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Abstract

Sensitive nonlinear acoustic methods are suitable for material characterization.
This thesis describes three nonlinear acoustic methods that are proven useful
for detection of defects like cracks and delaminations in solids. They offer
the possibility to use relatively low frequencies which is advantageous because
attenuation and diffraction effects are smaller for low frequencies. Therefore
large and multi-layered complete objects can be investigated in about one
second.
Sometimes the position of the damage is required. But it is in general difficult
to limit the geometrical extent of low-frequency acoustic waves. A technique
is presented that constrains the wave field to a localized trapped mode so that
damage can be located.

Keywords: nonlinear acoustics, nondestructive testing, activation density,
slow dynamics, resonance frequency, nonlinear wave modulation spectroscopy,
harmonic generation, trapped modes, open resonator, sweep rate.
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Chapter 1

Introduction

1.1 Background

In the manufacturing companies of today the amount of material in the prod-
ucts is being minimized due to cost reduction demands. This leads to higher
stresses which in turn tends to shorten the products’ lifetime. Also, new ma-
terials are being introduced, whose long time changes are not well known.
Still, rupture and breakdown from erroneous production, overload and fatigue
must be prevented. The demand to assemble defect free parts is very high and
can, if not met, be dangerous for the user and detrimental to the company.
Therefore the interest to detect damage early is steadily increasing. Dam-
age can be monitored in many ways. Mostly it is done through use of some
NonDestructive Testing (NDT) method [1, 2]. NonDestructive Testing means
that the tested object is in the same condition after being examined as it was
before - no damage has been added in the testing procedure. This is oppo-
site to destructive testing where parts or assembled structures are tested until
damage occurs, or are being damaged for subsequent internal examination.
For example, the seat belt arrangement in road construction vehicles must be
tested until permanent deformation has occurred [3].
Damage is in this thesis referring to a single crack, a collection of cracks, or
delaminations. This damage can be caused for example by different types of
fatigue loading, overload tension, bending, twisting or mechanical impacts.
Alternatively, cracks can be naturally present, for example in materials like
rocks, concrete, cast iron or in badly quenched metals.
Two main areas are identified for nondestructive testing: manufacturing and
maintenance.
In a production line damage tests are often performed to ensure quality. It is
commonly done through a visual inspection and based upon statistics where
a certain number of parts are inspected to represent the population. In sta-
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tistically based tests a fraction of the total number of parts are tested. In
production line testing, the speed of testing and evaluation is of great impor-
tance since the production rate usually is high.
Maintenance testing is the other field. For example, airplane wings and ship
hulls are tested at intervals - predefined by the number of hours of use. These
tests make sense only when being nondestructive.
Accessibility, the ability to reach the relevant parts, is an important factor
which is often limited for complete products. Testing of complicated geome-
tries or when only a single side of an object is accessible raise demands on the
testing method. The use of advanced testing equipment sometimes require rig-
orous safety regulations or complicated analyses, which means that a skilled
operator is required.
Acoustic nondestructive testing methods have been used for a long time, for
example by tapping a crystal glass and intuitively assessing differences in res-
onance frequency, harmonic generation and attenuation.
Today the acoustic methods in general have been further developed using elec-
tronic equipment. The nonlinear acoustic methods in particular are extremely
useful in detecting damage, as nonlinearity in solids is directly coupled to im-
perfections and discontinuities like cracks and delaminations. One detects the
nonlinearity by measuring either the distortion of the acoustic signal, or the
resonance frequency shift of a mode. Damage can be detected because it is
the damage itself that distorts the wave. The degree of the naturally existing
distortion is usually much smaller than the distortion from what is regarded
as damaged material.

1.2 Problem description

The ability to detect damage in products is gaining in importance as safety
limits are tightened and as design parameters are optimized to reduce cost
by minimizing the amount of material in the products. Safety demands and
the quality awareness of the users are increasing, leading to more rigourus
validation, testing and quality assurance. One part in validation of a stated
specification is to find defects by NonDestructive Testing. Maintenance of
parts in products is scheduled to prevent accidents or breakdown.
Specific demands on the nondestructive method could be that it should be non-
contact for convenience or by necessity, or that the method can determine the
position of the defect.

2



1 Introduction

1.3 Aim and scope

This work has focused on examining and developing the nonlinear acoustic
methods in order to make them suitable for the implemention in a production
line or in maintenance testing. The viability and suitability of the methods
were demonstrated on several types of objects. Identification of crucial testing
demands is in this thesis leading to the development of a non-contact source.
High acoustic amplitudes were reached through the use of the open resonator
concept, introduced in the papers in this thesis. The open resonator also
led through dynamically trapped modes to a working damage localization
technique for flat extended structures.
The overall aim for this thesis has been to find nonlinear acoustic methods
applicable for nondestructive testing and to develop a non-contact damage
localization method usable for production and maintenance.
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Chapter 2

Nondestructive testing

2.1 Nondestructive testing methods

NonDestructive Testing is defined by The American Society for Nondestruc-
tive Testing (ASNT) as ”Comprising those test methods to examine an ob-
ject, material or system without impairing its future usefulness” [4]. This is
also called NonDestructive Evaluation (NDE) or NonDestructive Inspection
(NDI). However, these are sometimes distinguished from NDT, where NDE
then refers to the evaluation of the test results only and NDI refers to only
the inspection. Medical ultrasound, x-rays and Magnetic Resonance Imaging
are nondestructive tests with the human body as object.
The nature of NDT is found in the questions put. Does this object meet the
defined specifications? Is something wrong with this object? How much longer
can we use it?
There exist several methods of nondestructive testing. One versatile and sen-
sitive test tool is the human body. Using the different senses and the capacity
of the brain for evaluation, human NDT has existed for a very long time. By
using the sense of sight, touch, hearing and even smell and taste, it is possible
to qualitatively distinguish between objects. The result vary from human to
human and results can also differ for the same human from time to time. In
finding a crack below the surface in an object, the human senses may have diffi-
culties, but even those might sometimes be detected through hearing frequency
and damping changes of the resonances in the sound spectrum. In industrial
applications of NDT a low variation of the result is highly desirable. Different
methods have different advantages and disadvantages. Test and evaluation
speed varies, as well as investment cost and accessibility. Training, operator
skill and safety regulations can also play a major role in the choice of method.
Some common NDT methods are described below. For each method the prin-
ciple in short is described, and some advantages and some disadvantages are

5



K. Haller: Nonlinear Acoustics Applied to NonDestructive Testing

listed. For more detailed information, see references [1], [2] and [5] where each
of the existing methods are described in more depth. For ultrasonic testing,
reference [6] is recommended. Accessibility refers to if one or several sides of
the object need to be reached during examination.

Visual inspection
Principle: To look at an object with the eye.
Advantages: This method requires no investment in special equipment. The
sensitivity and reliability can be high or low, depending on the task.
Disadvantages: Can be unreliable because depending on the person inspect-
ing. Might require experienced operators. Only surface defects will usually be
discovered.
Accessibility: Inspect and evaluate one surface at a time.

Penetrant
Principle: A penetrating liquid is applied onto a surface. By capillary forces
the liquid is pulled into surface cracks. Then a visual inspection follows.
Advantages: Cheap method. Complex geometries can be inspected.
Disadvantages: Surface must be prepared carefully. Detects only defects open
to the surface. Cleaning after inspection is needed.
Accessibility: The surfaces which the penetrant can be applied to and then
visually inspected.

Radiographic
Principle: Penetrating radiation with x-rays being sent through an object and
detected on the backside on a radiographic film.
Advantages: Detects both surface and interior defects. Almost all materials
and complex geometries can be inspected.
Disadvantages: Possible radiation risk means strict safety regulations. Skilled
operator is required.
Accessibility: Front- and back-side of the object need to be accessed.

Eddy current
Principle: Electromagnetic induction create electrical fields in a conductive
material. The change in the magnetic field from the coil induce a current in
the object. These currents are closed loops and are called Eddy currents. By
measuring the magnetic field from the Eddy currents, defects can be detected.
Advantages: It is a non-contact technique. Object preparation is minimal.
Disadvantages: Only electrically conductive materials can be used. Reference
standard values are needed for determination of damage.
Accessibility: Inspect and evaluate one surface at a time.

6



2 Nondestructive testing

Ultrasonics, linear
Principle: High frequency sound waves are sent into an object. As the wave
travels, it partially reflects, diffracts and attenuates at edges of holes, defects
and at the back of the object. Either the reflected wave (pulse-echo) or the
transmitted wave (pitch-catch) wave is analyzed.
Advantages: This method is locating the depth of the defects. The thickness
of the object can be controlled. All materials allowing traveling mechanical
waves can be inspected.
Disadvantages: Evaluation is often difficult, and a skilled operator is needed.
Defects parallel to the wave are often not discovered. The smallest size of
detectable defect is approximately half of the ultrasonic wavelength [6] p. 8.
Roughness of the surface can deteriorate the test. The high frequencies are
damped which puts a limit on the size of object. Layered media can trap the
ultrasonic waves, so that some parts of the objects are not investigated.
Accessibility: Pitch-catch method requires double side access and pulse echo
one side access.

The previously mentioned methods are shortly discussed with both produc-
tion line and maintenance testing in mind. As a general method providing
interior and exterior status of the examined object two methods are found to
be suitable. One is the radiographic method, but the specialized equipment
and strict safety regulations do not always allow flexibility, especially in main-
tenance. The other is ultrasonic testing, which has drawbacks in accessibility
limitation, attenuation which limits object size, crack orientation variation,
and non-detectability of crack sizes smaller than half the wave length [6]. Fi-
nally, the damage can be ”shadowed” by construction geometries like holes
or diffracting layers. Therefore, sometimes it does not provide the required
flexibility or sensitivity.

2.2 Nonlinear acoustics for nondestructive testing

The nonlinear acoustic methods make significant contributions to the area of
NDT. They detect the nonlinear distortion of an acoustic wave which takes
place in a damaged object. The wave is distorted due to the presence of
defects and can be viewed as a measure of material quality. The distortion
takes place even when the wavelength is much larger than the damage size.
This allows the use of low acoustic frequencies, much lower than for linear
ultrasound. With lower frequencies, the wave propagation range increases
and larger objects may be investigated. It is also not diffracted as easily by
holes and layers of different materials, and are usually bound to be present
everywhere in the object. Therefore the input and receiving positions of the
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soundwaves can be almost arbritary. The accessibility for nonlinear acoustic
methods is high. This allows fast investigation of complete objects, often done
in one single test. For a determination of damage position, which is sometimes
desirable, the extension into a localization technique must be made. This is
described later in this thesis.
Measurement speed and evaluation time is crucial for many applications. The
time to complete a measurement and evaluation cycle for the nonlinear acous-
tic measurement used in this thesis is the time it takes to introduce and build
up acoustical waves in the object and to record and analyze it. The recorded
result can be analyzed in the frequency domain where it is easily masked to a
pass or fault case. If it is a pass, no further analysis is needed. If the result is
fault, the object can be discarded or subjected to further investigations such
as scanning to localize the damaged region. An approach like this can be used
in a production line where every single object is tested, or for the selected
objects in a statistical selection. In maintenance, nonlinear acoustic can be
used while the product is in operation to determine if further investigation is
needed. Service and repair would be done only when damage is indicated.
The nonlinear material elasticity and nonlinear acoustic methods are presented
in a review article by Guyer and Johnson [7] and in a recent published book
[8]. Examples of articles with nonlinear acoustical methods applied to NDT
are [9],[10], [11]. A lot of tests have been made on rocks which contain a large
amount of natural crack formations [12],[13],[14]. Human bone tests have been
made by Muller et al. [15].

8



Chapter 3

Acoustics

3.1 Acoustics

A sound wave is a mechanical vibration traveling in an elastic medium. Unlike
electromagnetic waves, acoustic waves must have a medium to travel within
and can not travel in vacuum. Sound waves have the capability to penetrate
long distances in proper media and at low enough frequencies. The human
hearing range from 20 to 20 000 Hz defines the sonic range, infrasonics is
defined for frequencies below 20 Hz and ultrasonics is defined for frequencies
above 20 000 Hz. The animal hearing range is different from the human range.
For example dogs have the range of about 65 to 45 000 Hz, and cats 45 to
65 000 Hz [16]. The amount of energy that can be transported by an acous-
tic wave covers many orders of magnitude. High power acoustic waves can be
used to change, heat, or even mechanically destroy a material. One example is
demolition of kidney stones using high power acoustics [17]. Another example
is welding using ultrasonic waves [18]. For nondestructive testing small power
sound waves that do no permanently change the material are used. The dif-
ferences between linear and nonlinear experimental acoustics is that in linear
experiments the attenuation, reflection, transmission, and time of flight are
main parameters while the nonlinear experiments often uses the amplitude of
generated frequencies, or the resonance frequency shift as main parameters.

3.2 Theory of nonlinear acoustic

In this section a nonlinear wave equation will be derived, which give the the-
oretical basis for two of the methods used in the thesis. A one dimensional
geometry will be considered, which means that all motions take place in the
x-direction.
First consider the conservation of mass. Consider the constant mass ∆m

9
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initially found between x and x + ∆x, with side surface of S, see Figure 3.1.

S

xx x+Δx

Δm

S

x

Δm

x+ξ+Δx+Δξx+ξ

Undisturbed state (ρ=ρ0)

Disturbed state (ρ=ρ)

Figure 3.1. Conservation of mass

The undisturbed state is defined by density ρ0 and pressure p0. The mass
element between positions x and x + ∆x is ∆m = ρ0S∆x. For a disturbance
moving through the mass element the same mass is found between the positions
x + ξ and x + ξ + ∆x + ∆ξ, where ξ is the particle displacement. With
∆ξ = ∂ξ/∂x∆x, we get

∆m = ρS(1 +
∂ξ

∂x
)∆x . (3.1)

From the two expressions for ∆m, the following equation is obtained

ρ0 = ρ(1 +
∂ξ

∂x
) . (3.2)

Second, consider the equation of motion for the same mass ∆m, see Figure
3.2.

S

xx+∆x

∆m

p=p(x) p=p(x+∆x)

x

Figure 3.2. Equation of motion
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3 Acoustics

The well known Newton’s second law is

F = ma = ∆m · ∂2ξ

∂t2
. (3.3)

No external forces are applied, resulting in (with equation (3.1))

p(x) · S − p(x + ∆x) · S = ∆xSρ0 · ∂2ξ

∂t2
. (3.4)

Expanding the pressure in a series p(x + ∆x) = p(x) + ∂p
∂x∆x and inserting it

into (3.4) gives

−∂p

∂x
= ρ0 · ∂2ξ

∂t2
. (3.5)

Even though we are dealing with solids, the first derivation of the nonlinear
equation will be done first for a gas because it is easier to derive [19]. The gas
equation of state result will later on be replaced by a more general expression
- a cubic expansion of the equation of state.
The density is ρ = m/V , therefore V = m/ρ. Consider the small mass element
∆m. For isentropic gases we have the adiabatic gas law

p(
∆m

ρ
)γ = constant = p0(

∆m

ρ0
)γ , (3.6)

where γ = cp/cv is the specific heat. The mass is removed:

p = p0(
ρ

ρ0
)γ . (3.7)

Rewriting (3.2) as ρ = ρ0/(1 + ∂ξ
∂x) and inserting into (3.7), gives p = p0/(1 +

∂ξ
∂x)γ . This inserted into (3.5) results in

ρ0
∂2ξ

∂t2
= −(

∂

∂x
)

p0

(1 + ∂ξ
∂x)γ

, (3.8)

which can be rewritten as

∂2ξ

∂t2
= γ(

p0

ρ0
)

∂2ξ
∂x2

(1 + ∂ξ
∂x)γ+1

. (3.9)

Here c2
0 = γp0/ρ0 is found to be the sound speed and (γ + 1)/2 ≡ ε is referred

to as the nonlinear parameter. Equation (3.9) can be written as

∂2ξ

∂t2
= c2

0

∂2ξ
∂x2

(1 + ∂ξ
∂x)2ε

. (3.10)

11
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This equation is the nonlinear Earnshaw equation from 1860 [20],[19]. If the
quadratic nonlinearity or higher order is going to be studied, expand 1/(1 +
∂ξ/∂x)2ε in a Fourier series

1
(1 + ∂ξ

∂x)2ε
∼ 1 − 2ε

∂ξ

∂x
+

2ε(2ε − 1)
2

(
∂ξ

∂x
)2 + . . . . (3.11)

Equation (3.11) inserted into equation (3.10) gives

∂2ξ

∂t2
− c2

0

∂2ξ

∂x2
= −2εc2

0

∂ξ

∂x

∂2ξ

∂x2
+ ε(2ε − 1)c2

0(
∂ξ

∂x
)2

∂2ξ

∂x2
+ . . . . (3.12)

The first term on the righthand side is representing the quadratic nonlinearity
and the second term is representing the cubic nonlinearity.
A more general description, which is valid for any medium, is the form in
equation (3.13).

∂2ξ

∂t2
− c2

0

∂2ξ

∂x2︸ ︷︷ ︸
I

= c2
0

∂2

∂x2
(βξ2︸︷︷︸

II

+ δξ3︸︷︷︸
III

) . (3.13)

Here the quadratic and cubic nonlinear terms are not derived for the specific
medium. Instead, the parameters β and δ can be found from experiments. This
has so far been the way to determine the values for real materials anyway. The
first term I is the linear term, the second term II is the quadratic nonlinearity
and the third term III is the cubic nonlinearity. An example of a model stress-
strain relation within the elastic region typical for solids is shown in Figure
3.3. It is harder to compress than to pull.

Figure 3.3. Stress strain relation typical for solids,
where the stress σ = p, and the strain ε = ∂ξ

∂x
[21].

Let us now leave the world of equations momentarily and look at the most
simple nonlinear wave evolution. The waves are expressed in the particle
velocity u = ∂ξ/dt - instead of the particle displacement ξ. The retarded time

τ = t − x

c0
(3.14)

12



3 Acoustics

is introduced for a wave propagating in the x-direction, so that observation of
changes in the shape may be made. The quadratic nonlinear wave evolution
for an initial sinusoidal wave, u0 = sin(τ), is shown in Figure 3.4 where the
wave is measured at different distances from the source (x).

-4 -3 -2 -1 0 1 2 3 4
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1 a

b

c

x=0
x=xshock x=0.5xshock

τ

u

Figure 3.4. Waveprofile for a travelling wave in a nonlinear medium at
different travelled distances x = 0, x = 0.5xshock and x = xshock.
The distance xshock is where the wavefront is first vertical.

The nonlinear phenomenon that can be observed is that for a higher mag-
nitude of particle velocity u (or higher density ρ, or higher pressure p), the
sound speed c is increased. It moves to the left relative lower amplitudes and
arrives earlier. For lower magnitudes of particle velocity the sound velocity
is decreased. In the figure the wave initially has the shape of a sinusoid, and
the longer it travels through a nonlinear medium the shape becomes more like
an N-wave. The distance xshock is the distance where a shock first appears,
which is where the wave front for the first time is vertical at some point. This
phenomenon is described by equation (3.15) [22], [23]

u = u0(τ +
ε

c2
0

ux) . (3.15)

The equation (3.16)
∂u

∂x
=

ε

c2
0

u
∂u

∂τ
(3.16)

is the equation which has (3.15) as its solution. It is called the Riemann equa-
tion and is the simplest nonlinear equation in acoustics describing quadratic
nonlinearity.

13
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Consider a wave at a source to be

u(x = 0, τ) = u0(τ) = aL sin(Ω0τ) + aH sin(ω0τ) . (3.17)

We assume that ω0 � Ω0. The nonlinear interaction between the waves will
be obtained by investigating the solution (3.15) for a small step x away from
the source (z also small). The signal (3.17) inserted into the solution (3.15)
gives us (with z = εx/c2

0)

u(z, τ) = aL sin(Ω0[τ + z(aL sin(Ω0τ) + aH sin(ω0τ))])
+aH sin(ω0[τ + z(aL sin(Ω0τ) + aH sin(ω0τ))]) . (3.18)

With a MacLaurin expansion in z, f(z) ∼ f(0) + f ′(0) · z + . . ., we get

u(z, τ) = aL sin(Ω0τ) + aL cos(Ω0τ)Ω0 · aL sin(Ω0τ) · z︸ ︷︷ ︸
I

+ aL cos(Ω0τ)Ω0 · aH sin(ω0τ) · z︸ ︷︷ ︸
II

) + aH sin(ω0τ)

+ aH cos(ω0τ)ω0 · aL sin(Ω0τ) · z︸ ︷︷ ︸
III

+ aH cos(ω0τ)ω0 · aH sin(ω0τ) · z︸ ︷︷ ︸
IV

. (3.19)

The first and fourth terms are the linear source frequency terms. The more
interesting ones are the nonlinear interaction terms I, II, III and IV (which
are the second, third, fifth and sixth terms respectively). The trigonometric
product in term I can be simplified as

cos(Ω0τ) sin(Ω0τ) = sin(2Ω0τ)/2 (3.20)

and the product in term IV as

cos(ω0τ) sin(ω0τ) = sin(2ω0τ)/2 . (3.21)

Both these products result in the creation of the first higher harmonics of the
source frequencies. The product with mixed frequencies in term II is

cos(Ω0τ) sin(ω0τ) = [sin((ω0 + Ω0)τ) + sin((ω0 − Ω0)τ)]/2 . (3.22)

The product with mixed frequencies in term III is

sin(Ω0τ) cos(ω0τ) = [sin((ω0 + Ω0)τ) − sin((ω0 − Ω0)τ)]/2 . (3.23)

There is an asymmetry between the upper and lower sidebands, at frequencies
ω0 + Ω0 and ω0 − Ω0 because both terms II and III contribute.
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3 Acoustics

Combining the two sideband terms II and III from equation (3.19) yield

uSB = 2aLaHz{Ω0[sin((ω0 + Ω0)τ) + sin((ω0 − Ω0)τ)]/2
+ω0[sin((ω0 + Ω0)τ) − sin((ω0 − Ω0)τ)]/2}

= aLaHz{(ω0 + Ω) sin((ω0 + Ω0)τ) − (ω0 − Ω) sin((ω0 − Ω0)τ)} (3.24)

There is an amplitude difference between the sidebands. The sideband with
lower frequency is smaller than the upper by the factor (ω0 − Ω)/(ω0 + Ω).
The equation (3.24) shows how the sidebands around the high frequency are
created, and that they are proportional to the nonlinear parameter ε, because
z = εx/c2

0. Inserting values, chosen as real ones used in measurements, into
equation (3.19): ω = 15000, Ω = 2000, c0 = 5500, aL = aH = 1 and plot the
spectrum for x = 0.1 and ε = 500 in Figure 3.5.
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Figure 3.5. Frequency response spectrum after nonlinear propagation the
distance x = 0.1 meter of two initial frequencies ω = 15000 Hz and Ω = 2000 Hz.

The nonlinearity parameter ε = 500.

The nonlinear wave modulation can be utilized for determination of the non-
linearity parameter ε in a signal by looking at the amplitude of the sidebands.

3.3 Experimental techniques in nonlinear acoustics

Experimental techniques can be built on the qualitative nonlinear theory dis-
cussed in the previous section. First the most simple one called generation of
Higher Harmonics (HH), based on term I when only the frequency Ω0 is present
in equation (3.19), or on term IV when only the frequency ω0 is present. The
second is called Nonlinear Wave Modulation Spectroscopy (NWMS), which is
based on the sideband terms II and III with both Ω0 and ω0 present.
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A third method treated in this thesis, which can not be described by the
previous theory, is called Slow Dynamics, (SD). It will be explained later.
First the amplitudes of generated Higher Harmonics (HH) is investigated. A
schematic figure of a typical setup is seen in Figure 3.6.

SAMPLE

Transducer
 PZT

Receiver
PZT Oscilloscope

79346.4 Hz

Signal generator

Figure 3.6. Schematic setup of a higher harmonic measurement.

A single frequency acoustic wave is introduced into an object by a piezoelectric
transducer made by a lead-zirconate-titanate (PZT). As the wave travels in
the nonlinear medium it is distorted - the nonlinear effect is accumulated.
The wave is received by another PZT and recorded on a device where the
frequency content can be presented, e.g. an oscilloscope. This accumulation
effect is visualized by a mind experiment and refers to Figure 3.7 a).
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Figure 3.7. a) Schematic wave propagating being distorted in a nonlinear
medium. b) Frequency content of response from an undamaged material.

c) Frequency content of response from a damaged material.

A pure sinusoidal wave is sent into a material with uniformly distributed non-
linearity at x = 0. At discrete distances the shape of the wave is investigated.
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At distance xa the wave has become mildly distorted. This distorted wave is
now the input from distance xa to xb. At distance xb the wave has become
even more distorted. Analysing the frequency contents of these waves, the
amplitude of the frequencies 2ω, 3ω, . . ., n · ω, have increased and this can
now be used as an indicator of nonlinearity and for damage detection, see the
difference between Figure 3.7 b) and c). From this analysis the nonlinearity
factor ε can be calculated. This method has been in use for a long time [24]
[25] [26].
The more recent method Nonlinear Wave Modulation Spectroscopy (NWMS)
was conceptually introduced in the 1960’s by Zarembo and Krasilnikov [27],
[28]. It was further developed towards NDT in the 1980’s by Zarembo, Krasil-
nikov and Shkolnik, [29], [30]. It was brought into the building industry by
V.A. Robsman during 1990’s [31, 32, 33] and was further investigated by sev-
eral scientists including Johnson, Sutin, Donskoy, Van Den Abeele, Kazakov
and Zaitsev [34], [35], [36] [37]. This method uses a single frequency wave
introduced in a sample through a PZT, simultaneously the object’s resonant
structural modes are excited and the response signal is picked up by a PZT
and recorded on an oscilloscope. The single frequency is chosen to be well
above the resonant modes’ low frequencies, which are excited by tapping or
other mechanical influence. A picture of the set-up and the frequencies ex-
pected for an intact and damaged sample are shown in Figure 3.8 a), b) and
c) respectively.
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Figure 3.8. a) Schematic setup of a NWMS measurement.
b) Frequency content of response from an undamaged sample.

c) Frequency content of response from a damaged sample.
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The high frequency wave is being modulated at the crack zone by the low
frequency vibrations. In the frequency domain sideband appears around the
high frequency component, as cracks of different sizes are unambiguously con-
nected to a strong nonlinear response. If there is no crack present there will
be no modulation and therefore no sidebands appears. One can imagine a
vibrating crack. It will open and close. When the crack is open the high
frequency wave can not easily be transmitted through the cracked area, the
received high frequency amplitude is low. While the crack is closed, the high
frequency wave is transmitted more easily and has higher amplitude. A low
frequency amplitude modulation of the high frequency wave takes place. The
number of sidebands and their amplitude act as an indicator of damage and
the factor ε can be calculated, recalling the definition of z in equation (3.19),
where ε = zc2

0/x
The third method Slow Dynamics (SD) is the most novel method. It is based
on monitoring changes of the thermodynamic state of the material. This
may be done, for example, by recording the resonant frequency for a specific
resonance mode of an object, and obtain the change in sound wave speed c.
Slow Dynamics was presented in 1996 [38], [39]. One way to monitor SD is to
probe the change of resonant frequency with a low amplitude acoustical wave
before and after some disturbance of the thermodynamic equilibrium state. A
Slow Dynamics resonance frequency measurement is shown in Figure 3.9.
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Figure 3.9. a) Schematic setup of a resonance frequency measurement showing
the Slow Dynamics. b) An undamaged material does not change its resonance

frequency after impact by a hammer. c) A damaged material change its
resonance frequency after impact by a hammer.
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It uses a single frequency wave that monitors the frequency of a resonant mode.
A disturbance of the thermodynamic equilibrium state is introduced by me-
chanical influences like tapping, or by changes in the surrounding temperature
or in the ambient pressure. If damage is present, the resonant frequency is de-
creased. The return time of the resonance frequency to its equilibrium value
can be observed for several minutes or even hours, depending on material,
amount of damage, and sensitivity of measurement. This is long after the
vibration of the tapping has stopped, and is the reason for the name Slow
Dynamics. As a tool for NDT the speed of evaluation can be much faster. For
example, at the beginning of the measurement the equilibrium values could be
obtained and then immediately after a disturbance in the form of a mechanical
pulse has been introduced the change could be measured. This would, if dam-
age is present, give a relatively large change of the elastic modulus measured
through the amplitude change of a specific frequency, chosen for example to
be at a resonant peak.
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Chapter 4

Results and discussion

In Paper A the three nonlinear acoustic methods described in Chapter 3 were
evaluated using three different samples with different shape and materials. The
first part was a large cutting tool made of cast iron, with size 200x150x100
mm, see Figure 4.1 a). The top was manufactured to have a sharp edge, the
bottom flat with holes for bolt attachment, while the rest of the piece was un-
machined. The second object type was ceramic semiconductors soldered onto
circuit boards. The size of the ceramic semiconductor was 5x2x1 mm and
the circuit board was 40x85x1.6 mm, se Figure 4.1 b). The third object were
blocks made of rubber, 120x120x60 mm size. These blocks are raw material
for cable seals. The cutting tool sample and the ceramical semiconductors
were first intact and measured as a reference, then damage was introduced in
different manners. The rubber blocks were collected from different manufac-
turing batches where one had passed a destructive quality test and the other
batch had failed.

Figure 4.1. a) Left: cutting tool of cast iron and
b) Right: circuitboard with ceramical semiconductors.
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Damage was introduced in the cutting tool by first quenching one end of the
tool and then hitting it with a sledge hammer. The semiconductors were dam-
aged by bending, the brittle state of these samples made it difficult to avoid
tearing them apart. By letting them be attached to the circuit board while
bending allowed introduction of damage. The size of the ceramic semiconduc-
tors limited the testing to be examined only by the Higher Harmonics method
(HH), as it was difficult to tap the individual semiconductors without getting
them more damaged. As shown in Figure 4.2, the differences in amplitude
of the higher harmonics is great. The method of HH seemed to work very
well. Although it can not be certain that the indication is truly from the
semiconductor itself, or from induced damages in the soldering or the circuit
board.
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Figure 4.2. Differences in amplitude in higher harmonics for undamaged (left)
and damaged (right) ceramical semiconductors.

For the cast iron tool all three methods were applicable. The amplitude of
the higher harmonics as well as the presence of slow dynamics increased when
damage was introduced. The NWMS method worked well with a 30% differ-
ence in sideband level, see Figure 4.3. For objects made by cast iron, nonlinear
effects were found without added damage. The material shows considerable
natural nonlinearity because of the internal structure containing micro cracks
from the cooling effect in the manufacturing process.
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Figure 4.3. Differences in sideband amplitude in the between damaged (left)
and undamaged (right) cutting tool cast iron.
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4 Results and discussion

Applying the three different methods to the rubber blocks showed some un-
expected result as the Slow Dynamics frequency shift was high while neither
the NWMS or HH gave any indication. The reason could be that the defect
in the rubber blocks is not characterized as normal cracks, but instead as an
inhomogeneity such as enclosure of unmixed rubber, or as voids. This can
be the reason for the absence of damage indication from the HH and NWMS
methods. Shown in Figure 4.4. is the bandpass filtered Slow Dynamic time
domain result.

Figure 4.4. Bandpass filtered time signal for a) Left: intact sample and
b) Right: damaged sample.

All three methods can use resonant modes to ensure large amplitudes. One
way to determine the resonance frequency is by sweeping the frequency of a
sinusoidal wave with constant excitation amplitude. The resonance frequency
is found at the peak amplitude value and the phase’s zero crossing. The
dependence on this excitation amplitude has been investigated in earlier works
[40], [41]. As the amplitude is increased the resonant frequency is changed for
an object containing cracks while being constant for objects with no cracks
[42].
A typical low strain amplitude frequency sweep using increasing amplitude is
shown in Figure 4.5.
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Figure 4.5. Frequency sweep with increasing amplitude.
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This kind of measurement uses constant excitation amplitude while varying
the frequency. The time spent on each frequency for this measurement is also
held constant - the sweep rate is constant. A fast sweep rate is when spending
a short time at each frequency and a slow sweep rate is when spending a
long time. Results from frequency sweeps using different time spent on each
frequency are rare, but TenCate et al. have found dependencies of resonance
frequencies and sweep rate for materials showing nonlinear behaviour [38],[41],
[43]. A further investigation is found in Paper B in this thesis. To reach the
steady state amplitude, enough time must be spent at each frequency.
The dependence of the resonance frequency on amplitude and sweep rate was
investigated for five different objects. Four were shaped as rods with circular
cross sections: plexiglass, steel fatigued to 50% used life, steel fatigued to
75% used life, steel tensiled to yield limit. The last object was a rod with
rectangular cross section made of lime stone. The Q-factors of the specimens
were: Plexiglass: ≈ 60; tensiled steel: ≈ 460 ; steel 50%: ≈ 2500; steel 75%:
≈ 1100; and lime stone: ≈ 350.
The frequency sweep measurements with increasing amplitude and decreas-
ing sweep rate show a dependence on both excitation amplitude and sweep
rate. When increasing the excitation amplitude, the resonance frequency shift
increases. When decreasing the sweep rate, the resonance frequency shift in-
creases until the steady-state value. The change in resonance frequency, ∆fres,
per increase in excitation amplitude ExA is called activation density (AD) and
its amplitude dependence is a measure of a nonlinear material property.

AD =
∆fres

∆ExA
. (4.1)

Figure 4.6 shows the development of resonance frequency and its amplitude
with respect to increasing amplitude and decreasing sweep rate for fatigued
steel with 50% used life. Figures of the other specimen can be found in Paper
B.
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4 Results and discussion

Figure 4.7 shows the activation density for the five different samples.
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Figure 4.7. Activation density

The activation density plots identify three different behaviors. The Plexiglass,
which has the lowest damage level, identifies the activation density to be a
constant function of the excitation amplitude, except for the first region where
a top is found, the frequency is a linear function of the amplitude.
The 50% fatigued steel object and the stressed steel, which have higher damage
levels than the plexiglass, identify the function for activation density as of
excitation amplitude as being linear, in a crude approximation. This means
that the frequency changes qudratically with amplitude.
The 75% fatigued steel object and the lime stone, which have the most damage
identifies an oscillatory behavior. Because of higher damage levels, the behav-
ioral regions for constant and linear frequency shifts might be found also for
the most damaged - but then at lower amplitudes. More careful investigations
with smaller amplitude steps would probably give a more detailed picture.
It is very interesting that there clearly exist regions where no frequency shift
takes place. This could be due to competing influences or to cascade-like
reactions between different parts of the object, like those taking place at earth
quake triggering [44]. This is explained by that when the built-up stress in
one region is released, other parts of the body are subjected to more stress,
which can set off new releases of tensions. As this has been taken place, there
can be amplitude increases which will not change the material state, until the
next triggering of the built-up tensions are released.
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Paper C shows that an air coupled acoustic open resonator provide flexibility
and ability to transmit high amplitude sound into an object through air.
From the NDT viewpoint, the passive plate in the resonator is considered as
the object that is to be investigated. When the two plates in the resonator
both are flat a shock wave will be developed because of the nonlinearity in the
air. This limits the highest possible amplitude of the wave in the resonator
because of the energy loss in the shock wave, where energy moves to the higher
harmonics where the attenuation is stronger. The higher harmonics n · ω0

(n = 2, 3, 4 . . .) are obtaining energy from the fundamental ω0. Changing one
of the flat plates to a concave shape creates a different system. The curved
surface makes the higher modes have frequencies which are not multiples of
the fundamental mode. No shock forms and the amplitude of the wave gets
higher. In this case, the pressure was four times higher, see Figure 4.8. With
a curved plate the wave is more collected in the center because it is focused.

Figure 4.8. Pressure wave for a) flat active plate and b) concave active plate.

In paper C is shown that it is possible to maintain maximum pressure in the
airgap in the open resonator by having a double resonance, where the active
plate and the airgap are simultaneously in resonance. To maintain maximum
energy transfer into the passive plate a triple resonance is used - the transducer,
the airgap and the passive plate are in resonance at the same time. For our
NDT purposes, the triple resonance is most appropriate.
In Paper D, a way to localize damage using an acoustic open resonator and
Nonlinear NonDestructive Testing is developed and investigated. It is based
on the idea of having different boundaries outside the area where the wave in
the air affects the surface of the object. This leads to dynamic change of the
boundary condition, and the resonance frequency beneath the transducer is
not the same as the rest of the plate. The wave field is local in the plate, it
is thus a dynamically trapped mode. This makes it possible to have a device
which can be moved above the surface, see Figure 4.9.
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Figure 4.9. A device based on open resonance in air and in object.

To identify the influence of standing waves with different boundary conditions,
both contact and non-contact measurements were carried out. They showed
that when using a contact transducer it can act as both partially hard - reflect-
ing - and partially soft - transmitting - thereby allowing more resonance modes
than with a passive structure. This has been observed earlier, see for example
[45]. When identifying wave patterns with a noncontact transducer, these par-
tially hard and partially soft states are less pronounced but still existing. The
mapping of an interior defect in an NDT investigation is performed by moving
the open resonator along a specified path, transmitting a high frequency wave,
while recording a nonlinear parameter.
Some materials naturally contain imperfections even when considered undam-
aged. The nonlinear response indicating the damage will then have to be
compared to an acceptance limit determined by the manufacturer through a
number of reference objects.
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Chapter 5

Summary of papers

5.1 Paper A

Three different NDT methods based upon slow dynamics and fast nonlinear
effects were applied to three different test objects. The methods were Non-
linear Wave Modulation Spectroscopy (NWMS), Higher Harmonics (HH) and
Slow Dynamics (SD) frequency shift. The examined objects were ceramical
semiconductors, a cutting tool made of cast iron, and rubber cubes. For each
object a different method was more suitable. The semiconductors were too
small for tapping so only Higher Hamonics was used. For the cast iron, the
NWMS method worked the best. On the rubber blocks only the SD-method
showed a clear response. This is the first record of Slow Dynamics being large
while no fast nonlinearity change is detected, which is the most important
point of this paper.

5.2 Paper B

The influence of the sweep rate was investigated coupled with the excitation
amplitudes influence. Several different samples were tested: Plexiglass, ten-
siled steel, fatigued steel 50 % of used life, fatigued steel 75 % of used life
and sand stone. The resonance frequency shift was monitored with respect
to sweep rate and excitation amplitude. At the point where extending the
sweep rate had no influence, i.e. at steady state the activation density is
plotted against increased excitation amplitude. From the activation density
plots the type of dominating nonlinearity can be extracted. The nonlinear-
ity type regions as function of amplitude levels change with the amount of
material damage. The low level damage shows a quadratic dependence. The
medium damage shows a cubic dependence. Finally, the large damage has an
intermittent behavior where the frequency shift is zero for certain regions of
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amplitude increase. The important points in this paper are the identification
of activation density behavior for different damage levels, and the existence of
zero activation density for certain regions of amplitude.

5.3 Paper C

The concept of an acoustic open resonator is described. Letting the transducer
as well as the airgap between transducer and the passive side be in resonance
a double resonance is obtained. Having the double resonance the highest air
pressure is obtained. Double resonance can be used if a high pressure is to act
on the surface under the transducer. When having a double resonance as well
as letting the passive side be in resonance a triple resonance is obtained. The
passive side can be the object being examined for damage. A triple resonance
has the highest energy transfer into the passive object. Triple resonance can
be used to excite a local resonance in the passive object. To further increase
air pressure the use of having a concave transducer and a flat passive side was
investigated. Using the concave transducer the air pressure is increased by a
factor four, because no shock is formed and only a small amount of higher
harmonics generation takes place. The most important in this paper is the
wave field measurements showing the clear difference between the shocked
flat open resonator wave and the smooth wave of the curved surface open
resonator.

5.4 Paper D

This paper is a sequel to paper C. The influence on resonant modes from a
contact transducer and a non-contact transducer was investigated. The general
theory of standing waves with reflection and transmisson is found to not be
valid. Instead a contact transducer can be both hard and reflecting, or soft and
absorbing. The open resonator serves as a noncontact transducer. The open
resonator concept provides an airpressure distribution under the resonator on
a flat surface. This air pressure changes the boundary condition on the surface
of the investigated plate, here a composite plate with delaminations. Having
different boundary conditions under the transducer from the rest of the plate
local, trapped modes can be excited. This dynamically local trapped mode can
be used to excite the volume under the transducer. If a damage is located in
that volume, a nonlinear response will be detected to identify it. An in-plane
scan of the plate can then be performed for localization of defects.
Most important in this paper are: the existence of the local open resonator
wave field inside a plate; and the physical explanation for the existence, which
is the trapped mode caused by the dynamic boundary condition.
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Chapter 6

Conclusions

This thesis shows the capability of using nonlinear acoustics for NDT purposes
by detecting damage in the tested objects. The specimen used were small
and had different types of damage, different geometries and materials. The
results in paper A show the applicability of these methods as non-destructive
testing tools. In earlier investigations Slow Dynamics has always co-existed
in presence with the fast nonlinear dynamics, examplified by Nonlinear Wave
Modulation Spectroscopy (NWMS) and Higher Harmonics (HH). The rubber
blocks tested showed for the first time ever that Slow Dynamics had strong
damage indications, even though there was no change in the fast dynamic
nonlinear response.
The results in paper B presented a relation between excited nonlinearity, indi-
cated by frequency shift, and both excitation amplitude and sweep rate. The
damaged material behaves differently within the same excitation amplitude.
The frequency shift has an activation density which depends on damage and
wave excitation amplitude. It has different regions of behavior, including some
within which the response does not increase at all.
An in-plane high-amplitude air non-contact technique was introduced and pre-
sented in paper C. Two different designs of active plates were tested and
evaluated where the concave gave highest pressure and less generation of har-
monics. This type of noncontact transducer can be moved around, making
in-plane damage position scans possible. This technique works for flat ex-
tended objects. It was developed and shown in paper D. The NWMS method
was chosen to illustrate how it could work as an operative NDT tool, where
damage was localized.
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Abstract. Non-Destructive Evaluation has been carried out on three different test objects,
with three different methods based on exhibits of slow dynamics and nonlinear effects. The
three diverse objects were cast iron, ceramic semi-conductors on circuit boards, and rubber.
The three approaches were Higher Harmonics detection (HH), Nonlinear Wave Modulation
Spectroscopy (NWMS), and Slow Dynamics (SD). For all of the objects the three approaches
were tried. The results showed that for each of the objects, a different method worked
the best. The cast iron worked best with nonlinear wave modulation, the ceramic semi-
conductors worked well with the higher harmonics detection, while the rubber showed best
results with slow dynamics.

Keywords: Nondestructive testing, nonlinear acoustics, higher harmonics, nonlinear wave
modulation spectroscopy, slow dynamics.
PACS: 43.25.Dc

INTRODUCTION

Sensitive nonlinear methods are in strong progressive development. High sen-
sitivity gives the opportunity to find defects and characterize the material
characterization in a very careful manner. The Higher Harmonic (HH) [1]
method has been used in evaluation for some time. Nonlinear Wave Modu-
lation Spectroscopy (NWMS) [2] and Slow Dynamics (SD) [3],[4] have been
introduced in later years. In this work, all three of these methods have been
applied to diverse objects to evaluate the objects damage and to determine
what method is best to use. Three diverse objects were examined and they
are from different industrial areas.
One object is a cast iron steel part of a large cutting tool. First an intact
undamaged part was tested to find out if the response was nonlinear from
pre-existing cracks and defects. A damage was introduced at the top of the
cutting edge and then the result of the new measurement is compared to the
one for the undamaged.
Ceramic semiconductors used for capacitive loads are very common in electri-
cal components and are manufactured as standard components to be machine
mounted on printed circuits. These semiconductors sometimes break partially
and can give intermittent errors. The ceramic semiconductors were bent to
introduce cracks and defects but since they are brittle they tend to break com-
pletely (instead of partly cracking). A solution was chosen where the piezo
ceramics are bonded to the printed circuit. Damage is introduced while the
ceramic semiconductors are still held in place by its soldering spots.
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Rubber for cable transmission sealing through walls is manufactured in blocks
and then cut to desired size and shape. Before the cut operation one need to
determine the quality and homogeneity of the block. Two different batches
from the production were tested, one of good quality and another less good.

EXPERIMENTAL METHODOLOGY AND RESULTS

These experiments are all conducted using commercially available piezoce-
ramic transducers (PZT) glued with epoxy. One PZT is acting as an actuator
to generate the acoustic wave in the specimen and the other is acting as a
pickup of the acoustical wave.
For the higher harmonics measurement a single sinusoid acoustic wave is sent
to the specimen by the signal generator through one PZT. The signal is dis-
torted by cracks and other defects on its way to the PZT acting as a sensor. In
the recorded frequency spectrum higher harmonics are detected to indicating
the amount of cracks or defects.
For the Nonlinear Wave Modulation Spectroscopy (NWMS), a single frequency
signal is repeated as for (HH), but now with an addition of some of the spec-
imen’s own resonant frequencies, lower in frequency than the single high fre-
quency signal. This is accomplished by hitting the object with a test hammer.
In the recorded frequency spectrum sidebands appear beside the single fre-
quency if defects and cracks are present.
The Slow Dynamics time signal method (SD) is the monitoring of the res-
onance frequency after a material is conditioned by a transient force. If the
material is damaged, the resonance frequency is found to drop instantaneously
and then the resonance frequency is slowly recovering - logarithmically with
time - to its initial value.
All methods were applied on all objects for evaluation. For each object the
best suited method is presented, with results from the other methods briefly
commented.
For the cast iron cutting tool the NWMS method was best, see Figure 1. The
material itself shows nonlinear response in the undamaged state, indicated by
all three methods. This was an expected result because casting iron is a com-
plicated process and inhomogeneities and inclusions can be problematic for
this process. Calculating the sideband energy and comparing the undamaged
and damaged states showed a high difference in values. The HH showed dif-
ferences in number of harmonics and in their amplitude, but was not as clear
as NWMS. The difference in SD indicated defect, but was not large.
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FIGURE 1. Nonlinear Wave Modulation Spectroscopy results for cast iron shown as
sideband energy for undamaged in the right column, and damaged in the left column.

The ceramic-semiconductors mounted to the printed circuit board showed the
HH worked best. Higher harmonics was present even when the semiconductors
not was damaged. This indicates that either the board itself gives nonlinear
response or some component mounted was damaged, but testing a larger num-
ber of boards indicates the nonlinear response arises from the board. When
damaging the semiconductors the number of multiple harmonics increases also
the amplitude of the harmonics increases, Figure 2. The results from NWMS
was indicating defects but not as strong as the HH. Also SD was indicating
defects but not as strong as HH.
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FIGURE 2. Higher Harmonics results of an undamaged circuit board ceramics on the
left, and a damaged one on the right.

For the rubber bricks the SD method was the only one to indicate damage
and quality differences, Figure 3. NWMS gave no measurable differences in
sideband energy. No clear differences in HH could give results to conclude
material quality differences.

41



K. Haller: Nonlinear Acoustics Applied to NonDestructive Testing

FIGURE 3. Slow Dynamics time signal results of good quality rubber on the left, and
bad quality rubber on the right.

DISCUSSION

The method of Higher Harmonics (HH) was succesfully applied to circuit
boards for detection of damage of ceramic semi-conductors. For circuit boards
the method with no impacts is convenient when one would like to be care-
ful with the components. The Nonlinear Wave Modulation Spectroscopy
(NWMS) method worked very good with the cast iron. Rubber was an unexpe-
rienced area for the authors before conducting these experiment. Remarkably
only Slow Dynamics (SD) could detect differences. It is known SD is a very
sensitive method, but the other methods gave no indication to separate be-
tween the different samples. This is the first time we have encountered the
case where SD yields high response, while the fast dynamics methods (NWMS
and HH) would not indicate any change with damage.
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ABSTRACT

When subjecting a solid material to acoustic excitation with varying amplitude
and sweep rate, the frequency shift response is not always behaving linear with
amplitude. This phenomenon is connected to intricate nonlinear mechanics ap-
pearing in naturally imperfect materials and in damaged non-atomic solids.
It is being investigated for different excitation amplitudes and for varying fre-
quency sweep rates. This onset distribution can be mapped as an activation
density.
KEYWORDS: Nonlinear elasticity, sweep rate dependency, nonlinear acous-
tic evaluation, acoustic resonance, activation density

INTRODUCTION

By measuring a solid material’s resonance frequencies different elastic prop-
erties of objects may be determined. Recently developed sensitive nonlinear
acoustic resonance techniques can be used to determine the amplitude de-
pendent elastic modulus and the associated nonlinearity of a material [1-4]
This can be used for sensing defects in materials since micro- and macro-
cracks behave strongly nonlinear. Nonlinearity can be detected by sweeping
the frequency, measuring the output frequency spectrum as a transfer func-
tion (for example [5]). The nonlinearity may be quantified in frequency sweeps
as response shifts in the frequency peaks, so called resonance frequency peak
bending. Multivalued response curves can be obtained by performing one fre-
quency sweep upon increasing frequency and one upon decreasing frequency.
Performing these kinds of frequency sweep means practically that the response
is measured at discrete frequency steps with a certain time spent at each of
these discrete frequencies. At its limit the frequency sweep can be continuously
varying in time, never staying at a particular frequency. Then the response
obtained is naturally depending on the frequency speed as the system has not
enough time to reach steady-state. So, in these kinds of measurements it is
more common to stay at discrete frequencies for a certain predefined time.
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The evident way in which a sweep rate is affecting the response is that the
resonant wave must have time to develop to a steady-state. That is true for
any frequency sweep, also for the ones made on linear materials. But for the
nonlinear materials, there is also the effect of the so-called Slow Dynamics,
which is the alteration of a material state by any change in the equilibrium
conditions. For example a change in the elastic modulus results in turn in
change in sound speed, and thus in the resonance frequency of the objects.
This effect is called Slow Dynamics, because the changes may be measured
over hours with sensitive acoustic methods [1,2] Still, the main part of the
recovery is usually taking place within the first second, and it has therefore
a considerable influence on the fast nonlinear dynamic behavior. It is known
that a difference in result is obtained if the rate of change of frequency is
changed [1,6] This difference takes place while the steady state material state
is not reached for that specific excitation.
Even though there is a general awareness of the sweep rate influence it has not
generally been the primary investigation variable, as the amplitude variations
has bigger impact. From past works also in non-acoustic fields [7,8], sweep
rate has showed its role in response measurements. In this work both the
sweep rate and amplitude are varied.

EXPERIMENTS

The material specimens are prepared to have its fundamental longitudinal
resonant frequency fR = c/λ, where c=sound speed and λ=2·L, with L being
the length of the specimen. Each specimen is supported in rubberbands in a
stiff frame that is placed on foam to simulate a free-free boundary condition.
The specimen are made of: 1) Plexiglass serving as a non-damaged reference
material; 2) fatigued steel 50% life remaining (by Palmgren-Miner rule); 3)
fatigued steel 25% life remaining; 4) stressed steel tensiled to 400MPa once;
5) Lime stone.
Piezoceramic disks are used for both the input signal and for receiving the
response. They are not calibrated, meaning that the absolute amplitude values
presented here are not exactly comparable between different samples. The
relative values and results from the same specimen where the same piezo disks
were used are comparable.
Each frequency sweep uses fixed drive voltage amplitudes A= 0.05, 0.1, 0.5,
1, 2, 5 and 10 volts. Each excitation amplitude used is combined with differ-
ent sweep rates defined by the time spent at each frequency d = 0.5, 1, 2, 5,
10, and 30 seconds - a larger d is a slower sweep rate. Each set of measure-
ment is performed three times with increasing frequency and three times with
decreasing frequency.
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RESULTS

Each set of amplitude and delay parameters [A,d] gives the resonance fre-
quency and its corresponding amplitude. All the resonance frequency shifts
and amplitude shifts have considerably lower values for the fastest sweep rate,
d =0.5 s, and also have larger variations which is due to the fact that the
steady-state has not been reached.
The resonance frequency of a plexiglas rod dependence on sweep rate and
excitation amplitude is shown in Figure 1. The dependency on excitation
amplitude is small except for the fast sweep rate of d = 0.5 s. This can be
explained by the fact that the acoustic wave does not have enough time to
develop into a standing wave, as it has for the slower sweep rates. The plot
on the right shows that the response amplitudes reach stable values already
at the delay d=1 second. Due to the large difference in response amplitude,
it is difficult to examine the behavior of the lower levels in the plots. The
amplitude of the resonance frequency at each drive show clear dependency
only for the fastest sweep rate. From a comparison of the excitation and
response amplitudes, one see that the ratios [Response amplitude at d=30
s.]/[Excitation amplitude] are almost constant: 0.35/10 ≈ 0.18/5 ≈ 0.075/2 ≈
. . .. The response amplitude increase linearly with the excitation amplitude.
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FIGURE 1. Plexiglas. The left graph shows the resonance frequency as function of
decreasing sweep rate for several excitation amplitudes. The right graph show the response

amplitude.

Figure 2 shows the sweep rate and excitation amplitude dependence of the res-
onance frequency (Figure 2a) and the resonant response amplitude (Figure 2b)
for the 50% fatigued steel sample. We observe a clear sweep rate dependence
in both properties. Both the resonance frequency shift and response amplitude
shift have considerably lower values for the fastest sweep rate, d =0.5 s.
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For comparative visualization each resonance frequency amplitude is plotted
normalized (Figure 2: Bottom plot) to its level for the slowest sweep rate
(d = 30 s) to highlight its sweep dependency. It is seen that all the curves,
with different response amplitudes, have the same dependency on the sweep
rate. To make this comparison, and to get better resolution in the plots, the
amplitude curves will be presented normalized by their value for the slowest
sweep rate.
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FIGURE 2. Steel fatigued to 50%. The left upper graph shows the resonance frequency as
function of decreasing sweep rate for several excitation amplitudes. The right upper graph
show the resonance response amplitude. The lower graph shows the normalized response

amplitude.

Figure 3 shows the sweep rate and excitation amplitude dependence of the
resonance frequency (Figure 3a) and the normalized resonant response ampli-
tude (Figure 3b) for the 75 % fatigued steel sample. Again, we observe a clear
sweep rate dependence in both properties, and the normalized results confirm
that the sweep rate curves for the response amplitudes are independent of the
effective drive amplitude.
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FIGURE 3. Steel fatigued to 75%. The left graph shows the resonance frequency as
function of decreasing sweep rate for several excitation amplitudes. The right graph show

the normalized response amplitude.

The resonance frequency of a stressed steel rod as function of sweep rate and
excitation amplitude is found in Figure 4. The response amplitudes show
almost no dependence on sweep rate, irrespective of drive and delay level.
Except for the fastest (d = 0.5 s) because the time is too small to reach
resonant steady-state, and the one with lowest amplitudes (A = 0.05 V),
because of signal errors.
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FIGURE 4. Stressed steel. The left graph shows the resonance frequency as function of
decreasing sweep rate for several excitation amplitudes. The right graph shows the

normalized response amplitude for the fastest sweep rate (d =30s).

Limestone rod measurements are found in Figure 5. The equipment did not
allow measuring the highets drive amplitude (10 V). A dependency on all
sweep rates is found for both frequency shift and amplitude.
The amplitudes of the resonance frequency at each drive level and delay show a
dependency on sweep rates. The amplitude of the resonance frequency increase
as the drive level is increased, but the increase is not linear with excitation
amplitude.
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FIGURE 5. Limestone. The left graph shows the resonance frequency as function of
decreasing sweep rate for several excitation amplitudes. The right graph show the

normalized response amplitude.

DISCUSSION

The measurements show the same tendency with respect to sweep rate re-
sponse amplitude. The largest effect on the resonance frequency shift is due
to an increased effective response level, which shifts the frequency down. The
sweep rate show dependence for the fastest rates and then seem to tend to lim-
iting values. The normalized amplitude-sweep rate curves all show that the
response amplitude has a very weak sweep rate dependence - the normalized
curves are more or less the same (the amplitude gain is 100 times from 0.05
V to 5 V).
The resonant frequency shifts as a function of amplitude are not linear. There
are certain amplitude regions where the resonance frequency shifts are al-
most zero, with other regions where it has shifted quite a lot. The resonant
frequency is based on the wave speed which in turn depends on the elastic
modulus. This means that the added amplitude between two identical values
of the resonance shift will not change the elastic material state, while an ampli-
tude change leading to a frequency shift does change the material state. This
may be seen as activation of the mechanism that induce the change, which has
to do with the mechanical properties at the interstices between the grains in
the material. (Which of the different possible physical mechanisms existing at
specific situations are at this point not completely determined and will not be
treated here.) We can for each sweep rate plot an average activation density
for the frequency shift response and thus for the mechanisms inducing this as
a function of amplitude (for each sweep rate). The activation density plots
in this article are obtained from the d=30 results in the frequency shift plots
in Figures 1-5. As initial resonance frequency is used the lowest amplitude
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(A =0.05) with the highest sweep rate (d = 0.5 s). Then, for all the ampli-
tudes are used the values of the slowest sweep rate (d=30 s), which are closest
to the steady-state values.
The non-continuous amplitude dependence behavior may tell something of the
nonlinear distribution, which in turn depends on the ”damage” of the material.
The plexiglass in Figure 6 shows a top in the low amplitude region 0.1-0.5 volts.
Then the frequency shift response seem to be activated with almost the same
density. That is, the frequency shift response is a linear function of amplitude.
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FIGURE 6. Activation Density, Plexiglass. The frequency shift activation density.

For the 50% fatigued steel in Figure 7 the activation density increases linearly,
while the frequency shift response itself is clearly not a linear function of
amplitude. The 75% fatigued steel in Figure 7 has a third kind of behavior,
where there is a very low activation between 2 and 5 volts. The frequency
shift is approximatley the same for 2 and 5 volts. For higher drive levels it
increases again.
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FIGURE 7. Activation Density. Left: Steel 50% and Right: Steel 75%. The frequency shift
activation density.

The tensiled stressed steel behavior in Figure 8 is a mix of the 50% and 25%
steel behaviors. The lime stone in Figure 8 is the only of the tested material
which has very low activation density between 5 and 10 volts. On the other
hand it is very large between 0.05 and 0.1 volts, and high between 2 and 5
volts.
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FIGURE 8. Activation Density. Left: Stressed steel and Right: Limestone. The frequency
shift activation density.

We have used the lowest sweep rate (d=30 s) for the activation density plots.
For higher sweep rates some of the same information can be derived. The
curves are in the same order, while the values might differ from the more
stable higher amplitude curves.
One may consider these amplitude level curves giving information on the non-
linear activation distribution in the amplitude plane. The strain is linear with
wave amplitude as we are almost still in frequency (the frequency shift over
frequency ratio is small).
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Non-contact nonlinear acoustic damage

localization in plates.

Part 1: Resonance of air between plates.

C.M. Hedberg, Kristian C.E Haller and S. Arnoldsson
School of Engineering, Blekinge Institute of Technology,

371 79 Karlskrona, Sweden

Abstract

This is the first of three articles that deals with the goal of using non-
contact nonlinear acoustic methods for the damage localization in plates.
In this first part, the resonant air gap wave field between one active and
one passive reflecting plate was investigated experimentally. Of particu-
lar interest is the wave field amplitude strength, and its distribution on
the passive surface. The wave amplitude may be increased by choosing
one plate to be concave, overcoming the nonlinear damping taking place
for two flat plates. Applications are connected with an increased wave
field having advantages for processes taking place under open conditions
and for a non-contact transducers’ efficiency of transferring energy into
an object. A double resonance gives highest air pressure, while a triple
provides most energy in the passive object. By choosing the gap distance,
frequency and transducer width, the appearing resonant wave will have
a considerably larger amplitude at the object surface. The work through
the interface from air to object is investigated and the wave field in a
resonant air-plate system is shown.

I. INTRODUCTION

This paper deals with acoustic open resonance in air in order to increase
the wave amplitude between plates and to find the wave distribution
on the passive plate surface. It is the first part of three dealing with
tools (necessary methods) for damage localization by non-contact non-
linear acoustic methods. The second part and third part will treat the
damage in-plane localization (in x-y), and the depth localization (in z),
respectively. A schematic picture of a the final device is found in Figure
1.
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FIGURE 1. The non-contact source above a plate.

For many applications of acoustic non-destructive testing methods it is
advantegeous or required that the method is non-contact. When the
medium around the object is air, the large differences in impedance be-
tween transducers and air, and between air and object, result in low
energy transfer into the object. To ameliorate this transfer, one may uti-
lize the open resonator concept described and developed here. Another
way is to change the impedances, or use special transducers to increase
the amount of energy going from transducer to air. The energy transfer
from air to object is usually more difficult to influence. The air may
be excited to resonance and the wave contained in the standing wave
modes in the air-gap may be increased many times. So the amplitude
of the wave at the object surface would also be increased, leading to
considerably higher amplitudes inside the object.
As additional applications, there exist processes in which an acoustic field
is needed to irradiate media which can not be contained within a closed
volume. Examples can be found in continuous processes for streaming
gases and liquids and in e.g. paper industry where the material passes
through the acoustic resonator field, or when it is useful to move objects
or material in and out of the sound field [1]-[4]. The object of interest
may be a material inserted in the air gap, or it may be the object whose
surface is the reflecting part of the resonator, or it may be the medium
between the reflecting surfaces in itself. Additionally, the wave field
appearance on the material surface is of importance for the wave field
inside the plate.
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The concept of a double acoustic resonance as a means for localized non-
contact acoustic testing was introduced earlier [5]. In this presentation
the background will be treated in more detail. The existence of a triple
resonance is pointed out.
In 1964 Chester [6] did important research by theoretically describing
the shock waves around each resonant frequency. He produced them at
and near resonant frequencies through the oscillations of a piston at one
end in a closed gas-filled tube. In the experimental studies by Gaitan
and Atchley [7], Coppens and Sanders [8] and the theoretical by Spar-
row [9] and Enflo et al. [10]-[12] is displayed how the wave shape in the
closed resonator is a shock wave of the well known saw tooth type. At
large amplitudes nonlinear effects come into play and a shock front forms.
Near resonance, large amplitudes are found inside the resonator even at
moderate amplitudes of excitation. The shock wave in a resonator with
two opposite plane surfaces and a constant cross section area at resonant
frequency has a discontinuous shape, where the nonlinear energy absorp-
tion takes place at the tooth points, which limits the amount of energy
that can be stored in a standing wave for this kind of resonator. When
a shock wave appears, energy dissipates in the shock and puts a limit to
the energy content in the wave. This is a phenomena called acoustic sat-
uration [13]. However, by changing the shock wave appearance from the
saw tooth shape to a smoother shape, more energy can be stored in the
wave. This is possible to do in many ways, e.g. by changing the shape
of one or both of the plates [14] [15], by changing the transmitted wave
shape from a sinusoid [16], by removing the second-harmonic frequency
[17] or by special choice of attenuation [18].
The kind of open resonator treated here consists of two surfaces between
which an acoustic standing wave can be formed. One of the surfaces
vibrates actively with energy supplied from an outside source, and the
other one is passive. Air is the assumed medium between the two surfaces.
A wave in the air is excited by the vibrating side, it is reflected against
the passive side, and the air begins to oscillate. There is no externally
induced flow. For some specific set of parameters the air is brought into
resonance - a standing wave arises. Energy is stored in this pressure wave
in the air.
As for other varieties of acoustic open resonators, a tube with one end
open and the other excited at subharmonic resonances, is treated ana-
lytically by Keller [19] and experimentally by Sturtevant and Keller [20].
In Hein et al. [21], numerical investigations of a hard plate above a hard
infinite plane is found, as well as of plate structures in wave guides. Nu-
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merical simulations of of resonant frequencies of open cavities, wall and
plate protrusions in ducts were made by Koch [22].
In a cylindrical resonator with plane surfaces the first standing wave
mode shape is when the wavelength λ is twice the length of the res-
onator length l with the higher harmonics’ wavelength being λn = 2l/n,
n integer. Through nonlinearity the higher harmonics are created from
the fundamental, and as they will all be in phase, there will be shock
waves created.
The explanation of how a plate shape change will smoothen the wave
form is as follows. When a wave with different frequency components is
reflected against a concave surface, different frequency components get
different phase changes, so the total wave shape is changed [23]. No shock
is forming, and the wave stays smooth. For standing waves in a resonator
with varying cross section, the higher harmonics will drift in phase from
the fundamental (λn �= nλ0), so the wave will not form shocks. This
means that the limiting factor of nonlinear extra attenuation does not
take place, and there is no acoustic saturation.
In a resonator, the pressure might become orders of magnitudes higher
than amplitude of the excitation[14]. The applications of closed res-
onators with high acoustic amplitudes include acoustic heat engines and
acoustic refrigerators [24],[25].
The work mentioned above dealt with closed resonators. In this paper
will be shown that the process of increasing the amplitude by having
non-planar reflecting surfaces can be carried out in an open condition,
within a volume between two plates. In order to limit the loss of energy
through the open sides, the surfaces of the plates must have a certain
size relative to the distance between them and to the wavelength.
In this article are presented measurements of the shock wave typical
for an open resonator with flat reflecting surfaces, then how a change
of shape of one of the surfaces from flat to concave leads to a higher
pressure in the air volume. Further, a work-energy approach through air
volume boundaries is used to obtain the conditions for maximal pressure
in the air volume, as well as for the maximal energy in the passive object.
Double resonant systems where the transmitting plate and the air gap
are in resonance will be treated, as well as a triple resonance where the
active plate, the air-gap, and the passive plate are all in resonance.
Normally a wave in a high impedance medium encountering an low
impedance medium, a soft reflection will take place - equivalent to a
pressure release boundary condition. In this paper will be noted that
when there exist a wave in the low impedance medium with a high
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enough amplitude and in a special phase relative to the wave in the high
impedance medium, the reflection from the interface of the wave in the
high impedance medium can be hard - equivalent to a fixed boundary.
In Figure 2 are shown two ways of how the objects can vibrate. On top
in the figure is the case of the experiment in this article, below are two
longitudinal modes inside the thickness of the objects (which have their
back rigidly attached) at a relatively high frequency. Another case not
shown is the case of objects where all the mass might move together, for
example were the masses are attached to a spring. This would be at a
relatively low frequency.

Air
PZT

Air
PZT

FIGURE 2. Two kinds of triple resonances.

II. AIR PRESSURE IN AN OPEN RESONATOR

The considered resonator has two reflecting plates with air in between.
The active plate (transducer side) is the one from which energy is trans-
mitted to the air volume. The energy in the air volume excites in its turn
the passive plate which absorbs part of the energy and reflects the rest.
An object being passive does not mean that it does not move, only that
it is excited by the energy in the system and not directly from an exter-
nal source. This surface or even the entire mass may move considerably
depending on its shape and properties. But the energy causing this move-
ment comes entirely from the wave field in the air volume, not externally
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added as for the active plate. In this section will be shown that - as
for closed resonators - open resonator pressure can be increased by de-
signing the shape of the resonator surface. The passive object surface
will be changed from flat to concave. A concave resonator surface gives
higher acoustic levels for three reasons: first the wave field is collected
to the center. Secondly the loss of wave field to the sides is lower, also
a geometrical cause. Thirdly the second harmonic mode is not exactly
twice the first harmonic so the transfer of energy from the first to second
harmonic is not efficient, leading to a smoother wave form which does
not cause a shock wave, so the nonlinear (“extra”) attenuation is low.

A. Test configuration

The resonator was constructed with an actively vibrating transmitting
plate and a passive, flat or concave, plate, see Figure 3. They were
circular, made of glass, and with diameter d. The glass plates’ had
dimensions of d = 165 mm, thickness 2 mm and the concave a “height”
of 20 mm (from the center of plate surface to the axial point in between
the plate edges).

Shaker

Amplifier

Active plate Pressure sensor
Passive plate

ICP-amplifier

Oscilloscope
Data acquisition
system

Accelerometers

FIGURE 3. The experimental configuration.

In order to vibrate the transmitting plate a shaker was used. To create
a good and stable construction for the resonator, the shaker was planted
in a lathe’s toolholder, and the passive plate was in the rest. This made
it easy to vary the distance between the two glass plates and get a good
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description of the pressure sensor position since the accuracy of the lathe
is about 0.01 mm. The following equipment was used - Shaker: Ling
Dynamic Systems, V406/8; ICP Pressure Sensors: Piezotronics PCB
132M15 and 132 M14; ICP-amplifier: Piezotronics, PCB 480C02; Ac-
celerometer: ICP PCB 338B35. The Digital Data Acqusition System
was a Hewlett Packard 35650, with the used sampling frequency of 262
kHz.
The open resonator pressure sensor could move between the plates and
was attached to a piano wire in the lathe’s chuck. The distance be-
tween the plates is l, and the distance between sensor and transmitting
plate is z. The sensor could also be moved in the radial direction of the
transmitting plate and its distance to the central axis is r, see Figure 4.

z

r

Active part Passive part

Pressure sensor

l

Center line

FIGURE 4. The experimental set-up: two glass plates with air in between. The position
of the pressure sensor axially (z) and radially (r) in the resonator of length l.

B. Axial pressure distributions

The measurements showed that the largest pressures corresponds well
with the glass plate’s eigen-frequencies. The most curious case is when
both the glass plates eigen-frequencies are the same as the air gap eigen-
frequency, which is a triple resonance. Adjustment to the highest pressure
for the first mode at a given frequency was done by varying the distance
between the two glass plates. The accuracy on distance between plates is
∆l = ±0.001 mm (here equivalent to frequency ±0.42 Hz). The accuracy
of the measurement points z is ∆z = ±0.01 mm. For the transmitting
frequency fq = 8960 Hz, the pressure was greatest at l = 19.60 mm.
The wave pressure along the axis between the plates can be studied at
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different points in time in Figures 5a and 5b. This showed, as expected,
that certain mode shapes of the glass plate were favourable for creating
high pressure. For an analytical treatment of the time evolution towards
steady-state of an acoustic one-dimensional nonlinear resonant field, see
references [11], [12].
The second step was to change the shape of one of the surfaces from flat
to concave. The test configuration is as before with the flat glass plate
active, but here the passive plate is a concave glass plate with a curvature
radius of 180 mm. The axial time measurement in Figure 5 goes to the
center point between the edges of the concave glass plate (not all the way
to the surface in the middle).
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b)
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FIGURE 5. Pressure along axis as of distance and time for a) measurement for two flat
plates (fq = 8960 Hz, l = 19.60 mm, r = 0 mm, z = 1 : 19.60 mm b) measurement of one
flat and one concave plate (fq = 9000 Hz, l = 21.46 mm, r = 0 mm, z = 1 : 21.46 mm.

It seems that there are two wave parts that coincide on the active plate
but are diverging sligthly in front of the passive plate giving rise to the
small drop of the time wave form in front of the passive concave plate.
It should be possible to alter the shape of the passive plate if a smoother
curve more like a sinus is wanted to appear at the passive plate too.
The measurement was comprised of 20 measurement points where the
maximum pressure between the two flat plates was measured axially.
Again the notation z is the center line coordinate from the active plate
to the measurement points. Distance between each measurement point is
about 1.1 mm, so z equals 1.1, 2.2, 3.3, ... 20.9, 21.46 mm from the rest
position of the active plate. The point z = 0 at the active plate was not
reached because the plate was moving. The transmitting frequency is
now fq = 9000 Hz, and the distance between the plates is l = 21.46 mm.
Halfway between the plates the pressure is at its lowest. The pressure is
higher close to the glass plates, but near the passive plate the pressure
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has a local minimum surrounded by the two global maxima. The pressure
in Figure 5b is 4 times higher than for the resonator with two flat plates
in Figure 5a.
In order to better compare the wave shapes, two-dimensional time signal
cuts of the two plots of Figure 5 are shown in Figure 6. They were
taken close to the active surface - at approximately 5 % of the length l
(z = 1.1 mm). The small additional peak arises when the measurement
is made near, but not at, the transmitting plate. It is apparent how much
smoother the wave shape with one flat and concave plate is than with
two flat plates, and that its amplitude is four times higher.
The wave field in Figure 6a can be compared to the flat surfaced (“cylin-
drical”) closed resonator in Ilinskii et al. [26]. Similarities are found in:
i) the shock; and ii) the small additional peak on the shock. One dissim-
ilarity is that the non-shocked slope in their case has several superposed
peaks, while the mirrored time wave form shape in the present work de-
pends on the soft reflection from the moving surface. It is interesting to
note there exist a much stronger similarity between our Figure 6a and
Figure 4 in Lawrenson et al. [14] for a horn-cone resonator. The similar-
ities are: i) the sharp peaks and the smooth throughs; ii) the disruption
on the left slope; iii) the additional peak on the right slope. The only
thing that differs is that their right slope is not as steep as ours and so
their’s is not considered as a shock.
The result in Figure 6b may be compared to the Horn-Cone (Figure 7)
and Bulb (Figure 12) resonators in Ilinskii et al. 2001 [26] and with the
Conical in Figure 14 in Ilinskii et al. 1998 [27]. All of these remove the
phase coincidence for the higher harmonics and no shocks are present.
The time wave forms have similar qualitative shapes as they have more
narrow peaks and smoother throughs, even though the effect is more
accentuated for the closed resonators - they have considerably higher
amplitudes.
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FIGURE 6. Pressure along axis close to the active plate for a) a measurement for two
flat plates (fq = 8960 Hz, l = 19.60 mm, r = 0 mm, z = 1 mm b) measurement of one flat
and one concave plate (fq = 9000 Hz, l = 21.40 mm, r = 0 mm, z = 1 mm). In plot c) is

depicted the frequency content of a). In d) is depicted the frequency content of b).

In Figure 6c and d the frequency content of the above time signals is seen,
and it is clear how much smaller the higher harmonics are for the concave
plate. The shocked wave form on the left leaks much more energy to the
higher harmonics than the smooth one on the right. The fundamental
of the concave plate is 5.5 times larger than the fundamental of the flat
plate.

C. Radial pressure distributions

The measurements in Figure 7 show the maximum pressure distribution
as a function of radius close to the transmitting plate, where r (radial
coordinate) is the distance to the axis . The center of the round plates
are at r = 0, while the edge of the resonator is at r = 165/2 = 82.5 mm.
In Figure 7a with two flat plates, the amplitude of the wave is more or
less constant going radially from the axis. In contrast, in Figure 7b with
one flat and one concave plate the highest pressure is found in the middle
of the resonator and diminishes almost linearly with resonator radius. As
seen in Figure 7b the pressure varies from maximum to minimum at the
center, while it is near zero at the disk edge. The highest pressure is five
times greater in the flat-concave system (7b) compared to the flat-flat
one (7a).
In both Figures 7a and 7b can be seen how the wave amplitude along the
radius is in phase for both the flat-flat and the flat-concave reflectors.
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Figure 8 displays the maximal and minimal time signal pressure as a
function of radius, obtained from the same values as in Figure 7.

Radial

70

70

a)

b)

Pressure (Pa)

Pressure (Pa)

FIGURE 7. Pressure close to the active plate as of radius and time for a) measurement
for two flat plates (fq = 8960 Hz, l = 19.60 mm, r = 1 : 70 mm, z = 1 mm) b) measurement
of one flat and one concave plate (fq = 8000 Hz, l = 29.96 mm, r = 0 : 70 mm, z = 1 mm).
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FIGURE 8. Maximum and minimum pressure close to the active plate as of radius of a)
measurement for two flat plates (fq = 8960 Hz, l = 19.60 mm, r = 1 : 70 mm, z = 1 mm)
b) measurement of one flat and one concave plate (fq = 8000 Hz, l = 29.96 mm, r = 0 : 70

mm, z = 1 mm).

It is evident that the concave resonator collects the pressure in middle.
In the flat resonator the pressure is more distributed. The excited area
is highly dependent on frequency and the excitation can be concentrated
to a small area. By using a flat reflector we get a wide wavefield on the
object surface, by using a concave we get a focused one.
The question may be posed as: is a large movement of the passive plate
increasing the air pressure as a rule ? This calls for a theoretical inves-
tigation, which follows in the next section.

III. WORK THROUGH SURFACE BOUNDARIES

A pressure wave in the air gives a force on the reflecting objects surfaces.
Work (transfer of energy) is being done by the air pressure when the
velocity of the object surface has different phase compared to the air
pressure wave. Of interest are the work from the active transducer to
the air, and from the air to the passive object. It will be seen for which
conditions the energy is maximized in the air, and for which conditions
the energy transfer to the object is maximized. Let the work be defined
as the force F from the air multiplied by the object surface displacement
dx.

dW = F · dx = pA · dx , (1)

The work per unit area of the surface A is

dW/A = F · dx /A = (p1 − p2) · dx , (2)

where p1 is the air pressure at the interface and p2 is the pressure in
the object at the interface. Let the pressure difference have the time
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dependence
(p1 − p2)(t) = p0 sin(ωt) . (3)

and the position of the surface be oscillating as

x(t) = x0 sin(ωt + φ) . (4)

Then the power transmitted from the air to the object per period of
oscillation is

W/A =
∫

p(t) · dx(t) =
∫ 2π

0
p0 sin(ωt) · x0 cos(ωt + φ) · d(ωt) . (5)

This work integral has a maximum of p0x0π at φ = 3π/2 and a minimum
of −p0x0π at φ = π/2. We have for the maximum ẋ(t) = dx/dt =
x0ω cos(ωt + 3π/2) = x0ω sin(ωt), the pressure of the air and the surface
velocity are in phase. This means that energy is transferred from the
air to the object best when the air pressure is in phase with the surface
velocity of the object.
In our measurement we are dealing with active and passive objects which
have the same resonant frequencies, so the condition of triple resonance
may take place. The group at Institute of Acoustics in Madrid have
designed large special resonators for maximal air pressure with resonant
active transducers, while the passive surface is fixed (i.e. hard) [28]. This
is in agreement with the work aspect above.
Because energy is flowing from the air to the passive object, one might
expect that the air pressure should not have a maximum for these con-
ditions. But it does, according to the measurements. There are two
explanations for this. The first is that the transmitting plate and the
passive plate have the same resonant frequencies. So the transfer of en-
ergy from the active plate to the air is greater than the removal of energy
from the air at the passive plate. Another possibility may be that the
mode shapes of both the active and passive plates is of such character
that the wave field is augmented.
The conclusions are that the passive side in resonant systems should be
designed to be immovable if the fluid medium energy is to be maximized,
and that the passive object is to have its own resonance coinciding with
the excitation frequency and the air gap if the energy flowing into the
object is to be maximized. The resonance of the object also keeps the
energy in the object.
The active plate (the transducer) should, for maximum transfer of en-
ergy, always be designed to oscillate at the chosen resonance of the fluid
medium (the air).
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The passive surface must always move more or less with the wave in order
to absorb energy. In contrast, the active side must always push the wave
so its surface moves more or less opposed to the air wave field.
In other words, to obtain a maximum of the air wave field there should
exist a double resonance with the active surface and the air having the
same resonances. For the maximum of the passive object wave field
there should be a triple resonance with the passive object having the
same resonance as the active surface and the air. (A measurement of the
triple resonance was shown in Figure 5.)
For a steady state when there is no dissipation from the object, the
pressure must be the same on both sides of the boundary. Only then is
the work at any moment the same (it is zero) through the boundary.

IV. STEADY-STATE OF A DOUBLE RESONANCE

From the calculations of work or discussions we know that at steady state
the pressure amplitude of the waves coming in to the boundary from both
sides are the same.
We must consider the waves reflecting at the interface, the one from the
air to the passive side and the one from the passive side to the air. At
the same point a steady-state is reached where energy from transducer
disappears in three ways. First the normal dissipation in air and object,
secondly the nonlinear attenuation, and thirdly the energy leaving the
system from the back side of the passive object.
Let us visualize this in Figure 9 for the double resonance case. Let for
both media 1 and 2, the dashed lines be the right going waves and the
dotted lines the left going wave while the solid line is the total pressure
wave (left + right) in both media.
The condition for resonance in medium 2 with one ideal hard and one
ideal soft boundary is that the thickness is λ2/4 + m λ2/2, where λ2 is
the wavelength in medium 2 and m is an integer.
One can see that the wave seems to be continuous through the interface.
In reality, not much energy is moving between the media and even when
removing one of the media instantly, keeping the hard boundary condi-
tions would let the standing wave in each medium continue as before. To
keep the medium 1 wave, the interface would be replaced by a completely
hard boundary. To keep the medium 2 wave, the interface would also be
replaced by a hard boundary.
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FIGURE 9. Steady state of double resonance with a hard reflection from medium 2

(object) to medium 1 (air) and soft from object to right border. (When ωt = 0 and ωt = π

the left- and right-going waves coincide.)

For simplicity of visualization, in the figure is assumed that the sound
velocity c is the same in both media1, while the impedance I = ρc is
different due to the different densities ρg in medium 1 (air), and ρs in
the second (object). Let ρs � ρg, so that Is � Ig . Then the right going
wave in the air reflects hard against the object. The right going wave
in the object reflects softly against the free surface. The left going wave
in the air reflects hard against the left boundary (the transducer), while
the left going wave in the solid reflects hard against the air because the
incoming wave in the air makes the interface hard - the interface does
not move at ideal steady state.
The wave incoming from medium 1 always reflects hard also in the tran-
sient phase because medium 2 has higher impedance that 1.
Looking at the two masses on either side of the interface, Figure 10, the
same force is acting on each of them. During one period at steady state
the total work across the interface done to each of them must be zero,
respectively. This only takes place when the phase between them are

1In most cases the sound velocities in the media would differ, and then the slope (deriva-
tive) of the wave field in space would have a discontinuity at the interface between the
media.
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90 degrees. The masses move towards and away the interface simultane-
ously, so the interface may be seen as a fixed line. Through the interface
itself no work is done as there is no displacement. (There could in fact
have been a mass at the point without interfering with the modes.) The
highest pressure is when the masses are closest to each other, the velocity
is then zero. The phase between velocity and pressure must therefore be
π/2, as shown above.
This analogy holds for triple resonances as well.
Note that this is at steady-state. During the transient part the pressure
(force) is not 90 degrees out of phase with velocity as there must be
energy going to the right (passive) side of the interface. The transient
phase is not analyzed in this paper.

interface

Ti
m

e

m1i m2i

Paths of interface particles

k1

F1

k2k ik 1

F im1im1m1 m2i m2

Medium 1 Medium 2

FIGURE 10. Steady state movement of the particles or lumped masses on both sides of
the interface.

V. INTERFACE MOVEMENT

A hard material can be a hard reflecting surface against air if energy goes
from the surface to the air through the vibration of the surface, or if the
hard material is not moving.
A definition of an ideal passive hard reflection is when the surface that
the wave is reflected from does not move, the impedance of material 2
is very high, Z2 → ∞. The reflection coefficient R = Z2−Z1

Z2+Z1
= 1 and

the transmission coefficient T = 2Z2

Z2+Z1
= 2. There is no energy transfer
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to the hard material because the velocity of the hard material surface is
zero as u = p2/Z2 = 0.
The surface can also move in opposite phase (180 degrees shift) with
respect to the incoming wave, and then we have an active hard surface.
Energy is going from the surface to the wave in the air.
The definition of ideal soft reflection is when there is no pressure fluc-
tuation at the surface. It may almost take place when wave in a fluid
reflects at an air surface, or in open tubes (like some musical instru-
ments), or when a longitudinal wave in a solid reflects from an air in-
terface. For example the ratio between the impedances for some metal
and air: Zmetal/Zair = 25000000/3000 = 8333. A very small amount of
energy is transferred also in this case. An ideal soft surface has reflection
coefficient R = Z2−Z1

Z2+Z1
= −1 and transmission coefficient T = 2Z2

Z2+Z1
= 0.

The reflection may be partially soft even from a medium with low impe-
dance (medium 1, e.g. air) to a medium with high impedance (medium
2, e.g. solid object or transducer) if the surface in between is moving in
phase with the incoming wave. The energy is then going from medium 1
through the surface to the medium 2. This takes place when the medium
2 is activated by medium 1, as when a solid is radiated by a wave in air.
When we have the same pressure in each medium, the force on the inter-
face is the same from each side so there is no movement and all reflections
are ideally hard, with no energy passing through the surface, which is
shown in Figure 10.
As seen in the Section III, the way the interface moves in relation to the
incoming wave is important. The direction of the transfer of energy is
directly linked to the phase between the air pressure and the surface (in-
terface) velocity. First the energy goes from the active plate (transducer)
to the air, then it is going into the passive plate. Assuming we have a
certain phase between the passive plate velocity and the incoming wave
from the air, the passive plate removes (or adds) more energy the higher
its surface velocity is, in the same way as the active plate is adding (or
removing) more energy the more it moves.

VI. DISCUSSION

For closed resonators the pressure can be as high as 3-4 atmospheres [14],
with the main loss mechanism in a closed resonator being the boundary
layer losses at the resonator sides [26]. As a further investigation, it would
be interesting to see how high the pressure can be in an open resonator.
The air wave field appearance can be changed with different designs of
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the active resonator plate. An evident way to proceed is to use stepped
transducers, as for closed high power acoustic resonators [29].
The very high pressures in the open resonators would be very useful in
acoustic Non-Destructive Testing, since existing non-contact air-coupled
transducers are lossy.

VII. CONCLUSIONS

A system consisting of an active plate and a passive plate with an air
gap in between was investigated for its resonant acoustic behavior. The
pressure in the air was experimentally studied for two flat plates, and for
a flat and a concave plate.
In a resonator with two flat parallel surfaces the nonlinear effect of a
standing wave results into a shock wave. The wave amplitude at res-
onance between two plane and rigid walls is limited by the nonlinear
attenuation taking place in the shocks. When the corresponding mea-
surements were made in the resonator with one flat and one concave sur-
face, a shockless smoother wave appeared, meaning more energy could
be stored in the wave. The pressure was higher by a factor four.
From the study of pressure in the radial direction, the concave resonator
was shown to collect the pressure in middle, while the flat resonator dis-
tributes the pressure evenly along the radius. The conditions for maxi-
mizing the air pressure are fulfilled by letting the active plate (“1”) and
the air (“2”) be in a double resonance with the passive plate being still.
Then the passive plates reflecting surface is hard.
The maximizing of the energy transfer into the passive plate was found
to take place at a triple resonance of active plate (transducer) (“1”),
air (“2”), and passive plate (object) (“3”). This was measured exper-
imentally, and explained by the concept of work through the air-plate
interfaces.
The pressure wave field appearance of an air-passive plate at steady-state
double resonance was shown, indicating equal pressure on both sides of
the interface irrespective of the impedances of the two media.
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Abstract

This work is the second part of three that presents new tools to be used for
damage localization in plates by nonlinear acoustic methods. It introduces
an important in-plane localization technique, which is based on the existence
of resonant spatially localized wave fields. The wave from the transducer is
acting as a dynamic influence on the plate surface, making the waves reflect
in a non-ideal way. The non-ideal reflections make the modes underneath
the transducer have different resonant frequencies than the modes beside the
insonified area. They appear both for contact and non-contact sources. In
the nonlinear damage localization application, the trapped mode wave field
interacts with another signal at lower frequency. This results in sidebands
around the high frequency whose amplitudes are related to the amount of
damage underneath the transducer.

I. INTRODUCTION

This work is the second part of three presenting new tools that are useful for
damage localization in plates by nonlinear acoustic methods for contact and
non-contact sources. In the first part, non-contact air wave fields in a plate-air-
plate system were investigated [1]. This paper treats the in-plane localization
in the plate (in x-y), while the third will deal with the depth localization (in
z), see Figure 1.
The trapped local mode approach in this paper is much more important for
the nonlinear acoustic methods treated because they use lower frequencies
than the linear ultrasonic methods.
Resonant waves are used in the fields of both linear and nonlinear nonde-
structive acoustic testing [2]. Examples of the resonant methods are Resonant
Ultrasound Spectroscopy [3], Nonlinear Wave Modulations Spectroscopy [4],
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Resonant Frequency Shift [5] and Slow Dynamics [6]. Most of the mentioned
methods are nonlinear. The linear ultrasound use wavelengths that are smaller
or on the same length scale as the damage. Thus the linear ultrasound waves
often are in the shape of directed beams. They are by their nature local as they
spread less and are more attenuated. On the other hand, with the nonlinear
methods, the cracks may be several orders smaller than the wave length. The
low frequencies used by the nonlinear methods are prone to spread all over the
test objects because of the long wave lengths and low attenuation. Therefore,
these waves are not local and it is difficult to obtain localization by the ordi-
nary nonlinear acoustic methods. In this work we are looking at plates with
the in-plane dimensions x and y being much larger than the thickness z, see
Figure 1. At the same time the thickness may not be too small (z0 > zmin).
Plate structures exist for example in buildings, airplanes, containers, ships,
and cars.

x h

a
z

y

y

x
xz

Non-contact Source

Plate

r PZT sensor

D

FIGURE 1. The non-contact source above a plate.

There are three reasons why a local wave can be necessary in nonlinear non-
destructive testing: 1) When the object is very large, the complete object can
not be examined all at once, examples are buildings or ships. 2) When closely
lying nonlinear regions otherwise create disturbances. 3) When an image of
the position and extent of damage is needed.
One common nonlinear methods in use to detect damage is the Nonlinear
Wave Modulation Spectroscopy (NWMS) [7], [8], [9], [10], [11], [12]. Like the
other nonlinear methods, it is based on the fact that material with cracks
has much greater material nonlinearity than one with no cracks. Therefore,
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by measuring the material nonlinearity, an indication of the damage level is
obtained. The general approach to do this can be understood by considering
propagation of a one-dimensional wave with two frequencies inside a material

u(x = 0, τ) = u0(τ) = aL sin(Ω0τ) + aH sin(ω0τ) . (6)

The parameter τ = t−x/c0 is the retarded time, where t is time, x is distance
from source, and c0 is the sound velocity. We assume that the angular fre-
quencies fulfill ω0 � Ω0. The nonlinear interaction between the waves (here
expressed in particle velocity u) will be obtained by investigating the solution
(7) (see e.g. [13] [14]) for a small distance x away from the source:

u = u0(τ +
ε

c2
0

ux) , (7)

where ε is a material nonlinearity parameter. The signal (6) inserted into the
solution (7) gives us an approximate solution at z = εx/c2

0:

u(z, τ) = aL sin(Ω0[τ + z(aL sin(Ω0τ) + aH sin(ω0τ))])
+aH sin(ω0[τ + z(aL sin(Ω0τ) + aH sin(ω0τ))]) (8)

With the MacLaurin expansion in z, f(z) ∼ f(0) + f ′(0) · z + . . ., we get

u(z, τ) = aL sin(Ω0τ) + aL cos(Ω0τ)Ω0 · z · aL sin(Ω0τ)︸ ︷︷ ︸
I

+ aL cos(Ω0τ)Ω0 · z · aH sin(ω0τ︸ ︷︷ ︸
II

) + aH sin(ω0τ)

+ aH cos(ω0τ)ω0 · z · aL sin(Ω0τ)︸ ︷︷ ︸
III

+ aH cos(ω0τ)ω0 · z · aH sin(ω0τ)︸ ︷︷ ︸
IV

. (9)

The first and fourth terms are the linear source frequency terms. The more
interesting ones are the nonlinear interaction terms I,II, III and IV (which are
the second, third, fifth and sixth terms respectively).
The product with mixed frequencies in term II is

cos(Ω0τ) sin(ω0τ) = [sin((ω0 + Ω0)τ) + sin((ω0 − Ω0)τ)]/2 . (10)

The product with mixed frequencies in term III is

sin(Ω0τ) cos(ω0τ) = [sin((ω0 + Ω0)τ) − sin((ω0 − Ω0)τ)]/2 . (11)

Both terms II and III from equation (9) contribute to the sidebands at fre-
quencies ω0 + Ω0 and ω0 − Ω0

uSB = 2aLaHz{Ω0[sin((ω0 + Ω0)τ) + sin((ω0 − Ω0)τ)]/2
+ω0[sin((ω0 + Ω0)τ) − sin((ω0 − Ω0)τ)]/2}

= aLaHz{(ω0 + Ω) sin((ω0 + Ω0)τ) − (ω0 − Ω) sin((ω0 − Ω0)τ)} (12)
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There is an amplitude difference between the sidebands. The sideband with
lower frequency is smaller than the upper by the factor (ω0 − Ω)/(ω0 + Ω).
No sidebands exist when there are no cracks, because high levels of material
nonlinearity is directly connected to cracks. The sideband amplitudes nat-
urally increase with amplitude of the low frequencies in the damage region.
With a constant low frequency amplitude, the sideband amplitudes will in-
crease and decrease when the transducer high frequency amplitude, or the low
frequency amplitude, increase and decrease. Experiments that show this is
found in reference [15]. The type of curve that is obtained from equation (9)
is shown in Figure 2.
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FIGURE 2. Frequency response spectrum after nonlinear propagation the distance
x = 0.1 meter of two initial frequencies ω0 = 15000 Hz and Ω0 = 2000 Hz. The nonlinearity

parameter ε = 500.

As one is searching for the nonlinear interaction between these two signals, it
is enough to localize one of the wave fields, either aL sin(Ω0τ) or aH sin(ω0τ).
It is easier to limit the geometric extent of the high frequency (HF) than the
low frequency (LF).
For a free plate, there does not exist any localized trapped modes through the
thickness. They do not exist in the free plates and do not appear when making
eigen value finite element simulations. They exist only when an acoustic source
fulfills the open resonance conditions for the plate thickness [1]. Therefore, in
experiments they are found when the insonified surface area on the plate is
large enough, while at the same time the frequency which gives resonance
through the thickness is used. These kinds of localized vibrations, or trapped
modes, may in general appear as a result of thickness variation [16],[17], bend-
ing of the domain [18], and perturbations of the elastic modulus [19]. A local
change of the boundary conditions as a possible reason for trapped modes is
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mentioned by Förster [19], but has not been thoroughly treated to our knowl-
edge. In our case it is a dynamic local change in the boundary condition.
The excitation can come from either a contact transducer or a non-contact air
wave. The local property of such an open resonator wave field was noted in
another publication [20] - while its physical explanation was not given. In the
present article the explanation for the local resonant field will be presented, as
well as measurements of both contact and non-contact localizations in plates.

II. CONCEPTS OF LOCAL ACOUSTIC OPEN RES-

ONATOR WAVE FIELD

When placing a transducer on a plate, there can exist two kinds of wave fields
which will limit the thickness resonance wave field, see Figure 3 top (Contact).
The first way (type A) has a resonant wave being reflected by the transducer’s
far side. The transducer acts as an integral part of the medium. The time
of propagation of the wave is the sum of the propagation time through the
plate and the transducer. A local wave field appears because the mode for
the system with transducer and plate has a frequency which is different from
the wave field in the plate by itself. This resonant wave (type C) has soft
reflections from both the top and bottom surfaces.
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FIGURE 3. Plate with transducers. Top: contact transducer. Bottom: non-contact air
transducer.
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The second kind of wave field (type B) is where the interface between the
transducer and plate acts as reflector. The wave coming in from the trans-
ducer to the interface affects the boundary pressure values and the acoustic
impedances given by the normal material values can not be used.
The incoming wave affects the plate surface boundary condition. This mode
propagates only through the plate, so it has a propagation time close to the
propagation through the plate only, and has a higher frequency than type A.
This kind of local wave field may appear only under conditions of resonance
when the conditions for open resonator is fulfilled for the plate surface wave
field (under the transducer). In short, the diameter of the wave field (the
transducer) must be large enough, and must increase with increase in plate
thickness and in wave length λ [1].
The ideal estimated frequency of the mode A (completely through the sample
and transducer) is fAi = 1/(2a/cs+2b/ct), where a is thickness and cs is sound
velocity of sample, and b is thickness and ct is sound velocity of piezoelectric
transducer. The ”ideal” frequency of mode B, not accounting for the wave field
influence, is simply fBi = cs/a = fC , but the real frequency of mode B contains
a strong non-ideal influence. The non-ideal influence is expected to depend
strongly on frequency, like the way any other mass-spring component shows
a frequency dependent response. For practical purposes, the details about
the exact influence of any specific non-ideal properties of the transducer-plate
system are not important. It will be enough to have the knowledge that this
phenomenon exists, and therefore will create conditions for trapped mode local
wave fields.
For the non-contact case, Figure 3 bottom, the resonant modes of types B
and C still exist, but not type A. The pressure field from the air on the plate
surface under the transducer still causes the boundary condition to be non-
ideal, making the mode type B have a different frequency from type C.

III. ONE DIMENSIONAL WAVE FIELD MEASURE-
MENTS

The simultaneous existence of mode types A and B in a one-dimensional sys-
tem is evident from acoustics of layered media, see e.g. [21],[22]. The concepts
are clear from a measurement indicating the influence of the transducer. The
types A and B modes are shown for a steel bar of length a = 0.119 and di-
ameter 15 mm where a transmitting piezoelectric transducer with diameter
30 mm and thickness 2.5 mm was attached to one end. It was driven by an
Agilent 33220A signal generator.
The fundamental frequency responses (for a steel bar length of a ≈ λ/2) were
found at fqA = 1/TA = 21100 Hz, and at fqB = 21300 = 1/Ts Hz, see
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Figure 4. The peak at 21 300 Hz is from the reflection against the interface
between steel and transducer. The ideal frequency shift with an added length
of b = 2.5 mm transducer material with sound velocity cT = 4030 m/s is 135
Hz. The measured value is 200 Hz. The influence of the transducer is non-
ideal, meaning that the reflection is neither perfectly soft or perfectly hard.
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FIGURE 4. The peaks from the mode of kind A (at 21 100 Hz) and from the kind B (at
21 300 Hz) for a steel bar with a pzt attached to the end.

If we assume a perfect hard interface (ideal mode type B), making the reflec-
tions hard (immovable) on the transducer side and soft (pressure release) on
the free plate surface we can evaluate the modes. For the resonant wave with
one hard reflection and one soft, the relation between plate thickness a and
wave length λ is a = λ/4 + nλ/2, n = 0, 1, 2, . . ..
For a plate, the regions outside the transducer area with two soft reflections
the thickness resonance criterion is a = nλ/2, n = 1, 2, 3, . . . . For a given
frequency, both these criteria can not be fulfilled - when resonance exist under
the transducer it does not exist on the sides. This is the reason why the wave
field is local when open resonance exist under the transducer.
In a one-dimensional system, like slender bars, the resonance of a layer of type
B (see Figure 3) is seen as evident and exist for specific frequencies. For these
kinds of system the resonance which includes the wave passing through the
transducer (type A) also exist. What is not evident, is that resonance of type
B in a two-dimensional system must fulfill the open resonance criteria to exist.
The resonance mode type C (soft-soft) is found outside of the region with the
incoming wave field.
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IV. CONTACT LOCAL WAVE FIELD

The measurements with a 30 mm diameter transducer glued to a 5 mm thick,
800 mm wide and 1100 mm long plate of plexiglass is a good example of the
resonance localization type A. The mode includes the transducer itself which
has thickness b = 2.5 mm. The frequency estimate is n · 1

2 · 1/(0.005/2700 +
0.0025/4030) = n · 202236 Hz. This gives the following estimates of those
resonant mode frequencies: 202, 405, 607, 809, 1011 kHz.
The wave field was measured with a pressure sensor, PCB 132M14 with a
diameter of 3.3 mm, which was attached to the plate by a medium hard wax.
It was moved along lines away from the center of the transmitting transducer,
see Figure 1. In the measurement a suitable frequency was 1034 kHz (to be
compared to the theoretical value 1011 kHz), and the amplitude is shown as
function of radial position r in Figure 5. Both the same side as the transducer
(top) and the opposite side (bottom) were measured. For this frequency the
wave field is very local with most energy inside the 15 mm transducer radius.

P res s ure under trans d u c e r

0

500

1000

1500

2000

2500

3000

3500

4000

4500

0 25 50 75 100

R adial dis tanc e (mm)

P
re

s
s

u
re

 (
P

a
)

Top of plate
Bottom

Transducer

FIGURE 5. Wave amplitude for 5 mm plexiglass plate opposite (”Bottom”), and beside
(”Top”) the 30 mm diameter contact transducer with the frequency 1034 kHz. Horisontal

axis: distance from center in mm.
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V. NON-CONTACT LOCAL WAVE FIELD

It may be easy to claim that attachment of a structure on a plate is what makes
the local wave field even of the type B, and that the interface conditions are
a result of this only. But then, the similar effect would not exist for a non-
contact transducer. That this happens will be shown in this section. The
claim that the wave field is local because it is close to the transducer will be
disproved by showing a wave field where the amplitude is near zero under the
transducer, while there exist resonance on the sides.
Non-contact measurements were made on a 71.6 mm thick carbonite-divinyl-
carbonite laminate plate. The non-contact transducer consisting of a 115 mm
diameter plexi-glass plate with seven 30 mm diameter PZT transducers glued
onto it was placed at a height of 9.5 mm above the laminate plate. The surface
of the transducer was flat because a distributed field on the plate surface
was preferred [1]. Frequency sweeps were performed where the amplitude
was measured by two PZT sensors of diameter 10 mm. One attached by
medium hard wax to the plate at the center on the underside directly beneath
transducer device, and the other at 30 cm from the first one, see Figure 6.
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FIGURE 6. Frequency sweeps of a laminate excited by an non-contact 115 mm
transducer. The measurements were made directly under the transducer (”r=0 cm”), and

at 30 cm distance.
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There exist frequencies where the wave amplitude in the center (r = 0) is more
or less zero, which happens at the anti-resonances. The pressure at r =30 cm
has relatively large values, approximately 1 kPa at frequency 249 kHz, while
at the center, they are more or less zero.
The plate thickness mode type B from the contact transducer measurement
is found for the non-contact excitation case too, see the bottom picture in
Figure 3. The transducer excites the air, which in turn excites the plate.
The air wave field will for the plate thickness modes act equivalently to the
contact transducer field on the plate. This non-contact mode type B has
the same origin in the non-ideal boundary conditions as the contact mode
type B. Beside the transducer the boundary condition is soft and beneath the
transducer the boundary condition is non-ideal. This means that there is a
thickness resonance under the transducer whose eigen frequency will not be
the frequency for the thickness resonance on the sides. It shows the existence
of the anti-resonant modes of the air gap-plate system, and that the resonances
for the air gap-plate system are not the same as for the plate by itself. Even
though the plate is surrounded by air, the air interface under the transducer
does not act as a perfect soft boundary. It acts as a partly hard surface.
The amplitude as a function of the radial distance from the center is shown
for frequency 242.5 kHz in Figure 7. The high amplitude wave field is being
concentrated almost fully within the radius of the non-contact transducer (57.5
mm).
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It must be the incoming wave that makes the insonified region having differ-
ent boundary condition from the rest of the plate surface, because the only
difference between the resonant system conditions of the insonified region and
the rest, is the insonification itself.

VI. IN-PLANE LOCALIZATION APPLICATION

The main application in mind is Nonlinear Acoustic Non-Destructive Testing.
To see how this works, we assume a plate with a damaged region at a position
x, see Figures 1 and 8. By moving a non-contact transducer device above the
plate surface along the x-axis, the local field, seen in Figure 7, will move with
it.

B
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PZT SENSOR

SHAKER

low frequency 
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high frequency 
signal inTRANSDUCER

to DAQ system

FIGURE 8. The damage localization test with the non-contact high frequency source,
the low frequency shaker, and the PZT sensor.

The plate is a composite laminate plate made by carbonite-divinyl-carbonite
layers of 71.6 mm thickness (a different one from the one in section V.). The
material and nature of the plate is not affecting the results to any significant
degree as the nonlinear methods work for more or less all types of solid ma-
terials. The transducer is moved along a straight line in steps of 1 cm. To
create the low frequency components a shaker was attached to the plate and
driven to create chirp signals with constant excitation force, exciting several
of the plate’s resonance frequencies. Simultaneously the high frequency wave
was introduced by the non-contact transducer driven at fixed frequencies by an
Agilent 33220A signal generator and a Krohn-Hite 7500 Wide-Band Amplifier.
The response was measured using a pzt sensor at a fixed position which had
the pz 26 material, 10 mm diameter, and 1 mm thickness. The fixed position
is taken at random as the method works for almost any positions. Moving
the sensor with the transducer fixed, the response amplitude would increase
slightly, but for limited sizes of plates the nonlinear response variations from
damage will in most cases be much bigger. The frequency spectrum was pro-
duced and stored with a LeCroy Lt262. Five different high frequencies [240.5
242.5 244.5 246.5 248.5] kHz were sent separately and the amplitude of the
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sidebands was averaged as described by Kazakov et al. [23]. The amplitude of
the sidebands were used to quantify the nonlinearity. In Figure 9 the resulting
sideband amplitude is plotted over the scanned x-direction. It has the same
shape as the transducer wave field.
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FIGURE 9. Noncontact transducer scanning of plate with damage around x = 0.

The artificially introduced damage has the middle located at x=0 and has a
10 cm length in the x-direction. The result shows that damage start to give
response 4 cm before and stop 5 cm after the middle point. It is from this graph
clear that using an open resonator, the nonlinear wave modulation technique
is possible to use for determination of location of defects in this laminate.
Noticeable is the fair resolution of the damage localization compared to the
physical extent of the resonator. The resolution in position x of the damage is
much finer than the transducer diameter that is 115 mm. The damage region
can in this case be mapped with an accuracy of around 1 cm. The size of
small individual cracks on millimeter-scale or smaller is not possible with this
type of set-up. This can be explained by that it is only the higher amplitudes
in Figure 7 which have high enough amplitude.
Damage position and extent can be determined, and by doing a nonlinear
acoustic C-scan an image can be presented.

92



Paper D: Non-contact nonlinear acoustic damage localization in plates.
Part 2: Localized resonance through dynamically trapped modes

VII. CONCLUSIONS

This paper presents measurements of localized resonant wave fields caused by
dynamically trapped modes in plates. These are of applied interest for nonlin-
ear acoustic non-destructive testing. The influence of the incoming wave field
on the reflections from the insonified plate surface makes the modes under
the transducer and the modes beside the transducer have different resonant
frequencies. The wave field modes under the transducers are non-ideal, hav-
ing different resonant frequencies from the plate regions beside the exciting
wave field on the plate surface. The local wave field under the transducer is
useful for the damage localization in nonlinear acoustics, where the relatively
low frequencies that are used generelly spread throughout the object. The
explanation is the dynamic change of boundary impedance through the active
wave field influence. The same behavior is found both for the contact and
the non-contact measurements. In order to get the local resonant wave field,
the insonified region on the plate surface must fulfill the criteria for an open
resonator.
The anti-local wave field was indicated, where the wave field under the trans-
ducer had negligible amplitude due to a local anti-resonance condition, while
there existed large amplitude resonant waves beside the transducer region.
This proves that the local wave field does not exist only because of proximity
to the transducer. The trapped mode wave field was used as the high frequency
in a Nonlinear Wave Modulation Spectroscopy measurement examplifying the
localization ability for the nonlinear acoustic techniques.
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