs.(2.2.1.g) and (2.2.2.b) are solved through a method [12] carried out in 
MATLAB. In this method, the non-linear components are treated as external 
forces acting on the linear systems. The linear systems are represented by SDOF 
systems, which are described by digital filters [12]. For each time step, a non-
linear equation or equations are solved recursively. 

For example, the cable expression given by Eq.(2.2.1.g) can be re-organized and 
written as: 

                                   
1

2

1

0

2
1

2

11111 2 xx
x

x
xxx 










               (2.3.a)                                                              

In Eq.(2.3.a), the left-hand side is clearly defining a linear SDOF system. The 
right-hand side can be seen as the external force acting on the system. Then, 
the response, x1, is calculated by using a routine where the SDOF system is 
described by a digital filter. In each time step, a non-linear equation (uncoupled 
cable model) and a system (coupled cable model) of non-linear equations have 
to be solved. 

In the numerical analysis, the cable and pylon characteristics of an 
experimental scaled bridge model [13] are considered (Table 2.1). A description 
of this experimental set up is shown in section 3.3. 

In the cable-uncoupled model, the excitation is represented by the cable-
support displacement given by an arbitrary function, Xcs(t) . Here, such function 
is estimated by the displacement of a SDOF system subjected to a given force. 
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The characteristics (stiffness and relative damping) of this SDOF system are 
given in Table 2.1. 

Table 2.1 Characteristics of an experimental scaled bridge model 

Cable Density, ρ, *kg/m3] 7800 

Cable-Young Modulus, E [N/m2] 205x109 

Cable diameter,  [m] 3x10-4 

Cable length, l [m] 1.3 

Cable-Relative Damping, 
1
  [%] 0.03 

Pylon equivalent stiffness, k [N/m] 32848 

Pylon relative damping, 
2

  [%] 0.22 

 

In order to evaluate and compare the two cable models studied here (sections 
2.2.1 and 2.2.2), the following common conditions were considered:  

 A cable to be tuned at 70 Hz.  

 A frequency ratio (pylon frequency/cable frequency) equal to 2. 

 A common excitation force used for both the coupled and uncoupled 
model.  

 The force is chosen to be random and band-passed filtered between 
110 Hz and 170 Hz, i.e. a range that includes the natural frequency of 
the SDOF system.  

It is important to point out that for each cable model, the mass of the 
corresponding SDOF system is different, since the pylon frequency equations 
differs from each other and, for both models, it is considered a pylon frequency 
of 140 Hz. For the uncoupled model the pylon frequency is given by 

mkp / , while for the coupled model is given by eq. (2.2.2.c). 

Figure 2.4 shows the simulation’s results in terms of the root mean square 
(rms) values of each input force and the corresponding cable and pylon 
displacements.  

A clear non-linear relationship between the cable response and the input force 
is observed in Figure 2.4.a. A sudden increase in the cable-displacement 
amplitude is found when a particular force magnitude is reached at the pylon. 
In the simulations, these forces were 0.11 N rms and 0.15 N rms for the 
uncoupled model and the coupled model, respectively. 
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The non-linear relationship between the pylon and the input force, according to 
the coupled model, is not noticeable in figure 2.4.b, but it was observed when 
estimating the ordinary coherence [14] (see appended paper A). The force 
range considered in the simulations was too low for showing a clear non-linear 
behavior through the pylon response. 

 
        (a)                                                                     (b) 

Figure 2.4 Cable and pylon response according to simulations 

 

When comparing the two models, it is noticed that both predict instability of 
the cable for a similar input force. However, a lower cable amplitude-
displacement is obtained through the cable-coupled model. This amplitude 
difference in the cable response could lead to important results on modeling 
the cable parametric resonance, where a complementary experimental work 
might be needed in order to obtain more information about this phenomenon 
under the conditions considered for the simulations.    
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3. Determining Instability Conditions for 
Parametric Resonance Vibration of Cables 

Under certain conditions, the cable-parametric resonance vibration can be 
characterized by instable vibrations of large amplitudes. The conditions for 
parametric resonance vibration in cables can be given by several factors. 
Among them, the excitation amplitude and the ratio between the excitation 
frequency and natural frequency of the cable represent the most influential 
factors for this phenomenon [9]. 

Commonly, this phenomenon is evaluated when the excitation at the cable 
supports is at a frequency which is close to or twice the cable natural 
frequency, since under these cases minimal excitation amplitudes could induce 
large amplitude vibration at the cables. However, this phenomenon can also 
occur in many cases within a broad range of excitation frequencies, when larger 
excitation amplitudes are registered at the cable supports.  

Since it is important to identify the cases where a stay cable can be prone to 
this phenomenon, the present research work has developed a method that 
looks for the instability conditions within a broad range of frequencies. 

Usually, the instability conditions for a system subjected to parametric 
resonance are defined through regions on graphics. In the end, the instability 
conditions are found by combining the information gathered from several 
graphics, since each one is expressed in terms of some and not all factors that 
have influence on this phenomenon. This could result in a rather complicated 
process.  

Instead, here a method has been developed for expressing in just one curve the 
instability conditions for a particular cable, once the characteristics of the 
excitation at the cable support and the characteristics of the cable (geometry, 
material, damping and initial tensile preload ) are known.  

3.1. Identifying the Instability Conditions 

The instability conditions are determined within a broad range of excitation 
frequencies by identifying for each of the chosen frequencies, the minimum 
excitation displacement at the cable support capable to induce non-linear cable 
vibration of significant amplitude. The identification of the instability conditions 
is done through the relationship between the excitation and the cable 
response.   
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3.2. Numerical Estimations 

Figure 3.1 shows as examples some numerical results of the cable response 
when considering the uncoupled cable model. In this case, a sinusoidal 
displacement swept in amplitude is exciting the cable (figure 3.1.a). The ratio

cableexc FreqFreqR / , between the excitation frequency and the cable 

natural frequency is 0.75, with the cable tuned at 59.5 Hz. As noticed in figures 
3.1.b and 3.1.c, after reaching an excitation-amplitude of 1.55 x 10-3 m the 
cable displacement rises significantly and suddenly from almost zero 
displacement. Therefore, this excitation amplitude is considered as the 
minimum displacement required at the cable support for inducing the 
instability, when the ratio R is 0.75. 

 
    (a)                                                               (b) 

 
                                                                        (c) 

Figure 3.1 Numerical results when ratio R is 0.75. (a) Time history simulation of 
excitation amplitude at cable support. (b) Time history simulation of cable 

displacement at its mid point. (c) Relationship between excitation amplitude 
and cable displacement amplitude. 
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Then, by repeating this process for each of the frequency Ratios, R under 
consideration, the instability conditions can be determined within a frequency 
range and represented in just one curve. 

The instability conditions are estimated here according to two different ways of 
varying the frequency ratio, R: 

 Firstly, the frequency ratio, R is varied by changing the cable frequency 
and keeping fixed the excitation frequency. The cable frequency is 
changed by only varying its initial tension, according to Eq.(2.1.i). 

 In the other way, the frequency ratio, R is varied by keeping the cable 
frequency fixed and varying the excitation frequency.  

Figure 3.2 shows the corresponding instability curve for the example 
mentioned at the beginning of this section. In this case, the frequency ratio, R is 
varied according to the first way, keeping the excitation frequency fixed at 44.5 
Hz. This process to vary the frequency ratio, R was also used in the 
experimental analysis developed here. Details on the experimental analysis are 
found in the following section. 

 

Figure 3.2 Estimated instability conditions for string (L=1.33m, Ø0.3mm) when 
excitation frequency is kept fixed at 44.5 Hz. 

 

On the other hand, figure 3.3 shows the instability conditions estimated 
according to the second way of varying the frequency ratio, R. A cable with the 
same geometrical and material properties as before was evaluated. Two cases 
were studied under this condition. In one case the cable frequency was kept 
fixed at 70 Hz and in the other case, it was fixed at 100 Hz.   
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Figure 3.3. Estimated instability conditions for string (L=1.33m, Ø0.3mm) when 
cable natural frequency is kept at 70 Hz and 100 Hz.  

It is important to point out that from the two ways of varying the frequency 
ratio, R, the second one is more expected in reality than the first one. However, 
for practical reasons, the first way resulted convenient to carry out when 
developing the corresponding experiments (section 3.3).  

The numerical analysis for obtaining the instability curves were done in a rather 
short time thanks to a computational subroutine in MATLAB. Therefore, the 
method developed here brings the possibility of evaluating all cables of a cable-
stayed bridge in a relative short time as well. 

3.3.  Experimental analysis 

The numerical analysis described above for estimating the parametric 
resonance vibration of a cable and its instability conditions have been 
complementary evaluated by carrying out an experimental analysis.  

The corresponding experimental set-up used in this research is shown in figure 
3.4. It is based on a simplified scaled model (1:200) of the Öresund Bridge, 
which joins the cities of Malmö, Sweden and Copenhagen, Denmark. The 
experimental set-up is made of aluminum and the cables were replaced by 
strings made of steel. In the original bridge the largest vibration amplitudes 
were registered at the longest cables [15]. Then, in the experimental set-up 
only one string, the longest one was installed. 

The experimental set-up is also constituted by a shaker, a signal generator, an 
amplifier and a force transducer, in order to introduce and measure the 
excitation force applied on one of the bridge towers. An accelerometer is used 
to estimate the cable support displacement on the bridge tower on which the 
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force is acting, and a laser vibrometer is used in order to estimate the 
displacement at the cable midpoint.  

An experimental modal analysis was initially carried out on the scaled model to 
extract its dynamic characteristics. Then, the obtained information was used as 
a data for the numerical simulations (See Table 2.1).  

The experiments for studying the cable-parametric resonance vibration 
basically consisted in exciting the bridge tower where the cable is connected by 
introducing a sinusoidal force, swept in amplitude and with a simple frequency. 
Then, the displacements of the cable midpoint and cable support at the tower 
were estimated by using the laser vibrometer and an accelerometer, 
respectively. The cable displacements are measured in plane of the cable and 
not out of plane as represented in figure 3.4, which corresponds to a 
preliminary analysis. 

 

 

Figure 3.4.Experimental set-up for cable parametric resonance vibration 

The goal of the test is to find experimentally the displacement amplitude at the 
cable support capable to induce a significant and non-linear vibration at the 
cable for a chosen frequency ratio, R.  

For the experiments, the frequency ratio R is adjusted by tuning the cable to a 
chosen frequency; while the excitation frequency was kept fixed to 44.5 Hz. 
This frequency represented the 1st-bending vibration mode of the bridge tower. 
With this excitation frequency, the displacement range of the pylon becomes 
wide enough for inducing the parametric resonance of the string under test. 
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3.3.1.       Experimental Results 

Experimental evaluations with a frequency ratio, R equal to 0.48, 0.5, 0.59, 
0.64, and 0.66, were carried out to validate the corresponding numerical 
results. The instability conditions could be determined from the relationship 
between the cable response and the corresponding excitation at the cable 
support.  

In all cases, except when the frequency ratio was 0.48 and 0.50, the cable 
vibration could reach the instability at certain moment. The instability was 
characterized by a sudden-large amplitude displacement. However, when R was 
0.48 and 0.50, the cable could also reach large amplitude vibration, but in 
direct proportion to the excitation amplitude.  

In general, for the experiments where the instability was reached, a first stage 
previous to the instability was observed. In this stage, the cable used to vibrate 
in direct proportion to the excitation amplitude at the same frequency of the 
excitation and its corresponding harmonics. Then, a second stage is observed 
just when the instability was already reached. The vibration was characterized 
by multiple frequencies under this stage (see figure 3.5, with R=0.66). 

In the cases where R was 0.48 and 0.50, the cable vibrates in proportion to the 
excitation amplitude at the same frequency of the excitation and at its 1st 
harmonic. The latter frequency is coincident with the 1st natural frequency of 
the cable. Then, this could explain why the cable could easily reach large 
amplitude vibration with even much smaller excitation amplitudes than those 
required according to calculations.  

                                                         (a)                                                                             (b)                          

Figure 3.5. Experimental cable response spectrum when R=0.66. (a) Before the 
instability occurs. (b)  When the instability already occurs. 

Figure 3.6 shows the experimental-cable responses when R=0.59, R=0.64 and 
R=0.66 and the excitation frequency was kept at 44.5 Hz.  
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                                                (a)                                                         (b) 

  
                                                (c)                                                          (d)  

  
                                               (e)                                                            (f) 

Figure 3.6. Cable response and excitation displacement for frequency ratios 
R=0.59, R=0.64 and R=0.66. 

As seen in figure 3.6, at certain moment and for a particular value of the 
excitation amplitude the instability in the cable vibration is reached.  

The instability conditions can clearly be found from the relationship between 
the excitation and the cable response by identifying the excitation amplitude 
capable to induce the sudden jump in the cable vibration amplitude (see figure 
3.7) 
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Figure 3.7. Experimental relationship between excitation amplitude and cable 

displacement when R=0.59, R=0.64 and R=0.66.(Cable: L=1.33m, Ø0.3mm). 

 

According to figure 3.7, the minimum required displacements for inducing the 
instability of the tested string when R=0.59, R=0.64 and R=0.66 are 1.61 mm, 
0.83 mm and 0.77 mm, respectively. These results show a good agreement with 
those obtained in the simulations (Figure 3.2) 

Although, the experimental and numerical results showed that the cable is 
more prone to vibrate under parametric resonance for particular values of the 
frequency ratio R, as R=2, R=1, R=0.5, etc, it is also shown that this 
phenomenon can occur within a wide frequency range depending on the 
excitation amplitude. Therefore, the importance of obtaining the instability 
conditions considering a wide range of frequencies in which a cable can be 
subjected.  
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4. Dynamic Fracture Mechanics 

In engineering, most of the failure criteria are based on the resistance 
properties of the component’s material, which are obtained by different 
characterization methods. In these criteria, the maximum expected stress on 
the component is compared to the resistance properties of its material.   

In the case of failure due to fracture, the stress intensity factor, KI, a 
characterizing parameter around the component’s crack tip, is compared to the 
material’s resistance to fracture, the so-called fracture toughness. Different 
techniques have been developed in order to estimate the stress intensity 
factor, KI, and the fracture toughness under static and dynamic conditions. In 
most of these techniques, simulations and experiments are carried out on a 
pre-cracked three-point bending specimen (3PB) (see figure 4.1). 

 

 

 

Figure 4.1.A pre-cracked cracked-3PB specimen 

In this research work, the dynamic fracture mechanics of the cable is 
considered by studying, under dynamic conditions, the fracture toughness 
characteristics of the material. This is done by studying the dynamic stress 
intensity factor on a high-strength steel 3PB specimen subjected to impact load. 
The observed cable instability during parametric resonance is equivalently 
considered as the associated response to impact load conditions, and a crack as 
a defect on the wires of a cable stay.  

4.1. Formulations of the Dynamic Stress Intensity 
Factor 

The dynamic stress intensity factor, KI(t), can be determined by different 
formulations based on the dynamic response of a 3PB specimen subjected to 
impact load. Then, KI(t) can be expressed in terms of the specimen’s mid-span 
displacement, crack tip opening displacement (CTOD) and crack mouth opening 
displacement (CMOD).  

 

P(t) 
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4.1.1. KI (t) based on the specimen’s mid-span displacement 

Under the first-bending vibration mode of a pre-cracked 3PB specimen, KI(t) is 
considered as proportional to the specimen’s mid-span displacement, u(t), [16] 
as follows: 

                                                                                                                 (4.1.1.a) 

where C is called the proportionality constant, which depends on the 
specimen’s geometry, its material and its corresponding stiffness. 

In spite of the dynamic loading conditions, the formulation of the specimen’s 
stiffness is obtained by applying Timoshenko’s beam theory under static 
conditions. Then, the specimen’s inertial effects are introduced in this 
formulation by including the specimen’s rotary inertia and its shear 
deformation [17,18] (see appended paper C).                                        

The specimen’s mid–span displacement can be described by a linear SDOF 
system with mass, me, and stiffness, K (figure 4.2).  

 

 

 

Figure 4.2.A linear mass-spring model describing the specimen’s mid-span 
displacement. 

Then, the corresponding governing equation is as follows:  

                                                                                                           (4.1.1.b) 

with the following initial conditions: 

       

        

Therefore, u(t) can be expressed as: 
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                                 (4.1.1.c)                

where 
1

  is the 1st-natural frequency of the specimen given by: 

P(t) 

u(t) 
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em

K
1                                                     (4.1.1.d)                                

4.1.2. KI(t) based on CTOD 

The Dynamic Stress Intensity Factor can also be calculated from the crack tip 
opening displacement (CTOD) as [19]: 

                                                             
  

     
 

  

 
                                    (4.1.2.a) 

where G is the shear modulus of the material, r is the distance between the 
crack tip and where the transversal displacement is measured (see figure 4.3), 
v(t) is the transversal displacement and                                                            

                                                     









1

3
k  , for plane-stress conditions                                                   

                                                     43k , for plane-strain conditions                                                  

In Eq.(4.1.2.a), the displacement v(t) is half of the crack opening displacement. 

 

Figure 4.3. Crack Tip Opening Displacement (CTOD) and Crack Mouth Opening 
Displacement (CMOD). 

                    

4.1.3. KI(t) based on CMOD 

The KI (t) can also be estimated from the crack mouth opening displacement 
(CMOD)  [20] by  the following equation: 

                                                








va

kEw
K

m

Id
4

)(
                                               (4.1.3.a)                                                                                                                                                                                        

where wm is the crack mouth opening displacement (Figure 4.3), E is the Young 

Modulus, a is the crack length, α=a/W and β=S/W; while )(k  and )(v  are 

non-dimensional functions depending on  (See paper C). 

 

CMOD 
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4.2. FEM-simulations for determining KI(t) 

In order to study here the dynamic stress intensity factor, KI(t), simulations by 
Finite Element Method (FEM) are performed on a 3PB specimen subjected to 
impact load. The simulations are based on the experimental work carried out 
on a modified Hopkinson pressure bar by Fengchun et al [18]. The specimen 
characteristics are as in the experiments, made of high strength steel (Fe-10Cr), 
with Young modulus, E =210 GPa and Poisson ratio, ν=0.3. The specimen is 4 
mm thick with 6.5 mm in width and 40 mm in length. The distance between the 
simple supports is 25 mm and the crack length is half of the specimen width 
(a/W=0.5). 

Figure 4.4 shows one of the measured forces in the experiments, Pexp(t). The 
measured force is considered as the input load in the FEM-model.  

 

Figure 4.4.Measured force, Pexp(t),[18] used for the FEM-simulations.  

The simulations are carried out by using the commercial software ABAQUS. Due 
to symmetry, only half of the specimen is modeled (figure 4.5) and half of the 
input force is taken into account. A spider web mesh around the specimen’s 
crack tip was built. The mesh was constituted by quadrilateral linear explicit 
elements under plane strain conditions. The analysis is carried out by an explicit 
dynamic step, which is convenient [21] for short duration forces, such as impact 
loads. In this analysis, the crack propagation is not considered.  
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Figure 4.5.Modeling a 3PB specimen by FEM. 

From the simulation results, KI(t) could be estimated in terms of the specimen’s 
mid-span displacement, CTOD and CMOD as mentioned in section 4.1. 

4.3. Numerical results 

Figure 4.6 shows the estimations of the specimen’s mid-span according to the 
FEM-simulations and the linear mass-spring model described in section 4.1.1. 
The predicted response according to the linear mass-spring model is obtained 
here by numerically solving the integral given by Eq.(4.1.1c) in MATLAB. In this 
integral, the measured force in the respective experiments is used as the input 
load, P(t). The respective experimental results [18] are also presented in this 
figure.  

 

Figure 4.6.Displacements at specimen’s mid-span.  

It can be seen in figure 4.6 that the simulation result by FEM and the predicted 
response, according to the linear mass-spring model, are comparable with the 
experimental one. However, it is still important to mention that within an initial 
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time period these estimations were lower than the experimental result. This 
may indicate the need of introducing some modifications into the described 
linear mass-spring model and into the FEM-simulations.  

As described in the appended paper C of this thesis, the linear mass-spring 
model was evaluated by considering the experimental and simulation results. 
This was done by finding the respective mass, m, and stiffness, K, for a linear 
mass-spring system, whose response fits the one obtained by the experiments 
and simulations. By this fitting process, the specimen’s stiffness calculated from 
the experimental and simulation results was found to be different from the 
theoretically estimated. This observation may indicate that the specimen’s 
stiffness is the variable that needs to be reformulated within the linear mass-
spring model. Possibly, some considerations such as the contact between the 
specimen and the supports should be taken into account when formulating the 
specimen’s stiffness. 

After obtaining the specimen’s dynamic response, KI(t) can be estimated in 
terms of the mid-span, the crack tip opening displacement (CTOD) and the 
crack mouth opening displacement (CMOD), by applying the Eqs.(4.1.1.a), 
(4.1.2.a) and (4.1.3.a), respectively. Figure 4.7 shows three different 
estimations of KI(t) in terms of the mid-span displacement, one based on the 
CTOD and one on the CMOD.    

 

Figure 4.7.Estimation of KI(t). 

The mid-span displacement was obtained as a measurement from the 
experiments; by numerically solving the integral in Eq.(4.1.1.c) with the 
measured force, Pexp(t); and by obtaining it from the FEM-simulations. The 
CTOD and CMOD at the specimen are obtained from the FEM-simulations. 

As seen in figure 4.7, in general, the different methods lead to a rather similar 
solution. It is noticed that the estimations based on the CTOD and mid-span 
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displacement by FEM are the closest ones to the experimental results. In spite 
of this result, it is important to point out that in practice, measuring the CTOD is 
complex. In fact, measuring the CMOD is more feasible than measuring the 
CTOD. 

In this section it is concluded that all methods give a KI(t) lower than the 
experimental one within an initial range of time. After this period, the 
respective curves intersect the experimental one. This observation was also 
reported by Rubio et al [20] indicating that the intersection of the curves 
corresponded to the time of crack initiation. This difference with respect to the 
experimental results indicates that further work is needed in order to properly 
describe the dynamic stress intensity factor.  Studies on the relationship 
between the CMOD and KI(t), non-linear models for describing the specimen’s 
mid-span displacement and crack propagation are some of the suggested topics 
that can contribute to obtaining a better description of the dynamic stress 
intensity factor. 
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5. Summary of papers 

5.1. Paper A 

This paper focuses on studying the cable-parametric resonance vibration by 
considering two non-linear models. Simulations and identification of non-linear 
parameters are performed based on these two models under random 
excitation. In one model, the parametric excitation is treated as an arbitrary 
displacement introduced in one end of the cable. In the second model, such 
excitation is coming from an external force acting on the pylon or deck of the 
bridge to which the cable is coupled. The pylon or deck is modeled as a Single 
Degree of Freedom System. In the simulation method, the non-linear 
components are treated as external forces acting on the linear systems, which 
are represented by Single Degree of Freedom (SDOF) systems and described by 
digital filters. For each time step, a non-linear equation or equations are solved 
recursively. In the identification method the non-linearity is modeled as a 
feedback forcing term acting on an underlying linear system or systems and the 
parameter estimation is performed in the frequency domain by using 
conventional MI/SO techniques. 

5.2. Paper B 

This paper presents a method to determine, by experimental and numerical 
analyses, the instability conditions of cables subjected to parametric resonance 
vibration within a wide range of excitation frequencies. This is accomplished by 
finding the minimum displacement required at the cable supports in order to 
induce non-linear cable vibration of considerable amplitude. Once the cable 
characteristics (geometry, material properties, inherent damping and initial 
tensile preload) are known, the instability conditions are identified and 
expressed in a simplified and practical way by a curve. The determination 
process is fast and offers the possibility to evaluate all bridge cable stays in a 
rather short time. 

5.3. Paper C 

This paper focuses on the study of the dynamic stress intensity factor, KI(t), as a 
characterizing parameter for the fracture toughness of materials under 
dynamic loading conditions. Finite Element simulations on a pre-cracked three-
point bending specimen under impact loading conditions are performed. The 
simulations are based on two experimental results obtained by using the Split 
Hopkinson pressure bar (Jiang et al). With the measured loading force as input, 
the mid-span displacement is calculated and a good agreement with the 
experimental results is observed. The dynamic stress intensity factor, KI(t), up 
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to crack initiation is then obtained by different methods based on the 
specimen’s mid span displacement, crack tip opening displacement (CTOD) and 
crack mouth opening displacement (CMOD). A good agreement with the 
experimental results is observed by using these methods. A model for 
describing the specimen’s mid-span displacement by a linear mass-spring 
system is also evaluated. By an unconstrained optimization procedure, it is 
shown that according to this model, a proper estimation of the dynamic stress 
intensity factor relies on the formulation of the specimen stiffness. 
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6. Conclusions and Future Research 

The present thesis focuses on the non-linear vibration and the corresponding 
dynamic fracture mechanics on cables of cable-stayed bridges. Parametric 
resonance vibration is the specific non-linear cable vibration studied here. 
Under certain conditions, unstable cable vibration of significant amplitude can 
occur due to this phenomenon. In presence of any defect on the cable such as 
surface deficiency due to corrosion, this type of vibration could cause 
significant damages such as the partial or total fracture of the cable.   

Two non-linear models of cable-parametric resonance were studied to predict 
the cable response. In the first model, the excitation is given by an arbitrary 
displacement; while in the second model, the cable is considered coupled to 
the bridge pylon or deck, which is excited by a force. In order to compare both 
models, in the first one the displacement at the cable’s free end is given by the 
response of a single degree of freedom (SDOF) system subjected to a given 
force. In the simulation method, the non-linear components are treated as 
external forces acting on the linear systems, which are represented by SDOF 
systems and described by digital filters. A clear non-linear relationship between 
the cable response and the input force was observed, characterized by a 
sudden increase in the cable displacement amplitude at a certain excitation 
force level. Even though both models predicted the instability of the cable for a 
similar input force, lower cable displacement amplitude was observed when 
the interaction with the pylon was taken into account.  

From the relationship between the cable response and the excitation, the cable 
instability conditions were determined. This was done by finding the minimum 
displacement required at the cable supports in order to induce non-linear cable 
vibration of considerable amplitude. The instability conditions were determined 
within a wide range of excitation frequencies and conveniently expressed in a 
simplified and practical way by a curve. The determination process was fast and 
offers the possibility to evaluate all bridge cable stays in a rather short time. 
Although the numerical estimations and the experimental results confirmed 
that cables are more prone to vibrate under  frequency ratios, R (excitation 
frequency/cable frequency) close or equal to R=2, R=1 and R=0.5 than in other 
cases, it is still important to consider a wide range of frequencies, since the 
excitation amplitudes at the cable support could be large enough for inducing 
the cable-parametric resonance vibration under other frequency ratios. 

Finally, the dynamic fracture mechanics of the cable is considered by studying 
the fracture behavior of the material under dynamic conditions.  Finite-Element 
simulations were carried out to determine the dynamic stress intensity factor 
on a high-strength steel 3PB specimen subjected to impact load. The observed 
cable instability is equivalently considered as the associated response to impact 
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load conditions, and a crack as a defect on the wires of a cable stay. The 
simulations were based on an experimental work by using the Split Hopkinson 
pressure bar (Jiang et al) and different methods to estimate the dynamic stress 
intensity factor, KI(t), up to crack initiation were applied. The estimations based 
on the crack tip opening displacement (CTOD) and mid-span displacement by 
Finite Element Method (FEM) were closest to the experimental results. It was 
observed that a better estimation of the dynamic stress intensity factor relies 
on a proper formulation of the specimen’s stiffness. 

In the future work concerning cable-parametric resonance vibration, 
complementary experiments by using random excitation forces are needed. 
The respective experimental results could bring important information to 
understand the difference in the predicted cable-vibration amplitude according 
to the two models studied here. The development of a new model of cable-
parametric resonance, where the displacement of both cable ends is 
considered, could be an interesting and important contribution for finding a 
model closer to reality.  

Regarding the dynamic fracture mechanics of the cable’s material, studies 
considering the relationship between the CMOD and KI(t), the development of 
a non-linear model for describing the specimen’s mid-span displacement and 
the consideration of crack propagation are recommended in the future work, in 
order to improve the estimations of the dynamic stress intensity factor. 
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Simulations and identification of non-linear models 
for cables of cable-stayed bridges 

 
Armando León, Andreas Josefsson and Kjell Ahlin 

 

 

Abstract:  

Simulations and identification of non-linear parameters are applied on two 
models that describe the vibration due to parametric resonance in cables of 
cables-stayed bridges. The aim of this work is to study the dynamic response 
predicted by the two models under random excitation, as well as to develop a 
suitable strategy for system identification from random data. In one model the 
parametric excitation is treated as an arbitrary displacement introduced in one 
end of the cable. In the second model, such excitation is coming from an 
external force acting on the pylon or deck of the bridge to which the cable is 
coupled. The pylon or deck is modeled as a Single Degree of Freedom System. 
In both models the cable response is obtained by a simulation method based 
on digital filters. The studied identification technique is based on random 
excitation. In this method the non-linearity is modeled as a feedback forcing 
term acting on an underlying linear system or systems and the parameter 
estimation is performed in the frequency domain by using conventional MI/SO 
techniques. 

 

 

Keywords:  

Cable vibration, Non-linear vibration, Parametric Resonance, Simulations,  

Identification. 

  



 

40 
 

1. Introduction 

Cable Parametric Resonance Vibration is a phenomenon characterized by a 
non-linear relationship between the cable response and the excitation at the 
cable supports [1,2,3]. Under certain conditions, the displacements at the cable 
supports on the deck and/or the pylon of the bridge can induce tensile 
oscillation in the cable capable to generate large transversal vibration. 

Two models are studied in the present work. In the first model, the parametric 
excitation is treated as an arbitrary displacement introduced at the cable-free 
end [1]; while in the second model, the cable end is considered to be coupled 
with the pylon or deck of the bridge [2], which moves as a consequence of an 
excitation force acting on it.  

The aim of this study is to examine and compare the dynamic response 
predicted by the two models under random excitation, as well as to evaluate a 
suitable identification technique based on random data. The derivation of 
equation of motions for the studied system is shown in Section 2; while system 
identification techniques are discussed in Section 3. Simulation results are then 
shown in Section 4 followed by concluding remarks in Section 5. 

2. Modeling cable-parametric resonance vibration 

Two models that describe the cable parametric resonance vibration are studied 
in this section: a cable uncoupled to the pylon or deck of the bridge, whose free 
end is moving according to an arbitrary function; and a cable coupled to the 
pylon or deck of the bridge, which is subjected to an excitation force.  

2.1. Uncoupled Model 

The first model corresponds to the one proposed by Lilien and Pinto [1], in 
which one cable end is kept fixed and the other one is free to move according 
to an arbitrary function, Xcs , as seen in Fig. 1.  

 

Figure 1. Cable Stay modeled by Lilien and Pinto[1] where the cable-free end is 
excited by a given  

displacement. 
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This model is described by a non-linear ordinary differential equation, and it is 
written as follows: 
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where x1 is the cable transversal displacement; 1 is the inherent relative 

damping of the cable; ω1 is the first natural frequency [rad/s] of the cable; xcs is 
the given displacement at the cable end, and x0 is the initial stretching of the 
cable. In Eq. (1), α is a constant and it is defined as follows: 
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where l is the original-cable length. 

The first-cable natural frequency,    is obtained from the theory of a taut 
string [4] with n=1, as follows: 

                               
A

T

l 


 0

1                                          (3)    

where T0 is the initial tensile load of the cable;  ρ is the cable mass density and A 
is the cable cross section area. 

The initial stretching of the cable, x0 can be determined by applying Hooke’s 
Law using the initial tensile load, T0 and the cable-axial stiffness expressed on 
terms of its original length, l, its cross section area, A and its Young Modulus, E 
as follows: 
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2.2. Coupled Model 

The second model considers the interaction between the cable and the pylon 
or deck of the bridge, through one of the cable ends. The pylon or deck is 
modeled as a Single Degree of Freedom (SDOF) system, as seen in Fig. 2. This 
model is based on the presented one by Sun et al.[2], with the difference that 
in the present work, the inherent damping of the cable and of the pylon/deck 
are taken into account.  
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Figure 2. Cable interacting with Pylon/Deck of bridge, based on Sun et al model 

[2]. 

In this case, a system of two equations has to be solved. The motion equation 
of the mass m, can be obtained after applying Newton’s second law as follows: 

                                               2222 FkxxcxmTd                                              (5)    

where    is the dynamic tension of the cable; F2 is the external force acting on 
the pylon; m the equivalent mass, c the damping and k the stiffness of the 
pylon at the location of the respective cable support. 

The dynamic tension of the cable is expressed as: 
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As a result a coupled system of two non-linear ordinary equations is obtained 
as follows: 
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where 1
 and 2

 are the relative damping of the cable and pylon/deck, 

respectively; and   is a constant written as: 
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The cable expression in Eq. (7) is as the given one in Eq. (1), with the difference 
that the excitation displacement at the cable end is also an unknown variable, 
x2 which must be solved through the system of equations. The first-natural 
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frequency of the cable is as given by Eq. (3) and the resulting natural frequency 
of the pylon is as follows: 
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3. System Identification Techniques 

In order to obtain an accurate estimate of the parameters from input/output 
data from the studied system, it is necessary to take the non-linear effects into 
account. A model for parameter estimation can be defined by reformulating 
the non-linear equations shown in Section 2 into an equivalent Multiple-Input-
Single-Output (MI/SO) as initially proposed by Bendat [5].  

Starting with the cable, a linear transfer function (dynamic stiffness) can be 
defined as: 
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The system can then be rewritten in frequency domain as shown in Eq. (11). 
Here, F {.} denotes the Fourier transform. Hence, by creating an artificial input 
and output from measured signals, standard MI/SO techniques can be used to 
find the underlying linear system and coefficients for the non-linear terms. 
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For the pylon model, studied in Section 2.2, we can define the following linear 
transfer function 
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This transfer function can be identified with standard SI/SO (Single-Input-
Single-Output) if the excitation force can be measured or calculated, and if the 
interaction between the pylon and the cable can be neglected. If the latter is 
not true it is necessary to take the non-linear effects into account for the pylon 
as well. Studying the coupled model in Section 2.2 we can formulate this as: 
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Eq. (11) and Eq. (13) are illustrated in Fig. 3. The additional transfer functions 
for cable and pylon will, ideally, be real-valued and constant over the entire 
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frequency range since they represent the coefficients for the non-linear terms. 
In the proposed analysis technique, any arbitrary linear transfer function can be 
identified for both the cable and the pylon. However, in the present study, both 
cable and pylon are modeled with only one degree of freedom, respectively as 
shown in Eq. (10) and Eq. (12). 

 

 

 

Figure 3. MI/SO models for identification of the linear systems and the non-
linear coefficients for the studied system. The left MI/SO model is valid for both 

the uncoupled system and the coupled system studied in Section 2.The right 
MI/SO model can be used to identify the dynamic properties of pylon when the 

interaction with the cable is taken into account (Section 2.2). 

Defining GYX as the cross-spectral density matrix between output Y and inputs 
{X}, and GXX as the auto-spectral density matrix between inputs (see Fig. 3.), a 
least-square solution can be determined at each frequency as shown in Eq. 
(14). H1 is the transfer matrix which in this case contains two components at 
each frequency; the linear system and the non-linear coefficient. 
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Furthermore, a multiple coherence function [6] can be calculated as 
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The latter will be equal to one when the measured response can be totally 
explained by the measured inputs and the estimated transfer functions. Hence, 
the multiple coherence is useful when investigating the quality of the estimate 
or when searching for a possible model structure [6,7]. As an example, the 
ordinary coherence between the pylon force and the pylon displacement can 
be compared with the multiple coherence for the model in Fig. 3 to quantify 
what effect the interaction with the cable has on the overall behavior. 

Eq. (14) is known as the H1-estimate which implies that systematic errors due to 
additive noise on the output can be avoided. The physical meaning of this can 
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be difficult to interpret if the output is a synthesized signal created from 
quantities that are used as both inputs and outputs, as is the case with the 
identification of the cable properties. However, studying Eq. (11) it can be seen 
that any of the three terms (x1, x1

3 or x1∙x2) may be used as an output in the 
MI/SO model. When analyzing measurement data it may therefore be advisable 
to try different formulations in order to examine what effect modeling of the 
additive noise has on the overall result [7]. 

4. Simulation Results  

In the numerical analysis, the cable and pylon characteristics of a bridge-
experimental scaled model used in a previous research by the authors [8] are 
considered. Such information is presented in Table 1. 

For the uncoupled model (Section 2.1), the excitation, which is originally 
represented by an arbitrary function xcs, is given here by the displacement of a 
SDOF system subjected to a force. The characteristics (stiffness and relative 
damping) of this SDOF system are given in Table 1. 

Then, in order to establish a comparison between the results from both 
models, common conditions were considered: the cable was tuned at 70 Hz, 
the frequency ratio (pylon frequency/cable frequency) was equal to 2. The 
same excitation force is used for both the coupled and uncoupled model. This 
force was random and band-passed filtered between 110 Hz and 170 Hz, i.e. a 
range that includes the natural frequency of the SDOF system.  

 

Table 1. Cable and Pylon/deck properties 

Cable Density, ρ, *kg/m3] 7800 

Cable-Young Modulus, E [N/m2] 205x109 

Cable diameter,  [m] 3x10-4 

Cable length, l [m] 1.3 

Cable-Relative Damping, 1
  [%] 0.03 

Pylon equivalent stiffness, k [N/m] 32848 

Pylon relative damping, 2
  [%] 0.22 
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The mass of the SDOF system is different for each model, since the pylon 
frequency expression differs, as seen in Eqs. (3) & (9), and it is considered a 
common pylon frequency (140 Hz) for the simulations.  

4.1. Cable Response Simulations 

The Eqs. (1) & (7) are solved through a methodology [9] carried out in MATLAB. 
In this methodology the non-linear components are treated as external forces 
acting on the linear systems. The linear systems are represented by SDOF 
systems, which are described by digital filters. For each time step a non-linear 
equation or equations are solved recursively. 

In Fig. 4 and Fig. 5 are shown the results from both models, given by the cable 
and pylon displacement and the corresponding kurtosis for several input force 
levels (N rms).  

 
                                 (a)                                                                     (b) 

 Figure 4. Cable (a) and Pylon (b) displacement as function of pylon force rms.   

 
                                 (a)                                                                    (b) 

Figure 5. Kurtosis of Cable (a) and Pylon (b) displacement as function of pylon 
force rms 
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From these results, a clear non-linear relationship between the cable response 
and the input force, is observed as seen in Fig. 4a. A sudden increase in the 
cable-displacement amplitude is found when a particular force magnitude is 
reached at the pylon (0.11 N and 0.15 N; according to the uncoupled model and 
the coupled model, respectively). This kind of behavior was also noticed in a 
previous experimental work developed by the authors [8]. The high values of 
the kurtosis for the cable displacements in Fig. 5a could also confirm the non-
linear behavior of the cable within the force range.  

On the other hand, the rms value of the pylon displacement and the 
corresponding kurtosis, for the coupled model, did not show a significant 
evidence of non-linear behavior within the force range of the simulations, as 
seen in Fig. 4b and Fig. 5b.  

4.2. System Identification Test 

The identification techniques studied in Section 3 are here demonstrated using 
simulated time data. A random force signal, band-passed filtered between 110-
170 Hz and amplitude 1 N rms, is used to excite the coupled pylon model. A 
sampling frequency of 2000 Hz was used and enough data was simulated so 
that the spectral densities could be calculated with 215 in FFT blocksize and 72 
averages with 50% overlap. The estimated linear systems are compared with 
the theoretical linear systems and shown in Fig. 6 together with the multiple 
coherence functions. 

The non-linear effects can clearly be seen when studying the raw FRF and the 
ordinary coherence calculated between excitation force and pylon responses. 
By using the MI/SO models in Fig. 3 we can identify the true linear system for 
both cable and pylon (Fig. 6) and achieve a nearly perfect multiple coherence. 
The small discrepancy between theory and simulation is due to spectral leakage 
which also explains why the multiple coherence is not exactly unity over the 
frequency range. 

The estimated non-linear coefficients are shown in Table 2 for some different 
excitation levels. These coefficients are calculated by taking the average value 
of the real part in the estimated transfer function (as shown in Fig. 3). As 
expected, a good estimate of the non-linear coefficients can be obtained if the 
force level is large enough to excite the nonlinearities in the system. The result 
shown in Table 2 also indicates that the non-linear coefficient for the cable can 
be found already at a very low excitation force. 
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                                (a)           (b) 

 
                                (c)                                                                     (d) 

Figure 6. Simulation results with an excitation force of 1 N rms. (a) Estimated 
linear system for cable compared with theory, (b) Estimated linear system for 
pylon compared with theory together with raw FRF, (c) Multiple coherence for 

MI/SO cable model, (d) Multiple coherence for MI/SO pylon model together with 
ordinary coherence between excitation force and pylon response. 

Table 2. Estimated coefficients for cable MI/SO model and pylon MI/SO model 
at different excitation levels. 

Force Level  
(N rms) 

0.015 0.020 0.05 0.25 0.75 

Non-linear coefficient 
for cable, π2/(4l) = 1.86 

1.13 1.72 1.85 1.86 1.86 

Non-linear coefficient 
for Pylon,  

(AEβx0)/l = 20213 

-40430 22137 20302 20211 20213 
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5. Conclusions 

The non-linear interaction between a cable and a pylon/deck can lead to large 
cable vibrations. The pylon/deck displacements produce tensile oscillations in 
the cable that induce a parametric excitation of the system. This paper has 
studied two models of cable-parametric resonance vibration. In the first model 
the excitation at the free cable end is given by an arbitrary displacement, while 
in the second model, the cable is considered coupled to the pylon/deck which is 
excited by a force. A comparison between the system responses from both 
models under random excitation was carried out and an identification 
technique was evaluated using numerical simulations. 

A clear non-linear relationship between the cable response and the input force 
is observed, characterized by a sudden increase in the cable displacement 
amplitude and in the corresponding kurtosis at a certain excitation force level. 
Comparing the two models, the pylon response obtained is similar for a given 
excitation force. Even though both models predict the instability of the cable 
for a similar input force, a lower cable displacement amplitude was observed 
when the interaction with the pylon was taken into account. This amplitude 
difference in the cable response could lead to important results on modeling 
the cable parametric resonance, where a complementary experimental work 
might be needed in order to obtain more information about this phenomenon 
under the conditions considered for the simulations. The non-linear response of 
the pylon in the coupled model was most clearly seen when studying the 
ordinary coherence between excitation force and pylon response. Furthermore, 
the studied parameter estimation technique proved to be capable to identify 
both the underlying linear system and the non-linear coefficients when tested 
on numerical data. Future research and experimental testing will be carried out 
to validate this approach. 
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On Determining Instability Conditions for Stay Cables 
Subjected to Parametric Resonance 

 

Armando León, Kjell Ahlin and Sharon Kao-Walter 

 

Abstract:  

Parametric Resonance Vibration in cables of cable-stayed bridges is mainly 
studied when the excitation frequency is close to or twice the cable natural 
frequency. It is, however, important to consider other cases for this frequency 
relationship, since among other factors, cable-parametric resonance vibrations 
are strongly depending on the displacement amplitude at the cable supports. 
Consequently, the present research work is focused on determining, by 
experimental and numerical analysis, the instability conditions for stay cables 
subjected to parametric resonance within a wide range of frequency ratios. This 
is accomplished by finding the minimum displacement required at the cable 
supports in order to induce non-linear vibration of considerable amplitude at 
the cable. Once the cable characteristics (geometry, material properties, 
inherent damping and initial tensile preload) are known, the instability 
conditions are identified and expressed in a simplified and practical way in a 
diagram. Numerical results are compared to those obtained by experimental 
analysis carried out on a simplified scaled model (1:200) of the Öresund Bridge. 
A good agreement between numerical and experimental results is found. 

Keywords:  

Cable vibration, Instability Conditions, Parametric Resonance, Cable-stayed 
bridges.  
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1. Introduction 

When periodical displacements are registered at the cable supports in the 
tower and/or the deck of a cable-stayed bridge, tensile oscillations are induced 
in the cables which can originate transversal vibrations characterized by large 
amplitudes. This phenomenon is known as Cable-Parametric Resonance 
Vibration or cable vibration due to parametric excitation and its mathematical 
background originally remains on the application of the Mathieu Equation [1]. 
Most specific numerical models describing the cable vibration under parametric 
excitation have been developed, showing a clear non-linear relationship 
between the excitation amplitude at the cable support and the cable-vibration 
amplitude [2, 3].    

It is commonly found that Cable-Parametric Resonance Vibration is evaluated 
when the excitation at the cable supports is at a frequency which is close to 
and/or twice the cable natural frequency; since in these cases, minimal 
excitation amplitudes could induce large amplitude vibration at the cables. 
However, this phenomenon can also occur under other conditions. In fact, 
cable parametric resonance vibration can occur within a broad range of 
frequencies when larger excitation amplitudes are registered at the cable 
supports [2]. 

The instability conditions for a system subjected to parametric excitation are 
generally represented on graphics by regions as functions of non-dimensional 
parameters [4, 5], being the frequency ratio, R (Excitation frequency normalized 
to the lowest natural frequency of the system) one of the most important 
variables to be considered. Since the studied phenomena here depends on 
different factors, the instability conditions can be found as a function of 
parameters such as the excitation amplitude at the cable supports, the cable-
inherent damping, ratio sag to span, etc. Therefore, to express in a general way, 
the instability conditions for cables is rather complicated. It implies the 
involvement of several parameters and as a consequence, several graphics are 
shown depending on those variables.  

Instead, in the present work, the instability conditions are determined 
specifically for a cable in particular. Once the cable characteristics (geometry, 
material properties, inherent damping and initial tensile preload) are known, 
the corresponding governing equation is evaluated and, consequently, the 
instability conditions are identified and expressed into one curve. In such 
analysis, the instability conditions are given by the minimum displacement 
required at the cable support in order to produce non-linear and significant 
amplitude vibration at the cable. This analysis is done in a rather short time 
thanks to a computational subroutine, offering the possibility to evaluate all 
cables from a cable-stayed bridge in a relative short time as well. 
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The results here are obtained from numerical and experimental analyses based 
on a scaled model (1:200) of the Öresund Bridge, which is part of an important 
link that joins Sweden and Denmark through the cities of Malmö and 
Copenhagen. In this bridge, large amplitude vibrations were found at the 
longest cable stays, and in a preliminary analysis, parametric excitation was 
considered as one of the vibration sources [6].   

The numerical and experimental methodologies employed here are explained 
in section 2 and 3, respectively. The corresponding results are shown and 
discussed in chapter 4, while concluding remarks are presented in chapter 5. 

2. Modeling cable-parametric resonance vibration 

2.1.  Numerical Model 

The numerical model employed here corresponds to the one proposed by Lilien 
and Pinto [2], in which, one cable end is kept fixed and the other one is free to 
move (See Figure 1).  

  

 

Figure 1.A Cable Stay model studied by Lilien and Pinto [2]. 

 

The corresponding governing equation can be written as follows: 
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where: Y- cable transversal vibration; b – inherent cable damping coefficient; 
ω1- first natural frequency of the cable; Xcs – displacement of cable support; X0 
– initial stretching of cable. 

In equation (1), K is defined as follows: 
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The 1st-cable natural frequency, ω1 is obtained from the theory of a taut string 
[7], with n=1, as follows: 

                                                            A

T

l

n
n




 0                                                         (3) 

where: T0 -the initial tensile load of the cable;  ρ- the cable density; A- cable 
cross section area. 

The initial stretching of the cable, X0, could be determined by Hooke’s Law by 
knowing the initial tensile load, T0 ,  and its axial stiffness expressed on terms of 
the original cable length, l,  its cross section area, A, and its Young Modulus, E, 
as follows: 
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2.2. Cable characteristics, loading and excitation 
conditions 

In order to carry out a numerical analysis based on the governing equation 
expressed by equation (1), it must be known first, the cable characteristics 
(material, inherent damping and geometrical properties), its loading condition, 
which is given by the initial tension force, T0 , and the characteristics of the 
excitation at the cable support, Xcs . Parameters as the 1st-natural frequency of 
the cable, ω1, and its initial stretching X0, are related to the cable characteristics 
and to the initial tension, T0, according to equations (3) and (4). 

The geometrical, material properties and inherent-relative damping, ζc, of the 
cable are taken from an experimental model utilized here. These characteristics 
are shown in Table 1. Notice that, the cable-inherent damping is determined as 
an average of the corresponding values found from experimental modal 
analysis. 

Table 1. Cable Characteristics according to Experimental Model 

 

Cable density,   [kg/m3] 7800 

Cable Diameter [m] 3x10-4 

Cable Elasticity Modulus, E [N/m2] 205x109 

Cable Length, l [m] 1.33 

Cable Relative Damping, 
c  [%] 0.03 
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In the scaled model of the bridge, large displacement amplitude is expected at 
the cable support located near the top of the tower when the tower is vibrating 
under its 1st-bending vibration mode (in- plane), which is at 44.5 Hz, according 
to experimental modal analysis. Therefore, in order to conveniently have large 
enough displacements at the mentioned cable support, it was chosen to excite 
the bridge tower at its vibration mode. Such frequency represented the main 
excitation frequency for the parametric-resonance vibration of the cable when 
developing the experiments.  

Since the cable support motion, Xcs, is assumed to be periodical with a simple 
frequency, it can be written as: 

                                                         )sin( t
ed

X
cs

X                                           (5) 

where: Xd - the excitation amplitude;   - the excitation frequency; t -the time. 

The displacement amplitude, Xd , at the cable support is chosen to be swept 
from zero to an upper limit, which will depend on the dynamic characteristics 
of the bridge tower. This is in order to identify, within an amplitude range, the 
minimum required excitation at the cable support capable to induce a 
significant vibration at the cable. This is also a good choice when detecting non-
linear behavior between the excitation amplitude and the cable vibration. 

The estimation of the frequency ratio, R, given by the excitation frequency and 
the natural frequency of the cable is also considered before carrying out the 
numerical analysis. Such ratio is as: 

                                                                   
1

 e
R                                                        (6)                                

where:    - excitation frequency;   - the cable-1st natural frequency. 

Since in the experiments the excitation frequency is chosen to be the first 
natural frequency (bending)      of the bridge tower, then, the only way to 
experimentally vary the ratio R will be by changing the 1st-natural frequency of 
the cable, which can be reached by changing its initial tensile load, T0 , and 
keeping fixed its geometrical and material properties.  

However, it is important to indicate that in a practical situation, it will be 
expected a frequency ratio R, varying due to several excitation frequencies 
(depending on the dynamic properties of the bridge and the environmental 
surrounding) and not because of changes at the cable natural frequency, as it 
was conveniently chosen for the experimental analysis carried out here. 
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2.3. Determining the instability conditions 

The cable parametric vibration described by equation (1) is a Non-Linear 
Ordinary Differential Equation of second order.  A methodology for solving this 
type of equations is based on recognizing the corresponding linear system and 
the non-linear components, which, consequently, will be considered as external 
forces acting into the system [8]. 

Then, equation (1) can be re-organized and written as: 
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In equation (7), the first member is clearly defining a mechanical-linear system 
with a Single Degree of Freedom (SDOF), subjected to what is assumed to be an 
external force given by the right member of this equation.  

 
     (a)                                                          (b) 

    (c) 

Figure 2. Numerical Results when ratio R is 0.75. (a) Time history simulation of 
Excitation Amplitude at Cable Support. (b) Time history simulation of Cable 
displacement at its mid point. (c) Relationship between excitation amplitude 
and cable displacement amplitude. 
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The response, Y, to a given input, Xcs, is calculated from equation (7) using a 
routine where the SDOF system is described by a digital filter. In each time step, 
a nonlinear equation has to be solved [8]. 

Once the corresponding cable midpoint response is obtained, the next step is 
to identify the instability conditions for cable parametric resonance vibration. In 
this research, such conditions are represented by the minimum displacement 
required at the cable support in order to induce a non-linear cable vibration of 
significant amplitude and the corresponding frequency ratio R. 

In figure 2 is shown as example the numerical results when the ratio R is equal 
to 0.75, the excitation frequency is at 44.5 Hz and the geometrical and material 
properties of the cable are corresponding to those given in Table 1. 

As seen in figure 2.a, the displacement at the cable support presents an 
amplitude swept from zero to an upper limit. After reaching an excitation-
amplitude of 1.55 x 10-3 m. is noticed how the cable displacement rises 
significantly and suddenly from almost zero displacement (see figures 2.b and 
2.c). Therefore, this excitation amplitude is considered as the minimum 
displacement required at the cable support for inducing the instability, when 
the ratio R is 0.75. 

Then, by repeating this process for each value of the frequency Ratio, R, the 
instability conditions can be determined for a frequency range in particular.                                                                   

3. Experimental set up and methodology 

The experimental set up used in this research is shown in figure 3. It is based on 
a simplified scaled model (1:200) of the Öresund Bridge, made of aluminum, 
whose cables were replaced by strings made of steel. Since, in the original 
bridge the largest vibration amplitudes were registered at the longest cables 
[6], only this cable was mounted on the experimental set up. 

The experimental set up is also constituted by a shaker, a signal generator, an 
amplifier and a force transducer, in order to introduce and measure the 
excitation force applied on one of the bridge towers; an accelerometer to 
estimate the cable support displacement on the bridge tower; and a laser 
vibrometer in order to estimate the displacements at the cable midpoint.  

Initially, an experimental modal analysis was carried out on the scaled model. 
Most of the information obtained is used as a data and reference for the 
numerical analysis.  

The experiments for studying the cable-parametric resonance vibration 
basically consisted in exciting the bridge tower where the cable is connected, 
by introducing a sinusoidal force, swept in amplitude and with a simple 
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frequency. Then, the displacements of the cable midpoint and cable support at 
the tower were estimated by using the laser vibrometer and an accelerometer, 
respectively. The cable displacements are measured in plane of the cable and 
not out of plane as represented in figure 3, which corresponds to a preliminary 
analysis [9]. 

 

 
Figure 3.Experimental Set up 

The goal of the test is to identify the displacement amplitude at the cable 
support capable to induce a significant and non-linear vibration at the cable 
when a particular relationship between the excitation frequency and the 
corresponding 1st -natural frequency of the cable is obtained. This is possible 
by tuning the cable before the experiments to a particular frequency, while the 
excitation frequency is chosen to be the corresponding one to the 1st-bending 
vibration mode of the bridge tower, for reasons that will be explained later. 

4. Results & Discussion 

4.1. Numerical results 

The instability conditions numerically estimated for a cable with characteristics 
according to table 1 are shown in figures 4 and 5. In figure 4 the frequency 
ratio, R, was varied through the 1st natural frequency of the cable and keeping 
the excitation frequency fixed at 44.5 Hz. Since in a practical situation it would 
be expected to have a frequency ratio, R, varying because of the excitation 
frequency, the instability conditions were also numerically estimated under this 
situation. Then, two cases were studied, when the cable natural frequency was 
fixed to 70 Hz and 100 Hz (Figure 5). 
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Figure 4. Estimated Instability Conditions for string (L=1.33m, Ø0.3mm) when 

excitation frequency is kept fixed at 44.5 Hz. 

 

Figure 5. Estimated Instability Conditions for string (L=1.33m, Ø0.3mm) when 
cable natural frequency is kept at 70 Hz and 100 Hz.  

 

As it was expected, according to figures 4 and 5, the cable is found to be more 
prone to vibrate under parametric resonance when the frequency ratio, R is 
equal to 2 than in any other condition given by this frequency ratio.  Under this 
case, the parametric resonance vibration is induced by the lowest excitation 
amplitude within the range of frequency in consideration. In figures 4 and 5 the 
instability conditions curve also shows dropping points around frequency ratios 
equals to R=2, R=1, R=0.67, R=0.5, R=0.4 and R=0.33. These values correspond 
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to the frequency ratios which define the unstable regions for parametric 
resonance vibration [2]. 

By obtaining a curve for the instability conditions as shown in figures 4 and 5, it 
could be possible to determine if such cable would vibrate due to parametric 
excitation, once the characteristics (frequencies and amplitudes) of the 
excitation at the cable supports are known.  

Firstly, by considering the different vibration mode frequencies of the bridge, it 
will lead to determine the corresponding relationships (frequency ratios, R,) 
between the natural frequency of the cable and the different possible 
excitation frequencies [10, 11]. Then, by estimating a dynamic response of the 
bridge according to its modal properties and the expected external forces to be 
acting on (wind, traffic loads), the excitation displacement at the cable supports 
could be known. Therefore, a curve as shown in figure 5 will be a useful tool, 
since what remains is to check if the excitation amplitude at the cable support 
is large enough for inducing parametric resonance vibration of the cable, under 
the corresponding frequency ratio R.  

One important advantage of this method, is that offers, by simply looking at 
one curve, the possibility to evaluate a cable under a broad range of frequency 
ratios and not only when R is equal to R=2, R=1 or R=0.5. The determination of 
the instability condition curve for each cable is rather fast, since it takes 
approximately 30 minutes by running a script in MATLAB on a regular PC. Then, 
the checking process for all cables in a bridge could also be done in a rather 
short time. 

4.2. Experimental Results 

Experimental evaluations under conditions defined by a frequency ratio, R 
equal to 0.48, 0.5, 0.59, 0.64, and 0.66, were carried out in order to confirm the 
corresponding numerical results. The instability conditions could be determined 
from the relationship between the cable response and the corresponding 
excitation at the cable support.  

In all cases, except when the frequency ratio was 0.48 and 0.50, the cable 
vibration could reach the instability at certain moment, characterized by a large 
amplitude displacement. However, when R was 0.48 and 0.50, the cable could 
also reach large amplitude vibration, but in direct proportion to the excitation 
amplitude. That occurred at excitation amplitudes much smaller than those 
numerically estimated in order to induce the instability of the cable vibration. In 
the case of R=0.5, for example, the numerical calculation gives 1.65 mm as 
minimum excitation amplitude in order to induce such instability (See figure 4). 
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However, in this case, large amplitude vibration occurred by applying about 3 
times smaller excitation amplitudes.  

This could be explained by looking at the spectrum of the cable response. In 
general for the experiments where the instability was reached, it was observed 
a first stage previous to the instability, where the cable used to vibrate, in 
proportion to the excitation amplitude, at the same frequency of the excitation 
and its corresponding harmonics. Then, when the instability was already 
reached, the vibration was characterized by multiple frequencies (See figure 6, 
in which R=0.66). In the cases where R was 0.48 and 0.50, the cable vibrates, in 
proportion to the excitation amplitude, at the excitation frequency and at its 
1st harmonic which is coincident with the 1st natural frequency of the cable. 
That could explain why the cable could easily reach large amplitude vibration 
with much smaller excitation amplitudes than those required in order to induce 
the parametric resonance vibration.   

 
 

 

                                         (a)                                                                     (b) 

Figure 6. Experimental Cable Response Spectrum when R=0.66. (a) Before the 
instability occurs. (b)  When the instability already occurs. 

 

In figure 7 are shown the experimental-cable responses when R=0.59, R=0.64 
and R=0.66 and the excitation frequency was kept at 44.5 Hz.  
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                                                (a)                                                        (b) 

  
                                            (c)                                                   (d)  

  
                                           (e)                                                      (f) 

Figure 7. Cable Response and excitation displacement for frequency ratios 
R=0.59, R=0.64 and R=0.66. 

As seen in figure 7, the excitation amplitude at the cable support was gradually 
swept. At certain moment and for a particular value of the excitation amplitude 
the instability in the cable vibration could be reached. Then, an experimental 
determination of the corresponding instability conditions could be done. These 
values were clearly obtained by establishing a relationship between the 
excitation amplitude and the cable amplitude displacement. 

Then what remains is look at the excitation amplitude capable to induce the 
sudden jump in the cable vibration amplitude (See figure 8).  
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Figure 8. Experimental Relationship between Excitation Amplitude and Cable 
Displacement when R=0.59, R=0.64 and R=0.66.(Cable: L=1.33m, Ø0.3mm). 

4.3. Comparison between Numerical and Experimental 
Results 

A comparison between the instability conditions obtained by numerical and 
experimental analysis is shown in table 2. 

Table 2. Experimental and Numerical Instability conditions around R=0.67, 
Excitation Freq.=44.5Hz (Cable: L=1.33m, Ø0.3mm) 

 
In practice, it is challenging to define exactly a frequency ratio when doing the 
experiments, since a small variation in the measured cable resonance 
frequency or even in the excitation frequency can lead to evaluate a slight 
different value for the expected frequency ratio. From the instability curves 
shown in figures 4 and 5, it is noticed that the curves drop and rise sharply 
around the critical frequency ratios (e.g, R=2, R=1, R=0.67, R=0.5, R=0.4, etc.). 
That could explain why a maximum difference of 21% between the numerical 
and experimental results was obtained when the ratio R was 0.64. 

As a complementary test, a case when R=1 was also evaluated. In this case a 
cable of 1 mm in diameter was used. As in the case of R=0.48 and R=0.5, the 
cable vibrated reaching large amplitudes in a direct proportion to the 

Freq. Ratio, R Excitation Amplitude  
by Experiments 
1x10-3 [m] 

Excitation Amplitude 
 by Numerical Analysis 
1x10-3 [m] 

Difference 
[%] 

0.59 1.61 1.79 10.06 
0.64 0.83 1.05 20.95 
0.66 0.77 0.71 8.45 
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excitation. The main vibration occurred at the excitation frequency which 
matches the natural frequency of the cable. The excitation amplitudes applied 
were also much smaller than the numerically estimated in order to induce the 
instability of the cable vibration.  

5. Conclusions 

Instability conditions for a ble subjected to parametric resonance vibration 
could be numerically estimated for a broad range of frequency ratios and 
expressed into one curve. In this way, it could be known if any cable in a cable-
stayed bridge would vibrate due to parametric excitation, once the cable 
characteristics are defined, as well as  the conditions of the excitation at the 
cable support. The process for determining the instability conditions within a 
broad range of frequency ratios is rather fast and offers as an advantage the 
possibility of evaluating, in a practical situation, all frequency ratios under 
which each cable is really subjected to, and not only when such ratio is  R=2, 
R=1 and R=0.5. 

According to the experimental analysis, cables under frequency ratios equals to 
0.5 and 1 could develop large vibration amplitudes without reaching any 
instability. In fact, a proportional relationship between the cable response and 
the excitation was observed where large vibration amplitudes could be 
obtained with a much lower excitation amplitude than that one required in 
order to induce the instability in the cable. This result could reinforce or justify 
the tendency of only evaluating cables under frequency ratios equal to 0.5 and 
1, besides R=2, where is clearly known as the most critical condition for 
parametric resonance vibration at the cable.  

Although the estimated instability conditions and the experimental results 
confirmed that cables are more prone to vibrate under frequency ratios close 
or equal to R=2, R=1 and R=0.5 than in other cases, it is still important to 
consider other conditions, since the excitation amplitudes at the cable support 
could be large enough for inducing the parametric resonance vibration of the 
cable for one or several frequency ratios R in which the cable could be 
subjected to. 
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Finite Element Simulations on the determination of 
the Dynamic Stress Intensity Factor 

 

Armando León and Sharon Kao-Walter 

 

 

Abstract:  

Finite Element simulations on a pre-cracked three-point bending specimen 
under impact loading are performed. The simulations are based on two 
experimental results obtained by using the Split Hopkinson pressure bar (Jiang 
et al). With the measured loading force as input, the mid span displacement is 
calculated and a good agreement with the experimental results is observed. 
The dynamic stress intensity factor, KI(t) up to crack initiation is then obtained 
by different methods based on the specimen’s mid span displacement, crack tip 
opening displacement (CTOD) and crack mouth opening displacement (CMOD). 
A good agreement with the experimental results is observed by using these 
methods. A model for describing the specimen’s mid-span displacement by a 
linear mass-spring system is also evaluated. By an unconstrained optimization 
procedure, it is shown that according to this model, a proper estimation of the 
dynamic stress intensity factor relies on the formulation of the specimen 
stiffness. 

 

 

 

 

Keywords:  

Dynamic Stress Intensity Factor, crack initiation, three-point bending specimen, 
simulations. 
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1. Introduction 

In engineering, different failure criteria can be applied when designing a 
structural component. They are commonly based on comparing the maximum 
expected stress in the component to the material’s resistance properties.  
Failure due to fracture is one of these engineering criteria, and in this case, the 
stress intensity factor, KI, a characterizing parameter around the component’s 
crack tip, is compared to the material’s resistance to fracture, the so-called 
fracture toughness. Different techniques have been developed in order to 
estimate the fracture toughness under static and dynamic conditions. In many 
of these, the corresponding tests and simulations are carried out on a pre-
cracked three-points bending (3PB) specimen. 

Under static conditions, there already exists an ASTM standard test (E399-90), 
where KI is expressed in terms of the load and the specimen’s geometry. 
However, the specimen’s response under dynamic conditions represents a 
much more complex case. The respective transient response is influenced by 
the specimen’s rotary inertia. Therefore, theories on dynamics, wave 
propagation and vibration should also be included in order to describe this 
response. As a consequence, a standard test under dynamic conditions is still 
not found, but different numerical and experimental methodologies are 
proposed by different authors.  

The instrumented Charpy test has been used [1] to estimate the dynamic 
fracture toughness in materials when the loading rate is lower than 105

1smMPa . For higher loading rates, most of the experimental setups have 

been based on the split Hopkinson pressure bar [2,3,4,5]. By this means, the 
dynamic load can be measured, as well as the crack initiation’s time.  Then, the 
dynamic stress intensity factor, KI(t), and the material’s fracture toughness, KId, 
can be estimated by applying different formulations that depend on the load, 
geometrical properties and the stiffness of the specimen.  

Most of these formulations are based on static fracture mechanics and have 
been derived from the Euler-Bernoulli or Timoshenko beam theory [6]. 
Analyses on an alternative model, where the displacement of the specimen’s 
mid-span is described by a linear mass-spring system [4], have also been done. 

Other formulations which depend on the crack tip opening displacement 
(CTOD) and the crack mouth opening displacement (CMOD) have been used to 
estimate KI(t). Usually, such displacements are obtained from simulations by 
using the Finite Element Method (FEM)[3,5]. The CMOD has also been 
experimentally determined with the support of high-speed cameras [3,7]. 
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The aim of the present work is to describe the dynamic response of a 3PB 
specimen subjected to impact load and estimate its corresponding dynamic 
stress intensity factor. Finite Element simulations are performed based on an 
existing experimental work carried out on a modified Hopkinson pressure bar 
[4]. Different formulations and methods are applied in order to determine KI(t). 
Results comparable with the experimental ones are observed by using these 
methods. A model for describing the specimen’s mid-span displacement by a 
linear mass-spring system is also evaluated. By an unconstrained optimization 
procedure, it is shown that according to this model, a proper estimation of the 
dynamic stress intensity factor relies on the formulation of the specimen 
stiffness. 

The different formulations to estimate KI(t) are discussed in section 2. The 
characteristics of the Finite Element simulations are shown in section 3, while 
the results are presented and discussed in section 4. Finally, the concluding 
remarks are presented in section 5. 

2. Dynamic Stress Intensity Factor, KI(t) 

The Dynamic Stress Intensity Factor, KI(t), is estimated here according to 
different formulations  that involve theoretical, numerical and experimental 
analyses .  

2.1. KI (t) based on the specimen’s mid-span 
displacement 

Under the first-bending vibration mode of a cracked specimen, KI(t) is 
proportional to the specimen’s mid-span displacement, u(t), [8]. Then, dynamic 
stress intensity factor can be written as: 

                                                                                                                           (1) 

where C is the proportionality constant, based on static fracture mechanics as 
follows [9]: 

                                                    
    

      
 

 
                                                  (2) 

In Eq.(2), S is the specimen’s span, a the crack length, B the specimen’s 
thickness, and W is the specimen’s width (figure 1); while Y(a/W) is a 
calibration function [4] and K(a) the stiffness of the cracked specimen. 
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Figure 1. A cracked-3PB specimen. 

A formulation for the stiffness K(a) of a cracked specimen under plane-strain 
conditions, where the rotary inertia and the shear deformation of the specimen 
are taken into account, is as follows [4,6]: 

                                    
     

        
    

 

   
                                    (3) 

where V(a/w) is the geometrical factor of the cracked specimen [4] and 

                                                          
      

 

 

   
                                                        (4) 

                                                           
       

        
                                                           (5) 

where   is the material’s Poisson ratio. 

2.1.1. Equivalent linear mass-spring model 
In order to estimate the displacement, u(t), in Eq.(1), a 3PB-specimen could be 
modeled [4,8] as a linear mass-spring system, which could equivalently describe 
the displacement at the specimen’s mid span (Figure 2). 

 

 

 

Figure 2. Linear mass-spring model describing the specimen’s mid-span 
displacement. 

The dynamic response of this linear system is obtained by simply applying 
Newton’s second law. The corresponding governing equation is as follows:  

                                                                                                                     (6) 

P(t) 

u(t) 

K 
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with the following initial conditions: 

       

        

Then, u(t) can be expressed as: 

                                         


  dtP
m

tu
t

e

)(sin)(
1

)(
1

01

                                   (7) 

where 
1

  is the 1st natural frequency of the specimen given by: 

                                                  
em

K
1                                                                   (8) 

In Eq.(6), the stiffness, K, can be estimated according to Eq.(3); while the 
equivalent mass, me is given by [4]: 

                                                        
  

  
                                                             (9) 

where   is the material density of the specimen. 

Theoretically, an impulse force could be simplified as a half of a sine function. 
Then, the applied force on the system can be written as: 

                                                        
 

 
 ,                                              (10) 

where Po is the force amplitude and D is the corresponding duration.  

Consequently, a theoretical expression of KI(t)[4] can be given by applying Eqs. 
(1), (2) ,(7) and (10) as follows: 

                                              
      

 
         , when p1 =                              (11) 

                                         
      

  
  
 

  
 

        
  

  
          , when p1 ≠        (12) 

where
D

p



1

 and KISmax is the maximum static-stress intensity factor, which 

corresponds to the force Po . 

2.2. KI(t) based on CTOD 

The Dynamic Stress Intensity Factor can also be calculated from the crack tip 
opening displacement (CTOD) as [10]: 
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                                       (13) 

where G is the shear modulus of the material, r is the distance between the 
crack tip and where the transversal displacement is measured (see figure 3), 
v(t) is the transversal displacement and                                                            

                                                   









1

3
k , for plane-stress conditions                (14) 

                                                  43k , for plane-strain conditions               (15)                

In Eq.(13) the displacement v(t) is half of the crack opening displacement. 

 

Figure 3. Crack Tip Opening Displacement (CTOD) and Crack Mouth Opening 
Displacement (CMOD). 

2.3. KI(t) based on CMOD 

The KI (t) can also be estimated from the crack mouth opening displacement 
(CMOD)[3]by   

                                                    








va

kEw
K

m

Id
4

)(
                                        (16)                                                                                                                                                                                                       

where wm is the crack mouth opening displacement (Figure 3), E is the Young 
Modulus, a is the crack length, α=a/W  and β=S/W. The non-dimensional 

functions  )(k  and )(v  are written as: 

                    
 32
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311
)( 




 


k          (17)
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1

66.0
04.287.328.276.0)(





v            (18) 

It is important to mention that in practice, the CMOD is more feasible to obtain 
than the CTOD. The CMOD can clearly be measured on photographs taken by 
high-speed cameras [3,7].  

CMOD 
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3. Finite Element Simulations 

Simulations by using the Finite Element Method (FEM) are performed to 
estimate the dynamic response of a 3PB specimen under impact loading 
conditions.  The simulations are based on the experimental work done by 
Fengchun et al [4].Two measured forces, Pexp(t) (figure 4) in these experiments 
are used as  input loads in the simulations. The specimen characteristics are as 
in the experiments, made of a high strength steel (Fe-10Cr), with Young 
modulus, E =210 GPa and Poisson ratio, ν=0.3. The specimen is 4 mm thick with 
6.5 mm in width and 40 mm in length. The distance between the simple 
supports is 25 mm and the crack length is half of the specimen width 
(a/W=0.5).  

 
Figure 4. Measured force, Pexp(t),[4] used for the FEM-simulations.  

The simulations are carried out by using the commercial software, ABAQUS. 
Due to symmetry, only half of the specimen is modeled (figure 5). A spider web 
mesh around the specimen’s crack tip was built. The mesh was constituted by 
quadrilateral linear explicit elements under plane strain conditions. The analysis 
is carried out by an explicit dynamic step, which is convenient [11] for short 
duration forces, such as impact loads. In this analysis, the crack propagation is 
not considered.  
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Figure 5. Modelling a 3PB specimen by FEM. 

From the simulation results, KI(t) could be estimated in terms of the specimen’s 
mid-span displacement, CTOD and CMOD. This is according to Eqs.(1), (13) and 
(16), respectively. 

4. Results and Discussion  

4.1. Mid-span displacement 

The figures 6a and 6b show the estimated and experimental results [4] of the 
specimen’s mid-span displacement. The estimations of the specimen’s mid-
span displacement are according to the linear mass-spring model (Section 
2.1.1) and the simulations that are carried out by FEM (Section 3).  

According to the linear mass-spring model, the specimen’s mid-span 
displacement is given by the Eq. (7). The respective integral is here numerically 
solved by using MATLAB. For the specimen studied here, the stiffness and mass 
were K(a)=1.8873x107 N/m and m=0.002463 kg, calculated according to Eqs.(3) 
and (9). Two cases were evaluated by using the linear mass-spring model: by 
considering the force as obtained in the experiments, Pexp(t) (figure 4); and by 
considering these experimental forces as half of a sine function, as given by Eq. 
(10).  
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Figure 6.Displacements at specimen’s mid-span. (a) Specimen under force 1. (b) 

Specimen under force 2.  

It can be seen in figures 6a and 6b that the simulation results by FEM are 
comparable with the experimental ones. On the other hand, the predicted 
responses, according to the mass-spring model, are only comparable with the 
experimental results when the force is considered as the experimental one, 
Pexp(t). This rather good agreement does not occur when the force is 
approximated as a half of sine by Eq.(10). As a consequence, this way to obtain 
the specimen’s mid-span displacement will not be considered in further 
estimations of KI(t).  

The differences or errors between the predicted and the experimental results 
are presented in table 1. The difference between the two results is given by the 
standard deviation written as: 

                                                
 

N

uu i

est

i 


2exp

                                               (19) 

where N is the number of samples.  

In this case, N was the number of samples within 0 to 50 x 10-6 seconds. 

In spite of the comparable results, it is still important to mention that within an 
initial time period the predicted responses were lower than the experimental 
ones. This may indicate the need of introducing some modifications into the 
described linear mass-spring model and into the FEM-simulations. 
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Table 1.Differences between experimental and predicted mid-span 
displacements. 

Predicted Response Error ,  [m] 

(With respect 

to Experiment 1) 

Error ,  [m] 

(With respect 

to Experiment 2) 

Mass-spring m., Eqs.(7) &(10) 0.5171 x 10-4 0.8598 x 10-4
 

Mass-spring m., Eqs.(7) & Pexp 0.1619 x 10-4 0.1980 x 10-4 

FEM 0.1194 x 10-4 0.1212x 10-4 

 

4.2. Evaluation of a linear mass spring model  

As mentioned in section 2.1, the specimen’s mid-span displacement can also be 
described by a linear mass-spring model. The effect of the rotary inertia and 
shear deformation of the specimen on its own dynamic response are 
considered for the formulation of the specimen’s stiffness in Eq. (3).    

However, it is noticed in figure 6 that the response given by this theoretical 
linear mass-spring model presents some differences with the experimental and 
FEM-simulation results. Then, a reasonable question is how properly this linear 
model and the respective formulations of the mass and stiffness describe the 
dynamic response of the specimen. 

A way to evaluate this linear model is by a fitting process, where the properties 
m and K(a) are determined for a linear mass-spring system, whose response 
properly fits the mid-span displacement estimated by FEM and by the 
experiments. Then, the obtained values of K(a) and m can be compared to the 
theoretical ones given by Eqs.(3) and (9). In this fitting process the Nelder and 
Mead [12] unconstrained optimization procedure is carried out in MATLAB. The 
properties m and K(a) are found by iteratively solving the Eq. (6) until obtaining 
a minimal error between the given and the fitted response. This error is 
represented by the summed square of residuals. 

Figure 7 shows the obtained fitting curves from the FEM-simulation and 
experimental results, according to this procedure. Table 2 shows the 
corresponding values found for the stiffness K(a) and mass m. The theoretical 
values are also shown in this table together with the respective fitting errors, 

),( km estimated according to Eq.(19).  
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                      (a)                                                                           (b)  

 
                    (c)                                                                              (d)  

Figure 7. Fitting curves according to a linear mass-spring model.(a) For FEM 
results, with force 1. (b) For FEM results, with force 2. (c) For experimental 

results, with force 1. (d) For experimental results, with force 2. 

As seen in figure 7, the mass values obtained from the experimental and FEM-
simulation results, according to this fitting process, are in the same order as of 
the theoretical one. However, different stiffness values with respect to the 
theoretical one are found. From the simulations and experiments a higher 
stiffness than according to the theory given by Eq.(3) is obtained. It is also 
noticed that the linear mass-spring model better fits the FEM simulation-results 
than the experimental ones.  
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Table 2. Mass and stiffness obtained by a fitting process.  

 m 

[kg] 

K(a) 

[N/m] 

Fitting Error  

),( km , [m] 

Theory,  

Eqs.(3)&(9) 

0.002463 1.8873x107 - 

FEM (force 1) 0.002661 2.2325 x107 0.1273x10-4 

Experiments 

(force 1) 

0.002477 2.3943 x107 0.8860 x 10-4 

FEM (force 2) 0.002691 2.1644 x107 0.1008 x10-4 

Experiments 

(force 2) 

0.002016 2.4154 x107 0.6825 x10-4 

 

These observations may indicate that some modifications into the linear model 
and FEM simulations should be introduced to get results closer to the real 
response.  So far, it can be seen that the difference among the results relies on 
the estimated specimen’s stiffness. Then, this can be the variable that needs to 
be reformulated within the linear mass-spring model. It is possible that among 
different factors, the specimen’s stiffness can be affected by the contact 
conditions with the supports.  

4.3. KI(t) estimations 

After obtaining the specimen’s dynamic response, KI(t) can be estimated in 
terms of the mid-span, the crack tip opening displacement (CTOD) and the 
crack mouth opening displacement (CMOD). These estimations are shown in 
figures 7a and 7b.   

The estimation of KI(t) according to the specimen’s mid-span displacement is by 
the Eq.(1). Three different estimations of KI(t) in terms of the mid-span 
displacement, one based on the CTOD and one on the CMOD are presented in 
figure 7. The mid-span displacement was obtained as a measurement from the 
experiments; by numerically solving the integral in Eq.(7) with the measured 
force, Pexp(t); and by obtaining it from the FEM-simulations. The corresponding 
proportionality constant, C, is calculated according to Eq.(2) with a stiffness, 
K(a), given by Eq. (3). 
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Figure 7. Estimation of KI(t).(a) Specimen subjected to force 1. (b) Specimen 

subjected to force 2. 

The KI(t) estimations based on the CTOD and the CMOD are done by using the 
Eqs. (13) and (16), respectively. The CTOD and CMOD at the specimen are 
obtained from the FEM-simulations. As mentioned in section 3, in the FEM-
simulations the measured load in the experiments was used as the input force 
into the 3PB model.  

As seen in figure 7, in general, the different methods lead to a rather similar 
solution. In order to compare these results, the estimation of KI(t) based on the 
measured mid-span displacement is chosen as a reference. This estimation is 
considered here as the experimental determination of KI(t).  Table 3 shows the 
error, according to Eq. (19), between the experimental results and the different 
estimations of KI(t). The error is calculated in a range from 0 till 40x10-6s. It is 
noticed that the estimations based on the CTOD and mid-span displacement by 
FEM are the closest ones to the experimental results. In spite of this result, it is 
important to point out that in practice, measuring the CTOD results complex. In 
fact, measuring the CMOD results more feasible than measuring the CTOD. 

It is observed that all methods give a KI(t) lower than the experimental one 
within an initial range of time. After that, the respective curves, except the one 
based on CMOD, intersect the experimental one. This observation was also 
reported by Rubio et al [3], also indicating that the intersection of the curves 
corresponded to the time of crack initiation.    
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Table 3.Differences between experimental and predicted KI(t). 

KI(t) estimation method Error ,  [m] 

(With respect 

to Experiment 1) 

Error ,  [m] 

(With respect 

to Experiment 2) 

Mass-spring m. [Eqs.(7) & Pexp] 0.9701 x 10-7 0.7780 x 10-7 

Mid-span [FEM] 0.7158 x 10-7 0.7594 x 10-7 

CMOD [FEM] 1.0255 x 10-7 1.1396 x 10-7 

CTOD [FEM] 0.7174 x 10-7 0.6894 x 10-7 

 

5. Conclusions & Future work 

After studying and estimating by different methods the dynamic response and 
the corresponding dynamic stress intensity factor of a specimen subjected to 
impact load, the following conclusions are obtained: 

 The specimen’s mid-span displacements predicted by the Finite 
Element simulations are comparable with the experimental results.  

 According to the linear mass-spring model, the mid-span displacements 
results were also comparable with the experimental ones, but only 
when the measured force was considered in the respective estimations. 
Assuming the impact load as half of sine did not lead to good results 
when applying this model.  

 The linear mass-spring model was evaluated by a fitting process with 
the experimental and simulation results. Stiffness values different to 
the theoretical ones were obtained from these results and by this 
fitting process. This difference may indicate that some modifications 
are needed for the formulation of the specimen’s stiffness. 

 From the different methods used to determine KI(t), the estimations 
based on the CTOD and mid-span by FEM were the closest ones to the 
experimental results. 
 

It was observed that all methods give a KI(t) lower than the experimental one 
within an initial range of time. After that, the respective curves intersect the 
experimental one. This observation was also reported by Rubio et al [3], 
indicating that the intersection of the curves corresponded to the time of crack 
initiation. This difference with respect to the experimental results indicates that 
further work is needed in order to properly describe the dynamic stress 
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intensity factor. Studies on the relationship between the CMOD and KI(t), non-
linear models for describing the specimen’s mid-span displacement and the 
crack propagation are some of the suggested topics that can contribute to 
obtaining a better description of the dynamic stress intensity factor. 
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NoN-LiNear VibratioN aNd dyNamic  
Fracture mechaNics oF bridge cabLes

Armando Leon 

In the present work, the non-linear vibrations and 
the corresponding dynamic fracture mechanics 
of cables of cable-stayed bridges are studied. The 
cables are among the most critical components 
in cable-stayed bridges and there are different 
damage sources such as corrosion, vibration, fati-
gue and fretting fatigue that can significantly affect 
them, thereby reducing the cable’s service life and 
even producing their failure.

Cable-Parametric Resonance is the specific non-
linear vibration studied in this research. This type 
of vibration occurs due to displacements presen-
ted at the cable supports. These displacements 
are induced by the wind and traffic loads acting 
on the pylon and deck of the bridge. Under cer-
tain conditions, unstable cable-vibration of signifi-
cant amplitude can be registered. Therefore, nu-
merical and experimental analyses are carried out 
in order to describe this phenomenon and to de-
termine the corresponding instability conditions.

Two non-linear models of cable-parametric reso-
nance are studied to predict the cable response. 
In the simulation method, the non-linear compo-
nents are treated as external forces acting on the 
linear systems, which are represented by Single 
Degree of Freedom systems and described by 
digital filters. A clear non-linear relationship bet-
ween the excitation and the cable response is 
observed in the simulations and the experiments. 
The corresponding experimental analysis is based 
on a scaled model (1:200) of the Öresund bridge 
and a good agreement between the numerical and 
experimental results is found.

After obtaining the relationship between the 
cable response and the excitation, the cable in-
stability conditions are determined. This is done 
by finding the minimum displacement required at 
the cable supports in order to induce non-linear 
cable vibration of considerable amplitude. The in-
stability conditions are determined within a wide 
range of excitation frequencies and conveniently 
expressed in a simplified and practical way by a 
curve. The determination process is rather fast 
and offers the possibility to evaluate all bridge ca-
ble stays in a rather short time.

Finally, the dynamic fracture mechanics of the ca-
ble is considered by studying the fracture tough-
ness characteristics of the material under dyna-
mic conditions. Finite Element simulations on a 
pre-cracked three-point bending specimen under 
impact loading are performed. The observed cable 
instability is equivalently considered as the asso-
ciated response to impact load conditions, and a 
crack as a defect on the wires of a cable stay. The 
simulations are based on an experimental work 
by using the Split Hopkinson pressure bar (Jiang 
et al). The dynamic stress intensity factor KI(t) up 
to crack initiation is then obtained by different 
methods. The numerical estimations based on 
the specimen’s crack tip opening displacement 
(CTOD) and mid-span displacement were closest 
to the experimental results. It is observed that 
a better estimation of the dynamic stress inten-
sity factor relies on a proper formulation of the 
specimen’s stiffness.
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