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Abstract

Over the last decade there has been an explosive growth in the use of
wireless mobile communications. Second generations systems are mature tech-
nologies now and third generation systems and beyond are being implemented
and researched. Future systems should support a substantially wider and en-
hanced range of services and thus would require even higher data rates com-
pared to current system in order to deliver these services. A fundamental
necessity for being able to provide high data rates is that the physical channel
between transmitter and receiver is efficiently utilized. Signal processing al-
gorithms are integral part of any wireless mobile communication systems that
makes this possible.

In this thesis, several signal processing techniques for improving the per-
formance and capacity of wireless mobile communications systems are dis-
cussed. In Part I a simulation package for the simulation of communication
systems is implemented and verified. In Part II, the linear and non-linear
Projection Approximation Subspace Tracking with Deflation (PASTD) al-
gorithms are proposed for Blind Source Separation (BSS) and Independent
Component Analysis (ICA) of linearly mixed signals, respectively. Here, the
signals are transmitted simultaneously from multiple antennas. In Part III,
the PASTD algorithm is compared to the Rao-Principe (RP) and the Exact
Eigendecomposition (EE) algorithm for the purpose of assessing their per-
formance for different configurations. Beamforming is an important function
of receivers, in particular to base stations, and in Part IV an efficient and
effective space-time adaptive algorithm is proposed. In Part V, an adaptive
blind equalization technique for time varying multipath fading channels is sug-
gested and analyzed, and in Part VI a combined channel estimation algorithm
for coherent detection in mobile communication systems is proposed. Finally,
Part VII investigates several algorithms for power allocation in Multiple-Input
Multiple-Output (MIMO) systems and the impact of channel estimation error
on the performance of the system is evaluated.

In this thesis, the above mentioned algorithms are implemented in Mat-
lab and their applicability and effectiveness were investigated by using several
performance measures via Monte Carlo simulation approach. The simula-
tion results clearly demonstrate the promise of using these different signal
processing algorithms for improving the performance of wireless mobile com-
munication systems.
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Preface

This doctoral thesis summarizes my work in the fields of signal processing
and wireless communications. The work focuses on several areas: simulations,
blind source separation, channel estimation, channel equalization and, finally,
power allocation in multiple-input multiple-output systems. The work has
been conducted at the Department of Signal Processing at Blekinge Institute
of Technology. The thesis consists of seven stand-alone parts:
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I Simulation of Wireless Digital Communication Systems
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IV An Efficient and Effective Pilot-Based Space-Time Adaptive Algorithm
for Mobile Communication Systems

V An Adaptive Block-Based Eigenvector Equalization for Time-Varying
Multipath Fading Channels

VI A Combined Channel Estimation Algorithm for Coherent Detection in
Mobile Communication Systems

VII The Performance of MIMO Communication Systems Utilising Different
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Introduction

Over the last decade the world has witnessed explosive growth in the use
of wireless mobile communications. Looking around we find users with mo-
bile phones, wireless PDAs, pagers, MP3 players, and wireless headphones to
connect to these devices - a small testament of the impact of wireless commu-
nications on our daily lives. In addition the burst of new technologies such
as Bluetooth and other short-range wireless communications are encouraging
the further development of a wide variety of distributed wireless devices.

Second generation wireless mobile communication systems (e.g., GSM, IS-
136, PDC and IS-95) are mature technologies now. Radio Communications
are in the process of a qualitative leap due to the technological revolution and
new services that have emerged recently [1]. The technical revolution and
continuing growth of mobile radio communication systems has been made
possible by extraordinary advances in the related fields of digital comput-
ing, high-speed circuit technology, the Internet and, of course, digital signal
processing.

Third generation (3G) and next generation wireless mobile communication
systems should support a substantially wider and enhanced range of services
with respect to those supported by second generation systems. These ser-
vices include data, electronic mail, images, video and interactive multimedia
communications. The never-ending quest for such personal and multimedia
services, however, demands technologies operating at higher data rates and
broader bandwidths. This combined with the unpredictability and random-
ness of the mobile propagation channel has created many new technically
challenging problems for which innovative, adaptive and advanced signal pro-
cessing algorithms may offer new and better solutions!

Examples of challenging issues that represents important aspects of wire-
less communications are:

• How can the wireless channel be reliably modelled and implemented in
simulator software? How can such a simulator be verified? (Part I)

• In many cases, several users are transmitting data at the same time.
How can these data streams be separated from each other at the receiver,
using blind or non-blind techniques? (Parts II and IV)
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• In many cases, the transmitted data experience Inter-Symbol
Interference (ISI) as well as interference from other users. How can
these destructive effects be mitigated? (Parts V and VI)

• In Multiple-Input Multiple-Output (MIMO) systems, several antennas
are used to transmit parallel data streams at the same time using the
same frequencies. How can spatial diversity be utilized, and how should
power be allocated to different data streams? (Part VII)

In the parentheses after each point listed above, the main parts of the
thesis that addresses the particular issue are listed. The different parts are
summarized below, starting with Part I.

I Simulation of Wireless Digital Communica-
tion Systems

The telecommunication engineering community and academic researchers are
always at the forefront to develop new technologies that fulfill the demands
of future wireless broadband communications and services. Therefore, they
require high-quality advanced tools at their disposal for the reliable imple-
mentation and evaluation of these new technological solutions.

There are many simulation software packages that can be used for eval-
uating new technology for wireless communications systems. Each package
consists of some set of techniques that can be used for investigating particular
problems in the development. Radioplan [2], for example, focuses on deliv-
ering accurate predictions of the signal propagation with their RPS software.
The software takes a 2D or 3D map of a location and calculates how the sig-
nal propagates using ray tracing [3, 4, 5, 6, 7, 8, 9, 10], see Figure 1. Other
types of software, such as Femlab [11], use the finite element method [12] to
find the signal strength using wave equations. Software such as RPS is useful
when investigating where new base stations should be placed so that they
provide the best possible coverage and quality of communications. Femlab is
useful for example in investigating indoor coverage [13, 14] smaller areas or
when designing antennas. The techniques that these software packages use
(ray tracing or the finite element method) are deterministic, meaning that
the results are inherently connected to the particular location that is under
investigation. Other methods are entirely stochastic which means that they
do not rely on a drawing of a certain location. Instead, statistical methods are
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Figure 1: RPS from Radioplan delivers accurate predictions of the signal prop-
agation employing raytracing. Reprinted by courtesy of Radioplan.

used to produce for example signal strength predictions that match the statis-
tical properties found by field measurement of signals [15, 16, 17]. Simulation
packages offering stochastic techniques are for example the Communication
toolbox for Matlab [18], Systemvue [19] and Labview [20].

Ray tracing and the finite elements method are examples of determin-
istic models. In addition to these deterministic models, there are count-
less stochastic models that mimic the behavior of real signal propagation
[21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33]. The choice of model depends
on the type of propagation effects of interest for the particular problem at
hand. The performance of a channel equalizer or a power controller for 3G
is, for example, particularly sensitive to fast frequency selective fading. Con-
sequently, a model that implements fast frequency selective fading should be
used in this case.

It is of great importance that the signal models and the software imple-
mentations are correct. Or, as it is stated in [34]: “If a model is not valid,
then any conclusions derived from the model will be of doubtful value.” This
issue is addressed in the first part of this thesis. Here, it is described how
to implement and verify a simulation package in Matlab. The objective is
to use it for simulation of wireless communications and as such it contains a
transmitter, a channel model and a receiver. In the transmitter and receiver
the widespread modulation techniques Binary Phase Shift Keying (BPSK),
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Quadrature Phase Shift Keying (QPSK) and pi/4 Differential QPSK are im-
plemented. The channel models Rayleigh fading [15, 16, 17, 35] using Jakes
method [36, 24, 25].

The simulator is verified for IS-54 by three test cases in order to assure
a correct implementation. In the first test case, the channel is considered
non-fading, only adding noise to the transmitted signal. The bit error rate
for pi/4-DQPSK is then simulated and verified by comparing to expected re-
sults available in open literature [37, 38]. The second test case verifies that
the channel model generates realizations of fading channels with the expected
relevant statistics, such as level crossing rate, average fading duration, prob-
ability distribution function and autocorrelation. The verification is done in
similar way as in [36]. Finally, the third test case verifies the resulting bit
error rate for a two-tap Rayleigh fading channel [39]. All three test cases
clearly show that the simulator is correctly implemented and it can therefore
be used to produce reliable results for different types of studies.

II The Projection Approximation Subspace
Tracking Algorithm Applied to Whiten-
ing and Independent Component Analysis
(ICA) in Wireless Communications

The title of Part II consists of many terms that need to be explained properly
before going to the details: “Projection Approximation”, “Subspace Track-
ing”, “Whitening” and “Independent Component Analysis”. The picture in-
volving these terms is complicated, involving many aspects. The clarification
is found in this section, starting with the background on the cocktail party
problem.

II.1 Background - The cocktail party problem

There is a famous problem in audio applications that is called “the cock-
tail party problem” [40], see Figure 2. At a cocktail party the guests have
conversations with each other, and since there are many people attending,
several persons can speak simultaneously. The difficulty for an individual is
to hear what a particular speaker of interest is saying. Fortunately, nature has
equipped the human being with an extremely capable brain, so it is possible
for an individual to focus the attention towards the speaker without being
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?

Figure 2: At a cocktail party, attendees are having simultaneous conversations.
The problem for the listener is to separate the speech so that she can hear what
is being said.

disturbed by others that are talking at the same time. There is currently con-
siderable research in progress where the goal is an electronic device that can
separate the speakers from each other and simultaneously reduces interference
and noise [41]. This would be useful for many applications, for example elec-
tronic hearing aids, video conferencing systems and hands free equipment in
cars. The problem has proven to be extremely hard to solve in a satisfactory
way; the human brain is indeed very well adapted for solving signal processing
problems such as this.

In wireless communications there is an analogy to the cocktail party prob-
lem, but instead of persons interacting using sound waves, electronic devices
are communicating by transmitting and receiving radio waves. In this the-
sis it is assumed that the radio waves contain digital information though in
general analogue signals can also be used. In the audio research, the inter-
ferers are other persons that are speaking simultaneously and other sound
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sources such as loudspeakers, car noise (engine, tires, and windshield noise)
and fans. In wireless communication examples of interferers are other wireless
devices of the same system or of other systems as well as radio signals emitted
from microwave ovens and other types of equipment that are poorly shielded.
Interference can also be intentional jamming of the signal.

II.2 Independent Component Analysis (ICA)

Regardless if the audio or radio signals are considered, in the cocktail party
problem mentioned above, the original source signals are transmitted from
different locations and mixed together since all sound/radio waves propagate
in the same medium. Consequently, it is desirable to recover the original
signals again by separating them from each other using the received mixture.
Several receivers are often a requirement in order to make this possible. The
task to separate the mixtures is usually denoted as “signal separation”. In
many cases, the signal separation has to be performed without the knowledge
of how the mixture is done and what was transmitted. This problem is known
as Blind Source Separation (BSS) [42, 43, 44].

There are two related problems to BSS: Blind Signal Extraction (BSE)
and ICA [45, 35, 46, 47, 48, 49, 50, 51, 52, 53, 54]. BSE is the same as BSS with
the difference that not all source signals are necessary desirable. For example,
it might be enough to separate out the signal with the most power. Generally,
BSE can be performed using second order statistics. ICA is similar to BSS
but with the difference that the resulting separated signals are required to
be statistically independent. In general, this must be performed using higher
order statistics.

There are several applications where BSS, BSE and ICA can be used. In
DS-CDMA all users are transmitting simultaneously using the same frequency
band. Each user has a unique spreading code that makes it possible for the
base station to separate the users from each other. One method is to use
RAKE receivers, but BSS or ICA are also possible options [45]. BSE is gener-
ally not applicable since the base station is interested in receiving the signals
from all users. Another application is beamforming which may be considered
as a type of BSS/BSE. Here, an antenna array is used at the base station
and the objective is to form beams towards the users of interest. Finally, in
Secondary Surveillance Radar (SSR), BSS in the form of beamforming can be
used for tracking and identifying aircrafts, see Figure 3. In SSR [55], all air-
crafts are assigned a unique identification code. These codes are broadcasted
on the same frequency band from all aircrafts, and since there is no synchro-
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Figure 3: Secondary surveillance radar: All aircrafts may simultaneously
transmit their respective identification code on the same frequency band. The
problem for the receiver is to separate these signals from each other using for
example beamforming.

nization in time, the signals have to be separated correctly at the receiver in
order to properly acquire the identification codes. BSS can be used for this
purpose.

A blind receiver can take advantage of several properties of the source
signals and the mixing process in order to blindly perform signal separation.
Useful properties that the source signals may have are spatial structure, source
independence, spectral structure, temporal structure and, in the case of wire-
less communications, choice of modulation. Examples of temporal structure
that can be used are correlation, Time Division Multiple Access (TDMA),
chipped data (as in CDMA) and cyclostationarity. Examples of properties
related to modulation are constant modulus, enabling the use of the constant
modulus algorithm, and the fact that radio transmitted digital data is rep-
resented with a finite alphabet. The mixing matrix can also have certain
properties, such as in the case of antenna arrays, when the columns of the
mixing matrix will be on the array manifold.
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II.3 Subspace tracking, correlation matrices and the
condition number

An explanation of subspace tracking has to involve the correlation matrix.
In wireless communications, the receiver has one or several antennas for the
reception of transmitted radio signals. When one antenna is used a correlation
matrix can be estimated from the received signal. This correlation matrix
will contain temporal information of the signal, i.e. the autocorrelation of
the signal, and it can, for example, be used for finding a Wiener-filter. A
Wiener-filter is an optimum filter in the mean-square sense, i.e. it will filter
an input signal in order to produce an output signal that has the minimum
Mean Squared Error (MSE). The error signal is defined as the difference
between a desired signal and the actual output signal. The resulting filter can
be used for equalization of the received signal.

A receiver with several antennas can estimate several types of correlation
matrices. The simplest example involving all antennas is the spatial correla-
tion matrix. The elements of this matrix do not contain temporal informa-
tion about the signals; instead, they constitute the cross-correlation between
the signals. Naturally, the diagonal elements will contain the zero-lag auto-
correlation for each antenna. It is also possible to estimate correlation matri-
ces that contain both temporal and spatial information, which of course is the
most general form of the correlation matrix. These spatial or spatial-temporal
correlation matrices can be used for optimal beamforming and equalization,
where the objective is to form a beam towards the signal sources of interest
and nulls towards interferers at the same time as the channel is equalized.

The eigenvectors and eigenvalues of a correlation matrix, may it be tem-
poral, spatial or temporal-spatial, contain important information about the
data. Actually, this information is so valuable that eigenvectors of precisely a
correlation matrix, not just any matrix, is termed the principal components.
A very useful fact is that any zero mean Wide Sense Stationary (WSS) process
can be written as a weighted linear combination of the principal components.
The weights, or coefficients, are new “subprocesses”, each with a variance
(power) equal to the corresponding eigenvalue. The linear combination is de-
noted the Karhunen-Loève expansion [56] and can for example be used for low
rank modeling (compression), where subprocesses of low power are ignored in
order to save bandwidth. The eigenvectors, i.e. principal components, with
eigenvalues well above 0 (i.e. subprocesses with sufficient power), is said to
span the signal subspace. In contrast, principal components corresponding to
eigenvalues with values close to zero span the noise subspace.
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Subspace tracking is the process of continuously estimating the principal
components, as new data becomes available. Therefore, subspace tracking can
be considered to be a type of Principal Component Analysis (PCA). Principal
components corresponding to the signal subspace, components corresponding
to the noise subspace or both types of components may be tracked, depending
on application. The received signal(s) can be used to estimate the correlation
matrix, which subsequently is used for finding the principal components us-
ing for example Singular Value Decomposition (SVD) procedures. This is the
indirect method. There are also direct methods where the principal compo-
nents are found without making a detour via correlation matrix estimation.
One direct method is the Projection Approximation Subspace Tracking with
Deflation (PASTD) algorithm [57, 58, 59], to be explained in Section II.5.

The condition number of a matrix is a measure of the numerical stability
when, for example, inversing the matrix. Important to many algorithms in
signal processing is that the correlation matrix is of good condition, i.e. that
the condition number is small. Correlation matrices are hermitian (the conju-
gate transpose of the matrix equals the matrix itself), which is good property,
since the condition number has a very simple definition for hermitian ma-
trices. For hermitian matrices the condition number equals the eigenvalue
spread, which is defined as the maximum eigenvalue of the correlation matrix
divided by the minimum eigenvalue. For matrices that are not hermitian, the
condition number is calculated as the norm of the matrix times the norm of
its inverse.

II.4 The Recursive Least Squares (RLS) algorithm

In Part II of the thesis, the PASTD algorithm is applied to BSS of linearly
mixed signals in wireless communications. The PASTD algorithm, to be de-
scribed in the next section, is a modification of the RLS algorithm [60] and
consequently it is important to know about the RLS. The RLS algorithm is
also used in Part IV.

There is another adaptive algorithm that actually is more widespread than
the RLS. It is the Least Mean Squares (LMS) algorithm. The LMS algorithm
is used in other parts of this thesis and is described in Section V.1.

The main difference between the two algorithms is that the LMS mini-
mizes the MSE, while the RLS minimizes the least squares error. There is
a fundamental philosophical difference between these two approaches. Mini-
mizing the MSE will result in the same filter for all input signals that have
the same statistics. Consequently, the filter coefficients don’t depend on the
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particular signals at hand, but on the ensemble averages of the signals. On
the other hand, the least squares error depends explicitly on the present sig-
nals. This implies that different signal realizations will result in different filter
coefficients. In other words, the LMS will result in the same filter coefficients
for all signals with the same statistics, while the RLS results in different filter
coefficients for different signals.

The reason for using the RLS here instead of the LMS will become apparent
in the next section.

II.5 The PASTD and Nonlinear PASTD (N-PASTD) al-
gorithms

The PASTD algorithm is developed by Yang [59] for the purpose of tracking
principal components, i.e. the eigenvectors of the correlation matrix of the
received data. The objective of the algorithm is to minimize the linear PCA
criterion [61], which is a scalar function involving a matrix W. This matrix
will contain the principal components corresponding to the largest eigenvalues
when the function is minimized. This is the reason for the function to be
applicable to the problem of finding principal components.

Unfortunately, this function has an important drawback. The function has
several local minima where W will contain unordered principal components,
i.e. the principal components does not necessary correspond to the largest
eigenvalues, which is important. This is a problem, since it makes the function
unsuitable for adaptive algorithms aiming at minimizing it; it is always a risk
that the algorithm will converge to any of the multiple local minima.

In Figure 4 an example of the criterion is shown. It can be observed from
the figure that it has four local minima. The minima are marked with the lines
in the graph. One pair of minima are positioned on the “hills” and one pair
in the valleys. Each pair constitutes an eigenvector (principal component)
with two possible signs. The pair on the hills constitute the eigenvector of the
correlation matrix with the corresponding lowest eigenvalue and the valley
pair the eigenvector corresponding to the highest eigenvalue, respectively. It
is evident that the eigenvectors of the correlation matrix can be identified
from the function by using optimization techniques. However, the multiple
local minima are an issue that makes adaptation more complicated.

With the aim of solving the issue of multiple local minima, Yang revised
the linear PCA criterion by some approximations. The result is a new cost
function that is quadratic in W, and hence has only one minimum. The cost
function has another advantage; it is similar to the cost function used in the
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Figure 4: A plot of the linear PCA cost criterion as a function of the weights
w1 and w2.

exponential weighted RLS algorithm, which make the algorithm an attractive
choice for adaptively minimizing the criterion. The only missing ingredient
before arriving at the PASTD algorithm is to incorporate a deflation step
into the algorithm. The PASTD algorithm uses RLS to minimize the linear
PCA criterion for the first column in W, which is assumed to contain the
principal component corresponding to the largest eigenvalue. Deflation is
used in order to subtract the contribution of the first principal component
from the signal and the process is repeated for the second column in W,
and so on. In this way, all principal components of interest are found in a
sequential manner. The corresponding eigenvalues can also be found from one
of the update equations in the RLS.

To conclude, the PASTD algorithm is built upon the RLS algorithm and a
deflation procedure. The RLS is used for minimizing the linear PCA criterion
and the deflation step to make it possible to sequentially find all principal
components and eigenvalues of interest.

There is an extension of the PASTD algorithm [53], the Nonlinear PASTD
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(N-PASTD), where the nonlinear PCA criterion is used instead of the linear
PCA criterion. The advantage with using nonlinearity is that it makes it
possible to find the independent components of the data. By using the linear
PCA criterion it is only possible to find uncorrelated components.

Both the PASTD and the N-PASTD are employed and investigated in
Part II of the thesis. The details are given in the next section.

II.6 The application of PASTD and N-PASTD in Wire-
less Communications

In the previous sections several important concepts were introduced:

• The cocktail party problem – The problem scenario where several
sources are transmitting signals simultaneously. How can the receivers
separate the different sources from each other? The cocktail party prob-
lem is found in audio applications as well as in wireless communication.
In the audio domain, the sources are transmitting sound waves. In
the wireless communication domain, the sources are transmitting radio
waves.

• Blind Source Separation (BSS) – The task of separating sources that
are simultaneously transmitted from each other, i.e. a solution to the
cocktail party problem. In BSS, the receivers have no access to the
transmitted signals, nor the mixing matrix. Instead, the receivers have
to depend on other types of a priori knowledge about the transmitted
signals or the mixing matrix, such as choice of modulation, constant
modulus, source independence, cyclostationarity etc.

• Independent Component Analysis (ICA) – A related task to BSS. The
difference is in how the separation is achieved. In ICA, the separated sig-
nals are confined to be statistically independent. In BSS, it is sufficient
that they are uncorrelated.

• Principal components – The principal components are defined as the
eigenvectors of the correlation matrix of the received signals. The prin-
cipal components are important to many applications, since they con-
tain valuable information about the signals. For example, the principal
components can be used for signal compression via the Karhunen-Loève
expansion or for performing BSS.
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• Subspace tracking – The task to continuously track the principal com-
ponents as they change over time. The prefix “sub” specifies that only a
subset of the principal components is tracked. This is not a requirement;
all principal components may be tracked if needed. Subspace tracking
can also be referred to as a form of PCA.

In Part II of the thesis these concepts are discussed. Attention is given to
BSS as well as to ICA. A simulator is implemented in Matlab that mimics the
cocktail party problem. Since the focus is on digital wireless communications,
in most cases the used sources in this part are transmitting modulated digital
signals. To be specific, BPSK is employed. In some cases other types of
signals are used as well. In all cases the mixing matrix is chosen as 2 × 2,
which means that the number of transmitter and receiver antennas are two.
The mixing matrix is either time-invariant, i.e. containing constant elements,
or time-variant. The time-variant mixing matrix contain elements that are
realizations of Rayleigh fading processes, in order to simulate that the receiver
or the transmitters are in motion.

The algorithm that is used for BSS is the PASTD algorithm, described in
Section II.5. Here, the objective of the algorithm is to separate the two BPSK
signals from each other, by adaptively minimizing the linear PCA criterion.
The performance of the algorithm is investigated and compared to the Exact
Eigendecomposition (EE) algorithm, which performs source separation in a
three step procedure. First, the correlation matrix is estimated in an on-line
fashion using the received data. Secondly, the estimated correlation matrix
is used for finding the principal components, i.e. the eigenvectors, by using
eigenanalysis. Finally, the sources are separated using a demixing matrix
that is a function of the principal components. Both the PASTD and the
EE algorithm perform BSS using the same mapping (function) from principal
components to the demixing matrix, and this particular choice of mapping
results in signals that are uncorrelated (white).

ICA is also applied to the cocktail party problem. Here, the analysis is
performed on the signals resulting from the BSS. In other words, the resulting
uncorrelated signals from the BSS are made independent by using ICA as a
last processing step. The algorithm used for ICA is the N-PASTD, briefly
described in Section II.5.

In Part II it is concluded that PASTD is an efficient algorithm for BSS
when employing BPSK and that PASTD has performance close to that of EE.
It is confirmed that BSS is a requirement for N-PASTD; the algorithm fails
to converge if no BSS is employed.
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III Comparative Performance Analysis of
Three Algorithms for Principal Compo-
nent Analysis

In Section II above the concepts of subspace tracking and PCA were intro-
duced. These concepts are analyzed in Part II of the thesis. In Part III, the
analysis is continued but with a different objective. In Part II the principal
components are found by employing the adaptive algorithms PASTD and EE,
and the goal is to whiten the input signals so that they become uncorrelated.
The uncorrelated signals are then made independent using the N-PASTD ICA
algorithm. The objective is to investigate the performance of the algorithms
in terms of whitening and independence. In Part III, on the other hand,
the PASTD is still used for adaptively finding principal components, but the
objective is to investigate how close these principal components are to the
known true principal components. In a way, the analysis is taken a step back
in Part III, in order to investigate a more basic aspect; the PC estimation
performance. In addition to investigating the PC estimation performance of
PASTD, the EE algorithm is investigated as well as another algorithm which
we denote the RP [62, 63] algorithm.

Another aspect of these algorithms is also investigated in Part III. Prin-
cipal components, or eigenvectors, should by definition be normalized so that
their norm (i.e. their length) equals one. The interesting issue here is that
the PASTD and RP algorithms are formulated so that they do not guarantee
that the norm truly is one. Therefore an interesting research question is: “Is
there a gain in performance by incorporating normalization of the principal
components in the PASTD and RP algorithms?” In this part, different ver-
sions (different normalization modes) of the PASTD and RP are implemented
and simulated employing a Monte Carlo simulation approach.

In the simulations the different algorithms and their different versions
are compared to each other using four measures: the Normalized Magnitude
Bias (NMB), Coefficient of Variation (CV), Average Magnitude Directional
Cosine (AMDC) and Variance of Magnitude Directional Cosine (VMDC). The
NMB and AMDC measure the systematic error (bias) in the estimates and the
CV and VMDC the random error (precision). The NMB and CV relates to the
performance of the eigenvalue estimation and the AMDC and VMDC to the
closeness of the estimated eigenvectors to the true eigenvectors, respectively.
The reader is refereed to Part III for more details on these measures.

The results from the simulations clearly demonstrate that the algorithms
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operate more reliably when normalization is adopted. It is also noted that the
EE algorithm has the best performance of the three investigated algorithms.

IV An Efficient and Effective Pilot-Based
Space-Time Adaptive Algorithm for Mo-
bile Communication Systems

Two major impediments to high-performance digital wireless communica-
tion systems are Inter-Symbol Interference (ISI) and Co-Channel Interference
(CCI). ISI is caused by the frequency selectivity (time dispersion) of the
channel due to multipath propagation and CCI arises from cellular frequency
reuse and thus limits the quality and capacity (number of users) of wireless
networks. The ISI can, for example, be compensated for by using equalization
techniques and the CCI by the use of antenna arrays. In Part IV of the the-
sis, a simple and effective space-time processing algorithm is proposed for this
purpose. It is based on the RLS algorithm (see Section II.4) and is denoted as
the Phase recovery RLS (P-RLS) algorithm. It has two modes of operation:
a Standard RLS (S-RLS) mode where pilots can be used and a phase sensing
and correction mode when pilots are not available. In Part IV, the P-RLS is
described in detail and evaluated using Monte Carlo simulations. The results
show that the algorithm provides improved performance for low and medium
velocities in comparison to the standard RLS algorithm.

V An Adaptive Block-Based Eigenvector
Equalization for Time-Varying Multipath
Fading Channels

In wireless communications, radio signals are transmitted from a transmitter
antenna over a wireless channel. One major impediment of the channel is the
introduction of ISI, where transmitted data symbols interfere with each other
because of multipath propagation. Another related impediment is fading,
where the power of the received signal fluctuates because of the movement of
the transmitter, the receiver or both, that is the channel is time-variant.

One approach to counter the effects of ISI and fading is by employing a
spatial equalizer at the receiver. The objective of the equalizer is to properly
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filter the received signal so that the original signal is retrieved. The filtering
process will introduce a delay, since the filter usually has a non-zero group
delay by design. This results in better performance in terms of equalization.
In addition, the filter coefficients are adapted in order to be able to handle
the time-variant property of the wireless channel.

If the receiver has access to the transmitted signal at regular intervals via
pilots, then some non-blind equalization algorithm can be employed. Two
examples of non-blind algorithms suitable for equalization are the LMS and
RLS algorithms. If, on the other hand, the receiver does not have access
to pilots, then a blind equalizer has to be used. One blind equalizer is the
EigenVector Algorithm (EVA).

In Part V of the thesis, the EVA is extended so that it can be used for
equalization of time-variant channels. The resulting algorithm equalizes the
channel in a block wise manner, and therefore it is denoted as the Block Based
EVA (BBEVA). The performance of the proposed blind BBEVA is compared
to the conventional non-blind LMS algorithm. Here, the LMS algorithm is
described in Section V.1 and the BBEVA in Section V.2, respectively.

V.1 The Least Mean Squares (LMS) algorithm

The LMS algorithm is a popular choice in many applications requiring adap-
tive filtering. Two main reasons for the popularity are due to its simplicity
and low computational complexity. In addition, there are several variations of
the algorithm that can be specifically used in order to solve different types of
problems that are inherent in some applications. In this part the basic version
of the LMS will be used.

The basic version of the LMS is a special case of the well-known steepest
descent adaptive filter. The goal of steepest descent is to minimize a quadratic
cost function by iteratively updating the weights so that they converge to the
optimal solution, which is the bottom of the bowl (minimum) that constitutes
the quadratic cost function. Or, as it is stated in [60]: “The direction of
steepest descent at any point in the plane is the direction that a marble would
take if it were placed on the inside of this quadratic bowl. Mathematically,
this direction is given by the gradient.”.

There is a problem with the steepest descent adaptive filter that makes
it unsuitable for most applications. The problem is inherent in the update
function for the filter coefficients, and the reason is that the function uses a
statistical expectation, which is generally unknown. This makes the steepest
descent adaptive filter unsuitable in many applications. Fortunately, this
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matter can be solved by replacing the statistical expectation in the function
with an approximation. To be more specific, a one-point sample mean is used
instead of the expectation. The result of replacing the statistical expectation
with a one-point sample mean is the LMS algorithm.

Another popular algorithm for adaptive filtering is the RLS algorithm. A
short description of the RLS algorithm together with a discussion regarding
the differences between the LMS algorithm and the RLS algorithm are found
in Section II.4.

V.2 Block Based EVA (BBEVA)

In [64, 65] the EVA for blind equalization is developed. The EVA iteratively
solves a close form expression involving a cumulant matrix and an autocor-
relation matrix, which are functions of the received signal. However, these
matrices are not functions of the transmitted signal. In this part of the the-
sis, the EVA is extended in order to be capable of equalizing time-variant
channels. The resulting algorithm, the BBEVA, consists of the original EVA
followed by three new building blocks denoted as the Constellation Rotation
Canceller (CRCA), the Phase Locked Loop (PLL) and the Amplitude Gain
Controller (AGC).

In this system, EVA is restarted for each new data block, and then it
iterates until an equalization filter of sufficient quality is obtained. In the next
step, the received data is filtered using the equalization filter. The resulting
signal is subject to amplitude variations and tilted constellation. The task of
the CRCA is to make sure that the tilt is the same between each data block.
After the de-tilting, the PLL removes slow variations in the phase (i.e. the
remaining tilt after the CRCA) followed by the removal of slow amplitude
variations using the AGC.

The results of Part V show that the scheme above is successful for equal-
ization of fading channels; BBEVA has better performance when compared to
the non-blind LMS algorithm. Additionally, it is seen that the PLL and the
AGC are crucial parts of BBEVA.
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VI A Combined Channel Estimation Algo-
rithm for Coherent Detection in Mobile
Communication Systems

Channel estimation is a vital function for obtaining proper performance in
most receivers. The channel estimates are necessary so that the receiver can
undo the effects of the channel, such as ISI and CCI. One effective solution
to make channel estimation possible is the insertion of pilot symbols at the
receiver side. Pilots are data symbols that are known to both the transmitter
and receiver in advance. When pilots are transmitted, the receiver can esti-
mate the channel using conventional non-blind algorithms such as the LMS
or the RLS algorithms.

In mobile communication systems the wireless channel is constantly chang-
ing because of the movements of the subscriber unit (the mobile phone). This
gives rise to the need of frequent and continuous channel estimation. Because
of this, pilots have to be transmitted frequently. Unfortunately, the more
pilots that are transmitted, the less space is available for user data. Conse-
quently there is a trade-off between good channel estimation and available
data rate to the user.

In Part VI of the thesis a novel channel estimation procedure is proposed.
The procedure consists of three major phases. In the first phase the channel is
estimated using the known pilots. Then, in phase 2, these estimates are used
in a decision feedback manner to continuously track the channel. The tracking
continues as long as it produces good quality estimates. The stop criterion
for the tracking is based on an estimate of the Signal-to-Noise Ratio (SNR).
Finally, in phase 3, channel estimates are calculated by fitting a curve to
the channel estimates made available in phase 1 and 2. Phase 3 is denoted
interpolation since channel estimates are interpolated between those made
available in the previous steps.

Two types of interpolation are considered: linear interpolation and optimal
interpolation. In linear interpolation, estimates of the channel between pilot
symbols are calculated by fitting a straight line into the available channel
estimates. In optimal interpolation, the MSE is minimized.

It is shown by simulations that the novel channel estimation procedure
provides lower bit error rates, especially at SNRs higher than 8 dB.
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VII The Impact of Channel Estimation Errors
on the Performance of MIMO Communi-
cation Systems Utilizing Water Filling

In conventional wireless communication systems the transmitter and receiver
utilize a single antenna only, and thus these systems are referred to as Single-
Input Single-Output (SISO) systems. The main objective of any communica-
tion system is to provide the user with a fast (high data rates) and reliable
connection (good quality link). The maximum possible data rate (bits per
seconds) is governed by Shannon’s capacity theorem [66, 67], dating back to
1948. One way of increasing the capacity of the systems is by using higher
(or broader) bandwidth.

The use of mobile communication systems has seen a tremendous growth
in the last decade. This growth is expected to continue in the areas of mobile
broadband services, in which each user requires larger bandwidth to support
higher data rate with better quality of service. However, bandwidth is a
scarce resource and thus other techniques are required in order to increase the
capacity within the available spectrum in such systems. Therefore, instead of
adding expensive bandwidth to the system to increase the capacity, we can
increase it by adding extra antennas at the transmitter side, the receiver side
or both. Adding extra antennas makes it possible to exploit the advantages
of spatial (space) diversity in the system. A system where multiple antennas
are employed at the transmitter only is denoted as Multiple-Input Single-
Output (MISO) system and is said to utilize transmit diversity. Similarly, a
system where multiple antennas are employed at the receiver only is denoted as
Single-Input Multiple-Output (SIMO) and is said to utilize receive diversity.
An important feature of MISO and SIMO systems is that capacity scales
logarithmically with the number of antennas. On the other hand, if antennas
are added simultaneously on both sides, then the capacity will scale linearly
with min(NT , NR), where NT is the number of transmitter antennas and NR

the number of receiver antennas [68, 69, 70, 71, 72, 73, 74]. Consequently,
MIMO systems have an advantage since they can provide more capacity than
SISO, SIMO and MISO systems, respectively.

The design of a practical MIMO system that can deliver the capacity
promised above is not a simple matter, and depends on whether Channel
State Information (CSI), i.e. channel estimates, is available to the transmitter
or not. When CSI is available, parallel subchannels can be found by SVD
[75, 70]. Power can then be distributed to the subchannels by using loading
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algorithms such as water-filling [76, 73, 77, 78, 79, 80, 81], also known as water-
pouring or the greedy algorithm. In water-filling, more power is allocated to
better subchannels in order to maximize the capacity. The performance of
these algorithms is dependent of the quality of the CSI estimates [82]. Other
algorithms have to be used when CSI is not available to the transmitter [83].

In Part VII of the thesis three types of power allocation algorithms for
MIMO wireless communication systems are considered. The first algorithm
is the conventional UnConstrained Water-Filling (UC-WF) where power is
poured into subchannels so that total capacity is maximized. The second al-
gorithm is an improvement of UC-WF and is denoted as Constrained Water-
Filling (C-WF). Here, power is not wasted on subchannels which get too low
SNR. The final algorithm we investigated is termed as Equal SNR Power
Allocation (ES-PA) where power is distributed so that all subchannels get the
same SNR. The performance of these algorithms is compared by employing
Monte Carlo simulations in Matlab. Additionally, the C-WF is evaluated in
the presence of channel estimation errors. It is observed that C-WF has the
best performance, followed by UC-WF. The ES-PA has the worst perfor-
mance. It is also seen that the performance gradually decreases as a function
of the degree of channel estimation error.
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Abstract

Due to the explosive demands for high speed wireless services, such
as wireless Internet, email and cellular video conferencing, digital wire-
less communications has become one of the most exciting research top-
ics in electrical and electronic engineering field. The never-ending de-
mand for such personal and multimedia services, however, demands
technologies operating at higher data rates and broader bandwidths.
In addition, the complexity of wireless communication and signal pro-
cessing systems has grown considerably during the past decade. There-
fore, powerful computer-aided techniques are required for the process of
modeling, designing, analyzing and evaluating the performance of digi-
tal wireless communication systems. In this paper we discuss the basic
propagation mechanisms affecting the performance of wireless commu-
nication systems, and present a simple, powerful and efficient way to
simulate digital wireless communication systems using Matlab. The
simulated results are compared with the theoretical analysis to validate
the simulator. The simulator is useful in evaluating the performance of
wireless multimedia services and the associated signal processing struc-
tures and algorithms for current and next generation wireless mobile
communication systems.

1 Introduction

Over the last decade the world has witnessed explosive growth in the use
of wireless mobile communications. Looking around we find users with mo-
bile phones, wireless PDAs, pagers, MP3 players, and wireless headphones to
connect to these devices - a small testament of the impact of wireless com-
munications on our daily lives. In addition the burst of new technologies
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such as Bluetooth and ultra wideband (UWB) short-range wireless communi-
cation systems are encouraging the further development of a wide variety of
distributed wireless devices.
Second generation wireless mobile communication systems (e.g., GSM) are

mature technologies now. Radio communications are in the process of a qual-
itative leap due to the technological revolution and new services that have
emerged recently. The technical revolution and continuing growth of mobile
radio communication systems has been made possible by extraordinary ad-
vances in the related fields of digital computing, high-speed circuit technology,
the Internet and, of course, digital signal processing [1].
Third generation (3G) and next generation wireless mobile communication

systems should support a substantially wider and enhanced range of services
with respect to those supported by second generation systems. These services
include data, images and video, electronic mail, and interactive multimedia
communications. The never-ending quest for such personal and multimedia
services, however, demands technologies operating at higher data rates and
broader bandwidths [2]. This combined with the unpredictability and ran-
domness of the mobile propagation channel has created many new technically
challenging problems for which innovative, adaptive and advanced signal pro-
cessing algorithms may offer new and better solutions! In addition, modified
and improved modeling of fading channels is needed for the proper perfor-
mance evaluation of these emerging wireless communication systems.
There have been many papers on the modeling of mobile fading channels

[3-15]. However, in most papers the emphasis is either on showing the statisti-
cal properties of the simulator or the evaluation of the receiver’s equalization
and beamforming structures without giving great information or detailed im-
plementation of the simulators themselves. This is particularly a difficult task
for new research students needing to simulate the complicated digital commu-
nication systems in order to evaluate the performance of the different blocks
in the system. In this paper we present a simple, powerful and efficient way
for the simulation of digital wireless systems. The paper also discusses the
basic propagation mechanisms affecting the performance of wireless commu-
nication channels. We will also show how to implement these mechanisms
in a simulator and also provide theoretical analysis for comparing with the
simulated results. We are using Matlab, one of the most popular simulation
packages (especially in academia) for the design of communication systems.
The simulator is highly configurable; that is it is easy to change the modulation
technique or the rate to suit a particular service in multimedia communication
systems or by adding other structures (e.g. equalization, beamforming, etc.)
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for the proper evaluation of the system’s performance [16, 17]. An extended
version of the simulator to support space-time applications or multiple-input
multiple-output (MIMO) systems is also available [16] but not presented here
due to length consideration.
The paper is organized as follows. In Section 2, the basic propagation

mechanisms and parameters affecting the operation and performance of wire-
less communication systems are discussed. The Rayleigh fading channel and
processes and their statistical properties are also presented in Section 2. Sec-
tion 3 presents the simulator that we have implemented in Matlab and dis-
cusses its different functional blocks. The practical implementation of a chan-
nel impulse response with Rayleigh fading taps is discussed in Section 4. In
Section 5 the implemented simulator is verified by comparing the results from
Monte Carlo simulations to those results available in already published work
in the field. Finally the paper is concluded in Section 6.

2 The Wireless Channel

2.1 Physical Description

The propagation factors that affect the quality of the received signals in wire-
less communication systems are the path loss, large-scale fading and small-
scale fading [4].
The path loss is basically a drop in signal power as a function of distance.

When a mobile receiver moves away from the base station, i.e. when the dis-
tance increases, the signal will become weaker because of power loss in the
transmission medium. For free-space propagation, the signal strength is in-
versely proportional to the distance squared (i.e. 1/d2, where d is the distance
between the transmitter and receiver). Measurement of wireless channels have
found out that, in practice, the signal strength decreases more rapidly than
1/d2; a typical value often used in predicting propagation of wireless channels
is 1/d4. The path loss has the lowest rate of change of the three above-
mentioned propagation factors and the attenuation normally reaches 100-120
dB in the coverage area.
The large-scale fading varies faster than the path loss and is normally

described as a log-normal distributed stochastic process around the mean of
path loss. This type of fading is introduced because of the shadowing from
buildings and other structures in the environment. The large-scale fading
introduces attenuation of about 6-10 dB.
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The small-scale fading is, as the name implies, the fastest varying mecha-
nism amongst the three mentioned propagation factors. It is introduced as a
consequence of the multipath propagation together with the time-varying na-
ture of the channel. The multipath propagation arises from the fact that the
transmitted signal is reflected from objects such as buildings or mountains,
scattered from smaller objects such as lamp posts and diffracted at edges of
houses and roof-tops, etc. Hence, the signal will reach the receiver from dif-
ferent directions. Each path may have different delay, introducing a spread
in time (Delay Spread) of the received signals, indicating that the channel
may be characterized by an impulse response, where each impulse represents
a signal path with a certain delay. Depending on the maximum difference in
time between the first and last received signals, the maximum excess delay
Tm, and the inverse of the rate at which the symbols are transmitted, the
symbol duration Ts, the channel may be classified as frequency selective or
flat. The channel is said to be frequency selective when Tm > Ts, because
different frequencies of the transmitted signal will experience different amount
of attenuation. On the other hand, if Tm < Ts then the channel is said to be
flat since all frequencies of the transmitted signal would experience essentially
the same amount of attenuation.
The time-varying property of the small-scale fading is due to the Doppler

effect. Consider a fixed transmitter and a moving receiver. A transmitted
sinusoid in a single-path case will experience a frequency shift because of the
Doppler effect. Thus, in a multipath environment, the total effect on the
received signal will be seen as a Doppler spreading or spectral broadening of
the transmitted signal.
An important issue in the design of wireless communication systems is

the channel equalizer. The task of the equalizer is to estimate the impulse
response of the wireless channel and compensate for it by performing inverse
filtering. The objective is to retrieve the signal that was transmitted over the
channel by equalizing or reversing (inverse filtering) the effect of the channel.
The major impediment to efficient equalization is the small-scale fading. The
focus of this paper is the implementation of a simulator to be used in the
development and simulation of equalizers (see [16, 17] for example). Therefore
the focus will be on the implementation of a simulator for small-scale fading,
i.e. multipath propagation with Doppler effect. The other factors will not be
discussed further.
Extensive measurements (see [5, 20-22] for example) have been performed

in order to identify a suitable stochastic process to model a signal that is
affected by small-scale fading. Based on these measurement campaigns the
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Rayleigh process was suggested as a suitable model for nonline-of-sight prop-
agation. The Rayleigh process is implemented in the channel model in the
simulator in order to simulate the effects of the small-scale fading. The rele-
vant definitions and statistical properties of the Rayleigh process are given in
the next section, and its practical implementation in the simulator is discussed
in Section 4.

2.2 Mathematical Description

A continuous time complex Gaussian process is defined as

µ(t) = µ1(t) +
√−1µ2(t) (1)

with

µ1(t), µ2(t) ∈ N(0, σ2
0) (2)

where µ1(t) and µ2(t) are independent real Gaussian processes with variance
σ2

0 . The Power Spectral Density (PSD) for the complex Gaussian process
µ(t) was originally derived by Clarke [6] under the assumption of an idealized
model for omnidirectional antennas where the wave propagation occurs in
the two-dimensional plane. The angle of arrival is assumed to be uniformly
distributed from 0 to 2π. The PSD is

Sµµ(f) = Sµ1µ1(f) + Sµ2µ2(f) (3)

with

Sµiµi
(f) =




σ2
0

πfmax

q
1−( f

fmax )
2 , |f | ≤ fmax

0 , otherwise
(4)

for i = 1, 2. Here fmax = v/λ denotes the maximum Doppler frequency. The
parameter v is the velocity of the mobile receiver. The wavelength λ of the
carrier is defined as λ = vlight/fc, where vlight is speed of light and fc is the
carrier frequency. Equation (4) is often referred to as Jakes PSD, even though
Clarke was the first to derive it.
A continuous-time real valued Rayleigh process is obtained by taking the

absolute value of the complex Gaussian process, i.e.

ζ(t) = |µ(t)| =
√
µ2

1(t) + µ2
2(t). (5)
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Important statistical properties for the Rayleigh process are the Level Cross-
ing Rate (LCR), the Average Fade Duration (AFD) the Probability Density
Function (PDF) and the Auto-Correlation (ACR).
The LCR of the Rayleigh process ζ(t) is denoted by Nζ(x) and describes

how often the process crosses a level x in the positive direction within one
second. It is defined as

Nζ(x) =
√
2πfmax

x√
2σ0

exp

(
−
(

x√
2σ0

)2
)
, x ≥ 0. (6)

The AFD of the Rayleigh process ζ(t) denoted as Tζ(x) is the expected length
of the time intervals in which ζ(t) is below the level x. AFD is defined as [7]

Tζ(x) =
exp

(
2x/(

√
2σ0)

)− 1√
2πfmaxx/(

√
2σ0)

, x ≥ 0. (7)

Finally, the PDF equals

pζ(x) =
{ x

σ2
0
exp

(−x2/(2σ2
0)
)

, x ≥ 0
0 x < 0

(8)

and the ACR

rµµ(τ) = J0(2πfmax|τ |) (9)

where J0(·) is the zero-order Bessel function of the first kind.
In the next section an overview for the complete simulator is presented.

The Rayleigh process is part of the fading channel model in the simulator,
and is implemented using Jakes method which will be described in detail in
Section 4.

3 Overview of the Simulator

A simulator for wireless communication systems has been implemented in
Matlab. The simulator is shown in Figure 1 and consists of nine processing
blocks that implements the various aspects of a typical wireless communica-
tion system.
The first block (block 1) generates the binary data that will be transmitted

over the channel. The data can consist of continuous symbols or it can be
formatted slots which contains for example training sequences.
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The modulator (block 2) is responsible of modulating the binary data
with the chosen modulation technique. The output is, in general, a sequence
of symbols (i.e. complex numbers) at the symbol rate Fd symbols/second.
The interpolator (block 3) increases the sampling frequency to the fre-

quency used in the system, Fs samples/second, by inserting Fs/Fd − 1 zeros
between each input sample. The output is a sequence of “zero-padded” sym-
bols. The fraction Fs/Fd is denoted as the over sampling factor.
In order to limit the bandwidth used by the transmitter, the pulse train

from the interpolator is filtered or shaped (pulse shaping) by filters (block 4
and 6) in a way that does not introduce intersymbol interference. In the simu-
lator we use Square Root Raised Cosine (SRRC) filters at both the transmitter
and receiver sides, in order to fulfil the Nyquist criteria. We have also imple-
mented an equalizer in the receiver (block 6) for testing different equalizing
techniques [16, 17].
The channel model block in the simulator (block 5) implements both time-

invariant and time-variant channel impulse responses. Both frequency selec-
tive fading and flat fading may be generated for different velocities. The
Rayleigh fading signals are generated using Jakes method [6, 7, 8], described
in Section 4. Additive White Gaussian Noise (AWGN) is also implemented
in the model.
The optimal sampling point is found and used by the sampler (block 7) to

produce a signal at the symbol rate. The symbol rate signal is then demodu-
lated (block 8) and the received data is compared to the transmitted data in
the comparator (block 9) in order to calculate the Bit Error Rate (BER) of
the system.
One may add any other processing blocks that are needed in the particular

case that is under investigation. For example, if one is interested in the BER
for a particular coding scheme, one may add a source encoder and a channel
encoder between block 1 and 2. At the receiver side, the corresponding source
decoder and channel decoder are added between block 8 and 9. In this paper,
the focus is on the raw BER where no coding schemes are used.
We will now continue the discussion of the channel model block in Sec-

tion 4. Then, in Section 5, we will show BER-curves for different simulator
configurations and propagation scenarios.
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Figure 1: The functional blocks of the simulator.
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4 Simulation of Wireless Fading Channels

4.1 Jakes Method

A mobile fading channel without a line-of-sight path may be modelled as a
Rayleigh process as discussed in Section 2. On the other hand, if a line-of-
sight path is present a Rice process should be used instead. In this paper only
Rayleigh processes are considered which are generated using Equation (5).
When µ1(t) and µ2(t) are white, i.e. non-colored, the resulting signals µ(t)
and ζ(t) = |µ(t)| will contain samples that are totally uncorrelated. However,
it is well known that this is not the case for mobile channels [6]. In fact
µ(t) should have the PSD as given in (3). One way to accomplish this is to
filter the signals µ1(t) and µ2(t) so that (4) is fulfilled. Another way is to use
the theory of deterministic processes. More specifically, the Rice method [10,
11] may be used to create a fading signal by summing an infinite number of
weighted harmonic functions with equidistant frequencies and random phases:

µi(t) = lim
Ni→∞

Ni∑
n=1

ci,n cos (2πfi,nt+ θi,n) (10)

ci,n = 2
√
∆fiSµiµi

(fi,n) (11)

fi,n = n∆fi (12)

The expression (10) represents a zero-mean Gaussian process with the desired
PSD, Sµiµi

(f). The phases θi,n are random variables, uniformly distributed in
[0, 2π), and ∆fi is chosen in such a way that (12) covers the relevant frequency
range.
Jakes method [8] is a practical solution where the Rice method is applied

with a finite number of harmonic functions Ni to create a signal µi(t) with
the PSD given in (4). The Jakes method in its classical form can only be used
when one Rayleigh realization is desired. Therefore, Jakes method has to be
adjusted by including extra phase shifts in the oscillators in order to generate
several uncorrelated realizations [7, 12].
In the modified Jakes method the jth = 1, 2, . . . , jtot Rayleigh process in

discrete time is generated by

ζ(j)(n) = |µ(j)(n)| (13)
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where

µ(j)(n)) = µ
(j)
1 (n) +

√−1µ(j)
2 (n) (14)

The in-phase and quadrature components µ(j)
1 (n), µ

(j)
2 (n) are given by

µ
(j)
1 (n) =

2
K0∑
k=1

cos(βk) cos (ωdn cos (2πk/K + ξkj) + γkj)

+
√
2 cos

(
ωdn+ γ(K0+1)j

) (15)

µ
(j)
2 (n) =

2
K0∑
k=1

sin(βk) cos (ωdn cos (2πk/K + ξkj) + γkj)
(16)

The variables βk and γkj are stochastic variables uniformly distributed in
[0, 2π), K = 4K0 + 2 and ξkj is defined as

ξkj =
2π(j − 1)
jtotK

(17)

The parameter ωd = 2πfmax/Fs is the maximum Doppler frequency in rad/s
normalized with the sampling frequency Fs. The number of oscillators K0

has to be assigned a suitable value, see [7].
In order to ensure that the simulated fading channel is implemented prop-

erly, it is recommended to estimate the statistical properties (LCR, AFD, PDF
and ACR) of the Rayleigh process which had been generated using the Jakes
method or the modified Jakes method. A comparison between the estimated
statistics and the analytically derived statistics should show good agreement
[7] as will be confirmed in Section 5.2.

4.2 Generating the Discrete-Time Impulse Response

An impulse response of a baseband wireless channel consists in general of a
number of impulses; each impulse has its own phase, amplitude and delay
because of different travel distances and attenuation of the path it represents.
Thus, the continuous-time baseband impulse response can be represented as
the sum of impulses defined by

g(t) =
jtot∑
j=1

µ(j)(t)δ(t− τj) (18)
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where µ(j)(t) is a time-variant complex Gaussian coefficient with PSD given
by Equation (3), τj is the delay of the j-th path and δ(t) is the Dirac delta
function.
The impulse response in (18) may have infinite bandwidth. However, as

we have mentioned earlier, filtering is used in the transmitter and receiver for
bandwidth limitations, to satisfy the Nyquist criteria for (theoretically) zero
intersymbol interference and for the reduction of out-of-band noise. Taking
this into account, and considering an ideal brick wall Nyquist filter with cut-off
frequency Fc < Fs/2, the joint or total response becomes

g′(t) =
jtot∑
j=1

µ(j)(t)
sin (2πFc(t− τj))

π(t− τj)
. (19)

A discrete-time filter to be used in the simulator is obtained by sampling the
impulse response in (19), i.e. by setting t = n/Fs. It is worth mentioning that
in the simulator we have implemented Square Root Raised Cosine filtering at
both the transmitter and receiver sides, in order to fulfil the Nyquist criteria,
see Figure 1.
As an example, consider the continuous-time impulse response

h(t) = (−0.3 + 0.8i)δ(t− 1/Fs)
+(0.2 + 0.3i)δ(t− 2.3/Fs)

(20)

In Figure 2 we show the amplitude, phase and group delay for the continuous-
time and the discrete-time impulse response, respectively. The sampling fre-
quency is Fs = 315900 Hz and the cut-off frequency for the brick-wall filter is
Fc = 0.5Fs Hz. The number of filter coefficients (the designed filter length) is
16 coefficients which are also shown in Figure 2. It is evident from this figure
that the correspondence between the continuous-time filter and the discrete-
time filter is excellent. We conclude that the designed impulse response is in
good agreement with desired characteristics of the original continuous-time
response.

5 Computer Simulations

Implementing a simulator for wireless communications is a demanding task,
and if not implemented carefully many sources of errors can cause the simula-
tor to give false results. Therefore, it is crucial that the simulator is properly
verified so that it gives the expected results. Consequently, it is recommended
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Figure 2: Example of design of a discrete-time impulse response. The used
parameters are: Sampling frequency Fs = 315900 Hz, cut-off frequency for
the brick-wall filter Fc = 0.5Fs Hz, length of filter 16 coefficients, impulses
positioned at τ1 = 1/Fs and τ2 = 2.3/Fs seconds, and complex amplitudes
0.8i− 0.3 and 0.3i+ 0.2.
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to define a set of test cases that can be used to assure the reliability of the
simulator. The simulations were carried out on an IS-136 Cellular system,
with the carrier frequency set to 850 MHz and the sampling frequency of the
simulator was 24300 Hz.
In this section the simulator is verified by means of Monte Carlo (MC)

simulations. Three configurations are defined. In the first π/4-DQPSK mod-
ulated symbols are transmitted over a time-invariant AWGN channel. The
resulting BER is compared with the results available in the open literature
[18, 19]. In the second case one realization of a Rayleigh fading process is
generated. The statistics of the resulting process is estimated and compared
with the analytical expected statistics. Finally, the last test case verifies that
MC simulation gives the expected BER for transmission of π/4-DQPSK mod-
ulated symbols over a two-tap Rayleigh fading channel.
Note that no equalizer is needed in these test cases since π/4-DQPSK

modulation is used, where the information lies in the phase changes (relative
phase) and not in the phase itself (absolute phase).

5.1 Case 1 - Simulation of an AWGN Channel

In the first test case we consider a system with a channel that is subject to
AWGN only, and verify the simulation results by comparing them with the
theoretical results of the chosen modulation scheme.
We use a setting where we transmit 10000 π/4-DQPSK modulated sym-

bols in each of the 10 Monte Carlo simulation runs at the rate of 24300
symbols/second. In Figure 3 we show the BER curves for an over sampling
factor of 13 employing SRRC filtering with roll-off factor 0.2. It is evident
that the simulated and analytical BER are in good agreement. Consequently,
we conclude that the simulator, with a high-degree of confidence, is correctly
implemented.

5.2 Case 2 - Generation of a Rayleigh Fading Channel
Response

In the second test case the implementation of Jakes method is verified. The
test is performed in the same way as in [7]. First, one realization of a Rayleigh
fading channel is generated using Jakes method. Then, the resulting realiza-
tion is used to estimate the relevant statistics (i.e. the LCR, AFD, PDF
and ACR). In Figures 4-6 the estimated LCR, AFD and PDF are shown to-
gether with the expected analytical curves for a normalized Doppler frequency
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fn = ωd/(2π) = 0.01. From these figures we can see good agreement between
the results of the simulated and analytical statistics. The ACR show the same
good agreement but is not shown here.

5.3 Case 3 - Simulation of a Two-Tap Rayleigh Fading
Channel

In the last test case Jakes method is verified in terms of BER results. The
configuration of the test case is the same as described in [13]: A two-tap
(two-path) time-variant impulse response is constructed using the methods
discussed in this paper. Both taps are modelled as Rayleigh fading processes
using Jakes method and they have an average power C and D, respectively.
The second tap is placed 7 samples after the first one. It is assumed that no
noise is present. Figure 7 shows the BER versus C/D, i.e. the average power
ratio of the first path to the second path, in the two-path Rayleigh fading
channel. Again, we can see that the simulated and analytical results are in
good agreement.

6 Conclusions

The performance of wireless communications systems depends greatly on the
propagation environment and the radio channel condition. An understand-
ing of the wireless channel characteristics and the associated parameters is,
therefore, an essential step in the simulation, analysis and design of wireless
communication systems. This consequently allows the successful testing and
evaluation of the performance of present and future wireless communication
systems where the multimedia services and the advanced signal processing
algorithms are expected to play a major role. This article presented physical,
mathematical and statistical analysis of these systems. In addition, we have
also presented an efficient and simple approach using Matlab for the simula-
tion of digital wireless systems and compared its results with the theoretical
analysis. The simulator can be easily adapted for the proper analysis and
evaluation of the performance of emerging wireless technologies and services.
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Figure 3: BER as a function of Eb/N0: AWGN channel, over sampling
factor = 13 samples/symbol and SRRC-filter is used.
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The Projection Approximation Subspace

Tracking Algorithm Applied to Whitening and

Independent Component Analysis in Wireless

Communications

Ronnie Landqvist Abbas Mohammed

Abstract

In Blind Source Separation (BSS) the objective is to extract source
signals from their linear mixtures. Algorithms developed for Inde-
pendent Component Analysis (ICA) have proven useful in the field of
BSS. The Projection Approximation Subspace Tracking with Deflation
(PASTD) algorithm, originally developed for subspace tracking, has
been extended by using a nonlinear cost function so that it may be
used for ICA/BSS. Such algorithms most often require the input sig-
nals to be white. In this report we extend the PASTD algorithm so that
it can be used to whiten signals as a pre-processing step before ICA.
The performance of the ICA-algorithm is then evaluated for different
choices of whitening algorithms. The algorithms are also evaluated for
Binary Phase Shift Keying (BPSK) modulated data over Rayleigh fad-
ing channels usually encountered in wireless communications.

1 Introduction

Blind signal processing is an important field in adaptive signal processing.
Blind signal processing algorithms do not rely on training sequences as their
non-blind counterparts. Instead, some statistical properties of the signals are
used in order to adapt the algorithms. One interesting application is Blind
Source Separation (BSS) [1, 2], where the objective is to separate mutually
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statistically independent and unknown source signals from their linear mix-
tures. The task needs to be solved blindly, since the mixing matrix is unknown.
BSS may be used in many areas, for example medical signal processing, speech
processing, array processing and wireless communications.

One possible approach to BSS is to apply Independent Component Analysis
(ICA), introduced by Hérault, Jutten and Ans [3, 4, 5, 6] in a neurophysiologi-
cal setting in the early 1980s. The goal of ICA is to produce separated sources
that are statistically independent, or at least as independent as possible.

Sanger [7], Oja [8] and Xu [9] have proposed the use of nonlinear processing
algorithms for ICA. Pajunen and Karhunen [10] proposed that the nonlinear
Principal Component Analysis (PCA) subspace criterion [9, 11] could be used,
and they developed algorithms based on the Recursive Least Squares (RLS)
algorithm [12] for this purpose. They based their algorithm, here denoted the
Nonlinear PASTD (N-PASTD), on the Projection Approximation Subspace
Tracking (PAST) algorithm and the PASTD algorithm, earlier proposed by
Yang [13] for subspace tracking of principal components. The main reason for
using the RLS algorithm is that it converges faster than for example the gra-
dient based Least Mean Squares (LMS) algorithm for time-invariant channels.
When the channel is time-variant, the LMS might be better suited, depending
on the current environment. More details about ICA, BSS and PCA can be
found in excellent books such as [14] and [15].

For many ICA algorithms there is the prerequisite that the input signals
have to be white. In this report we extend the PASTD algorithm by Yang
so that it can be used to whiten signals as a pre-processing step before ICA.
The performance of the proposed algorithm, denoted PASTD for Whitening
(PASTD-W), is compared to a straight forward approach for whitening based
on Exact Eigendecomposition (EE). The algorithm proposed by Pajunen and
Karhunen is then used for ICA, and its performance is evaluated for different
choices of prewhitening algorithms.

The whitening and ICA algorithms are also evaluated in the case of time-
variant channels. In particular, Rayleigh fading channels are used in the
simulations. It is a fact that many wireless channels may be described as
Rayleigh processes [16, 17, 18, 19] when the receiver is non-stationary, as is
the case in for example cellular mobile systems. The algorithms are evaluated
for Rayleigh fading channels employing BPSK modulation.

The report is outlined as follows. In Chapter 2 Yang’s PAST and PASTD
algorithms are introduced and derived. The derivation of the PASTD algo-
rithm from PAST is treated more rigorously than in other texts on the same
subject. The extensions by Pajunen and Karhunen to the nonlinear PCA cri-
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terion are also presented. In Chapter 3 the problem of whitening is discussed,
and the PASTD algorithm is adapted so that it can be applied to whitening of
mixed signals. Chapter 4 treats the subject of ICA and shows the performance
of the N-PASTD for different choices of prewhitening algorithms. In Chapter
5 the Rayleigh fading channel is introduced and discussed. The application of
whitening and ICA algorithms for mobile fading channels are then evaluated
by computer simulations. Finally, Chapter 6 concludes the report.

2 The Projection Approximation Subspace
Tracking (PAST) Algorithm and its Exten-
sions

2.1 The PAST Algorithm

In [13], Yang proposed the PAST algorithm for the tracking of principal com-
ponents. The derivation of PAST starts with the definition of the scalar cost
function J(W(n)), also denoted the linear Principal Component Analysis cri-
terion [10],

J(W(n)) = E
{∥∥x(n) −W(n)W(n)Hx(n)

∥∥2
}

, (1)

with the argument W(n) ∈ Cm×r (r < m) and the data vector x(n) ∈
Cm×1. The error surface of this function has several local minima and one
global minimum. At a local minimum it holds that W(n) = UrQ1 with any
subset of eigenvectors1 of Rxx = E

{
x(n)xH(n)

}
in Ur ∈ Cm×r. The matrix

Q1 ∈ Cr×r is an arbitrary unitary matrix. When J(W(n)) attains its global
minimum, Ur will contain not just any eigenvectors, it will contain the r
dominant eigenvectors. The interested reader can find the proofs in [13].

The cost function J(W(n)) may be minimized by the application of a
gradient-descent technique or any recursive least squares variant. Here we
apply the well known RLS algorithm. This is possible when the cost function
is rewritten in the form

J ′(W(n)) =
n∑

i=1

βn−i
∥∥x(i) −W(n)WH(n)x(i)

∥∥2
, (2)

1In the neural network community, the eigenvectors of the correlation matrix of the data
is often denoted principal components.
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where the expectation operator has been replaced with the exponentially
weighted sum with the forgetting factor β. If the forgetting factor equals
the value 1, all the samples are given the same weight and no forgetting of
old data takes place. If, on the other hand, the forgetting factor is chosen
as 0 < β < 1, the resulting algorithm can be used for tracking of nonsta-
tionary changes in the sources. We still have to rewrite the cost function (2),
since it is a fourth-order function of the elements of W(n). By approximating
WH(n)x(i) with WH(i− 1)x(i) we get yet another cost function

J ′′(W(n)) =
n∑

i=1

βn−i
∥∥x(i) −W(n)WH(i− 1)x(i)

∥∥2
(3)

or with x′(i) = WH(i− 1)x(i)

J ′′(W(n)) =
n∑

i=1

βn−i ‖x(i) −W(n)x′(i)‖2
. (4)

This cost function is quadratic and has a similar form to the cost function
of the RLS algorithm found, for example, in [12]. The only difference is that
here an error vector e(n) is needed instead of an error scalar e(n). We conclude
that we may approximately minimize the original cost function J(W(n)) by
using RLS with the input signal x′(n) = WH(n − 1)x(n) and the desired
signal x(n). Consequently, the PAST algorithm may be summarized by the
following equations:

for n = 1, 2, . . .

x′(n) = WH(n− 1)x(n) (5)
h(n) = P(n− 1)x′(n) (6)

g(n) = h(n)/
(
β + (x′(n))Hh(n)

)
(7)

P(n) = β−1tri
{
P(n− 1) − g(n)hH(n)

}
(8)

e(n) = x(n) −W(n− 1)x′(n) (9)

W(n) = W(n− 1) + e(n)gH(n) (10)
end

In the equations, h(n) and g(n) are variables used in intermediary calcu-
lations of the RLS. The notation tri{·} means that only the upper triangular
part of the argument is computed and its transpose is copied to the lower



The Projection Approximation Subspace Tracking Algorithm Applied to Whitening and

Independent Component Analysis in Wireless Communications 57

triangular part, thus making the matrix P(n) ≈ Rxx
−1(n) symmetric. The

algorithm does not require any matrix inversions, consequently the most com-
plicated operation is division by a scalar.

It is important to note that when PAST has converged, W does not contain
the eigenvectors of the correlation matrix. This is because the cost function
is not uniquely determined when the cost function is minimized. The product
WWH , on the other hand, is unique and equals the signal subspace projection
matrix.

2.2 The PASTD Algorithm

The PASTD algorithm is an extension of PAST where the deflation technique
is used for sequential estimation of the eigenvectors and eigenvalues. Accord-
ing to the Karhunen-Loève expansion [12], any data vector x(n) drawn from
a zero mean wide-sense stationary process with correlation matrix Rxx may
be expanded as a linear combination of the eigenvectors wi of the correlation
matrix,

x(n) =
∑

i

wH
i x(n)wi . (11)

The first step in PASTD is to update the most dominant eigenvector by
applying PAST with r = 1, then the contribution of the dominant eigenvec-
tor in (11) is removed by subtraction. Now the second dominant eigenvector
becomes the most dominant, and can be extracted in the same way. This pro-
cedure is applied repeatedly until all desired eigencomponents are estimated.

In order to derive the PASTD algorithm we have to translate the equations
of the PAST algorithm into a suitable form, recognizing that for r = 1 most
of the matrices and vectors will become vectors or scalars, respectively. We
also have to introduce the index i in the variables to denote what subspace
vector we are operating on.

The first equation in PAST, Equation (5), may be rewritten as

x′i(n) = wH
i (n− 1)xi(n) , (12)

where x1(n) = x(n) and wi(n) ∈ Cm×1 is the estimate of the ith most domi-
nant eigenvector. Equation (6) becomes

hi(n) = Pi(n− 1)x′i(n) (13)

and since Pi(n) is a scalar we may define di(n) = 1/Pi(n) and thus

hi(n) = x′i(n)/di(n− 1) . (14)
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Similarly Equation (7) becomes

gi(n) =
hi(n)

β + x′∗i (n)hi(n)
(15)

and (8)
Pi(n) = β−1 (Pi(n− 1) − gi(n)h∗i (n)) . (16)

A more instructive form is (see Appendix A.1 for proof)

di(n) = βdi(n− 1) + |x′i(n)|2 . (17)

We continue in the same manner, and Equation (9) becomes

ei(n) = xi(n) −wi(n− 1)x′i(n) (18)

and Equation (10) (see Appendix A.2 for proof)

wi(n) = wi(n− 1) + ei(n)x
′∗
i (n)/di(n) . (19)

The final step is to remove the contribution of the current eigenvector i from
the Karhunen-Loève expansion (11)

xi+1(n) = xi(n) − x′i(n)wi(n)
= xi(n) −wH

i (n− 1)xi(n)wi(n)
≈ xi(n) −wH

i (n)xi(n)wi(n) .
(20)

This deflation step is approximate since wi(n) is an estimate and since we are
using wH

i (n−1)xi(n)wi(n) instead of the more up-to-date wH
i (n)xi(n)wi(n).

The motives for using (17) instead of (16) are twofold. First, by using
(17) one does not need to use (13), (14) and (15) since they are not part of
(17). Second, it is clear that (17) is an estimate of the ith most dominant
eigenvalue of Rxx because

E
{
|x′i(n)|2

}
= E

{
x′i(n)x

′∗
i (n)

}
= E

{
wH

i (n− 1)xi(n)xH
i (n)wi(n− 1)

}
= wH

i (n− 1)Rxixi
wi(n− 1) ,

(21)

which is equal to the eigenvalue corresponding to the eigenvector wH
i (n− 1).
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The PASTD algorithm is summarized by the equations:

for n = 1, 2, . . .

x1(n) = x(n) (22)
for i = 1, 2, . . . , r

x′i(n) = wH
i (n− 1)xi(n) (23)

di(n) = βdi(n− 1) + |x′i(n)|2 (24)
ei(n) = xi(n) −wi(n− 1)x′i(n) (25)

wi(n) = wi(n− 1) + ei(n)x
′∗
i (n)/di(n) (26)

xi+1(n) = xi(n) −wi(n)x′i(n) (27)
end

end

When PASTD has converged, the vectors wi will contain estimates of the
eigenvectors of the correlation matrix of the data in x(n). The corresponding
eigenvalues may be calculated by dividing di(n) with the effective window
length 1/(1 − β) when β 	= 1 or n when β = 1.0.

2.3 Extension of PAST and PASTD to Nonlinear Cost
Functions

In [10] Pajunen and Karhunen extended the PAST and PASTD algorithms
so they can be used for minimizing a nonlinear cost function. The motivation
is to use the extended algorithms for blind source separation. Specifically
they minimize a cost function J(W(n)) which they denoted the Nonlinear
PCA (N-PCA),

J(W(n)) = E
{∥∥x(n) −W(n)q

(
W(n)Hx(n)

)∥∥2
}

, (28)

where the function q(t) usually is some odd function such as q(t) = tanh(t).
The function calculates tanh of each element of the argument vector t. The
derivation is performed with the same steps as for the PAST algorithm. First,
the expectation operator is replaced with the exponentially weighted sum with
the forgetting factor β, giving

J ′(W(n)) =
n∑

i=1

βn−i
∥∥x(i) −W(n)q

(
WH(n)x(i)

)∥∥2
. (29)
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Then we approximate WH(n)x(i) with WH(i − 1)x(i) and define x′(i) =
q
(
WH(i− 1)x(i)

)
. The result is

J ′′(W(n)) =
n∑

i=1

βn−i ‖x(i) −W(n)x′(i)‖2
. (30)

The resulting algorithm has exactly the same form as the PAST algorithm
with the only exception that the calculation of x′ involves the nonlinearity
q(·). The algorithm is denoted the Nonlinear PAST (N-PAST) algorithm,
and it is summarized by the equations:

for n = 1, 2, . . .

x′(n) = q
(
WH(n− 1)x(n)

)
(31)

h(n) = P(n− 1)x′(n) (32)

g(n) = h(n)/
(
β + (x′(n))Hh(n)

)
(33)

P(n) = β−1tri
{
P(n− 1) − g(n)hH(n)

}
(34)

e(n) = x(n) −W(n− 1)x′(n) (35)

W(n) = W(n− 1) + e(n)gH(n) (36)
end

The extended version of PASTD, the N-PASTD, is obtained from PASTD
in the same way as N-PAST is obtained from PAST. The N-PASTD is sum-
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marized by the following equations:

for n = 1, 2, . . .

x1(n) = x(n) (37)
for i = 1, 2, . . . , r

x′i(n) = q
(
wH

i (n− 1)xi(n)
)

(38)

di(n) = βdi(n− 1) + |x′i(n)|2 (39)
ei(n) = xi(n) −wi(n− 1)x′i(n) (40)

wi(n) = wi(n− 1) + ei(n)x
′∗
i (n)/di(n) (41)

xi+1(n) = xi(n) −wi(n)x′i(n) (42)
end
W(n) = [w1(n), · · · ,wr(n)] (43)

y(n) = WHx(n) (44)
end

In [14] this algorithm is referred to as ”the nonlinear recursive least-squares
algorithm”. Note that we also added the calculation of an output signal y(n)
(Equation (44)). When the algorithm has converged, the output will contain
the independent components, i.e. the separated sources.

3 Projection Approximation Subspace Track-
ing with Deflation (PASTD) for Whitening

3.1 Spatial Whitening

In this chapter we consider the following channel model:
 x1(n)

...
xm(n)




︸ ︷︷ ︸
x(n)

=


 a11 · · · a1m

...
...

am1 · · · amm




︸ ︷︷ ︸
A


 s1(n)

...
sm(n)




︸ ︷︷ ︸
s(n)

+


 v1(n)

...
vm(n)




︸ ︷︷ ︸
v(n)

(45)

Here, the m source signals in s(n) are mixed by the mixing matrix A and
then received by the m sensors in x(n). The received signals in x(n) may
also be affected by additive noise denoted by v(n). From here on, we do not
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explicitly write out the sample time n in order to improve readability. Using
matrix notations, (45) can be written as

x = As + v . (46)

The correlation matrix of the signals s is assumed to equal

Rss = E
{
ssH
}

= I (47)

and the correlation matrix for the noise is given by

Rvv = σ2
vI . (48)

The noise vector v is assumed to be uncorrelated to the signal vector s, i.e.

E
{
svH

}
= 0 . (49)

The correlation matrix for the mixed signals x is found as a function of A,
Rss and Rvv, respectively,

Rxx = E
{
xxH

}
= E

{
(As + v)(As + v)H

}
= E

{
AssHAH + AsvH + vsHAH + vvH

}
= ARssAH + Rvv .

(50)

The ultimate goal is to reverse the mixing process of the channel so that
we restore the original signals. We do that by simply pre-multiplying the
sensor data x with a unmixing matrix Q,

ŝ = Qx . (51)

3.1.1 The Zero Forcing (ZF) solution

The Zero Forcing (ZF) solution is defined as the unmixing matrix Q which
results in perfect separation of the source signals plus a noise term, i.e

ŝ = s + v2 (52)

where v2 is a noise vector. One possible solution is

Q = A−1 (53)

since in this case

ŝ = Qx = A−1(As + v) = A−1As + A−1v = s + A−1v = s + v2 . (54)

Here v2 = A−1v is the resulting noise term. This choice of Q has the following
properties:
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• The solution Q = A−1 only exists when the m-by-m mixing matrix A
is invertible, i.e. when A is non-singular.

• If A is close to singular, i.e. when the condition number ||A||F ||A−1||F
is large, then the norm of the inverse, ||A−1||F , is likely to be large2.
The result is that the noise level in v2 will be higher in comparison to
the signal s, i.e. the result will have poor Signal to Noise Ratio (SNR).

In other words, the solution Q = A−1 is practical as long as the condition
number of A, ||A||F ||A−1||F , is low. A high condition number results in
amplification of the noise and eventually the no-existence of A−1.

A second choice of the unmixing matrix is the Moore-Penrose pseudoin-
verse [20]

Q = A+ . (55)

The pseudoinverse is calculated by performing the Singular Value
Decomposition (SVD) [20, 21] of the mixing matrix A, resulting in A =
UΣVH , where U and V are unitary3 matrices and Σ is a diagonal matrix
containing the ordered4 singular values of A. By discarding singular val-
ues that are zero, A may also be decomposed as A = UrΣrVH

r , where5

Ur = U(:, 1 : r), Σr = Σ(1 : r, 1 : r) and Vr = V(:, 1 : r). Here, r is the num-
ber of nonzero singular values. From this decomposition, the pseudoinverse is
calculated as

A+ = (UrΣrVH
r )−1 = (VH

r )−1Σ−1
r U−1

r = VrΣ−1
r UH

r . (56)

The inverse of Σr is easily computed as

Σ−1
r = diag

{
1
σ1

, · · · ,
1
σr

}
(57)

since Σr is a diagonal matrix Σr = diag {σ1, · · · , σr}, σi 	= 0. The choice
Q = A+ has the following properties:

• If the mixing matrix A is non-singular, then the pseudoinverse A+ =
VrΣ−1

r UH
r is equal to A−1.

2It is assumed that ||A||F is small
3A complex valued matrix U is said to be unitary if UHU = I. For a unitary matrix

|detU| = 1 and U−1 = UH .
4Σ = diag{σ1, · · · , σr}, σ1 ≥ · · · ≥ σr > σr+1 = · · ·σp = 0
5These are Matlab notations. As an example, A(1 : 2, 1 : 5) means the submatrix of A

constituting the first two rows and the first five columns of A.
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• If the mixing matrix A is singular, then at least one singular value will
be zero. As a result, at least one singular value will be discarded and
A+ = VrΣ−1

r UH
r 	= A−1.

• The pseudoinverse is the solution to the minimization problem

min
X∈R

||AX− I||F .

• It is possible to set a tolerance level when computing the pseudoinverse.
All singular values that are larger than this tolerance level will be dis-
carded. This can be used to put a limit on the norm of the pseudoinverse.
By doing so, the noise amplification can be confined to be below some
threshold at the expense of the separation becoming less precise.

To conclude, the best choice of these two unmixing matrices is the pseu-
doinverse. The reasons are threefold:

• When A is nonsingular, both choices result in the same solution.

• When A is close to singular A−1 will result in large noise amplification.
The noise amplification may be limited by choosing a proper tolerance
level when calculating A+. This is not possible for A−1.

• The pseudoinverse exists even though A is singular. The inverse A−1

does not exist.

Note that in order for ZF to be possible, the mixing matrix A has to
be available at the receiver via channel estimation. In this report it is as-
sumed that A is not available and the separation relies on an estimate of the
correlation matrix Rxx. This is described in the following sections.

3.1.2 The whitening problem

We want to accomplish the separation by the use of on-line ICA algorithms.
These algorithms will provide a significantly increased performance if the in-
put data is white, which means that the correlation matrix of the input to
the ICA algorithms should equal the identity matrix. In order to accomplish
this, we factor Q into two parts,

ŝ = QicaQwx, (58)
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where Qw is a whitening matrix that is chosen so that the correlation matrix
of y = Qwx equals the identity matrix, i.e.

Ryy = E
{
yyH

}
= E

{
QwxxHQH

w

}
= QwRxxQw

H (59)

should equal I. The matrix Qica is the unmixing matrix found by ICA in
order to make ŝ = Qicay close to the desired signals s.

One matrix Qw that whitens the data is

Qw = D−1/2EH (60)

where the orthogonal matrix E and the diagonal matrix D contains the eigen-
vectors and eigenvalues of Rxx found by eigendecomposition Rxx = EDEH .
That the matrix Qw really whitens the data can be seen from the resulting
Ryy, since

Ryy = QwRxxQw
H = D−1/2 EHE︸ ︷︷ ︸

I

DEHE︸ ︷︷ ︸
I

D−1/2

= D−1/2DD−1/2 = D+1/2D−1/2 = I .
(61)

Actually, any matrix UQw, where U is an orthonormal matrix, is also a
whitening matrix because if y = UQwx then

Ryy = UQwRxxQw
H︸ ︷︷ ︸

I

UH = UUH = I . (62)

Another whitening matrix is the inverse square root of Rxx,

R−1/2
xx = ED−1/2EH , (63)

which is used as the whitening matrix in this report.

Example 1. Assume that the mixing matrix is

A =
[

5 10
10 2

]
. (64)

In this case the correlation matrix of the sensor data x(n) becomes (assuming
no noise and Rss = I)

Rxx = ARssAH + Rvv = AAH =
[

125 70
70 104

]
(65)
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with the inverse square root, i.e. the whitening matrix

R−1/2
xx =

[
0.1066 −0.0385
−0.0385 0.1181

]
. (66)

The sensor data is whitened using the inverse square root, by{
y = Qwx
Qw = R−1/2

xx
. (67)

The correlation matrix for y is calculated as

Ryy = QwRxxQw
H ≈ I (68)

i.e. y will contain uncorrelated (or whitened) signals. It is important to note
that

y = QwAs =
[

0.1483 0.9889
0.9889 −0.1483

]
s , (69)

which implies that y will contain uncorrelated signals but they will not be
independent since QwA is non-diagonal.

In Figure 1 the signals in Example 1 are plotted for the case of s(n) being
a uniform distributed process: the sensor signal x(n) for the specified mixing
matrix is shown in (a), whitened signal y(n) in (b) and finally the desired
result of the independent components (i.e. ŝ(n)) in (c). We note that the
data in (a) is dependent and non-white, in (b) it is dependent but white,
and finally in (c) the data is independent and white. The signal in (b) was
produced by whitening as in the example. The signal in (c) is the output from
ICA, as will be described in Chapter 4.

The linear Principal Component Analysis criterion can be used for finding
the principal components, i.e. the eigenvectors of the correlation matrix. In
Example 2 below, a graph for the linear PCA criterion will be derived. The
example demonstrates that the linear PCA criterion is suitable for finding the
eigenvectors, which in turn can be used to find the inverse square root of the
correlation matrix. Here, the correlation matrix is assumed to be 2-by-2 and
the same mixing matrix as in the previous example will be used.
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Example 2. Consider the linear PCA criterion in Equation (1),

J(W(n)) = E
{∥∥x(n) −W(n)W(n)Hx(n)

∥∥2
}

. (70)

The objective of this example is to visualize this function for the special case
when W(n) is a real 2-by-1 vector instead of a matrix, i.e. W(n) = w(n) =
[w1, w2]T . The first step is to define

q(n) = x(n) −w(n)wT (n)x(n) (71)

By using the definition of x(n) from the channel model in Equation (45) this
expression can be rewritten as

q(n) =
(
I−w(n)wT (n)

)
As(n) . (72)

Now we can write the expression of J(W(n)) using q(n):

J(W(n)) = E
{
qT (n)q(n)

}
= E

{
sT (n)P(w(n),A)s(n)

}
= p11E

{
s2
1

}
+ (p21 + p12) E {s1s2} + p22E

{
s2
2

} (73)

where we have defined

P(w(n),A) =
(

p11 p12

p21 p22

)
= AT

(
I−w(n)wT (n)

)T (
I−w(n)wT (n)

)
A

(74)
The elements of P(w(n),A) can be calculated by these analytical expressions:

p11 =
((

1 − w1
2
)
a11 − w1 w2 a21

)2
+
(−w1 w2 a11 +

(
1 − w2

2
)
a21

)2
(75)

p22 =
((

1 − w1
2
)
a12 − w1 w2 a22

)2
+
(−w1 w2 a12 +

(
1 − w2

2
)
a22

)2
(76)

p12 =
((

1 − w1
2
)
a11 − w1 w2 a21

) ((
1 − w1

2
)
a12 − w1 w2 a22

)
+(−w1 w2 a11 +

(
1 − w2

2
)
a21

) (−w1 w2 a12 +
(
1 − w2

2
)
a22

) (77)

p21 =
((

1 − w1
2
)
a11 − w1 w2 a21

) ((
1 − w1

2
)
a12 − w1 w2 a22

)
+(−w1 w2 a11 +

(
1 − w2

2
)
a21

) (−w1 w2 a12 +
(
1 − w2

2
)
a22

) (78)

where the elements of the mixing matrix A are denoted a11, a12, a21 and a22,
as before.

The function J(W(n)) can now be evaluated by Equation (73) where
p11, p12, p21 and p22 are given by Equations (75)-(78).

In Figure 2, J(W(n)) is plotted for the special case where
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• A =
[

5 10
10 2

]
• E

{
s2
1

}
= 1

• E {s1s2} = 0

• E
{
s2
2

}
= 1

It can be observed from the figure that J(W(n)) has four local minima. The
minima are marked with crosses in the 2D graph and with lines in the 3D
graph. One pair of minima is positioned on the ”hills” and one pair in the
valleys. Each pair constitutes an eigenvector with two possible signs. The
pair on the hills is the eigenvector of the correlation matrix with the corre-
sponding lowest eigenvalue and the valley pair the eigenvector corresponding
to the highest eigenvalue, respectively. It is evident that the eigenvectors of
the correlation matrix can be identified from J(W(n)) by using optimization
techniques. A global minimization of the function will give the eigenvector
corresponding to the highest eigenvalue.

3.2 PASTD for Whitening

The idea here is to use the PASTD algorithm to adapt the whitening matrix
Qw. Since the PASTD algorithm estimates the eigenvectors and eigenvalues
of the correlation matrix of the input data (i.e. the principal components) for
each sample, these can be used to find Qw = R−1/2

xx via (63). In this applica-
tion, we have to use PASTD with r = m, since we need all the eigenvectors
and eigenvalues.

Our proposed version of the PASTD algorithm, denoted here as PASTD
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Figure 1: Example of whitening and ICA in the case of L = 2 sources and
sensors: Scatter plot of sensor data x(n) = [x1(n), x2(n)]T in (a), whitened
data y(n) = [y1(n), y2(n)]T in (b) and independent components ŝ(n) =
[ŝ1(n), ŝ2(n)]T in (c).
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for Whitening (PASTD-W), may be summarized as follows:

for n = 1, 2, . . .

x1(n) = x(n) (79)
for i = 1, 2, . . . ,m

x′i(n) = wH
i (n− 1)xi(n) (80)

di(n) = βdi(n− 1) + |x′i(n)|2 (81)
ei(n) = xi(n) −wi(n− 1)x′i(n) (82)

wi(n) = wi(n− 1) + ei(n)x
′∗
i (n)/di(n) (83)

xi+1(n) = xi(n) −wi(n)x′i(n) (84)
end
E(n) = [w1(n), · · · ,wm(n)] (85)

D−1/2(n) =
√

α diag
{√

d1(n), · · · ,
√

dm(n)
}

(86)

R−1/2
xx (n) = E(n)D−1/2(n)EH(n) (87)

Qw(n) = R−1/2
xx (n) (88)

y(n) = Qw(n)x(n) (89)
end

In comparison to the original PASTD-algorithm, (22)-(27), the inner for-loop
iterates over all m eigenvectors instead of only over r < m signal subspace
eigenvectors. Also, (85)-(89) are introduced for the calculation of the inverse
square root of the correlation matrix of the data. The inverse square root
is then used as the whitening matrix when the whitened output y(n) of the
algorithm is calculated. The operator diag{·} produces a square matrix with
the elements of the vector argument on the main diagonal. Here α = (1 − β)
is the inverse effective window length.

Note that if the forgetting factor β is chosen as 1.0 then the algorithm
will have infinite memory (not forgetting old statistics) and (86) has to be
modified so that multiplication by zero is avoided. In our implementation the
factor α of (86) is replaced with the inverse sample index 1/n when β = 1.0.

3.3 Exact Eigendecomposition

We propose a new algorithm denoted the Exact Eigendecomposition (EE)
to be used as a reference algorithm when investigating the performance of
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PASTD-W. The EE algorithm estimates the correlation matrix of the data
using

R̂xx(n) = βR̂xx(n− 1) + x(n)xH(n) . (90)

This update function incorporates a forgetting factor β, so the update can
be applied to nonstationary signals. The correlation matrix estimate is used
for calculating the eigenvectors and eigenvalues by calling the EIG-function
in Matlab. Matlab uses LAPACK routines to compute eigenvalues and eigen-
vectors [22]. Finally, the whitening matrix is calculated in the same way as
in PASTD-W. The EE algorithm is summarized by the equations:

for n = 1, 2, . . .

R̂xx(n) = βR̂xx(n− 1) + x(n)xH(n) (91)

{E(n),D(n)} = eig{(1 − β) R̂xx (n)} (92)

R−1/2
xx (n) = E(n)D−1/2(n)EH(n) (93)

Qw(n) = R−1/2
xx (n) (94)

y(n) = Qw(n)x(n) (95)
end

Here eig {·} denotes the call to the Matlab-function EIG. The function returns
a matrix containing the eigenvector E and a diagonal matrix D with the
corresponding eigenvalues. The inverse square root of D, i.e. D−1/2 can be
calculated by simply taking the inverse square root of the elements of D since
it is diagonal. If the forgetting factor β is chosen as 1.0, then the factor 1− β
in (92) has to be replaced with the inverse sample index 1/n for the same
reason as for PASTD-W.

Key differences between EE and PASTD-W are:

• EE estimates the principal components of the data by calculating eigen-
values and eigenvectors of an estimate of the correlation matrix formed
by Equation (91). PASTD-W does not estimate the correlation matrix,
instead it updates the eigenvectors and eigenvalues directly by using
equations (81) and (83), respectively.

• EE operates by directly estimating the correlation matrix Rxx. PASTD-
W minimizes the quadratic cost function J ′′(W(n)) in Equation (4).
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3.4 Computer Simulations

We have tested PASTD-W and EE with the objective that the output signal
vector y(n) should have a correlation matrix equal to the identity matrix. We
measured how well this objective was fulfilled by evaluating the cost function

J(n) = Mean
{‖Ryy(n) − I‖F

}
, (96)

where ‖·‖F denotes the Frobenius norm, i.e. the square root of the sum of the
absolute squares of the elements of the matrix argument. An overview of the
simulation setup is shown in Figure 3.

The results are shown in Figures 4 and 5, where one realization of the
cost function (96) is shown on the top followed by averages of 10 and 100
realizations, respectively. In the simulation, the sources were simply modelled
as stochastic processes generating samples from a uniform distribution with
unit variance and zero mean, i.e. a sub-Gaussian process. In each Monte
Carlo simulation run 5000 samples were generated. The channel matrix was
initially the same as in Example 1 on page 65,

A1 =
[

5 10
10 2

]
, (97)

and after 2500 samples it was changed in order to simulate a transient in the
channel. The new matrix was

A2 =
[

8 13
12 1

]
. (98)

In Figure 4 the algorithms were simulated for a forgetting factor β = 1.0. The
results confirm that the algorithms converge. However, they cannot adapt to
changes in the channel matrix because of the choice of β. An interesting
feature is that EE converges faster than PASTD-W and that it has a lower
steady-state error. We believe the approximations done in PASTD-W to be
the cause for the loss of performance in comparison to EE. In Figure 5 the
results for the algorithms when β = 0.99 are shown. For this new value of
β the performance of the algorithms are comparable, since they show the
same convergence rate as well as steady-state error. The steady-state error
has increased by few dB’s because of the change in the forgetting factor. In
return, the algorithms can converge after the change of the channel matrix at
sample 2500.

In Figure 6 the results are shown for the same configurations as in Figure 5
with the only exception that the source generates BPSK symbols instead of
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Figure 3: Overview of the simulation of whitening algorithms EE and PASTD-
W.

uniformly distributed data. It can be seen that both PASTD-W and EE
converges and that they converge to approximately the same steady-state
error. EE converges slightly faster than PASTD-W.

4 Independent Component Analysis using
Nonlinear PASTD

4.1 Independent Component Analysis

The problem of estimating the source signals in s(n) from the sensor data
in x = As + v using the linear transformation ŝ = Qx is not an easy task
and is certainly not solved by the whitening y = Qwx discussed in the pre-
vious chapter. By performing the whitening, the signals in y(n) will become
uncorrelated (white), i.e. Ryy = I, but they will not be independent. This
is because uncorrelatedness is a weaker property than independence. When
signals are independent they will be uncorrelated, but the fact that some sig-
nals are uncorrelated does not necessarily imply that they are independent.
In Figure 1 in Chapter 3 we have shown an example: The correlated signals
are plotted in (a) and the result after whitening is in (b). It can be verified
that the signals in (b) are uncorrelated, but it can also be shown that they are
dependent. The distribution function of the signal on the y-axis is dependent
on the value on the x-axis, thus making the two signals dependent. In (c) the
signals are made independent by realizing that a rotation of the coordinate
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Figure 4: Whitening of L = 2 mixed sources with uniform distributions.
PASTD-W and EE were simulated with a forgetting factor of β = 1.0.
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Figure 5: Whitening of L = 2 mixed sources with uniform distributions.
PASTD-W and EE were simulated with forgetting factors β = 1.0 and
β = 0.99.
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system solves the problem.
Given that we have whitened the signals using y = Qwx, how do we make

the signals independent by the linear transform ŝ = Qicay; that is how do
we find Qica? Loosely speaking, the answer is as follows: If we require the
source signals to be non-Gaussian, then a linear combination of the sources
will be closer to Gaussian than the original source signals. This is motivated
by the central limit theorem. The idea is to find an unmixing matrix Qica

such that the resulting signals are maximally non-Gaussian. By doing so,
we hope that we retrieve the original signals. Note that this approach does
not work when the original signals are Gaussian. By defining a measure
that indicates the level of non-Gaussianity, we can invent algorithms that
finds Qica by maximizing this measure. One measure is the nonlinear PCA
criterion proposed in [9, 11, 10],

J(W) = E
{∥∥x−Wq

(
WTx

)∥∥2
}

. (99)

In this case the unmixing matrix can be chosen as Qica = WH . An algorithm
that can be used for the maximization is N-PASTD, which was derived in
Chapter 2. The criterion is quite general since there are several other criteria
that can be derived as special cases depending on the choice of the non-
linearity q(·). Some examples are kurtosis, negentropy and bussgang criterion,
see [14].

4.2 Computer Simulations

We investigate the sensitivity of the N-PASTD to the choice of prewhitening
algorithm, see Figure 7. The same parameters are used as in Section 3.4, i.e.
the sources were modelled as stochastic processes generating samples from
a uniform distribution with unit variance and zero mean. In each Monte
Carlo simulation run 5000 samples were generated and the channel matrix
was initially set to

A1 =
[

5 10
10 2

]
. (100)

After 2500 samples the matrix was changed to

A2 =
[

8 13
12 1

]
. (101)

We had to use another cost function since we wanted to measure how well
the independent components are reconstructed. The cost function is the same
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as the one proposed in [10, 23]:

ε =
∑

i

(∑
j

( |pij |2
maxk |pik|2

)
− 1
)

+
∑

j

(∑
i

( |pij |2
maxk |pkj |2

)
− 1
)

.
(102)

The elements pij are from the total system matrix

P = QicaQwA (103)

where Qica is the ICA-matrix, Qw the whitening matrix and A the channel
matrix. When the signals are perfectly separated, the value of ε will be zero;
it will be greater than zero when the signals are not perfectly separated. The
results are shown in Figure 8, where one realization of the cost function (102)
is shown on the top followed by averages of 10 and 100 realizations, respec-
tively. We have simulated four approaches for the whitening: No whitening,
EE, PASTD-W and exact whitening. Exact whitening means that the input
signals to N-PASTD are perfectly whitened. This is accomplished by analytic
calculation of the whitening matrix, assuming A to be perfectly known. In the
case of no whitening, the whitening matrix is chosen as the identity matrix,
i.e. Qw = I. The algorithms EE and PASTD-W were previously described in
Chapter 3.

We see from Figure 8 that whitening is required in order for N-PASTD
to converge since the case of no whitening results in a constant high error.
EE and PASTD-W essentially show the same convergence and steady-state
error. Surprisingly, using the exact solution for the whitening slows down
the convergence of N-PASTD, indicating that the use of an on-line whitening
algorithm may boost the performance. The reason for this requires further
investigation.

In Figure 9 the source was changed so that it generates BPSK symbols
instead of uniformly distributed data. Similar conclusions can be drawn from
this figure as the ones deduced from Figure 8.

5 ICA for Fading Channels in Mobile Commu-
nications

5.1 Channel Model

In this chapter, the previously introduced algorithms will be investigated when
the channel mixing matrix A is a function of the sample index, i.e. when the
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Figure 9: ICA for L = 2 mixed sources with BPSK data. In the first stage the
signals are whitened using EE, PASTD-W or exact whitening. In the second
the N-PASTD is used for ICA. Results are also shown when no whitening is
performed.
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channel is assumed to continuously change with time. More specifically the al-
gorithms will be applied to fading channels, which are frequently encountered
in mobile communications. In order to incorporate the time-variant channel,
the channel model is modified into

x(n) = A(n)s(n) + v(n) . (104)

The investigation here is limited to the case of L = 2 transmitters and sensors,
so the channel mixing matrix can be written as a 2-by-2 matrix with time-
varying elements ζ(1)(n), ζ(2)(n), ζ(3)(n) and ζ(4)(n),

A(n) =
[

ζ(1)(n) ζ(2)(n)
ζ(3)(n) ζ(4)(n)

]
. (105)

There are several reasons behind the time-varying nature of the mobile
channel. A signal wave transmitted from a base station is not likely to take
one single path towards the mobile station. Due to reflections from buildings
and obstacles as well as scatters from trees several partial waves will arrive at
the receiver from different directions. This phenomena is known as multipath
propagation. The received signals will add up at the receiver antenna either
constructively or destructively depending of the phases of the incident waves.
This will cause the total signal to fluctuate as the receiver and/or reflectors
move around.

A second effect is the Doppler shift where the motion of the receiver leads to
a frequency shift of the waves that is received by the antenna. The Doppler
shift is dependent on the direction of arrival of the signals as well as the
velocity and direction of motion of the receiver.

Extensive measurements [16, 17, 18, 19] have been performed in order to
try to identify a suitable stochastic process to model a signal that is affected
by multipath propagation and Doppler shift. Based on these measurement
campaigns the Rayleigh process was proposed for the case of nonline-of-sight,
suggesting that the time varying elements in (105) are to be realizations of
such a process.

5.2 Computer Simulations

In these computer simulations the performance of the whitening and ICA al-
gorithms were evaluated. The channel mixing matrix A(n) in (105) contained
elements that were realizations of Rayleigh processes. The Rayleigh processes
were generated using Jakes modified method, see [24, 25, 26, 27, 28] for details.
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Figure 10 show different Rayleigh process realizations for velocities of 10,
25 and 50 km/h, respectively. For each velocity four realizations were created
since we were using a mixing matrix of the size L-by-L with L = 2. The total
power, i.e. the sum of the powers of the four realizations, for each velocity is
also shown in the figure. A sampling frequency of Fs = 24300 Hz is used and
it was assumed that the carrier frequency is fc = 850 MHz. This implies that
the normalized Doppler frequencies were 3.2×10−6, 8.1×10−4 and 1.6×10−3

Hz corresponding to 10, 25 and 50 km/h, respectively.
In Figure 11 the performance of PASTD-W is compared to EE (see Sec-

tion 3.4). One realization of the cost function J(n) in Equation (96) is shown
on the top followed by averages of 10 and 100 realizations, respectively. In
the simulation, the sources generated random zero-mean BPSK data with
unit variance. In each Monte Carlo simulation run 10000 samples were gen-
erated. The channel matrix in (105) was used with Rayleigh fading elements
at 10 km/h. It can be clearly seen from the figure that the performance of
the algorithms is questionable and that it varies with time. EE outperforms
PASTD-W with a few dB’s.

In Figure 12 the performance for ICA is shown. On the top one realization
of the cost function ε(n) in Equation (102) is plotted followed by averages of 10
and 100 realizations, respectively. We have simulated three approaches for the
whitening: EE, PASTD-W and exact whitening. Exact whitening means that
the input signals to N-PASTD are perfectly whitened. This is accomplished by
analytical calculation of the whitening matrix, assuming A(n) to be perfectly
known. The performance of N-PASTD when EE or PASTD-W is used is
questionable, even though EE is slightly better. It is interesting to note that
N-PASTD performs quite well when the whitening is exact. This suggests
that if the problem with the whitener can be solved, then the N-PASTD will
work quite well for ICA, with exception for some spikes in the cost function.

In Figure 13 we show how the condition number for our channel changes
with time. The condition number is calculated as the ratio of the largest
singular value of the correlation matrix of the data, Rxx, to the smallest. This
is done on the channel realizations shown in Figure 10, i.e. for 10, 25 and 50
km/h, respectively. The figure shows that the correlation matrix frequently
becomes ill conditioned. The higher the velocity, the more frequently the
correlation matrix is ill conditioned. Figure 14 shows the condition number for
10 km/h on the top and the corresponding cost functions J(n) for whitening
and ε(n) for ICA. The figure suggests that both cost functions are highly
correlated with the condition number; when the channel is ill-conditioned the
error becomes high.
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In Figure 15 the cost function J(n) in Equation (96) is plotted versus the
condition number of the correlation matrix Rxx. The same realizations as in
the top graphs in Figure 11 and Figure 13 are used for the cost function and
the condition number, respectively. J(n) shows how well PASTD-W performs
whitening. It can be seen in Figure 15 that the cost function and the condition
number are highly correlated. This indicates that the whitening performance
of PASTD-W is reasonable for low values of the condition number and poor
for high values. For example, when the condition number of the channel
is low, say below 35 dB, then the whitening performance of PASTD-W is
reasonable with J(n) taking on values of −5 dB or below. For higher values
of the condition number there is a high probability that J(n) takes on larger
values.

Figure 16 illustrates the same point for the ICA performance of N-PASTD
when PASTD-W is used for prewhitening. In the figure the cost function ε(n)
in Equation (102) is plotted versus the condition number of the correlation
matrix Rxx. The same realizations as in the top graphs in Figure 12 and
Figure 13 are used for the cost function and the condition number respectively.
ε(n) shows how well N-PASTD performs ICA. It can be seen in Figure 16
that the cost function and the condition number are highly correlated. When
the condition number of the channel is low then the ICA performance of N-
PASTD is reasonable with ε(n) taking on values of −10 dB or below. For
higher values of the condition number there is a high probability that ε(n)
takes on larger values. This indicates that the ICA performance of N-PASTD
is reasonable for low values of the condition number and poor for high values.

6 Conclusions and Future Research

In this report, the Projection Approximation Subspace Tracking (PAST) al-
gorithm and the Projection Approximation Subspace Tracking with Deflation
(PASTD), proposed by Yang in [13], are summarized. The extensions for
nonlinear cost functions, as proposed by P. Pajunen and J. Karhunen in [10],
the Nonlinear PAST (N-PAST) and Nonlinear PASTD (N-PASTD), are also
presented and derived.

The PASTD algorithm is augmented with the necessary functional steps in
order to apply the algorithm to the problem of whitening of mixed signals. The
resulting algorithm, denoted PASTD for Whitening (PASTD-W), is simulated
and verified to successfully whiten the test signals. PASTD-W is compared to
a straight-forward solution, denoted Exact Eigendecomposition (EE). Sim-



86 Part II

  5000 10000  15000 20000   
−60

−40

−20

0

20

po
w

er
 [d

B
]

(a), Realizations of Rayleigh processes for 10 km/h

  5000 10000  15000 20000   
−60

−40

−20

0

20

po
w

er
 [d

B
]

(b), Realizations of Rayleigh processes for 25 km/h

  5000 10000  15000 20000    
−60

−40

−20

0

20

po
w

er
 [d

B
]

number of samples (n)

(c), Realizations of Rayleigh processes for 50 km/h

Total power 

Total power 

Total power 

Figure 10: Four realizations of a Rayleigh process using the modified Jakes
method for (a) 10, (b) 25 and (c) 50 km/h, respectively. The total power level
for each velocity is also shown.
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Figure 11: Whitening for L = 2 mixed BPSK sources for 10 km/h. PASTD-W
and EE were simulated with the forgetting factor β = 0.99.
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Figure 12: ICA for L = 2 mixed BPSK sources for 10 km/h. In the first
stage the signals are whitened using EE, PASTD-W or exact whitening. In
the second the N-PASTD is used for ICA.
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Figure 13: The condition number for the correlation matrix for the received
signal for the channel realizations shown in Figure 10.
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Figure 14: The condition number for the correlation matrix for the received
signal for 10 km/h in (a), the cost function J(n) for PASTD-W in (b) and
ε(n) for N-PASTD using PASTD-W for whitening in (c).
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Figure 16: ε(n) plotted versus the condition number of the correlation matrix
of the received data.
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ulation results show that EE converges to a lower steady-state error than
PASTD-W. This is because of the approximations carried out in the deriva-
tion of the PASTD algorithm that is the base for PASTD-W.

The N-PASTD algorithm is used for Independent Component Analysis
(ICA). Novel results are presented where the effect of different prewhitening
algorithms on the ICA is evaluated. Surprisingly, it is seen that the use of
an analytically exact prewhitener degrades the performance of N-PASTD.
The EE or PASTD-W gives the best performance. It is confirmed that a
prewhitener is a requirement for N-PASTD; the algorithm fails to converge if
no prewhitener is used.

Simulation results are presented for fading channels where the performance
of whitening algorithms (PASTD-W and EE) as well as ICA (N-PASTD) is
shown for BPSK signals on fading channels. It is seen that all algorithms have
serious problems in tracking the channel. It is also seen that the performance
is worse when the channel is ill-conditioned, i.e. when the condition number
of the correlation matrix of the data is high.

The performance of the algorithms on Rayleigh fading channels requires
further study. It would be interesting to investigate if the use of the Adaptive
Memory RLS (AM-RLS), see [12], can improve the algorithms.

The channel model that is used for the fading channel assumes fully un-
correlated coefficients in the mixing matrix. An extension is to investigate
the performance when the coefficients are partially correlated. It would also
be interesting to investigate the performance of the algorithms on real world
fading channels.

Only spatial correlation is considered in this report, so an obvious ex-
tension is to modify the algorithms so that they can be applied to channels
with correlation in both space and time. It was also assumed that no noise
is present, so the effect of noise on the algorithms is an important issue that
requires future research.

According to [12] the LMS algorithm might perform better for certain
types of time-invariant channels. A comparison to LMS as well as other
whitening and ICA algorithms could also be interesting directions of research.

It would be interesting to investigate the performance of the algorithms
for higher level modulations such as QPSK and QAM.
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A Derivations

A.1 Derivation of (17)

The starting point of the derivation is Equation (8) in the PAST algorithm,

P(n) = β−1tri
{
P(n− 1) − g(n)hH(n)

}
. (106)

Since all matrices and vectors of this expression becomes scalar when r = 1,
the equation can be rewritten as

P (n) = β−1 (P (n− 1) − g(n)h∗(n)) . (107)

Here, we should introduce the index i for all variables. However, we will not
do so in order to simplify the notations. Also, we define

d(n) = 1/P (n) . (108)

Assuming d(n) and β to be real and using the definitions of g(n) and h(n),
repeated here for convenience (without the index)

h(n) = x′(n)/d(n− 1) (109)
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g(n) =
h(n)

β + (x′(n))∗h(n)
(110)

the derivation can be done by the use of basic algebra:

P (n) = β−1 (P (n− 1) − g(n)h∗(n)) =
= β−1

(
P (n− 1) − h(n)h∗(n)

β+(x′(n))∗h(n)

)
=

= β−1

(
1

d(n−1) −
x′(n)

d(n−1) · (x′(n))∗
d∗(n−1)

β+(x′(n))∗ x′(n)
d(n−1)

)
=

= β−1

(
1

d(n−1) −
|x′(n)|2
d(n−1) · 1

d(n−1)

β+
|x′(n)|2
d(n−1)

)
=

= β−1

(
1

d(n−1) −
1

d(n−1)

β
d(n−1)

|x′(n)|2 +1

)
=

= β−1
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= β−1


 β

d(n−1)

|x′(n)|2

d(n−1)

�
β

d(n−1)

|x′(n)|2 +1

�

 = β−1

(
β

d(n−1)

|x′(n)|2
β

d(n−1)d(n−1)

|x′(n)|2 +d(n−1)

)
=
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(

1
d(n−1)+β−1|x′(n)|2

)
= β−1

d(n−1)+β−1|x′(n)|2 =
= 1

βd(n−1)+|x′(n)|2

(111)

Now we have that

P (n) =
1

d(n)
=

1
βd(n− 1) + |x′(n)|2 (112)

or
d(n) = βd(n− 1) + |x′(n)|2 (113)

which is the desired result.

A.2 Derivation of (19)

The starting point of the derivation is Equation (10) in the PAST algorithm,

W(n) = W(n− 1) + e(n)gH(n) . (114)

Because r = 1 the equation can be rewritten as

w(n) = w(n− 1) + e(n)gH(n) . (115)
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We also know that
d(n) = 1/P (n) (116)

h(n) = x′(n)/d(n− 1) (117)

g(n) =
h(n)

β + (x′(n))∗h(n)
(118)

We rewrite Equation (118) using (116)-(117),

g(n) =
x′(n)

d(n−1)

β+
�
(x′(n))∗ x′(n)

d(n−1)

� = x′(n)
βd(n−1)+((x′(n))∗x′(n)) =

= x′(n)

βd(n−1)+|x′(n)|2 = x′(n)
d(n) ,

(119)

and put the result in (115)

w(n) = w(n− 1) + e(n)
(

x′(n)
d(n)

)∗
= w(n− 1) + e(n)x′∗(n)/d(n)

(120)

which is the desired result.
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Abstract

Principal Component Analysis (PCA) is an important concept in
statistical signal processing. In this paper, we propose an on-line al-
gorithm for PCA, which we denote as the Exact Eigendecomposition
(EE) algorithm. The algorithm is evaluated using Monte Carlo Simu-
lations and compared with the PAST and RP algorithms. In addition,
we investigate a normalization procedure of the eigenvectors for PAST
and RP. The results show that EE has the best performance and that
normalization improves the performance of PAST and RP algorithms,
respectively.

1 Introduction

Principal Component Analysis (PCA) is an important concept in statisti-
cal signal processing. PCA is used in various applications such as feature
extraction (compression), signal estimation and detection. In blind signal
separation, PCA may be used to prewhite (i.e. decorrelate) signals before In-
dependent Component Analysis (ICA) is applied for finding the independent
signal components. ICA algorithms are generally more efficient if the input
data is white since the number of possible solutions to the problem decreases
significantly.

There are two different approaches to PCA. If the whole data set is avail-
able, analytical methods can be used to calculate the Principal Components
(PC). On the other hand, if PCA is to be used in real time applications, then
the PCs have to be estimated on-line for each new sample. Algorithms that
operate on the whole date set are generally denoted off-line algorithms, while
the latter type is denoted on-line algorithms.
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Two on-line algorithms for PCA are the Projection Approximation Sub-
space Tracking (PAST) algorithm and the Rao-Principe (RP) algorithm. The
first algorithm was proposed by Yang in [1]. Essentially, PAST finds the PCs
by minimizing the linear PCA criterion [2, 3, 4] using a gradient-descent tech-
nique or any recursive least squares variant. In this paper, the well known
Recursive Least Squares (RLS) algorithm [5] is used. The second algorithm,
RP, was proposed by Rao and Principe in [6, 7]. RP estimates the PCs by
using update equations derived from the Rayleigh quotient, without the use
of any external parameter such as a step-size or forgetting factor. PAST, on
the other hand, relies on a forgetting factor parameter to be tuned before it
can be used.

This paper investigates the effect of incorporating normalization of the
eigenvectors in the PAST and RP algorithms. In addition, an on-line algo-
rithm for PCA, denoted as the Exact Eigendecomposition (EE) algorithm, is
proposed. EE is based on direct estimation of the correlation matrix followed
by calculation of the PCs using the EIG-command in Matlab. The perfor-
mance of these algorithms will be assessed for different configurations using
Monte Carlo computer simulations in Matlab.

2 Principal Component Analysis

On-line PCA can be viewed as a functional block where the input is a complex
m-by-1 data vector x(n) at the nth time instant. At each time instant the
outputs are estimated eigenvectors and eigenvalues of the correlation matrix
R of the data. These eigenvectors and eigenvalues are denoted PCs of the
data. Note that in this paper it is assumed that the correlation matrix R of
the data is time-invariant.

2.1 The PAST algorithm

The PAST algorithm [1] minimizes an approximation of the linear PCA cost
criterion,

J (w(n)) =
∑n

i=1
βn−i ‖x(i)−w(n)x′(i)‖2

,

where x′(n) = wH(n − 1)x(n), β is a scalar forgetting factor, w(n) is an
m-by-1 coefficient vector and ‖·‖ denotes the vector norm. This approximate
version of the cost criterion is quadratic and has the same form as the cost
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criterion of the RLS algorithm, with exception of the error signal (inside the
vector norm) that is a vector instead of a scalar. Thus, the minimization may
be performed by incorporating the new signal x′(n) in the RLS. The RLS will
update the coefficient vector w(n) using x′(n) as the input signal and x(n) as
the desired signal. When the algorithm has converged, w(n) will contain the
eigenvector corresponding to the largest eigenvalue of the correlation matrix
R, i.e. the largest PC. The eigenvalue can be found directly by the RLS via a
reformulation of the update equation for the inverse correlation matrix. The
deflation technique is used for sequential estimation of the remaining PCs.

2.2 The RP algorithm

The RP [6, 7] algorithm is derived from the Rayleigh quotient and uses the
following rule for extraction of the first PC:

w(n) =
w(n − 1) +Rw(n − 1)

1 +wH(n − 1)Rw(n − 1)
.

In the implementation the terms Rw(n − 1) and wH(n − 1)Rw(n − 1)
are redefined as P(n − 1) and Q(n − 1) and updated independently before
calculating the new coefficient vector w(n). This is convenient since Q(n)
will be an estimate of the largest eigenvalue. The update rules for P(n − 1)
and Q(n − 1) may be rewritten so that the need for an explicit estimate of
the correlation matrix R vanishes. No forgetting factor is incorporated in the
estimation of P(n − 1) and Q(n − 1), nevertheless this could be useful in a
time-varying environment. The remaining PCs are estimated by using the
same deflation technique as in the PAST algorithm.

2.3 The EE Algorithm

In this paper the EE algorithm is proposed for PCA. In the EE algorithm,
the PCs are found by directly computing the eigenvalues and eigenvectors of
an estimate of the correlation matrix. The following update rule is proposed
to be used for EE:

R(n) + βR(n − 1) + x(n)xH(n)

Here, β is a scalar forgetting factor. The correlation matrix is estimated by
(1− β)R(n) and is used for calculating the eigenvectors and eigenvalues (i.e.
the PCs) by calling the EIG-function in Matlab. A key difference between EE



104 Part III

and the other algorithms is that EE uses direct estimation of the correlation
matrix as the basis for calculating the PCs, while PAST and RP directly
estimates the PCs without making a detour via the correlation matrix.

3 Choice of coefficients and normalization

The PAST and RP algorithms estimate the different PCs in an iterative way,
where the largest PC is estimated first followed by a deflation step. After the
deflation, the second largest PC is estimated followed by a new deflation step
and so on. This procedure continues until all desired PCs are estimated, then
the sample instant n is advanced by one and the procedure is repeated for the
next data vector x(n). The deflation step is essentially a simple algebraic rule
that removes the contribution of the latest estimated PC from the data vector.
The most straight forward approach is to use the most current estimate of the
eigenvector in this rule, but one could also choose to use the previous estimate.
Which choice that is the best is not clear and is therefore investigated by
Monte Carlo simulations in this paper. Both the PAST and RP algorithm are
simulated in two configurations, using the old or the new estimate.

Eigenvectors are by definition normalized so that wHw equals 1. However,
the formulation of the PAST and RP algorithms does not guarantee this
condition. Depending on the application, the eigenvectors can be normalized
after each iteration, every l iteration or when the coefficients have converged
[7]. In this paper, it is proposed that both algorithms are adjusted so that the
eigenvectors are normalized between iterations. Normalization is not required
for EE, since the EIG-function assures that the eigenvectors are normalized
at all time.

According to the previous discussion, there are now a total of four possible
configurations of PAST and RP. First, the old or the new estimate may be
used in the deflation rule. Second, normalization of the coefficient vectors is
on or off. The different configurations are denoted as A, B, C or D: old weights
and normalization off (A), old weights and normalization on (B), new weights
and normalization off (C), new weights and normalization on (D). Two more
configurations, denoted as E and F are also used. In these configurations,
normalization is performed every 10th sample (E) and in the 10 last samples
of an realization (F), respectively. In both E and F the new weights are used
in the deflation step. The different configurations are summarized in Table 1.

The configuration letter (A, B, C, D, E, F) is added to the algorithm name
in order to differentiate between them. Examples are PAST-A, PAST-B, . . . ,
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New weights Old weights

Normalization off C A

Normalization every sample D B

Normalization every 10th sample E -

Normalization last 10 samples F -

Table 1: The six possible configurations for PAST and RP, respectively. The
configuration letter (A, B, C, D, E, F) is added to the algorithm name in
order to differentiate between them. Examples are PAST-A, PAST-B, . . . ,
RP-A, RP-B, etc.

RP-A, RP-B, etc. EE does not have these configurations and hence it is
simply denoted as EE. The performance of PAST and RP is dependent of the
configuration and is investigated in the next section.

4 Performance evaluation

In this section we evaluate the performance of the PAST-x, RP-x and EE
algorithms by means of computer simulations that employ a Monte Carlo
approach. Here, x denotes configuration A, B, C, D, E or F, respectively. In
the simulations, a random White Gaussian Noise (WGN) signal with variance
1 is filtered by a first order AR filter H(z) = 1/(1−0.9495z−1). The resulting
filtered signal is then embedded by a 15-tap delay line resulting in input data
vectors x(n) of size 15-by-1, see Figure 1. The five largest true eigenvalues of
the correlation matrix R = E

{
x(n)xH(n)

}
are found to be 119, 17.8, 5.58,

2.65 and 1.55, respectively. The condition number or the eigenvalue spread of
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Figure 1: The signal model used in the simulations.

R is 451. The choice of the first order AR filter was made so that it results
in approximately the same eigenvalues used in [6].

The performance evaluation is set up so that each algorithm (PAST-x,
RP-x and EE) is simulated for 10000 Monte Carlo runs (i.e. realizations)
consisting of 2000 iterations (i.e. data samples). After the last iteration in
each Monte Carlo run, the five largest estimated eigenvalues, λ̂i, i = 1, · · · , 5,
and the corresponding estimated eigenvectors, ŵi, i = 1, · · · , 5, are examined.
An estimation error (the difference between the estimated eigenvalue and true
eigenvalue, i.e. λ̂i − λi) is calculated and saved. Also, the absolute value of
the Directional Cosines (DC), di, between the true and estimated eigenvectors
are calculated and saved. A value of +1 indicates perfect alignment of the
estimated and true eigenvectors, while 0 indicates that the estimated and
true eigenvector are orthogonal. The forgetting factor β is equal to 1 for all
simulations of PAST and EE.

The saved eigenvalue estimates and directional cosines may be evaluated
by plotting the Cumulative Distribution Function (CDF). The CDF for the
eigenvalue estimates for the 5th principal component is plotted in Figures 2
and 3 for configurations A-D for PAST and RP, respectively. The CDF for
EE and the true eigenvalue λ5 are also plotted in these figures. The figures
show that PAST and RP have similar performance, that EE has the best
performance and B and D modes perform better than A and C modes of the
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Figure 2: Cumulative distribution functions for the 5th principal component
for PAST and EE. The vertical line corresponds to the true eigenvalue.
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Figure 3: Cumulative distribution functions for the 5th principal component
for RP and EE. The vertical line corresponds to the true eigenvalue.
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Measure Definition

Normalized Magnitude Bias (NMB) Mean
{

|λ̂i−λi|
λi

}

Coefficient of Variation (CV)
Std{λ̂}

Mean{λ̂}

Average Magnitude DC (AMDC) Mean
{∣∣∣ wH

i ŵi

wH
i wi·ŵH

i ŵi

∣∣∣
}

Variance of Magnitude DC (VMDC) Var
{∣∣∣ wH

i ŵi

wH
i wi·ŵH

i ŵi

∣∣∣
}

Table 2: Performance measures

algorithms.
A compilation of all results are shown in Figures 4 to 23. The figures show

performance results for all 13 algorithms for the five largest PCs. Figures 4-8
show the Normalized Magnitude Bias (NMB) for the eigenvalues, Figures 9-13
the Coefficient of Variation (CV) of the eigenvalue estimates, Figures 14-18
the Average Magnitude Directional Cosine (AMDC) for the eigenvectors and
Figures 19-23 the Variance of the Magnitude Directional Cosines (VMDC).
All these performance measures are defined in detail in Table 2.

By analyzing the figures, the following observations can be made regarding
the eigenvalue estimation (Figures 4-13):

• The B and D configurations of PAST and RP are the best since they
have the lowest NMB and CV for most eigenvalues.

• The EE has the best performance of all algorithms since it results in the
lowest NMB and CV for most eigenvalues.

• The PAST has slightly better performance than RP, see for example
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eigenvalues 4 and 5.

Similar observations can be made for the eigenvector estimation (Figures 14-
23):

• All algorithms perfectly estimate the first eigenvector since AMDC is
equal to one and the VMDC is equal to zero for all algorithms.

• The EE perfectly estimates the first five eigenvectors since the AMDC
is equal to one and the VMDC is equal to zero.

• The B and D configurations of PAST and RP are the best since AMDC
is closest to one and the VMDC is the lowest for all eigenvectors.

• The PAST has slightly better performance than RP, see for example
eigenvectors 4 and 5.

From these observations, the following can be concluded:

• The B and D configurations of PAST and RP have similarly good per-
formance. The A, C, E and F configurations all have worse performance
and A is the worst.

• When normalization is not used, the new weights must be used in the
deflation step in order for the algorithm to be robust.

• When normalization is used, the choice of the old or the new weights
in the deflation step is not crucial. Both configurations result in similar
performance.

• Normalization is highly recommended since the algorithms have better
performance than if normalization is not used.

• Finally, the EE algorithm has the best overall performance and may
therefore be used as a benchmark for comparing different PCA algo-
rithms.

5 Conclusions

In this paper we proposed an on-line algorithm, denoted as the Exact Eigende-
composition (EE), for PCA. In addition, we incorporated a normalization pro-
cedure of the eigenvectors in the PAST and RP algorithms, and investigated
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the effect for different configurations. The performance of the algorithms were
compared using Monte Carlo simulations using several performance measures.
Simulation results clearly demonstrate that the algorithms operate more reli-
ably when normalization is adopted. It is also shown that the EE algorithm
provides the best performance and can be used as a benchmark for comparing
PCA algorithms.
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Figure 4: Normalized magnitude bias for eigenvalue 1 for the different algo-
rithms.
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Figure 5: Normalized magnitude bias for eigenvalue 2 for the different algo-
rithms.
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Figure 6: Normalized magnitude bias for eigenvalue 3 for the different algo-
rithms.
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Figure 7: Normalized magnitude bias for eigenvalue 4 for the different algo-
rithms.
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Figure 8: Normalized magnitude bias for eigenvalue 5 for the different algo-
rithms.
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Figure 9: Coefficient of variation for eigenvalue 1 for the different algorithms.
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Figure 10: Coefficient of variation for eigenvalue 2 for the different algo-
rithms.
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Figure 11: Coefficient of variation for eigenvalue 3 for the different algo-
rithms.
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Figure 12: Coefficient of variation for eigenvalue 4 for the different algo-
rithms.
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Figure 13: Coefficient of variation for eigenvalue 5 for the different algo-
rithms.
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Figure 14: Average magnitude directional cosine for eigenvector 1 for the
different algorithms.
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Figure 15: Average magnitude directional cosine for eigenvector 2 for the
different algorithms.
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Figure 16: Average magnitude directional cosine for eigenvector 3 for the
different algorithms.
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Figure 17: Average magnitude directional cosine for eigenvector 4 for the
different algorithms.
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Figure 18: Average magnitude directional cosine for eigenvector 5 for the
different algorithms.
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Figure 19: Variance of magnitude directional cosine for eigenvector 1 for the
different algorithms.
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Figure 20: Variance of magnitude directional cosine for eigenvector 2 for the
different algorithms.
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Figure 21: Variance of magnitude directional cosine for eigenvector 3 for the
different algorithms.
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Figure 22: Variance of magnitude directional cosine for eigenvector 4 for the
different algorithms.
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Figure 23: Variance of magnitude directional cosine for eigenvector 5 for the
different algorithms.
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Space-Time Adaptive Algorithm for Mobile

Communication Systems

Ronnie Landqvist Abbas Mohammed

Abstract

In this paper we present a new adaptive space-time algorithm for
mitigating the effects of Co-Channel Interference (CCI) and Intersym-
bol Interference (ISI) in mobile communication systems, and evaluate
its performance for different array configurations and mobile velocities.
The proposed algorithm is computationally efficient and provides better
performance than the conventional RLS algorithm.

1 Introduction

Intersymbol Interference (ISI) and Co-Channel Interference (CCI) are known
to severely limit the capacity of wireless communication systems [1, 2, 3].
Adaptive antenna arrays, particularly the joint space-time adaptive process-
ing techniques, provide effective means in combating both ISI and CCI and
improving the system capacity and the communications quality [4, 5, 6, 7, 8].
In many systems known pilot symbols are inserted in each data frame and
used by an adaptive algorithm to estimate the array response. For example,
IS-54/136 TDMA cellular system use q = 14 known pilot symbols in each user
slot of Q = 162 symbols; in [5, 6] the standard Least Mean Squares (LMS)
and Recursive Least Squares (RLS) algorithms were used to estimate the ar-
ray response based on this known pilot sequence in each frame. This approach
may be subject to large estimation errors since the estimation is solely based
on this short sequence of pilot symbols.

There are several ways to improve the performance of the array. For
instance, one might use decision feedback approach where decisions of trans-
mitted symbols are feed back and used instead of pilots, when pilots are not
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available. One can also use a different algorithm during the data part of the
slot, such as the blind Constant Modulus Algorithm (CMA) [9] that does not
require the use of pilot signals. The drawback with decision feedback is that
decisions need to be correct; otherwise performance degradation is possible
due to the error propagation problem. Blind algorithms, on the other hand,
have slow convergence and may therefore have poor tracking capabilities.

In this paper, we present a simple and effective space-time processing al-
gorithm based on the RLS algorithm, which we refer to as the Phase recovery
RLS (P-RLS) algorithm. The algorithm has two modes of operation: Stan-
dard RLS (S-RLS) mode when training sequence is available and a phase-
sensing and correction mode when training sequence is not available. This
algorithm provides better performance than the stand-alone standard RLS
algorithm.

2 Problem Formulation

We consider a wireless cellular communication system with P mobile users
transmitting signals which are received by an antenna array at a base station.
We denote the first user, p = 0, as the desired user and the remnant users
as interferers. Taking into account a Doppler frequency shift of the signal
leaving a user, the signal from the pth user at time t is modelled as:

sp(t) = ap(t) cos (2π (fc + fd) t+ θp(t)) (1)

where ap(t) and θp(t) are the envelope and the phase of the signal, respectively.
The constants fc and fd are the carrier frequency and the Doppler frequency
shift. For convenience fd is assumed to be the same for all users in this paper.

Our aim is to simulate the wireless system using MatlabTM from Math-
Works. In order to do this efficiently, (1) is rewritten so that the equivalent
baseband signal may be identified:

sp(t) = Re
{
ap(t)ej2π(fc+fd)t+jθp(t)

}
=

Re
{
ap(t)ej2πfdt+jθp(t)+j2πfct

}
=

Re
{
ap(t)ej2πfdt+jθp(t)ej2πfct

}
=

Re
{
s̃p(t)ej2πfct

} (2)

Evidently, the transmitted equivalent baseband signal from user p is:

s̃p(t) = ap(t)ej2πfdtejθp(t) (3)



An Efficient and Effective Pilot-Based Space-Time Adaptive Algorithm for Mobile

Communication Systems 125

The received signal yk(t) at the base station’s reference antenna k = 0
is modelled as the convolution sum of the transmitted signals from each user
and an impulse response hp,m from user p to antennam, where the real valued
impulse response contains M components or taps:

y0(t) =
P−1∑
p=0

M−1∑
m=1

hp,msp(t− τp,m) (4)

where τp,m are the delays. We rewrite the equation by inserting (2):

y0(t) =
P−1∑
p=0

M−1∑
m=0

hp,mRe
{
s̃p(t− τp,m)ej2πfc(t−τp,m)

}
=

Re

{
P−1∑
p=0

M−1∑
m=0

hp,ms̃p(t− τp,m)ej2πfc(t−τp,m)

}
=

Re

{
ej2πfct

P−1∑
p=0

M−1∑
m=0

hp,ms̃p(t− τp,m)e−j2πfcτp,m

}
=

Re
{
ej2πfctỹ0(t)

}

(5)

Thus the received equivalent baseband signal y0(t) can be written as:

ỹ0(t) =
P−1∑
p=0

M−1∑
m=0

hp,ms̃p(t− τp,m)e−j2πfcτp,m (6)

The signal received at each antenna element will be the same with the
exception of a phase shift that depends on the angle of arrival and the geom-
etry of the antenna array. The difference in phase between the received signal
at the antenna in the origin and the antenna positioned at the coordinate
(xk, yk, zk) is [5]:

∆θ(p, k) = βxk cosφp sinϕp + βyk sinφp cosϕp

+βzk cosϕp
(7)

where β = 2π/λ is the phase propagation factor, λ the wavelength of the signal
and (φp, ϕp) the direction of arrival for the signal from user p. If the elevation
angle ϕp represent the horizon (ϕp = 90◦) and we consider an array with all
elements distributed with equal distance ∆x on the x-axis (i.e., ym = zm = 0),
(7) can be re-written as:

∆θ(p, k) = βk∆x cosφp (8)
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Taking this phase shift into account, the received signal at antenna k can be
represented as:

ỹk(t) =
P−1∑
p=0

{
ej∆θ(p,k)·(

M−1∑
m=0

hp,ms̃p(t− τp,m)e−j2πfcτp,m

)}
+ ñk(t)

(9)

where k = 0 represents the antenna in the origin (i.e. the reference antenna).
Here we also redefined ỹk(t) slightly by adding the noise term ñk(t).

The signal (9) on each antenna is sampled and filtered by FIR-filters with
adaptive coefficients, and the output signals from each FIR-filter are summed
together, resulting in the so-called adaptive beamformer or array. The output
from the beamformer at sample instant n is given by ŝ0(n) = wH(n)x(n),
where x(n) is the data vector. The objective of the beamformer is to continu-
ously adjust the beamformer weight vector w(n) in order to minimize the ISI
for the desired user and the CCI from the interfering users. The data vector
x(n) contains L stacked samples from each of the K antennas resulting in
x(n) having the dimension LK × 1.

3 Space-Time Adaptive Algorithms

There are several algorithms which can be used to adapt the array. In this
paper we assume that the data is slotted and that the first q symbols in each
slot make up a pilot sequence d(n) that is known to both the transmitter
and the receiver. We consider three approaches that all are based on the well
known RLS algorithm [10]. These algorithms are the Standard RLS (S-RLS),
the Phase recovery (P-RLS) and the Continuous RLS (C-RLS) algorithms,
respectively. All three algorithms consist of two stages: Stage A is active
when the pilot sequence is available, i.e. for n ∈ [1, 2, · · · , q] and Stage B in
between pilot sequences, i.e. for n ∈ [q + 1, q + 2, · · · , Q].

In stage A all three algorithms adapts the weights using the RLS algo-
rithm and the pilot sequence as the desired signal. The difference is the way
the adaptation is handled in between the pilot sequences in stage B. This is
described in the following sections.
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for n = 1, 2, . . . , q :

ŝ0(n) = wH(n− 1)x(n) (10)
g(n) = P(n− 1)x(n) (11)

k(n) =
g(n)

λ+ xH(n)g(n)
(12)

ξ(n) = d(n)−wH(n− 1)x(n) (13)
w(n) = w(n− 1) + k(n)ξ∗(n) (14)

P(n) = λ−1P(n− 1)− (15)

λ−1k(n)xH(n)P(n− 1) (16)
for n = q + 1, q + 2, . . . , Q :

ŝ0(n) = wH(n− 1)x(n) (17)
w(n) = w(n− 1) (18)

Figure 1: The Standard RLS (S-RLS) algorithm.

3.1 The Standard RLS (S-RLS) Algorithm

The simplest and most straight forward approach is the S-RLS. In this algo-
rithm, the weights are only adapted when the pilot sequence is transmitted.
The weights are held constant in between pilot sequences.

The algorithm is shown in Figure 1. Equations (10) to (16) constitute the
RLS algorithm and are executed when the pilot sequence d(n) is available.
Equations (17) to (18) operate in between pilot sequences. Equation (18) en-
sures that the weights are kept constant until the pilot sequence is transmitted
again.

The S-RLS is an uncomplicated method with the major disadvantage that
it only functions for stationary channel conditions, since it relies on the chan-
nel to be almost constant in between pilot sequences.
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3.2 The Phase Recovery RLS (P-RLS) Algorithm

In this paper, we present a low complexity solution which we refer to as the
P-RLS algorithm. In the P-RLS, the weights are updated when the training
sequence is transmitted (stage A) using the RLS in the same way as in the
S-RLS presented above. The difference between P-RLS and S-RLS lies in the
way the P-RLS handles the weights in between pilot sequences (stage B).

The algorithm is shown in Figure 2. Equations (19) to (25) constitute the
RLS algorithm and are executed when the pilot sequence d(n) is available.
Equations (26) to (32) operate in between pilot sequences.

For the P-RLS to work efficiently we have to assume that the changes
of the channel during stage B essentially manifests itself in a rotation of the
equalized constellation diagram. Hence the message points become less precise
(phase-shifted) when n increases. The task of the algorithm in stage B is to
focus on the rotation of the constellation by monitoring and adjusting for the
variations of the phase, thereby improving the overall performance. This is
done by carrying out the following steps (in order):

• The output is calculated using old weights in (26).

• Assuming Quadrature Phase Shift Keying (QPSK) modulation, four
phase errors are calculated, one for each possible constellation point, in
(27).

• The minimum phase error is found using (28) and (29).

• A phase offset is updated by (30). The constant α is a learning rate
parameter that determines how the error should affect the update.

• The weights are updated in (31) using the phase offset from the previous
step.

• The output is recalculated using the new weights in (32).

This approach is computationally efficient because of its low complexity.

3.3 The Continuous RLS (C-RLS) Algorithm

In the C-RLS, the RLS algorithm is used during the whole data slot and all
symbols are considered to be pilots. The idea is that the C-RLS constitutes a
benchmark in terms of the best possible performance for a decision feedback
algorithm using RLS. In such an algorithm, decisions in stage B are fed back
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and used as pilot symbols. One may say that we use the C-RLS as a way to
simulate the best possible decision feedback RLS algorithm without having to
implement the actual algorithm. The C-RLS is the best possible since there
are no decision errors that will affect the equalization. The C-RLS is shown
in Figure 3.

4 Simulation Results

In this section we evaluate the proposed Phase recovery RLS (P-RLS) al-
gorithm by means of Monte Carlo computer simulations and compare its
performance to the conventional Standard RLS (S-RLS) algorithm and the
Continuous RLS (C-RLS) algorithm. The parameters are chosen as follows:

• QPSK modulation is used.

• Each slot consists of Q = 162 symbols, where the first q = 14 are pilots.

• Noise variance is chosen as N0/2 = 0.05.

• Carrier frequency fc = 850MHz.

• Number of coefficients per antenna in the equalizer is L = 8.

• Sampling frequency in the simulator Fs = 1/Ts = 24300Hz, where Ts is
the symbol interval.

• P-RLS learning rate factor α = 0.1.

• All graphs are based on the averaging of 10 realizations.

Simulations are performed for two array configurations: the linear array and
the circular array, respectively We use the Mean Squared Error (MSE) as a
cost function and performance measure in order to evaluate the algorithms.
The definition of the MSE is:

MSE(n) = E{|ŝ0(n)− d(n)|2} (40)

where ŝ0(n) is the the equalized received (baseband) signal from the desired
user before decision and d(n) is the transmitted (baseband) symbols (pilots
and data) from the desired user. The expectation operator E{·} denotes
averaging over several realizations.



130 Part IV

4.1 Case 1 - The Linear Array

In this experiment two users are active; one desired user and one interferer.
They transmit over the wireless channel with impulse response δ(t)+0.25δ(t−
Ts) for the desired user and δ(t) for the interferer. The direction of arrival is
90◦ and 45◦ for the desired user and the interferer, respectively, as shown in
Figure 4. The powers were set so that the Signal-to-Noise plus Interference
Ratio (SNIR) at each antenna equals 0.05 dB.

The convergence for the algorithms is shown in Figure 5. Here, the velocity
is set to 10 km/h. We can se that the S-RLS does not perform very well. This
is expected since the algorithm does not track the channel at all in stage B,
and therefore it diverges. The C-RLS has very good performance since it
continuously tracks the channel. Our proposed algorithm, the P-RLS, shows
slower convergence than C-RLS, but eventually ends up with approximately
the same steady-state error.

In Figure 6 we show the mean squared steady-state error for different
velocities for a forgetting factor λ = 0.99. The results imply that the S-RLS
is useless when the channel is time-variant, hence some kind of tracking is
needed when the channel is nonstationary. An interesting result is that the
P-RLS shows a lower steady-state error than the C-RLS for velocities below
40 km/h. These results are dependent on the choice of the forgetting factor,
see Figure 7 where it is changed to 0.95. We see that the performance for all
algorithms are improved and the the difference between P-RLS and C-RLS
for low velocities is smaller.

4.2 Case 2 - The Circular Array

The forgetting factor is fixed to 0.99 in all simulations in the experiments with
the circular array. An 8 element circular array is used with half wavelength
spacing. We consider one desired user at 0◦ and seven interferers at 55◦, 80◦,
140◦, 182◦, 221◦, 265◦ and 323◦, respectively, see Figure 8. The channel im-
pulse response for the desired user is δ(t)+0.25δ(t−Ts) and for the interferers
0.1δ(t). The powers were set so that the SNIR at each antenna equals 9.5 dB.

The convergence for the algorithms is shown in Figure 9. Here, the velocity
is set to 10 km/h. As in the case with the linear array, the S-RLS does not
perform very well. The C-RLS shows good performance since it converges,
but with the exception of an unexplained divergence in the beginning of the
simulation. Our proposed algorithm, the P-RLS, shows excellent performance
with a lower steady-state error than both the S-RLS and the C-RLS.
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The mean squared steady-state error for different velocities for a forget-
ting factor λ = 0.99 is shown in Figure 10. The results implies that the
S-RLS is useless when the channel is time-variant. The P-RLS shows a lower
steady-state error than the C-RLS for velocities below 75 km/h. The C-RLS
will performs better for a lower value of the forgetting factor, as shown in
Figure 11.

5 Conclusions

In this paper we presented a computationally efficient and effective space-
time processing algorithm based on the recursive least squares algorithm,
which we refer to as the Phase recovery RLS (P-RLS) algorithm. Simulation
results have shown that the algorithm provides improved performance for
low and medium velocities in comparison to the standard RLS algorithm.
Future work comprises investigating the performance for varying SNR’s and
tuning the parameters of the algorithm to see the possibility of getting better
performance at high speeds. The performance should be evaluated using
more sofisticated space-time channel models for macro, micro and pico cell
scenarios. Also, the symbol error ratio should be simulated and compared.
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for n = 1, 2, . . . , q :

ŝ0(n) = wH(n− 1)x(n) (19)
g(n) = P(n− 1)x(n) (20)

k(n) =
g(n)

λ+ xH(n)g(n)
(21)

ξ(n) = d(n)−wH(n− 1)x(n) (22)
w(n) = w(n− 1) + k(n)ξ∗(n) (23)

P(n) = λ−1P(n− 1)− (24)

λ−1k(n)xH(n)P(n− 1) (25)
for n = q + 1, q + 2, . . . , Q :

ŝ0(n) = wH(n− 1)x(n) (26)

ψb(n) = ∠ŝ0(n)−
(π
4
+ b

π

2

)
,

b = 0, 1, . . . , 3 (27)
B(n) = arg min

b∈{0,1,2,3}
|ψb(n)| (28)

ψ(n) = ψB(n)(n) (29)
ζ(n) = ζ(n)− αψ(n), ζ(q) = 0 (30)

w(n) = w(q)e−jζ(n) (31)

ŝ0(n) = wH(n)x(n) (32)

Figure 2: The Phase recovery RLS (P-RLS) algorithm.
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for n = 1, 2, . . . , Q :

ŝ0(n) = wH(n− 1)x(n) (33)
g(n) = P(n− 1)x(n) (34)

k(n) =
g(n)

λ+ xH(n)g(n)
(35)

ξ(n) = d(n)−wH(n− 1)x(n) (36)
w(n) = w(n− 1) + k(n)ξ∗(n) (37)

P(n) = λ−1P(n− 1)− (38)

λ−1k(n)xH(n)P(n− 1) (39)

Figure 3: The Continuous RLS (C-RLS) algorithm.
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Figure 4: Positions for the desired user (D) and the interferer for the linear
array.
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Figure 5: The mean squared error of 10 realizations for the linear array at 10
km/h.
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Figure 6: Mean squared error versus mobile velocity for the different tested
algorithms for a linear array with λ = 0.99.
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Figure 7: Mean squared error versus mobile velocity for the different tested
algorithms for a linear array with λ = 0.95.
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Figure 8: Positions for the desired user (D) and the interferers for the circular
array.
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Figure 9: The mean squared error of 10 realizations for the circular array at
10 km/h.
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Figure 10: Mean squared error versus mobile velocity for the different tested
algorithms for a circular array with λ = 0.99.
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Figure 11: Mean squared error versus mobile velocity for the different tested
algorithms for a circular array with λ = 0.95.
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An Adaptive Block-Based Eigenvector

Equalization for Time-Varying Multipath

Fading Channels

Ronnie Landqvist Abbas Mohammed

Abstract

In this paper we present an adaptive Block-Based EigenVector Algo-
rithm (BBEVA) for blind equalization of time-varying multipath fading
channels. In addition we assess the performance of the new algorithm
for different configurations and compare the results with the Least Mean
Squares (LMS) algorithm. The new algorithm is evaluated in terms of
Intersymbol Interference (ISI) suppression, Mean Squared Error (MSE)
and by examining the signal constellation at the output of the equal-
izer. Simulation results show that the BBEVA performs better than
the non-blind LMS algorithm.

1 Introduction

Adaptive equalization of time-varying channels is an important step in the
design of reliable and efficient data communication systems [1, 2, 3, 4, 5, 6].
When the communications environment is highly nonstationary, however, it
may become impractical to use the classical training sequence equalizers. For
this reason, blind adaptive channel equalization algorithms that do not rely
on training sequences have been developed [3, 5, 6]. In this paper we explore
blind equalization using higher order statistics (cumulant) approach.

We consider a complex, discrete baseband communications system. The
channel impulse response at time n is modeled as an FIR filter of length M ,
and is denoted as h(n,m). The received signal x(n) can be expressed as:

x(n) =
M−1∑
m=0

h(n,m)s(n − m) + v(n) (1)
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where s(n) is the Quadrature Phase Shift Keyed (QPSK) transmitted data
symbols and v(n) is Additive White Gaussian Noise (AWGN) with power
spectral density N0/2.

In [7] a closed-form eigenvector solution to the problem of blind equal-
ization was proposed followed by an iterative technique called EigenVector
Algorithm (EVA) for blind equalization in [8]. The iterative update of the
equalizer weights w ∈ CL×1 is given by the so called EVA equation:

λw = R−1C4w. (2)

The equalizer weights are obtained by choosing w as the eigenvector of
R−1C4 with the maximum corresponding eigenvalue λ. In (2), R−1 ∈ C

L×L

is the inverse of the auto-correlation matrix:

R =




rxx(0) · · · rxx(1− L)
...

...
rxx(L − 1) · · · rxx(0)


 , (3)

and C4 ∈ CL×L is the 4th order cross-cumulant matrix:

C4 =




cyx
4 (0, 0) · · · cyx

4 (1− L, 0)∗
...

...
cyx
4 (L − 1, 0) · · · cyx

4 (1− L, 1− L)


 . (4)

Here cyx
4 (i1, i2) is defined as:

cyx
4 (i1, i2) = E

{
|y(n)|2 x∗(n + i1)x(n + i2)

}

−ryy(0)rxx(i2 − i1)− ryx(i2)r∗yx(i1)
−r̄∗yx(i2)r̄

∗
yx(i2)

. (5)

The variables i1 and i2 are integers with arbitrary values and y(n) is the
equalizer output. The parameters ryy, ryx and r̄∗yx denote autocorrelation,
cross-correlation and a modified cross-correlation sequence, respectively:

ryy(i) = E {y∗(n)y(n + i)}
ryx(i) = E {y∗(n)x(n + i)}
r̄∗yx(i) = E {y(n)x(n + i)}

(6)

Here i is an arbitrary integer. Ideally, when the algorithm has converged,
the resulting weights will maximize the kurtosis |cyy

4 (0, 0)| of the equalizer
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output y(n), producing an impulse response of the total system (h ∗ w) of a
delayed and scaled Dirac pulse. The estimation of R and C4 is described in
detail in [8].

In this paper we present a modified version of the EigenVector Algorithm
for Blind Equalization (EVA), and extend its application to the equalization
of time-varying multipath fading channels. The new modified iterative algo-
rithm, called Block-Based EVA (BBEVA), is shown in Fig. 1. We will also
compare the performance of the algorithm with the non-blind LMS algorithm.
In addition, we carry out simulations to investigate the effects of the different
building blocks on the performance of the proposed algorithms.

The paper is structured as follows. In Section 2, we present the BBEVA
equalizer and the associated building blocks of the full system. Section 3
presents the simulations results to evaluate the performance of the algorithm
with different configurations and comparisons with the LMS algorithm. Fi-
nally Section 4 summarizes the paper and presents future research possibili-
ties.

2 BBEVA Equalizer Development

The new modified iterative algorithm, suggested for the equalization of time-
varying multipath fading channels, is called Block-Based EVA (BBEVA). The
complete BBEVA setup is shown in Fig. 1.

The new BBEVA algorithm operates on data blocks of size B, in which
the signals are assumed to be stationary. The BBEVA algorithm calculates
the optimal weights (one set for each block) as:

w(1)
p = [w(1)

p (0), · · · , w(1)
p (L − 1)]T (7)

using the data xp = [x(pB), · · · , x(pB−B+1)]. Here, all vectors and matrices
are functions of time index n and/or the block index p. The calculation of
the optimal weights is performed by use of the EVA in an iterative approach
as shown in Eq. (2).

In order to construct an efficient BBEVA system, some building blocks (see
Fig. 1) were employed and evaluated to ensure the proper operation of the
system. These are the Constellation Rotation CAnceller (CRCA), the Phased
Locked Loop (PLL), the Amplitude Gain Controller (AGC) and the synchro-
nisation block. These different blocks are explained briefly below and their
effect on the performance of the algorithm will be investigated and evaluated
by computer simulations in Section 3.
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Figure 1: The complete BBEVA system setup..

2.1 Constellation Rotation Canceller (CRCA)

The residual ISI is defined as:

Q(n) =

∑
k �=kf (n) |f(n, k)|2
|f(n, kf (n))|2 , (8)

where f(n, k) is the convolution between the channel impulse response and
the equalizer impulse response at time n in block p:

f(n, k) =
∑
m

h(n,m)w(2)
p (k − m), p =

⌊ n

B

⌋
(9)

The function kf (n) is the index of the “tap” of f(n, k) with the greatest
magnitude:

kf (n) = argmax
k

|f(n, k)|. (10)

Since EVA only has knowledge about the current data block, the resulting
constellation will be independent of past blocks. If ISI is suppressed and the
channel is slowly time-varying, it can be assumed that the following statement
will hold:
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L−1∑
l=0

w
(1)
p−1(l)x(pB + i − l) ≈

exp(−jθp)
L−1∑
l=0

w
(1)
p (l)x(pB + i − l)

(11)

for all p and i ∈ [0, B − 1]. In order words, there can be a phase shift of the
constellation between blocks. This problem is addressed by the introduction
of a CRCA, which estimates θp for every block by calculating a Probability
Density Function (PDF) for θp and choosing the value of θp corresponding to
the peak in the PDF. The result is used to adjust the weights to the correct
phase, giving w(2)

p . This would ensure that the resulting equalized signal to
have a stable constellation.

2.2 Phase Locked Loop (PLL)

The signal after the EVA and the CRCA will have a phase ambiguity and suffer
from slow phase variations because of imperfect equalization. The former
means that it is impossible to know which of the four constellations should
be assigned to which symbols, without any a priori information, such as the
use of pilot signals. The latter means that the phase, from symbol to symbol,
drift slightly due to the imperfections and variations of the channel. These
two problems are the motivation behind the use of the PLL. The PLL is
implemented as a Proportional-Integration (PI) regulator which adjusts the
phase by multiplying y1(n) with a factor exp(jΘ(n)):

Θ(n) = Θ(n − 1) + Ke(n), (12)

where e(n) is the phase error ∠ d(n)
y1(n) , and d(n) equals s(n) or ŝ(n) depend-

ing on whether pilots or decision feedback is used. In this paper, pilots are
assumed to be available for the use by the PLL.

2.3 Amplitude Gain Controller (AGC)

Due to amplitude variations in the constellation, an AGC has to be used. The
AGC is implemented as a PI-regulator with preset amplitude as its target
signal.
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Figure 2: The channel used in the simulations.

2.4 Synchronization

To make it possible to estimate MSE, the total delay of the system must be
known. The delay fluctuates in a very slow manner, i.e. y(n) ≈ s(n −∆(n)).
In the system, the delay is assumed known to the MSE estimator; this can be
seen in Fig. 1. where the “Synch” block has knowledge about the channel.

3 Simulation Assumptions and Results

Monte Carlo computer simulations of the BBEVA system presented in Fig.
1 were carried out in order to assess the performance of the equalizer. The
channel used in the simulation is shown in Fig. 2. The Signal-to-Noise Ratio
(SNR) is set to 20 dB, and the number of QPSK transmitted symbols over
the channel in each realization is 15000.

The performance of the BBEVA is compared with a LMS equalizer in terms
of intersymbol interference suppression and Mean Squared Error (MSE), and
by examining the constellation at the equalizer output. The MSE and ISI
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plots (Fig. 3) are the average of 25 realizations. The adaptation constant
for the LMS was set to 0.01. It is clear from Fig. 3 that the BBEVA equal-
izer performs better than the LMS at each time instant by achieving better
suppression of ISI and noise, respectively. These results are confirmed by the
tighter signal constellation of the equalized signal achieved by the BBEVA
as compared to the LMS at each time instant (Fig. 4), demonstrating the
potential of the BBEVA algorithm.

The simulations presented above does not show how much of the perfor-
mance that can be accredited to the equalizing (BBEVA or LMS) algorithms
and to the PLL and AGC, respectively. Therefore the simulator is configured
accordingly with the aim to investigate this issue. The LMS and BBEVA
equalizers are simulated for three cases (Figs. 5 and 6): (1) original config-
uration corresponding to the full setting in Fig. 3 (PLL and AGC on), (2)
PLL turned on and the AGC off and (3) PLL off and AGC on.

For the LMS algorithm (Fig. 5), it is noted that the best performance of
the system is obtained when both the PLL and the AGC are in operation.
Turning off the AGC has a very minor impact on the performance. On the
other hand, turning off the PLL degrades the performance dramatically.

The same configurations are simulated for the BBEVA algorithm (Fig. 6).
Again, the best performance is obtained when both the PLL and AGC are
active. Turning off the AGC has more negative impact on the performance
of BBEVA than to the LMS. Finally, as with the LMS, it was noticed that
turning off the PLL causes considerable deterioration on the performance of
BBEVA. The reason for this is that the phase ambiguity is not corrected for
when the PLL is off.

In conclusion, for proper operation of the algorithms in time-varying mul-
tipath fading channels, the original configuration and settings (PLL and AGC
are active) should be used.

4 Conclusions

In this paper we have presented a Block-Based EigenVector Algorithm
(BBEVA) for blind equalization of time-varying multipath fading channels.
Simulation results show that BBEVA performs better than the LMS algo-
rithm and that the incorporation of a PLL is of a paramount importance for
the proper operation of the algorithms. Comparisons with other blind algo-
rithms such as the Constant Modulus Algorithm (CMA) and the introduction
of antenna arrays comprise future research.
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Abstract

In this paper, we propose a coherent detection method that can re-
duce the estimation errors of the carrier phase resulting from Gaussian
noise in communication systems where pilot symbol-assisted equaliza-
tion is employed to compensate for fading distortion. The proposed
approach is to use a combined algorithm consisting of the conventional
feed-forward channel estimation and decision feedback channel estima-
tion. Simulation results show that the proposed algorithm provides
better performance than the conventional fading channel estimation
approach.

1 Introduction

The emerging next generation systems will provide a wide variety of inte-
grated multimedia services and increased data transmission rates. When the
data rate is increased, the delay spread of the channel (resulting from multi-
path propagation) will introduce significant degree of intersymbol interference
(ISI) and, consequently, the BER performance is degraded. For this reason
multipath fading compensation techniques must be implemented in order to
realize such a wideband system.

Pilot symbol-assisted equalization has been proposed for mobile communi-
cation applications [1, 2, 3, 4, 5, 6], where known pilot symbols are periodically
inserted into the information (data) symbol sequence in the transmitter, and
the fading distortion associated with each data symbol is estimated by inter-
polating channel estimates by the use of pilot symbols in the receiver. The
coherent detection is later performed by making use of these estimates.
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Pilot symbol-assisted equalization has been shown to be an effective tech-
nique in compensating the fading distortion especially at high SNR values
[1, 2, 5, 6]. However, when the received signal is severely contaminated by
additive Gaussian noise (i.e., low SNRs), the fading distortion cannot be pre-
cisely compensated for because the estimation error increase in conventional
channel estimation methods [4, 5, 6]. Consequently, the BER performance is
degraded.

In this paper, we propose a coherent detection method that can reduce
the estimation errors of the carrier phase resulting from Gaussian noise in
communication systems where pilot symbol-assisted equalization is employed
to compensate for fading distortion.

The approach is to use a combined algorithm consisting of the conven-
tional feed-forward channel estimation (FFCE) and decision feedback channel
estimation (DDCE). The conventional FFCE algorithm uses real or ”genuine”
pilots. The objective of DDCE is to produce qualified guesses or ”non gen-
uine” pilots, which are used by the algorithm as if they were real pilots in
order to improve the overall channel estimate.

2 System Model

We consider a discrete, complex baseband communications system for the
downlink (or forward) transmission scenario; that is transmission from the
base station to the mobile unit. The data is arranged in slots, where the user
data from higher layers are multiplexed with pilot symbols. Each slot contains
Np pilot symbols followed by Nd data symbols and the symbols (pilots and
user data) are denoted by bj,k, where j ∈ [0, Np+Nd−1] is the symbol number
and k is the slot number. Quadriphase shift keying (QPSK) modulation is
used and Es denotes the symbol energy.

The transmitted signal is subject to noise and fading introduced by the
channel. The fading is a multiplicative process, and the envelope of the dif-
ferent signals is assumed to be mutually independent and identically Rayleigh
distributed random variables. The noise is modelled as an independent addi-
tive white Gaussian noise (AWGN) process of zero mean and power spectral
density (PSD) N0

2 . Thus, the received signal yj,k can be written as:

yj,k = bj,k · hj,k + nj,k . (1)

Finally, we estimate the unknown and time-varying radio channel from the
received signal yj,k, and use this information for equalization of the channel
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and in the detection process.
In order to simplify the notations the index k will be omitted in the rest

of the paper.

3 Algorithm Development

3.1 The Proposed Channel Estimation Algorithm

In the proposed algorithm, the estimation/equalization operation is achieved
by the use of genuine and non-genuine pilots. We define the genuine pilots as
the pilots placed at the beginning of each data slot as previously described.
The non-genuine pilots, on the other hand, are qualified guesses of the channel,
which are used by the algorithm as if they were genuine pilots. These qualified
guesses are calculated in an iterative way by means of a decision feedback
algorithm consisting of three steps (A, B and C). The methods of channel
estimation (using genuine or non-genuine pilots) are denoted by step (A1)
and (A2), respectively, as shown in Fig. 1.

In step (A), a first estimate of the channel is calculated. If genuine pilots
are available, the estimates are obtained by

ĥ
(1)
j =

b∗j · yj

||bj ||2 , j ∈ [0, Np − 1] , (2)

where (·)∗ means the complex conjugate. The superscript in the parenthesis
is an index to discriminate from other types of channel estimates below. If,
on the other hand, no pilots were available then the estimation has to be
performed by using non-genuine pilots (i.e., by using a guess of the transmitted
data). In this case, the expression in (2) must be modified where the guess b̂j

is used instead of the correct symbol bj :

ĥ
(1)
j =

b̂∗j · yj

||bj ||2 , j ∈ [0, Np − 1] , (3)

The guess b̂j in (3) is obtained in step (C).
In step (B), the estimates ĥ

(1)
j produced in step (A) are averaged by a

NMA-length moving averaging (MA) filter as:

ĥ
(2)
j =

1
NMA

NMA−1∑
l=0

ĥj−l , j ∈ [Np, Np +Nd − 1] , (4)
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where it was assumed that the channel is stationary or slowly varying over
the interval to be averaged.

In the last step, step (C), the guess of the next transmitted symbol b̂j+1

is calculated. The decision b̂j+1 is used as a non-genuine pilot in the next
iteration in step (A) and also for evaluating the algorithm, where the bit
error rate (BER) is used as the performance measure. The approach is to
choose the symbol corresponding to the quadrant in which the result of the
equalization ĥ

(3)
j = yj+1ĥ

∗(2)
j falls, by taking the expectation value of ĥ

(3)
j ,

which gives:

E{yj+1ĥ
∗(2)
j } = E{bj+1hj+1ĥ

∗(2)
j + vj+1ĥ

∗(2)
j }

≈ E{bj+1|hj |2 + vj+1ĥ
∗(2)
j } ,

(5)

From the result in (5), it can be seen that the transmitted symbol bj+1 will
be amplitude modulated by |hj |2, and the addition of the noise term into
this value might cause the result in (5) to fall in the wrong quadrant and,
consequently, introduces symbol errors.

3.2 Stop Criterion For The Decision Feedback

The fore mentioned steps (A - C) will be iterated as long as the guess b̂j can
be considered to be correct with a high probability; this probability is related
to the magnitude square of the channel weight, |hj |2, and the quality of the
guess can be assessed by comparing it to a threshold γ. When |ĥj |2 < γ, the
probability of correct guess is regarded to be too low and the algorithm is
stopped. This will create positions to the right in the slot where no estimates
are available. This issue is corrected by running the algorithm again, but
this time in the reverse direction (i.e., from the right to left of the slot),
again stopping when the stop criterion is fulfilled. The result of stopping the
algorithm at the second time would be a hole in the slot where no channel
estimates were produced. This hole can be filled up with estimates by an
interpolation procedure, which is described below.

3.3 The Interpolation Procedure

The purpose of using interpolation is to fill the hole, which is caused by stop-
ping the algorithm, with channel estimates. Two types of interpolation will
be considered: linear interpolation and optimal interpolation by minimizing
the mean squared error (MSE).
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Figure 1: The proposed combined channel estimation algorithm. When gen-
uine pilots are available, the channel can be easily estimated in step (A1). In
step (B), the available estimates are averaged in order to lower the variance
before the decision of the transmitted symbol is made in step (C). The de-
cisions are used in the proceeding of the slot as non-genuine pilots in order
to create new channel estimates in step (A2). The blocks marked ”left − >
right” and ”right − > left” corresponds to the feed-forward (tracking) algo-
rithm that works in both directions. For example, the left block moves one
symbol to the right each time a new channel estimate is to be produced. In
the figure, received slot (1), feed-forward channel estimates ĥ

(1)
j (2), average

channel estimate ĥ
(2)
j (3), decision b̂j+1 (4) and decision feedback channel

estimates ĥ
(3)
j (5) are shown.
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In linear interpolation, estimates of the channel in the hole are calculated
by fitting a straight line in the complex plane (signal space) to the points of
channel estimates produced by the feed-forward algorithm in step (A - C).

Optimal interpolation by minimizing the mean squared error is more com-
plex than linear interpolation, but provide better estimates since it uses sta-
tistical knowledge of the channel hj . This algorithm is described below.

Assume that the estimated channel weights at different positions in the
slot can be written as the sum of the channel weight and a noise term:

xj = hj + vj , (6)

where xj are the estimates from the algorithm, ĥ
(1)
j or ĥ

(2)
j , as produced by

(A1) and (A2) in Fig. 1, respectively. The objective of the optimal interpo-
lator is to find the weights gj,n to be used for interpolating values of channel
estimates in the hole, ĥ

(3)
j . This is calculated by a linear combination of

weighted estimates as:

ĥ
(3)
j =

∑
n∈P

gj,nxn , j ∈ H , (7)

where P is a set of indices where genuine and non-genuine pilots exists in the
slot. H is the set of indices where the hole exists, and contains a sequence of
numbers ja, ja+1, · · · , jb where ja and jb are the start and end indices for the
hole, respectively. With the same notation, P contains two series of numbers,
0, 1, · · · , ja − 1 and jb +1, jb +2, · · · , Np +Nd − 1, where Np +Nd is the total
number of symbols in a slot. For easier notation below, we introduce P and
H as the number of elements in P and H respectively. With these definitions,
H equals jb − ja + 1 and P equals Np + Nd − H or ja + Np + Nd − jb − 1.
We denote the elements of P as P1,P2, · · · where P1 < P2 < P3 < · · · < PP .
The same notation is used for H.

The cost function (J) to be minimized is the mean squared error defined
as:

J = E{(dj − ĥ
(3)
j )2} , (8)

where dj = hj is the desired output of the interpolator. The optimal weights
which minimizes the cost function can be found by taking the derivative of
the cost function J with respect to gj,n and equating to zero. The result is the
well known normal equations which can be formulated by the use of matrices:

RG = r , (9)



A Combined Channel Estimation Algorithm for Coherent Detection in Mobile

Communication Systems 161

where R, G and r are the autocorrelation matrix, the weight matrix and
crosscorrelation matrix with sizes P · P , P ·H and P ·H, respectively. They
are defined as

R =




rx(P1,P1) · · · rx(P1,PP )
rx(P2,P1) · · · rx(P2,PP )

...
...

rx(PP ,P1) · · · rx(PP ,PP )


 (10)

G =




gH1,P1 · · · gHH ,P1

...
...

gH1,PP
· · · gHH ,PP


 (11)

r =




rdx(P1,H1) · · · rdx(P1,HH)
rdx(P2,H1) · · · rdx(P2,HH)

...
...

rdx(PP ,H1) · · · rdx(PP ,HH)


 , (12)

where the autocorrelation and a crosscorrelation functions are defined as:

rx(n,m) = E{xnxm} (13)

rdx(n,m) = E{dnxm} (14)

Finally, the weights can be found from (9) by the use of the inverse as:

G = R−1r . (15)

The weights in (15) can be used to calculate the channel estimates in the
hole, using (7), and the knowledge of the autocorrelation and crosscorrelation
matrices.

In the simulations, the channel coefficients hj are faded components and
have a Jakes spectrum with a doppler spread fd, implying that

rx(n,m) = rh(n−m) + rv(n−m) (16)

and
rdx(n,m) = rhx(n,m) = rh(n−m)

= β0(2πfd(n−m) · Ts) ,
(17)

where β0 is the Bessel function of order zero and Ts is the symbol duration.
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The estimation noise vj in (6) depends on whether the estimate ĥj was
produced using a genuine pilot or a non-genuine pilot. The signal-to-noise
ratio (SNR) of the estimate is defined as

SNR =
Var{hj}
Var{vj} , (18)

which can be shown to be:

SNR =




EsEh

N0
, genuine pilot

Eh

2Eh erfc
(q

Ebc
N0

)
+

N0
Es

, non-genuine pilot , (19)

where Eh is the energy/symbol for the channel. The proof of (19) will be
presented in a forthcoming article.

4 Simulation Results

Simulations have been carried out in order to evaluate the performance of the
different configurations for the combined algorithm. The performance mea-
sure used in the simulations is the bit error rate (BER) as a function of Eb/N0.
Performance comparison between activated and deactivated decision feedback
algorithm is investigated. Deactivated feedback is equivalent to setting the
threshold γ to infinity; the channel estimates in the rest of the slots are pro-
duced using linear or optimal interpolation. For the case when the feedback
is active, the optimal value of γ is obtained by testing several values of γ and
choosing the value which achieves the lowest BER.

The following parameters are used in all the simulation setups:

• The energy of the channel, Eh, is set to one. The bit energy is also set
to unity, giving a symbol energy Es of two.

• The mobile unit is travelling at a velocity v = 300 km/h, which results
in a maximum Doppler shift of 556 Hz at a carrier frequency of 2 GHz.

• The transmission rate is 256000 symbols/sec.

• Each slot consists of Np + Nd = 160 QPSK symbols (Np = 4 pilot
symbols followed by Nd = 156 data symbols).

• The averaging filter in step (B) uses NMA = 4 symbols.



A Combined Channel Estimation Algorithm for Coherent Detection in Mobile

Communication Systems 163

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
10

−3

10
−2

10
−1

10
0

γ

B
it 

E
rr

or
 R

at
e 

(B
E

R
)

Bit Error Rate vs. γ

BER for different SNRs
lowest BER

SNR = 0 dB 

SNR = 20 dB 

Figure 2: The bit error rate as a function of the threshold γ for the combined
algorithm when using linear interpolation.
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• The number of transmitted time slots in each simulation run are 2000;
that corresponds to 640000 bits including pilots.

• Resulting cumulative distribution functions are calculated by averaging
20 simulation runs.

• In the results, the bit error rate reflects only the number of errors in the
data symbols; the pilot symbols are not counted.

In order to investigate what values of the threshold γ to use, the system
was simulated for a set of values of Eb/N0 and γ. The result is shown in Fig. 2
for the case where linear interpolation is used. A similar graph was produced
for optimal interpolation, but is not shown here. The triangle symbols (�)
indicates the lowest bit error rate and the optimal value of γ for each Eb/N0

curve. For low Eb/N0, the optimal value of the threshold is high, decreasing
inversely with Eb/N0 which indicate that more and more tracking1 is used.
This is confirmed in Fig. 3, which shows an estimation of the cumulative dis-
tribution function (CDF) of the ”hole size”. At 18 dB the biggest difference in
the hole size is found; 70% of the holes are smaller than 70 symbols compared
to 40% at 0 dB. Smaller holes of course means more tracking.

The bit error rates marked by the triangles in Fig. 2 are plotted again
but in an conventional BER curve in Fig. 4, where the case of optimal in-
terpolation is also included and compared to the theoretical curve of QPSK
modulated signals. The figure clearly shows that a noticeable improvement
in system performance can be achieved when the decision feedback algorithm
(tracking) is active. The optimal interpolation, on the other hand, didn’t give
noticeable improvement in performance in comparison to the linear interpo-
lation. It is also noticeable that the decision feedback achieves lower bit error
rates for SNRs higher than 8 dB. At lower SNRs, non improvement can be
seen. This is due to the fact that a decision on the current symbol depends
on the correctness of the decision made on the previous symbol. Accordingly,
when errors occur in the detection process they tend to propagate through
the system. This phenomenon is known as the ”error propagation”. However,
since a communication system is supposed to operate under such conditions
that most decisions are correct, this is not a serious problem.

Finally, the probability of occurrence of the first symbol error during de-
cision feedback estimation is investigated. Fig. 5 shows that at 0 dB, 90% of
the slots have the first error in any of the first 20 symbols. For 18 dB this

1The term ”tracking” is used for the operation of the decision feedback.
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improvement in comparison with the linear interpolation. The decision feed-
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figure drops to 5%, in fact approximately 80% of the slots are completely error
free. It can also be seen that for high SNR, when interpolation is used, the
first symbol error is slightly delayed.

5 Conclusions

We have investigated a combined channel estimation algorithm consisting of
a feed-forward and decision feedback channel estimation. Two types of in-
terpolation techniques have been evaluated: linear and optimal interpolation
by minimizing MSE. Simulation results have shown that the optimal inter-
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polation didn’t provide noticeable improvement in system performance. The
combined algorithm, on the other hand, has been shown to provide lower
bit error rates as compared to the conventional channel estimation algorithm
especially at SNRs higher than 8 dB. For analysis simplicity, a flat fading
channel model was assumed throughout this paper. Extending the results to
frequency-selective fading radio channels comprise future research.
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Abstract

Multiple-Input Multiple-Output (MIMO) systems in wireless com-
munications promise increased capacity in comparison to Single-Input
Single-Output (SISO) systems. In this paper, a simulator for MIMO
is implemented in Matlab, and three algorithms for power allocation
are evaluated. These algorithms are the conventional UnConstrained
Water Filling (UC-WF), the Constrained Water Filling (C-WF) and
the Equal SNR Power Allocation (ES-PA). Their performance is com-
pared in terms of SNR and BER distribution functions. Additionally,
the C-WF algorithm is evaluated when channel estimation is erroneous.

1 Introduction

Multipath propagation in wireless channels has traditionally been considered
a pitfall that degrades the performance of wireless communication systems.
The concept of Multiple-Input Multiple-Output (MIMO) channels has turned
this view, and today it is evident that users actually benefit from the multi-
path channel. The MIMO channel promises an information theoretic capacity
in bits/s/Hz that grows linearly with the minimum of the number of transmit-
ter and receiver antennas [1, 2, 3, 4, 5, 6, 7], rather than logarithmically as in
the case of Single-Input Single-Output (SISO) channels [8, 9]. This remark-
ably finding has led to considerable research in the MIMO-area, including the
development of the BLAST prototype system [10].

The design of a practical system that approaches the capacity promised by
information theory is not a simple matter, and depends on whether Channel
State Information (CSI) is available to the transmitter. When CSI is available,



172 Part VII

parallell subchannels can be found by Singular-Value Decomposition (SVD)
[11, 3]. Power can then be distributed to the subchannels by using loading
algorithms such as water-filling [12, 6, 13, 14, 15, 16, 17], also known as water-
pouring or the greedy algorithm. In water-filling, more power is allocated to
”better” subchannels in order to maximize the capacity. The performance of
these algorithms is dependent of the quality of the CSI estimates [18]. Other
algorithms have to be used when CSI is not available to the transmitter [19].

The concept of waterfilling is related to adaptive modulation for single
carrier systems as well as multiple carrier systems. In the procedure by Hughes
and Hartogs [20], bit rate is distributed to subcarriers successively until a
target bit rate is reached. The subcarrier for which the transmission of an
additional bit can be done with the smallest additional power is selected. The
method by Chow, Cioffi and Bingham [21] distributes rates first followed by
the adjustment of the powers so that all channels obtain the same Bit Error
Rate (BER). Fischer proposed that instead of trying to maximize capacity,
as in the procedures just mentioned, BER should be minimized and held
constant for all subchannels [22]. The bit rate may be adapted by changing
the constellation size [18] as well as the code rate [23]. It has also been
suggested that the shape of the constellation may be adapted [24]. These
adaptive modulation techniques can be applied to the MIMO channel, see for
example [25] that uses adaptive modulation in V-BLAST. Approximate water-
filling schemes have also been developed in order to decrease the complexity
of the algorithms [26, 16, 15].

In this paper three types of power allocation algorithms for MIMO digital
wireless communications systems are considered. The first algorithm is con-
ventional UnConstrained Water Filling (UC-WF) where power is ”poured”
into subchannels in order to maximize capacity. The second algorithm is an
improvement of UC-WF and is denoted as Constrained Waterfilling (C-WF).
Here, power is not wasted on subchannels which get too low SNR. Equal SNR
Power Allocation (ES-PA) is the final algorithm, where power is distributed so
that all subchannels get the same SNR. The performance of these algorithms
are compared by employing Monte Carlo simulations in Matlab. Additionally,
the C-WF is evaluated in the presence of channel estimation errors.

The paper is organized as follows. In Section 2 the system model consisting
of transmitter, channel model and receiver is described in detail. Section 3
discusses the issue of finding the MIMO subhannels. The details are given
in Sections 4 and 5, respectively, where the decomposition into subchannels
as well as the power allocation algorithms are discussed. The simulations are
presented in Section 6. Finally, conclusions are given in Section 7.
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2 System Model

Consider a wireless communications system employing the MIMO concept.
In such a system, multiple transmitter antennas and receiver antennas are
utilized in order to obtain maximum capacity. Here, the number of trans-
mitter antennas is denoted by N and the number of receiver antennas by M ,
respectively. The maximum number of parallel data streams is denoted by
L. The term ”parallel data stream” is used interchangeably with the term
”subchannel”. For simplicity it is assumed that N , M and L are equal.

The used system model [27] is shown in Figure 1. The system model
consists of three major parts: the transmitter block, the channel block and
the receiver block. These blocks will now be described in detail.

2.1 The Transmitter

The transmitter block is shown in Figure 1. The transmitter is fed with the
complex valued data vector s of size L × 1. The data vector contains the
symbols that are to be transmitted, and it has space for L symbols at the
time. As previously stated, this is the maximum number of subchannels,
i.e. the maximum number of symbols that can be transmitted at one time
instant. The data vector is complex valued since each element can contain one
symbol from the alphabet used in Quadrature Phase Shift Keying (QPSK)
modulation. The time indices for the signals in the system model are not
explicitly written out. Instead, it is implicitly assumed that the signals are
functions of time. As an example, s is generally a function of time, since
different data is transmitted at each time instance.

The transmitter perform two operations to the data vector s before trans-
mission. The first step is the multiplication of the data vector (from the left)
with the square root of the power matrix P. The power matrix is a diagonal
matrix P = diag(p1, p2, · · · , pL), where each element on the diagonal repre-
sents the power pl ≥ 0 that will be used when transmitting each independent
data stream. These powers are set by the transmitter depending on the cur-
rent state of the channel. If the channel is particularly bad, the transmitter
can chose not to transmit a data stream by setting the power to zero. Ob-
viously, since P is a diagonal matrix with elements greater than or equal to
zero, P is also a positive semi-definite matrix. It is also apparent that the
sum of the diagonal elements, trP, is the total power used by the transmitter.
The total power is denoted by PT .

The second step in the transmitter is the multiplication (also from the left)
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with the N × L transform matrix T. This matrix has to be chosen correctly
in order to make full use of the channel, and the proper choice will be shown
later. As also will be seen later, both the power matrix and the transform
matrix have to be known by the receiver as well as to the transmitter, in order
for the system to work. The result from the second step is the output signal
from the transmitter, denoted as x.

To recapitulate, the output signal from the transmitter block is a vector
x resulting from the multiplication of the transform matrix, the square root
of the power matrix and the data vector, i.e.

x = TP1/2s ∈ C
N×1 . (1)

2.2 The Channel

The output signal vector x from the transmitter in Figure 1 is broadcasted
using the transmitter antennas, and will be affected by radio channel prop-
agation impairments. Typical propagation impairments are noise, path loss,
large-scale fading and small-scale fading. In this paper a straightforward chan-
nel model is employed, where the transmitted signal is multiplied (again from
the left) by a channel matrix H followed by the addition of a noise vector n.
The channel matrix is M × N and it is assumed that all the MN elements
are complex valued IID (Independent and Identically Distributed) stochastic
variables. To be precise, the standard Gaussian distribution with zero mean
and variance 1

2 is assumed for the real as well as the imaginary part. The real
part and imaginary part for each element are mutually IID variables. This
results in that each complex valued element is zero mean with variance 1.
The notation CN

A×B(µ, σ) is used here, where µ is the mean, σ the standard
deviation and A × B the dimension of the matrix. The mean and standard
deviation parameters apply to the complex valued elements, not the the real
and imaginary parts. In this case

H ∈ CN
M×N (0, 1) . (2)

Another way to express the above facts is to state that each element [H]ij =
�{[H]ij} +

√−1
{[H]ij} of the channel matrix H is complex valued, with
�{[H]ij} and 
{[H]ij} being stochastic variables from the Gaussian distribu-
tion with variance σ2

2 = 1
2 and zero mean.

Similarly, the elements of the noise vector n are assumed to be complex
valued IID stochastic variables from the standard Gaussian distribution, i.e.

n ∈ CN
M×1(0, σn) , (3)
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where σ2
n is the noise power.

To conclude, the signal received by the receiver antennas will be

y = HTP1/2s + n ∈ C
M×1 . (4)

For simplicity, define
F = TP1/2 ∈ C

N×L (5)

so that y = HFs + n and x = Fs.

2.3 The Receiver

The receiver block is shown in Figure 1. The input to the receiver are the
antenna signals y. The receiver multiplies the antenna signals (from the
left) by the inverse correlation matrix of the noise vector R−1

nn, the conjugate
transpose of the channel matrix and finally by the conjugate transpose of F.
The intermediate result after the multiplication with the channel matrix is
denoted by z and equals

z = HHR−1
nny = HHR−1

nnHx + HHR−1
nnn ∈ C

N×1 (6)

and the final output from the receiver equals

w = FHz = FHHHR−1
nnHFs + FHHHR−1

nnn ∈ C
L×1. (7)

3 Problem Definition

In Section 2 the signal model of the system in Figure 1 is described in detail.
In the model, the parallel QPSK signals to be transmitted are assigned power
via the power matrix P and then multiplied by the transform matrix T. In
the channel, the transmitted signal is multiplied with the channel matrix H
followed by the addition of white noise n. The receiver then reverses the
whole process by multiplying the antenna signals with, in order, the inverse
correlation matrix of the data, the conjugate transpose of the channel matrix
and finally the conjugate transpose of the F-matrix, which is the product
of transform matrix and the square root of the power matrix. From this,
it is observed that the transmitter as well as the receiver are assumed to
have perfect knowledge of the channel matrix H. In addition, the receiver is
assumed to know the correlation matrix of the noise vector, or at least the
inverse of the correlation matrix. As will be presented later, R−1

nn also has to
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be available at the transmitter. It is also seen that the receiver must know
the transform matrix T as well as the power matrix P that are used by the
transmitter. There are several obvious questions:

1. How does the transmitter and receiver obtain knowledge of the channel
matrix?

2. How does the transmitter find the power matrix and the transformation
matrix?

3. How does the receiver obtain knowledge of the transform matrix and
the power matrix that are used by the transmitter?

The answers to these questions are listed below.
Regarding the first question, the answer is straightforward but complicated

to implement. The channel matrix is generally unknown for wireless channels
and, in addition, it is continuously changing. Therefore, the solution is to
use channel estimation techniques in order to estimate the channel matrix.
In this paper, it is assumed that a channel estimator is implemented and
employed. Furthermore, it is assumed that the channel estimator produces
a channel estimate Ĥ that equals the true channel H plus an error term E.
Now, the question is, how does the error term E influence the performance
of the MIMO system. This question is discussed further in Section 6. It is
important to note that channel estimation has to be performed so that both
transmitter and receiver have access to the channel estimate, since both need
to use them. How to implement this in an efficient way is not a simple matter.

The answer to the second question is that the power and transformation
matrices are found by performing calculations on the channel estimate Ĥ and
Rnn, obtained by channel estimation. The choice of T and P is discussed in
Sections 4 and 5, respectively.

The obvious answer to the last question is that the receiver uses the channel
estimate Ĥ in order to perform the same calculations as the transmitter in
order to find the transform and power matrices. This may be inefficient and
other solutions might be needed. However, this is not the issue in this paper.

Another interesting question is how the system obtains knowledge about
Rnn. Here, it is assumed that knowledge is available, and this estimation
topic is not discussed in this paper.
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4 Decomposition of the MIMO Channel into
Subchannels

As described in Section 3, the transmitter and receiver have to calculate the
transmission T and power matrices P using the channel estimate Ĥ. For
simplicity, the hat over H is dropped, assuming H to be a good estimate of
the channel matrix. In this section, it is shown how the matrices should be
selected in order to maximize the available capacity in the system. First, some
preliminaries are presented.

Assume that the noise signals on the receiver antennas are mutually in-
dependent, i.e. the correlation matrix equals the diagonal matrix Rnn =
E{nnH} = σ2

nI, where σ2
n is the noise power. The correlation matrix for the

transmitted signal x can be represented as

Q = E{xxH} = E{(Fs)(Fs)H} = E{FssHFH}
= FE{ssH}FH = FFH . (8)

Furthermore, assume that R−1
nn is a Hermetian matrix1, then it is always

possible to decompose HHR−1
nnH using unitary eigen decomposition so that

HHR−1
nnH = VDVH where D = diag(λ1, · · · , λN ) is a diagonal matrix with

the eigenvalues on the diagonal and V ∈ C
N×N contains the corresponding

eigenvectors. The motivation for why this decomposition always exists is that
HHR−1

nnH is a normal2 matrix when R−1
nn is Hermetian, and normal matrices

can always be decomposed in this manner. In this paper, the assumption that
R−1

nn is Hermitian is true, since this will be the case when the noise signals
over the receiver antennas are uncorrelated.

Now, the objective is to chose the matrices T and P so that the capacity
of the system is maximized. The optimal solution (maximum capacity) is
reached when the transmit correlation matrix is selected as

Q = FFH = Vdiag(p1, · · · , pL)VH , (9)

The powers for the subchannels (remember that this term is used interchange-
ably with the term ”parallel data stream”) are chosen, by water filling, as

pl =
(

v − 1
λl

)+

, l = 1, 2, · · · , L , (10)

1For a Hermetian matrix X it holds that X = XH .
2A matrix X is normal if XXH −XHX = 0.
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where v has to be chosen properly so that all available power is used, i.e.∑L
l=1 pl = PT . The operator (·)+ is defined as

(α)+ =
{

0 , α < 0
α , α ≥ 0 (11)

The water filling algorithm is described in detail in Section 5.
By factorizing the power matrix into two diagonal matrices, we have

Q = FFH = Vdiag (
√

p1, · · · ,
√

pL) diag (
√

p1, · · · ,
√

pL)VH , (12)

where it can be identified how to choose T in F = TP1/2 from

F = TP1/2 = Vdiag (
√

p1, · · · ,
√

pL)⇒
{

T = V
P1/2 = diag

(√
p1, · · · ,

√
pL

) .

(13)
Choose T = V according to this, i.e.

F = VP1/2 (14)

and the output from the receiver may be written as

w = FHHHR−1
nnHFs + FHHHR−1

nnn
= (VP1/2)H(VDVH)(VP1/2)(s) + (VP1/2)H(HHR−1

nnn)
= PH/2VHVDVHVP1/2s + PH/2VHHHR−1

nnn
= PH/2DP1/2s + ñ
= PDs + ñ

, (15)

where ñ = PH/2VHHHR−1
nnn is a new noise vector. Since P and D are both

real diagonal matrices, each element of w will contain one of the transmitted
signals scaled by a factor plus noise.

Now, the resulting SNR on each subchannel will be derived. The correla-
tion matrix of the noise vector ñ is given by

E{ññH} = E
{(

PH/2VHHHR−1
nnn

) (
PH/2VHHHR−1

nnn
)H}

= E
{
PH/2VHHHR−1

nnnnHR−H
nn HVP1/2

}
= PH/2VHHHR−1

nnRnnR−H
nn HVP1/2

= PH/2VHHHR−1
nnHVP1/2

= PH/2VHVDVHVP1/2

= PH/2DP1/2

= P1/2DP1/2

= PD

. (16)
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The SNR for the subchannels can then be derived as

γl =
E{[(PDs)(PDs)H ]

ll
}

E{[ññH ]ll}
=

E{[PDssHPD]
ll
}

[PD]ll
= [PD]ll
= plλl

, (17)

where [·]kl is defined as the element in row k and column l in the argument.
From (17), it is concluded that the SNR for subchannel l is the product of
the transmission power pl for the subchannel and the eigenvalue λl.

5 Power Allocation

Power resources management is an important aspect in communications sys-
tems performance. In this paper we aim to allocate transmission power to
be used by the subchannels in order to maximize the capacity of the system.
In this paper three types of power allocation algorithms are considered: Un-
Constrained Water Filling (UC-WF), Constrained Water Filling (C-WF) and
Equal SNR Power Allocation (ES-PA).

5.1 Unconstrained Water Filling

In the UC-WF, power is ”poured” into the subchannels, see Figure 2, so
that subchannels with high eigenvalues get more power than a corresponding
channel with low eigenvalues. The inputs to the algorithm is the matrix
of eigenvalues, D, and the maximum total power that may be used by the
transmitter, PT . The output is the ”water level” (power level) v that is used
to calculate the powers for the subchannels, i.e. the matrix P with diagonal
elements pl. Assuming that the eigenvalues are ordered such that λ1 > λ2 >
· · · > λL, the algorithm may be described as follows. The first subchannel to
be considered is the one with the highest eigenvalue, i.e. λ1. The maximum
power that may be allocated to the first channel without activating the next
one and without consideration to PT , is given by

b1 = λ−1
2 − λ−1

1 . (18)

If b1 > PT then there is no possibility to continue and all power can be
allocated to the first subchannel, that is

p1 = PT = v − λ−1
1 , (19)
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Figure 2: The water filling principle. The subchannels are ordered according
to their eigenvalues followed by the ”pouring” of power into them.

in which case the water level evaluates to v = PT +λ−1
1 . If, on the other hand,

b1 < PT , then power may be allocated to the next subchannel also.
The maximum power that may be allocated to the first two channels with-

out activating the third one equals

b2 = (λ−1
3 − λ−1

1 ) + (λ−1
3 − λ−1

2 ) = 2λ−1
3 − (λ−1

2 + λ−1
1 ) . (20)

If b2 > PT then there is no possibility to continue and all power can be
allocated to the first two subchannels; that is

p1 + p2 = PT = 2v − (λ−1
2 + λ−1

1 )⇒ v = (PT + λ−1
2 + λ−1

1 )/2 . (21)

Continuing in the same manner the corresponding maximum power and
water level for three subchannels become

b3 = (λ−1
4 −λ−1

1 )+(λ−1
4 −λ−1

2 )+(λ−1
4 −λ−1

1 ) = 3λ−1
4 −(λ−1

3 +λ−1
2 +λ−1

1 ) (22)

and
p1 + p2 + p3 = PT = 3v − (λ−1

3 + λ−1
2 + λ−1

1 )
⇒ v = (PT + λ−1

3 + λ−1
2 + λ−1

1 )/3 .
(23)

By induction, these equations can be collapsed into

bl = lλ−1
l+1 −

l∑
i=1

λ−1
i (24)
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and

vl =

(
PT +

l∑
i=1

λ−1
i

)
/l . (25)

A flow shart describing the water filling algorithm is shown in Figure 3.

Example: To illustrate the water filling algorithm, consider the case where
the eigenvalues of four possible subchannels are λ1 = 1, λ2 = 1/2, λ3 = 1/4
and λ4 = 1/8. By varying the maximum allowable transmission power, PT ,
the water filling algorithm allocates power as shown in Figure 4. In Figure 5
the resulting SNR is plotted as a function of PT for the different subchannels.

5.2 Constrained Water Filling

In the UC-WF algorithm the powers of the individual subchannels are not
constrained, with exception of the total power that has to equal PT . The
powers of individual subchannels can take on any value between zero and PT .
This can result in that power is wasted on subchannels with too low resulting
SNR, which might not be useful for data transmission. In the Constrained
Water Filling (C-WF) algorithm no power is wasted on subchannels with
too low SNR. The algorithm achieves this by monitoring the BER’s for each
subchannel, and removes all power from channels where the BER is lower
than some preset threshold.

The C-WF is summarized with the following pseudo code:

1. Activate all subchannels, i.e. let l = L.

2. Perform UC-WF in order to allocate power to the l subchannels.

3. Deactivate all subchannels with zero allocated power. Decrease l with
the number of subchannels that are deactivated.

4. If l equals one, then only one channel is active. The power allocation is
done (i.e. stop processing).

5. Calculate the analytical SNR for each subchannel using for example
Equation (17).

6. Calculate the analytical BER for each subchannel using closed form
expressions.
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Figure 3: Flow chart describing the principle of Water Filling.
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Figure 4: Water filling numerical example: Allocation of powers for UC-WF.
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Figure 5: Water filling numerical example: The resulting SNR for each of the
four subchannels for different values of the maximum allowable transmission
power PT .
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7. Find the maximum BER. Check that the maximum BER fulfils the
BER-target. If it does, the power allocation is done (i.e. stop process-
ing). If it does not, deactivate this channel and go back to step 2 in
order to repeat the whole process.

5.3 Equal SNR Power Allocation

The last algorithm that is employed in this paper is the ES-PA. In the ES-
PA, power is distributed to the subchannel in a manner that guarantees all
channels to have the same SNR. Evidently, this will also result in all signals
having the same bit error rate. To be specific, the powers are distributed
as pl = γt/λl, with γt selected so that the total power is PT , i.e. γt =
PT /

∑
1/λk.

6 Simulation Results

Simulations have been performed in order to investigate the performance of
the different power allocation algorithms presented in Section 5. In the system
model we use N = L antennas at the transmitter and M = L antennas at the
receiver, where L equals 2 or 4, respectively. One million QPSK-symbols are
transmitted in each Monte Carlo simulation run, and 1000 runs are executed
for each configuration. The maximum transmission power is set to PT = 1,
the correlation matrix for the data vector is E{ssH} = IL×L, H ∈ CN(0, 1)
and the noise power is set to σ2

n = 1.
The amount of error in the estimation process has been varied in order to

evaluate its effect on the performance. The error matrix E is circularly com-
plex Gaussian distributed with zero mean the variance σ2

e . The results from
the simulations are presented in terms of estimated Cumulative Distribution
Functions (CDF) for the signal-to-noise ratio and the bit error rate.

The system is simulated in two different modes. In the first mode the
estimation is ideal (i.e. no errors are introduced). In the second mode, the
estimation is erroneous. The first and second mode simulations are described
in Section 6.1 and 6.2, respectively.

6.1 Simulations with ideal estimation

In Figure 6 we show the CDF curves for UC-WF algorithm with L to 2 and
4, respectively. It is noted that for L = 2 there will be one good and one bad
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Figure 6: CDF’s for the signal-to-noise ratio (top) and the bit error rate
(bottom) for L = 2 (solid lines) and L = 4 (dotted lines) respectively using
UC-WF.

subchannel. There is a almost 100% chance that the good channel has a BER
lower than 10% and a 60% chance that it is lower than 1%. The bad channel
has always a higher BER than 10%. For a system with L = 4 there are two
good and two bad subchannels. The two good channels have a BER lower
than 1% and 10% respectively, with probabilities of 90% or more. The two
bad channels have a BER higher than 10% in all cases. It is concluded that
increasing L from 2 to 4 results in one new useful subchannel and that the
algorithm waste power on the bad channels.

In Figure 7 the results for ES-PA are shown. It is seen that ES-PA results
in very low SNR (high BER) for both L = 2 and L = 4 systems, respectively,
and that the former has the worst performance. It can be concluded that
ES-PA is not a good power allocation strategy.

In Figure 8 we compare the performance of UC-WF, ES-PA and the C-WF
algorithms for a system with L = 4. It is clearly seen that the C-WF has the
best performance since the power of the two bad subchannels is redirected to
the two useful channels, so that the SNR of the better channels will increase.
Note that, because of the constraint of the C-WF, there are no occurrences
of BER values between 10−0.3 and 10−1.3 dB. The constraint used was a
BER-target of 0.05. In conclusion we found that C-WF algorithm gave the
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Figure 7: CDF’s for the signal-to-noise ratio (top) and the bit error rate
(bottom) for L = 2 (solid lines) and L = 4 (dotted lines) respectively using
ES-PA.

best performance, ES-PA algorithm with the worst performance and UC-WF
algorithm gave results which are intermediate between the two.

6.2 Simulations with erroneous estimation

Figure 9 shows the performance of C-WF when channel estimation errors are
present in the systems. As expected, the introductions of channel estimation
errors (i.e., inaccurate channel estimation) tend to deteriorate the performance
of the system, as can be clearly seen in Figure 9. For example, for the best
subchannel, looking at the CDF curve with probability of 90% (y-axis) we see
that the BER increases from 10−2.6 to 10−2 when the error variance increases
from 0 to 0.5, respectively.

7 Conclusions

In this paper three types of power allocation algorithms for MIMO digital wire-
less communications systems were considered: UnConstrained Water Filling
(UC-WF), Constrained Water Filling (C-WF) and Equal SNR Power Alloca-
tion (ES-PA). UC-WF is the ”traditional” water filling algorithm where power
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Figure 8: CDF’s for the signal-to-noise ratio (top) and the bit error rate
(bottom) for L = 4 using refined UC-WF (dotted lines), C-WF (solid lines)
and ES-PA (dashed lines).
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is ”poured” into subchannels according to their eigenvalues. The C-WF is the
UC-WF plus a constraint so that power is ensured not to be wasted on chan-
nels with very low resulting SNR. The last algorithm, the ES-PA, simply
distributes power so that the SNR is the same for all subchannels.

All three power allocation algorithms were implemented and simulated in
Matlab. The performance of the algorithms was compared by investigating
Cumulative Density Function (CDF) plots of SNR and Bit Error Rate (BER).
It was also assumed that the channel is estimated with some controlled degree
of error. It was observed that C-WF has the best performance, followed by
UC-WF, while the ES-PA had the worst performance. It was also seen that
the performance gradually decreased as a function of the degree of channel
estimation error.

In this study of the effects of channel estimation errors, the errors were
exactly the same at both the transmitter and receiver. It would be interesting
to decouple these errors so that different channel estimation errors are intro-
duced instead. Different methods could also be applied for reducing the effects
of estimation errors. In future research, blind source separation techniques
can be evaluated for this particular task.
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