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ABSTRACT

In the application of adaptive antenna arrays to wire-
less communications, a known pilot signal sequence
may be used for estimating the array response at the
beginning of each data frame. This pilot sequence is
usually very short and conventional training methods
which estimate the array response, based solely on this
training sequence, may incur large estimation errors.
In this paper, we propose an online modified weighted
recursive least squares type of training algorithm for
estimating the optimal array response by exploiting in-
formation from the whole frame of the received sig-
nal. The benefits of the proposed algorithm is that
tracking of coherent noise and interference signals is
substantially improved, and the overall performance is
increased. Simulation results show that the proposed
method offers substantial improvement when compared
to the conventional least squares method.

I. INTRODUCTION

Co-channel interference (CCI) and multipath fading
channels are known to severely limit the capacity of
wireless mobile radio networks. It is anticipated that
antenna arrays together with adaptive spatial-temporal
processing techniques will be used in future high capac-
ity cellular communication systems, in order to reduce
the negative effects of these limitations, [1]. Previous
studies have shown that substantial performance gain
and capacity increase can be achieved by employing
antenna array and spatial-temporal signal processing,
[2, 3]. Due to multipath propagation effects of fading
and movement of the mobile units, the array response
must change with time and continuous estimation and
tracking of the response, during the communication ses-
sion, is desirable. In many systems a known pilot data

stream commences each frame of data and may be used
in an algorithm to estimate the array response. For
instance the TDMA radio systems IS-54/136 use 14
known pilot symbols in each user slot of 162 symbols.
In [3] and [4] the least mean square (LMS) and the
least squares (LS) algorithms are used to estimate the
minimum mean square error (MMSE) array response,
based on the known pilot symbols in each frame. Esti-
mations based solely on this short pilot sequence may
be subject to large estimation errors. A common way
to increase the estimation accuracy is to rely on the fact
that the existence of interference causes fluctuations in
the amplitude of the array output, which otherwise has
a constant modulus, [5]. Constant modulus algorithms
are useful for eliminating correlated arrivals and is ef-
fective only for constant-modulated envelope signals,
such as MSK and PSK.

In this paper we propose a new online space-time
adaptive processing algorithm for an antenna array,
based on a recursive least square criteria, where the
received signal during the entire time slot is exploited.
The array is aimed at reducing both the co-channel
interference and intersymbol interference, and at the
same time providing spatial diversity against multipath
fading.

II. PROBLEM FORMULATION

We consider a wireless cellular communication system
employing adaptive arrays with K antenna elements at
the base stations, receiving signals from P users. All
users, assumed to be mutually independent, operate
in the same bandwidth and at the same time. The
K dimensional received signal vector during the n:th



symbol interval within a user slot may be expressed as

x(n) =
P−1∑
p=0

M−1∑
m=0

hp(m, n)sp(n − m) + v(n) (1)

where hp(m, n), m = 0, 1, . . .M − 1 denotes the vector
channel impulse response corresponding to user num-
ber p at sample instant n, v(n) is the receiver noise vec-
tor, each element of which is modeled as independent
additive white Gaussian noise (AWGN), i.e. v(n) ∼
Nc(0K , σ2IK), where 0K denotes a K-dimensional vec-
tor of all zeros, and IK is the K × K identity matrix.
The delay spread, assumed to exceed symbol duration,
of the channels are bounded byM samples in dispersion
length. At this time, we assume that the channel re-
sponses are time-invariant and omit the time variable
of the channel responses, while the algorithm devel-
oped henceforth has the ability to track channel varia-
tions. It is assumed that all users employ PSK modula-
tion with all symbols mutually independent, zero mean,
equally probable and also independent of the noise.

Without loss of generality, we suppose that s0(n) is
the signal of interest and |sk(n)| = 1, ∀k. The objective
of antenna array beamforming is to estimate the sig-
nal of interest by adaptively updating the beamforming
weights at each sample instant, n, given the received
antenna vector, x(n).

The received signal vector x(n) at the antenna ar-
ray is linearly combined by complex weights wi(l), l =
0, 1, . . . L − 1 to form the array output signal ŝ0(n),

ŝ0(n) =
K−1∑
k=0

L−1∑
l=0

w∗
k(l)xk(n−l) =

L−1∑
l=0

wH
l xl(n) = wHx(n)

(2)
where

wT = [wT
0 wT

1 . . . wT
L−1]

xT (n) = [xT
0 (n) xT

1 (n) . . . xT
L−1(n)]

(3)

and

wT
l = [w0(l) w1(l) . . . wK−1(l)]

xT
l (n) = [x0(n − l) x1(n − l) . . . xK−1(n − l)]. (4)

In optimal combining [4], the weight vector, w, is
chosen such that the mean-square error between the
transmitted symbol, s0(n), and the array output, ŝ0(n),
is minimized, i.e.,

wopt = arg min
w∈CLK

E {‖s0(n)− ŝ0(n)‖} (5)

where the expectation, E {·}, is with respect to the data
symbols and the noise. The minimum mean square
error (MMSE) weights are given by

wopt = R−1r (6)

where

R = E
{
x(n)xH(n)

}
=




Rx0x0 Rx0x1 . . . Rx0xL−1

Rx1x0 Rx1x1 . . . Rx1xL−1

...
...

. . .
...

RxL−1x0 RxL−1x1 . . . RxL−1xL−1




(7)

where

Rxixj = E
{
xi(n)xH

j (n)
}
=

P−1∑
p=0

hp(i)hH
p (j) + δijσ

2IK

(8)
and δij denotes the Kronecker delta function, i.e. δij =
1 if i = j and zero otherwise. The cross correlation
vector, r, is given by

r = E {x(n)s∗0(n)} = [hT
0 (0) hT

0 (1) . . . hT
0 (L − 1)]T .

(9)
In practice the MMSE weights are not accessible,

since the autocorrelation matrix R and the cross cor-
relation vector r are not known to the receiver a pri-
ori. The computation of the array weights are in gen-
eral based on correlation estimates. In several TDMA-
based wireless communication systems, such as GSM
and IS-54/136, a known pilot data stream commences
each frame of data and may be used in the algorithm to
estimate the array response. The output of the array is
then used for symbol extraction in the same time slot.

Assume that each time slot has q known pilot sym-
bols and Q− q information symbols. The least squares
(LS) algorithm for finding the optimal weights essen-
tially estimates the autocorrelation matrix and the cross
correlation vector, using the signal received during the
pilot period, x(n), and the known training symbols in
s0(n). The LS algorithm may be formulated as

R̂ =
1
q

q∑
n=1

x(n)xH(n) (10)

r̂ =
1
q

q∑
n=1

x(n)s∗0(n) (11)

ŵopt = R̂−1r̂. (12)

Since, in practice, the training sequence length is
small in comparison to the time slot length, i.e. q 
 Q,
the obtained weight vector, ŵopt, may contain large es-
timation errors. It is desirable to increase the estima-
tion accuracy and this can be done continuously within
the time slot in a recursive way, by making use of both
the pilot sequence and the a priori known mean of the
information symbols.



III. ALGORITHM DEVELOPMENT

The objective of the algorithm is to minimize the sum
of the squared error, during the whole time slot,

ŵopt = arg min
w∈CLK

{
Q∑

n=1

[|ŝ0(n)− s0(n)|2
]}

(13)

even though the pilot sequence consists of the first q
samples in s0(n). By replacing the unknown symbols,
s0(n) n = q + 1, · · · , Q, by their known mean values,
i.e. in our case zero mean values, we are enabled to
separate the optimization objective into two parts.

ŵopt = arg min
w∈CLK

{
q∑

n=1

[|wHx(n)− s0(n)|2+

Q∑
n=q+1

|wHx(n)|2
]}

. (14)

By minimizing the first sum on the right side, we get
the solution given in Eq. (12) which will force the array
to have the highest gain in the direction of the source
of interest. By minimizing the second sum on the right
side we are forcing the array to minimize the influence
on both the signal of interest and interference contri-
butions during the whole time slot. While the two cost
functions, corresponding to the two sums of Eq. (14)
are partly contradictive, the array given by the global
solution will have a higher gain in the direction of the
signal of interest, than for directions of each interfering
signal. Calculating the sum we get,

ŵopt = arg min
w∈CLK

{
wH [R̂(q)

xx + R̂(Q)
xx ]w−

wH r̂(q)
x − r̂(q)H

x w + σ2
s0

}
(15)

where we use the following notation

R̂(q)
xx

�
=

1
q

q∑
n=1

x(n)xH(n) (16)

R̂(Q)
xx

�
=

1
Q − q

Q∑
n=q+1

x(n)xH(n) (17)

r̂(q)
x

�
=

1
q

q∑
n=1

x(n)s∗0(n). (18)

The solution to Eq. (15) is given by,

ŵopt = [R̂(q)
xx + R̂(Q)

xx ]−1r̂(q)
x (19)

based on the data sequence contained in the current
time slot.

A. An Online Adaptive Algorithm

It is desirable to calculate the optimal combining weights
based on the available data continuously during the
time slot in a recursive way. Also, in order for the
array response to be able to track variations in the sur-
rounding environment, the correlation estimates should
include a forgetting factor. We introduce a correlation
matrix, R̂,

R̂ = R̂(q)
xx + R̂(Q)

xx (20)

where

R̂(q)
xx =

1
q

q∑
n=1

λq−nx(n)xH(n) (21)

R̂(Q)
xx =

1
Q − q

Q∑
n=q+1

λQ−q−nx(n)xH (n) (22)

where λ < 1 is a forgetting factor. During the first
q samples in each time slot, we do not need to form
an output signal since no information-bearing signals
are transmitted. Assuming we have an initial estimate
of the pilot correlation matrix, R̂(q)

xx(0), or an estimate
from previous time slot, we may estimate the matrix
recursively, for n = 1, 2, · · · , q,

R̂(q)
xx(n) = λR̂(q)

xx(n − 1) + q−1x(n)xH(n). (23)

In the same way we estimate the cross correlation vec-
tor, for n = 1, 2, · · · , q,

r̂(q)
x (n) = λr̂(q)

x (n − 1) + q−1x(n)s∗0(n). (24)

During the information symbol transmission, i.e.
n = q + 1, · · · , Q, we wish to update the total cor-
relation matrix, R̂(n), recursively, with no additional
weighting on the already calculated pilot correlation
matrix, according to,

R̂(n) = R̂(q)
xx + λR̂(Q−q)

xx (n − 1) + x(n)xH (n) =

λ[R̂(q)
xx + R̂(Q−q)

xx (n − 1)] + x(n)xH(n) + (1 − λ)R̂(q)
xx =

λR̂(n − 1) + x(n)xH (n) + (1 − λ)R̂(q)
xx .

(25)
The effect of the above update is that we weight the
total correlation matrix and add both the rank one
“correction term,” x(n)xH(n), and the small portion
(1− λ), of the pilot correlation matrix which has been
reduced by the weighting factor. This update can be
implemented directly by using the Matrix-Inversion-
Lemma, in a two step procedure. However, it will re-
quire a calculation of the inverse of the pilot correlation
matrix, R̂(q)

xx . One way to circumvent the matrix in-
version and substantially reduce the complexity while



increasing accuracy, is to update the total correlation
matrix by adding scaled eigenvectors of the matrix be-
longing to the signal sub space, [1]. This will result in
several rank one updates as

R̂(n) = λR̂(n − 1) + x(n)xH (n) + (1− λ)
J∑

p=1

γpqpqH
p

(26)
where γp is the p:th eigenvalue, and qp is the p:th or-
dered eigenvector of the LK-by-LK pilot correlation
matrix, R̂(q)

xx , and J is the dimension of the signal space,
i.e. the number of directional sources. The weighted
optimal recursive least square solution at sample in-
stant, n, is now given by

ŵopt(n) = [R̂(n)]
−1

r̂(q)
x (27)

where r̂(q)
x is the pilot calibration correlation vector

gathered during the pilot training. The inversion of
the matrix is avoided by making use of the Matrix-
Inversion-Lemma. One may reduce the complexity fur-
ther, at the expense of a small weight perturbation, by
sequentially adding one scaled eigenvector at each sam-
ple instant in Eq. (26).

B. Summary of the Algorithm

The algorithm is stated as an iterative procedure within
each time slot. When a new time slot begins the algo-
rithm is run sequentially with the steps in the operation
phase:

Initialization phase:

P̂(0) = β−1ILK×LK

R̂(q)
xx(0) = βILK×LK

r̂(q)
x (0) = 0LK

where β is a small positive constant, L is the number
of filter weights in each channel and K is the number
of antennas in the array.

Operation phase:

• for n = 1, 2, · · · , q,
Calculate the correlation matrix and correlation
vector estimates according to Eq. (23) and Eq.
(24). Find the eigenvectors spanning the signal
sub space by diagonalizing the correlation matrix.
Update the total correlation matrix,

P̂(n) = λP̂(n−1)−λ−2P̂(n − 1)x(n)xH(n)P̂(n − 1)
1 + λ−1xH(n)P̂(n − 1)x(n)

(28)

where x(n) is given by Eq. (3) and Eq. (4) and
λ is the forgetting factor.

• for n = q + 1, q + 2, · · · , Q, update the matrix,
P̂(n), according to Eq. (28), and add the follow-
ing quantity to the matrix,

P̂(n) = P̂(n)− γp(1− λ)P̂(n)qp(n)qH
p (n)P̂(n)

1 + γp(1− λ)qH
p (n)P̂(n)qp(n)

where index p = n (mod J), denotes the or-
dered index of the eigenvalues and eigenvectors
of the correlation matrix given in Eq. (23), and
number J is the dimension of the signal sub space.
For each sample instant, the combining weights
and the output signal, ŝ0(n), are given by

ŵopt(n) = P̂(n)r̂(q)
x , ŝ0(n) = ŵH(n)x(n)

IV. COMPUTER SIMULATIONS

Computer simulations with QPSKmodulation were car-
ried out to evaluate performance of the proposed al-
gorithm in comparison with the MMSE and the con-
ventional RLS solution based on updating during pilot
symbols only. An 8-element circular array was used,
with half wavelength spacing along the circle. We con-
sider one user at direction-of-arrival (DOA) 0o, and
seven interfering users with DOA, 55o, 80o, 140o, 182o,
221o, 265o, 323o, respectively. Each user gives rise to 3
multipaths at 10 dB reduced level from its direct path
and with DOA well separated from its corresponding
sources. Further, all paths are subject to Rayleigh fad-
ing with a doppler spectrum equivalent to a user speed
of 110 km/h, at the carrier frequency 1.9 GHz. The
MMSE is calculated from the known fading channels
at each time instant. The delay spread is three symbol
durations, i.e. M = 3, and the number of filter taps in
the array is L = 3.

Figure 1 shows averaged learning curves for 50 Monte
Carlo runs and it can be seen that the proposed algo-
rithm has faster convergence and smaller steady-state
excess mean square errors as compared to the conven-
tional RLS. The SIR is −10 dB and the SNR at each
antenna is 10 dB. Figure 2 shows the symbol error rate
for the methods when the SIR varies between −30 dB
and 5 dB. With the proposed method, a received in-
terference level increase of 2 − 3 dB can be accepted,
while maintaining the performance of the conventional
RLS.

V. CONCLUSIONS AND FUTURE WORK

We have proposed a new space-time adaptive algorithm
for an antenna array. The algorithm is recursive in



Figure 1: Learning curves for the conventional RLS
and the proposed method, together with the MMSE
solution, SIR=−10 dB and SNR=10 dB. User speed is
110 km/h.

its structure and exploits information from both pilot
symbols as well as information symbols. This in turn
leads to an increase in accuracy of the algorithm, when
compared to the conventional RLS method. Also, in-
terference tracking abilities are improved since tracking
takes place during the whole time slot of data transmis-
sion. Since the algorithm is implemented recursively, it
would also be possible to increase estimation accuracy
by using decision feedback, and thus virtually increase
the number of training symbols. Descision feedback,
and related topics, comprise future research.
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