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Preface

This doctoral thesis summarizes my work in the field of subband and array
signal processing. The work focuses on two main areas: interference cancellation
and channel equalization in wireless communication systems. The work has been
carried out at the Department of Telecommunications and Signal Processing at
Blekinge Institute of Technology. Some of the work has been conducted in collabo-
ration with Australian Telecommunications Research Institute. The thesis consists
of five stand-alone parts:

Part I Beamforming and Interference Cancellation for Capacity Gain in Mobile
Networks.

Part II Performance Improvements for Sector Antennas Using Feature Extraction
and Spatial Interference Cancellation

Part III Fractionally Spaced Spatial Adaptive Equalization of S-UMTS Mobile
Terminals.

Part IV Signal Separation Using Multi-rate Signal Processing.

Part V Blind Subband Adaptive Equalization.
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Introduction

During the last decades, more and more telecommunication applications have
moved towards the wireless concept. This change started during the late 70s and
early 80s when the first commercial analog cellular systems (first generations cellu-
lar systems (1G)) were launched: Advanced Mobile Phone Service (AMPS) in the
US in 1979 and Nordic Mobile Telephone (NMT) system in the Scandinavian coun-
tries during 1982-1986 [1]. One of the limitations of the 1G systems was high power
consumption in the mobile terminal. In addition, the systems were only designed
for speech services and had only a moderate number of users. The commercial
breakthrough in cellular telecommunication came with the introduction of the first
digital cellular systems (2G), Global System for Mobile communication (GSM) in
the early to mid 90s. The introduction of mobile phones changed the way of life for
many people and raised new demands for new high speed data services. Instead
of the old stay-in-the-office concept, people now wanted to be reached and to work
independent of their physical locations.
Even though GSM supports low speed data-services, speech services are still

the main purpose of GSM. Therefore, new mobile systems had to be developed to
meet the demand of better data services. These are, for instance, Enhanced Data
for Global Evolution (EDGE) [2], General Packet Radio Service (GPRS) [3] and
3G systems such as Direct-Sequence Code Division Multiple Access (DS-CDMA)
and CDMA 2000 [4, 5]. Both GPRS and EDGE are working inside the GSM
frame work, while the 3G systems are complete new systems. In the 1G and 2G
cellular systems, the total used frequency bandwidth was divided into several small
channels, and, at a given time, each channel could only be used by a few users. In
the 3G systems, all users are sharing the bandwidth. In order to distinguish the
different users from each other, each user has a unique spreading code within a cell.
Two other types of systems were co-developed during the evolution of the mo-

bile cellular systems: the Satellite Universal Mobile Telecommunications System
(SUMTS) and the Wireless Local Area Network (WLAN). The SUMTS concept
was developed to achieve global coverage [6]. This was not possible with the exist-
ing systems, since North-South America, Europe and Asia had developed different
standards. Another restriction with the ordinary systems was that they only cov-
ered populated areas. However, with the SUMTS concept global coverage was
achievable.
The WLAN was created to meet the demand of the wireless office. In WLAN

each terminal is connected to a Local Area Network (LAN) through a radio in-
terface. The new generation of WLAN, the Institute of Electrical and Electronics
Engineers (IEEE) 802.11a and HIgh PErformance Radio Local Area Network type
2 (HiperLAN II) will support data traffic up to 52 Mbit/s in the physical layeror 32
Mbit/s in the data layer, and both systems are working in the 5 GHz band [7]-[9].
HiperLAN II is defined by European Telecommunication Standardization Institute
(ETSI), while the IEEE 802.11a standard is developed by IEEE. A comprehensive
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summary of the evolution of wireless systems can be found in [10].
Even though all the above mentioned systems are designed to operate in com-

pletely different environments they all have one thing in common, which is trans-
mitting and receiving data over a radio interface. The medium over which the
systems are communicating is called a channel, and to reverse or reduce the effect
of the wireless channel is a great challenge. The transmitted signal will be af-
fected by numerous things like multipath propagation, co-channel interference and
intersymbol interference.
This thesis focuses on ways of enhancing the signal quality of the received signals

by using different interference cancellation and channel equalization methods in the
receiver. To achieve good performance, these methods use different techniques such
as spatial diversity, beamforming, subband decomposition and oversampling.
The outline of the thesis is as follows. First an overview introduction to the field

of wireless communication is presented followed by five papers which constitute the
main contribution of this thesis. The thesis introduction is outlined as follows. In
Section 1, the capacity limiting features in wireless communication are presented
and discussed. Section 2 presents the different multiple access schemes that are
commonly used in modern wireless communication systems. In Section 3, several
receiver structures that combat the capacity limiting features are outlined. Finally,
Section 4 concludes the introduction and provides a short presentation to the five
main papers.

1 Limiting Features in Wireless Communication

The radio channel is a tough channel that will both distort and disturb the trans-
mitted signal in many ways. The transmitted signal will be affected by intersymbol
interference, co-channel interference, multipath propagation and noise. All these
imperfections must be taken into consideration when designing a wireless network.

Intersymbol Interference

Intersymbol Interference (ISI) is a phenomena that occurs because the radio channel
does not have infinite bandwidth. The effects of ISI are illustrated in Figure 1. The
top figure is the original transmitted signal and the lower figure is the received signal
in a bandlimited channel. As can be seen in the figure, the effect of the ISI is that
the symbols get smeared out in time and starts interfering with the neighboring
symbols, hence the name ISI. The effect of the ISI is most notable in systems with
high bit rates (high bandwidth), because the time separation between symbols will
decrease with increasing bit rates. The most common way to control the ISI is
to introduce a transmitting and receiving filter in the system [11]. The purpose
of these filters is to limit the signal bandwidth to the channel bandwidth before
transmitting the signal. Thus, only a controlled amount of ISI will be introduced,
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t

Figure 1: An example illustrating the ISI Problem.

and each user will only transmit on its allocated channel. The most common
type of transmitting and receiving filters is the Squared Root Raised Cosine Filter
(SRRCF), in which the transmitting filter and the receiving filter are identical.

Co-channel Interference

Co-channel interference will occur when several users or channels shae the same
frequency band to transmit data. Both 2G and 3G systems have co-channel inter-
ference but there is a big difference regarding how they deal with the problem.
In 2G systems, the total coverage area is divided into cells. In each cell only one

channel is used [1]. Since the system bandwidth is limited, the channel must be re-
used in an other cell. Because there would be unacceptable co-channel interference
if neighboring cells transmitted on the same frequency, the system is designed by
separating cells that use the same frequency. The distance between cells that use
the same channel is called the re-use distance. The cellular concept is illustrated
in Figure 2, where four different sets of channels are being used.

Figure 2: The cell structure of a wireless system with four different sets of channels.

In 3G systems, there is by design a high level of co-channel interference since all
users are transmitting data in the same frequency band. Hence, many system tools
(e.g. orthogonal spreading codes and power control) [4] are employed to reduce the
co-channel interference.
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Another efficient way to combat co-channel interference is to use more than
one antenna to receive or transmit data. Then the receiver or transmitter can
choose not to receive or transmit, respectively, from directions where the interferer
is located, i.e. beamforming.

Multipath Propagation

In wireless communications, such as a mobile communication system, a transmitted
signal is subjected to reflections from buildings, mountains, or other reflectors
[5], see Figure 3. This phenomena is called multipath propagation and leads to
distortion or even a temporary suppression of the received signal. The amplitude
variations in the received signal are called fades. When different frequencies are
attenuated differently it is called frequency selective fading. Otherwise, it is called
frequency flat fading. The amplitude attenuation varies slowly and must change

Figure 3: An illustration of multipath propagation in a suburban area.

significantly to have any major impact on the received signal. However, small
delay differences will result in large phase changes, since the carrier frequency fc

is usually quite high. These phase changes will result in an amplitude variation of
the received signals since they are added up either constructively or distractively.
Thus, the amplitude variations in the received signal are due to the time-varying
multipath characteristics of the channel. The envelope of the channel’s impulse
response is Rayleigh distributed if the channel’s impulse response can be modeled
as a zero-mean complex valued Gaussian process [11]. This occurs when the receiver
cannot detect any Line-Of-Sight (LOS) component in the received signal. This kind
of channel is known as Rayleigh fading channel. However, if a LOS component exist
in the received signal, the channel is called a Rician fading channel and the impulse
response can be modeled as a non-zero mean complex valued Gaussian process.
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Noise

Noise is a term used to summarize all the different kinds of noise that disturb the
transmitted signal, like terminal noise, non-perfect components etc. Throughout
this thesis it is assumed that the noise is Gaussian, with a spectral density of N0

2
.

2 Multiple Access Methods

In a wireless communication system several user are sharing a common transmis-
sion medium, therefore the so-called ”multiple access” methods are needed. The
most commonly used multiple access schemes are Frequency Division Multiple Ac-
cess (FDMA), Time Division Multiple Access (TDMA) and Code Division Multiple
Access Method (CDMA), Orthogonal Frequency Multiple Access (OFDM) or com-
binations of the above.

FDMA

In FDMA systems, the system bandwidth is divided into several channels and
each user is assigned a different channel. There must be frequency-guard periods
between different channels to achieve low levels of co-channel interference. Thus,
an FDMA system requires a large system bandwidth if any significant bit rates
are to be achieved. The principle of FDMA system for three users is illustrated in
Figure 4.

User 1

User 2

User 3

Channel 1

Channel 2

Channel 3

Figure 4: A three user FDMA system.

TDMA

In a TDMA system each user is allocated different time slots to use the whole
system bandwidth. Thus, it is possible to achieve high bit rates with a moder-
ate system bandwidth but many users will cause rather large time-delays in the
systems. In Figure 5 the principle of TDMA for three users is illustrated.

TDMA/FDMA

In a TDMA/FDMA system, the system bandwidth is divided in several channels.
To increase the number of possible users in each channel, several users are time
multiplexed together and sent on the same channel, see Figure 6.
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User 1

User 2

User 3

User 1User 2User 3User 1

Time (s)

Figure 5: A three user TDMA system.

Users

TDMA
MUX

TDMA

MUX

FDMA
MUX

Users

Figure 6: A TDMA/FDMA system.

CDMA

CDMA is a spread spectrum technique, which means that the transmitted signals
are spread over a much larger bandwidth than is needed for transmission. The
spread spectrum technique is quite robust to frequency selective fading since only
a relatively small portion of the system bandwidth is likely to be subjected to a
deep fade at one given time. The frequency spreading is performed by orthogonal
spreading codes. Since the spreading codes are orthogonal, all users can share
the same bandwidth. Thus, the received signals consist of signals from many
superimposed users. It is, therefore, very important that they are received with the
equal power. Otherwise the strongest signal (user) might completely mask the other
signals. This phenomena is called the ”near-far problem.” Hence, power control is a
very essential part of the spread spectrum system. Without it the system capacity
will be severely reduced [4, 12]. Multipath propagation will correlate the different
spreading codes, and users will start to interfere with each other. This is called
Multiple Access Interference (MAI) and will also limit the capacity in each cell.
There exist mainly two CDMA systems: DS-CDMA and CDMA 2000 (IS-95)

[4]. The main difference between the two systems lies in the choice of spectrum
spreading method. In DS-CDMA, the spreading code is multiplied with the original
signal to achieve the spreading. In CDMA 2000 (or IS-95), on the other hand, the
spreading is performed by frequency hopping, where the spreading code determines
the order of the frequency hopping. The different systems are illustrated in Figure
7.
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User

Channel 1

Channel N

�

User

Spreading sequence

Spreading sequence

(a)

(b)

Figure 7: The different frequency spreading principles in CDMA systems: (a)
Frequency hopping spreading, (b) Direct sequence spreading.

OFDM

OFDM is a multi-carrier technique where the bit stream is divided and transmitted
in many low-rate parallel channels [13, 14]. Since the signals are transmitted at
low rates, the period will be longer and the problem with ISI will be much reduced.
The low rate properties will also create robustness against moderate multipath
environments.
Since the frequency multiplexing is done by orthogonal basis functions (IDFT),

the parallel frequency channels can overlap without interfering with each other, see
Figure 8. Thus, OFDM is a very spectrally efficient scheme due to the overlapping
frequency bands. Today, OFDM is used in the specification of both Hiperlan II and
IEEE 802.11a [9]. It is also a strong candidate for the next generation of wireless
networks, i.e. 4G systems.
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Power

Frequency

Figure 8: Illustrates three subcarriers of OFDM where one can see the zero lag
orthogonality (nulls at the other carriers).
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3 Receiver Structures

This section presents an overview of different receiver solutions that have been
proposed to solve problems resulting from multi-path, ISI and MAI, which were
raised in the earlier sections. To give a fuller picture, a simplified overview of a
communication system is given as a block diagram in Figure 9. The equalizer’s
placement, which is of particular interest in this work, is also shown. In what
follows, a brief presentation of the different blocks of the system will be given.
In the transmitter, the binary source signal is encoded in order to achieve two

objectives. Firstly, it is meant to obtain efficient transmission by removing redun-
dant information (source coding), and, secondly, to achieve reliable communication
over noisy channels by introducing controlled redundant information (channel cod-
ing). The encoded bit stream is then mapped to symbol signals by using various
mapping schemes (e.g., amplitude-shift keying, frequency-shift keying, or, phase-
shift keying). Before the signal is modulated and transmitted on its carrier fre-
quency, the signal is band limited by a SRRCF in order to both restrict the user
to transmit only on its allocated channel and reduce the effects of the ISI.
In the receiver, the de-modulator extracts the baseband signal from the received

high frequency signal. The baseband signal is then bandlimited by the SRRCF, to
control the ISI [11]. After that the equalizer tries to recover the original transmitted
signal before the signal is mapped back to a bit stream. Finally, the signal is
decoded back to a binary source signal, which should be a close resemblance of the
transmitted binary source signal.
There are basically three types of equalization structures; temporal receivers:

spatial receivers, and a combination of the two, spatio-temporal receivers. The ba-
sic idea behind these different techniques will be presented in the following sections,
together with a short presentation of existing implemented solutions in commercial
systems.

Digital
Source Coding Bit to Symbol

Mapping
SRRCF

Decoding
Symbol to Bit

Mapping
SRRCFEqualizationDestination

Modulation

De-modulation

Figure 9: A system model over a communication system.
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3.1 Temporal Receiver Structures

In the temporal receiver, the receiver estimates the channel and then uses this
information to recover the original transmitted signal. This section will present
different temporal receiver structures.

Channel Equalization

In a channel equalization approach, the signal recovering process is regarded as
an inverse filter problem. All disturbances, like multipath propagation, ISI and
noise, are viewed as being the result of an unknown channel, see Figure 10. Since

Un-known
Channel

Inverse
Filtering

Transmitted signal Recovered signal

Figure 10: An illustration of channel equalization.

the channels in wireless systems are time-variant, the equalization filter must be
estimated continuously. Therefore, the channel equalizer filter is adaptive to be
able to track the variations of the channels.
The optimal receiver for a digital communication system, assuming linear Ad-

ditive White Gaussian Noise (AWGN) channel, is a matched filter [11] combined
with a symbol spaced equalizer. This filter should match both the transmitted
signal and the channel, and thus good knowledge of the channel characteristics is
required. However, in many time-varying mobile communications systems, exact
knowledge of the channel characteristics is not known a priori. Therefore, it is
common to have a receiver that is matched only to the signal waveform combined
with a symbol rate clocked equalizer. This assumes that there is good timing be-
tween the transmitter and the receiver. These requirements may be relaxed when
using a fractionally spaced equalizer [15] - [18], where the received signal is sam-
pled r times per symbol. A fractionally spaced equalizer has the following major
advantages over a symbol rate equalizer [15]:

• Sampling at a higher rate than the symbol rate makes it easier to extract
timing and carrier information from the received signal.

• Fractionally spaced equalizers perform better than symbol rate equalizers in
noisy environments (minimum noise enhancement).

Other desirable properties of fractionally spaced equalization are also reported
in [18]. The main drawback of the fractionally spaced equalizer as compared to the
symbol rate equalizer is that the former has a higher computational complexity,
which is a direct result of the use of higher sampling rates.



Introduction 25

There are basically two types of equalizers: non-blind equalizers and blind
equalizers. Non-blind equalizers use a known data sequence (pilot/training se-
quence) in each data block to estimate the equalizer filter weights, see Figure 11.

Pilot Data Pilot Data

Figure 11: Pilot bits placement.

Two of the most well known adaptive algorithms used for non-blind equalization
are the Normalized Least Mean Squared (NLMS) and the Recursive Least Squares
(RLS) algorithm [19, 20]. The NLMS has a very low computational complexity
but is highly dependent on the quality of the desired signal [33]. The RLS, on the
other hand, is an algorithm that has very fast convergence at the expense of higher
computational complexity.
Since pilot sequences occupy space where ordinary data bits could have been

transmitted, a reduction of the capacity of the system will occur. The length and
the separation distance of the pilot sequence is restricted to avoid unacceptable
capacity loss. Therefore, the equalizer needs a control algorithm to be able to
track the channel variations between each pilot sequence. When the channel vari-
ations occurring between two pilot sequences are moderate, a Decision-Directed or
Decision-Feedback scheme [11] can be used on the non-pilot bits to track the chan-
nel and enhance the performance of the equalizer. This, however, works only for
slow changing environments, such as an office environment. If the channel varia-
tions are too rapid between each training sequence, the equalizers will not perform
well.
To avoid problems such as short sparsely placed pilot sequences and fast chang-

ing channels, equalizers can use known signal characteristics to estimate the equal-
izer coefficients. This class of equalizers, which uses a priori information instead of
pilot sequences is called ”blind equalizers.” Since the signal characteristics of the
transmitted signal is being used, all the transmitted bits can be used to estimate
the equalizer parameters. Blind algorithms are characterized by slow convergence,
and they are also subject to phase ambiguity problems. Phase ambiguity can be
solved by combining the equalizer with a phase recovering scheme. The slow con-
vergence is not a major problem, since the blind equalizer can utilize all received
data to estimate the equalizer weights. A popular blind algorithm is the Constant
Modulus Algorithm (CMA) [21] - [23], which is a low complexity algorithm but
suffers from slow convergence. In order to improve the convergence rate several
normalized versions of the CMA has been suggested [24].
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Channel Equalization Using Subband Techniques

Linear channel equalization is an inverse filtering problem. Therefore, even modest
multipath propagation channels result in an estimation of rather long equalization
filters. Hence, there will be problems both with the convergence speed and the
computational complexity of the equalization algorithm in the receiver. The com-
putational complexity issue is especially important at the terminal side where there
is a limited power supply.
A method for reducing both complexity and convergence time when estimating

high order filters, is to use subband techniques. By dividing the received signal
into several frequency bands, the problem of estimating one high order filter is
transformed to estimate several significantly shorter filters. Since each subband
signal will have a much flatter frequency response, it will also have less eigenvalue
spread, which results in more well-conditioned problems. In acoustic applications,
subband techniques have been used for years, and recently, subband techniques have
been considered for telecommunications applications, such as channel equalization
[25, 26].
In Figures 12 and 13, two different subband structures are outlined. In both

structures, the received signal x(n) is divided into different frequency bands by
an analysis filter bank. The difference between the two structures lies in how the
fullband signal y(n) are created.

x(n)

x (n)0

x (n)M-1

y (n)0

y (n)M-1

Analysis
Filter
Bank

Synthesis
Filter
Bank

y(n)

Figure 12: A conventional subband structure.

In a conventional subband approach, the fullband signal is reconstructed through
the synthesis filter bank, see Figure 12. To control the aliasing and the distortion,
the analysis and the synthesis filter bank must be designed very carefully [27, 28].
The subband equalization scheme outlined in Figure 13 consists of two paral-

lel main parts: a fullband equalization filter part that continuously equalize the
received signal and a subband part where the fullband equalization filter weights
are estimated [29, 30]. The estimated equalization coefficients in each subband are
then transformed into a fullband equivalent filter by subband–to–fullband trans-
formation method. Since the output signal is created from inverse filtering of the
fullband received signal, the design of the analysis filter bank is not that critical as
compared to the traditional approach. However, the performance of the equalizer
still depends on the quality of the filter bank and the choice of subband–to–fullband
transformation method.
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Figure 13: A delayless subband structure.

Rake Receiver

In a Rake receiver, the receiver uses the multipath components to recover the orig-
inal transmitted signal [5]. This is achieved by filtering out the different multipath
components with a set of matched filters and then combining them together to
form the receiver output, see Figure 14. The matched filters are tuned to each
multipath (or finger) by a path-searcher that uses the training signal to estimate
the channel. Since there are usually few dominant multipath components, the path
searcher is designed to find the r strongest multipaths.
If it is assumed that the different multipath components are fading indepen-

dently, the Rake structure will produce r replicas of the transmitted signal at the
receiver. Hence, a possible rth order diversity gain can be achieved if the receiver is
working in an optimum manner. Thus, with perfect channel estimation, the Rake
receiver with r fingers will perform as a maximal ratio combiner with rth order
diversity [11].

3.2 Spatial Receiver Structures

A basic spatial receiver utilizes spatial diversity which is achieved by using several
receiving or transmitting antennas, i.e. by using an array of antennas. The two
array configurations used in this thesis are the linear and the circular configuration,
see Figure 15. By placing the receiving antennas at different locations, different
signal levels will be received and independent branches may be obtained if the
antenna element has an adequate spacing. In the case of Rayleigh fading, it is shown
in [31] that an antenna separation of approximately half a wavelength is required for
the autocorrelation function between the received signals to be close to zero. When
a line-of-sight component is present, i.e. Rician fading, the separation distances
must be several wavelengths before independent branches are achieved. However,
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Figure 14: A Rake receiver with r fingers.
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Figure 15: A linear and circular array configuration.

when the antenna array elements are adequately separated, the probability that all
the antenna elements will expiring a fading minima at the same time is significantly
reduced due to spatial diversity (antenna diversity). Two ways to implement a
spatial diversity receiver are either to sum the outputs together to form the output
signal or to choose, as the output signal, the one received signal with the highest
instantaneous Signal-to-Noise Ratio (SNR)[32].
In Figure 16, spatial diversity is illustrated of a summing spatial diversity re-

ceiver of two antenna elements. Note that the summed signal has less severe fading
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as compared to the individual signals.
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Figure 16: An illustration of the spatial diversity principle. In the different sub-
figures the magnitude of the following signals is plotted: (a) the signal from antenna
1, (b) the signal from antenna 2 and (c) the combined signal from both antennas.

Diversity combining is an efficient way to combat multipath propagation. How-
ever, it will not solve the problem with the presence of strong interfering signals.
Often, the target signal (the signal of interest) and the interfering signals are sepa-
rated spatially, and assuming that the signals have a coherent wavefront the spatial
separation can be exploited in the receiver by using a beamforming method. In
beamforming, the antenna array is steered to listen in a certain direction. This is
achieved by adding the different received signals together with one or more com-
plex weights (see Figure 17) to form the receiver’s output signal [33]. Thus, the
beamformer can in principle enhance the target signal from a certain direction and
suppress all the interfering signals that arrive from other directions. Beamforming
requires that the different sources have coherent wavefronts to obtain a close to
theoretical optimal result, given the usual model assumptions. An accurate as-
sumption of a point source combined with a very strong direct path, will give the
strongest processing gain. In Figure 18 the array response is plotted for a circular
array of eight antennas and only one coefficient per antenna is used to steer the
beam towards the zero degree angle. In the following sections, several approaches
to beamforming will be presented. In the first methods, no spatial a priori in-
formation is used in the design of the beamformer; these methods are the sector
antennas and blind signal separation. The other presented beamforming meth-
ods employ geometrical models to form constraints in the spatial domain, both
in order to obtain the target signal and to form nulls to suppress the undesired
signals (jammers). These methods are the linearly constrained minimum variance
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Figure 18: The array response of an eight elements circulare beamformer.

beamformer, the generalized sidelobe canceller, and the spatial filtering generalized
sidelobe canceller.

Sector Antennas

In sector antenna systems, the 360 degree space is divided into equal sections by a
beamformer without any a priori knowledge about any potential disturber or user.
The purpose of sector antennas is to enhance the signal received from a certain
direction. This operation by its own, however, might not be sufficient enough
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to guarantee an acceptable quality. Therefore, some additional signal processing
algorithms can be employed on the output signals from the sector antennas to
enhance the received signal even further. The sector antenna method results in a
beamforming method of low complexity and since no assumption is made about the
jammer situation, there will be no problem with model mismatch. Even though the
sector antenna results in a beamformer of low complexity, some successive signal
enhancement schemes may be needed to recover the originally transmitted signal.

Blind Signal Separation

In a blind signal separation scheme it is assumed that N independent signals have
been transmitted from N different locations, and that the transmitted signals are
mixed together by an unknown channel matrix, see Figure 19. The task for the

�

�

�

�
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Recovered
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Blind signal
separation

Un-known
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Figure 19: A blind signal separation system.

signal separation scheme is to estimate the unmixing matrix from the K received
signals, and recover the original transmitted signals [34]. The signal separation
problem can also be viewed as beamforming problem where individual beams are
constructed towards each source. As long as the number of receiving antennas are
equal or larger than the number of sources (N ≤ K), the originally signals can be
restored.

Linearly Constrained Minimum Variance Beamformer

The Linearly Constrained Minimum Variance (LCMV) beamformer, see Figure 20,
forms a hard constraint on the beamforming filter weights [35]. The constraint
controls the column sums of the filter weights, where each column sum equals a
desired value. Such stringent constraints prohibit the adaptive filters from canceling
the target signal. The target signal is thus filtered in the time domain by the filter
given by the column sums.
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Figure 20: The linearly constrained minimum variance beamformer.

The optimization minimizes the output power from the beamformer under a
linear constraint, which prevents the output of becoming zero. The optimization
can be made adaptive by using the Frost algorithm [35]. The beamformer requires
knowledge of the target signal location and the array geometry. It is sensitive
to multipath and to errors in the assumed model characteristics [36]. It cannot
directly handle jammers that are correlated with the target signal, although a
spatial smoothing technique has been suggested in order to handle this problem
[37]. A number of methods for making the LCMV more robust to model mismatch
have been proposed [37] - [41].

Generalized Sidelobe Canceler

The Generalized Sidelobe Canceler (GSC) [42] reformulates the LCMV beamformer
so that it becomes unconstrained. The GSC algorithm can be divided into two
parts: one fixed upper beamformer that forms a fixed beam in the desired direction,
and a lower part consisting of a block matrix and an adaptive cancelling structure.
The blocking matrix, see Figure 21, prevents the target signal from reaching the
adaptive cancelling structure. The input signals to the adaptive filters consist of
undesired signals only, which can be cancelled from the upper part. The algorithm
assumes that the desired signal has a known Direction Of Arrival (DOA), and that
the assumed a priori model is correct. In order to handle imperfections in the
DOA estimation, as well as (to some extent) the model errors, a spatial filter-GSC
[38] can be used. Other methods for handling this situation are the eigen-vector
constraints [39] and the derivative constraints [40].

Spatial Filter - GSC

The idea of the Spatial Filtering GSC (SFGSC) [38], see Figure 22, is to introduce
a filter design approach to the problem as opposed to a constrained optimization
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Figure 21: Generalised sidelobe canceller structure.

approach. The following tasks should be performed:

• Design an upper beamformer that enhances the desired signal/signals; that is,
the desired signal/signals and their DOA are known with reasonable accuracy.
Ensure that the design is such that the desired signals fall into the passband
of the beamformer.

• Design the lower beamformer in such a way that they have a stopband in the
desired direction. The lower beamformer suppresses the desired signal/signals
below a certain level so that the adaptive canceler suppresses the jamming
signals only.

The SFGSC will work satisfactorily when the following conditions are fulfilled:

• The interferer and the desired signal are spatially separated so that the de-
sired signal is not present in the input signal to the adaptive canceler.

• There is no correlation between the interferer and the desired signal.
• Very moderate multipath propagation. If the DOAs of the multipath compo-
nents are outside the lower beamformer’s angular stopband, no suppression
is achieved.

3.3 Spatio-Temporal Receiver Structures

In many circumstances, it is not sufficient to utilize only the spatial domain or
the temporal domain to recover the transmitted signal. Thus, powerful receiver
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structures can be formed by combining methods using both spatial and temporal
domains to form the so-called ”spatio-temporal receivers.” These receivers combine
the strenghts of the spatial domain, spatial diversity and interference cancellation,
and the time domain, multipath- and ISI reduction.

Spatial Equalization

To exemplify the concept of spatio-temporal equalization, consider the basic spatial
equalizer in Figure 23, where an antenna array of only two elements is combined
with two separate equalization filters. This simple approach has several advantages.

Source

�

Control
Algorithm

Figure 23: A spatial equalizer.
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By themselves, the spatial and temporal structures cannot do much but together
they create a strong equalization structure. Since the array only consists of two
antenna elements it can only provide spatial diversity and no beamforming. On
the one hand, a single equalization filter will have severe performance degradation
during deep fades. On the other, the spatial equalization filters, most probably,
will still have a strong signal to process due to spatial diversity feature in the
receiver. This is of great importance for the overall performance, especially if blind
equalization is considered.

Spatio-Temporal Signal Separation

The most studied problem in signal separation is the instantaneous mixing problem
as presented in Figure 19, where the boxes represent a complex weight, i.e. a pure
spatial mixing. This is, however, not a valid approach in telecommunications since
due to multipath there is also temporal mixing. If this fact is not considered the
signal separation will not work. If the boxes instead are viewed as Finite Impulse
Response (FIR) filters, see Figure 24, then a temporal domain is added, and the
signal separation approach will be useful [34, 43].
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Figure 24: A spatio-temporal blind signal separation system.

3.4 Receiver Structures in Commercial Systems

In the GSM standard there is no specific receiver structure specified in the stan-
dards; it is only stated that there exists a need for equalization in GSM. However,
the typical equalizer structure is a Viterbi equalizer [44, 45]. Figure 25 outlines an
adaptive Viterbi equalizer. The equalizer in Figure 25 mainly consist of two parts,
the matched channel filter and the Viterbi decoder. The matched channel filter is
an FIR filter in which the filter coefficients are the time reversed and complex con-
jugate of the estimated channel impulse response. The channel impulse response
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Figure 25: An adaptive Viterbi equalizer.

is estimated in the channel estimator by using the pilot bits; during the non-pilot
bits the channel tracker is geared to follow the variations of the channel by using
the received signal and the latest output from the Viterbi decoder.
The Viterbi decoder is the maximum likelihood sequence estimator of, like in

GSM, a convolution encoded signal [11]. The Viterbi algorithm chooses the most
likely transmitted code word, from a set of all possible transmitted code words,
based on the received code word and the estimated channel impulse response [45].
According to the standard for CDMA, the Rake receiver uses a maximum of six

fingers, see Figure 26. In CDMA, spatial diversity can be achieved on the down-link
(i.e. from the base station to the mobile); during the so-called ”soft handover” the
mobile can choose to listen to two or more base stations at the same time.

Combiner

Matched filter 1

Matched filter 2

Matched filter 6

Path searcher

Received signal Recovered signal

Training/Synchronization sequence

Figure 26: A six fingers Rake receiver.
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4 Publications

In this section, a brief presentation of the five publications that make up the main
parts of my thesis will be given.

Beamforming and Interference Cancellation for Capacity Gain in Mobile
Networks

A way to increase the capacity of an existing mobile radio network is to exploit the
spatial domain in an efficient way. An antenna array adds spatial domain selectivity
in order to improve the Carrier-to-Interference ratio (C/I) as well as SNR. An
adaptive antenna array can further improve the C/I by suppressing interfering
signals and steer a beam towards the user. The suggested scheme is a combination
of a beamformer and an interference canceler.
The proposed structure is a circular array consisting of K omni-directional el-

ements and combines fixed beamforming with interference canceling. The fixed
beamformers use a weight matrix to form multiple beams. The interference can-
celing stage suppresses undesired signals, leaking into the desired beam.
Resulting beamformer patterns as well as interference cancellation simulation

results are presented. Two different methods have been used to design the beam-
former weights: Least Square (LS) and minimax optimization. In the minimax
optimization a semi–infinite linear programming approach was used. Although the
optimization plays an essential role in the performance of the beamformer, the
focus of this paper is on the application rather than the optimization methods.

Performance Improvements for Sector Antennas Using Feature Extrac-
tion and Spatial Interference Cancellation

Effective utilization of the spatial domain enhances the capacity of a mobile ra-
dio network. A common technique is to use sector antennas, where the sectors are
formed by weighting the outputs from the antenna elements. This results in spatial
domain selectivity, which significantly improves the signal-to-noise and interference
ratio in the received signals. However, the operation of the sector antenna will be
limited by the sidelobes of the corresponding beam patterns. By introducing a
blind spatial interference canceler that combines the fix beamformers in the sector
antenna with blind signal separation, a significant improvement in the multi-user
interference suppression can be achieved. Thus, it will be able to efficiently handle
the near-far problem, where the users are received with different power. The blind
signal separation is performed by the Independent Component Analysis (ICA) al-
gorithm. By taking into account the modulation format, the convergence rate of
the algorithm is significantly improved compared to the standard formulation. The
algorithm is further improved by introducing a forgetting factor on the weight up-
date. The blind spatial interference canceler is evaluated by simulations using the
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mean square error and the bit error rate as quality measures. The results show
that the mean square error obtained from the blind spatial interference canceler is
within 0.5 dB from the optimum Wiener solution for SNRs greater than 0 dB.

Fractionally Spaced Spatial Adaptive Equalization of S-UMTS Mobile
Terminals

In this paper we present fractionally spaced adaptive equalization techniques and
space diversity combined receiver, and evaluate their performance for the downlink
of S-UMTS system. The conventional ”training” (or non-blind) and the ”unsu-
pervised” (or blind) adaptive equalization algorithms are investigated. Simulation
results show that the equalizers are robust to Doppler shift and nonlinearity ef-
fects due to TWT amplifiers aboard the satellite. It is also shown that even with a
moderate array size of two antenna elements, a significant improvement in terminal
performance is achieved.

Signal Separation Using Multi-rate Signal Processing

In signal separation and channel equalization a short delay spread channel can re-
sult in high complexity receiver filters. The computational complexity of estimating
these filters can be reduced by using multi-rate technique. In multi-rate processing,
a problem is divided into a number of low complexity problems by means of a sub-
band filter bank. Simulation results show up to 93% reduction in computational
load compared to a fullband implementation at the expense of a small degradation
in separation performance. The results also show that by properly optimizing the
filter bank, the performance degradation can significantly be reduced.

Blind Subband Adaptive Equalization

It is predicted that a large portion of future wireless communication capacity will
be used to provide wireless data services. This new emphasis results in a significant
change in substantial parts of the wireless infrastructure, and it is important to have
low bit error transmission links to get Quality of Service. Future services will also
demand higher data rates. These factors mean that there will be a significant need
for good quality equalization schemes in the receiver to reduce the different effects
of the radio channels, such as intersymbol interference and multipath propagation.
The use of linear equalizers leads to high numerical complexity filters even for
short delay spread channels. High complexity equalizers implies slow convergence
and high numerical load per processed symbol. To save the amount of training
or pilot signals and, thus, increase the useful data bits, a blind adaptation of the
equalizer weights is commonly used. A blind adaptation algorithm in combination
with a long equalizer result in even slower convergence. It is therefore desirable to
improve the convergence properties of such equalizer schemes. A blind delayless
subband equalizer structure is shown to improve the convergence properties of the
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equalizer. This equalizer consists of a combination of a fullband filtering and a
subband adaptation.
In this paper, a novel filter bank design and improved subband–to–fullband filter

transformation method is presented. By optimizing the filter bank design, and im-
proving the subband–to–fullband transformation, considerable improvements have
been achieved both when it comes to convergence speed and the level of equalization
obtained.
Simulation results show that the new subband equalization structure has a

twelve times faster convergence than its fullband counterpart. The bit error rate
is almost the same in both schemes. Thus, there are only advantages by using the
suggested equalizer implementation compared to a conventional fullband imple-
mentation. The convergence improvement combined with computational savings
make it a very attractive technique to use.
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Beamforming and Interference Cancellation for
Capacity Gain in Mobile Networks

Sven Nordholm, Jörgen Nordberg, Ingvar Claesson and Sven Nordebo

Abstract
The growth of wireless communication continues. There is a demand for

more user capacity from new subscribers and new services such as wireless
internet. In order to meet these expectations new and improved technology
must be developed. A way to increase the capacity of an existing mobile radio
network is to exploit the spatial domain in an efficient way. An antenna
array adds spatial domain selectivity in order to improve the Carrier-to-
Interference ratio (C/I) as well as Signal-to-Noise Ratio (SNR). An adaptive
antenna array can further improve the C/I by suppressing interfering signals
and steer a beam towards the user. The suggested scheme is a combination
of a beamformer and an interference canceler.

The proposed structure is a circular array consisting of K omni-directional
elements and combines fixed beamforming with interference canceling. The
fixed beamformers use a weight matrix to form multiple beams. The inter-
ference canceling stage suppresses undesired signals, leaking into the desired
beam.

The desired signal is filtered out by the fixed beamforming structure.
Due to the side-lobes, interfering signals will also be present in this beam.
Two alternative strategies were chosen to cancel these interferers; use the
other beamformer outputs as inputs to an adaptive interference canceler;
or regenerate the outputs from the other beamformer outputs and generate
clean signals which are used as inputs to adaptive interference cancelers.

Resulting beamformer patterns as well as interference cancellation simu-
lation results are presented. Two different methods have been used to design
the beamformer weights, Least Square (LS) and minimax optimization. In
the minimax optimization a semi–infinite linear programming approach was
used. Although the optimization plays an essential role in the performance
of the beamformer, this paper is focused on the application rather then the
optimization methods.

1 Introduction

The mobile radio networks are hosting more and more services. From being a
provider of mainly speech communication, new services are implemented and pro-
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posed. This gives rise to a demand for more capacity. The earlier systems were
mainly realtime communication where physical channels were allocated to the user.
New internet services as well as machine to machine communication require high
bandwidth, but mostly over shorter time frames. These new services in Personal
Communication Services (PCS) create a high demand for new modulation schemes
as well as new access methods. One can see further development of GSM into
schemes like EDGE and also further development of CDMA 2000(IS 95), narrow
band Code Division Multiple Access and an extension to Wide band Code Divi-
sion Multiple Access (WCDMA). CDMA has the potential to yield higher capacity
per used resource as compared to Frequency Division Multiple Access (FDMA),
or Time Division Multiple Access (TDMA). There is also considerable interest in
using Space Division Multiple Access (SDMA). The method studied in this pa-
per is a combination of Digital Beam-Forming (DBF) and adaptive Interference
Cancellation(IC). The capacity gain which is apparent when using an array of an-
tenna elements at the base station has prompted intensive research into new DBF
methods[1, 2].

The organization of this paper is as follows. A presentation of two different IC
schemes are made in Section 2. The demands and assumptions that have been made
concerning the signal/channel model and modulation scheme will be presented in
Section 3. Different adaptive control algorithms for the IC scheme are evaluated
in Section 4. Section 5 outlines two different beamformer weight design methods.
Some examples of such optimization are presented in Section 6. In Section 7, the
two IC schemes are evaluated, and their performances are compared in terms of
achieved Signal to Noise and Interference Ratio (SNIR). Finally, Section 8 concludes
the paper.

2 The Spatial Filtering Generalized Side-lobe Can-

celer

The suggested IC scheme using a Spatial Filtering-Generalized Side-lobe Canceler
(SF-GSC) structure, is presented in Figure 1. It consists of a beamforming part
that provides fixed beams. One beam is selected to be the desired one, i.e. it
contains the signal of interest (the desired signal). Signals from other directions,
jammers/interferers, will also leak into the desired beam due to the side-lobes of the
beam and possible multipath. These interfering signals are also picked up by the
other beams: and the output formed is employed by the IC. The IC part consists
of an ordinary complex-weight noise canceler. This implies that the interfering
signals can, due to their spatial diversity, be removed from the desired signal even
when they cover the same frequency band, as long as they are not correlated with
the desired signal. The digital modulation scheme must be selected in such a way
that the different sources are not correlated.
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Figure 1: The SF-GSC IC filter

A portion of the desired signal will also be present in the beams corresponding
to the interfering signals, and will thus enter the IC filters. To solve this problem a
signal regenerator is introduced between the output from the beamformers and the
input to the IC filters. The SF-GSC interference canceler using a signal regenerator
(SF-GSC-SR) is presented in Figure 2.
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Figure 2: The SF-GSC-SR IC filter with a signal regenerating scheme.

By using the signal regeneration circuit, the signals (χ1(n), . . . , χK−1(n)) are
decoded and regenerated to their ”original” sequence again, i.e. the dominating
signal. Thus, the new inputs to the IC filters are signals which contain neither noise
nor desired signal apart from some portion of erroneous decisions. By doing this
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signal regeneration there is a built-in robustness towards multi-path of the desired
signal into the other beams, at least as long as there is strong incoming signal.

3 Signal and Channel Model

In this Section a simple but yet useful signal and channel model is stated. Possible
extensions of the channel model is also suggested. Finally, a derivation of the
optimum LS IC filter solution is given.

3.1 Signal Model

The signals from the transmitters are modulated around a carrier frequency f0. The
signals at each antenna element are demodulated to I and Q parts see Figure 3, and
sampled at the symbol rate T after the beamformer. In order to achieve a compact
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Figure 3: Conversion from bandpass signal to the baseband equivalent.

formulation, a baseband equivalent notation has been used. The information signal
sk(t) is assumed to be narrow-band as compared to the carrier frequency f0. The
target signal

s0(t) =
∞∑

n=−∞
I0,nh(t− nT ) (1)

and the jammers

sk(t) =
∞∑

n=−∞
Ik,nh(t− nT ) (2)

are assumed to be complex baseband signals where Ik,n represents the discrete
information-bearing sequence. They are generated by K different sources with the
same pulse shape h(t) = hI(t) + jhQ(t).
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3.2 Choice of Modulation Scheme

The signal representation is chosen such that

E[sk(t)sl(t)] = 0 , when k �= l,

where E[·] denotes the expected value, i.e. the signals are not correlated. This can
be achieved by a modulation scheme which has a zero-symmetric signal constella-
tion. When the modulation scheme has a non-zero symmetric signal constellation,
the IC filter, might cancel the target signal. We have chosen a Quadrature Phase
Shift Keying (QPSK) [6] modulation scheme.

3.3 Channel Model

The signals are assumed to arrive as plane waves traveling with a velocity c from
an angle θk as specified in Figure 4.

k

r

�

Figure 4: A planar circular array for the far-field.

Each element is disturbed by Additive White Gaussian Noise (AWGN) which is
independent between the elements and has a constant spectral density Sn(f) = σ2

n.
The target signal, the jammers, and the noise are all assumed to be mutually
uncorrelated. For a general array structure, the array response vector d(f0, θ) from
a point source is determined by the transmitting frequency ω0 = 2πf0, the wave
propagation velocity c, and the orthogonal distance from the source wavefront,
coming in at an angle θ, to the l-th array element is denoted ∆l(θ). The response
vector is given by

d(f0, θ) =
(
e−jω0∆0(θ)/c · · · e−jω0∆K−1(θ)/c

)T
(3)

where (·)T denotes the transpose operator. In (3) the following assumptions have
been made: a reflectionless and homogeneous medium, and the signals are received
with equal energy level.
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This model should be extended to include multi-path and fading for real mobile
communication situations, although this involved situation is not discussed here.

3.4 Derivation of the Optimal Solution

The output signal from the desired beam, yd(t, θ), is given by

yd(t, θ) =
K−1∑
k=0

sk(t)g
H
0 d(f0, θk) + gH

0 n(t) = GH
0 s(t) + gH

0 n(t), (4)

where θ is a vector containing the different angles of the impinging signals, g0

contains the weights of the desired beam, (·)H denotes the transpose and complex
conjugate operation, and G0 is a vector containing the total transfer functions from
the source signal to the desired output, yd(t, θ). In this expression, it has been
assumed that the signals sk(t) are narrow-band compared to the carrier frequency
f0. The input correlation matrix

R(τ + t, t) = E[s(t+ τ)sH(t)]

is diagonal when the target and jammer signals are mutually uncorrelated. It will,
however, be cyclostationary, i.e.

R(τ + t, t) = R(τ + t+ T, t+ T )

This periodicity can be avoided by taking the average over one period. The desired
output autocorrelation function is expressed as

Ryd
(t+ τ, t, θ) = GH

0 E[s(t+ τ)sH(t)]G0 + gH
0 E[n(t+ τ)nH(t)]g0 (5)

The input signals xm(t, θ) to the canceler filters hm(t, θ) are given by

xm(t, θ) =
K−1∑
k=0

sk(t)g
H
md(f0, θk) + gH

mnl(t) (6)

where m ∈ [1, K − 1].
The I and Q channels, can for instance be sampled by using Integration and

Dump filters see Figure 5, which will work as matched filters under the assumption
that the receiver and the transmitter are synchronized [7]. The parallel switch
closes briefly at t = 0; this ensures that all the residual energy (t < 0) in the circuit
does not contribute to the output at time T . The series switch is then closed briefly
at t = T , thereby sampling the filter output at the right time.

This means that the signals yd[n, θ] = yd(t, θ)|t=nTs and xm[n, θ] = xm(t, θ)|t=nTs

are sampled at the symbol rate Ts = T . The signals yd[n, θ] and xm[n, θ], yd[n] and
xm[n] for short, are then used to adjust the weights in the IC filter. The optimal
weights are found by minimizing

E
[
|ε[n]|2

]
= E

[
|yd[n]− wHx[n]|2

]
(7)
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t=T

CLt=0

Figure 5: An integrate and dump circuit.

with respect to the weights w, where the received signal vector x[n] is defined as

x[n] =
[
x1[n] x2[n] · · · xK−1[n]

]T
The optimal solution is arrived at by solving the following linear equation system:

Rxxw = Pxyd
(8)

where Rxx = E
(
x[n]xH [n]

)
and Pxyd

= E
(
x[n]yH

d [n]
)
.

4 The Adaptive IC Filter

The SF-GSC and the SF-GSC-SR scheme have different demands on the adaptive
control algorithm that controls the adaptive IC filter, see Figure 6.
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Adaptive
Control

Algorithm

�(n)

Figure 6: An adaptive interference canceling structure.

In the SF-GSC case, the adaptive control algorithm must compensate for the
fact that the target signals leak into the other beams. This compensation is not
necessary in the SF-GSC-SR situation due to the inclusion of the signal regeneration
scheme, see Figure 2. The performance of the IC filter depends upon the sidelobes
of the beams. If the beams can be designed with a narrow main-lobe and high
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side-lobe suppression, the canceler will operate better. The array configuration
used in this study is a circular configuration. When the array consists of many
antenna elements a narrow main-lobe can be obtained.

4.1 SF-GSC-SR

The algorithm used for canceling the interference in the SF-GSC-SR case is the
Normalized Least Mean Squares (LMS) algorithm. In Figure 6 the adaptive IC
filter is presented.

Define x[k] and w[k] as a concatenated received signal vector and weight vector,
respectively. Then, at time t = nTs(n = 1, 2, . . .), where Ts is the sampling period,
x[n] and w[n] can be written as

x[n] =
[
x1[n]x1[n− 1] · · · x1[n− L+ 1] · · · xK−1[n] · · · xK−1[n− L+ 1]

]T
(9)

w[n] =
[
w11[n]w12[n] · · ·w1L[n] · · · w(K−1)1[n]w(K−1)2[n] · · ·w(K−1)L[n]

]T
,

where L denotes the filter length of each filter. For complex signals, both x[n] and
w[n] are represented by a complex vector. The output signal of the LMS spatial
equalizer y[n] is given by

y[n] = wH [n]x[n] (10)

The weight update equation is defined by

w[n+ 1] = w[n] +
α(yd[n]− y[n])∗x[n]

xH [n]x[n]
, (11)

where (·)∗ denotes the complex conjugate operator and α is the step size, that
controls the adaptive behavior of the IC filters [8].

4.2 SF-GSC

Since the target signal leaks into the other beams, a method to prevent target
cancellation is needed. One way to accomplish this is to use the Leaky-NLMS [9],
L-NLMS, as the adaptive control algorithm in the SF-GSC scheme. Using the same
definitions as in the NLMS algorithm, the weight update equation is now defined by

w[n+ 1] = w[n]γ +
α(yd[n]− y[n])∗x[n]

xH [n]x[n]
(12)

where γ is a leakage factor. Using a leaky algorithm is equivalent for the algorithm
to inject AWGN at the adaptive filter inputs when updating the weights, although
there is no noise present disturbing the output. The strength of the equivalent
white noise is given by [9]

σ2
n =

1− γ

2
(13)
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which, when appropriately chosen, dominates over the side-lobe leakage of the
target signal. Due to the leaky-noise the achievable Signal-to-Noise-Interference
Ratio, SNIR value will be reduced but it will prevent the target signal from being
canceled.

5 Beamformer Design

The planar circular array is defined by K sensor elements evenly distributed on a
circle, and an incident wave front propagating in the same plane as the array, see
Figure 4. We consider the far-field and narrow-band case where the phase of the
wave front is given by ej(2πf0t−kT r), where f0 is the carrier frequency, t is the time,
k = −2πf0

c
(cosθ, sin θ) is the wave vector, c is the speed of propagation, θ is the

angle of incidence, and r is the evaluated spatial point. The array elements have
the spatial positions rk = r(cos(k 2π

K
), sin(k 2π

K
)) where k = 0, . . . , K−1 and r is the

radius of the array circle.
With the phase center at the origin (center) of the array, the array angular

transfer function is given by

G(θ) =
K−1∑
k=0

gkak(θ)e
j2πf0

r
c

cos(k 2π
K

−θ) (14)

where gk are the complex array weights, and ak(θ) are the responses of the individ-
ual sensors. In order to simplify subsequent discussion but still preserve generality,
we will assume that ak(θ) = 1.

5.1 Least Square Solution

One way to design a circular beamformer is to use a least squares design where the
design objective is to minimize the Euclidean norm

‖Gd − gH
c Dc‖2 (15)

with respect to the complex vector gc, where gc is a K long beamformer weight
vector. Here, Dc is an K × I matrix where Dc = [dc(f0, θ1) · · ·dc(f0, θI)] and Gd

is an I × 1 vector where Gd = [Gd(θ1) · · ·Gd(θI)]
T defined over I angular samples

θ1, . . . , θI at one frequency f0. As a design example, we will consider the desired
response

Gd(θ) =

{
1, −θp ≤ θ ≤ θp

0, θs ≤ θ ≤ 2π − θs
(16)

where the positive angles θp and θs define the “pass-band” and “stop-band” edges.
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5.2 Minimax Solution

It is also possible to use a minimax approach to design a circular beamformer.
In this case it is ideal to use the infinite–dimensional complex approximation for-
mulation, (17)–(19) and (21), which is amenable to a solution using the extended
simplex algorithm [10].

The complex specification may be given in the form

|Gd(θ)− gH
c dc(f0, θ)| ≤ e(θ) θ ∈ Ω (17)

where Gd(θ) is the desired complex response, e(θ) is a prescribed (strictly positive)
upper bound and Ω is the angular domain. The frequency dependency is omitted
in the sequel. It is assumed that Gd(θ) is a continuous function. This narrow-
band case with complex weights, gc = gR + jgI , can be reformulated by defining
G(θ) = gH

c dc(θ) = gTd(θ), where gT = [gT
R gT

I ] and dT (θ) = [dT
c (θ) jdT

c (θ)]. In
this case, the number of real array coefficients is 2K.

The circular array is an example of a situation when a complex response must be
considered. It is not feasible to obtain a real– or linear–phase response by employing
coefficient symmetry as with an equi–spaced linear array, since the spatial sampling
with the circular array is non–uniform.

We now pose the following design criterion

min
g∈RN

max
θ∈Ω

v(θ)|Gd(θ)− gTd(θ)| (18)

subject to Pg ≤ p (19)

where v(θ) is a strictly positive weighting function, P is a K × 2K constraint
matrix, and p is a K × 1 constraint vector. Note that with the choice of weighting
v(θ) = 1/ε(θ), the specification in (17) will be satisfied if and only if the optimum
objective value in (18) is less than or equal to one.

According to the real rotation theorem [11], a magnitude inequality in the com-
plex plane can be expressed in the following equivalent form:

|z| ≤ δ ⇔ 

{
zejφ

}
≤ δ ∀φ ∈ [0, 2π] (20)

where z is a complex number, δ is a real and positive number, and 
{·} denotes
the real part.

By making use of (20), the nonlinear approximation problem in (18)–(19) can
be reformulated as the following continuous semi–infinite linear program:




min δ

v(θ)

{
(Gd(θ)−G(θ)) · ejφ

}
≤ δ

Pg ≤ p

(21)

where δ is an additional real variable, θ ∈ Ω and φ ∈ [0, 2π].
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The linear program in (21) is called (continuous) semi–infinite since the con-
straint set is infinite (uncountable) and the number of variables is finite.

Define the (2K + 1)× 1 vectors y (variable) and b (constant) by

y =

(
g
δ

)
, b =

(
0
1

)
(22)

where 0 is an 2K×1 vector of zeros. Further, let the 2K×1 vector function a(θ, φ)
and the scalar function c(θ, φ) be defined by

a(θ, φ) = v(θ)

{
d(θ) · ejφ

}
(23)

c(θ, φ) = v(θ)

{
Gd(θ) · ejφ

}
(24)

The linear program (21) is now restated in the following form




minbTy[
aT (θ, φ) 1
−P 0

]
y ≥

[
c(θ, φ)
−p

]
(25)

where 0 is an K × 1 vector of zeros.
The design problem in (18) and (19) can now be solved by formulating the

following (dual) continuous semi–infinite linear program

(D)

{
minbTy
AT

αy ≥ cα
(26)

where AT
α and cα are the rows of the left hand side constraint matrix and the

elements of the right hand side constraint vector in (25), respectively. Here α
is an index belonging to a closed index set A ⊂ Rn, which has a one–to–one
correspondence with the constraint rows of (25). The set A can be constructed as
follows. Let α = (θ, φ, i, l) where l = 1 or 2 since there are 2 types of constraints
in (25). If l = 1, then (θ, φ) ∈ Ω × [0, 2π] and i = 1. If l = 2, then θ = θ0 (fixed
value), φ = 0 and i = 1, . . . , K. The formulation of (26) is now in a form which
has been investigated in eg. [10]. We refer to (26) as the dual formulation since
it corresponds to the dual of a linear program in standard form [10, 12]. Several
solution methods exits for this optimization problem, see eg. [10, 13, 14, 15]. In
this paper a standard semi-infinite simplex algorithm as described in [13] was used.

6 Beamformer Design Examples

In the design examples below, the following common parameters have been used:
number of complex coefficients K = 8, desired response defined by θp = 10 · π/180
(10 degrees) and θs = 40 · π/180 (40 degrees), number of spatial samples I = 720.
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Figure 7 shows the resulting array patterns for two different design situations
with r/λ = 1/2 and where λ = c/f0 is the wave length. The polar plots show the
magnitude of the response G(θ) in dB. Here, the origin corresponds to a magnitude
of -60 dB or less, and the outer circle corresponds to the 0 dB level (the plots show
max {0, 20 log |G(θ)|+ 60}).
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Figure 7: Array pattern given in dB, Least squares solution (solid line)and minimax
solution (dashed line).

In Figure 7, the solid line shows the resulting array pattern for a least squares
design according to the criterion given in (15). The dashed line shows the array
pattern corresponding to the unconstrained min–max problem, (18), with constant
weighting v = 1. These two figures illustrate typical features when comparing a
least squares design to a uniform approximation. The least squares design appears
to achieve better overall stop band rejection, whereas the minimax design gives the
best possible rejection at the stop band edge (the pass and stop band edges are
indicated by straight lines).

These comparisons are given as illustrations of possible performance. The least
squares and min–max design criteria correspond to different norms, and therefore it
is often futile to compare these methods straightforwardly. However, if the design
specification is given as an upper bound on the design error as in (17), it is practical
and straightforward to employ the weighted minimax criteria to obtain a solution
(if any).

The latter situation is illustrated in Figure 8 which shows a non–uniformly
weighted min–max design. Here, the error envelope ε(θ) is defined by
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Figure 8: Array pattern in dB. Minimax solution, non–uniform weighting.

ε(θ) =


 1− 10−

3
20 0 ≤ θ ≤ θp

10
15(π−θ)
20(π−θs)

− 60
20 θs ≤ θ ≤ π

(27)

and ε(−θ) = ε(θ). The angular weighting is then given by v(θ) = 1/ε(θ). The
definition of (27) means that the pass band magnitude is greater than -3 dB and
that the stop band magnitude is bounded by an envelope starting at -45 dB at θs

rad, and decreasing linearly to -60 dB at π rad. The stop band envelope is included
in Figure 8.

7 Interference Cancellation(IC) Examples

The study covers two different situations one where a four sector antenna has been
completed with a IC filter, the second is a comparison of 8 element beamformers
designed using LS and minimax criterion, respectively. The first study clearly
shows the benefits of the spatial multiuser detection. The second study shows
how the performance depends on the properties of the fixed beamformer weights.
The following assumption has been made about the traffic situation: there exists
a dominant signal in each beam, see Figure 9. All the simulation results in this
chapter are compared to a minimum mean square solution according to 7. For the
SF-GSC-SR this means that in some cases this solution can be out-performed since
there will be essentially no noise in the input signals to the IC filters.
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Figure 9: Assumed Signal-Traffic Model.

7.1 Four Sector Antenna

In the first two simulations, Figures 11 and 12, a four element beamformer, as
shown in Figure 10, was used. It is a LS designed beamformer with a radius of λ

4

and four antenna elements. The number of beams is also 4, and they are evenly
distributed i.e. the center is at 0, 90, 180 and 270 degrees.

Figures 11 and 12 show a performance comparison between the two suggested
interference cancellation methods SF-GSC-SR and SF-GSC. From Figure 11 one
can see that a faster convergence will be obtained for the SF-GSC-SR scheme.
Both schemes resulted in approximately the same SNIR. This was expected since
the target signal arrived in the center of the beam, i.e. no target signal leaked into
the other beams thus no target cancellation could occur. In Figure 12, the Angle
Of Arrival (AOA) is 10 degrees and now the SF-GSC cannot reach the same SNIR
value as the SF-GSC-SR algorithm due to the fact that the target signal is leaking
through to the other beams. As can be seen from Figure 11 the MMSE solution
can be out performed due to the decoding and regeneration of the signals into the
IC filters.

7.2 Comparison of LS and Minimax Beamformers

In this study an 8 element array has been used. The two used beamformers are
presented in Figure 7, the number of beams is 8. In all of the following simulations
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Figure 10: A LS-designed beamformer with four antenna elements.

the SF-GSC-SR IC filter is used. Figures 13 and 14 show the results, when the
AOA for the desired signal equals 0 and 10 degrees respectively. The solid line
corresponds to the LS designed beams and the dashed line corresponds to the
minimax designed beams. These are evenly distributed, i.e. the center is at 0,
45, 90, and so on. There is one desired beam, and 7 beams for the IC filters. As
can be seen in the figures, the minimax designed beamformers give slightly better
performance in the given situation. This is due to the more narrow stop band edge,
which is crucial in this situation since it determines how much of the desired signal
leaks into the closest beams.

The results in Figures 13 and 14 indicate that the IC filter will perform better
when the AOA of the target signal is 10o rather than 0o. This is due to the fact that
the sidelobes have their maximum level close to the other beam’s center. A solution
to this problem is to have several point constraints that force the beamformer to
have a minimum at the other beam’s center. The used design method facilitates
the inclusion of point constraints and the result is presented in Figure 15, and the
simulation results using this beamformer are presented in Figure 16. The maximum
SNIR value is now achieved when the AOA equals 0o.

Due to the point constraints the beamformer has lost the equal suppress level of
the sidelobes that was achieved in the min-max beamformer presented in Figure 7.
For certain AOA:s and interference situations with point-constrained beamformer
the resulting SNIR will be better. However, under some other conditions it will
perform worse than the beamformer in Figure 7. It is also much simpler to evaluate
a beamformer that has an equal min-suppression of the side-lobes, and investigate
the worst case scenario of this beamformer. Still, when the AOA information is
available this is a possibility.
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Figure 11: Convergence curves for IC vs # of iterations. Target from = 0 degrees,
jammers arriving at angles [70, 190, 250]. SNR at each individual antenna element
is 20 dB. Interference signals and target signal have equal power.
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Figure 12: Convergence curves for IC vs # of iterations. Target from 10 degrees,
jammers arriving at angles [70, 190, 250]. SNR at each individual antenna element
is 20 dB. Interference signals and target signal have equal power.
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Figure 13: Convergence curves for IC vs # of iterations. Target from 0 degrees.
Jammers arriving at angles [45, 100, 145, 170, 220, 280, 315]. SNR at each individual
antenna element is 20 dB. Interference signals and target signal have equal power.
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Jammers arriving at angles [45, 100, 145, 170, 220, 280, 315]. SNR at each individual
antenna element is 20 dB. Interference signals and target signal have equal power.
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8 Conclusions and Further Research

A method has been presented which shows good capability of suppressing interfer-
ing signals which are spatially separated from the target signal. The method has
been further improved by including a signal regenerator in the scheme. This im-
provement allows a certain degree of multipath which otherwise is cumbersome to
IC schemes. Methods are presented for designing beamformers for circular arrays
using both a least squares criterion as well as a minimax design.

Further research needs to be done in order to quantify the size of allowable
multipath and should also include some urban fading models for the propagation.
In order to improve the SNIR level of the signals into the signal regenerator, some
kind of preprocessing such as a decorrelator could be included; the amount of erro-
neous decision would be reduced and a more clear estimate of the interfering signals
could be achieved. This would improve the overall performance of the IC filter.
Further studies of optimum solutions are also of interest to obtain performance
limits. Another issue would be to find results on the Bit-Error-Rate (BER) for the
suggested scheme.
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Performance Improvements for Sector Antennas
using Feature Extraction and Spatial Interference

Cancellation

Jörgen Nordberg, Sven Nordholm, Nedelko Grbić,
Abbas Mohammed and Ingvar Claesson

Abstract

Effective utilization of the spatial domain enhances the capacity of a mo-
bile radio network. A common technique is to use sector antennas, where
the sectors are formed by weighting the outputs from the antenna elements.
This results in spatial domain selectivity, which significantly improves the
signal-to-noise and interference ratio in the received signals. However, the
operation of the sector antenna will be limited by the sidelobes of the corre-
sponding beam patterns. By introducing a blind spatial interference canceler
that combines the fix beamformers in the sector antenna with blind signal
separation, a significant improvement in the multi-user interference suppres-
sion can be achieved. Thus, it will be able to efficiently handle the near-far
problem, where the users are received with different power. The blind signal
separation is performed by an independent component analysis algorithm.
The convergence rate of the algorithm is significantly improved compared
to the standard formulation by taking into account the modulation format.
The algorithm is further improved by introducing a forgetting factor on the
weight update. The blind spatial interference canceler is evaluated by simula-
tions using the mean square error and the bit error rate as quality measures.
The results show that the mean square error obtained from the blind spatial
interference canceler is within 0.5 dB from the optimum Wiener solution for
signal–to noise ratios greater than 0 dB.

1 Introduction

The capacity in cellular communication systems is increased by the spatial diversity
gained from the use of several antennas at the Base Station (BS) [1, 2, 3]. Spa-
tial diversity gain can be achieved by the use of sector antennas (fix beamformers),
steerable antenna arrays, adaptive antenna arrays or by the use of interference can-
cellation schemes or multi-user detection schemes. Adaptive antenna arrays can be
used to improve the Signal–to–Noise and Interference Ratio (SNIR) by suppressing
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the interfering signals. An adaptive antenna is either model based by using con-
straints to select the user or pilot signal based which has a unique training sequence
for each user. A constrained adaptive antenna requires a thorough calibration and
can suffer significant performance degradation when the array response vector de-
viates from the model [4]. The accuracy of the array response vector estimation
depends on several factors such as the estimation of the Direction of Arrival (DOA),
the traffic conditions and the sensor characteristics. The pilot trained adaptive an-
tenna does not suffer from the above mentioned problems but some capacity needs
to be used for the training.

The scope for this paper is a Blind Spatial Interference Canceler (BSIC). This
BSIC combines K beamformers creating the sector antennas and blind signal sep-
aration for the interference cancellation. The output signals from the beamformers
represent a spatially filtered version of antenna array input signals. These beam-
former output signals will have improved SNIR compared to the antenna element
signals. One of the beams is selected as the desired beam and its output sig-
nal is the Signal Of Interest (SOI). This SOI is filtered out by the corresponding
beamformer that forms the sector of the cell. Due to non-perfect beamforming,
interfering signals will also be presented in the SOI. To reduce the effect of the
interfering signals, a post-processing (signal separation) of the outputs from the
fixed beamformer has been used. The signal separation algorithm maps the K out-
put signals from the beamformers into K independent signals. This algorithm is
able to completely resolve the signals if the number of sensors is less than or equal
to the number of source signals. When the number of source signals exceeds the
number of sensors, the performance will gradually degrade. Since, the blind signal
separation algorithms works on beamformed data the permutation problem inher-
ent in all blind signal separation will be resolved as long as a dominant signal is
found in each beamformers output. The blind signal separation is performed by an
Independent Component Analysis (ICA) algorithm [5]. This algorithm has been
substantially improved by taking into account the modulation format and noise
model of the channel. Further improvement is made by using a forgetting factor on
the weight update to give an unique weight solution with minimum norm. Since,
the blind signal separation problem is scale invariant, the output signals from signal
separation are normalized to recover the correct amplitude levels. By combining
the beamforming and signal separation the receiver will be able to handle near-far
problems efficiently. It will thus ease the requirements of the power control algo-
rithms. An other important feature in the proposed BSIC scheme is that it does
not require a priori knowledge of the transmitted signals. Consequently, there is
no reduction in the system capacity, which is caused by transmission of training
(pilot) signals.

This paper is organized as follows. Section 2 describes the system model. The
proposed blind spatial interference cancellation scheme is presented in Section 3,
and evaluation examples are given in Section 4. Finally, Section 5 contains conclu-
sions.
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2 System Model

Consider a communication system withM users, transmittingM signals sm(t), 0 ≤
m ≤M−1. These signals have been discretized and thus, only a discretized model
is used. Assume that all users utilize the same bandwidth and the transmitting
signals are uncorrelated,

E[sm(n)sl(n)] = 0, for m �= l, 0 ≤ m, l ≤M − 1,

where E[·] denotes the expected value and n is the discrete time index. This can be
achieved by using a modulation scheme with zero symmetric signal constellation.
For a scheme with non-zero symmetric signal constellation, the transmitting signals
are correlated due to the DC component and the performance of the BSIC reduces.
A Quadrature Phase Shift Keying (QPSK) modulation scheme is used in this study.

The received signal vk(n) at the k
th antenna element is obtained from the trans-

mitted signals as follows

vk(n) =
M−1∑
m=0

akm(n)sm(n) + ωk(n), 0 ≤ k ≤ K − 1, (1)

where akm(n) is the attenuation factor and phase shift of the channel between the
mth source and the kth antenna and ωk(n) denotes the Additive White Gaussian
Noise (AWGN) component. In this study the quasi-static assumption is made
where the relative speed of the sources to the receiver is very low. Thus, (1) is
reduced to

vk(n) =
M−1∑
m=0

akmsm(n) + ωk(n), 0 ≤ k ≤ K − 1. (2)

Synchronization, which is an essential part of all up-link schemes, is assumed to
be perfect. Non-perfect synchronization generates a substantial study in itself and
needs to be considered in the future.

3 The Blind Spatial Interference Canceler Scheme

The proposed blind spatial interference cancellation scheme is shown in Figure 1.
The transmitted signals sm(n), 0 ≤ m ≤ M − 1, are received by K antenna
elements. The received signals vk(n), 0 ≤ k ≤ K − 1, are then processed by the
beamforming weight matrix. The columns of the weight matrix are used at each
of the antenna elements to create K beams. The beamforming vector for beam 0
is denoted as

g0 = [g(0), · · · , g(K − 1)]T , (3)

where g(k), 0 ≤ k ≤ K − 1, is the complex steering weight of the kth antenna
element and [·]T denotes the vector transpose. The beamforming vector for the kth
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Figure 1: The BSIC interference canceler scheme.

beam is obtained by shifting the vector for beam 0 by k steps,

gk = [g(K − k), · · · , g(0), · · · , g(K − k − 1)]T . (4)

The beamforming matrix is given by

G = [g0, · · · ,gK−1]
T . (5)

The output signal zk(n) from the kth beamformer can now be expressed as

zk(n) = g
H
k v(n), 0 ≤ k ≤ K − 1, (6)

where [·]H denotes Hermitian operator and v(n) = [v0(n), · · · , vK−1(n)]
T is the

received signal vector. In this paper a least squares error is used to design the
beamforming weights.

3.1 Least Square Design of the Fix Beamformer

For a general array structure, the array response vector d(f0, θ) from a point source
is determined by the carrier frequency f0 and the angle of arrival θ. In a reflection-
less medium, the response vector is given by

d(f0, θ) =
[
e−j2πf0∆0(θ)/c, · · · , e−j2πf0∆K−1(θ)/c

]T
, (7)

where c denotes the wave propagation velocity and ∆k(θ), 0 ≤ k ≤ K−1, denotes
the orthogonal distance from the source wave front to the kth array element. For
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Figure 2: A planar circular array of radius r where a wave front from the far-field
incident from an angle θ.

a planar circular array with the K sensor elements, see Figure 2, the orthogonal
distance ∆k(θ) is given by

∆k(θ) = r cos

(
k2π

K
− θ

)
, (8)

where r denotes the radius of the array. It is assumed that the antennas are omni-
directional. The circular beamformer is designed by minimizing the least squares
norm. The desired beamforming response for certain θ is given by

Gd(θ) =

{
1, −θp ≤ θ ≤ θp
0, θs ≤ θ ≤ 2π − θs , (9)

where the positive angles θp and θs, θp < θs, are the passband and stopband
edges. The beamformer is designed over grid of I angular samples, θ1, · · · , θI ∈
[−θp, θp] ⋃ [−θs, 2π − θs]. Denote the array response matrix as D = [d(f0, θ1),
· · · ,d(f0, θI)] and the desired response vector as Gd = [Gd(θ1), · · · , Gd(θI)]

T . The
complex beamforming vector gk is given by minimizing the least squares J(k),

J(k) = ‖Gd − gHk D‖2
2, 0 ≤ k ≤ K − 1, (10)

where ‖ · ‖2 denotes the Euclidean norm. Since, all beamforming vectors can be
obtained from g0 it is enough to minimize

J(0) = ‖Gd − gH0 D‖2
2. (11)

Equation (11) can be formulated as quadratic programming problem, which can
be solved easily for g0.
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3.2 Blind Signal Separation

In the blind signal separation problem, M unknown source signals s(n) = [s0(n),
· · · , sM−1(n)] are transmitted through a medium so that an array ofK sensors picks
up a set of signals z(n) = [z0(n), · · · , zK−1(n)] where zk(n) is defined in (6). Note
that, for the identifiably of the considered mixing the number of sources should be
less than or equal to the number of antennas, i.e. M ≤ K. Given the received
mixed signals z(n), signal separation algorithms are used to estimate the unmixing
matrixW,

W =




w0,0 · · · w0,K−1
...

. . .
...

wK−1,0 · · · wK−1,K−1


 , (12)

where wm,k, 0 ≤ k,m ≤ K − 1, is complex unmixing weight connecting the signal
zk(n) to the output um(n). This output after the signal separation is given as

um(n) =
K−1∑
k=0

wm,kzk(n), 0 ≤ m ≤ K − 1. (13)

The unmixing weights wm,k will be estimated by using leaky ICA algorithm.

3.2.1 Leaky Independent Component Analysis Algorithm

The independent component analysis algorithm, based on infomax rule [5], is de-
rived by maximizing the joint entropy of an observation that has been linearly
transformed and processed through a non–linearity. It is shown in [6] that the
infomax rule is equivalent to the maximum likelihood estimation of the free vec-
tor components. The independent vector components are found by estimating the
mixing matrix inverse, possibly rescaled and per mutated. Denote WICA as the
unmixing matrix for the ICA algorithm. A general learning rule is derived from the
maximum likelihood estimation to estimateWICA. The probability density func-
tion of the observation vector z(n) is expressed as a function of modeled probability
density function of the sources [7] as

p(z(n)) = |det(WICA)| p(u(n)),

where p(u(n)) =
K−1∏
i=0
p(ui(n)) is the hypothesized distribution of the sources,

|det(·)| is the absolute value of the matrix determinant and u(n) = [u0(n), · · · ,
uK−1(n)] is the unmixed output vector. The log-likelihood function is then defined
as

L(u(n),WICA) = log p(z(n)),

where

log p(z(n)) = log |det(WICA)|+
K−1∑
i=0

log p(ui(n)).
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The gradient vector of the log-likelihood function is also the original infomax
gradient [5] and is given as

∂L(u(n),WICA)

∂WICA

=
[
(WH

ICA)
−1 − ϕ(u(n))z(n)H

]
,

where

ϕ(u) = −
∂p(u)
∂u

p(u)
=


− ∂p(u0)

∂u0

p(u0)
, · · · ,−

∂p(uK−1)
∂uK−1

p(uK−1)



T

. (14)

By multiplying the original infomax gradient withWH
ICAWICA, a simplified algo-

rithm, can be obtained [8] and [9]. This gradient is referred as the natural gradient
infomax and is given as

∂L(u(n),WICA)
∂WICA

WH
ICAWICA = ΨϕWICA

Ψϕ =
[
I− ϕ(u(n))u(n)H

] , (15)

where I is the identity matrix. This gradient gives a faster convergence behavior
[8] and does not involve a matrix inversion.

In general the source distributions are not known. For QPSK a bimodal dis-
tribution is assumed as the modeled distributions. Assume the disturbance is
Gaussian, the source distribution model can be given as

p(u) = 1
2
(N(1, σ2) +N(−1, σ2)), (16)

where N(µ, σ2), µ = ±1, is the density function for the normal distribution with
mean µ and variance σ2 that can be estimated from the mixtures. The update
equation for the (n + 1)th iteration of the unmixing matrix WICA based on the
gradient (15) can be derived [10] as

W
(n+1)
ICA =W

(n)
ICA + γΨαW

(n)
ICA

Ψα =
[
I− α(u(n))uH(n)

] , (17)

where γ is the learning parameter,

α(u(n)) = [α(u0(n)), α(u1(n)), . . . , α(uK−1(n))]
T

and

α(ui(n)) =
ui(n)
σ2 − tanh(ui(n)/σ2)

σ2 , 0 ≤ i ≤ K − 1.

Since the ICA algorithm is scale invariant, the weights can get arbitrary large.
Thus, the modified leaky-ICA is proposed to force the ICA algorithm to the mini-
mum norm weights by introducing a leaky factor onWICA. The modified update
equation is given by

W
(n+1)
ICA =W

(n)
ICA(1− ζ) +ΨαW

(n)
ICA, (18)

where ζ denotes a small, constant leakage factor, e.g. in the range of 10−3 to 10−5.
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3.2.2 Optimum Wiener Solution

The performance of the blind signal separation method will be compared to the
optimum Wiener solution, where the source signals are assumed to be known.
The optimum unmixing filtersWopt are obtained by using the Wiener correlation
method. Denote Rzi,zk

as the zero-lag correlation between the sensor signals zi(n)
and zk(n) and rzi,sk

as the zero-lag cross-correlation between the sensor signal zi(n)
and the transmitted signal sk(n). The unmixing filters are obtained by solving the
Wiener equations

RzzWopt = rzs, (19)

where

Rzz =



Rz0,z0 · · · Rz0,zK−1

...
. . .

...
RzK−1,z0 · · · RzK−1,zK−1


 (20)

and

rzs =



rz0,s0 · · · rz0,sK−1

...
. . .

...
rzK−1,s0 · · · rzK−1,sK−1


 . (21)

The unmixing matrix is given by

Wopt = R
−1
zz rzs (22)

These unmixing filters minimize the mean squared error between the output signals
and the transmitted signals [11].

4 Simulations Results

In the simulations, the beamforming weight matrix is designed using the least
squares method and eight antenna elements placed on a circle with a radius λ

2

where λ denotes the wavelength of the transmitted signals. The beams are evenly
distributed with the center of the eight main lobes have the directions of 0, 45,
90, 135, 180, 225, 270 and 315 degrees. The angle of arrival (AOA) of the signal
of interest is at 10 degrees. The following channel situations are simulated: a) 6
sources and 8 receiving antennas (6,8); b) 8 sources and 8 receiving antennas (8,8);
and c) 10 sources and 8 receiving antennas (10,8). Simulation results are presented
based on the ensemble average of 30 independent Monto-Carlo simulations. The
quality measures used in this paper are the Mean Square Error (MSE) and the
Bit Error Rate (BER). Since, the SOI is at beam 0, the MSE is defined as the
averaged squared difference between the transmitted signal s0(n) and the received
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signal u0(n) in dB

MSE = 10 log10

N∑
n=1

(
|s0(n)− u0(n)|2

)
N∑

n=1

(
|s0(n)|2

) ,

where N denotes the number of simulated bits. The near–far effect performance is
evaluated based on the Near–Far Ratio (NFR) defined as

NFR = 10 log10

Pt

Pj

,

where Pt is the power of the SOI and Pj is the power of the interfering signals. All
the interfering signals are assumed to have equal power.

Figure 3 shows the performance of the modified ICA algorithm with the up-
date gradient designed for the QPSK modulation scheme and the conventional ICA
based on standard Gaussian assumption. Both approaches converges to the same
result but the modified ICA converge approximately 3 times faster than the stan-
dard approach. The improvement for the MSE performance presented in Figure 4
shows a large improvement of the leaky ICA (18) over the ordinary ICA (17), even
for moderate Signal–to–Noise Ratio (SNR). Both algorithms are using the bimodal
source assumption. The leaky factor is set to 10−4 in all the simulations where the
leaky ICA algorithm is used.

Figures 5 and 6 present the MSE and BER for the different channel situations
using the leaky ICA algorithm. It can be seen that when the number of sources
is less than or equal to the number of antennas the MSE and BER performance
is approximately the same. The MSE degrades when the number of sources is
greater than the number of sensors. For BER ≥ 10−3, the degradation is less than
1 dB compared with the case when the number of sources equals to the number
of antennas. Since, most coding schemes require uncoded BER between 10−1 and
10−3, it can be seen that the BSIC is robust for all the test cases.

Figure 7 plots the performance of the BSIC using the leaky ICA and the op-
timum Wiener solution for the channel situation (8,8). The performance of the
BSIC matches closely to the optimum solution.

In previous simulations the Near–Far–Ratio (NFR) is assumed to be 0 dB with
all the transmitted signals received with equal power. This is not a realistic as-
sumption in cellular systems since all the signals are received with different power.
Figure 8 presents simulation results with NFR varying from 0 dB to 20 dB. The
results are compared for SNR levels of 0 dB and 12 dB. The MSE results show
that for NFR ≤ 4 dB the BSIC is very robust and over 4 dB there is a gradual
degradation of the results.
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Figure 3: Convergence rate for conventional ICA and modified ICA for 8 sources
and 8 antennas.
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5 Conclusions

A blind spatial interference canceler has been presented that combines fix beam-
formers and blind signal separation controlled by a modified ICA algorithm. By
tuning the ICA to the chosen modulation scheme (QPSK) the convergence rate of
the algorithm is three times faster than the standard ICA. A leaky ICA algorithm
was proposed to force the coefficients of the unmixing matrix to their minimum
norm and hence make the scheme more robust. The resulting blind signal separa-
tion scheme has shown a good performance for the near–far interference problem.
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Fractionally Spaced Spatial Adaptive Equalization
of S-UMTS Mobile Terminals

Jörgen Nordberg, Abbas Mohammed, Sven Nordholm, and Ingvar Claesson

Abstract

In this paper we present fractionally spaced adaptive equalization tech-
niques and space diversity combined receiver and evaluate their performance
for the downlink of S-UMTS system. The conventional ”training” (or non-
blind) and the ”unsupervised” (or blind) adaptive equalization algorithms
are both investigated. Simulation results show that the equalizers are robust
to Doppler shift and nonlinearity effects due to TWT amplifiers aboard the
satellite. It is also shown that even with a moderate array size of two antenna
elements, a significant improvement in terminal performance is achieved.

1 Introduction

The increasing demand for user capacity is today proven challenge for network
operators. Since the number of radio channels allocated to the mobile system are
strictly limited, the cellular concept was adopted to improve the efficiency of mobile
networks. In this approach the same channel can be reused in cells that are suf-
ficiently separated (reuse distance), so that the co-channel interference is below a
tolerable level. Terrestrial cellular networks and the mobile satellite system are con-
verging towards an integrated satellite/terrestrial mobile communication network
[1], in order to increase capacity and improve the performance of existing systems.
This integrated system is called the Satellite-Universal Mobile Telecommunication
System or S-UMTS for short.

The S-UMTS is expected to handle other forms of information than just speech,
such as image, video and data. As a result, much higher data rates are required
as compared to current systems like GSM, EDGE and GPRS. When the data
rate is increased, the delay spread of the channel (resulting from multipath prop-
agation) introduces significant amount of intersymbol interference (ISI) [2]. For
this reason multipath fading compensation techniques must be implemented in or-
der to realize such a broadband system. Due to the non-stationary behavior of
the communication channel an adaptive, high performance and computationally
efficient equalizers must be implemented. In the frame work of the European Ad-
vanced Communications Technologies and Services (ACTS) research program, the
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NEWTEST project has investigated several techniques for equalizing the S-UMTS
channel; these included the conventional non-blind equalizers, the blind equalizers
and neural network equalization techniques. In this paper we investigate the first
two approaches. The reader is referred to [3, 4] for interesting results about neural
network equalization for S-UMTS.

In conventional (non-blind) equalizers, the optimal adaptive weights of the
equalizer are estimated by transmitting a predetermined data (training) sequence
[5]. In many mobile communications standards such as GSM and IS-54, explicit
training signals are inserted in the TDMA data bursts. The use of training se-
quences reduces the system capacity (number of users) which is a crucial issue in
the design of current and future cellular mobile communication networks. For such
applications, a blind equalizer which can adapt its tap weights without the aid of
a training sequence seems to be an alternative and interesting option which needs
further investigation.

By introducing several antenna elements at the receiving end it is possible to
achieve spatial resolution. This array configuration of antennas has the ability to
cancel unwanted signals (or jammers) that are not correlated with the desired sig-
nal, by directing nulls towards them (adaptive beamforming) [6, 7]. An additional
advantage of an antenna array is its ability to avoid local fading minima; that is
when one of the antenna elements cannot detect the desired signal, the other ele-
ments retain this capability as a result of appropriate spatial separation between
the antenna elements [8]. The most commonly used array configuration in practice
is the linear array (see Figure 1). This array configuration has also been used in

Source

Figure 1: Linear array configuration.

this paper. The receiver in this study was placed at the downlink, and thus the
number of antenna elements must be restricted. We have opted to use two elements
only (see Figure 2) in this study.

In this paper, the spatial channel equalization concept will be presented from
the mobile terminal point of view. The paper is organized as follows. In Section 2,
the NEWTEST 1 system model is presented. In Section 3, the different fractionally
spaced equalization algorithms and concepts are introduced. The spatial adaptive
version of the equalizers is also presented in Section 3. The simulation results and

1NEWTEST is a collaborative research project of the 4th European Community Advanced
Communications Technologies and Services (ACTS) Research Program.
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Source

Spatial
Equalizer

Interferer

Figure 2: A two branch spatial adaptive equalizer.

performance comparison between the different equalizers are presented in Section 4.
Finally, the conclusions are drawn in Section 5.

2 The NEWTEST System Model

The S-UMTS model used in NEWTEST follows the project results [9] from the
RACE 2 SAINT project, an European union research project . This model out-
lines a non-geostationary satellite system, in which the transmitting part of each
satellite is constructed using a Beam Forming Network (BFN) consisting of 100
inputs and 100 outputs. The outputs from the BFN are applied to 100 power
amplifiers (Traveling Wave Tube Amplifiers (TWTA) or Solid State Power Ampli-
fiers (SSPA)). The output signals from the amplifiers are then filtered in order to
suppress the spurious frequency components that have been generated by the non
linearities in the amplifiers before the signals are transmitted.

The proposed frequency band for the NEWTEST downlink is 2170 MHz to
2200 MHz. The following frequency plan has been used: the bandwidth has been
divided into four frequency bands, each cell having a bandwidth of 7.5 MHz. Each
cell has seven channels with a bandwidth of 1.071 MHz. In each channel a Time
Division Multiple Access (TDMA) 2 frame is transmitted; each frame hosts eight
users with a rate of 64 Kb/s. The NEWTEST transmitter is presented in Figure
3.

The transmitted signal usually reaches the receiving terminal antenna via sev-
eral paths (or multipaths)due to reflections from different objects in the surround-
ings. Due to the multipath propagation phenomenon, the received signal energy
level may vary significantly, thereby severely reducing the performance and capacity
of the system. Since the received signal has a bandwidth of 1.071 MHz, a wideband
channel model has been employed. The structure of the wideband channel model
used in NEWTEST is presented in Figure 4. The values τ1 · · · τM denote the time
differences (or delays) between the line-of-sight (LOS) signal and the multipath

2At the start of the NEWTEST project the standards for UMTS were not set. Therefore, we
adopted a TDMA air interface to keep with the European GSM standard. At the beginning of
1998 a W-CDMA was chosen for UMTS. The principles and algorithms presented in this paper
can be extended to similar TDMA nonlinear time-varying channels.
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Figure 4: The NEWTEST channel model.

components. The gain of the different parts of the received signal (i.e., the LOS
and the multipath components) is given by g0 · · · gM . The direct path gain g0 is a
discrete variable and it may take any value in the interval 0 ≤ g0 ≤ 1. The channel
is named Rayleigh if g0 = 0, otherwise it is called Rician. The different multipath
component gains (g1 · · · gM) are continuous complex random variables, which are
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Channel parameter Relative attenuation (dB) Delay (µs)
LOS 0 -
τ1 -10 0.1
τ2 -15 0.2
τ3 -20 0.3

Table 1: The channel parameters for the simulated 3 ray Rician channel model.

used to represent the Rayleigh fading effect on the corresponding multipath signal.
In order to simulate the delay spread of each path, each multipath signal is filtered
with a low pass filter. Finally, at the receiver antenna the different signals are
summed together with superimposed or Additive White Gaussian Noise (AWGN).

The channel settings used in this study are based on the SAINT project [9],
where a suburban environment was selected and modeled as a 3 ray Rician fading
channel. The specific channel parameters are presented in Table 1.

In Figure 5a typical signal constellation is plotted for the received signal using
the following parameters: the uplink SNR=15 dB, the downlink SNR=10 dB,
v=100 km/h and the satellite amplifiers are working at the saturation point (that
is the worst case for non-linearities is selected). It is clearly evident from the
dispersion of the received signal points that the system is subject to errors which
is an indication that the decision eye is completely closed. This situation can be
combatted by employing an equalization technique to open the decision eye and
reduce the errors in the system as shown in Figure 5b.
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Figure 5: The received signal constellation (a) before equalization and (b) after the
equalization, when downlink SNR=10 dB, uplink SNR=15 dB, (v = 100 km/h) and
the amplifiers are working at their saturation point.
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3 The Fractionally Spaced Spatial Adaptive Equal-

ization Algorithms

The optimal receiver for a digital communication system, assuming linear AWGN
channel, is a matched filter. This filter should be matched to both the transmitted
signal and the channel, and thus good knowledge of the channel characteristics is
required. However, in many time-varying mobile communications the exact knowl-
edge of the channel characteristics is not known a priori. Therefore, it is usual
to have a receiver which is matched only to the signal waveform combined with
a symbol rate clocked equalizer. This assumes that there is good timing between
the transmitter and the receiver. These requirements may be relaxed when using a
fractionally spaced equalizer [10], where the received signal is sampled r times per
symbol. The fractionally spaced equalizer has the following major advantages over
symbol rate equalizer [10]:

• There is no need for a matched filter.

• Sampling at a higher rate than the symbol rate makes it easier to extract
timing and carrier information from the received signal.

• Fractionally spaced equalizers perform better than symbol rate equalizers in
extremely noisy environments (minimum noise enhancement).

Other desirable properties of fractionally spaced equalization are also reported
in [11]. The main drawback of the fractionally spaced equalizer as compared to
the symbol rate equalizer is that the former has a higher computational complexity
which is a direct result of the use of higher sampling rates.

The performance of the equalizer can be further improved by receiving the
signal on two or more independent channels (i.e., by employing diversity). Diversity
provides a powerful technique for combating signal fading in mobile communication
systems. The basic principle of diversity is as follows: If several replicas of the
same information-carrying signal are received over multiple channels, which exhibit
independent or uncorrelated fading, then there is a good likelihood that at least one
or more of these received signals will not be in a fade at any given instant of time,
thus making it possible to deliver adequate signal level to the receiver. For spatial
diversity, the key for obtaining minimum uncorrelated fading of antenna outputs is
the adequate spacing of the antennas. This occurs when the diversity branches have
antenna elements separated by with a distance greater than the coherence distance
of the channel. It is shown in [8] that it is sufficient to separate the antennas by
half a wavelength to achieve uncorrelated fading. Figure 6 illustrates the diversity
combining principle for a downlink UMTS system employing two antenna branch
diversity with antenna spacing of half the wavelength. It can be clearly seen from
this figure that the combined signal from both antennas has much less severe fading
than the individual antenna signals while also yielding higher average power.
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Figure 6: An illustration of spatial diversity principle. In the different sub-figures
the magnitude of the following signals is plotted: (a) the signal from antenna 1,
(b) the signal from antenna 2 and (c) the combined signal from both antennas.

In the following sub-sections two fractionally spaced spatial adaptive equaliza-
tion schemes are presented, and in Section 4 their performance are evaluated and
compared by using computer simulations.

3.1 Conventional (non-blind) Fractionally Spaced Spatial
Adaptive Equalization

One of the best known adaptive algorithms for channel equalization is the Least
Mean Squared (LMS) algorithm or its Normalized version (NLMS). A spatial con-
figuration of the LMS adaptive equalizer is shown in Figure 7. The performance of
this algorithm is highly dependent on the quality of the desired signal [12]. Define
x(k) and w(k) as a two-dimensional received signal vector and a weight vector,
respectively. At time t = kTs (k = 1, 2, . . .), where Ts is the sampling period,
x(k) and w(k) may be written as:

x(k) =
[
x1(k) · · · x1(k − L + 1) x2(k) · · · x2(k − L + 1)

]T
(1)

w(k) =
[
w11(k) w12(k) · · ·w1L(k) w21(k) w22(k) · · ·w2L(k)

]T
(2)

where L denotes the filter length and [·]T is the transpose operation. For complex
signals, both x(k) and w(k) are represented by a complex vector. The output



96 Part III

LMS

Source

w1

w2

x (k)2

x (k)1

y(k)

d(k)

�(k)

Figure 7: Two branch spatial LMS adaptive equalizer.

signal of the LMS spatial equalizer y(k) is then given by

y(k) = wH(k)x(k) (3)

where [·]H denotes the transpose and complex conjugate.
The weight update equation for symbol rate NLMS is usually defined by

w(k + 1) = w(k) +
αεs(k)

∗x(k)
xH(k)x(k)

(4)

where [·]∗ denotes the complex conjugate and εs(k) = d(k)−y(k) is the error signal
which is defined as the difference between the known pilot reference signal and the
output from the equalizer. Since the pilot signal is available once per symbol, the
fractionally spaced coefficient update equation is formulated a little bit differently,

w(ks + 1) = w(ks) +
αεf (ks)

∗x(k)
xH(k)x(k)

(5)

where ks =
(⌊

k
r

⌋)
is the symbol count index which keeps track of the number of

received symbols, and �·� denotes the truncation operator which converts a real
number into an integer by truncating it. The fractionally spaced equalizer outlined
in (5) performs the filtering at fractionally spaced rate (index k) while the filter
weights are updated at symbol rate (index ks). In order to update the filter weights
at the symbol rate the εf (ks) in (5) is defined as

εf (ks) = min
0≤ir≤r−1

(
d(ks)− y(ks + ir)

)
(6)



Fractionally Spaced Spatial Adaptive Equalization of. . . 97

where εf (ks) is the minimum difference between the r fractionally spaced outputs
during a symbol and the pilot symbol. Finally, the equalizer symbol rate output is
the fractionally spaced rate output which corresponds to εf (ks).

3.2 Blind Fractionally Spaced Spatial Adaptive Equaliza-
tion

The reliance of an adaptive non-blind channel equalizer on a training sequence re-
quires that the transmitter cooperates by re-sending the training sequence, lowering
the effective data rate over the communication link. Blind equalization techniques
avoid this disadvantage by exploiting some other a priori information about the
signal characteristics instead of the training sequence. Among the various blind
equalization algorithms, the Godard or Constant Modulus Algorithm (CMA) [5] is
one of the simplest and best known blind adaptive equalization algorithms. This
algorithm was also independently developed and extended by Treichler et. al. [13].
Figure 8 shows the basic architecture of the CMA spatial adaptive algorithm. The

CMA

w1

w2

x (k)2

x (k)1

y(k)

Figure 8: Two branch spatial CMA adaptive equalizer.

output signal of the CMA spatial equalizer y(k) is given by

y(k) = wH(k)x(k) (7)

where the input vector to the equalizer x(k) and the equalizer weight vector w(k)
are defined as for the NLMS algorithm, see (1) and (2). In many mobile commu-
nications standards, the transmitted signal has the constant envelope property. A
typical example of a constant envelope (modulus) waveform is the GMSK mod-
ulation used in the GSM cellular system. In the S-UMTS model we adopted, a
QPSK modulated signal is transmitted over the channel and, consequently, the
array output y(k) should have a constant envelope. However, the multipath fading
problem causes amplitude fluctuations in the received signals. Thus, the objective
of the CMA is to restore the array output y(k) to the desired constant modulus
characteristics. This is accomplished by adjusting the weight vector w(k) in order
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to minimize the cost function J , which provides a measure of the amplitude fluc-
tuations. Since we have one signal y(k) at the output of the spatial array, the cost
function J is given by

Jpq = E
((

|y(k)|p − 1
)q
)

(8)

where E is an ensemble average operation. The cost function J can be minimized
by using a gradient search algorithm. The parameters p and q control the sensitivity
and convergence behavior of the CMA algorithm. Smaller values of p and q usually
provide higher noise tolerance and stability but suffer from slower convergence. To
ensure convergence and reasonably small tap-gain fluctuation, (p, q) in (8) are set to
(1,2) or (2,2). By replacing the ensemble average operation with an instantaneous
value in the cost function J , the update equation for w(k) was obtained as

w(k + 1) = w(k)− µaεp(k)
∗x(k) (9)

ε1(k) = y(k)− y(k)

|y(k)| (10)

ε2(k) = y(k)
(
|y(k)|2 − 1

)
(11)

where µa is the step-size constant and ε1(k) and ε2(k) replace the usual error
signal in the NLMS algorithm. We will refer to ε1(k) and ε2(k) as the error term
of CMA(1,2) and CMA(2,2) algorithm, respectively.

The update equation for wk is similar to that used in the NLMS algorithm.
There is one important difference, however, in that the CMA requires no reference
signal for estimating εp(k) while NLMS does. It is also clear from the definition
of the cost function J and the CMA weight update equation that the algorithm
is insensitive to phase fluctuations. Conventional (non-blind) algorithms such as
LMS employ the mean square error (MSE) cost function to compensate both the
amplitude and phase of the signal by the use of a reference signal which is a replica
of the transmitted signal. However, due to the phase insensitivity of CMA, the
carrier phase must be recovered after the adaptive processing. The phase recovering
algorithm proposed by Godard [5] is a first order phase locked loop (PLL) algorithm.

The main drawback of the CMA algorithm is the relatively slow convergence
rate. This becomes increasingly significant in wireless applications that are subject
to rapid changes in their channel characteristics. In order to improve the conver-
gence speed of the CMA equalizer, a normalized version of the CMA (NCMA)
algorithm is usually employed [14]. In this paper, the input signals to the algo-
rithm are divided (normalized) by their corresponding envelope (i.e., L1 norm of
the input vectors). This yields the following normalization factor

ηki
=

1

L

∑
k

|xi(k)|, 0 ≤ k ≤ L − 1. (12)

The symbol rate NCMA weight update equation is now given by

w(k + 1) = w(k)− µ
′
aεp(k)

∗x
′
(k) (13)
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where w(k) is defined as before. The input vector x
′
(k), however, is now defined

by

x
′
(k) =

[
x1(k)

ηk1

· · · x1(k − L + 1)

ηk1

x2(k)

ηk2

· · · x2(k − L + 1)

ηk2

]T

(14)

To constructed a fractionally spaced NCMA equalizer one has to consider the
fact that the received signal only has constant magnitude every rth sample. There-
fore, the fractionally spaced NCMA weights are only updated once per symbol,
yielding the following update equation:

w(ks′ + 1) = w(ks′)− µ
′
aεp(ks′)

∗x
′
(ks′) (15)

where ks′ = (r�k
r
�+i), 0 ≤ i ≤ r−1. The offset index i may be chosen arbitrarily

between 0 and r − 1, since every offset has a point-wise constant envelope every
rth sample. In this paper an offset index of half the over-sampling rate (i.e., i = r

2
)

has been selected.

4 Performance Evaluation of the Fractionally Spaced

Spatial Adaptive Equalizers

In this section we present performance evaluation and comparison of the different
fractionally spaced spatial adaptive equalizer algorithms presented in the previous
section. In all simulations an over-sampling factor of 8 has been used for the frac-
tionally spaced equalizer and they utilize an array of two antenna elements unless
otherwise stated. In addition the uplink signal-to-noise ratio (SNR) has been fixed
to 15 dB and the TWT amplifiers are set to be operate at their saturation point
(that is the worst possible case for the nonlinearity effects has been simulated).
The vehicle speed and the downlink SNR were varied in the different simulations.

The performance of the NCMA equalizer will also be compared with the NLMS
equalizer for a multipath, noisy S-UMTS channel. In the NLMS case the whole
transmitted block is used as a training sequence. Thus, the NCMA will be com-
pared to the best NLMS performance possible. The performance measure used
in the evaluation is the symbol error rate (SER) as a function of the downlink
SNR. The SER values have been calculated after convergence of the different algo-
rithms. The NCMA algorithm used in these simulations is for p = 1 or CMA(1,2)
algorithm because it is less sensitive to noise than p = 2 or CMA(2,2), see (10)
and (11), respectively. Results will be provided for single-channel as well as dual-
channel equalizers.

Figure 9 compares the performance of the NCMA equalizer for both fractionally
spaced and symbol rate settings; the fractionally spaced equalizer achieves better
SER performance, especially for SNR’s above 10 dB. This improvement, however,
is achieved at the cost of higher computational complexity.
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Figure 10 plots the SER performance of the fractionally spaced NCMA and the
NLMS equalizers for different SNR. From the curves, the NCMA requires an SNR
of about 3-4 dB’s higher than the NLMS to achieve the same SER. This is expected
since the NCMA is a blind algorithm while the NLMS uses a predetermined training
signal.

In Figures 11 and 12 the convergence rate of the NLMS, NCMA and CMA
algorithms are investigated using a time-invariant channel, defined as H(z) =
1/(1−0.9z−1). The results show that the convergence rate of the NCMA is roughly
22 times faster than the CMA but is still 5 times slower compared to the NLMS
algorithm.

Next, the performance of the fractionally spaced NCMA equalizer is evaluated
for different vehicle speeds. Figure 13 clearly shows that the equalizer is robust to
the variation of vehicle speed (Doppler shift effect) even at low SNR’s.

Finally, the performance improvement when using two antennas (i.e., when
employing diversity) compared to a single antenna (no diversity) is shown in Figure
14. It is clear from this figure that for SNR’s above 5 dB, an improvement by an
order of magnitude or more in SER level can be achieved using two branch antenna
diversity. This is the result of diversity gain; this gain is achieved due to the fact
that a fading dip is less probable to occur at two elements at the same time as
compared to the single antenna scenario (see Figure 6). Reducing fade margins
directly translate to better reuse factors and, hence, increased system capacity.
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Figure 9: SER performance for fractionally spaced and symbol rate NCMA spatial
adaptive equalizers (v = 100 km/h).
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Figure 10: SER performance for fractionally spaced NCMA and NLMS spatial
adaptive equalizers (v = 300 km/h).
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Figure 12: Comparison of the convergence rate of NLMS and NCMA algorithms
for a channel distortion filter given by H(z) = 1
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izer for different mobile speeds.
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Figure 14: Comparison of SER of the spatial diversity (two antennas) equal-
ization system with single channel for the NCMA fractionally spaced equalizer
(v = 100 km/h).
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5 Conclusions

In this paper we presented fractionally spaced adaptive equalization techniques and
space diversity combined receiver and evaluated their performance and effective-
ness in combating interference sources for S-UMTS/TDMA channels. The LMS
provided lower error rates and faster convergence than the CMA, but is very costly
in terms of data throughput. In this paper we were interested in investigating
channel equalization at the terminal side (downlink), and so a two element linear
array with λ/2 spacing was employed. Simulation results have shown that by in-
cluding an extra antenna branch at the receiver, a substantial SNR diversity gain
and better error rates can be achieved. Comparison with neural network equaliza-
tion and investigating techniques to improve the convergence speed comprise future
research.
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Signal Separation Using Multi-rate Signal
Processing

Jörgen Nordberg, Hai Huyen Dam and Sven Nordholm

Abstract

In signal separation and channel equalization, a short delay spread chan-
nel can result in high complexity receiver filters. The computational com-
plexity of estimating these filters can be reduced by using multi-rate tech-
nique. In multi-rate processing, a problem is divided into a number of low
complexity problems by means of a subband filter bank. Simulation results
show up to 93% reduction in computational load compared to a fullband
implementation at the expense of a small degradation in separation perfor-
mance. The results also show that by properly optimizing the filter bank,
the performance degradation can significantly be reduced.

1 Introduction

There is an increasing interest to improve the capacity in future wireless communi-
cation systems. Recently there has been a lot of interest into smart antennas and
Multi-Input Multi-Output (MIMO) systems [1]. For MIMO systems, the multipath
richness of the channel with several versions of the transmitted signals arrive at
the receiver with different delay and attenuation determines the channel capacity.
It is not enough to use only a spatial receiver since such a receiver can not exploit
the multipath properties. A temporal receiver structure, on the other hand, works
well for multipath situations but does not utilize the spatial information which is
of vital importance in multiuser systems. Thus, a combined spatial and temporal
receiver structure will provide a solution to these demands.

The transmitted signals are mixed in the channel by multi-paths having differ-
ent attenuations and delays. The receiver takes the signals at each antenna element
and un-mixes them as close as possible to the original transmitted signals. The
spatial-temporal receiver can utilize multipath, spatial distribution and indepen-
dence properties of the multiple sources. One of the major concerns in using this
type of receiver is the complexity. The computational cost can be substantially
reduced by using a multi-rate signal processing receiver.

The multi-rate signal processing technique used here is a delayless filter bank
procedure [2]. This technique uses the advantage of multi-rate signal processing for
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the implementation of the algorithm but avoids the filter bank and block process-
ing delays by transforming the un-mixing subband filter to the un-mixing fullband
filter. The difference in signal separation performance of subband and fullband
un-mixing filters depends on the filter bank and the subband to fullband transfor-
mation.

The delayless signal separation has been investigated in [3]. In this paper, we
consider the design of the filter banks to improve signal separation performance.
This performance depends on both the in-band aliasing and design of the filter bank
for a fixed cut-off frequency. Both the in-band aliasing and the filter performance
with respect to the least square criterion can be formulated as quadratic functions of
the filter coefficients. The design problem becomes to minimize filter performance
with respect to some acceptable attenuation in the passband. This problem can
be formulated as a semi-infinite quadratic programming problem, which can be
solved using recently developed semi-infinite quadratic programming approach [4]
or conventional discretization approach.

Simulation results show that the delayless multi-rate implementation has ap-
proximately the same separation performance as the fullband but with a few per-
centage of the computational complexity. The computational complexity for differ-
ent methods is compared by using a Relative number of FLOating Point operationS
(RFLOPS) measure. This RFLOPS is obtained based on the number of fullband
floating point operation (FLOPS). The RFLOPS is reduced when the number of
subband increases at the expense of the separation measure. The trade-off in
performance of the separation measure and the RFLOPS for different number of
subband are also discussed.

2 System Model

Consider the system model given in Figure 1. The statistically independent source
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Figure 1: The system model.

bits are generated with equal probabilities and modulated using Binary Phase Shift
Keying (BPSK).

The S transmitting signals are denoted as

s(n) = [s1(n), · · · , sS(n)],

where n is the time index through a medium, i.e. air, water or space. At the
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receiver, an array of I sensors picks up a set of signals

x(n) = [x1(n), · · · , xI(n)],

where xi(n), 1 ≤ i ≤ I, is the received signal from the channel. The channel
represents the medium which affects on the transmitting signals and the transmit-
ting filters and can be described through propagation models consisting of doppler
effects. This channel can be modeled as a time varying Finite Impulse Response
(FIR) channel mixing matrix with different characteristics such as deep nulls and
multipath propagation. Denote the mixing matrix C as

C =




c11 · · · c1S
...

. . .
...

cI1 · · · cIS


 (1)

where

cik = [cik(0), · · · , cik(N − 1)]T , 1 ≤ i ≤ I and 1 ≤ k ≤ S

is the channel impulse response of length N from the kth transmitted signal to the
ith sensor and [·]T denotes the transpose of a vector.

The received signal at the ith sensor, 1 ≤ i ≤ I, in a noise free case is given as

xi(n) =
S∑

k=1

N−1∑
l=0

cik(l)sk(n− l). (2)

The signal xi(n) is then presented to un-mixing filters. These un-mixing filters
are the estimated inverse of the channel mixing filters which can have non-minimum
or minimum phase response. If the channel mixing filters have non-minimum phase
response, i.e. some of their zeros are outside the unit circle, their true inverting
causal filters are not bounded. However, there exit bounded non-causal inverse
filters. A delay τD is included in the receiver to enable a finite length approximation
of the inverting filters, see Figure 2. Denote
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Figure 2: The non-causal un-mixing filter estimation.

wik = [wik(0), · · · , wik(L− 1)]T
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as the impulse response of the un-mixing filter from the sensor signal xi(n) to the
output uk(n). The filter length L is chosen so that the transmitted signal sk(n)
can be recovered. The un-mixing filters form the following un-mixing matrix

W =




w11 · · · w1S
...

. . .
...

wI1 · · · wIS


 . (3)

In this study, the number of transmitted signals S is assumed to be equal to the
number of sensors with S = I = 2. However, the problem can easily be extended
for general situations.

In order to study the performance of the delayless subband signal separation
method, the source signals are assumed to be known. The optimum un-mixing
filters W is obtained by using the Wiener correlation method. Denote Rxi,xk

as an
L×L correlation matrix between the sensor signals xi(n) and xk(n) and rxi,sk

as an
L× 1 cross-correlation vector between the sensor signal xi(n) and the transmitted
signal sk(n). These correlations are estimated from the data by using ensemble
average [5]. The impulse response for the un-mixing filters are obtained by solving

[
Rx1,x1 Rx1,x2

Rx2,x1 Rx2,x2

] [
w11 w12

w21 w22

]
=

[
rx1,s1 rx1,s2

rx2,s1 rx2,s2

]
. (4)

These filters also minimize mean squared error between the output signal and the
transmitted signal [3]. The output signals from the un-mixing filters are given as
follows:

uk(n) =
2∑

i=1

L−1∑
l=0

wik(l)xi(n− l), 1 ≤ k ≤ 2. (5)

3 Delayless Subband Signal Separation

The proposed delayless subband signal separation scheme [2] is presented in Figure
3.

The transmitted and the sensor signals are divided into M frequency bands.
The subband un-mixing filters are obtained in each frequency bands by using the
optimal Wiener correlation method, see (4). These subband un-mixing filters are
transformed into the frequency domain by using a Fast Fourier Transform (FFT).
The frequency response for the fullband un-mixing filter is obtained by stacking
different subband frequency responses. The impulse response for the fullband un-
mixing filters are then the Inverse FFT (IFFT) of the fullband frequency response
[2].

Uniformly Modulated Filter bank (UMF) is used to split the signals into differ-
ent frequency bands. Different filters in the filter bank are the modulated versions
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Figure 3: Subband signal separator with subbands in the filter bank (FB).

of a prototype filter. The design of the UMF is reduced to the design of a prototype
filter with length K and the impulse response h,

h = [h(0), · · · , h(K − 1)]T . (6)

The transfer function of the prototype filter becomes

H(z) =
K−1∑
l=0

h(l)z−l = hTφ(z) (7)

where φ(z) = [1, · · · , zK−1]T .
The transfer function of the mth subband in a UMF is obtained from H(z) as

follows

Hm(z) = H(zWm
M ) =

K−1∑
l=0

h(l)(zWm
M )

−l (8)

where WM = e−j2π/M and m ∈ [0,M − 1].
Polyphase decomposition is used to implement the UMF efficiently where the

decimation is done before the subband filtering [6]. To avoid aliasing, the filter
bank is oversampled with a factor of two, i.e. the subband signals are decimated
by a factor D = M

2
.

The transformation between subband and fullband depends on the performance
of the transfer function H(z) with the corresponding frequency response H(ejω).
In the following section, the design of H(ejω) will be considered. The desired filter
is lowpass with a normalized cut-off frequency ωp = π/M . Since it is desirable to
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have approximately linear phase in the passband, the desired complex frequency
response is specified as

Hd(e
jω) = ejωτ , ∀ω ∈ [−ωp, ωp] (9)

where τ = (L− 1)/2.
The most common criteria in filter design are least square and min-max [9].

Since it is important to have a flat passband response for the prototype filter, a
least square criterion is chosen in the cost function. However, a min-max criterion
is also included in the constraints to restrict the maximum attenuation of the filter
within some acceptable region.

The least square and the min-max errors are given as

e1(h) =
1

2ωp

∫ ωp

−ωp

|H(ejω)−Hd(e
jω)|2dω (10)

and
e2(h) = max

−ωp≤ω≤ωp

|H(ejω)−Hd(e
jω)|. (11)

It follows from (7) that H(ejω) is a linear function of the coefficient h. Thus,
(10) is reduced to a quadratic function of h

e1(h) = hTAh − 2hTb+ 1,

where A is a K ×K matrix

A =
1

2ωp

∫ ωp

−ωp

φ(ejω)φH(ejω)dω, (12)

and b is a K × 1 vector

b =
1

2ωp

∫ ωp

−ωp

R{ejωτφH(ejω)}dω. (13)

The operator [·]H and R{·} denote the Hermitian operation of a matrix and the
real part of a complex function, respectively.

The prototype filter is also designed to have a minimum in-band aliasing effect.
Since the transfer functions of the subband filters are related by (8), it is sufficient
to minimize the energy in the aliasing terms of the first subband. This aliasing
error can be formulated as a quadratic function of h [8],

β(h) = hTCh, (14)

where C is a K ×K matrix,

C =
1

2πD

D−1∑
d=1

∫ π

−π
φ(ejω/DW d

D)φ
H(ejω/DW d

D)dω.
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The problem becomes to minimize both the least square error e1(h) and the
aliasing effect β(h) with respect to some acceptable attenuation in the passband.
A joint cost function can be formulated as

e1(h) + β(h) = hT (A+C)h − 2hTb+ 1. (15)

Combine this cost function with the min-max constraints (11), we have the follow-
ing problem {

min
h

hT (A+C)h − 2hTb+ 1

|H(ejω)−Hd(e
jω)| ≤ ε, ∀ω ∈ −[ωp, ωp]

(16)

where ε is the maximum deviation in the passband. It follows from the real rota-
tion theorem [9] that a magnitude inequality |y| ≤ ε in the complex domain can
equivalently be expressed as

R{yej2πλ} ≤ ε, ∀λ ∈ [0, 1], (17)

where y denotes a complex number. Using (7) and (17), (16) is reduced to

min

h
hT (A+C)h − 2hTb+ 1

R
{(

hTφ(ejω)−Hd(e
jω)

)
ej2πλ

}
≤ ε, ∀ω ∈ −[ωp, ωp], λ ∈ [0, 1]. (18)

The problem (18) has a finite number of variables and infinite number of con-
straints. It is called semi–infinite quadratic programming problem. This problem
can be solved using: (i) semi–infinite quadratic program technique or (ii) con-
ventional quadratic programming using discretization. In this paper, we use the
second method to design the prototype filter. The problem (18) is then reduced
to a quadratic programming problem, which can then be solved using standard
quadratic programming techniques.

4 Simulation Examples

In this section, performance comparison between subband and fullband solutions
is presented. This performance is based on a separation measure defined for all the
sources,

εi = 10 log10




∑
n
|si(n)− ui(n)|2∑

n
|si(n)|2


 , 1 ≤ i ≤ 2, (19)

where the summation is taken over the total number of transmitted symbols, which
were set to 105 in all the simulations.

Comparison is also based on RFLOPS which is normalized to fullband (with one
subband) FLOPS. The design of the prototype filter is excluded in the calculation of
RFLOPS since this filter depends only on the number of subbands. The RFLOPS
represents the computational complexity for different methods.
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The separation measure and RFLOPS are evaluated and compared in the two
design examples. In the first example, a stochastic channel is used and in the
second example a specific non-minimum phase channel is considered.

Example 1: Monte Carlo channel mixing matrix
A Monte Carlo simulation is run by using 30 random FIR channel mixing filters

with length 10. The impulse responses for the mixing filters are generated from a
Gaussian distribution with mean 0 and variance 1. The ensemble average perfor-
mance measures are obtained by averaging the RFLOPS and the signals separation
measure.

Table 1 compares the performance of two different choices of prototype filters
with 256–tap un-mixing filters at the receiver. The length of the prototype fil-
ters is four times the total number of subbands. The impulse response for the
first prototype filter is obtained by minimizing the least square error criterion in
conjunction with the Hamming window [10], while the impulse response for the
second prototype filter is obtained by optimizing the filter performance and the
in-band aliasing (see (18)). To compare these two prototype filters, the magnitude
response for these two filters with 32 subbands is plotted in Figure 4. Since these
filters have a narrow cut-off frequency, ωp = π/M (i.e. fp = 1/(2M)), the plot is
zoomed around the cut-off frequency. It can be seen that the second filter has a
steeper transition region than the first one. This results in a lower in-band aliasing
for the second filter.

It can be seen from Table 1 that the RFLOPS are the same for both prototype
filters. The separation measures for the two sources are improved significantly by
using the second prototype filter. This improvement is much clearer when the total
number of subbands is large, e.g. M = 16 or M = 32. Note that ε in (18) is chosen
such that the filter has less than 1 dB attenuation in the passband.

Table 1 also shows the trade-off between the separation measure and the RFLOPS
for different number of subbands. The first row corresponds to the performance of
the fullband solution (M = 1). The number of subbands M increases from 4 to
32. When M = 4, the subband method gives an increase in RFLOPS compared
to the fullband, while the separation measure remains approximately the same.
This increased computational complexity comes from the use of oversampled filter
banks. Thus, M requires to be larger than four to have a computational reduction.
When the number of subbands is increased to 8, the RFLOPS is reduced by 42%
at an expense of 0.3 dB reduction in the separation measures. This reduction is
much lower for M = 16 and M = 32. The separation measures are slightly lower
with an increase in the number of subbands.

The advantage of using subband still remains when increasing the length of the
un-mixing filter to 512. The performance of a Monte Carlo simulation is given in
Table 2. The table also shows a significant improvement by using the optimized
prototype filter (see Section 3).

From Tables 1 and 2, it can be shown that the channel suppression measures
are reduced with an increasing length of the un-mixing filters. The RFLOPS is
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reduced much more in Table 2 since more un-mixing filter coefficients are required
to estimate in each subband. With M = 32, the RFLOPS in the subband is 7.2%
of that in the fullband with a reduction of 2.2 dB in the separation error.

Example 2: Non-minimum phase channel mixing matrix
Consider the following channel mixing filters with non-minimum phase

c11 = [0.9 0.5 0.75 0.8 0.2]
c12 = [0.5 0.6 0.4 0.9 0.2]
c21 = [0.6 0.3 0.5 0.5 0.2]
c22 = [0.8 1.2 0.5 0.2 0].

(20)

The magnitude responses of these filters are plotted in Figure 5.
All the filters are frequency selective with different frequencies attenuated dif-

ferently. The performance for these channel mixing filters is given in Table 3. The
number of RFLOPS is the same as in Table 1. The results show a large improve-
ment by using the optimized prototype filter. The performance of the subband
method is reduced when compares to the fullband with a significant reduction in
the computational complexity.

Number Prototype filter 1 Prototype filter 2
of subbands RFLOPS ε1 [dB] ε2 [dB] RFLOPS ε1 [dB] ε2 [dB]

1 1.0 -28.4 -29.2 1.0 -28.4 -29.2
4 1.4 -27.2 -28.0 1.4 -28.3 -29.0
8 0.68 -25.4 -25.9 0.68 -28.1 -28.9
16 0.33 -22.5 -23.3 0.33 -27.6 -28.4
32 0.18 -18.7 -19.2 0.18 -26.6 -27.1

Table 1: Monte Carlo channel with 256 taps for the un-mixing filters. Prototype
filter 1 is obtained by minimizing the least square solution in conjunction with
Hamming window method. Prototype filter 2 is obtained by minimizing the filter
performance in conjunction with the in-band aliasing effect (see Section 3).
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Number Prototype filter 1 Prototype filter 2
of subbands RFLOPS ε1 [dB] ε2 [dB] RFLOPS ε1 [dB] ε2 [dB]

1 1.0 -33.4 -34.1 1.0 -33.4 -34.1
4 1.1 -32.4 -33.3 1.1 -33.2 -33.9
8 0.44 -31.1 -32.2 0.44 -32.8 -33.4
16 0.17 -29.9 -30.5 0.17 -31.7 -32.2
32 0.072 -25.5 -25.4 0.072 -31.3 -31.9

Table 2: Monte Carlo channel with 512 taps for the un-mixing filters. The two
prototype filters are the same as in Table 1.

Number Prototype filter 1 Prototype filter 2
of subbands ε1 [dB] ε2 [dB] ε1 [dB] ε2 [dB]

1 -20.2 -37.6 -20.2 -37.6
4 -16.84 -35.1 -19.8 -34.8
8 -14.0 -32.8 -19.0 -32.0
16 -9.0 -28.5 -17.5 -31.4
32 -4.3 -22.5 -15.1 -28.6

Table 3: Performance of non-minimum phase channel mixing filters given in equa-
tion (20) with 256 taps for the un-mixing filters. The two prototype filters are the
same as in Table 1.
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120 Part IV

5 Summary and Conclusions

In this paper, the performance of subband and fullband methods are compared for
different number of subbands. Simulations have been done for a stochastic channel
and a specific non-minimum phase channel. The results show that by properly
optimizing the prototype filter, the subband performance is significantly improved.
Moreover, the RFLOPS is significantly reduced for more than four subbands at an
expense of a degradation in the separation performance.

Future work includes further optimizing the prototype filter and incorporating
adaptive estimation for the subband un-mixing filters. The adaptive estimation can
be implemented by using a blind separation algorithm, e.g. independent component
analysis (ICA) [3]. The advantage of a blind algorithm is that the training data
(pilot sequence) is not required at the receiver.
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Blind Subband Adaptive Equalization

Jörgen Nordberg

Abstract

It is predicted that a large portion of future wireless communication ca-
pacity will be used to provide wireless data services. This new emphasis
results in a significant change in substantial parts of the wireless infrastruc-
ture, it is important to have low bit error transmission links to get Quality of
Service similar to the internet. Future services will also demand higher data
rates. These factors mean that there will be a significant need for good qual-
ity equalization schemes in the receiver to reduce the different effects of the
radio channels, such as intersymbol interference and multipath propagation.
The use of linear equalizers leads to high numerical complexity filters even
for short delay spread channels. High complexity equalizers implies slow con-
vergence and high numerical load per processed symbol. To save the amount
of training or pilot signals and thus increasing the useful data bits, a blind
adaptation of the equalizer weights is commonly used. A blind adaptation
algorithm in combination with a long equalizer result in even slower conver-
gence. It is therefore desirable to improve the convergence properties of such
equalizer schemes. A blind delayless subband equalizer structure is shown to
improve the convergence properties of the equalizer. This equalizer consists
of a combination of a fullband filtering and and a subband adaptation.

In this paper a novel filter bank design and also improved subband–
to–fullband filter transformation methods is presented. By optimizing the
filter bank design, and improving the subband–to–fullband transformation,
considerable improvements have been achieved both when it comes to con-
vergence speed and the level of equalization obtained.

Simulation results show that the new subband equalization structure has
a twelve times faster convergence than its fullband counterpart. The bit
error rate is almost the same in both schemes. Thus, there are only ad-
vantages by using the suggested equalizer implementation compared to a
conventional fullband implementation. The convergence improvement com-
bined with computational savings make it a very attractive technique to use.

1 Introduction

Wireless data services can be provided either as a part of the mobile phone network
service or from a Wireless Local Area Network (WLAN). WLAN’s have become
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popular during the last couple years and there is services available in airports and
other public areas. It is also common for offices and homes.

WLAN standards like the Institute of Electrical and Electronics Engineers
(IEEE) 802.11a, and HIgh PErformance Radio Local Area Network type 2 (Hiper-
lan II) supports data traffic up to 52 Mbit/s in the physical layer, or 32 Mbit/s in
the data layer. Both systems work in the 5 GHz band. Hiperlan II is defined by
European Telecommunication Standardization Institute (ETSI), while the IEEE
802.11a standard is developed by IEEE.

The WLAN systems support high speed data traffic over rather short distances.
The transmitted electromagnetic signal is attenuated and encounter multipath
propagation before reaching the receiving antenna. Depending on the data-rate
flat fading or frequency selective fading will occur. Since, the carrier frequency lies
in the 5 GHz band, the transmitted wave will not easily penetrate obstacles and
thus the receiver will rarely have any Line-Of-Sight (LOS) signal. Consequently,
the received signal will mainly consist of reflected signals. This fact in combina-
tion with the high data rate, means that the channel encounter severe frequency
selective fading. To recover the transmitted signal from the effects of fading, an
equalization scheme must be employed at the receiver. The equalization is usually
made adaptive to be able to track channel variations.

Both Hiperlan II and IEEE 802.11a use Orthogonal Frequency Division Multi-
plexing (OFDM). OFDM is a Multi-Carrier (MC) modulation where a data stream
is divided and transmitted into several low-rate orthogonal frequency bands. How-
ever, it is stated in [1] that the same receiver complexity can be achieved by using
a Signal Carrier (SC) modulation approach and a frequency domain equalizer. The
advantages of using SC modulation are that it is a more well-proven technology
and has a lower peak-to-average power ratio in the transmitted signal than the
MC modulation system, there will be less stringent linearity requirements of the
RF part of the system. Therefore, this paper will study the equalization problem
for SC-modulation and use a subband implementation to improve the convergence
rate.

Equalizers are usually using a pre-known data sequence (pilot/training se-
quence) in each data block to estimate the equalizer filter weights, but there is
also a variety of blind equalizers. Blind equalizers use properties in the data for-
mat to recover the transmitted symbol. Non-blind equalizers are data aided and
use pilot sequences. The pilot signal occupy space where ordinary data bits could
have been transmitted, a reduction of the system capacity will therefore occur.
The length and the separation distance of the pilot sequence is restricted to avoid
unacceptable capacity loss, and therefore the equalizer control algorithm needs to
be able to track channel variations between each pilot sequence. When the channel
variations between two pilot sequences are moderate, a Decision-Directed (DD) or
Decision-Feedback (DFE) scheme can be used on the non-pilot bits to track the
channel variations and enhance the performance of the equalizer. This works well
only in slowly changing environments, such as in an office environment and radio
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links. If the channel variations are too rapid between each training sequence the
DD and the DFE equalizers will not perform well.

To avoid problems with short, sparsely placed pilot sequences and a fast chang-
ing channel, equalizers can use pre-known signal characteristics to estimate equal-
izer coefficients. This type of equalizers, which use a priori information instead of
pilot sequences, are usually called blind-equalizers. Since, the signal characteristics
of the transmitted signal are used, all transmitted bits can be used to estimate
equalizer parameters. Blind algorithms are characterized by slow convergence and
are also subject to phase ambiguity problems. The slow convergence is not a large
problem since the blind equalizer can utilize all received data to estimate the equal-
izer weights. The phase ambiguity can be solved by combining the equalizer with
a phase recovering scheme.

Linear channel equalization is a weighted inverse filtering problem and even a
short delay spread can result in a computationally complex equalizer with hun-
dreds of filter coefficients to estimate. Recently, subband techniques have been
considered as means to reduce both the computational complexity and improve
the convergence speed of the equalizer [2, 3].

In this paper, a closed–loop delayless subband Constant Modulus Algorithm
(CMA) equalizer will be presented and compared with its fullband counterpart.
The subband equalization scheme consists of two parallel main parts: one fullband
equalization filter part that continuously equalize the received signal and one sub-
band part where the fullband equalization filter weights are estimated [4]. The
blind Godard algorithm [5], also known as CMA, is used to estimate the subband
equalizer coefficients. In order for the CMA to work, the signal must fulfill the
Constant Modulus (CM) criterion. Quadrature Phase Shift Keying (QPSK) mod-
ulation is used in this study. Since, its signal constellation fulfills the CM criteria.
However, the CM criteria cannot be guaranteed in the different subbands, there-
fore is the CMA cost function applied to the fullband signal, and an CM error
is created. The fullband CM error is then fed back into the subbands. The es-
timated equalization coefficients in each subband are transformed into a fullband
equivalent filter. Two different transformation methods are used and compared.
The performance of the subband adaptive equalizer depends on the filter bank and
the subband–to–fullband transformation. A filter bank design method which em-
phasizes low aliasing in the subband signals is presented. This new optimal design
method improves the subband performance considerable. Average amplitude fluc-
tuation and bit error rate (BER) are used as the performance measures to evaluate
the closed loop delayless subband CMA equalizer. Simulation parameters which
have been studied and varied are filter bank design methods, Signal to Noise Ra-
tio (SNR), the number of subbands, subband–to–fullband transformation methods
and equalizer lengths.

The report is organized as follows: the system model is introduced in Chapter
2. Chapter 3 presents the closed–loop subband CMA equalizer. The blind subband
equalizer is evaluated through simulations. The results from these simulations are
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bit pattern Phase Offset
10 π/4
00 3π/4
01 5π/4
11 7π/4

Table 1: Gray coding table.

presented in Chapter 4. Finally, conclusions are drawn in Chapter 5.

2 System Model

Consider a communication system given in block diagram form in Figure 1. The
transmitted bit b(n), where n denotes the discrete time index, is independently
generated with equal probabilities and modulated using QPSK. In QPSK four
different signal alternatives are used

si(t) =




√
2E
Ts
cos

[
2πfc(2i− 1)π

4

]
0 ≤ t ≤ Ts

0

, (1)

where i = 1, 2, 3, 4, E is the transmitted signal energy per symbol, Ts is the symbol
duration and fc is the carrier frequency. The transmitted bits are mapped to the
four signal alternatives by Gray coding, see Table 1. The modulated signal s(t) is
then transmitted through a channel modelled as a time varying FIR filter with the
impulse response c(t) = [c0(t), · · · , cK−1(t)]

T , where K and [·]T denote the length
of the channel and the vector transpose, respectively. The received continuous time

Source QPSK

modulator

Channel

c

Equalizer

g BER
b(n)

w(t)

x(n)s(t) y(t)
Ts

Figure 1: Communication system model.

signal x(t) is given by

x(t) =
K∑

n=0

ck(t)s(t− τk) + w(t), (2)

where τk denotes the delay associated with the k
th path and w(t) is additive white

Gaussian noise. In this study a Hiperlan II [6, 7] inspired channel model is con-
sidered, i.e. a quasi-static sparse frequency selective channel with additive white
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Gaussian noise w(t). Thus, (2) will reduce to

x(t) =
K∑

k=0

cks(t− τk) + w(t). (3)

The channel has 100 taps of which 40 have a significant value (non-zero value).
The significant taps are randomly generated and placed in the impulse response.
The magnitude and phase responses of a typical channel are given in Figure 2.
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Figure 2: Channel characteristics.

At the receiver x(t) is sampled at symbol rate Ts and the discrete-time received
signal is obtained

x(n) = x(nTs), 0 ≤ n ≤ ∞. (4)

3 Closed Loop Subband CMA Equalizer

The performance of non-blind equalizers is highly dependent on the quality of the
training/desired signal [8]. Blind techniques avoid this disadvantage by exploiting
a priori information about signal characteristics. The blind algorithm used in this
study is the low computationally complex Godard (CMA) algorithm [5]. This
algorithm was also independently developed and extended by Treichler et. al.
[9]. Since, CMA exploits CM properties, the Godard error signal is calculated on
the fullband signal. Subsequently, the error signal is feed back through the filter
bank to the subband filter adaptation algorithms, i.e. closed loop implementation,
see Figure 3. The received signal x(n) is divided into M frequency bands by
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Filter
bank

DFT DFT
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x(n)
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Filter
bank

y(n)

CMA
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Error
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x (n)M-1

e (n)0

e (n)M-1

Figure 3: A closed–loop subband CMA equalizer.

using a Uniformly Modulated Filter bank (UMF). The UMF is formed by several
modulated versions of a prototype filter [10, 11]. Thus, transfer function of the mth

subband filter Hm(z) is given by

Hm(z) = H(zWm
M ) =

Lh−1∑
l=0

h(l)(zWm
M )

−l, (5)

where WM = e−j2π/M , m ∈ [0,M − 1], h(l), 0 ≤ l ≤ Lh denotes a protype filter of
order Lh and M is the number of subbands. Thus the mth subband signal in the
frequency domain, Xm(z), is formed by

Xm(z) = X(z)Hm(z), 0 ≤ m ≤M − 1. (6)

Polyphase decomposition is used to efficiently implement the UMF. Due to polyphase
decomposition the decimation can be moved before the subband filtering [12]. By
dividing the received signal into several frequency bands it is possible to decimate
the signal with a decimator factor D. By including the polyphase decomposition
and the decimation, (5) is given by

Hm(z) =
D−1∑
d=0

(Wmz)−d
∞∑

n=−∞
h(nD + d)(Wmz)−nD. (7)

In critically decimated filter banks the decimation factor is set to D = M and
aliasing will decrease the performance of the subband schemes. This is, of course,
more noticeable with an increasing order of subbands. To reduce the impact of
aliasing the filter bank is oversampled with a factor of two, i.e. the subband signals
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are decimated by a factor D = M
2
[13]. Including D = M

2
in (7) results in the

following expression of Xm(z)

Xm(z) = X(z)Hm(z) = X(z)

M
2
−1∑

d=0

(Wmz)−d
∞∑

n=−∞
h(n

M

2
+ d)(Wmz)−nM/2. (8)

where

W−mnM/2 = (ejπm)n =

{
(−1)n m odd
1 m even

. (9)

To further reduce the effects of aliasing, a filter bank design method that min-
imizes the aliasing in the subband signals will be presented in Section 3.1. The
equalizer coefficients in each frequency band are estimated by using CMA. The
impulse response for the fullband equalizer is the Inverse Discrete Fourier Trans-
form (IDFT) of the fullband frequency response, which is obtained by stacking the
subband responses [4] together. In Section 3.3 two different subband–to–fullband
transformation methods are presented. The fullband equalizer impulse response is
denoted by g = [g(0), · · · , g(L− 1)]T , and the filter length L is chosen so that the
signal b(n) can be recovered. Then, the output signal from the equalizer is given
by

y(n) =
L−1∑
l=0

g(l)∗x(n− l). (10)

where ∗ denotes the complex conjugate.

3.1 Filter Bank Design

Since, an UMF is used to split the signals into equally spaced modulated frequency
bands, the design of the filter bank is reduced to designing a prototype filter of
length Lh and impulse response h,

h = [h[0], · · · , h[Lh − 1]]T . (11)

The transfer function of the prototype filter becomes

H(z) =
Lh−1∑
l=0

h[l]z−l = hTφ(z) (12)

where φ(z) = [1, · · · , z−(Lh−1)]T .
The transformation between fullband signals to subband signals depends pro-

totype filter frequency response H(ejω). The desired filter should have a lowpass
characteristic with a normalized cut-off frequency ωp = π/M . Since it is desir-
able to have an approximately linear phase in the passband, the desired complex
frequency response is specified as

Hd(e
jω) = ejωτ , ∀ω ∈ [−ωp, ωp] (13)
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where τ = (Lh − 1)/2.
The most common design criteria in filter design are least square and min-max

[14]. Since it is important to have a flat passband response for the prototype filter,
a least square criterion is chosen in the cost function. However, a min-max criterion
is also included in the constraints to control and ensure a low level of aliasing.

The least square and the min-max errors are given as

e1(h) =
1

2ωp

∫ ωp

−ωp

|H(ejω)−Hd(e
jω)|2dω (14)

and
e2(h) = max

−ωp≤ω≤ωp

|H(ejω)−Hd(e
jω)|, (15)

respectively.
It follows from (12) that H(ejω) is a linear function of the coefficient h. Thus,

(14) is reduced to a quadratic function of h

e1(h) = hTAh − 2hTb+ 1,

where A is a Lh × Lh matrix

A =
1

2ωp

∫ ωp

−ωp

φ(ejω)φH(ejω)dω, (16)

and b is a Lh × 1 vector

b =
1

2ωp

∫ ωp

−ωp

R{ejωτφH(ejω)}dω. (17)

The operators [.]H and R{.} denotes the Hermitian transpose of a matrix and the
real part of a complex number, respectively.

The prototype filter is also designed to have a minimum in-band aliasing effect.
Since the transfer functions of the subband filters are given by (5), it is sufficient to
minimize the energy in the aliasing terms of the first subband. The aliasing error
can therefore be formulated as a quadratic function of h [10],

β(h) = hTCh, (18)

where C is a Lh × Lh matrix,

C =
1

2πD

D−1∑
d=1

∫ π

−π
φ(ejω/DW d

D)φ
H(ejω/DW d

D)dω.

The resulting problem is given by a combination of the least square error e1(h)
and the aliasing effect β(h) with respect to some acceptable attenuation in the
passband. A joint cost function can be formulated as

e1(h) + β(h) = hT (A+C)h − 2hTb+ 1. (19)
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By combining the cost function (19) with the min-max constraints (15), the fol-
lowing problem is obtained{

min
h

hT (A+C)h − 2hTb+ 1

|H(ejω)−Hd(e
jω)| ≤ ε, ∀ω ∈ −[ωp, ωp]

(20)

where ε is the maximum deviation in the passband. It follows from the real rota-
tion theorem [14] that a magnitude inequality |y| ≤ ε in the complex domain can
equivalently be expressed as

�{yej2πλ} ≤ ε, ∀λ ∈ [0, 1], (21)

where y denotes a complex number. Using (12) and (21), (20) gives the final
problem


min

h
hT (A+C)h − 2hTb+ 1

�
{(

hTφ(ejω)−Hd(e
jω)

)
ej2πλ

}
≤ ε, ∀ω ∈ −[ωp, ωp], λ ∈ [0, 1]. (22)

The problem (22) has an finite number of variables and infinite number of
constraints. It is called a semi–infinite quadratic programming problem. This
problem can be solved by using: (i) semi–infinite quadratic program technique or
(ii) conventional quadratic programming using discretization. In this paper, we
use the second method to design the prototype filter. The problem (22) is then
reduced to a quadratic programming problem, which is solved by using standard
quadratic programming techniques.

3.2 Closed loop Subband CMA

In Figure 4, the basic architecture of an adaptive CMA equalizer is outlined. The
output signal of the CMA equalizer y(n) is given by

y(n) = gH(n)x(n), (23)

where (·)H is the complex conjugate transpose. The input vector to the equalizer
is denoted as

x(n) = [x(n), x(n− 1), · · · , x(n− L+ 1)]T .

By assuming that the transmitted signal, on average, has a constant signal constel-
lation, the equalizer should try to recover this property. However, multipath fading
causes amplitude fluctuations in the received signal. Further, the received signal
is corrupted by additive white Gaussian noise. The objective of CMA is to restore
the output signal y(n) to a constant signal constellation. This is accomplished by
adjusting the weight vector g(n) in order to minimize the cost function J , which
provides a measure of the amplitude fluctuations. The cost function J is given by

Jp,q = E
[(
|y(n)|p − 1

)q
]

(24)
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x(n) y(n)
g

CMA

Figure 4: An adaptive CMA equalizer.

The cost function J can be minimized by using a gradient search algorithm. The
parameters p and q control the sensitivity and the convergence behavior of the
CMA. Smaller values of p and q usually provide higher noise tolerance and stability,
but slower convergence. Typically, to ensure convergence and reasonably small
tap-gain fluctuation, (p, q) are set to (1,2),(2,2),(1,1) or (2,1). By replacing the
ensemble average operation with an instantaneous value in the cost function J , the
update equation for g(n) is obtained as

g(n+ 1) = g(n)− µεp(n)
∗x(n) (25)

ε1,2(n) = y(n)− y(n)

|y(n)| (26)

ε2,2(n) = y(n)
(
|y(n)|2 − 1

)
(27)

ε1,1(n) =
y(n)

|y(n)|sgn
(
|y(n)| − 1) (28)

ε2,1(n) = y(n)sgn
(
|y(n)|2 − 1

)
, (29)

where µ is the step-size constant and εp,q(n) is the Godard error signal represent-
ing the cost function Jp,q. It is clear from the definition of J and the CMA weight
update equation that the algorithm is insensitive to phase fluctuations. Conven-
tional non-blind algorithms, such as Least Mean Squares (LMS) employ the Mean
Square Error (MSE) cost function to compensate both the amplitude and phase
of the signal by the use of a pilot signal. However, due to the phase insensitivity
of CMA, the carrier phase must be recovered after the adaptive processing. The
phase recovering algorithm proposed by Godard [5] is a first order phase locked
loop (PLL).

The main drawback of the CMA is the relatively slow convergence rate. This
becomes increasingly significant as wireless applications involving rapid changes in
channel characteristics become more common. In order to improve the speed of
convergence of the CMA the following normalization factor has been used [15]

η(n) = xH(n)x(n). (30)
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The Normalized CMA (NCMA) weight update equation is now given by

g(n+ 1) = g(n)− µεp,q(n)
∗x(n)

η(n)
. (31)

In the subband case the error signal is created from the fullband signal and feeds
back into the subbands, thus giving a local subband weight update given as

gm(n+ 1) = gm(n)− µεm(n)
∗xm(n)

ηm(n)
, (32)

where m, 0 ≤ m ≤ M − 1 is the subband index, εm(n) denotes the m
th subband

component of εp,q(n), ηm(n) = xH
m(n)xm(n) denotes the normalization factor in the

mth subband and

xm(n) = [xm(n), xm(n− 1), · · · , xm(n− Ls + 1)]
T

is the mth subband component of x(n), where Ls is the length of the subband
equalizer. The closed loop subband NCMA is thus given by a combination of a
fullband error calculation, a local subband weight update and a transformation of
the subband weights into a corresponding fullband filter.

Since, it is desirable to have the main energy of the equalization filter close to
the center of the filter, the mid tap of both the subband- and fullband- equalization
filters are initialized to 1.

3.3 Subband–to–Fullband Transformation Methods

In this section, two different transformation methods are proposed for obtaining
the fullband filter weights from the subband weights. The methods are generic and
can be used for any subband–to–fullband weight transformation.

3.3.1 DFT-1 Stacking Method

The original transformation or stacking method (DFT-1) was suggested in [4] for
obtaining the fullband response from the subband responses, in case of a real chan-
nel. These results have been extended to include complex valued channels. The
complex channel allows amplitude attenuation and phase shift for the transmitted
signals, as in the case of wireless communication.

ForM subbands with a decimation factor ofD = M
2
, the length of each subband

equalizer is Ls where Ls = 2L/M . Denote

gm = [gm(0), · · · , gm(Ls − 1)], 0 ≤ m ≤M − 1 (33)

as the equalizer coefficients for the mth subband. The corresponding Ls point
Discrete Fourier Transform (DFT) of gm is given as

Gm = [Gm(0), · · · , Gm(Ls − 1)] . (34)
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The fullband frequency response

G = [G(0), · · · , G(L− 1)] (35)

is obtained by stacking the frequency of the subband responses by using the fol-
lowing procedure.

Procedure 1 DFT-1 stacking method

• Step 0: For the 0th subband we have

G(l) = G0(l), 0 ≤ l ≤ Ls/4− 1. (36)

• Step 1: For m = 1 to M − 1, the frequency response Gm is stacked to G as
follows:

– If m is odd, then

G (l + (m− 1)Ls/2) = Gm(l) (37)

for Ls/4 ≤ l ≤ 3Ls/4− 1.
– If m is even, then

G(l + (m− 2)Ls/2) = Gm(l) (38)

for 3Ls/4 ≤ l ≤ Ls − 1 and

G(l +mLs/2) = Gm(l) (39)

for 0 ≤ l ≤ Ls/4− 1.
• Step 2 : The last Ls/4 points of G are obtained by stacking the 0th subband

G(l + (M − 2)Ls/2) = G0(l)

for 3Ls/4 ≤ l ≤ Ls − 1.
The fullband equalizer g is the IDFT of G.

3.3.2 DFT-2 Stacking Method

The DFT-2 stacking approach [16] is modified for a complex channel. This ap-
proach is implemented by calculating a 2Ls point DFT based on the Ls tap filter
in each subband. By doubling the number of points for DFT, the performance of
subband equalizer is improved since finite block effects can be avoided. The DFT
of [gm,0] is denoted by

G′
m = [G

′
m(0), · · · , G′

m(2Ls − 1)], (40)

where 0 is a 1× Ls vector of 0. The frequency response for the fullband filter

G′ = [G′(0), · · · , G′(2L− 1)] (41)

is formed from the subband frequency responses G′
m by modifying Procedure 1.
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Procedure 2 DFT-2 stacking method

• Step 0: For the 0th subband we have

G′(l) = G′
0(l), 0 ≤ l ≤ Ls/2− 1. (42)

• Step 1: For m = 1 to M − 1, the frequency response of the mth subband G′
m

is stacked to G′ as follows:

– If m is odd, then
G′ (l + (m− 1)Ls) = G′

m(l) (43)

for Ls/2 ≤ l ≤ 3Ls/2− 1.
– If m is even, then

G′(l + (m− 2)Ls) = G′
m(l) (44)

for 3Ls/2 ≤ l ≤ 2Ls − 1 and

G′(l +mLs) = G′
m(l) (45)

for 0 ≤ l ≤ Ls/2− 1.
• Step 2: The last Ls/2 points of G′ are obtained by stacking the 0th subband

G′(l + (M − 2)Ls) = G′
0(l) (46)

for 3Ls/2 ≤ l ≤ 2Ls − 1.

The impulse response for the fullband equalizer is obtained by truncating the
last L points of a 2L point IDFT of G′.

4 Simulation Results

The Hiperlan II inspired channel model is used to evaluate and compare the per-
formance of a closed–loop delayless subband equalizer with a fullband equalizer.
The filter bank design method presented in this paper, is bench marked against a
standard design filter bank. This standard filter bank is denoted FIR 1, since the
prototype filter is designed by using Matlab fir1 function [17]. The fir1 function
is based on the windowing method. A Hanning window is used with the cut-off-
frequency 1

2M
. For both filter bank designs, the length of the prototype filter is

chosen to be four times the total number of subbands and the weighting factor in
(20) is one. Note, that if nothing else is mentioned the filter bank is designed by
the optimization formulation given in Equation (22).
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To evaluate the convergence properties of the subband equalizer, the average
fullband amplitude fluctuation εA(m) from the constant constellation Rs is being
used, since several error functions are compared against each other. The amplitude
fluctuation measure is defined as

εA(m) = 10 log10


 1

NB

NB−1∑
n=0

||u(n)| −Rs|2

 , (47)

where NB is the block length over which the amplitude fluctuations are averaged.
The block length is set to 1000 symbols. In all convergence simulations, if nothing
else is being stated, the signal to noise ratio (SNR) is 30 dB. The steady state
performance is evaluated by using the Bit Error Rate (BER) measure for varying
SNR. It is denoted as ”a steady state” comparison, since it is assumed that the
algorithm has converged when the actual BER is being calculated.

In Figure 5, the average fullband amplitude fluctuation εA(m) has been used
to compare four different versions of CMA. The different algorithms use the four
error functions ε1,1, ε2,1, ε1,2 and ε2,2, which are given by (26) - (29). They all use
M = 64 subband and a fullband FIR length of 256 taps (L = 256). The two error
functions derived from a power measure q = 2 clearly outperform the other two,
at least when using the measure defined in (47). The simulation results also show
that the error function ε2,2 results in a much faster algorithm than the ε1,2 one.
For our purposes, the ε2,2 will be used in the following.

In Figure 6, the fullband equalizer (M = 1) and subband equalizers are compared
for a varying number of subbands. Both equalizers are using L = 256 taps, and it
is clear from the results shown in Figure 6 that the major gain in using a subband
uppdate approach lies in the improved convergence rate. The 64 subband equalizer
is roughly 12 times faster than the fullband equalizer.

The subband equalizer performance, measured by using the average fullband
amplitude fluctuation εA(m) for different combinations of filter lengths L and num-
ber of subband M , is presented in Figure 7. The choice of filter lengths and the
number of subbands are chosen so that the number of coefficients Ls = L/D in
each subband is kept the same. Finally, the subband results have been compared
with the performance of a fullband L = 256 tap equalizer. The convergence for
the different settings of the subband equalizers are more or less the same while
there are large differences in steady state performance, especially when comparing
the L = 32 tap and the L = 256 tap equalizer.Further simulations and evaluations
will be based on the M = 64 subband equalizer with L = 256 taps. To extend
the equalizer beyond 256 taps will only result in a marginal improvement in the
performance.

Figures 8 - 10 show the importance of using a proper subband–to–fullband
transformation method as well as a proper designed filter bank. The SNR has been
set to 30 dB. It is notable that by using the DFT-2 transformation method it is
almost possible to compensate for the poor alias suppression of the FIR 1 filter
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bank, see Figure 10. To clarify the performance difference between using the DFT-
1 method and the DFT-2 method, when the optimized filter bank is being used,
the comparison is re-made in a noise free setting, see Figure 11. The results show
that the DFT-2 outperforms the DFT-1 method.

In Figure 12, the steady state solution of the fullband equalizer is compared
to the 64 subband equalizer. The evaluation compares the BER. This evaluation
shows that there is a very good match between subband and fullband solutions.
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Figure 5: The fullband equalizer performance using the four different error func-
tions with an L = 256 taps equalizer and SNR = 30 dB.
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Figure 6: The performance of the subband equalizer for different number of sub-
bands, with an L = 256 taps equalizer and SNR = 30 dB.
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Figure 7: A comparison between fullband and subband equalization by using dif-
ferent combinations of equalizer lengths and number of subbands. SNR = 30 dB.
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Figure 8: A comparison between the two filter bank designs for anM = 64 subband
equalizer, L = 256 and SNR = 30 dB, measured by εA(m).
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Figure 9: A comparison of the two different subband–to–fullband transformation
methods when M = 64 and the fir1 filter bank is employed. The SNR is 30 dB.
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Figure 10: A comparison of the two filter bank designing methods when a 64
subband equalizer uses the DFT-2 subband–to–fullband transformation method.
The SNR is 30 dB.
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Figure 11: A convergence comparison of the two different subband–to–fullband
transformation methods, when a 64 subband equalizer uses the optimized filter
bank in a noise free environment.
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Figure 12: BER comparison between a fullband equalizer and a subband equalizer
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5 Conclusions

In this paper, a new delayless subband closed–loop CMA equalizer is proposed.
A filter bank design method has been presented that minimize the aliasing in
the subband signals. By using this filter bank method a dramatic performance
improvement of the subband equalizer has been obtained. Further, two different
subband–to–fullband transformation methods have been presented and compared.
Simulations have been carried out for a 100 taps sparse complex channel. Moreover,
whereas the convergence rate is significantly improved as the number of subbands
increases, while the cost is only a very small degradation in the bit error rate. An
L = 256 tap equalizer using M = 64 subbands, has 12 times faster convergence
rate compared to its fullband counterpart. It has also been shown that the DFT-2
method outperforms the DFT-1 method. The DFT-2method clearly avoids the
block effects, and will result in a fullband filter that better represents the fullband
processing. The DFT-2 method also compensates, to some degree, for a non-
optimal choice of filter bank.
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