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1. INTRODUCTION

Intense acoustic waves in resonators filled with
weakly nonlinear dissipative media have been studied
in detail only for quadratically nonlinear media. Such a
nonlinearity is known to be dominant for acoustic
waves in fluids and for longitudinal waves in solids.
Reviews of the results obtained for quadratically non-
linear resonators can be found in [1–3].

As for cubically nonlinear systems, they were rather
poorly investigated. The study of these systems is of
interest for two reasons.

First, this is a new physical object, whose evolution
radically differs from that of a quadratically nonlinear
wave. This new type of evolution was studied in terms
of the general theory of nonlinear waves in nondisper-
sive media by Lee-Bapty and Crighton for plane waves
[4] and by Rudenko and Sapozhnikov [5] for non-one-
dimensional wave beams. A modified Burgers equation
for the cubically nonlinear case was derived by Zabo-
lotskaya [6] as a model equation for a specific physical
situation. This derivation shows that transverse elastic

waves in a homogeneous solid obey a cubically nonlin-
ear wave equation, while the quadratic nonlinearity
proves to be vanishingly small. The relation between
the elastic constants and the cubic nonlinearity coeffi-
cient for transverse waves was corrected by us in [7].

Second, cubically nonlinear media attract consider-
able interest in connection with new applied problems.
One group of such problems is concerned with the exci-
tation of intense shear waves for medical purposes [5,
8, 9], and the other, with various geophysical applica-
tions [10]. Experimental data on cubically nonlinear
properties of such media as rubber or phantom biolog-
ical tissue were reported in [11].

2. METHOD FOR SIMPLIFYING THE PROBLEM

The success in studying standing waves in quadratically
nonlinear resonators was achieved by using the approxima-
tion based on considering two nonlinear counterpropagat-
ing waves. A detailed explanation and the physical founda-
tion of this approach can be found in [2, 12].
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A similar approach can be used for standing waves
in a cubically nonlinear resonator. However, in this
case, the model of completely independent counter-
propagating waves fails.

To show how the model can be modified and how
the approach used in [2] can be applied in our case, we
consider a wave equation describing transverse waves
in a homogeneous solid [13–15]:

 

(1)

 

Here, 

 

u

 

 is the particle velocity, 

 

ε

 

 is the acoustic nonlin-
earity parameter, and 

 

c

 

 is the velocity of wave propaga-
tion. Equation (1) is the simplest second-order differen-
tial equation containing a cubic nonlinearity. Applying
the slowly varying profile approach [13], from Eq. (1),
we derive a simplified first-order evolution equation

 

(2)

 

for simple (Riemann) waves traveling in a cubically
nonlinear medium. Here, 

 

τ

 

 = 

 

t

 

 – 

 

x

 

/

 

c

 

 and 

 

x

 

 is the “slow”
coordinate [13].

The properties of cubic Riemann waves were stud-
ied in [4]. It was shown that a progressive nonlinear dis-
tortion of an initially harmonic wave leads to the forma-
tion of an asymmetric temporal profile. A further prop-
agation leads to the formation of profile discontinuities.
Unlike a quadratically nonlinear wave, which only con-
tains pressure shocks, each of the periods of the cubic
wave contains both a compression shock and an expan-
sion shock. A cubic nonlinearity affects the propagation
velocity; for acoustic beams, such a velocity variation
in the transverse cross section may give rise to the self-
focusing or defocusing of beams [5, 14, 15].

We seek the solution to Eq. (1) in the form
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Here, 
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 is the small parameter of the problem; for
a cubically nonlinear wave, it is on the order of the

square of the acoustic Mach number (
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). Sub-
stituting Eq. (3) into Eq. (1) and ignoring the terms on
the orders of 

 

µ
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, we obtain
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Let u+ and u– be rapidly oscillating functions of
variables τ+ and τ–, respectively. Let the period-aver-
age values of these functions be equal to zero: 〈u+  =

〈u–  = 0. By sequentially averaging the above expres-
sion over the variables τ– and τ+, we arrive at the system
of equations

(4)

(5)

These equations, unlike the corresponding equa-
tions for a quadratically nonlinear medium, are not
independent. They are coupled through the averaged
squares of the variables u+ and u–, i.e., through the mean

intensities I+ = 〈 〉 ≠ 0 and I– = 〈 〉 ≠ 0. For standing
waves, we have I+ = I– = I.

Using the method described in [2, 12], one can eas-
ily verify that all of the omitted terms are nonresonant
and cannot noticeably affect the energy transfer
between the harmonics of the two counterpropagating
waves.

The nonlinear field in the resonator can be repre-
sented as a sum of two exact solutions to Eqs. (4) and
(5), as in the case of the corresponding representation
for the problem with quadratic nonlinearity. We write
these two solutions in the following convenient form:

(6)

Here, k = ω/c is the wave number and x = L is the coordi-
nate of the right-hand boundary of the nonlinear medium
occupying the region 0 < x < L. The functions F+ and F–
are determined from the boundary conditions.

In a cubically nonlinear medium, the field excitation
by a harmonic source of frequency ω is known to lead
to the excitation of only odd harmonics with frequen-
cies (2n + 1)ω. If ω is close to the lowest mode fre-
quency ω1, a pure standing wave can be formed only
when the higher harmonic frequencies are close to the
frequencies of the respective higher modes. This
regime is of most interest, because it allows the accu-
mulation of a considerable amount of energy in the res-
onator even with a weak external source. The necessary
spectrum

(7)

is characteristic of a resonator whose one wall (e.g., x = 0)
is rigid with u(x = 0, t) = 0, while the other wall corre-
sponds to the maximum particle velocity, i.e.,
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(8)

From boundary condition (8), we obtain that the
arbitrary functions F+ and F– involved in solution (6)
should be identical: F+ = F– = F. Then, the field in the
resonator takes the form

(9)

Let the boundary x = 0 oscillate according to the har-
monic law

(10)

Using Eq. (10), we reduce Eq. (9) to the nonlinear
functional equation

(11)

Linearizing Eq. (11) by formally setting ε = 0, we
obtain its general solution

(12)

Exactly at resonance, for example, at ω = ω1, solu-
tion (12) describes oscillations linearly increasing with
time without bound:

(13)

This growth (as it is known) is limited by absorp-
tion, nonlinearity, or frequency detuning from the exact
resonance:

(14)

Here and below, the dimensionless detuning ∆ is
assumed to be small. If ∆ ≠ 0 is taken into account, the
oscillations prove to be modulated and described by a
function limited in time:

(15)

Using the method described in [2], we reduce func-
tional equation (8) to the differential equation
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(16)

Here, for simplicity and for better comparison of
the results, we used the same dimensionless notation
as in [2]:

(17)

The dissipative term with the second derivative was
introduced into Eq. (16) according to the procedure
described in [2]. The parameter D is also a small quan-
tity; it is proportional to the effective viscosity b and
equal to the product of the wave absorption coefficient
by the resonator length L. In Eq. (16), we used two time
variables: the “fast” time ξ and the “slow” time T. The
“slowness” of T is determined by the smallness of the
three coefficients involved in Eq. (16), namely, ∆, D,
and M ~ U (see also [2]).

3. FREE STANDING WAVES

It is expedient to begin the analysis of standing
waves by considering the simplest case of free oscilla-
tions. Let the left-hand boundary of the resonator be
immobile, so that the particle velocity at this boundary
is equal to zero: u(x, t) = 0 at x = 0. At the right-hand
boundary x = L, the derivative of the particle velocity is
zero: ∂u/∂x = 0. At the initial instant t = 0, large-ampli-
tude oscillations arise between the stationary walls. The
subsequent evolution of the acoustic field occurs with-
out any additional influx of energy from the outside.
The problem is solved using the approach described in
Section 2. Instead of inhomogeneous equation (16) for
the auxiliary function U, we will solve a homogeneous
(M = 0) equation. The results of analyzing the homoge-
neous equation corresponding to Eq. (16) are known;
they were described in detail in [4, 5] for propagating
perturbations. However, as it was demonstrated above,
it is possible to construct a standing wave as a sum of
two counterpropagating waves. This procedure is illus-
trated in Fig. 1.

One can see that each of the two initially harmonic
waves acquires a sawtooth shape within a sufficiently
long time. Unlike the case of a quadratically nonlinear
medium, every “tooth” (half-period) has a trapezoidal
shape rather than a triangular one. The peak of the pos-
itive particle velocity at the compression shock front is
twice as large as the magnitude of the negative velocity
at this shock front. On the other hand, the magnitude of
the negative velocity at the expansion shock front is
twice as large as the positive velocity value at the same
shock front.

Using the representation in the form of a linear
superposition of two waves strongly distorted by the
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cubic nonlinearity, we construct the standing wave pro-
files according to the formula following from Eq. (9):

(18)

Here, U describes the distorted profile of the wave
traveling in the positive or negative direction of the
x axis. The arguments of both functions U in Eq. (18)
contain no nonlinear terms, because the profiles are
constructed within a single period of oscillations. Here,
it should be noted that nonlinear effects can accumulate
and considerably distort the profile on the interval
extending over many periods; their number is propor-
tional to (εM2)–1 � 1 (see, e.g., [12]).

The temporal profiles measured in different cross
sections of the resonator (L/4, L/2, and L) are shown in
Fig. 2. One can see how two narrow velocity “pulses”
(the positive and negative ones) are formed as the cross
section approaches the left-hand end of the resonator.
Exactly at the wall x = 0, these peaks vanish and the
velocity becomes identically equal to zero.

4. FORCED STANDING WAVES

In contrast to the homogeneous equation, the com-
plete version of inhomogeneous equation (16) has not
been investigated, and no corresponding results have
been obtained for traveling waves to use them as the
basis for describing standing waves.

The first attempt to analyze the equation employs
the simplest “harmonic balance” method, which is well
known from the theory of oscillations. According to
this method, a weakly nonlinear solution to Eq. (16)
should be sought in the form

(19)

Separating the terms multiplying the functions sinξ
and cosξ, we obtain a system of two coupled ordinary
differential equations:
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This system can easily be analyzed by numerical
methods. However, it has an analytical solution that
corresponds to steady-state oscillations. This solution
is obtained for T  ∞, when the time derivatives in
Eq. (20) become equal to zero: dA/dT = dB/dT = 0. The
steady-state solution to Eqs. (20) is as follows:

(21)

This solution can be represented in the simplest
form as

(22)

where

(23)

The resonance curves for the mean intensity y(δ1)
are shown in Fig. 3 for different values of the dissipa-
tion parameter: d2 = 2, 1.25, 0.75, 0.5, and 0.4. As the
absorption decreases, the shape of the curve represent-
ing the frequency response is distorted. In the case of a

weak absorption d < /2, this curve describes an
ambiguous function in a certain region of positive val-
ues of detuning δ1.

5. FORCED WAVES WITH DISCONTINUITIES

Solution (21) was obtained using the harmonic bal-
ance method (19). Its accuracy is low for strongly dis-
torted waves, especially in the most interesting case of
a wave profile with shock fronts. Therefore, we con-
sider the forced waves described by Eq. (16) by using
another approach. The steady-state regime achieved in
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Fig. 1. Shapes of the wave profiles of counterpropagating
waves in a cubically nonlinear medium.
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0 π 2π ωt

Fig. 2. Shape of a standing wave in time: measurements in
different cross sections of the resonator at distances of L/4,
L/2, and L from the left-hand end of the resonator.
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the limiting case T  ∞ is described by the ordinary
differential equation following from Eq. (16):

(24)

The integration of Eq. (24) with allowance for the
condition 〈U〉 = 0 yields the first-order equation

(25)

To simplify further calculations, we introduce the
notations

(26)

which slightly differ from notations (23) introduced
earlier. Specifically, the mean intensities j and y only
differ in a numerical factor of about unity; a similar dif-
ference takes place for other pairs: the dimensionless
dissipative coefficients Γ and d and the normalized
detunings δ and δ1. These differences follow from sim-
plicity considerations. Notations (23) allow us to repre-
sent solution (21) to Eqs. (20) in simplest form (22),
whereas notations (26) allow us to reduce Eq. (25) to
the form

(27)

It is evident that weakly absorbing media are of
most interest from the physical point of view, because
nonlinear phenomena in such media can be clearly pro-
nounced. To describe the wave profile in an ideal non-
dissipative medium, we set Γ = 0 in Eq. (27). As is dem-
onstrated below, the approximation Γ  0 is valid
everywhere except for the small vicinities of the shock
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fronts. This approximation corresponds to neglecting
the derivative, which results in the transformation of
differential equation (27) into an algebraic equation.
However, this new equation

(28)

is not a simple cubic equation, because its solution
should satisfy additional integral conditions:

(29)

Hence, the constant j involved in Eq. (28) is not
known in advance; it should only be determined after
finding the solution to Eq. (28) with an arbitrary value
of j.

Let us separately analyze different possible situa-
tions.

(a) Let the mean intensity exceed the detuning,
i.e., j – δ ≡ a2 > 0.

In this case, Eq. (28) takes the form

(30)

Qualitatively, the behavior of the solution is shown in
Fig. 4. The shape of the solution in time, which repre-
sents the wave profile, is determined graphically. First,
according to the equation f(V) = sinξ, the imaging point
is found; as the time ξ increases, this point moves along
the curve f(V) over the cycle A  B  C  A.
Second, the “horizontal” projection of motion is plotted
for this point; the projection gives the wave profile
V(ξ) = f –1[V(ξ)], where f –1 is the function that is the
inverse of the function f.
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Fig. 3. Resonance curves for the mean intensity of oscilla-
tions in a cubically nonlinear resonator for different values
of the dissipation parameter d.
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V

Fig. 4. Graphical analysis of the wave profile. The f(V)
curve is shown by the dashed line, along which the vertical
projection of the function sinξ moves. The motion begins at
the instant ξ = 0 at point A; then, oscillations between
points B and C take place.
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One can see that, in this case, the profile V(ξ) has no
singularities, because the function f(V) is monotonic.
The period and polarity of V(ξ) are the same as those of
the right-hand side of Eq. (30), which has the form of
sinξ. Evidently, the wave V(ξ) is distorted; its spectrum
contains higher harmonics, because the plot of the
function f(V) = V3 + 3a2V is not a straight line. The dif-
ference between V(ξ) and sinξ, which manifests itself
in the nonlinear distortion of the wave, increases with
an increase in the oscillation amplitude.

(b) Let the mean intensity be equal to the detun-
ing, i.e., j – δ = 0.

For this case, Eq. (28) takes the form

(31)

It has an exact analytical solution:

(32)

The Fourier series expansion only contains the odd
harmonics with the amplitudes

(33)

f V( ) V3 ξ.sin= =

V ξ( )sin
1/3

B2n 1– 2n 1–( )ξ[ ],sin
n 1=

∞

∑= =

j
1

π
-------Γ 5

6
---⎝ ⎠

⎛ ⎞ 0.64.≈=

B2n 1–
3

24/3
--------

Γ 7
3
---⎝ ⎠

⎛ ⎞

Γ 2
3
--- n+⎝ ⎠

⎛ ⎞ Γ 5
3
--- n–⎝ ⎠

⎛ ⎞
-------------------------------------------,=

B2n 0, n 1 2 3 …., , ,= =

The even harmonics are absent in this expansion,
because the nonlinearity of the medium is cubic rather
than quadratic.

The numerical estimate in Eqs. (32) indicates the
upper limit for the case j – δ > 0. Evidently, an increase
in the detuning within the interval –∞ < δ < 0.64 leads
to an increase in the mean intensity from zero to 0.64.

(c) Let the positive detuning exceed the mean
intensity, i.e., j – δ ≡ –a2 < 0, and, in addition, 2a3 > 1.

Then, Eq. (28) takes the form

(34)

The behavior of the solution to Eq. (34) is analyzed
in Fig. 5. One can see that the oscillations of the right-
hand side of Eq. (34) lead to the motion of the imaging
point over the cycle A  B  C  A along the
curve f(V). As in case (a), the wave profile V(ξ) is dis-
torted by the nonlinearity but contains no discontinui-
ties. The polarity of oscillations of the function V(ξ) is
inverse with respect to sinξ, unlike the profile shown in
Fig. 4.

(d) Let the positive detuning exceed the mean
intensity, j – δ ≡ –a2 < 0, but 2a3 < 1.

This case is most difficult to analyze because of the
discontinuities arising in different parts of the wave
profile.

Let us consider Eq. (34) under the assumption that
0 < 2a3 < 1. In this case, algebraic equation (34) has one
real root for |sinξ| > 2a3 and three real roots for |sinξ| <
2a3. Assuming that 2a3 < sinξ < 1, we determine the sin-
gle root V1:

(35)

For the case 0 < sinξ < 2a3, we determine three real
roots:

(36)

(37)

(38)

From Eq. (34), it follows that the solution should
change its sign when the function sinξ becomes nega-
tive.

To obtain a qualitative graphical representation of
the wave profile, we consider Fig. 6. Let the motion
begin at the point A with the value V = 0 at ξ = 0.
From Eqs. (36)–(38), we obtain that, at ξ = 0, three

roots are present: V1 = a , V2 = –a , and V3 = 0.
It is evident that, for the argument ξ increasing in the
region 0 ≤ ξ < ξS, where sinξS = 2a3, we should
choose the third root V = V3.

f V( ) V3 3a2V– ξ.sin= =

V1 0.5 ξsin 0.5 ξsin
2

4a6–+3=

+ 0.5 ξsin 0.5 ξsin
2

4a6––3 .

V1 2a f ξ( ), f ξ( )cos
1
3
--- ξsin

2a3
----------,arccos≡=

V2 a f ξ( )cos– 3a f ξ( ),sin–=

V3 a f ξ( )cos– 3a f ξ( ).sin+=

3 3

f (V)

2a3

a

ξ

sin ξ
V (ξ)

ξ

A

C

B

–a Va 3–

Fig. 5. Graphical analysis of the wave profile (by analogy
with Fig. 4) for large positive values of detuning δ = j + a2

in the case of 2a3 > 1.
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When the argument reaches the value ξ = ξS, the
solution varies in a jump-like manner from V =
V3(ξS) = –a to V = V1(ξS) = 2a, which corresponds to
the jump from position B to position C. Within the
segment CD, only one real solution is present: V = V1
given by Eq. (35). It reaches its maximum at point D
at ξ = π/2:

(39)

As the variable ξ increases further, it passes through
the value ξ = π – ξS, and the solution V1 changes its ana-
lytical representation from Eq. (35) to Eq. (36).

At ξ = π, the function sinξ changes sign and, as fol-
lows from Eq. (34), the root V1 should change from

a  to –a . However, the solution V cannot be dis-
continuous at ξ = π; therefore, its representation should
be changed by using the root V2 or V3 instead of V1. In
this case, from Eqs. (37) and (38), we choose the root V2,

which varies from –a  to a  at ξ = π, whereas
V3 = 0 at ξ = π. As a result, at ξ = π, the solution V =
V1(ξ) changes to V = V2(ξ) so as to remain continuous.

The latter representation is valid up to ξ = π + ξS. At
ξ = π + ξS, the solution exhibits another jump from V =
V2(π + ξS) = a to V = V1(π + ξS) = –2a, which corre-
sponds to the jump from point E to point F.

As the argument increases further to ξ = 3π/2, the
solution V = V1(ξ) reaches its minimum, corresponding
to point G in Fig. 6:

(40)

Expression (40) differs from Eq. (39) only in sign.
When the increasing argument ξ passes through the

value ξ = 2π, the function sinξ again changes sign, and

the root V1 varies from –a  to a . Since the solu-
tion should be continuous at ξ = 2π, it should be
described not by the root V1(ξ), but by one of the other
roots: V2(ξ) or V3(ξ). From Eqs. (37) and (38), we
obtain that, for the argument ξ increasing from the

value ξ = 2π, the roots are equal to V2(2π) = –a  and
V3(2π) = 0.

Thus, to retain the continuity of the solution at the
passage through the point ξ = 2π, the representation of

the solution should be changed from V1(2π – 0) = –a

to V2(2π + 0) = –a . Note that the use of the root V3 = 0
at the beginning of motion was an exception related to
the choice of the initial condition inconsistent with the
steady-state regime of oscillations. To describe the
steady-state periodic motion, it is necessary to use

another root and set V(2π) = V2(2π) = –a .

V π/2( ) V1 π/2( )=

=  0.5 0.5 1 4a6–+3 0.5 0.5 1 4a6––3 .+

3 3

3 3

V 3π/2( ) V1 3π/2( )=

=  0.5 0.5 1 4a6–+3– 0.5 0.5 1 4a6––3 .–

3 3

3

3

3

3

The next discontinuity arises at ξ = 2π + ξS, where V
varies from V = V2(2π + ξS) = –a to V = V1(2π + ξS) =
2a. This jump was already considered for ξ = ξS, and,
hence, the first period of oscillations of V(ξ) is com-
pletely described.

Now, let us summarize the results of analyzing the
solutions to Eq. (34) for the parameter satisfying the
condition 2a3 < 1.

(i) In the region 0 ≤ ξ ≤ ξS or 0 ≤ sinξ ≤ sinξS = 2a3,
the solution is given by the formula

(41)

(ii) In the region ξS ≤ ξ ≤ π – ξS, 2a3 ≤ sinξ ≤ 1, the
solution is given by the formula

(42)

(iii) In the region π – ξS ≤ ξ ≤ π, 0 ≤ sinξ ≤ 2a3, the
solution is given as

(43)

V V3 ξ( ) a f ξ( )cos– 3a f ξ( ),sin+= =

V3 0( ) 0, V3 ξS( ) a.–= =

V V1 0.5 ξsin 0.5 ξsin
2

4a6–+3= =

+ 0.5 ξsin 0.5 ξsin
2

4a6––3 ,

V1 ξS( ) 2a,=

V1 π/2( ) = 0.5 0.5 1 4a6–+3 0.5 0.5 1 4a6––3 ,+

V1 π ξS–( ) 2a.=

V1 V1 ξ( ) 2a f ξ( ),cos= =

V1 π ξS–( ) 2a, V1 π( ) a 3.= =

f (V)

sin ξ

V (ξ)

ξ

A

CB

–a

D

F

G

a

E
V

2a3

ξ

a 3–

Fig. 6. Graphical analysis of the wave profile (by analogy
with Fig. 5) for large positive values of detuning δ = j + a2

in the case of 2a3 < 1.
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(iv) In the region π ≤ ξ ≤ π + ξS, –2a3 ≤ sinξ ≤ 0, the
solution is

(44)

(v) In the region π + ξS ≤ ξ ≤ 2π – ξS, –1 ≤ sinξ ≤
−2a3, the solution is

(45)

(vi) In the region 2π – ξS ≤ ξ ≤ 2π, –2a3 ≤ sinξ ≤ 0,
the solution is

(46)

(vii) In the region 2π ≤ ξ ≤ 2π + ξS, 0 ≤ sinξ ≤ 2a3,
the solution is

(47)

(viii) In the region 2π + ξS ≤ ξ ≤ 3π – ξS, the solution
coincides with that obtained for region (ii).

Analyzing the behavior of the solution in the latter
case, j – δ ≡ –a2 < 0 and 0 < 2a3 < 1, we assumed that
the function describing the wave profile contains dis-
continuities. The aforementioned compression shocks
(jumps from V = –a to V = 2a) and expansion shocks
(jumps from V = a to V = –2a) can occur only when the
positions of the imaging points B and E are unstable
while its positions C and F are stable.

To analyze the stability, we consider Eq. (27) with
allowance for the term containing the derivative and the
small parameter Γ:

(48)

Here, we have two time scales: the “slow” time ξ
and the “fast” time ξ/Γ. To move along the segment BC,
the slow time should be “frozen”: ξ = ξS and sinξS =
2a3. Then, Eq. (48) takes the form

(49)

V V2 ξ( ) a f ξ( )cos 3a f ξ( ),sin+= =

V2 π( ) a 3, V2 π ξS+( ) a.= =

V V1 0.5 ξsin 0.5 ξsin
2

4a6–+3–= =

– 0.5 ξsin 0.5 ξsin
2

4a6––3 ,

V1 π ξS+( ) 2– a,=

V1 3π/2( ) 0.5 0.5 1 4a6–+3–=

– 0.5 0.5 1 4a6––3 , V1 2π ξS–( ) 2– a.=

V V1 ξ( ) 2a f 1 ξ( ), f 1 ξ( )cos–
1
3
--- ξsin

2a3
----------,arccos≡= =

V1 2π ξS–( ) 2a, V1 2π( )– a 3.–= =

V V2 ξ( ) a– f ξ( )cos 3a f ξ( ),sin–= =

V2 2π( ) a– 3, V2 2π ξS+( ) a– .= =

ΓdV
dξ
------- V3 3a2V–+ ξ.sin=

ΓdV
dξ
------- V a+( )2 V 2a–( ).–=

To study the stability of point B, we set V = –a + V' in
Eq. (49) and linearize this equation with respect to the
small deviation V':

(50)

The solution to this equation

(51)

shows that any positive initial perturbation V'(0) > 0 is
a growing function of the fast time, and point B is unsta-
ble. Leaving point B, the perturbation grows, and the
system moves toward point C. Equation (49) shows that
C is an immobile point, because, at this point, V = 2a and
dV/dξ = 0. To investigate the stability of position C, we
set V = 2a + V' in Eq. (49). The corresponding linear-
ized equation and its solution have the form

(52)

which demonstrates stability: any initial perturbation
V'(0) decreases as the fast time increases. In a similar
way, it is possible to prove the instability of point E and
the stability of point F, which justify the necessity of
the second jump EF.

6. THE RESONANCE CURVE FOR FORCED 
DISCONTINUOUS OSCILLATIONS

Now, it is possible to analyze the frequency charac-
teristic of a cubically nonlinear resonator for forced dis-
continuous oscillations by numerical methods using
Eqs. (41)–(47). It is evident that the resonance curve for
discontinuous waves should considerably differ from
the quasi-linear characteristics that are calculated by
the harmonic balance method and shown in Fig. 3.

We intend to publish the results of numerical calcu-
lations later. In this paper, we limit our consideration to
the qualitative analysis of a simplified model problem
in order to reveal the basic features. We take into
account the complicated nonlinear behavior of the sys-
tem that was analyzed above using Figs. 4–6.

To obtain analytical formulas, we proceed from the
problem statement based on cubic equation (28) with
additional conditions (29), i.e.,

(53)

to the “model” statement

(54)

ΓdV'
dξ
-------- 3a2V'2.=

V' V' 0( )

1 3aV' 0( ) ξ
Γ
---–

---------------------------------=

ΓdV'
dξ
-------- 9a2V', V'– V' 0( ) 9a2 ξ

Γ
---–⎝ ⎠

⎛ ⎞ ,exp= =

f V( ) V3 3 j δ–( )V+ ξ,sin= =

V〈 〉 0, V2〈 〉 j,= =

f V( ) V V 2 j δ–( )V+ ϕ ξ( ),= =

V〈 〉 0, V2〈 〉 j.= =
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Here, the cubic parabola is approximated by two
arcs of a quadratic parabola, while the sine on the right-
hand side of Eq. (53) is replaced by the function

(55)

periodically extended with a period equal to 4.
Model (54), (55) allows a complete analytical solu-
tion. The analysis is performed below according to
the scheme described in Section 5 with the same spe-
cific cases (a)–(d).

(a) Let the mean intensity exceed the detuning,
i.e., j – δ ≡ a2 > 0.

In this case, within the half-period –1 < ξ < 1,
Eq. (54) takes the form

(56)

Averaging the solution to the quadratic equation (56),
we obtain

(57)

where

(58)

(b) Let the mean intensity be equal to the detun-
ing, i.e., j – δ = 0.

Equation (54) for –1 < ξ < 1 has the form

(59)

By averaging the solution, we obtain δ = j = 2/3.

(c) Let the positive detuning exceed the mean
intensity, i.e., j – δ ≡ –a2 < 0, and, in addition, a2 > 1.

For this case, Eq. (54) in the region –1 < ξ < 1 is as
follows:

(60)

Performing the necessary calculations, we arrive at
the formula

(61)

ϕ ξ( ) 1 ξ2, 1– ξ 1;< <–=

ϕ ξ( ) 1– ξ 2–( )2, 1 ξ 3< <+=

f V( ) V2 2a2V+ 1 ξ2.–= =

V2〈 〉 j δ a2( ) a2,+= =

δ a2( ) a4 a2– 2
3
--- a2 1 a4+( ) 1 a4+( ) 1/2–

.arcsin–+=

f V( ) V2 1 ξ2.–= =

f V( ) V2 2a2V– 1 ξ2.–= =

δ a2( ) a4 a2 2
3
---– a2 a4 1–( ) a2 1+

a2 1–
--------------.ln–+=

(d) Let the positive detuning exceed the mean
intensity, i.e., j – δ ≡ –a2 < 0, but a2 < 1.

By averaging the solution to Eq. (60) with allow-
ance for the jumps illustrated in Fig. 6, we obtain the
expression

(62)

The three branches of the resonance curve given by
Eqs. (58), (61), and (62) are sewn together as shown in
Fig. 7. Comparing the curves plotted in Figs. 7 and 3,
we conclude that the frequency characteristic in Fig. 7
is the limiting curve for the characteristics shown in
Fig. 3 in the case of viscosity tending to zero or the
boundary oscillation amplitude tending to infinity. At
the same time, the nonlinear absorption at the shock
fronts prevails over the conventional linear absorption.
As one can see from Fig. 7, the field intensity in the res-
onator cannot exceed a certain maximum value; i.e., a
nonlinear saturation takes place.

The ambiguity observed in the dependence of the
field intensity on the frequency detuning in Fig. 7 is
presumably eliminated in the process of reaching the
absolute maximum by smoothly increasing or decreas-
ing the frequency of wall oscillations, by analogy with
the forced oscillations in the Duffing equation model.
The latter problem is described in many textbooks on
the theory of oscillations and also considered in detail
in [16]. If this analogy is valid, the maximum field
intensity will be reached with an increase in the wall
oscillation frequency; after the absolute maximum is

δ a2( ) 3a4 a2 1 a4– 2
3
--- 1

3
--- 2

2
-------+⎝ ⎠

⎛ ⎞ a4++ +=

+
1
2
---a2 1 a4–( ) 1 a2–

1 a2+
--------------ln

+
1
2
---a2 1 a4+( ) 1 a4–

1 a4+
--------------arcsin 1

1 a4+
------------------arcsin+ .

j

4

3

2

1

0
–0.4

–2 0 2 4 δ

Fig. 7. Resonance curve for discontinuous oscillations in a
cubically nonlinear acoustic resonator.
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reached, the intensity decreases in a jumplike manner to
a certain small value. If we now reduce the frequency,
the inverse jump from the lower branch to the upper one
will occur at a smaller value of detuning δ. Hence, a
smooth variation in the frequency of large-amplitude
wall oscillations leads to a hysteresis. In the region of
detuning values where the hysteresis is present, a bista-
bility associated with the aforementioned jumps is pos-
sible, and a transition from regular to chaotic field
oscillations in the resonator may occur. However, this
analogy may be inapplicable, because a resonator is a
more complicated system that cannot be described by
ordinary differential equations. To verify the validity of
the aforementioned analogy and to reveal the features
in the behavior of a resonator as a nonlinear distributed
system, additional studies are necessary.

7. CONCLUSIONS

Thus, we proposed a method for analyzing intense
oscillations of a planar acoustic resonator filled with a
cubically nonlinear medium. We developed a theory
that describes strongly distorted waves containing com-
pression and expansion shock fronts. We determined
the resonance characteristics for the case of linear
absorption, as well as for very large amplitudes of
boundary oscillations, at which the field in the resona-
tor reaches saturation. We revealed the possibility of
hysteresis and bistability in the system. The results of
this study can be useful for biomedical and geophysical
applications of nonlinear acoustics, as well as for prob-
lems of nonlinear diagnostics (primarily, shear elastic-
ity measurements). Today, these applications are the
object of active research.
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