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Abstract

The consideration of multifractal properties in network tra�c has become a

well-known issue in network performance evaluation. We analyze the performance

of a �uid �ow bu�er fed by multifractal tra�c described by Norros, Mannersalo

and Riedi [1]. We describe speci�c steps in �uid �ow analysis, both for �nite and

in�nite bu�er sizes, and point out how to overcome numerical problems. We dis-

cuss performance results in form of waiting time quantiles and loss probabilities,

which help to estimate whether a tra�c concentrator constitutes a bottleneck or

not.

Keywords: Multifractal tra�c, �uid �ow model, numerical analysis, perfor-

mance evaluation

1 Introduction

It has been demonstrated that teletra�c exhibits multifractal properties [1]. However,

there is still a lack of performance models that allows for taking such behavior into

account. In our study we take a step towards closing that gap by applying �uid �ow

analysis to a speci�c process with multifractal properties. Mannersalo, Norros and

Riedi [1] proposed a tra�c model that exhibits such multifractal properties: In its sim-

plest form our model is based on the multiplication of independent rescaled stochastic

processes �(i)(�)
d
=�(bi�) which are piecewise constant. : : : In multiplying rather than

adding re-scaled versions of a `mother' process we obtain a process with novel proper-

ties which are best understood not in an additive analysis, but in a multiplicative one.

Moreover, processes emerging from multiplicative construction : : : exhibit typically

a `spiky' appearance [1]. The `mother'- or base process is a Markov-modulated rate

processes (MMRP) with two activity states, which is well-known in �uid �ow analysis.

But in contrast to the commonly used additive superposition of the data rates of the

MMRPs, the contributions of the subprocesses that act on di�erent time scales to the

total data rate are multiplied together. Thus, with exception of some decomposition

results [2], �uid �ow analysis can be used straightforward.
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Figure 1. State diagram for one subprocess.

Mannersalo, Norros and Riedi left queuing experiments for further study [1]. This

paper is a continuation of their work. It is organized as follows: Section 2 describes the

multifractal products of stochastic processes. Section 3 deals with the corresponding

�uid �ow analysis; it describes how to create the basic matrices and how to avoid

numerical problems. Section 4 presents performance results for two such processes in

terms of waiting time quantiles and loss probabilities. Such results help to estimate to

which extent, for a given input process and load of outgoing link, the concentrator acts

as a bottleneck. Section 5 contains a summary and open issues. The appendix shows

an example of matrices for the �uid �ow analysis.

2 Multifractal Products of Stochastic Processes

Our study and [1] are based on the same data generation process. The outputs of

independent subprocesses are multiplied together,

R(t) =

n�1Y
i=0

Ri(t) ; (1)

while the familiy of subprocesses is given by

Ri(t) = R0(b
it) ; b > 1 : (2)

For n!1, an �asymptotically self-similar� process is obtained [1].

The only di�erence between the subprocesses is their time scale: Compared to

process 0, process i is slowed down by factor bi. As subprocess, a 2-state Markov-

modulated rate process (MMRP) with a Markov chain as depicted in Figure 1 is used.

With (2), the transition rates of subprocess i become

�i = b�i�0 ; (3)

�i = b�i�0 : (4)



Process MNR SYM

li 1=3 1=2
hi 7=6 3=2
�i 5=4i 2=4i

�i 5=4i+1 2=4i

b 4 4
n 7 7

Table 1. Summary of process parameters.

We assume that data and time units are chosen such that on average, one data unit is

produced during one time unit [1]:

E[R] = E

"
n�1Y
i=0

Ri

#
� 1 8n : (5)

In the following, data and transitions rates as well as times and bu�er-related sizes are

given in these units without explicitly referring to them. Accordingly, �i and �i are
chosen such that

E[Ri] =
�ili + �ihi
�i + �i

� 1 8i ; (6)

�0 =
1

�0
+

1

�0
; (7)

which means that the mean cycle time of the slowest subprocess becomes the time unit.

This leads to the mean cycle time of subprocess i

�i = bi : (8)

We use two processes in our study.

1. MNR process : a process speci�ed by Mannersalo, Norros and Riedi [1], but re-

scaled in time to meet (7).

2. SYM process : a process with symmetric transition rates (�i � �i).

The parameters of the processes are shown in Table 1.

Let n(t; T ) be the mean number of data units that are produced by R(t) during the
time interval ]t� T; T ]:

n(t; T ) =

Z t

t�T

R(t)dt : (9)

Plots of n(t; T ) for the MNR process and di�erent time scales T are shown in Figure 2

and reveal multifractal behavior. For T = 1 and T = 100, the variations of n(t; T )
the process around its expectation T nearly look the same. For T = 10000, which is

larger than the mean cycle time of the slowest sub-process �6 = 4096, the variations
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Figure 2. Mean number of data units vs. time for di�erent time intervals T , MNR process.
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Figure 3. Variance time plots for the MNR and SYM process.
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Figure 4. Fluid �ow model of a concentrator.

become less, and for T = 1000000, they have almost disappeared. This behavior is

underlined by the variance-time plot shown in Figure 3. It shows two distinctive parts

for both MNR and SYM process: The normalized variance Var[n(t; T )=T ] � T �+1

[3] decays more quickly on long time scales than on short ones (cf. �gures shown in

[4]). On short time scales (T = 1 : : : 100), a simple least-square approximation gives

an estimate �̂ ' �1:50=� 1:44 for the MNR/SYM process, while on long time scales

(T = 105 : : : 106), �̂ ' �2, which means short-range dependence. This is due to the

choice of b and n, the latter of which has to be �nite in order to make analysis possible.

At this stage, the investigation of the role of these parameters is left for further study.

3 Fluid Flow Analysis

The analysis of the �uid �ow model is based on two matrices, the transition rate matrix

M and the diagonal drift matrix D, whose elements ds show how the bu�er content

behaves if the process is in a particular state s:

� Positive drift ds > 0: the bu�er content rises until the bu�er over�ows; s is an

overload state.

� Vanishing drift ds = 0: the bu�er content remains unchanged.

� Negative drift ds < 0: the bu�er content sinks until the bu�er becomes empty; s
is an underload state.

The construction of these matrices is discussed in Section 3.1.

The �uid �ow model of a concentrator is shown in Figure 4. We assume a constant

capacity C; the o�ered load becomes

A =
E[R]

C
=

1

C
: (10)

The behavior of the bu�er content of the concentrator

~F T (x) = [F0(x)F1(x) : : : FN (x)] ; (11)



with

Fn(x) = Prfstate S = n;X � xg ; (12)

is given by the set of di�erential equations

D
d~F (x)

dx
=M~F (x) ; 0 � x < K : (13)

The boundary conditions are

Fn(0) = 0 dn > 0 (14)

Fn(K) = PrfS = ng = �n dn < 0 (15)

The solution is given by:

~F (x) =
X

aq�qe
zqx ; (16)

where zq and �q are the eigenvalues and corresponding eigenvectors found through

zq�q = D
�1
M�q : (17)

We normalize the eigenvectors to a component sum of one. Vanishing drift values have

to be excluded so that D is invertible, which leads to the condition

fln�ihig 6= C i = 0 : : : n : (18)

The coe�cients aq are obtained from solving the linear system of equations given by

(14), and (15) in case of bu�ers of �nite size. For bu�ers of in�nite size K ! 1,

merely coe�cients belonging to negative eigenvalues have to be determined, as besides

of a0 = 1 for z0 = 0 and �0 = ~� (the vector of state probabilities), all other coe�cients

belonging to positive eigenvalues have to disappear [5]. In this case, the complementary

probability distribution function (cpdf) of a bu�er threshold x is given by

G(x) = PrfX > xg = �
X

q:zq<0

aqe
zqx : (19)

Instead of x, a waiting time threshold w = x=C can serve as analysis parameter. For

bu�ers of �nite size, the loss probability is calculated through [6]:

PLoss =
1

E[R]

X
8S:ds>0

(PrfS = sg � Fs(K
�)) ds : (20)

A detailed description of �uid �ow analysis is contained in [7, 8].



3.1 Matrix construction

The matrices M and R used in �uid �ow analysis are constructed from the matrices

of the subprocesses

Mi =

�
��i �i
�i ��i

�
=

�
�b�i�0 b�i�0
b�i�i �b�i�i

�
; (21)

Ri =

�
l 0
0 h

�
: (22)

The transition rate matrix is formed using Kronecker addition [2]

M =M0 �M1 � � � � �Mn�1 : (23)

The rate matrix is constructed slightly di�erent from the ordinary case where the

sources data rates are added to each other. Instead the diagonal of R is formed by

multiplying each subprocess contribution to that particular state:

R =

2
6666664

ln 0 0 0 : : : 0
0 ln�1h 0 0 : : : 0
0 0 ln�2hl 0 : : : 0
0 0 0 ln�2h2 : : : 0
: : : : : : : : : : : : : : :
0 0 0 0 : : : hn

3
7777775
: (24)

The drift matrix D is formed as usually through

D = R� CI (25)

In the Appendix A, a simple example is given. In general the matrices will be of size

[2n� 2n], i.e. a large system appears even for quite small values of n. The matrices are

irreducible due to the fact that all the subprocesses have di�erent transition rates.

3.2 Resolving numerical problems

Underload states with drift values near to zero lead to very large positive eigenval-

ues that may cause numerical over�ow in (15). However, previous numerical studies

[7, 9] revealed that the corresponding coe�cient became extremely small as the drift

approached zero from below, so that the contribution of the corresponding term to

(16) vanishes. Consequently and with respect to the limit of about 10308 (imposed by

�oating-points with double precision), coe�cients aq for eigenvalues that would lead

to

ezqK > 10300 (26)

were set to zero in advance, and the same number of equations (belonging to states

with smallest negative drifts) were removed before solving the system of equations.

The numerical calculations were performed using MATLAB
TM. The eigensystem

was calculated by a routine from the NAGR Foundation toolbox, while the coe�cients

were obtained through a standard matrix inversion. The improvement of the numerical

behavior for larger n is left for further study.



A C a� z�

80 % 1.25 �0:71830 �0:0020215
70 % 1.41 �0:59157 �0:0064305
60 % 1.67 �0:47322 �0:022768
50 % 2.00 �0:36367 �0:10132
40 % 2.50 �0:26401 �0:76108
30 % 3.33 0 �

Table 2. Coe�cients and eigenvalues for di�erent loads for the MNR process and in�nite

bu�er.

4 Results

First, we take a look at the MNR process (for parameters, see Table 1) in conjunction

with a bu�er of in�nite size. As the o�ered load is bounded by A < 1, this process
has only one overload state when R(t) = h7 ' 2:9419. Thus, there will only be one

negative eigenvalue z�; the corresponding coe�cient is denoted by a�. Consequently,

the cpdf of the waiting time is given by a simple exponential:

G(w) = PrfW > wg = �a�e
z�Cw : (27)

Some selected eigenvalues z� and coe�cients a� are shown in Table 2. For a load

of 30 %, no overload ever happens due to the fact that C > h7, which means that

the bu�er always remains empty. However, as the link load increases beyond 50 %,

given the same input tra�c pattern, the concentrator turns into a bottleneck. The

critical value is not the coe�cient, but the eigenvalue contained in the exponential

term that diminishes rapidly with rising load, thus pushing up the tail of the cpdf.

This is illustrated by Figure 5. Especially for a load of 70�80 %, the curves decay very

slowly, indicating that very heavy queuing will occur. These results are underlined by

the waiting time quantiles wk : G(wk) = PrfW > wkg = 10�k given by

wk = A
k ln(10) + ln(a�(A))

jz�(A)j
: (28)

These quantiles grow linearly with the desired level k, while according to Table 2, the

load mostly a�ects the eigenvalue in the denominator. Figure 6 reveals that waiting

time quantiles approximately rise exponentially with the load.

Figure 7 shows the corresponding loss probabilities in a bu�er of �nite size K that

bounds the maximal waiting time to wmax = K=C. These loss probabilities exhibit

similar exponential tails as the corresponding cpdf's. For this process, a load of 40�

50 % implies good loss performance even for quite small bu�er sizes. In case of high

loads, the concentrator with a bu�er of �nite size throws away a considerable share of

the input tra�c.

Finally we turn to the SYM process. The cpdf of the waiting time is shown in

Figure 8. A comparison with the corresponding cpdf of the MNR process (Figure 5)

reveals that queuing has become heavier, which was to be expected from the greater
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Figure 5. Complementary waiting time distribution for di�erent o�ered loads, MNR process.

40 45 50 55 60 65 70 75 80
10

0

10
1

10
2

10
3

10
4

Load [%]

W
ai

tin
g 

tim
e 

qu
an

til
e

k=6
k=4
k=2

Figure 6. Waiting time quantiles for di�erent levels, MNR process.



0 5 10 15 20 25 30 35 40 45 50
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Maximal waiting time

P
Lo

ss

80 %
70 %
60 %
50 %
40 %

Figure 7. Loss probability vs. maximal waiting time for di�erent o�ered loads, MNR process.

0 2 4 6 8 10 12 14 16 18 20
10

−3

10
−2

10
−1

10
0

Waiting time w

cp
df

(w
)

80 %
70 %
60 %
50 %
40 %
30 %
20 %
10 %

Figure 8. Complementary waiting time distribution for di�erent o�ered loads, SYM process.



Negative eigenvalues
A C

number set

10 % 10.00 1 {-0.18477}

20 % 5.00 9 {-0.028764, -3.3645 : : : -3.946}

60 % 1.67 28 {-0.0017248, -0.086306 : : : -0.75685, -11.838 : : : -11.907 }

Table 3. Eigenvalues, SYM process. The dominant eigenvalues are underlined.

variance of the SYM process, see Figure 3. If the concentrator were loaded by more

than 20 %, it would probably become a bottleneck.

Even though the cpdf contains more than one exponential term, except from the

case with 10 % load, an exponential tail occurs due to the dominance of the negative

eigenvalue with the smallest absolute value, see Table 3.

5 Conclusions

In this paper, we presented a �uid �ow queuing experiment for a process with multi-

fractal properties speci�ed by Mannersalo, Norros and Riedi [1]. We discussed main

steps in �uid �ow analysis of a tra�c concentrator as well as related numerical issues

and presented results for waiting time quantiles and loss probabilities. Such results

might be used for estimating whether a concentrator constitutes a bottleneck, given

an input process with multifractal properties and a certain load of the outgoing link.

Thus, the use of multifractal products of processes together with the �uid �ow model

seems to be a promising way of analyzing network tra�c.

However, we had to leave some important issues for further study. One of them is to

study the impact of the process parameters in detail. As stated by [1], modeling of real

tra�c should be taken into account, which makes it necessary to develop parameter

estimators and synthesis algorithms for matching real data tra�c. Finally, possibilities

to stabilize the �uid �ow calculations for very large systems, i.e. many contributing

subprocesses, should be investigated.
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A Example of matrix construction

The following matrices belong to a process with �0 = �0 = 2, l = 0:5, h = 1:5, b = 4
and n = 3. Observe the exponential growth of data rates in matrix R.

M0 =

�
�2 2

2 �2

�
M1 =

�
�0:5 0:5

0:5 �0:5

�
M2 =

�
�0:125 0:125

0:125 �0:125

�

R0 =

�
0:5 0

0 1:5

�
R1 =

�
0:5 0

0 1:5

�
R2 =

�
0:5 0

0 1:5

�

M =

2
66666666664

�2:625 0:125 0:5 0 2 0 0 0

0:125 �2:625 0 0:5 0 2 0 0

0:5 0 �2:625 0:125 0 0 2 0

0 0:5 0:125 �2:625 0 0 0 2

2 0 0 0 �2:625 0:125 0:5 0

0 2 0 0 0:125 �2:625 0 0:5

0 0 2 0 0:5 0 �2:625 0:125

0 0 0 2 0 0:5 0:125 �2:625

3
77777777775

R =

2
66666666664

0:125 0 0 0 0 0 0 0

0 0:375 0 0 0 0 0 0

0 0 0:375 0 0 0 0 0

0 0 0 1:125 0 0 0 0

0 0 0 0 0:375 0 0 0

0 0 0 0 0 1:125 0 0

0 0 0 0 0 0 1:125 0

0 0 0 0 0 0 0 3:375

3
77777777775


