
IEEE SIGNAL PROCESSING LETTERS, VOL. 16, NO. 2, FEBRUARY 2009 89

Statistical Analysis of a Local Quadratic Criterion
for Blind Speech Extraction
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Abstract—This letter aims at complementing previous empir-
ical work regarding a certain beamforming technique for blind
speech extraction that uses a local quadratic approximation of a
Kurtosis expression. It is shown here that the proposed method
possesses a fixed-point property which means that it remains
at an optimal solution once this solution has been reached. The
proposed method’s fixed-point property is valid for a range of
source signals including Gaussian sources. This is an improvement
over the FastICA method which diverges at the optimal points that
correspond to a Gaussian source. In a real application, it cannot
be assured that non-Gaussian mixtures are constantly observed;
hence, the proposed method is a viable alternative in that case.
The fixed-point property further implies that the approximative
Kurtosis expression is identical to the true Kurtosis value at an
optimal point which, in turn, means that the approximation error
is zero. In addition, the convergence towards an optimal solution
is always in the direction of a local minimum point even though
the optimal solution that correspond to a super-Gaussian source
is always a maximum solution which harmonizes with the concept
of Kurtosis maximization.

Index Terms—Array signal processing, higher order statistics,
speech enhancement.

I. INTRODUCTION

S PEECH extraction refers to the process of filtering a re-
ceived mixture of acoustic signals of which at least one is

a speech signal while the other signals are regarded as unde-
sired noise, so that the speech must be extracted or, in fact, en-
hanced. Beamforming is a versatile speech extraction method
as it can filter signals both in the temporal domain and in the
spatial domain [1]. A blind adaptive beamformer is able to ob-
tain the speech extraction effect gradually without any explicit
references such as knowledge about the microphones’ positions
and the number and locations of acoustic sources [2]. Instead,
some other assumption is made about the source signals [3], [4].
One such assumption is that source signals may carry different
Kurtosis values, e.g., noise is often assumed to be Gaussian
and having a zero Kurtosis value, while a speech signal gen-
erally carries a much higher Kurtosis value [5]. A blind beam-
former can therefore be constructed by maximizing the Kur-
tosis value at the beamformer’s output signal [6]. Approxima-
tive Newton methods, including a class of FastICA methods
based on the Kurtosis contrast function (see, e.g., [7] and [8])
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Fig. 1. Subband domain filter-and-sum beamformer for� sensor signals and
� subbands.

and a closely related method [9], have been proposed in relation
to this. However, the FastICA-like methods require a number
of simplifications inside the optimization routine which make
their approximations inexact at an optimum solution. A recently
proposed technique approximates the Kurtosis value using a
local quadratic function which is then solved at each iteration
[10]–[12]. Robust methods for solving a quadratic problem exist
in a rich variety today (see, e.g., [2]) which makes the pro-
posed method practically tractable. Furthermore, the quadratic
approximation of Kurtosis has been analyzed empirically in the
past [10]–[12] and this method has shown itself capable of de-
livering a high level of speech extraction in various adverse en-
vironments. However, to date, no statistical analysis has been
carried out for this particular approximation technique. The ob-
jective of this letter is to provide a statistical analysis of the
quadratic Kurtosis criterion in order to explain some of its ex-
pected statistical behaviors and benefits.

The outline is as follows: The adopted system and the data
model is described in Section II. The recently introduced ap-
proximation technique is provided in Section III and a blind
beamformer based on this approximation technique is derived
in Section IV. A statistical analysis is performed in Section V,
and Section VI concludes this letter.

II. SYSTEM AND DATA MODEL

In this section, a convolution model is adopted where a set
of source signals are emitted in a room and received by an array
of microphones. The adopted filtering (beamformer) structure is
commonly denoted as a filter-and-sum beamformer in the fre-
quency domain [1], and the system model of the structure is il-
lustrated in Fig. 1.

A. System Model

The system model assumes an array of microphones where
each received real-valued time signal is denoted as for

, where represents continuous time.
Each received time signal is sampled and decomposed into a
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time-frequency representation using a filter bank [13] with
subbands, and where each microphone subband signal is de-
noted with subband index and
where is a sample index in the subband domain. The reason
for using a subband representation of the data is that a convo-
lution model in the time domain corresponds to a multiplica-
tive model in the frequency domain [14], [15]. The received
signal vector is composed as . The matrix

of size is a source mixing matrix. The signal vector

contains the orig-

inal, independent source signals. The notation denotes the
vector transpose. The output signal of the beamformer
is computed by filtering the received signal vector by the beam-
former filter vector , i.e., .
The notation denotes the complex conjugate vector trans-
pose. This particular filtering uses one filter-tap per subband.
While it is possible to extend the beamformer filter to include
multiple filter-taps, it is not done here in order to simplify the
statistical analysis. It is noted that, if , an inverse to
does not exist in general and the best solution is found through a
pseudo-inverse of . However, in order to conserve the read-
ability in this letter, it is assumed that an inverse to exists.
The time-domain output signal is then computed from the
subband output signal by a synthesis filter bank matched
to the analysis filter bank.

B. Data Model

The original sources are assumed to have unity power, i.e.,
, where represents the ex-

pectation operation, and denotes an identity matrix of the
size . Following [7] and [9], it is furthermore assumed
that the sources have circular distributions, which implies that

. The matrix is a null-ma-
trix of the size . Furthermore, the Kurtosis value of each

source is .

III. LOCAL QUADRATIC CRITERION

In [10]–[12], a local quadratic criterion was derived for the
purpose of Kurtosis maximization in a speech extraction appli-
cation. The criterion was derived based on the inspiring paper
by Yang regarding an iterative procedure for subspace tracking
[16]. The key idea when constructing a quadratic approxima-
tion of a high order expression is to make use of the current
filter weights to form an a priori output signal

. Some output signal compo-
nents are then replaced by this a priori output signal in
the high order expression, e.g., the Kurtosis expression. In the
end, this procedure renders an expression that is quadratic with
regard to the new beamformer filter weights .

To clarify further derivations, the Kurtosis value of the
beamformer’s output signal is notated as

, which is equal to

(1)

This expression is obviously of order four with regard to
. Following [10]–[12], this Kurtosis expression can be

approximated and rewritten into a quadratic form

(2)

This expression is clearly quadratic with regard to . In
this expression, the notation refers to the complex con-
jugate, and takes the real part of its argument and it is
employed in order to ensure that the approximative Kurtosis ex-
pression is real valued. The Brandwood gradient and Hessian
[17] of (2) with regard to are

(3)

and

(4)

There may be other ways to approximate the fourth-order Kur-
tosis expression that are not outlined here regarding which terms

are exchanged with in the approximation. Such
reformulations can be the focus of future research.

IV. BLIND ADAPTIVE BEAMFORMING

The proposed blind adaptive beamformer continuously
updates its beamformer weights in order to obtain
a maximization of the output signal’s Kurtosis value. While
the approximative Kurtosis expression (2) is quadratic with
regard to , its optimal solution is found at a point
where the gradient with regard to evaluates to zero,
i.e., . However, experiments on real
data have shown that this direct approach leads to a highly
fluctuating solution with a degraded speech quality as a result.
A viable approach to reduce the fluctuations is by using a
smoothed filter update equation

(5)

where is a smoothing parameter. A temporary
vector is used in order to compute a unity-norm constraint
for the updated filter coefficients as .

When the algorithm has converged to an optimal solu-
tion, it is expected that . If this
is the case, , which in turn yields that

, i.e., the introduced approx-
imative Kurtosis value is equal to the true Kurtosis value.
The next section will show that the quadratic method has a
fixed-point property which means that the method stays at an
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optimal solution when it finds one, which, in turn, yields that
the approximation error is zero. In addition, an analysis of the
local consistency will show that the Hessian matrix is negative
definite around an optimal solution. The update (5) has to
compensate for the negative definiteness by a negative update
direction.

V. STATISTICAL ANALYSIS

In [7] and [9], a statistical analysis was used for a FastICA
method and a closely related method. A similar analysis is used
here for the local quadratic Kurtosis criterion.

First, a notation strategy is adopted in order to clarify the pre-
sentation. A variable that represents a priori information is des-
ignated by the “ ”-sign. In addition, while the statistical anal-
ysis is performed for one subband and at a point in time ,
these indices are omitted in the sequel.

It is assumed that the received signal vector is made uncor-
related prior to the analysis using a principal component anal-
ysis (PCA) preprocessing stage. The PCA decorrelation has the
same impact as if the mixing matrix would possess a Unitary
property, i.e., .

Two properties of the blind beamformer are analyzed: the
fixed-point property and the local consistency. If an algorithm
possesses a fixed-point property, it means that the algorithm
stays at an optimal solution when it finds one. The local con-
sistency is used to analyze the algorithm behavior around an
optimal solution. It is thus possible to, for instance, determine
what kind of local optimal solution it is (a maximal solution, a
minimal solution, or a saddle point).

A. Fixed-Point Behavior

In order to analyze the fixed-point behavior, it is assumed that
the algorithm has found an optimal solution that extracts the th
source, i.e., so that . The filter
vector update equation is therefore equal to

(6)

The various statistical expectations above are evaluated as

(7)

(8)

(9)

The matrix (size ) is a diagonal matrix, whose diagonal
entries have the value one, except for the th diagonal element
that has the value . The vector is a vector with zero-
valued elements except for at the position where the element
has the value one. The filter vector update equation is

(10)

The optimal solution is such that ; hence,
, and therefore, , which yields that

(11)

Hence, provided that , i.e.,
, it is clear that the blind beamformer (5) possesses the fixed-

point property

(12)

While , there is only one extreme case where the
algorithm does not possess the fixed-point property, i.e.,

, namely, if , which implies that
the source is sub-Gaussian. In all other cases, the algorithm
possesses a fixed-point property that is also valid for a Gaussian
source ( ).

B. Local Consistency

A second-order Taylor series expansion is computed at a point
around the optimal solution , where is a small

perturbation vector (the term “small” implies that ),
according to

(13)

The gradient vector is

(14)

The Hessian matrix is evaluated as

(15)

Inserting (14) and (15) into (13) yields

(16)

The unity norm constraint renders the relationship
that yields

(17)

The matrix (size ) has elements that are zero-valued
except for a single element at position which has the value
one. Obviously, , which equals

for a factor

(18)

While , the type of optimal solution is depen-
dent on the relationship between and the Kurtosis value
through the sign of . This relation-
ship is shown in Fig. 2. An optimal solution that corresponds to a
source with the Kurtosis value (this includes
a Gaussian source with ) is always, independent of
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Fig. 2. Solid curve shows the region where the solution is a saddle point, a
maximum solution (points above the curve), and a minimum solution (points
below the curve).

the value of , a local minimum solution. An optimal solution
corresponding to a super-Gaussian source, with , can
be any kind of local optimum (maximum, minimum, or saddle
point) depending on the value of . However, when the algo-
rithm starts to converge towards an optimal solution, it implies
that , independent of what Kurtosis value the source car-
ries. This becomes clear if it is assumed that , for
a value , while . Hence, the Hessian matrix cor-
responding to (2) is negative definite, and the algorithm always
converges towards a local minimum solution. In order to com-
pensate for the negative definiteness of the Hessian matrix, it
is necessary for the algorithm to update in a direction opposite
to a point where the gradient evaluates to zero in (5). However,
provided that , the fixed-point property renders

(i.e., ) at an optimal solution. An optimal solu-
tion that corresponds to a super-Gaussian source ( )
is always a maximum solution which harmonizes with the con-
cept of Kurtosis maximization.

VI. CONCLUSIONS

A recent method for adaptive beamforming applied to blind
speech extraction was proposed in [10]–[12]. The method uses
an approximation of the fourth-order Kurtosis value in order to
construct a local quadratic expression. The proposed method
is practically viable while the quadratic approximation can be
solved using standard methods, e.g., the recursive least squares
(RLS) [2], [16]. Several empirical analyses was conducted
in [10]–[12], and they showed the method’s ability to extract
speech in adverse environments. A statistical analysis of this
method is provided in this letter with respect to the fixed-point
property and the local consistency. It is shown that the proposed
method possesses a fixed-point property if the optimal solution
does not correspond to a sub-Gaussian source, i.e., with a
Kurtosis value in the range . This behavior
is important in a real application where it cannot always be
guaranteed that non-Gaussian sources are active, and it may be

contrasted with the popular FastICA method (see, e.g., [7] and
[9]) that has been shown to diverge for a Gaussian source, i.e.,

. The fixed-point property also tells us that once
the algorithm has converged to an optimal solution, it stays at
this optimal solution. This renders that the introduced quadratic
approximation of Kurtosis is equal to the true Kurtosis value
at an optimal solution, i.e., the approximation error is equal
to zero at an optimal solution. In addition, it is shown that the
introduced quadratic approximation renders a local minimum
in the direction towards an optimal solution. This means that
the Hessian matrix of (2) is negative definite and the optimiza-
tion approach results in a minimization strategy instead of a
maximization strategy, even though the optimal solution that
corresponds to a super-Gaussian source ( ) is always
a maximum solution which harmonizes with the concept of
Kurtosis maximization.
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