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EMBEDDINGS FOR MODULATION
SPACES AND BESOV SPACES

Joachim Toft
Department of Mathematics,

Blekinge Institution of Technology, Sweden

Abstract. Let Mp,q(Rm) be the modulation space consisting of all a ∈

S ′(Rm) such that (
R � R

|F (χxa)(ξ)|p dx)q/p dξ
�1/q

< ∞, where χ ∈
S (Rm) and p, q ∈ [1,∞]. If 1/p1 +1/p2 = 1+1/r and 1/q1 +1/q2 = 1+1/s,
then we prove that Mp1,q1 ∗Mp2,q2 ⊂Mr,s. If in addition p2 = q2 or r = s,
then we prove that Mp1,q1 ∗ Lp2 ⊂ Mr,s and Mp1,q1 ∗Mp2,q2 ⊂ Lr respec-
tively. We use these results in order to obtain inclusion relations between
modulation spaces and Besov spaces.

0. Introduction

The paper deals with convolution and embedding properties between
Besov space and Modulation spaces. Modulation spaces are Banach spaces
which appears frequently in different topics within the analysis and physics,
for example in time-frequency analysis and pseudo-differential calculus. The
term modulation space might be somewhat unknown for the readers who
are not dealing with signal processing, but the author is however convinced
that the item occurs in other contexts with different names. One has for
example that the definition of the modulation spaces are based on ambiguity
functions and Wigner distributions (, in physics it is usual that one uses the
term coherent state transform), where the topologies are defined by applying
certain mixtures of Lebesgue norms on such distributions.

The modulation spaces were considered already by H. Feichtinger in [Fe1]
(as certain Wiener-type spaces) and in [Fe2], and were subsequently inves-
tigated in many other papers, for example in [Fe3], [FG], [Tr] and in [To3].
The applications to pseudo-different calculus are of more recent character,
since it is still less than ten years when the early papers by Sjöstrand [Sj1]
and Tachizawa [Ta] appeared. In these papers one discussed continuity ques-
tions when the symbols for the pseudo-differential operators belong to certain
modulation spaces. The theory has thereafter been extended in several ways.
(See for example [Sj2], [Bo1], [RT], [HRT] and [To3].)
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We return now to a brief discussion of our results and start to recall
the definition of modulation spaces. Assume that p, q ∈ [1,∞] and that
χ ∈ S (Rm) has non-vanishing integral, and set χx = χ( · − x). Then the
modulation space Mp,q(Rm) consists of all a ∈ S ′(Rm) such that(∫ (∫

|F (χxa)(ξ)|p dx
)q/p

dξ
)1/q

<∞.

(We use the same notations for the usual functions and distribution spaces as
in [H].) Here F denotes some Fourier transform. We note also that (x, ξ) 7→
F (χxa)(ξ) is the ambiguity function for a and χ.

We shall prove some Young type results for modulation spaces and
Lebesgue spaces. More precisely we prove that the usual convolution prod-
uct on S extends to a continuous mapping from Mp1,q1 ×Mp2,q2 to Mr,s,
provided that 1/p1 +1/p2 = 1+1/r and 1/q1 +1/q2 = 1+1/s. We prove also
that the convolution extends to a continuous mapping from Mp1,q1 ×Mp2,q2

to Lr and from Mp0,q0 × Lq to Mr,s, provided that

(0.1)
1/p1 + 1/p2 = 1 + 1/r, 1/q1 + 1/q2 = 1 + 1/r,

1/p0 + 1/q = 1 + 1/r, 1/q0 + 1/q = 1 + 1/s.

In the end of the paper we apply the last Young type result in order to
obtain inclusion relations between modulation spaces and Besov spaces. (Cf.
Theorem 3.3 below.)

We finally remark that the rendering in the paper is similar to Section 2 in
[To4], where one discusses convolutions and embeddings between Schatten-
classes, Besov spaces and Lebesgue spaces in the Weyl calculus.

1. Preliminaries

In this section we shall present some basic properties for the modulation
spaces. In the first part we make a review of certain invariant and growing
properties for such spaces. In the last part of the section we make a few
comments concerning modulation spaces and pseudo-differential calculus.

Assume that p, q ∈ [1,∞] and that χ ∈ S (Rm) has non-vanishing integral.
Then we recall from the introduction that Mp,q(Rm) was defined as the set
of all a ∈ S ′(Rm) such that Ha,p,χ ∈ Lq(Rm), where

(1.1) Ha,p(ξ) = Ha,p,χ(ξ) = Ha,p,χ,dµ(ξ) ≡
(∫
|F (χxa)(ξ)|p dµ(x)

)1/p
.

Here F is some choice of Fourier transform, χx = χ(· − x) and dµ(x) = dx.
We also set

(1.2) ‖a‖Mp,q = ‖a‖Mp,q,χ ≡ ‖Ha,p,χ‖Lq .
2



Then it follows that Mp,q is invariant under the choice of F and χ above
(cf. Subsection 3.2.2 in [FS]). More generally, by following the rendering
of the invariant results in Section 2 in [To3], it follows that the condition
Ha,p,χ,dµ ∈ Lq is invariant under any χ ∈ S and any choice of non-negative
periodic Borel measure dµ(x), provided that

∫
χ(y − x) dµ(y) 6= 0 for every

x ∈ Rm. Moreover, different function χ and measure dµ which satisfy those
properties give rise to equivalent norms.

Since Mp,q is independent on the choice of Fourier transform, we assume
from now on that the Fourier transform F is given by

f̂(ξ) = Ff(ξ) = π−m/2
∫
f(x)e−2i〈x,ξ〉 dx.

We note that

F (f ∗ g) = πm/2f̂ ĝ and F (fg) = π−m/2f̂ ∗ ĝ.

Next we shall discuss duality and certain inclusion properties for modu-
lation spaces. The following result is an immediate consequence of Lemma
1.2 (iii) in [Fe1], and Theorem 11.3.6 in [G]. Here and in what follows we let
p′ ∈ [1,∞] be the conjugate exponent to p for any p ∈ [1,∞], i. e. p and p′

should satisfy 1/p+ 1/p′ = 1.

Proposition 1.1. Assume that p, q ∈ [1,∞]. Then the following is true:
(1) the space Mp,q(Rm) is increasing with respect to the parameters p

and q;
(2) if p, q <∞, then the dual space for Mp,q(Rm) is equal to Mp′,q′(Rm).

In order to discuss continuity properties for modulation spaces one needs
in some situations approximate elements in Mp,q with elements in C∞0 . A
primary idea which might appear is to use the usual norm convergence. This
causes however unconvenient obstacles since C∞0 is not dense in Mp,q when
p = ∞ or q = ∞. In case p = ∞ we may however avoid this illness by a
slight generalization of the narrow convergence, presented in [Sj1], [Sj2] and
[To3].

Definition 1.2. Assume that a, aj ∈ Mp,q(Rm), j = 1, 2, . . . . We say
that aj converges narrowly to a (with respect to p, q, χ, dµ), if the following
conditions are satisfied:

(1) aj → a in S ′(Rm) as j →∞;
(2) Haj ,p,q,χ,dµ(ξ)→ Ha,p,q,χ,dµ(ξ) in Lq(Rm) as j →∞;

The following result follows by a straight forward modification of the proof
of Proposition 2.3 in [To3].
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Proposition 1.3. Assume that dµ is a non-negative periodic Borel mea-
sure on Rm, and that χ ∈ S (Rm) satisfies

∫
χ(y − x) dµ(y) 6= 0 for every

x ∈ Rm. Then for every p, q ∈ [1,∞] such that q <∞, one has that C∞0 (Rm)
is dense in Mp,q(Rm) with respect to the narrow convergence.

We shall finish this section by giving some remark on operator theory
and certain symbol classes in Weyl calculus which will be used in order to
optimize some results later on. Assume that a ∈ S (R2m). Then its Weyl
quantization aw(x,D) is the continuous operator onS (Rm) which is defined
by

aw(x,D)f(x) = (2π)−m
∫∫

a((x+ y)/2, ξ)f(y)ei〈x−y,ξ〉 dydξ .

The definition extends in a continuous way to any a ∈ S ′(R2m) in which
aw(x,D) becomes a continuous operator from S (Rm) to S ′(Rm). (Cf. [H]
or [To1]–[To4].) We note also that the map a 7→ aw(x,D) from S ′(R2m) to
the set of continuous operator from S (Rm) to S ′(Rm) is a bijection.

We recall that an operator T is a Schatten-von Neumann operator of order
p ∈ [1,∞] on L2(Rm) if

‖T‖Ip ≡ sup
(∑

|(Tfj , gj)|p
)1/p

is finite. We denote the set of such operators by Ip. Here the supremum
should be taken over all orthonormal sequences (fj) and (gj) in L2(Rm).
Then we let sp(R2m) be the set of all a ∈ S ′(R2m) such that aw(x,D) ∈ Ip,
and we set ‖a‖sp = ‖aw(x,D)‖Ip . We have the following lemma. (Cf.
Section 1 in [T4].)

Lemma 1.4. The following is true for the sp spaces:
(1) sp increases with parameter p;
(2) if p <∞, then dual space for sp is given by sp′ ;
(3) s1 is dense in sp for every p < ∞, and dense in s∞ with respect to

the weak∗ topology.

We have the following embeddings for modulation spaces and Schatten-
spaces. (Cf. Corollary 3.5 in [FG].)

Proposition 1.5. Assume that p, q ∈ [1,∞] such that 1 ≤ q ≤ min(p, p′).
Then Mp,q(R2m) ⊂ sp(R2m).

Proof. By Theorem 1.5 and Proposition 1.6 in [To3], it follows that the
result is true when q = 1. In case p = q = 2, the result is obviously true since
s2 = L2 = M2,2, with equivalent norms. The result follows now for general
p and q by interpolation. (Cf. Section 2 in [To4] and Corollary 2.3 in [Fe1].)
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Corollary 1.6. One has that Mp,p(R2m) ⊂ sp(R2m) when 1 ≤ p ≤ 2,
and sp(R2m) ⊂Mp,p(R2m) when 2 ≤ p ≤ ∞.

Proof. The first inclusion is an immediate consequence of Proposition 1.5.
The last part follows now from the first part and by duality, using Proposition
1.1 and Lemma 1.4.

2. Young type inequalities for
modulation spaces and Lebesgue spaces

In this section we shall discuss some Young relations between elements
in modulation spaces and Lebesgue spaces. We start with the following
generalization of Proposition 3.1 in [To3].

Theorem 2.1. Assume that p1, . . . , pN , q1, . . . , qN , r, s ∈ [1,∞] satisfies
the conditions

1/p1 + · · ·+ 1/pN = N − 1 + 1/r and 1/q1 + · · ·+ 1/qN = N − 1 + 1/s,

for some integer N ≥ 1, that χ ∈ S (Rm) has non-vanishing integral.
Then the convolution (a1, a2, . . . , aN ) 7→ a1 ∗ a2 ∗ · · · ∗ aN on S (Rm) ex-
tends to a continuous N -linear form from Mp1,q1(Rm)×Mp2,q2(Rm)×· · ·×
MpN ,qN (Rm) to Mr,s(Rm). One has the estimate

(2.1) ‖a1 ∗ a2 ∗ · · · ∗ aN‖Mr,s,ψ ≤ π−(N−1)m/22m/s
′
N∏
1

‖aj‖Mpj,qj ,χ ,

when ψ(x) = χN (x/2) and aj ∈Mpj ,qj (Rm) for every j = 1, . . . , N .

Proof. We prove the theorem only in case N = 2, and leave the details
for general N to the reader. Assume first that qj < ∞. Then it follows
from the narrow convergence property that it suffices to prove (2.1) when
a1, a2 ∈ C∞0 (Rm). From the proof of Proposition 3.1 in [To3] we have that

Ha1∗a2,r,ψ(ξ/2) ≤ (4/π)m/2(Ha1,p1,χ ∗Ha2,p2,χ)(ξ)

By Young’s inequality we get

2m/s‖a1 ∗ a2‖Mr,s,ψ ≤ (4/π)m/2‖Ha1,p1,χ ∗Ha2,p2,χ‖Ls

≤ (4/π)m/2‖Ha1,p1,χ‖Lq1‖Ha2,p2,χ‖Lq2 = (4/π)m/2‖a1‖Mp1,q1,χ‖a2‖Mp2,q2,χ ,

and the proof follows in this case.
5



In the case that qj =∞ for some j, the result follows now from the facts
that if p, q < ∞, then the dual space of Mp,q is equal to Mp′,q′ , and that
C∞0 is narrowly dense in Mp,q′j . The proof is complete.

Remark 2.2. By using the best constants in Young’s inequality (cf. [L])
one may obtain even sharper estimates comparing to (2.1).

Remark 2.3. We note that in [Fe2] one presents Young inequalities for
Wiener amalgam spaces which are similar (but different comparing) to (2.1).

We shall next discuss convolutions between Mp,q-spaces and Lp-spaces.

Theorem 2.4. Assume that pj , qj , q, r, s ∈ [1,∞], j = 0, 1, 2, are chosen
such that (0.1) holds. Then the convolution ∗ on S (Rm) extends uniquely to
continuous bilinear operations from Mp1,q1(Rm) ×Mp2,q2(Rm) to Lr(Rm)
and from Mp0,q0(Rm) × Lq(Rm) to Mr,s(Rm). One has for some constant
Cm the estimates

‖a1 ∗ a2‖Lr ≤ Cm‖a1‖Mp1,q1‖a2‖Mp2,q2 ,(2.2)

‖a0 ∗ b‖Mr,s ≤ Cm‖a0‖Mp0,q0‖b‖Lq ,(2.3)

for every aj ∈Mpj ,qj (Rm) and b ∈ Lq(Rm) where j = 0, 1, 2.

Proof. We start to prove that (2.2) holds when r = pj = qj = 1 for
j = 1, 2. From the equalities

‖a⊗ a‖Mp,q,χ⊗χ = ‖a‖2Mp,q,χ , ‖b⊗ b‖Lr = ‖b‖2Lr

it follows that we may assume that m = 2n is even. Then Proposition 1.5
shows that M1,1(Rm) ⊂ s1(Rm). Since the convolution product extends
to a continuous product from s1 × s1 to L1 (cf. Theorem 2.1 in [To4]), we
conclude that M1,1 ∗M1,1 is continuously embedded in L1, which proves the
assertion in this case.

From the last result it follows now by duality that the convolution product
extends to a continuous mapping from M1,1 × L∞ to M∞,∞, and we have
proved (2.3) in the case p0 = q0 = 1, q = r = s =∞.

Next we observe that the mapping a 7→ a( · −x) is isometric on Mp0,q0 for
every x ∈ Rm and every p0, q0. This implies that the convolution extends to
a continuous mapping from Mp0,q0 × L1 to Mp0,q0 , and that

‖a ∗ b‖Mp0,q0 ≤ ‖a‖Mp0,q0‖b‖L1 ,

holds for every a ∈ Mp0,q0 and b ∈ L1. By duality it follows also that the
convolution extends to a continuous mapping from Mp,q ×Mp′,q′ to L∞.

The result follows now in general from these inclusions by interpolation.
(Cf. Theorem 4.4.1 and Theorem 5.1.1 in [BL], and Corollary 2.3 in [Fe1].)
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3. Inclusion relations between
modulation spaces and Besov spaces

In this section we shall use the convolution results from the last section
in order to obtain inclusion relations between modulation spaces and Besov
spaces. The treatments will be very similar to the discussions concerning
inclusion relations between sp-spaces and Besov spaces in Section 2 in [To4].

We start to recall some basic facts for the Besov spaces and Sobolev spaces.
Assume that p, q ∈ [1,∞], s ∈ R, and that ψ0, ψ ∈ C∞0 (Rm) are non-negative
and chosen such that

∑∞
0 ψk = 1, where ψk = ψ(·/2k) when k ≥ 1. Then

the Besov space Bp,qs (Rm) is defined as the set of all a ∈ S ′(Rm) such that

‖a‖Bp,qs ≡
( ∞∑
k=0

2ks‖ψk(D)a‖qLp
)1/q

is finite. Then it follows that Bp,qs (Rm) is independent on the choice of ψ0
and ψ above.

The Sobolev space Hp
s (Rm) is defined as the set of all a ∈ S ′(Rm) such

that (1 + |D|2)s/2a ∈ Lp(Rm). Here and in what follows we let ϕ(D) be
defined as the linear operator which means a multiplication by ϕ(ξ) on the
Fourier transform side. We recall the usual inclusion relations between Besov
spaces and Sobolev spaces. In fact, we have

Bp,q1s ⊂ Bp,q2s , B2,2
s = H2

s ,

Bp,1s ⊂ Hp
s ⊂ Bp,∞s , Bp,∞s2 ⊂ Hp

s ⊂ Bp,1s1 ,

when 1 ≤ q1 ≤ q2 ≤ ∞, 1 ≤ p ≤ ∞, and s1 < s < s2. In particular, there
is a canonical way to obtain inclusion relations involving Sobolev spaces, for
any inclusion relation which contains Besov spaces. We refer to Chapter 6
in [BL] for more facts concerning Besov and Sobolev spaces.

We shall also use the modified Besov space Bp,qs1,s2(R2m) which consists of
all a ∈ S ′(R2m) such that

‖a‖Bp,qs1,s2 ≡
( ∞∑
k1,k2=0

2(k1+k2)s‖(ψk1 ⊗ ψk2)(D)a‖qLp
)1/q

is finite. (Cf. [Bo2]). Then it is clear that a ∈ Bp,qs (Rm) if and only if
a⊗ a ∈ Bp,qs,s (R2m), and that

‖a⊗ a‖Bp,qs,s = ‖a‖2Bp,qs .
7



Since the definition of Besov spaces and Modulation spaces are indepen-
dent of the choice of ψ0, ψ and χ respectively, we assume from now on that
ψ0 and ψ are fixed, and that χ is given by

χ(x) = e−|x|
2
.

Then the following lemma follows by a straight-forward computation.

Lemma 3.1. Assume that uλ(x) = e−λ|x|
2
, where x ∈ Rm. Then

‖uλ‖Mp,q = πm(1/p+1/q−1)/2p−m/2pq−m/2qλ−m/2p(1 + λ)m(1/p+1/q−1)/2.

We shall also need the following lemma.

Lemma 3.2. Assume that s = −m/2. Then s1(R2m) ⊂ B1,∞
s,s (R2m) and

‖a‖B1,∞
s,s
≤ Cm‖a‖s1 , for some constant Cm, independent of a ∈ S ′(R2m).

Proof. The result is an immediate consequence of Theorem 2.6, Remark
2.8 and their proofs in [To4].

We have now the following result.

Theorem 3.3. Assume that p, q ∈ [1,∞], and let s1, s2 ∈ R and
p1, p2, q1, q2 ∈ [1,∞] be chosen such that

(1) if 1 ≤ q ≤ p ≤ 2, then

p1 = q1 = q, s1 = m(2/q − 1), p2 = q′2 = p, s2 = −m(2/p− 1)/2;

(2) if 2 ≤ p ≤ q′ ≤ ∞, then

p1 = q1 = q, s1 = m(2/q − 1), p2 = q2 = p, s2 = 0;

(3) if 2 ≤ q′ ≤ p ≤ ∞, then

p1 = q1 = q, s1 = m(2/q − 1), p2 = q2 = p, s2 = −m(1− 1/p− 1/q);

(4) if 2 ≤ q ≤ p ≤ ∞, then

p1 = q′1 = q, s1 = m(1− 2/q)/2,

p2 = q2 = p, s2 = −m(1 + 1/p− 1/q − 2q/p2);

(5) if 2 ≤ p ≤ q ≤ ∞, then

p1 = q′1 = p, s1 = m(1− 2/p)/2, p2 = q2 = q, s2 = −m(1− 2/q);
8



(6) if 1 ≤ q′ ≤ p ≤ 2, then

p1 = q1 = p, s1 = 0, p2 = q2 = q, s2 = −m(1− 2/q);

(7) if 1 ≤ p ≤ q′ ≤ 2, then

p1 = q1 = p, s1 = m(1/p+ 1/q − 1), p2 = q2 = q, s2 = −m(1− 2/q);

(8) if 1 ≤ p ≤ q ≤ 2, then

p1 = q1 = p, s1 = m(1− 1/p+ 1/q − 2q′/p′2),

p2 = q′2 = q, s2 = −m(2/q − 1).

Then Bp1,q1
s1 (Rm) ⊂Mp,q(Rm) ⊂ Bp2,q2

s2 (Rm) and for some constant Cm > 0
one has that

(3.1) C−1
m ‖a‖Bp2,q2

s2
≤ aMp,q ≤ Cm‖a‖Bp1,q1

s1
a ∈ S ′(Rm).

We shall mainly follow the proof of Theorem 2.6 in [To4].

Proof. It suffices to prove (3.1). By Lemma 3.1 we get for 0 < λ ≤ 1,
1/p+ 1/p0 = 1 + 1/r and 1/q + 1/q0 = 1 + 1/r that

(3.2)

‖e−λ
2|D|2a‖Lr = π−m/2λ−m‖u1/λ2 ∗ a‖Lr
≤ Cλ−m‖u1/λ2‖Mp0,q0‖a‖Mp,q

≤ C1λ
−m/q0(1 + λ2)m(1/p0+1/q0−1)/2‖a‖Mp,q ≤ C2λ

−m/q0‖a‖Mp,q ,

for some constants C, C1 and C2. Next we consider ψ,ψ0 in the definition
of Besov spaces. Then φ(x) = ψ(x)e|x|

2 ∈ C∞0 (Rm), which means that
{λ−mφ̂(·/λ) }0<λ≤1 is a bounded set in L1. This gives that

‖ψ(λD)a‖Lr = π−m‖φ(λD)e−λ
2|D|2a‖Lr

= π−m‖λ−mφ̂(·/λ) ∗ (e−λ
2|D|2a)‖Lr ≤ C‖e−λ

2|D|2a‖Lr ,

for some constant C. If we combine the last estimate with (3.2), then we
obtain

‖ψ(λD)a‖Lr ≤ Cλ−m/q0‖a‖Mp,q , 0 < λ ≤ 1,

for some constant C. Hence for any k ≥ 0 we get

(3.3) ‖ψk(D)a‖Lr ≤ C2mk/q0‖a‖Mp,q

9



Now we let r = ∞, and q = ∞ or q = 1 and p = ∞. Then q0 = q′, and
(3.3) gives

‖ψk(D)a‖L∞ ≤ C‖a‖M∞,1 and ‖ψk(D)a‖Lr ≤ C2mk‖a‖Mp,∞ ,

for some constant C. This gives

(3.4) ‖a‖B∞,∞0
≤ C‖a‖M∞,1 and ‖a‖B∞,∞−m ≤ C‖a‖Mp,∞

In the case p = q = 1 we obtain by applying Lemma 3.2 that

‖a‖2
B1,∞
m/2

= ‖a⊗ a‖B1,∞
−m/2,−m/2

≤ C1‖a⊗ a‖s1 ≤ C2‖a⊗ a‖M1,1 ,

for some constants C1, C2, which gives for some constant C that

(3.4)′ ‖a‖B1,∞
m/2
≤ C‖a‖M1,1 .

In case when 1 ≤ p ≤ 2 and 1 ≤ q ≤ 2 we get from Proposition 1.1 and
the fact that M2,2 = B2,2

0 = L2 with equivalent norms, that

(3.4)′′ ‖a‖B2,2
0
≤ C‖a‖M2,2 .

The theorem follows now in the case p, q ∈ {1, 2,∞} from the estimates (3.4),
(3.4)′ and (3.4)′′. For general p and q, the result follows now by interpolation
(cf. Theorem 4.4.1 and Theorem 5.1.1 in [BL], and Corollary 2.3 in [Fe1]).
The proof is complete.

Remark 3.4. We note that one may obtain other inclusion relations from
(3.3). If we for example choose r = q, then q0 = 1, and (3.3) becomes
‖ψk(D)a‖Lq ≤ 2mk‖a‖Mp,q , which implies that Mp,q ⊂ Bq,∞−m . We note
however that in case p = q = 1, then we get M1,1 ⊂ B1,∞

−m , which is a weaker
result than Theorem 3.3 which asserts that M1,1 ⊂ B1,∞

−m/2.

Remark 3.5. From the conclusion of the last remark, the question arises
whether the inclusions in Theorem 3.3 are optimal or not. This seems to be
an open question for the reader. In some cases we note however that the
inclusions are of strong character. We note for example that Theorem 3.3
asserts that Mp,p(Rm) ⊂ Bp,p−m(1−2/p)(R

m) when 2 ≤ p ≤ ∞, and it follows
by using similar treatments as in Remark 2.10 in [To4] that this inclusion is
might not be improved.

Remark 3.6. The proof of Theorem 3.3 works with no difference also
for inclusion relations between Mp,q(Rm), and the modified Besov spaces
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Bp,qs1,...,sm(Rm) equipped with corresponding modified Besov norm, discussed
in [Bo2]. It follows that the conclusions in Theorem 3.3 is true when
B
pj ,qj
sj (Rm) together with their norms are replaced by B

pj ,qj
sj/m,...,sj/m

(Rm)
and their norms, for j = 1, 2.
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