
 
 

Electronic Research Archive of Blekinge Institute of Technology 
http://www.bth.se/fou/ 

 

This is an author produced version of a paper published in 
Proceedings of the 2nd International Workshop on Adaptive 

Multimedia Retrieval – AMR 2004, August 2004, Valencia, Spain. 
This paper has been peer-reviewed but may not include the final 

publisher proof-corrections or journal pagination. 
 

Citation for the published paper: 
Elisabeth Rakus-Andersson. The Lattice of Verbal Fuzzy Numbers 

in IP-Traffic Prediction. Proceedings of the 2nd International 
Workshop on Adaptive Multimedia Retrieval – AMR 2004, 2004, 
Otto von Guericke Magdeburg University, Vol. 1, pp 114-129/The 

2nd International Workshop on Adaptive Multimedia Retrieval, 
August 2004, Valencia, Spain. 

 
 



The Lattice of Verbal Fuzzy Numbers in IP-Traffic 
Prediction 

Elisabeth Rakus-Andersson 

The School of Engineering, Blekinge Institute of Technology 
S-37179 Karlskrona, Sweden 

Elisabeth.Andersson@bth.se 
 
 

Abstract. Fuzzy numbers constitute a helpful tool for some users who deal with 
imprecise data. To facilitate a procedure of performing operations on fuzzy 
numbers for these users who do not possess deep mathematical qualifications, 
we introduce a special space of fuzzy numbers verbally defined. This consists 
of families of fuzzy numbers in the L-R form provided that every family has a 
common mean value. We not only discuss some properties of the space, but 
also propose new conceptions of the arithmetical operations on the verbally ex-
pressed fuzzy numbers. The classification of the IP-traffic can act as a practical 
aspect, which clarifies the theoretical assumptions formulated in the paper. 

1   Introduction 

An interdisciplinary cooperation between scientists representing different domains of 
knowledge is sometimes complicated because of different ways of expressing the ob-
tained results. For example, when a mathematician defines a fuzzy number, he or she 
will remember the theoretical information about it as definitions, theorems and the 
like. A fuzzy number in the well-known L-R representation appears in the mathemati-
cian’s imagination as a triple containing a mean and two spreads that can be included 
in a sequence of operations. 

Contrary to this impression a practician formulates the meaning of a fuzzy number 
by using verbal expressions as, e. g., “almost exactly 4” or “near 4” without taking 
care of the mathematical appearance of such descriptions. Moreover, after performing 
several operations he also expects an answer in a verbal form because the values of 
borders do not often give him the clear knowledge about the result. Since the classical 
operations on fuzzy numbers [2, 3, 4, 5, 7, 8, 9, 10, 12, 16] usually extend the spreads 
of the results in the inconvenient way, we suggest accepting the concept of a number 
space with members, which can be determined verbally (Section 2). In accordance 
with a list that is stated for more and more imprecise numbers with a common mean 
value we get in advance a design of spreads associated with these numbers. Every 
number is now identified by its name, which gives us the reason to christen the set of 
such numbers as “the space of fuzzy numbers verbally defined.”  



The space is countable and has its own total order that differs from some methods 
of ranking fuzzy numbers proposed by [1, 6, 11, 13, 14, 15, 20, 21]. To keep the result 
of executed operations on verbal fuzzy numbers within some borders, we suggest in-
troducing of new arithmetic over the space in Section 3. 

Section 4 reveals a trial of a practical application of verbally defined fuzzy num-
bers. By interpolating a set of points with vague coordinates describing the package 
sizes and associated densities in the DNS traffic, we derive the formula of a fuzzy 
polynomial, which identifies this sort of Internet protocols. 

The space of verbal fuzzy numbers has a regular structure, which makes easy to 
find the numerical representation of an event verbally expressed. This encourages us 
in making the first attempt of proposing fuzzy sets as Yager’s probabilities of events 
in which a certain variable takes a value being a verbal fuzzy number. This approach 
is discussed in Section 5. 

The construction of the space of verbal fuzzy numbers should help the possible 
user of applicable fuzzy theory to interpret his data and results in the form he under-
stands best, i.e., as some expressions belonging to the natural language. We assume 
that the user does not need a great accuracy in his investigations, but he wants to ob-
tain an easily accessible orientation in his problem. 

2   The Verbal Fuzzy Number Space 

Some experiments carried out on a sample of objects lead to imprecise values of the 
observed parameters. The scientists often seek a way of expressing the data when it is 
not known exactly. The idea of a fuzzy number seems to be useful in the considered 
case. Let us recall the conception of a fuzzy number M in L-R representation as the 
following definition [2, 3, 21]. 

 
Definition 1  
A fuzzy number M is of L-R type if there exist reference functions L (for left) and R 
(for right), and scalars α>0, β>0 with 
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where m, called the mean value of M, is a real number, and α and β are called the left 
and right spreads, respectively. The functions L and R map [ ]1,0→+R . The function 
L should satisfy L(0)=1, L(x)<1 for every x>0; L(x)>0 for every x<1; L(1)=0. The 
same conditions refer to the function R. Symbolically, M is denoted by (m, α, β). 

 



2.1   Fuzzy Numbers Verbally Defined and Their Mathematical Adaptation 

Let us first suppose that M=(m, α, β), m∈Z, represents the fuzzy number named as, 
e.g., “close to m” or “very close to m”. We try to designate the difference between 
“close” and “very close” by establishing the appropriate values of the spreads α and β 
for both fuzzy numbers. Let us suggest a list containing the most popular, verbal ex-
pressions, which are likely used for the imprecise numbers by some scientists. We 
denote the list by LISTm and state its contents as [17, 18, 19] 
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Users who need more expressions can extend the contents of the list. 
Each notion of the LISTm is proposed to have an L-R representation suggested as 
 

RdiZmididmM id ∈=∈⋅⋅= ,6,5,4,3,2,1,0,),,,(, ,    (3) 
 

where d is a fix multiplier accommodating the breadth of the spreads id ⋅  to a con-
crete problem. The assumption m∈Z seems to fit best in the case of imprecise num-
bers instead of m∈R. If m is a real number it can be given as the number with a very 
high decimal precision, and we will probably not need any fuzzy representation of 
such m. If m belongs to Z it will be reasonable to decide the magnitude of d as 0.1. 

If a user sometimes needs a higher accuracy of the mean m, e.g., as a real number 
with one digit in the decimal expansion, it will be possible to arrange the fuzzy num-
bers as 01.0,6,5,4,3,2,1,0,9,...,0,),,,.(, ===∈⋅⋅= dikZmididkmM id . 

By accepting, for x∈R, that  
 

1)()( +−== xxRxL          (4) 
 

we derive new formulas of the membership functions for 6...,,1,, =iM id , expanded 
as  
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 (5) 

 
The formula (5), found on the basis of (4) is comparable to Fullér’s presentation of 

the membership function of a triangular fuzzy number. Let us analyse his approach to 
the L-R fuzzy number as [7] 
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to conclude that the membership function of idM , in (5) and (6) is the same in spite of 
the different origins. 

The following picture shows two adjacent groups of fuzzy numbers for m = 3 re-
spectively m = 4, which are generated by (3). 
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Fig 1. The fuzzy numbers belonging to LIST3 and LIST4 

2.2   The Order in the Space of Verbal Fuzzy Numbers 

Let us consider the space of fuzzy numbers of the type ),,,(, ididmM id ⋅⋅=  ,Zm∈  
1.0,6,5,4,3,2,1,0 == di  denoted by VBFN(LIST). The space contains the fuzzy 

numbers verbally described at the first stage and mathematically formalized after-
wards. 

Many scientists defined the order among elements in the newly created spaces [6, 
11, 13, 14, 20, 21]. The space VBFN(LIST) also has its own order, which can be sug-
gested as the effect of the operation ≤ . 

The operation ≤  is treated as the relation ℜ with the property 
),,(),,( jdjdnididm ⋅⋅ℜ⋅⋅  if and only if , ),,(),,( jdjdnididm ⋅⋅≤⋅⋅  for 
∈⋅⋅⋅⋅ ),,(),,,( jdjdnididm )(LISTVBFN . 

 
Definition 2 
We say that 
a) nmjdjdnididm <⋅⋅<⋅⋅  iff),,(),,( ,

nm LISTjdjdnLISTididm ∈⋅⋅∈⋅⋅ ),,(,),,(  1.0,6,5,4,3,2,1,0, == dji . The 
values of i and j have no effect if nm ≠ ; 

b) jijdjdmididm >⋅⋅<⋅⋅  iff),,(),,( , mLISTjdjdmididm ∈⋅⋅⋅⋅ ),,(),,,( ; 



c) jinmjdjdnididm ==⋅⋅=⋅⋅  and iff),,(),,( . 
 
Using the above definition we can ascertain that, e.g., (3, 0.2, 0.2)<(5, 0.3, 0.3) 

while (4, 0.3, 0.3)<(4, 0.1, 0.1). 
If ),,(),,( ididmididm ⋅⋅ℜ⋅⋅  then ),,(),,( ididmididm ⋅⋅≤⋅⋅  and ℜ is reflexive. 
We assume that ),,(),,( jdjdnididm ⋅⋅ℜ⋅⋅ , which results in the inequality 

),,(),,( jdjdnididm ⋅⋅≤⋅⋅ . If we also accept the premise ℜ⋅⋅ ),,( jdjdn  
),,( ididm ⋅⋅ , which implies ),,(),,( jdjdnididm ⋅⋅≥⋅⋅ , we shall conclude that 

),,(),,( jdjdnididm ⋅⋅=⋅⋅ . The last statement confirms that ℜ is the anti-symmetric 
relation. 

Further, the assumption (m, di, di)ℜ(n, dj, dj) builds the statement (m, di, 
di)≤(n, dj, dj). If even (n, dj, dj)ℜ(p, dk, dk), which brings (n, dj, dj)≤(p, dk, 
dk), then (m, di, di)≤(p, dk, dk). The last inequality is equivalent to (m, di, di)ℜ 
(p, dk, dk), and this proves that ℜ is the transitive relation. The numbers (m, di, di), 
(n, dj, dj), ),,( kdkdp ⋅⋅  belong to VBFN(LIST), i, j, k = 0, …, 6. 

Possessing the features of reflexivity, anti-symmetry and transitivity, the relation ℜ 
introduces the partial order into VBFN(LIST), and we can declare that the space of 
verbal fuzzy number is a poset. 

Let us further investigate if the poset (VBFN(LIST), ≤ ) has the total order. 
 

Definition 3 
If (SPACE, ℜ) is a poset, we say that SPACE is totally ordered if for all x, y ∈SPACE 
either xℜy or yℜx. 

 
According to Definition 2 it can be checked that two verbal fuzzy numbers coming 

from SPACE = VBFN(LIST) satisfy either (m, di, di)≤(n, dj, dj) or (n, dj, dj)≤(m, 
di, di) that inserts the total order into VBFN(LIST). 

The drawing below illustrates the order among the verbal fuzzy numbers from 
VBFN(LIST). 

 
 
 
 
 
 
 
 
 
…    < ( m , 0 . 2 ) < ( m , 0 . 1 ) < m < …  
                                           … < ( m + 1 , 0 . 2 ) < ( m + 1 , 0 . 1 ) < m + 1 . . .

 
Fig.2 The order among fuzzy numbers from VBFN(LIST) 

Since we always are able to determine both the least and the greatest element for 
every pair of members of the space VBFN(LIST), we then will assert that the verbal 
fuzzy numbers constitute the lattice (VBFN(LIST), ≤ ). 



3   The Operations on Verbal Fuzzy Numbers 

The next problem to solve is to implement four arithmetic operations performed on 
verbal fuzzy numbers. Let us first discuss one disadvantage concerning the classical 
definition of the product of two fuzzy numbers. 

We thus quote the definition as follows regarding [2, 3]: “The product of two arbi-
trary fuzzy numbers RLAAAmA −= ),,( βα  and RLBBBmB −= ),,( βα  is equal to 

RLAAAm −),,( βα  RLBBBm −),,( βα ≅ ),,( ABBAABBABA mmmmmm ββαα ⋅+⋅⋅+⋅⋅  
if 0,0 >> BA mm .” Suppose that, in the particular case, A = (mA, α, α) and B = (mB, 
α, α). Then the product ≅⋅BA )(),(,( BABABA mmmmmm ++⋅ αα  has spreads, 
which mostly depend on the magnitudes of mA, mB. It seems to be logical that the 
spreads of the product should be influenced by the spreads of the multiplied numbers 
in the substantial grade instead. By multiplying (2, 0.3, 0.3) and (3, 0.3, 0.3) we get 
(6, 1.5, 1.5) while the multiplication of (15, 0.3, 0.3) and (30, 0.3, 0.3) leads to (600, 
13.5, 13.5). In both cases the multiplied numbers have the same small spreads, which 
means that they show the same grade of imprecision. It is difficult to explain the large 
difference between the spreads in the obtained results since the larger mean of a fuzzy 
number can be associated with “little fuzziness” in it. 

Further, if we use the fuzzy numbers ,6...,,2,1,0,, =iM id  defined by (2), (3) and 
(5) as the data in the operations of addition, subtraction, multiplication and division 
we would like to cause the appearance of a result, e.g., r that yields the value resem-
bling an arbitrary value (m, di, di) belonging to LISTm. We expect that r should be 
included in the class of numbers specified by (2). By performing the operations on 
fuzzy numbers due to [2, 3, 13, 16, 21] we recognize that we never get the result r 
with the spreads satisfying the condition (3). 

To demonstrate this allegation let us add “close to 5” to “appreciatively 3”, d = 0.1, 
when applying the classical definition of addition of two fuzzy numbers [2, 3]. Hence, 
(5, 0.3, 0.3)L-R+(3, 0.5, 0.5)L-R = (8, 0.8, 0.8)L-R. The result of the addition is the num-
ber with the larger spreads than the members of LISTm=8. The multiplication of these 
numbers will bring the effect (5, 0.3, 0.3)L-R(3, 0.5, 0.5)L-R ≈ (53, 50.5+30.3, 
50.5+30.3) = (15, 3.4, 3.4), which is only an attempt of appreciating the multiplica-
tion effect as an L-R number [22]. Moreover, we are not sure how to name verbally 
the number with so huge spreads. Even testing the operations, recommended by [4, 5], 
we get the number (5, 0.3, 0.3)(3, 0.5, 0.5) = (53, max(0.33, 0.55), max(0.33, 
0.55)) = (15, 2.5, 2.5), which still preserves the large values of the spreads, and we 
note that both α and β also will exceed the borders of the numbers placed in (3). 

3.1   The Max and Min as the Operations on Verbal Fuzzy Numbers 

By performing the operations of addition, subtraction, multiplication and division we 
wish to obtain other numbers looking like idM , , in which the magnitudes of spreads 
are determined by spreads of input data. We thus propose the following operations on 
the fuzzy numbers from FN(LIST) by defining them as [17, 18] 
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If we want to preserve the result of division as a verbal fuzzy number with the 

mean belonging to Z, then we should use either the floor function ⎣ ⎦ =÷ nm the great-
est integer less than or equal to nm ÷ , or the ceiling function ⎡ ⎤ =÷ nm the least inte-
ger greater than or equal to nm ÷ . The choice depends on the magnitude of a decimal 
expansion in the quotient nm ÷ . 

These operations, which are intuitively interpreted as similar to the operations oc-
curring in the case of the largest t-norm for multiplication (min) and the smallest s-
norm for addition (max) [22], warrant that their results always will be the fuzzy num-
bers from (2). Let us note that the list of idM ,  has been created according to the sci-
entists' advice (especially physicians). Hence, the users who define the entries of data 
in the way that is comfortable for them – in other words by choosing any description 
belonging to LISTm, m∈Z, – expect that they obtain a result r as another fuzzy number 
interpreted as one of the expressions from, e.g., LISTn, n∈Z. 

The sets of numbers generated by (7) are close. We further deduce that there exists 
an identity element equal to the fuzzy number (0, 0, 0) in VBFN(LIST) over the addi-
tion given by (7) because (m, i, i)+(0, 0, 0) = (m+0, max(i, 0), max(i, 0)) = (m, i, i). 
Since (m, i, i)(1, 0.6, 0.6) = (m1, min(i, 0.6), min(i, 0.6)) = (m, i, i) we can even ac-
cept the fuzzy value of (1, 0.6, 0.6) as the identity element for the multiplication in-
troduced by (7) over the space VBFN(LIST). No inverses can be found with respect to 
either the addition or multiplication operators. The associative law is satisfied for the 
max and min operations; therefore it is also valid in the case of the addition and the 
multiplication of the verbal fuzzy numbers. Hence, the space VBFN(LIST), having 
such features as closure, associativity and the existence of the identity element for 
addition respectively multiplication, is a semi-group with these operations brought 
into it by the connections (7). 

If both d and i are fix numbers then the set of fuzzy numbers of the type (m, p, p), 
m∈Z, p=di is a constant, will keep all the properties, which are characteristic of a 
ring. The set is called ),( pzFN  and it is a subset of )(LISTVBFN . 

 
Theorem 1 
The set of fuzzy numbers { }⊂⋅=∈= fixis,:),,(),( dipZzppzpzFN )(LISTVBFN  
with the operations of addition and multiplication defined by (7) is a ring. 
Proof 

),( pzFN  is a commutative group with respect to addition of fuzzy numbers in accor-
dance to (7) since the following conditions are satisfied: 



1) For any ),,( ppm ∈ ),( pzFN  and ),,( ppn ∈ ),( pzFN , 
),,( ppm + ),,( ppn = ),,()),max(),,max(,( ppnmppppnm +=+ ∈ ),( pzFN  – 

the closure of ),( pzFN . 
2) For any ),,( ppm ∈ ),( pzFN , ),,( ppn ∈ ),( pzFN  and ),,( pps ∈ ),( pzFN , 

( ),,( ppm + ),,( ppn )+ ),,( pps = ),,( ppm +( ),,( ppn + ),,( pps ) – associativity. 
3) There is an element ),,0( pp ∈ ),( pzFN  (0∈Z) such that 

),,( ppm + ),,0( pp = ),,0( pp + ),,( ppm = ),,( ppm  for all ),,( ppm ∈ ),( pzFN  
– identity. 

4) For all ),,( ppm ∈ ),( pzFN  there is ),,( ppm− ∈ ),( pzFN , (–m∈Z) satisfying 
),,( ppm + ),,( ppm− = ),,0( pp  – inverse. 

5) For any ),,( ppm ∈ ),( pzFN  and ),,( ppn ∈ ),( pzFN , ),,( ppm + ),,( ppn  
= ),,( ppn + ),,( ppm  – commutativity. 

The set ),( pzFN  with multiplication fulfils conditions 1)–3) according to the fol-
lowing statements: 
1) For any ),,( ppm ∈ ),( pzFN  and ),,( ppn ∈ ),( pzFN , ),,( ppm  ),,( ppn  

= ),,()),min(),,min(,( ppmnppppmn = ∈ ),( pzFN  – the closure of ),( pzFN . 
2) For any ),,( ppm ∈ ),( pzFN , ),,( ppn ∈ ),( pzFN  and ),,( pps ∈ ),( pzFN , 

( ),,( ppm  ),,( ppn ) ),,( pps = ),,( ppm ( ),,( ppn  ),,( pps ) – associativity. 
3) There is an element ),,1( pp ∈ ),( pzFN  (1∈Z) such that 

),,( ppm  ),,1( pp = ),,1( pp  ),,( ppm = ),,( ppm  for all ),,( ppm ∈ ),( pzFN  – 
identity. 

Finally we check the reliability of the distributive law: 
),,( ppm ( ),,( ppn + ),,( pps )=( ),,( ppm  ),,( ppn )+( ),,( ppm  ),,( pps ). 

 
Since the set ),( pzFN  satisfies all the axioms above, it will be interpreted as the 

ring. It is easy to learn that the sets )6.0,(),...,2.0,(),1.0,(),0,( zFNzFNzFNzFN , 
z∈Z, d=0.1 are disjoint in pairs. They are parts in the equation VBFN(LIST) = 
FN(z,0)∪FN(z,0.1)∪…∪FN(z,0.6), which constitutes the partition of the space 
VBFN(LIST). We notice that ),( pzFN  becomes the set Z (also the ring) if i=0. It 
would be desirable to find in the nearest future such operations, applied to the verbal 
fuzzy numbers from the entire set VBFN(LIST), which allow it to be the ring. 

3.2   Other Norms as the Operations on Verbal Fuzzy Numbers 

Since the comparisons of two values via max and min operations always give one of 
the values as the result, it seems to be suitable to seek other operations on verbal 
fuzzy numbers. They should yield smoother (not max or min) effects as the concate-
nation operations. 

We recall the formula of the Dubois-Prade parametric t-norm given as [22] 
 



10,
),,max(

),( ≤≤= λ
λλ yx

xyyxDP .       (8) 

 
If 0=λ  the formula (8) becomes 
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yx
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and provides us with the same output values as minimum. 

The parametric Dubois-Prade s-norm is formulated as [22] 
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It is stated in the shorter form 
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yx
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if 0=λ . The effects of using the Dubois-Prade s-norm, stated according to (11), re-
semble the results obtained for maximum. 

By making the appropriate choice of the λ parameter to get the close set of results, 
we wish to propose another group of basic operations on the fuzzy numbers from 
VBFN(LIST). Let us suggest them as [19] 

 

.6,5,4,3,2,1,0,,,for 
))1.0,1.0(),1.0,1.0(,()1.0,1.0,()1.0,1.0,(

)),1.0,1.0(),1.0,1.0(,()1.0,1.0,()1.0,1.0,(
)),1.0,1.0(),1.0,1.0(,()1.0,1.0,()1.0,1.0,(

)),1.0,1.0(),1.0,1.0(,()1.0,1.0,()1.0,1.0,(

=∈
⋅⋅⋅⋅÷=⋅⋅÷⋅⋅
⋅⋅⋅⋅⋅=⋅⋅×⋅⋅

⋅⋅⋅⋅−=⋅⋅−⋅⋅

⋅⋅⋅⋅+=⋅⋅+⋅⋅

jiZnm
jiDPjiDPnmjjniim

jiDPjiDPnmjjniim
jiDPjiDPnmjjniim

jiDPjiDPnmjjniim
coco

coco

λλ

λλ

λλ

λλ

(12) 

 
The floor or ceiling functions should be applied in the case of division to guarantee 

that the mean of a result is a member of Z. 
The thorough analysis of the topological properties of the space VBFN(LIST) with 

the Dubois-Prade norms – made as in the case of min and max – ought to reveal if 
these norms act better in the aspiration to accept VBFN(LIST) as the ring. 

As the example producing the effect of operations (7), we demonstrate the calculus 
concerning the extraction of the DNS-histogram class in the Internet traffic. 

 



4   The Interpolating Function in Identification of IP Traffic 

To overcome privacy issues and the unreliability of using port information, an ap-
proach to the classification of Internet traffic can be made by using information ob-
tained from IP itself. Basing our observations on datagram size histograms, the objec-
tive is to extract characteristic data for various application protocols such as HTTP, 
NNTP, DNS, FTP, etc. The histograms, plotted in Fig. 3, are examples of DNS traffic 
distributions, showing a characteristic mix of package sizes in the range 0-12 bins. 
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Fig. 3 The examples of the IP datagram sizes carrying DNS traffic  

If we, by analysing the larger sample of histograms, evaluate the coordinates of the 
most characteristic points in the polygons as (x0, y0) = (rather close to 3, rather close 
to 40), (x1, y1) = (close to 6, close to 90), (x2, y2) = (very close to 8, very close to 60) 
(when scaling the second coordinate by multiplying the values by 102), then we will 
able to test the operations suggested by (7) in the Lagrange polynomial [19] to obtain 
the general equation of a function that interpolates the points belonging to the same 
class of Internet traffic. 

We express the polynomial pn(x) as  
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in which knL ,  is the Lagrange coefficient polynomial expanded as 
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The polynomial p2(x) expressing a relationship between the DNS package size and 

the density has as the entries the fuzzy numbers x0, x1, x2, y0, y1, y2 given above in the 
verbal form. After their mathematical interpretation in accordance to (3) we create the 



function for any (x, p, p) belonging to the interval [0, 12], d = 0.1, p = 0.1i, i = 0, …, 
6, as 
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We perform the recommended operations to obtain the function 
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The function y should improve the accuracy in the process of interpolation when 

more points are used in (13). 
If, for example, the package size is assumed to be x = “almost exactly 4” = (4, 0.1, 

0.1) then the corresponding density of appearing of this package can be prognosti-
cated as y = (0.72102, 0.2, 0.2) ≈ “very close to 0.7”. Moreover, we can discuss if the 
function y = p2(x) expanded above is an indicator of the DNS traffic in the interval 
under consideration. 

5   The Yager Fuzzy Probability of Verbal Fuzzy Numbers 

Let us now assume that some values of the package sizes represent the variable X, 
which is measured in units among b and v, { } NvbvbbX ∈+= ,,,...,1, , ranked in the 
ascending order. By investigating a number of samples coming from the Internet traf-
fic (e.g., DNS-class histograms) we appreciate the aggregated values of the variable X 
within these histograms as the verbal fuzzy numbers (m, di, di ), m∈{b, b+1, …, v}, 
i = 1, 2, …, 6.. For instance, if the variable X = “the package size in the DNS traffic” 
is measured in the scale from 3 to 8 bins, then one of the generalized values of X will 
be appreciated as x = “close to 6”=(6, 0.3, 0.3). 

Let us appreciate Yager’s probability of the event that the variable X takes as a 
value the number “close to 6” = (6, 0.3, 0.3), d=0.1. We thus refer to Yager’s prob-
ability definition formulated as follows [22]. 

 



Definition 4 
Let α

idM ,  be the α-level set of a fuzzy number Md,i. Then the probability of a fuzzy 
event Md,i represented by the fuzzy number Md,i can be defined as  
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The α-level of Md,i is a non-fuzzy set α

idM ,  determined as 
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The variable { } { }vbbxxxX v ,...,1,,...,, 21 +==  has its classical discrete probability 

distribution 11)( pxP = , 22)( pxP = , …, vv pxP =)( . We calculate the mean value 
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Let us suppose that the probability distribution of X resembles the normal continu-
ous probability distribution, which is even observed in the example from Section 4. 
The example confirms that the packages, which come via the Internet traffic, are 
mostly concentrated in the neighbourhood of the mean in the considered interval.  

Further, we assume that the α-levels are decided for tαααα ,...,, 21= . In accor-

dance with (5), for d=0.1, we obtain [ ] tsxxM sss
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The probability value of s

idM α
,  is developed as 
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provided that Φ is the probability distribution function for the normal distribution. 

Finally, we propose the Yager probability of the verbal fuzzy number Md,i  in the 
form of a fuzzy set 
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If the probabilities of the variable values do not fit to the normal distribution we 
should find another probability model in order to evaluate the probabilities of the α-
levels. 

We prove the method discussed above to find the fuzzy set that approximates the 
probability of the event “the package size in the DNS traffic”=”close to 6”=(6, 0.3, 
0.3) when accepting the scale of the package sizes as X={3, 4, 5, 6, 7, 8}. Apart from 
it, we proceed from the assumption that most packages in DNS traffic in the investi-
gated interval come with the largest densities about the mean value of the interval. 

Assuming that P(3)=0.05, P(4)=0.10, P(5)=0.35, P(6)=0.35, P(7)=0.10, P(8)=0.05 
we compute μ=5.5 and σ=1.12. We adapt the discrete distribution to the continuous 
normal distribution N(μ,σ) to calculate the probabilities of the following α-levels: 
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Hence, 0036.0
1

0398.0
8.0

0757.0
6.0

1188.0
4.0

1622.0
2.0)3.0,3.0,6( ++++=P . 

 
The probabilities, which are the elements of the support, seem to have too small 

values. It is a consequence of using the continuous distribution instead of the discrete 
one. Since it is the first study on this topic, a closer analysis may be needed in the 
future. For instance, we may assume including a particular scaling factor into the 
probability formula as a remedy of improving the obtained results. On the other hand 
we can define seven verbal fuzzy numbers for each positive integer assigned to X, 
which leads to 42 verbal fuzzy numbers in the case of six basic sizes. The probability 
of meeting an arbitrary number of these 42 without making any assumptions about 
their fuzziness is about 0.02. The last value is only the very rough evaluation of the 
“close to 6” probability, but it converges to p=0.0398, which possesses a high mem-
bership degree equal to 0.8. 

6   Conclusions 

The mathematicians who work on some applications of mathematics to other subjects 
should respect other scientists’ opinions; especially if they have the different abilities 
in formulating their problems in the way they understand best. It means that research-
ers, non-professional mathematically, often use the verbal expressions to describe a 
value they need. Being aware of it we have made a trial of introducing a new fuzzy 
space with verbal fuzzy numbers in the particular L-R form.  

It makes possible to choose required values by using simple linguistic formulations 
and replacing them by appropriate fuzzy numbers from the space. The operations, 



defined in the space, keep the results within the same space without enlarging the 
borders of the numbers. It is necessary to emphasize that the operations tested in the 
paper differ from the classical rules based on the extension principle. There exist 
some subspaces in the space of fuzzy numbers that are rings. The fact of discovering 
such subspaces reinforces the efforts to look for a total space of fuzzy numbers, which 
fulfils the conditions of the ring as a counterpart of the set Z. The assumptions, con-
cerning the verbal fuzzy numbers, lead to the conclusion that the order in the space, 
which is a countable set, can be introduced in the unique way. 

By testing the non-fuzzy Lagrange interpolating polynomial with verbal fuzzy 
numbers assisting the algorithm, we have found a function that can help in recogniz-
ing some properties of the DNS packages in IP traffic extraction. By means of the 
function we are able to predict the density corresponding to an arbitrary package size 
belonging to the interval of package sizes under consideration. 

It may be interesting for researchers dealing with the area of information retrieval 
to prove the last model for the prediction of the number of keywords used in a query 
attempt. If we assume that the interpolated points are the pairs of the type (number of 
keywords, number of query attempts) then we, by applying the formula of an interpo-
lating function, can calculate the estimate of the number of keywords that are going to 
be used at a specific attempt. 

The first trial of approximating the probability of verbal fuzzy numbers was also 
made as a tool of creating the fuzzy distribution with fuzzy sets. 

7   Prognoses 

We wish to improve the suggested operations in such a way that they do not lead to 
dominant values of the spreads in the numbers obtained as results. Unfortunately, 
both maximum and minimum operations have the tendency to the creation of sharp 
effects. We will try to invent other operations in the proposed fuzzy space, which 
should be fit better for the theoretical and practical assumptions. 
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