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Abstract. The eigen fuzzy set of a given fuzzy relation often corresponds to an
occurrence of invariability in natural sciences. By determining the fuzzy relations as connections between pairs of symptoms we utilize the greatest and the
least eigen fuzzy sets in order to find the estimates of the medicine effectiveness levels.

1 Introduction
The existence of the greatest eigen fuzzy set of a fuzzy relation was confirmed in the
80-ties of the twentieth century [4, 7, 8, 9]. In the latest investigations the scientists
have proved that even the least eigen fuzzy set can be generated for the given relation
[1, 2, 5]. The eigen fuzzy sets have already been applied to the evaluation of medicine
action levels when considering the medicine influence on clinical symptoms [3, 6].
We continue the last item by accomplishing an own proof of the existence of the
least set especially, which differs from the conceptions formulated in [1, 2, 5]. The
theoretical discussion, which concerns eigen sets, constitutes the contents of Section
2. In Section 3 we introduce the medical problem that involves applications of eigen
fuzzy sets. Finally, a simple medical exercise is solved in Section 4 to give an image
of the functional utility of the presented model.

2 Theoretical Assumptions of Eigen Fuzzy Problem
A particular result of a relation composition is known as the eigen set of a fuzzy relation [7, 8].
Assume that X = {x1 ,..., xn } is a finite set of real numbers. The eigen fuzzy set of
the fuzzy relation R ⊆ X × X is a set A ⊆ X , which satisfies R o A = A .
R is the fuzzy relation determined as R ⊆ X × X with the membership function
μ R ( x, x ′) : X × X → [0,1] , x, x′ ∈ X. It is proved that the eigen fuzzy set A ⊆ X ,
μ A ( x ) : X → [0,1] , which is a part of the equation A o R = A , exists [7, 8, 9].
We define the set A0 with μ A ( x ) = a0 , a0 = min( max μ R ( x, x′)) for all x∈X.
0

x ′∈ X

x∈ X
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The fuzzy connection A0 o R = A0 is a true equality because of μ A0 o R ( x ′) =

max(min( μ A0 ( x ), μ R ( x, x′)) = max(min(a0 , μ R ( x, x′)) = min(a0 , max μ R ( x, x′)) = a0 =
x

x

x

μ A0 ( x′), x, x′ ∈ X . Hence, A0 is an eigen fuzzy set of R.
The next introduced set A1 is identified by its membership function given by

μ A ( x′) = max μ R ( x, x′)

(1)

x∈ X

1

for all x´∈X.
The fuzzy sets, which are members of the sequence (An)n, in which

A2 = A1 o R = A1 o R1, A3 = A2 o R = A1 o R 2 , L, An +1 = An o R = A1 o R n ,

(2)

exist for all integers n>0.
The sets satisfy the inclusions

A0 ⊆ L ⊆ An +1 ⊆ An ⊆ L ⊆ A2 ⊆ A1.

(3)

To prove (3) we apply the mathematical induction. On the basis of the definition of
A0 we conclude that A0 ⊆ A1 since μ A0 ( x′) = min( max μ R ( x, x′)) ≤ max μ R ( x, x′))
x′

x

x

= μ A1 ( x′) . We deduce that even A2 ⊆ A1 . By conveying, for every x`∈X, that

μ A ( x′) = μ A o R ( x′) = max(min(μ A ( x ), μ R ( x, x′)) ≤ max μ R ( x, x′) = μ A ( x′) , we state
2

x∈ X

1

x∈ X

1

1

that A2 ⊆ A1 .
We shall now prove that the assumption An ⊆ An −1 induces the conclusion
An +1 ⊆ An , n∈N, since An ⊆ An −1 → An o R ⊆ An −1 o R ↔ An +1 ⊆ An .
The set A0 is the eigen set of R. A1, the other set proposed by (1), rarely is a solution of the restriction A1 o R = A1 . If An o R = An , for An being a member of the sequence of sets given by (2), then we will allege that An is the expected greatest eigen
set of the relation R, which often differs from A0. The set A0 is the least set in the
chain of sets in (2) and all sets included between A1 and An are not eigen.
Suppose that A0 ≠ An + k = L = An +1 = An ≠ L ≠ A2 ≠ A1 , then the composition
An o R leads to An o R = A1 o R n −1 o R = A1 o R n = An +1 = An .
An is thus the greatest eigen fuzzy set (GEFS) of R provided that An = An+1.
We recall that membership degrees of An+1 are calculated as

μ A ( x′) = μ A o R ( x′) = max(min(μ A ( x ), μ R ( x, x′))
n +1

x∈ X

n

n

(4)

for each x´∈X.
It can be desirable to find the smallest eigen fuzzy set of a given fuzzy relation as
well. In spite of some accomplished investigations of the topic [1, 2] let us propose
the own contribution as the following proof of the least eigen set existence.
We define a new set A0 with μ A ( x ) = a0 for all x ∈ X, where
0

a0 = max( min μ R ( x, x ′)) . A0 is the eigen set of R as it has been proved before.
x ′∈X

x∈X

The set A1 gets now new membership degrees determined as

μ A ( x′) = min μ R ( x, x′)

(5)

x∈ X

1

for all x´∈X.
We propose the same sequence of fuzzy sets (An)n, A2 = A1 o R = A1 o R1 ,
A3 = A2 o R = A1 o R 2 , L, An +1 = An o R = A1 o R n , which fulfill inclusions

A1 ⊆ A2 ⊆ L ⊆ An ⊆ An +1 ⊆ L ⊆ A0 .

(6)

The boundary inclusion A1 ⊆ A0 in the chain is true because of the inequality
μ A ( x ′) = max( min μ R ( x, x′)) ≥ min μ R ( x, x′)) = μ A ( x′) .
x′

0

x

x

1

To confirm the reliability of other inclusions in (6) we return to the assumptions of
the mathematical induction. In order to check that A1 ⊆ A2 we thus notice that
μ A2 ( x′) = μ A1 o R ( x′) = max(min(μ A1 ( x ), μ R ( x, x′)) ≥ min μ R ( x, x′) = μ A1 ( x′) , x`∈X.
x∈ X

x∈ X

The last structure is equivalent to A1 ⊆ A2 since μ A1 ( x′) ≤ μ A2 ( x′) .
The induction assumption An −1 ⊆ An is used in the proof to obtain the conclusion
An ⊆ An +1 . We start with An −1 ⊆ An to compose with R both sides of the inclusion as
An −1 o R ⊆ An o R , which is comparable to An ⊆ An +1 .
The set A0 is the eigen set of R but A1 seldom is regarded as eigen. Let us assume
that An is a member of the sequence listed in (6) and that it fulfils An o R = An for

A1 ≠ A2 ≠ L ≠ An = An +1 = L = An + k ≠ A0 . Then An will be the least eigen set (LEFS)
of the relation R, which is different from A0.
In order to evaluate GEFS and LEFS we adopt a procedure, which consists of the
following steps:

Algorithm 1
1. Find the set A1,
2. Set the index n=1,
3. Calculate An +1 = An o R ,
?

4.

→ No → n = n +1→ Go to step 3

An +1 = An →Yes → A = An +1 ,

in which A1 is computed either by the application of (1) or by the choice of (5).
The relation R keeps the given fuzzy set invariant, which apparently fits to a medical appearance when a medicine has no more effect in the curative process.

3 Eigen Sets in Effectiveness Levels of Drugs
Let us assume that characteristic qualitative symptoms of a morbid unit are found in a
sample of patients. After the treatment some symptoms should disappear entirely
while the other symptoms are still present.

Let us denote a non-fuzzy set of symptoms by S = {S1, …, Sn}.
An estimation of the maximal level is possible by employing a fuzzy relation Rmax,
which is created according to the formulation: “The action of the drug on the jth
symptom is equal or stronger than on the kth one, j, k = 1, …, n”. The membership
degree μ Rmax ( S j , S k ) indicates the strength of the relationship between the jth and the
kth symptom.
If m and p denote the number of examined patients respectively the number of patients who fit for the definition of Rmax when comparing the medication effects for Sj
and Sk, then we will compute the membership degrees μ R max ( S j , S k ) as [3]

μ Rmax ( S j , Sk ) =

p
m

(7)

for j, k = 1, …, n.
Suppose that “–“ is assigned to the lack of a symptom after the treatment and “+”
designates its presence in patient after the medication. The sign patterns “– –“ and “–
+”, counted with respect to the pair Sj, Sk in the group of m patients help us to appreciate p. For the pairs (Sj, Sj), j = 1, …, n, the value of p is computed as a number of
recoveries from Sj.
The relation Rmax has the greatest eigen fuzzy set Amax, which is defined in the universe S as
Amax o Rmax = Amax .

(8)

Amax is found as the result of Algorithm 1, in which A1 is defined by (1). The relation, designed in accordance with the statement: ”The drug acts equally strongly or
more strongly on the jth symptom than on the kth one” has its eigen set as an unchangeable component of the equation (8). We thus conclude that membership degrees of Amax show the level “the drug action on the considered symptoms is not
stronger”. Moreover, we are able to accept this level as optimal since Amax is the
greatest solution of (8) in the sense of the greatest membership degree values.
An estimation of the minimal medicine effect is connected with forming another
fuzzy relation Rmin proposed as a clue:”The action of the drug on the jth symptom is
equal to or weaker than on the kth one, j, k = 1, …, n.” The suggested formula of calculating membership degrees of Rmin is Eq. (7) to which the sign configurations “– –“
and “+ –“ are attached.
The relation Rmin also generates its own, this time the least, eigen fuzzy set Amin
that constitutes a compound of an equation
Amin o Rmin = Amin

(9)

To decide Amin we perform the steps of Algorithm 1, which includes A1 computed
by the action of (5).
Amin does not change its membership degrees after the next composition with Rmin:
“The drug affects equally or more weakly the jth symptom compared to the kth one”.
Then membership degrees of the least eigen set, associated with symptoms S1, …, Sn,
indicate the minimal level of the medicine effectiveness. Amin, as the least eigen set of
Rmin, provides us with the statement ”the action of the medicine on the considered

symptoms cannot be weaker”.
The values of μ Amin ( S j ) and μ A ( S j ) , j = 1, …, n, constitute the borders of an inmax

terval, which is treated as the range of the medicine effectiveness for each symptom
Sj. This should help us in making the judgement of the tested drug usability.

4 The Medical Example
The diagnosis D known as a throat inflammation is accompanied by the set of symptoms S = {S1 = “sore throat (pain)”, S2 = “temperature”, S3 = “inflammation state”}.
The physician has prescribed Bayer’s aspirin as a remedy that should improve the
health conditions in the group of 30 patients suffering from throat inflammation.
The application of (7) with the sign pattern “– –“ and “– +” gives Amax as
S1

S2

S3

S1 ⎡0.5
Rmax = S2 ⎢0.8
⎢
S3 ⎣⎢0.6

0.5
0.8

0.5⎤
0.8⎥
⎥
0.6⎦⎥

0.6

which has the greatest eigen fuzzy set decided as

S1

Amax = [0.8

S2
0.8

S3

0.8] .

Equation (7), in which numbers of the associations “– –“ and “+ –“ constitute the
basis of the p value computations, result in the relation Amin yielded as
S1
S2
S3
Rmin

S1 ⎡0.5
= S2 ⎢⎢0.5
S3 ⎢⎣0.5

0.8
0.8
0.8

0.6⎤
0.6⎥⎥
0.6⎥⎦

S2

S3

which possesses the least eigen fuzzy set

S1

Amin = [0.5

0.8

0.6] .

By interpreting the membership degrees of Amin and Amax in the percentage scale
we conclude that Bayer’s aspirin removes S1 in 50%–80% and S2 – in 80%, while S3
disappears for 60%–80% of the sample of patients.

5 Conclusions
As a counterpart of the discussion on the least eigen fuzzy set, we expand the own
conception of the proof to confirm that the least eigen set exists.
The greatest and the least sets of fuzzy relations have been employed to approximate the optimal level of a medicine efficacious power. We have obtained the medicine action intervals evaluated for each symptom.
In constructing the relations we regard pairs of symptoms to learn about their influence on each other. Even if we appreciate effectiveness levels for individual symptoms, we will be aware of the complex dependency among symptoms, which influences single ranges. This aspect of complexity is an advantage of fuzzy research
when comparing fuzzy results to computations of statistical ranges that do not consider interactions among the examined objects.
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