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ABSTRACT
In this paper, we present an agent-based approach for solv-
ing an optimization problem using a Dantzig-Wolfe column
generation scheme, i.e., a decomposition approach. It has
been implemented and tested on an integrated production,
inventory, and distribution routing problem. We developed
a decomposition model for this optimization problem, which
was implemented in the Java programming language, using
the Java Agent DEvelopment Framework (JADE) and the
ILOG CPLEX mixed integer linear problem solver. The
model was validated on a realistic scenario and based on the
results, we present estimates of the potential performance
gain by using a completely distributed implementation. We
also analyze the overhead, in terms of communication costs,
imposed by an agent based approach. Further we discuss
the advantages and the disadvantages that comes with an
agent-based decomposition approach.

Keywords
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1. INTRODUCTION
It has been argued that the strengths and weaknesses

of agent-based approaches and classical optimization tech-
niques complement each other well for dynamic resource al-
location problems [5]. A number of ways to combine the
approaches in order capitalize on their respective strengths
were sketched and two of these were implemented and eval-
uated. The first approach was using an optimization tech-
nique for coarse planning and agents for operational replan-
ning, i.e., for performing local adjustments of the initial plan
in real-time to handle the actual conditions when and where
the plan is executed. In the second approach, optimization
was embedded in the agents. This can be seen as a fur-
ther development of distributed optimization where agent
technology is used, e.g., to improve coordination.
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In this paper, we describe another approach, namely how
an optimization approach can be “agentified” into a multi-
agent system (MAS) by using principles of decomposition
which is a classical optimization (reformulation) method.
One purpose is to detail the concept of agentifying an opti-
mization approach. Further, the purpose is to validate that
some positive characteristics can be achieved by this type of
approach. The main characteristics studied are confidential-
ity aspects of information, i.e. keep the information locally
when possible, and the potential to achieve performance im-
provements by distribution and parallelization. Obviously,
an agentification comes at a price, which is also discussed in
this paper.

In the next section the integration of agent technology and
decomposition is outlined, and a real world case is presented
in section 3. The application of agent based decomposition
is given in section 4, and in section 5, we present our compu-
tational experiment, some results and discussions. Finally,
some conclusions and directions for future work is given in
section 6.

2. DECOMPOSITION AND AGENT TECH-
NOLOGY

Decomposition in linear optimization, such as the Dantzig-
Wolfe (DW) column generation scheme [2], were originally
developed for solving large linear optimization problems.
Later, decomposition approaches have been used for solv-
ing mixed integer linear problems by branch and price [8].

In DW decomposition, a mixed integer linear optimization
problem is reformulated in terms of a linear master prob-
lem and a set of planning subproblems which produces new
plans that are coordinated by the master problems. The lin-
ear master problem, which contains a restricted number of
variables, is solved in each iteration. From the optimal dual
variables obtained from the solution of the restricted mas-
ter problem, the subproblems produce new plans which are
added as new improving variables (or columns), to extend
the restricted master problem.

In this paper, we suggest a multi-agent based DW de-
composition approach illustrated by the conceptual MAS
model presented in figure 1. This hierarchical model con-
tains a coordinator agent and a set of planner agents, where
the coordinator agent corresponds to a DW master problem
and each planner agent corresponds to a set of DW sub-
problems. Note that it is possible for a planner agent to
handle more than one DW subproblem. This number of
subproblems depends on the organizational settings in the
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Figure 1: The conceptual MAS model.

studied scenario. A planner agent is responsible for plan-
ning some set of resources assisting the coordinator agent in
finding a globally optimal solution. The planning procedure
is guided by the values of the dual variables which the co-
ordinator uses as a control mechanism to help the planner
agents in finding improving plans. Hence, the coordinator
is not explicitly dictating the characteristics of the plans to
be produced by the planner agents, and the planner agents
are thereby to some extent autonomous. The coordinator
agent is responsible for coordinating the plans that are pro-
duced by the planner agents. Moreover it decides if and
when the planner agents should be given some directives of
partially fixating the plan, i.e. to fixate the use of some re-
sources. This fixation of plans is necessary in cases where
DW-decomposition does not guarantee any feasible (i.e. not
integer) solution, which is a common characteristic of DW-
decomposition. Such decisions (fixations) must of course be
based on previously generated plans, and the planner agents
in question are forced to obey the fixations when they cre-
ate future plans. Note however, that the DW-decomposition
approach allows for many different ways of defining the co-
ordinator and the planner agents.

Traditionally, a decomposition algorithm formulated with
a master problem and a set of subproblems is executed in
a single process (on a single computer), which has access
to all pieces of information necessary to run the optimiza-
tion. This classical approach can not provide confidentiality
since the coordinator must be given access to information
that might be considered sensitive. With an agent based
approach however, where the master problem, and subprob-
lems are represented by different individual agents, it is often
(depending on the actual application) possible to run the op-
timization with less need for sharing sensitive information.
For instance, in the case presented in section 4, we have a
master problem which coordinates production, transporta-
tion and inventory. This master problem needs access e.g.
to customer demand forecasts, but it does not need any un-
derlying details about how actual transportation plans and
production plans are created, because such information be-
longs to the subproblems. In a classical approach, however,
all such information needs to be shared with the master
problem, causing decreased confidentiality.

When the agent system runs on a single computer, there
is actually a loss in performance due to the use of agents,
because of the increased need for communication. In the dis-
tributed solution approach, where the system runs on several
computers (or a multi processor computer), there is however
a potential gain in computation time and in some cases so-
lution quality since more computing power allows for solv-
ing more complex subproblems. The reason for this is that
the subproblems can be solved in parallel, which is not the
case when the optimization runs on a single processor. The

easiness in which an agent system can be distributed over
several, geographically or non geographically distributed,
computers gives another possible advantage over classical
decomposition approaches. Such a decentralized solution
approach further makes the system less vulnerable to sin-
gle point failures of one computing node. In our approach,
where the coordinator agent typically retains control of all
decisions, but does not need to know any details about how
solutions were generated, a failure of the coordinator agent
is fatal, because the presence of the coordinator agent is
absolutely necessary. However, in the case when the coor-
dinator loose contact with some planners, the rest of the
planners might still be able to produce new plans that can
be considered by the coordinator. This makes the suggested
approach more robust towards planner agent failures.

In section 4 we demonstrate the agent based decomposi-
tion approach by presenting a case study for an integrated
production, inventory, and distribution routing problem. We
have chosen a decomposition formulation which we find at-
tractive particularly from the perspective of having a natural
interpretation of dual prices and having real world corre-
spondence to the sub-problems. In general, the decomposi-
tion scheme including e.g. master/subproblem formulations,
fixations, termination criterias need to be designed to uti-
lize the special characteristics of the studied problem type.
We would like to point out that some problems can be ex-
tremely difficult to even formulate as a single mixed integer
problem, and solving it can be an even more difficult task.
According to Fumero and Vercellis [6], problems in this area
tend to use an underlying network structure that may be
exploited by decomposition approaches. Also, the studied
problem class captures the difficulties with distributed de-
cision making since typically, information and/or resources
are distributed and the exact conditions, e.g., the demand
and the availability of resources, are not known in advance
and are changing. Another characteristic is that these prob-
lems typically are NP-hard and that they can be extremely
difficult to solve, even for very small problem instances. An
overview of integrated production, inventory, and distribu-
tion routing problem is provided by Lei et al [7].

3. CASE DESCRIPTION
We consider a real world problem with a producer of veg-

etable oils and a transport operator with a fleet of trucks
handling deliveries of finished products to a number of cus-
tomers. The production, and hence the planning of produc-
tion and deliveries are driven by, sometimes changing and
often late arriving, customer orders and the producer has
limited knowledge about the contents of and arrival times of
new orders. The actual production is performed in batches
at a single production plant with multiple production lines
which are scheduled to match the shipping times deduced
from the customer orders.

Products are delivered by trucks operated by a single
haulier and before loading, the finished products are stored
in short-term (rather capacity limited) producer depot in-
ventory. At delivery, products are stored in customer inven-
tories for storage of finished products. Starting with a full
(or close to full) load, at the producer, sometimes a truck
visits only one customer before returning but sometimes de-
liveries are grouped together and the truck visits multiple
customers in the same trip. The transportation cost in-
cludes time based driver cost, distance based fuel cost and



vehicle wear cost.
When the transportation demand exceeds the available

transportation capacity, it is possible to call in extra capac-
ity to a higher cost. Occasionally, a vehicle can be scheduled
for a non empty transport on the return trip from a customer
to the producer. Furthermore, time and costs for loading
and unloading are considered, and the drivers must follow
the European Economic Community (EEC) regulations1 for
driving and resting hours. A typical planning horizon for
the production and transport planning is usually less than
a week.

A possible utilization of customer demand forecasts would
allow the producer to introduce Vendor Managed Inventory
(VMI) [3], where the producer is responsible for replenish-
ment of customer inventories, for one or more customer.
This leads to a higher flexibility in the production and trans-
portation planning, and hopefully, an introduction of VMI
can lead to a higher utilization of (often limited) production
and transportation resources. We focus on the VMI situa-
tion, due to its potential of improved resource utilization,
but the presented approach is not limited to VMI, since a
tight specification of customer inventories mimics a non-VMI
situation.

In figure 2, we present a small transport network contain-
ing a factory, inventories, customer depots and trucks, and
planners who are responsible for taking decisions about the
physical entities.

Producer

Customer

Customer

Coordinator

Production planner Transport planner

Figure 2: A transport chain with planners, coordi-
nator and physical entities (trucks, inventories, fac-
tories and customer depots.

4. CASE SPECIFIC DECOMPOSITION FOR-
MULATION

To illustrate our agent based approach, we designed a
Dantzig-Wolfe decomposition scheme to model the integrated
production, inventory, and distribution routing problem pre-
sented in the previous section. The decomposition formu-
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lation contains a master problem, a production schedul-
ing subproblem for construction of production plans, and
a transportation subproblem for construction of transporta-
tion plans.

Building upon the conceptual agent model in figure 1 we
constructed an agent system containing a transport chain co-
ordinator agent, a set of production planner agents and a set
of transportation planner agents. In this decomposition for-
mulation, the transport chain coordinator agent maps to the
master problem, each production planner agent to a produc-
tion scheduling subproblem and each transportation planner
agent handles a set of transportation planning subproblems.

We let DP denote the set of producer depots, DC the set
of customer depots, V the inhomogeneous fleet of vehicles,
P the set of product types and L the set of production lines
available in the model. The planning horizon is represented
by an ordered set T = {1, 2, . . . , t̄} of discrete time periods
with uniform length τ . A transportation plan for a vehicle
is defined as the amount of each product delivered to each
customer depot and picked-up from each producer depot in
each time period throughout the planning horizon. The set
of all transportation plans for a vehicle v ∈ V is denoted Rv,
the cost for using r is ψr, and xdptr represents a delivered
or a picked-up amount of product p at period t by vehicle
v. For a customer depot d ∈ DC , xdptr represents a delivery
and for a producer depot d ∈ DP it represents a pickup.
Similarly, we define a production plan for a production line
as the amount of each product produced in each time period
throughout the planning horizon. We let Sl denote the set of
all valid production plans for production line l ∈ L, and ωs

denotes the cost for using plan s ∈ Sl. For production plan
s ∈ Sl, located in some depot d = d(s), we let ydpts represent
the amount of product p produced in period t. Furthermore,
parameter ̺dpt denotes the demand of product p ∈ P at
customer depot d ∈ DC at time period t ∈ T .

Each depot d ∈ D has an inventory where variable zdpt is
used to decide the inventory level of product p in depot d
at period t. For depot d, the inventory level of product p at
time period t must not fall below a lower bound zdpt (which
typically corresponds to a safety stock level) and must not
exceed a maximum capacity of zdpt units. An inventory
cost φdp is charged for each unit of product p ∈ P in stock
in depot d ∈ D between two subsequent periods.

Furthermore, binary decision variables are used to deter-
mine which delivery plans and production plans will be used
(exactly one transportation plan for each vehicle and exactly
one production plan for each production line must be used).
Therefore, decision variable vr determines if transportation
plan r ∈ Rv is used (vr = 1) or not (vr = 0) and ws if
production plan s ∈ Sl is used (ws = 1) or not (ws = 0).

We introduce variable udpt to represent how much the
storage level of product p in depot d falls below the safety
stock level in period t, and qdpt expresses how much the
storage level exceeds the corresponding maximum allowed
storage level. To avoid violating the safety stock levels and
maximum allowed storage levels, or in other words minimiz-
ing the usage of the u:s and q:s we introduce penalty costs
Mq and as shown in equation (1).

Our Dantzig-Wolfe Master Problem (MP) can now be for-
mulated as to minimize

X

(φdpzdpt +M
q
qdpt +Mu

udpt)
p∈P,d∈D,t∈T

+
X

ψrvr

r∈
S

v∈V Rv

+
X

ωsws

s∈
S

l∈L Sl

, (1)



subject to customer depot inventory balance constraints

zdpt−1 +
X

vrxdptr

r∈
S

v∈V Rv

+udpt − qdpt − ̺dpt = zdpt,

t ∈ T, d ∈ D
C
, p ∈ P, (2)

producer depot inventory balance constraints

zdpt−1 −
X

vrxdptr

r∈
S

v∈V Rv

+
X

wsydpts

s∈
S

l∈L Sl

+udpt − qdpt = zdpt,

t ∈ T, d ∈ D
P
, p ∈ P, (3)

storage level constraints

zdpt ≤ zdpt ≤ zdpt, d ∈ D, p ∈ P, t ∈ T, (4)

and convexity constraints
X

r∈Rv

vr = 1, v ∈ V, (5)

X

s∈Sl

ws = 1, l ∈ L, (6)

where vr ∈ {0, 1} ∀ r ∈
[

v∈V

Rv, ws ∈ {0, 1} ∀ s ∈
[

l∈L

Sl and

zdpt ≥ 0 ∀ d ∈ D, p ∈ P, t ∈ T .
Before we define the restricted (Dantzig-Wolfe) Master

Problem RMP we need to introduce subset R′
v ⊆ Rv of

all currently known transportation plans for vehicle v ∈ V

and S′
l ⊆ Sl of all currently known production plans for

production line l ∈ L. RMP is identical to MP, except for
that we replace all occurrences of Rv withR′

v, all occurrences
of Sl with S′

l , and all integer restrictions on variables vr and
ws by constraints

0 ≤ vr ≤ 1, r ∈
[

v∈V

Rv, (7)

0 ≤ ws ≤ 1, s ∈
[

l∈L

Sl. (8)

In other words, RMP is the LP-relaxation of MP, with re-
strictions on the Rv and Sl sets.

In RMP, we let λ denote the dual variables for constraint
group (2), µ the dual variables for group (3), δ the dual
variables for constraints (5) and θ the dual variables for
constraints (6). A value λ̄dpt > 0 means that an increased
delivery of product p to depot d in period t will improve the
objective function value. Also, µ̄dpt > 0 is interpreted to
mean that we want to increase the production of product p
in depot d in period t. A value λ̄dpt < 0 on the other hand,
means that we want decrease the production or reducing the
inventory by transporting products away from depot d.

Figure 3 presents the main algorithm flow for the decom-
position approach. RMP is resolved before each request for
new production plans or transportation plans is send be-
cause we want all new plans to be based on as fresh dual
variables as possible. However, we have not tested whether
this design option is appropriate or not, but we find it rea-
sonable to believe that generating plans based on fresh dual
variables will give fast convergence since that means that all
new plans are up-to-date. In a multi processor approach,
it is possible (and probably preferable) to send the trans-
portation and production requests in parallel to allow the

Solve RMP

Yes

Yes

No

Terminate

No

Yes

Yes

No

No

Start
Create empty production/transportation plans

for all vehicles and all production lines

Send dual variables and fixations to transportation planners
and receive new transportation plans with costs

Does any transportation
plan with negative reduced 

cost exist?

Resolve RMP, and send dual variables and fixations to 
production planners and receive new production plans with costs

Does any production
plan with negative reduced 

cost exist?

At least one transportation
plan was added

Does candidate for
fixing exist?

Fix a quantity for some vehicle
or production line and throw 

away columns

Add all transportation plans with
negative reduced cost to RMP.

Add all production plans with
negative reduced cost to RMP.

Figure 3: Master problem (coordinator agent) algo-
rithm flow chart.

subproblems to be solved simultaneously. A diagram show-
ing how the coordinator communicates with the transport
planners and the production planners in our decomposition
approach is presented in figure 4.

The described decomposition approach is for integrated
production and transportation, where inventory levels be-
tween production and transportation, and between trans-
portation and customer usage are considered. This is a
rather general type of problem and it is independent of the
choice of production and transportation subproblems. The
subproblems must, however, be able to take the dual vari-
ables as input and be able to produce new production or
transportation solutions.

4.1 Fixations and Termination
In each master problem iteration, the subproblems gen-

erate new transportation and production plans based on
the current values of the λ, µ, δ, and θ dual variables.
Plans with negative reduced cost are added as improving
columns/variables to RMP, and when none of the subprob-
lems can produce any new improving column, the optimal
solution of RMP is reached. This optimal solution typically
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gives fractional combinations (see constraint sets (7) and
8)) of plans, which of course is infeasible in integer problem
MP. To be able to find an optimal or, at least a heuristi-
cally “good” integer solution to MP, some delivery/pickup
(depot, period, product, and vehicle) or production (period,
product and production line) must be restricted (fixated) to
some integer quantity, whenever a fractional optimal solu-
tion of RMP is found. Fixations are determined by RMP
and communicated to the subproblems to restrict them from
violating the fixations when subsequent plans are generated.
During the procedure of the algorithm, more and more quan-
tities are fixated, and eventually, when the solution space of
the subproblems are too much restricted by the fixations,
the algorithm has no other option than to terminate with
an integer solution. See [8, ch 11.4] for a general discus-
sion on branching and variable fixations in integer problem
column generation algorithms.

In our heuristic fixation strategy, we let F T = {fT
dptv : d ∈

D, p ∈ P, t ∈ T, v ∈ V } represent the set of all transporta-
tion fixations (deliveries and pickups), and FP = {fP

ptl : p ∈
P, t ∈ T, l ∈ L} represent all production fixations available
in the model. For convenience, and future reference, we let
F T

v denote all fixations for vehicle v ∈ V , and FP
l all fixa-

tions for production line l ∈ L. In other words, we have one
fixation for each depot, product, period and vehicle, and one
fixation for each product, period and production line. Ini-
tially all fixations are set to 0, meaning that there exist no
fixations, but we allow re-fixations to higher values as will be
described below. A production fixation of a quantity fP

ptl for
some product p, period t, and production line l means that
all subsequent production plans for l must contain a produc-
tion of fP

ptl units or more of product p in period t. Similarly,

a transportation fixation fT
dptv for some vehicle v means that

all subsequent plans for v must contain a delivery or pickup
(pickup if d ∈ DP or delivery if d ∈ DC) of at least fT

dptv

units of product p at depot d in period t. In other words,
it is possible to re-fixate production, delivery, and pickup
quantities to higher values as long as the capacities of the
vehicles and production lines are kept, and after each fixa-
tion, all columns violating the fixation must be thrown away
from RMP. E.g. if we fixate a quantity fP

ptl for production
line l, product p, and period t, then all columns for l not

containing a production of fP
ptl units for product p in period

t must be removed from S′
l .

Our fixation strategy does not guarantee that the decom-
position algorithm converges to the optimal integer solution
of MP. In order to guarantee this, we would need to create
a search tree, where we branch on the fixations. In such a
branching tree, we create one branch of f to a higher in-
teger value and one branch of f to a lower integer value,
whenever a fixation f is indicated by a fractional value (of
delivery/pickup or production). Such a branching tree can
however only be generated in theory since we are dealing
with an NP-hard problem and therefore, the branching tree
will grow exponentially.

In order to decide what to fixate (production, delivery or
pickup), we calculate

(d′, p′, t′, v′) = arg max
d∈D,p∈P,t∈T,v∈V

X

r∈R′
v

vrΛ
T
dptr, (9)

where we introduce

ΛT
dptr =

(

0 if xdptr = 0

1 if xdptr 6= 0,
(10)

to restrict equation (9) to merely consider columns with non-
zero coefficients. Otherwise, all sums in (9) would take on
value 1, since, according to constraint set (5), all transporta-
tion convex combinations must sum up to 1. To avoid fixat-
ing deliveries/pickups which are represented in all columns
in RMP, and more trivially, to disregard those deliveries and
pickups that are not represented at all, we require

0 <
X

r∈R′

v′

vrΛ
T
d′p′t′r < 1. (11)

Further, it is only interesting to consider deliveries/pickups
that are represented by a higher quantity than previously
fixated. Therefore, equation

˛

˛

˛

˛

˛

˛

X

r∈R′

v′

vrxd′p′t′r

˛

˛

˛

˛

˛

˛

> f
T
d′p′t′v′ (12)

must hold. From the transportation plans, the most repre-
sented vehicle, depot, product and period, which because of
equation (12) has a fixation strictly lower than currently rep-
resented by RMP is determined. With the same arguments
as for the transportation plans, we calculate

(l′, p′, t′) = arg max
l∈L,p∈P,t∈T

X

s∈S′

l

wsΛ
P
dpts (13)

where

ΛP
dpts =

(

0 if ydpts = 0

1 if ydpts 6= 0,
(14)

and

0 <
X

s∈S′

l

wsΛ
P
d′p′t′s < 1, (15)

and
X

s∈S′

l′

wsyd(l′)p′t′s > f
P
l′p′t′ (16)

must hold for the production lines. As for the transportation
plans, we find the currently most represented production



line, product and period. If only (d′, p′, t′, v′) exists, or if
X

r∈R′

v′

vrΛ
T
d′p′t′r ≥

X

s∈S′

l′

wsΛ
P
d(l′)p′t′s, (17)

then fT
d′p′t′v′ is refixated for vehicle v′ according to

f
T
d′p′t′v′ =

2

6

6

6

˛

˛

˛

˛

˛

˛

X

r∈R′

v′

vrxd′p′t′r

˛

˛

˛

˛

˛

˛

3

7

7

7

. (18)

If on the other hand, only (l′, p′, t′) exists, or if
X

r∈R′

v′

vrΛ
T
d′p′t′r <

X

s∈S′

l′

wsΛ
P
d(l′)p′t′s, (19)

then fP
l′p′t′ will be refixated for production line l′ according

to

f
P
l′p′t′ =

2

6

6

6

X

s∈S′

l′

wsyd(l′)p′t′s

3

7

7

7

. (20)

The absolute values in equations (12) and (18) are intro-
duced since pickups at producer depots are represented by
negative numbers in the transportation plans, and all fixa-
tions are by definition non negative.

If neither (d′, p′, t′, v′) or (l′, p′, t′) could be found, there
might still exist any two columns r′, r′′ ∈ R′

v′ or v′ ∈ V ,
or s′, s′ ∈ S′

l′ (for a vehicle v′ ∈ V or a production line
l′ ∈ L) with different coefficients in the optimal solution of
RMP. This scenario can occur if equation (11) or (15) equals
1 for some delivery, pickup or production and if xd′p′t′r′ 6=
xd′p′t′r′′ or yd′p′t′s′ 6= yd′p′t′s′′ for any d′ ∈ D, p′ ∈ P and
t′ ∈ T . Then, we fixate

f
T
d′p′t′v′ =

2

6

6

6

˛

˛

˛

˛

˛

˛

X

r∈R′

v′

vrxd′p′t′r

˛

˛

˛

˛

˛

˛

3

7

7

7

(21)

or

f
P
l′p′t′ =

2

6

6

6

X

s∈S′

l′

wsyd(l′)p′t′s

3

7

7

7

, (22)

to be able to converge towards a integer solution of MP.
For the fixated object (v′ or l′) we remove all columns

(r ∈ R′
v′ or s ∈ S′

l′) with parameter

xd′p′t′r 6=

2

6

6

6

X

r∈R′

v′

vrxd′p′t′r

3

7

7

7

for v′, (23)

if we fixate either a delivery or a pickup, or

yd(l′)p′t′s 6=

2

6

6

6

X

s∈S′

l′

wsyd(l′)p′t′s

3

7

7

7

for l′, (24)

if we fixate a production.

4.2 Subproblem formulations
In our integrated production, inventory, and distribution

routing problem, we define two types of subproblems, one
single vehicle transportation subproblem and one single pro-
duction line production scheduling problem. Each vehicle
(and each production line) has its own problem instance of

the same type. Since each agent constitutes an autonomous
entity, possibly with individual restrictions and requirements,
it is however natural to solve different types of subproblems
for different vehicles and production lines.

4.2.1 Transportation subproblem
We formulate a transportation subproblem, using a hierar-

chical approach, with two separate problems; a routing sub-
problem and a product assignment subproblem. The routing
subproblem is formulated as a side constrained shortest path
problem and it determines which depots (the route) the ve-
hicle will visit throughout the planning horizon. Given the
optimal route (output from the routing problem), a prod-
uct assignment problem is formulated to decide how much
of each product will be sent on each link, thus determining
how much will be picked up and delivered for each visit in
the route.

The routing subproblem RPv for vehicle v can be formu-
lated as standard minimum cost flow problem as to minimize

X

(ni,nj)∈Av

(cRPv

(ni,nj ) − η(ninj))x
RPv

(ni,nj) (25)

subject to
X

x
RPv

(nk,ni)

nk :(nk,ni)∈Av

−
X

x
RPv

(ni,nj)

nj :(ni,nj)∈Av

= bi, ni ∈ Nv, (26)

where Nv is a set of nodes and Av is a set of arcs in a
directed graph representing a time expanded transportation
network. Variable xRPv

(ni,nj ) ∈ {0, 1} determines the usage of

arc (ni, nj) ∈ Av such that xRPv

(ni,nj) = 1 if arc (ni, nj) is

used in the solution and xRPv

(ni,nj) = 0 otherwise. The “dual

variable” representation η(ni,nj) for arc (ni, nj) ∈ Av, which
is defined as a function of the actual dual variables µ and
λ, describes an extra cost/discount which is applied to the
actual cost cRPv

(ni,nj )
of (ni, nj). Constraint set (26) specifies

the node balance constraints where bi follows the rules in
equation (27). Node ns ∈ Nv denotes the node where v is
situated at the beginning of the planning period and node a
is an artificial end node that allows v to be at any node at
the end of the planning period. The node balance parameter
bni

for node ni is defined as

bni
=

8

>

<

>

:

−1 if ni = ns

1 if ni = a

0 otherwise.

(27)

Given the optimal route Ov determined by RPv (defined
as a set of outbound trips), a product assignment problem is
formulated to decide how much of each product will be sent
on each link, thus determining how much will picked up and
delivered for each visit in the route. Actually, the problem of
how to assign products to the shortest paths separates into
one subproblem (ASPo) for each outbound trip o ∈ Ov . We
define an outbound trip for a vehicle as a trip that starts in a
producer depot, visits a number of customers and ends when
the vehicle returns to some producer, i.e. the last customer
depot before returning is included in the trip.

We introduce binary decision variable xASPo
ijp ∈ {0, 1}, p ∈

P, i ∈ Ip, j ∈ Jo \ {1} assuming value 1 if the i :th item of
product p is delivered to the j:th depot in outbound trip
o and 0 otherwise. Here Ip = {1, . . . ,Φp} is an ordered
index set over the number of products that can be loaded



on v, and Jo is an index set over the visits in outbound
trip o, starting with index 1 at the producer depot. From
the maximum capacity (weight capacity ϕweight

v and volume
capacity ϕvolume

v ) of v, we get for each p ∈ P the maximum
number

Φp =

—

min



ϕweight
v

weight(p)
,
ϕvolume

v

volume(p)

ff�

(28)

of items (of product p) that can be loaded on v. Note that Φp

is restricted either by the volume capacity or by the weight
capacity of vehicle v.

We formulate our product assignment problem ASPo as
maximize

X

p∈P

X

i∈Ip

X

`

λd(∆j)pt(∆j) − µd(∆1)pt(∆1)

´

x
ASPo
ijp

j∈Jo\{1}

, (29)

subject to
X

p∈P

X

i∈Ip

X

weight(p) · xASPo
ijp ≤ ϕ

weight
v

j∈Jo\{1}

, (30)

X

p∈P

X

i∈Ip

X

volume(p) · xASPo
ijp ≤ ϕ

volume
v

j∈Jo\{1}

, (31)

x
ASPo
i+1jp ≤ x

ASPo
ijp , p ∈ P, i ∈ Ip \ {Φp}, j ∈ Jo \ {1}. (32)

Constraint (30) and (31) expresses the weight and volume
restrictions on v and constraints (32) says that item i of a
product must be delivered to a depot before item i + 1 is
delivered. ASPo assigns products to the optimal route Ov ,
and the result is a transportation plan.

The optimal objective function value of the transportation
subproblem for vehicle v is now given as

X

(ni,nj)∈Av

c
RPv

(ni,nj)x
∗RPv

(ni,nj) +
X

o∈Ov

ASP∗
o − δv (33)

where x∗RPv

(ni,nj) is the optimal value of variable xRPv

(ni,nj), and

ASP∗
o denotes the optimal objective value of ASPo.

For transportation, a quantity can be fixated either at a
producer depot or at a customer depot, and the two cases
are handled differently in the routing problem and in the
product assignment problem. We let d(f) ∈ D denote the
depot, and t(f) ∈ T the period, and p(f) the product repre-
sented by a fixation f ∈ F T

v . Now, in routing problem RPv

we instead add constraint
X

nj :d(nj)=d(f),t(nj)=t(f)

X

nk:(nk,nj )∈Av

x
RPv

(nk,nj) = 1, (34)

for each customer depot fixation f ∈ F T
v : d(f) ∈ DC . For

each production fixation f ∈ F T
v : d(f) ∈ DP , we add a

constraint
X

ni:d(ni)=d(f),t(ni)=t(f)

X

nk :(ni,nk)∈Av

x
RPv

(ni,nk) = 1. (35)

Constraint (34) says that vehicle v must arrive at depot d(f)
in period t(f), and constraint (35) mean that v must leave
d(f) in period t(f). Note that these fixation constraints
remove the integer properties of the LP relaxation of the
routing problem.

For the product assignment problems, we add a constraint
X

i∈{1,...Φp(f)}

X

j∈Jo\{1}

x
ASPo

ijp(f) ≥ f (36)

to some assignment problem ASPo (representing the fixa-
tion f) for each producer fixation f ∈ F T

v : d(f) ∈ DP .
This forces v to pickup at least f units of product p(f) from
producer depot d(f) in period t(f). For each customer fix-
ation f ∈ F T

v : d(f) ∈ DC , we instead add a constraint

x
ASPo

fjp(f) = 1, (37)

which together with constraint set (32) guarantees that a
minimum of f units of product p(f) will be delivered to
customer depot d(f) in period t(f).

4.2.2 Production scheduling subproblem
A production scheduling subproblem for a production line

l ∈ L, aims at finding improving production plans for l based
on some current values of the µ dual variables, which are
subtracted from the actual production costs in the objective
function (38). We let cprod

lp denote the cost for production

line l to produce one unit of product p ∈ P and csetup
lp denote

a fixed setup cost for each period product p is produced.
We let decision variable x

PSPl
pt ∈ Z

+ determine the amount
of product p to produce in period t. All products produced
in a period t is assumed to be available for pickup at the
same period (t). Binary variable yPSPl

pt ∈ {0, 1} is used to

indicate whether there will be a production (yPSPl
pt = 1) of

product p in period t or not (y
PSPl
pt = 0). Furthermore,

we let U denote the maximum number of different product
types that can be produced in one period. The production
scheduling problem PSPl can now be defined as minimize

X

p∈P

X

t∈T

“

c
prod
lp − µpt

”

x
PSPl
pt +

X

p∈P

X

t∈T

c
prod
lp y

PSPl
pt − θl (38)

subject to

X

t
prod
lp x

PSPl
pt

p∈P

≤ τ, t ∈ T, (39)

t
prod
lp x

PSPl
pt ≤ τy

PSPl
pt , p ∈ P, t ∈ T, (40)

X

p∈P

y
PSPl
pt ≤ U, t ∈ T, (41)

Constraints (39) models the capacity constraints, where tprod
lp

denotes the time needed for production line l to produce
one unit of product p, and τ denotes the time period length.
Constraint set (40) forces each y

PSPl
pt variable to value one

whenever the corresponding x
PSPl
pt is greater than 0 to be

able to model setup costs. Finally constraint set (41) says
that no more than U different product types can be produced
in any period. Also note that we subtract the convexity
constraint dual variable θl from the objective function, and
that the inventory balance constraints normally included in
production scheduling problems, here belongs to the master
problem which is controlled by the transport chain coordina-
tor agent, and therefore, the production scheduling problems
separate over time.

For each production fixation f ∈ FP
l , we add

x
PSPl

p(f)t(f) ≥ f (42)

to the constraint set of subproblem PSPl, which forces pro-
duction line l to include a production of no less than f units
of product p(f) in period t(f) in all subsequent plans.



5. COMPUTATIONAL EXPERIMENTS
We implemented our optimization model inside a multi-

agent based simulation tool (TAPAS [4]) to be able to utilize
a previously developed agent system. The software agent
system in TAPAS is implemented in the Java Agent DE-
velopment Framework (JADE) platform [1] and the opti-
mization problems were solved using the ILOG CPLEX2

8.0 mixed integer linear problem solver.
Currently, TAPAS runs on a single computer but a dis-

tributed implementation (with different agents running on
different computer) is possible. As discussed above, a dis-
tributed approach would increase the communication over-
head, while potentially reducing the overall solution time be-
cause the availability of more processors. In our experimen-
tal implementation, JADE causes overhead time for coding
and decoding of messages. We could however not perform
any real experiments with a parallelization of the computa-
tions, since we do not have access to the necessary amount
computers and ILOG CPLEX licenses.

Because of the slow convergence speed caused by the com-
plexity of the studied problem, we found it unreasonable
to solve RMP to optimality before fixating delivery, pickup
and production quantities. Instead fixations are performed
whenever the average relative improvement of a certain num-
ber of the latest generated plans fall below some required im-
provement level. Of course, this breaking criteria imposes a
restriction on the solution space of RMP, but hopefully we
end up with a heuristically good, integer solution to MP.

5.1 Scenario Description
We solved our problem on a set of 5 realistic scenarios

using a transportation network consisting of two producer
depots d1 (with production line l1) and d7 (with produc-
tion line l2) and 6 customer depots d2, . . . , d6 and d8, and
with a planning horizon of 72 time periods of uniform length
2 hours. The scenarios generated randomly from a set of
parameters, and they differ only in the average customer
demands, the minimum and maximum storage levels, and
the storage levels at the beginning of the planning period.
Customers d2, . . . , d6 are VMI customer, while d8 is a non
VMI customer, which means that delivery times and delivery
quantities are fixed for d8, but not for the rest of the depots.
Producer depot d1 provides customer depots d2, . . . , d6 with
products and the purpose of d7 and d8 is to model possible
non empty return transports for a small portion of the ve-
hicles traveling back from d2, . . . , d6 to d1. The depot are
connected with direct links, and from depot d1 it is possible
to travel to depots d2, . . . , d7, from depots d2, . . . , d6 all de-
pots except depot d8 can be reached, from d7 it is possible
to travel to d1 and d8, and from d8, all transports must go
to depot d1.

We have a fleet v1, . . . , v9 of 9 identical vehicles, where
v8 and v9 represents third party transport capacity which
can be called in with a transportation cost approximately
10% higher than the cost of v1, . . . , v7. In our scenario, all
vehicles are planned by the same transport planner, which
means that we have one transport planner agent and two
production planner agents (one for depot d1 and one for de-
pot d7). Moreover, we have 4 different products p1, . . . , p4,
where p4 is used to model return transports, and we assume
p4 is produced only in d7 and consumed only in d8. For stor-

2http://www.ilog.com/

age in each node, we have a min storage level (safety) and a
max storage level, and penalty costs for breaking these lev-
els. Each node also has an initial storage levels, somewhere
in between the minimum level and the maximum level, for
each product.

Furthermore, we have expected forecasted consumptions
(in units) per time period for each customer and each prod-
uct. These forecasts are known to the coordinator agent,
which also knows about the number of vehicles, products,
production lines and depots, and the penalty costs for break-
ing the storage constraints. The coordinator does however
not need to know anything about e.g. routes, transportation
costs and production costs.

5.2 Results and Discussion
In each iteration, the coordinator agent sends one plan

request message to each planner agent (in our scenario; one
transport planner and two production planners), and each
planner returns a response message to the coordinator. A re-
sponse message can either contain a generated plan or some
kind of failure notification indicating that no plan could be
generated at the time of the request. For our scenario, which
used an average of 3576 master problem iterations to reach
the final solution, in average 17467 message had to be sent.
The exact number of iterations and messages for each of the
5 scenarios is detailed in table 1. The number of messages
can be used as a measure of the overhead in the system,
compared to a non agent-based implementation approach.
The size of each message depends on the actual application
and the problem size of course, since a bigger problem e.g.
means that more dual variables must be communicated.

Table 1: Number of master problem iterations and
number of communicated messages for each of the 5
scenarios.

Scenario 1 2 3 4 5
Iterations 2239 3910 2375 3289 2740
Messages 13440 23466 14256 19734 16440

For each of the 5 scenarios, we estimated an upper bound
of the overhead imposed by the agentification of our decom-
position approach. This upper bound is calculated as the
total running time minus the estimated time for perform-
ing decomposition related tasks. For the 5 scenarios, we
measured an average total running time of 16576 seconds,
and an average lower bound estimation of the time spent in
the actual decomposition algorithm of 12583 seconds. This
gives an average estimated overhead of approximately 27.1%
of the total running time, with a standard deviation of 6.5
percentage units. Here the average estimated overhead is
taken as the average over the overhead of the 5 scenarios.

For the 5 scenarios, we estimated the expected perfor-
mance improvement that can be achieved when all subprob-
lems are distributed to, and solved in parallel on, different
computers. This is one of the purposes with the agent based
decomposition approach, and for the scenarios, we got av-
erage estimated total solving times of 5734 seconds for the
transportation subproblems and 23.6 seconds for the produc-
tion scheduling subproblems. For each of the 5 scenarios,
table 2 gives some interesting solving times and the esti-
mated performance overhead imposed by the agentification.



Assuming all problems of the same type need the same solv-

Table 2: The total running time (Total), esti-
mated decomposition algorithm time (Alg.), esti-
mated times for solving transportation (Transp.)
and production (Prod.) subproblems, and estimated
overhead (Over.) for each of the 5 scenarios.

Scenario 1 2 3 4 5
Total (s) 10043 34449 11674 14785 11931
Alg. (s) 7032 29038 8412 10283 8149
Transp. (s) 5349 8077 4997 5403 4846
Prod. (s) 18 33 19 26 22
Over. (%) 30.0 15.7 27.9 30.4 31.7

ing time, we get average times of 0.22 and 0.0040 seconds
respectively, for solving one transportation subproblem and
one production scheduling subproblem. Here, the average
transportation subproblem solve time is calculated as the
average, taken over the 5 scenarios, of the quotient with the
estimated total transportation subproblem solve time in the
numerator and 9 (number of transportation subproblems)
times the number of master problem iterations in the de-
nominator. The average production subproblem solve time
is calculated similarly, except for that the numerator is re-
placed with the total production subproblem solve time and
denominator with 2 (number of production subproblems)
times the number of iterations.

In theory, ignoring the increased communication time im-
posed by a parallelization, an average potential time reduc-
tion from (5734 + 23.6) ≈ 5758 seconds to 637 seconds can
be achieved. The reduced time for a scenario is calculated
as the number of master problem iterations times the max-
imum taken of the average solve time of one transportation
subproblem and the average solve time of one production
subproblem. In our scenario, this would constitute a time
reduction of in average 5758−637 = 5121 seconds of the total
running time. The standard deviation of this time reduction
is 1188 seconds. Here, we further assume a usage of 12 com-
puters, 9 for transportation subproblems, 2 for production
scheduling subproblems and 1 for the master problem. We
see that solving the production scheduling subproblems and
the master problem on the same computer would give the
same improved running time, but confidentiality of informa-
tion would be weakened. Note that we cannot use the main
algorithm as it is displayed in figure 3 to utilize a complete
parallelization. Instead dual variables must be sent to the
transportation planners and the production planners in par-
allel without resolving RMP in between. The actual optimal
(or actually heuristic solution) of our scenario is however
unimportant for the purpose of this paper since it is iden-
tical to the solution of the corresponding non agent-based
algorithm, and therefore, we have chosen not to present any
such data.

6. CONCLUSIONS AND FUTURE WORK
From our experiments, we see that it is possible to use

a multi-agent system to implement a decomposition based
optimization approach. There are some rather obvious posi-
tive effects of the approach, such as the possibility to provide
increased confidentiality and distributed computing. How-

ever, there are some negative effects experienced in terms of
processing and communication overheads.

Future work includes implementation of a traditional non
agent based approach to allow us to perform an exact cal-
culation of the performance overhead imposed by the agent-
based implementation. Today the performance overhead
is estimated by an approximated upper bound, which we
indeed think is a decent indication of the overhead. Un-
fortunately, it is only possible to quantity the negative ef-
fects, in terms of messages and extra computing time, of an
agent-based decomposition approach. Positive effects, e.g.
in terms of increased confidentiality and robustness, have
been discussed throughout this paper and we believe our
approach has big potentials.

There are also potential positive effects connected to the
different planners involved in the planning, in our case study,
the production and transportation planners and the coor-
dinator. Their tasks could be better supported by a dis-
tributed agent based decomposition approach than by a cen-
tralized approach. As mentioned, the confidentiality is one,
another is the ability to locally specify and modify the prob-
lem. Further, the local agent could always provide the most
recent subproblem solution to local planners (even though
based on old dual variables). Also the local planner could
manually intervene by developing (modifying) some solu-
tions and send to the coordinator.

In order to capitalize on the use of the multi-agent based
approach for achieving performance improvements, we find
it interesting to experiment with a distributed system where
each agent runs on its own computer, for example in a GRID
system. Such a distributed approach is a natural model of
the real world, where the actors (agents) are geographically
separated and each agent typically only has access to its
own data and its own computer. The estimations presented
in section 5.2 indicates that the potential benefits from a
parallelization of our approach is quite interesting. Also, a
parallelization would allow us to solve more complicated sub-
problems thus making it possible to catch more real world
details, which is important to be able to take the step from
using the model in a laboratory environment to solving“real”
problems. For this purpose we need to invest in more com-
puters and for our optimization problems, we either have to
use an open source mixed integer linear problem solver or
buy more CPLEX licenses.

Furthermore, we plan to perform a tighter integration of
our optimization ideas in TAPAS. TAPAS can, for instance,
be used to evaluate the results returned by the “optimiza-
tion” algorithm. An evaluation of the results can be use-
ful because an optimization model in some meaning always
constitutes an estimation of the real world. Also, real world
evaluations of the results are typically hard to carry out
since they tend to become rather expensive.

From a modeling perspective, there might be a need to im-
prove how visit fixations are applied to the routing subprob-
lems. The removal of the integer properties, as discussed
in section 4.2.1, may cause too much performance overhead,
which might need to be addressed. We will perform a com-
putational analysis to measure the actual performance loss
caused by this potential bottleneck.
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