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Abstract

Signal processing is a common part of the modern society used to obtain
high functionality in a vast number of applications. As the development of
advanced electronics and powerful computers continue, the limit of the func-
tionality in many systems is increased. Furthermore, as the signal processing
can be performed on digitalized signals more advanced methods and algo-
rithms can be employed and enhance the results.

In radio-based astronomy a new window of discovery against space has
opened using digitally based antenna array systems to observe signals with
spectral contents ranging up to a major part of the VHF-band. This enables a
high degree of flexibility and incorporates several areas e.g. radio astronomy,
signal processing and advanced electronic design, in the development and
construction of the technology. The usage of digital signal processing is also
seen in power networks to control and monitor the state of the system. The
power network is a complex and vital construction for the population that
demand a high degree of security and reliability. Methods for monitoring
and diagnostics are needed. If a fault can be found with high accuracy the
time spent on repairs can be kept low reducing the cost and the consumers
discontent.

This thesis concerns parameter estimation within radio-based astronomy
and fault localization on power lines. In this thesis the connection between
the two areas is the use of electromagnetic modelling of underlying physical
properties, parameter estimation and digitally based equipment used for ad-
vanced signal processing. The first area concerns the estimation of properties
of electromagnetic waves e.g. direction of arrival and state of polarization,
using an antenna array consisting of Tripole antennas. The properties of this
antenna and the corresponding array configuration are investigated in part
I-III of this thesis. The second area concerns fault localization on power lines
using frequency modulated radar techniques. Part IV and V of this thesis
present the concept and properties of this fault locator.
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Introduction

The work summarized in this thesis can be divided into two parts connected by
the use of electromagnetic modelling in signal processing applications, specif-
ically parameter estimation. This introduction is divided into two parts; the
first part introduces the concept of the Tripole antenna and the related vector
sensor. The second part introduces the area of fault localization on power
lines.

The Tripole Antenna and the Related Vector-sensor

In [Com81] Compton introduces the concept of the Tripole antenna which is
an antenna constructed by three perpendicular dipoles centred at the same
position. This can be interpreted as an antenna array with three dipole anten-
nas and in [Com81] the Tripole is shown to possess good interference rejection
properties and polarization separation properties when adaptive tracking is
utilized.

To fully exploit and measure the properties of an electromagnetic wave
Nehorai and Paldi in [NP94] introduced the vector-sensor that consists of
six electric and magnetic elements, collocated in space but orthogonally ori-
ented. This enables measurements of the complete electromagnetic field at the
antenna, which could not be accomplished using scalar sensors. The vector-
sensor provides more flexibilities and robustness compared with the Tripole
antenna. Specifically, the vector-sensor can possess a good performance in a
situation where the Tripole antenna is less efficient [NP94]. These benefits are
obtained at a cost of the three additional magnetic dipole elements and corre-
sponding additional receiver equipment, increased computational complexity
and mutual coupling between the electrical dipoles and the magnetic dipoles.
The choice of antenna is therefore not obvious.

In light of the benefit of measuring the complete electromagnetic field the
vector-sensor has been investigated and proposed as an efficient antenna dur-
ing the last decade, see e.g. [HN96, KCTN96a, KCTN96b, ANT99, HN95,
Li93]. In the context of Direction-Of-Arrival (DOA) and polarization esti-
mation there are several publications concerning the usage of eigenstructure
based methods e.g. ESPRIT [Tre02] and MUSIC [PS97] or methods devel-
oped based on their foundations, see e.g. [Li93, HTN99, WZ00] and references
therein.

In radio-based astronomy the search-space of incoming electromagnetic
waves can be limited to the upper hemisphere and thereby the number of
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elements can be reduced, [JTR04, Won01], and still provide information about
e.g. the source location for an arbitrarily polarized electromagnetic wave.

Within the digital-radio-telescope project LOIS [Loi05], related to the LO-
FAR project [Lof05], the Tripole antenna has to this day been the proposed
antenna configuration based on its simple but effective structure. However,
the possibility of using other or similar advanced antennas is under consider-
ation. Since the number of antennas in this digital-radio astronomy project
is planned to be large the choice of the antenna type is important. From
a cost-effective and flexibility/robustness point of view the Tripole antenna
is suitable for this application where the antenna array, in the fully func-
tional stage, should be able to measure incoming electromagnetic waves with
frequencies ranging up to approximately 200 MHz.

Each antenna, regardless of configuration, is connected to an individual
digital-receiver capable of guaranteeing 10 dB signal-to-noise ratio at −103
dBm input power with a 3.4 kHz bandwidth at 5 MHz. The receiver is com-
pletely based on digital processing and controlled by central unit, e.g. a digi-
tal signal processor or a field programmable gate array capable of supplying
the user with a large flexibility depending on the requirements of operation.
Communication with the receivers in the array is made over the Internet and
effectively moves the computational burden to a central computer, an ordi-
nary desktop computer or a distributed parallel processing unit. This enables
the usage of advanced digital signal processing algorithms.

The work done on the Tripole array is summarised below and included as
part I-III of this thesis.

Fault Localization on Power Lines

The modern society demands a robust and reliable power system that can
guarantee continuous power delivery for the major part of the year. Since
power systems are large and complex constructions there is a need for fast
and accurate fault localization equipment.

A major threat against technology such as a power network is solar winds
containing large amounts of energy in clouds of charged plasma originated
from e.g. coronal mass ejections (CMEs). Although the earth magnetic field
is protective, a high-energy event can effectively disable a power network. One
scientific goal of the LOIS project [Loi05] is to monitor the sun and the space
weather, to provide accurate reports and warnings concerning high-energy
solar events that approaches the earth. Using the information gathered about
the event, the concerned parties can secure the continuous operation.
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The fact that researchers have investigated the topics of fault locators for
several years displays the need for accurate and economic solutions. With the
aid of such equipment, faults can be accurately localized and repair crews can
maximise their efficiency regarding the time spent finding the fault location.
Since a general power network can include a vast number of components and
circuits, different voltage levels, different feeder configurations and different
types of cables with different length etc., it is not an obvious task to construct
a general fault locator, see e.g. [And95, And98].

Proposed fault locators are based on e.g. travelling waves generated by the
fault, external signal injection techniques, algorithms using voltage and cur-
rent phasors and measurements of the voltage and the currents on the power
line. The phasor based fault locators are in general mounted within the power
system and measures the post-fault transients to acquire the corresponding
fundamental frequency phasors, either by filtering or by numerical methods
[LER85]. This approach is similar to the fault locators based on raw voltage
and current measurements but here the analysis to obtain the fault location
is performed in the time domain, see e.g. [AGH00, BG04].

Travelling wave based fault locators are often considered to be mounted
within the power system and in conjunction with the Global Position System
the travelling waves are time-stamped at both ends of the power line. Using
knowledge of the power line under investigation the distance to the fault
can be estimated. This requires some form of communication between the
fault locators to obtain the difference in the time of arrival of the travelling
wave at both ends, see e.g. [ZXX04, Lee93]. The travelling waves produce
an electromagnetic field transmitted by the power cable that could provide
information about the fault and be measured using e.g. a polarization sensitive
antenna, such as the Tripole antenna.

Signal injection techniques can be used both on an energized and on a
deenergized power line since the transients and travelling waves generated
by the fault are not of primary interest. This type of fault locator is based
on Time Domain Reflectometry where the reflection of the injected signal
at an impedance discontinuity is recorded and processed to obtain a time
difference between the time of transmission and the time of arrival. There are
different types of signals or waveforms suggested for usage, see e.g. [TF96] and
references therein, but the most common is pulse-shaped signals. Depending
on the desired resolution or accuracy and the maximum distance to a fault,
there exist a flexibility in selecting the signal properties.

In [DST72] the authors suggested the usage of Frequency Modulated Con-
tinuous Wave (FMCW) signals instead of the pulse-shaped signals. The
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FMCW radar is a well-known and versatile technique in the radar community,
see e.g. [Gri90, Sto92, Sko80]. It has interesting properties that are of great
importance in the context of fault localization on power lines e.g. the time-
bandwidth product can be selected large resulting in good accuracy, several
synchronised measurement can be averaged to obtain better signal-to-noise
ratio and the post-measurement analysis can be performed in the frequency
domain. This concept has not been explored further and in this thesis we
continue to develop and investigate the concept in a situation involving a one
line to ground (1LG) fault. The work done regarding fault localization is
summarised below and included as part IV-V of this thesis.

Part I - On Signal Separation Using Polarization
Diversity and Tripole Arrays

This paper investigates the linear independency of the steering vectors asso-
ciated with an array of Tripole antennas. There is a clear connection between
these properties and the estimation quality using high-resolution subspace
based methods such as e.g. MUSIC. We state conditions based on the num-
ber of incoming signals and their polarization state and develope bounds on
the number of linearly independent steering vectors one can expect if the
conditions are fulfiled. Simulations are included to exemplify the theory.

Part II - Analysis of a Tripole Array for Polar-
ization and Direction of Arrival Estimation

We consider using the tripole array to estimate the polarization state and
one-dimensional DOA of one incoming electromagnetic wave. The quality of
the estimates are investigated based on the Cramér-Rao Bound. Assuming
knowledge about the direction of arrival of the incoming wave, using beam-
forming or a priori information, we introduce a polarization state estimator
based on the stokes parameters and a linear Least-Square formulation. The
performance of the estimator is compared to Cramér-Rao Bound and is seen
to indicate good estimation possibilites.
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Part III - Fundamental Limitations for Polar-
ization Estimation with Applications in Array
Processing

This paper investigates fundamental physical limits concerning polarization
estimation using electrically small antennas. The modelling of the receiving
antennas is based on spherical vector modes, radiating Q and broadband Fano
theory. The concept of a probing multimode array utilizing beamforming to
suppress interferers is introduced. A maximum likelihood polarization esti-
mator for the probing array is derived. The Fisher Information is used as a
measure of the performance of the multimode array for polarization estima-
tion. It is seen that the performance is invariant to the direction parameters
and the polarization state but depends strongly on the degree of polarization,
the electrical size of the antenna and the system bandwidth.

Part IV - On Fault Localization on Power Lines
- An FMCW Based Fault Locator

In this report we investigate the use of FMCW radar for fault localization
on power lines. This includes basic theory and an electromagnetic model for
the frequency dependent transmission line parameters. Simulations and cal-
culations of the corresponding theoretical optimum performance obtained via
the Cramér-Rao Bound are included. Also, we present and discuss measure-
ments made in laboratory and in a field-experiment of an FMCW based fault
locator.

Part V - FMCW Radar for Fault Localization
on Power Lines

This paper summarizes the work made concerning fault localization on power
lines. The concept of an FMCW based fault locator is presented using trans-
mission line theory and the performance is quantified using the Cramér-Rao
Bound. Measurements and simulations are included and processed using high-
resolution spectrum estimation methods.
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On Signal Separation Using Polarization

Diversity and Tripole Arrays

J. Lundbäck, S. Nordebo

Abstract

This paper concerns signal separation in the context of estimating
the Direction Of Arrival (DOA) and the state of the electromagnetic
polarization using Tripole antenna arrays. We derive an analytical ex-
pression for the electromagnetic far-field of the Tripole antenna array
and a signal model for the waves received by the array. In a two–
dimensional DOA–parameter space it is shown that there can be at
most two linearly independent steering vectors per distinct DOA. More
over, steering vectors are linearly independent iff the polarization state
of the corresponding two signals are different. In the case of DOA from
a one-dimensional parameter space we show that the steering vectors
are linearly independent if the Haar condition is satisfied and that there
are at most equal number of distinct DOA as there are Tripole antennas
with at most two distinct states of polarizations per DOA. This is illus-
trated in simulations using MUSIC and Capons method for parameter
estimation.

1 Introduction

The use of signal processing on antenna arrays that have certain physical
properties enables the estimation of electromagnetic (EM) wave parameters
such as the Direction Of Arrival (DOA) and the state of polarization, see
e.g. [Li93, WZ00, HTT98]. Related problems of great technical relevance are
signal separation and interference cancellation based on space and polarization
diversity, see e.g. [WZ00, HTT98, Com81].

Within classical estimation theory using subspace methods such as e.g.
Multiple Signal Classification (MUSIC) [WZ00, HTT98, SV93] it is usually
implicitly assumed that a steering vector corresponds to the sought param-
eter (such as DOA) if this steering vector belongs to the signal subspace.

27
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This is usually true for a simple array problem, such as with the Uniform
Linear Array (ULA) and a one–dimensional parameter space, if the Haar con-
dition is satisfied [Kre78]. For multi–dimensional parameter estimation such
as with (2–D) polarization and (2–D) DOA estimation the situation is much
more complicated. It is possible that a steering vector is linearly dependent
of the associated signal subspace even though this steering vector does not
correspond to any present signal [HTT98]. This uniqueness issue is of great
importance for the possibilities of DOA and polarization estimation as well
as for the possibilities of signal separation and interference cancellation.

In this contribution we study the array of Tripole antennas and the prop-
erties of the associated array manifold given a certain antenna length and
propagation constant. We show that there are no more than two linearly in-
dependent steering vectors for each direction of arrival (DOA) and that these
steering vectors are linearly independent iff they correspond to distinct states
of polarization. Hence, in principle, it is possible to estimate the state of po-
larization of only one signal per DOA. Furthermore, in the case of a uniform
linear array and a one–dimensional DOA–parameter space (two–dimensional
wave propagation) we use the Haar condition to show that a steering vector
is linearly independent of the signal subspace if there are less distinct DOAs
then there are Tripole antennas. Hence, given M Tripole antennas, we are
guaranteed to uniquely estimate M −1 distinct (1–D) DOAs regardless of the
number of incoming signals and their state of polarization.

2 The Steering Vector Based Signal Model

The Tripole antennas are oriented so that the three antenna elements of length
2h are aligned along the Cartesian base vectors x̂1, x̂2, x̂3, respectively. The
magnetic vector potential for antenna i = 1, 2, 3 is given by Ai(r) = Ai(r)x̂i
where

Ai(r) =
µ0

4π

∫ h

−h

Ii(xi)
e−jk|r−xi

�

xi|

|r − xix̂i|
dxi, (1)

cf. [Bal97], where µ0 is the permeability of free space, r = rr̂ is the position
vector in spherical coordinates, Ii(xi) is the current distribution for antenna
i and k = ω/c = 2π/λ is the wave number for free space, ω the angular
frequency, λ the wave length and c the speed of wave propagation. We assume
that the current distribution is given by

Ii(xi) = I0i sin(β(h− |xi|)) (2)
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where β > k is the propagation constant for the antenna and I0i is the complex
current amplitude.

The electric far–field approximation for antenna i is given by the following
relation, cf. [Bal97]

Ei(r) =
e−jkr

kr
F i(r̂) = −jωAi(r) · (θ̂θ̂ + φ̂φ̂) (3)

where F i(r̂) is the far–field amplitude and θ̂ and φ̂ the unit vectors for spher-
ical angles. By inserting (1) and (2) in (3) we find the far–field amplitude for
antenna i

F i(r̂) =
−jkωµ0I0i

4π
G(r̂ · x̂i)x̂i · (θ̂θ̂ + φ̂φ̂) (4)

where

G(ψ) =

∫ h

−h

sin(β(h− |x|))ejkψxdx = 2β
cos(kψh) − cos(βh)

β2 − k2ψ2
. (5)

It is assumed that β > k, and hence G(ψ) > 0 since |ψ| ≤ 1. Note also that
G(ψ) → βh2 when h→ 0.

Now, consider the situation where there are L waves impinging on the
antenna array given by

El(r, t) = sl(t)(sin γle
jηl θ̂l + cos γlφ̂l)e

jk
�

rl·r, l = 1, . . . , L (6)

where sl(t) is the complex baseband signal, γl and ηl are the two polarization
parameters interpreted as spherical angles on the poincare sphere cf. [Com81],

and r̂l, θ̂l and φ̂l are the unit spherical coordinate vectors corresponding to
the direction of the incoming wave front. The state of polarization of the lth
wave is defined by the complex number Pl = tan γle

jηl .
Suppose there are M Tripole antennas at positions rm, m=1,. . . ,M. The

lth received signal at antenna m and Tripole element i is proportional to the
scalar product

El(rm, t)·F i(r̂l) ∼ ejk
�

rl·rmG(r̂l·x̂i)(x̂i·θ̂lθ̂l+x̂i·φ̂lφ̂l)·(sin γle
jηl θ̂l+cos γlφ̂l) = ami

(7)
cf. [SDS98], where the complex amplitudes ami are the elements of the steering

vector of the antenna array. Hence from (7), the 3M × 1 steering vector may
be written as

a(θl, φl, γl, ηl) = A(θl, φl)P(γl, ηl) (8)
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where

A(θl, φl) = d(θl, φl) ⊗ (G(θl, φl)B(θl, φl)), (9)

d(θl, φl) = [ejk
�

rl·r1 · · · ejk
�

rl·rM ]T , (10)

G(θl, φl) = diag [G(r̂l · x̂1) G(r̂l · x̂2) G(r̂l · x̂3)] , (11)

B(θl, φl) =




x̂1 · θ̂l x̂1 · φ̂l
x̂2 · θ̂l x̂2 · φ̂l
x̂3 · θ̂l x̂3 · φ̂l


 =




cos θl cosφl − sinφl
cos θl sinφl cosφl
− sin θl 0


 , (12)

P(γl, ηl) =

(
sin γl · e

jηl

cos γl

)
, (13)

and where ⊗ denotes the Kronecker product.
The received signals at the antenna array can now be modelled as follows

x(t) = As(t) + n(t) (14)

where x(t) is the received 3M × 1 complex baseband signal, A = [a1 · · · aL]
where al = a(θl, φl, γl, ηl), s(t) = [s1(t) · · · sL(t)]T and n(t) represents zero
mean additive white Gaussian noise (AWGN) with covariance matrix σ2

nI.
The range space of A is called the signal subspace.

3 Properties that guarantee linearly indepen-

dent steering vectors

In this section, we state five theorems that have great significance regarding
the uniqueness of DOA estimates using eigenspace methods such as MUSIC
and related techniques, see e.g. [WZ00, HTT98, SV93]. These theorems have
also a great impact on the possibilities to perform signal separation and in-
terference cancellation, see e.g. [Com81].

Theorem 1 There are no more than two linearly independent steering vec-
tors for any given DOA (θ, φ).

Proof: This follows directly from the vector space structure given in (8) where
the matrix A(θ, φ) is 3M × 2. 2

Theorem 2 Given any fixed DOA (θ, φ). Two steering vectors a(θ, φ, γ, η)
and a(θ, φ, γ′, η′) are linearly independent iff the corresponding states of po-
larization are distinct, i.e. P = tan γejη 6= P ′ = tan γ′ejη

′

, or (γ, η) 6= (γ′, η′).
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Proof: Since G(θ, φ) > 0 and B(θ, φ) has orthogonal columns, it follows
that C(θ, φ) = G(θ, φ)B(θ, φ) has full rank. Hence, A(θ, φ)x = d(θ, φ) ⊗
C(θ, φ)x = 0 implies that x = 0 and the matrix A(θ, φ) has linearly indepen-
dent columns. Now, since [a(θ, φ, γ, η) a(θ, φ, γ ′, η′)] = A(θ, φ)[P(γ, η) P(γ′, η′)]
it is concluded that the two steering vectors a(θ, φ, γ, η) and a(θ, φ, γ ′, η′)
are linearly independent iff det[P(γ, η) P(γ ′, η′)] 6= 0, or equivalently, P =
tan γejη 6= P ′ = tan γ′ejη

′

. 2

The steering vectors belong to the complex vector space C3M . In general,
the set of steering vectors {a(θl, φl, γl, ηl)}

L

l=1 may be linearly dependent, even
though L < 3M and the points (θ1, φ1, γ1, η1) 6= · · · 6= (θL, φL, γL, ηL) are
distinct, cf. [HTT98]. We emphasize that this is a natural property since
there is no Haar condition [Kre78] for functions of several variables.

In this contribution, we investigate sufficient conditions for linearly inde-
pendent steering vectors when the array response vector d(θ, φ) satisfy the
Haar condition. Specifically, we consider now the case with a uniform linear
array (ULA) with θ = π/2, 0 ≤ φ ≤ π, rm = x̂1(m − 1)λ/2 and d(φ) =
d(π/2, φ) = [1 ejπ cosφ · · · ejπ cosφ(M−1)]T . The vector function d(φ) ∈ CM so
defined satisfies the Haar condition [Kre78], hence rank[d(φ1) · · ·d(φK)] = K
if K ≤ M and the points φ1 6= · · · 6= φK are distinct (cf. the Vandermonde
matrix).

Denote A(φ) = A(π/2, φ) and C(φ) = C(π/2, φ), hence A(φ) = d(φ) ⊗
C(φ) and the corresponding steering vector is denoted a(φ, γ, η) = A(φ)P(γ, η).
We are now ready to state the following theorem

Theorem 3 Suppose that the array response vector d(φ) ∈ CM satisfies the
Haar condition. Then the matrix [A(φ1) · · ·A(φK)] has full rank if K ≤ M
and the points φ1 6= · · · 6= φK are distinct.

Proof: Consider the equation [A(φ1) · · ·A(φK)]x = 0, or d(φ1) ⊗ C(φ1)x1 +
· · ·d(φK)⊗C(φK)xK = 0 where the right–hand side is a 3M × 1 zero vector.
This equation can be rearranged as C(φ1)x1d

T (φ1)+ · · ·C(φK)xKd
T (φK) =

0 where the right–hand side is a 3 ×M zero matrix. The last equation can
be written

[d(φ1) · · ·d(φK)]




x
T
1 C

T (φ1)
...

x
T
KC

T (φK)


 = 0

where the right–hand side is an M × 3 zero matrix. The Haar condition now
implies that C(φk)xk = 0, and xk = 0 since C(φk) has full rank. Hence,
x = 0 and the proof is concluded. 2
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Finally, we state two theorems with direct application to eigenspace based
estimation techniques.

Theorem 4 Suppose that the array response vector d(φ) ∈ CM satisfies the

Haar condition. Given a set of steering vectors {a(φl, γl, ηl)}
L

l=1 corresponding
to K distinct DOA’s φ(k) where K ≤M −1. Then a steering vector a(φ, γ, η)

is linearly independent of the set {a(φl, γl, ηl)}
L

l=1 if

1. φ 6= φl for all l = 1, . . . , L

2. φ = φl for just one index l ∈ {1, . . . , L} and (γ, η) 6= (γl, ηl)

Proof: To prove the first statement above, assume that the vector a(φ, γ, η)

is linearly dependent of the set {a(φl, γl, ηl)}
L

l=1, hence

a(φ, γ, η) +
L∑

l=1

xla(φl, γl, ηl) = 0 (15)

where K ≤ M − 1 and φ 6= φl for all l = 1, . . . , L. Let l
(k)
j denote the

K subsequences of {1, . . . , L} corresponding to the distinct DOA’s for which
φ
l
(k)
j

= φ(k). Now, (15) can be rewritten as

A(φ)P(γ, η) +

K∑

k=1

A(φ(k))
∑

j

x
l
(k)
j

P(γ
l
(k)
j

, η
l
(k)
j

) = 0 (16)

which is in contradiction with Theorem 3 since P(γ, η) 6= 0.
To prove the second statement above, we start again with (15) where

φ = φl for one single index l ∈ {1, . . . , L} and (γ, η) 6= (γl, ηl). Without loss
of generality we assume that φ = φ1 and rewrite (15) as

A(φ) (P(γ, η) + x1P(γ1, η1)) +

K∑

k=2

A(φ(k))
∑

j

x
l
(k)
j

P(γ
l
(k)
j

, η
l
(k)
j

) = 0 (17)

which is again in contradiction with Theorem 3 since det [P(γ, η) P(γ1, η1)] 6=
0 for (γ, η) 6= (γ1, η1). 2

Theorem 5 Suppose that the array response vector d(φ) ∈ CM satisfies the

Haar condition. Given a set of steering vectors {a(φl, γl, ηl)}
L

l=1 corresponding
to K distinct DOA’s φl where K ≤M . This set of steering vectors is linearly
independent if there are at most two distinct states of polarization per DOA
(φl = φl′ , (γl, ηl) 6= (γl′ , ηl′)).

Proof: The proof of Theorem 5 is similar to the proof of Theorem 4. 2
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4 Simulations

We now illustrate the properties of the Tripole array established in section 3
using the signal model (14). Because there are numerous simulations using
all four parameters γ, η, θ and φ, we only consider a few cases that illustrate
the theorems in the situations where γ and θ are to be estimated with both
MUSIC and Capons method. In the simulation we use a Tripole antenna
array with the element–spacing d = λ

2 , the antenna wave number β = k and

the length of an Tripole antenna h = λ
4 .
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Figure 1: There are 7 Tripole antennas and 6 incoming signals at θ =
10, 20, 34, 50, 76, 80 degrees, each with SNR = 30 dB. MUSIC can locate them
all but the SNR is too low for the Capon method to resolve them perfectly.

Figures 1 and 2 displays the estimation of DOA in one dimension. For
this simulation we have chosen η = 10o, γ = 34o, φ = 90o, L = 6 and the
signal to noise ratio SNR = 30 dB for each incoming signal. This limits our
DOA estimation to a search over θ. In figure 1 there are 7 Tripole antennas
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Figure 2: The number of incoming signal are L = 6 and the number of Tripole
antennas are M = 3. Then there are steering vectors that might be linearly
dependent. This results in that MUSIC is unable to estimate the DOA and
Capons method provides a low-resolution estimate.

in the array, one more than the number of incoming signals. Then theorem
4 states that there will be no linearly dependence among the steering vectors
and MUSIC will be able to estimate all six DOA with high resolution. One
difference between the estimation methods is that Capons method needs a
higher SNR to give the same resolution that MUSIC can provide. If we de-
crease the number of Tripole antennas to M = 3, we will not, according to
theorem 4, be able to guarantee that each steering vector is linearly indepen-
dent with every other. Therefore, when using MUSIC, one or more estimated
DOAs could be false. This means that the steering vector created by MUSIC
to probe the noise–subspace, for an angle θ where there exist no DOA, is lin-
early dependent on the steering vectors in the signal–subspace corresponding
to existing DOAs. As seen in figure 2 MUSIC is unable to estimate the DOA
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because there are linearly dependence among the steering vectors and several
false DOAs appears in the estimation.

We simulate the estimation of the polarization state parameter γ in three
cases for M = 3. In the first and second case we have two incoming signals
with the same DOA, θ = 34o φ = 90o, the polarization state parameters
η = 37o and γ1 = 45o and γ2 = 100o, respectively. In the first case the
difference in power between the two signals is 50 dB and in the second case
the power difference is 10 dB. According to theorem 2, two incoming signals
with the same DOA but different polarization states have linearly independent
steering vectors. But as MUSIC searches the noise-subspace with a created
steering vector it adds this steering vector to the signal-subspace that only
has a dimension of two. Therefore the constructed steering vector is linearly
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Figure 3: Two incoming signals with the same DOA but a power difference
of 50 dB and different polarization states. Only the high–powered signal is
found by Capons method. MUSIC is unable to produce an estimate because
of linearly dependency among the steering vectors.
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dependent on the two steering vectors that spans the signal–subspace and
in figure 3 we see that MUSIC is unable to estimate the polarization state
parameter but Capons method is able to find one polarization state instead
of the two states that should be present. This because the difference in power
between the signals is so large that the low-power signal is neglected and the
high–power signal is interpreted as the only one present. If we use a signal
to signal ratio of 10 dB, figure 4, MUSIC will not produce an estimate of γ
and Capons method produces a poor estimate of the high–powered signals
polarization state.
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Figure 4: The power difference is 10 dB and Capons method can only produce
a low–resolution estimate of the high–powered signal.

In the third case we remove the signal with γ2 = 100o, only estimating
the polarization state of the signal with γ1 = 45o and using an SNR = 10 dB,
figure 5. We see that MUSIC has the highest resolution.
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Figure 5: With only one signal present MUSIC makes a high–resolution esti-
mation of the polarization state. Capons method produces a low–resolution
estimate.

5 Summary

In this paper, we study the array of Tripole antennas and the properties of
the associated array manifold given a certain antenna length and propagation
constant. In particular, we state theorems that have great significance regard-
ing the uniqueness of the estimates of Direction Of Arrival (DOA) and the
state of polarization using eigenspace methods such as MUSIC and related
techniques. We show that there are no more than two linearly independent
steering vectors for each direction of arrival (DOA) and that these steering
vectors are linearly independent iff they correspond to distinct states of polar-
ization. Hence, in principle, it is possible to estimate the state of polarization
of only one signal per DOA. We emphasize that in general, steering vectors
may be linearly dependent even though the number of distinct signal param-
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eters are less then the number of sensors and that this is a natural property
since there is no Haar condition for functions of several variables. In the
case of a uniform linear array and a one–dimensional DOA–parameter space
(two–dimensional wave propagation) we use the Haar condition to show that
a steering vector is linearly independent of the signal subspace if there are
less distinct DOAs then there are Tripole antennas. Hence, given M Tripole
antennas, we are guaranteed to uniquely estimate M−1 distinct (1–D) DOAs
regardless of the number of incoming signals and their state of polarization.
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Analysis of a Tripole Array for Polarization and

Direction of Arrival Estimation

J. Lundbäck, S. Nordebo

Abstract

In this paper we evaluate the performance of a Tripole array for
estimation of the polarization and one-dimensional direction of arrival
(DOA). We employ a model based on far-field calculations of a Tripole
antenna and completely polarized electromagnetic waves carrying Gaus-
sian distributed signals. The analysis of the performance is based on
calculations of the Cramér-Rao Lower Bound (CRLB) for the polariza-
tion and DOA estimators. It is seen that the Tripole array is suitable
for polarization estimation with or without knowledge of the DOA. It
is also seen that the quality of the DOA estimate depends strongly on
the polarization state.

1 Introduction

The Tripole antenna consists of three orthogonal dipoles and was proposed by
R.T Compton [Com81] as an adaptive array with full polarization flexibility
that has the ability to protect the desired signal from interference. Further
studies, e.g. [HTT98, LN03], are concerned with the properties of the steer-
ing vectors for an array of Tripole antennas in the context of polarization
and DOA estimation. The Tripole antenna has been proposed as one possible
choice of antenna construction to be used in the LOIS (LOFAR Outrigger In
Scandinavia) project [LOI05] which is related to the LOFAR (Low Frequency
Array) project [LOF05]. The primary field of application for the two projects
are radio based astrophysics. The two low frequency arrays are mainly de-
signed to operate in the 10 − 240 MHz frequency range, corresponding to a
wavelength of 30 − 1.25 m.

In this contribution we calculate the analytic far-field expression for a
Tripole antenna assuming that the size of the antenna is comparable to the

41
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wavelength of operation. Previous work of Compton [Com81] and Tan et al.

[HTT98] is based on a Tripole antenna which is very small compared to the
wavelength i.e. an antenna consisting of elemental dipoles. We believe that
both models are needed depending on the frequencies of operation and the
construction details of the Tripole antennas.

We use the electromagnetic model to develop a signal model for a Tripole
array i.e. an array of Tripole antennas. This model incorporates the proper-
ties of the Tripole array when arbitrarily polarized electromagnetic waves are
received by the array. The electromagnetic waves are assumed to have full
degree of polarization. We calculate the CRLB for the polarization parame-
ters and the azimuth angle. Based on these calculations we investigate and
identify important properties of the performance of the Tripole array when
used to estimate the polarization and one-dimensional DOA of one incoming
electromagnetic wave. A similar approach was used in [WF91] for circularly
polarized antennas and linearly polarized signals. We develop a numerically
effective polarization state estimator based on the maximum likelihood crite-
rion and the properties of the Stokes parameters [Jac99]. We then compare the
statistical performance of the polarization state estimator with the calculated
CRLB.

2 The Electromagnetic Model

The Tripole antenna consists of three orthogonal dipole elements with length
2h that are oriented along the Cartesian base vectors x̂1, x̂2, x̂3, respectively.
We assume that each dipole i = 1, 2, 3 has the current distribution

Ii(xi) = I0i sin(γ(h− |xi|)) (1)

where γ is the propagation constant for the dipoles and I0i is the complex
amplitudes. The electric far–field approximation for dipole i is given by, cf.
[Bal97],

Ei(r) =
e−jkr

kr
F i(r̂) (2)

where

F i(r̂) =
−jkωµ0I0i

4π
G(r̂ · x̂i)x̂i · (θ̂θ̂ + φ̂φ̂) (3)

is the far–field amplitude and θ̂, φ̂ the unit vectors for spherical angles, µ0

is the permeability of free space, r = rr̂ is the position vector in spherical
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coordinates, k = ω/c = 2π/λ is the wave number for free space, ω the angular
frequency, λ the wavelength and c the speed of wave propagation. Further,

G(ψ) =

∫ h

−h

sin(γ(h− |x|))ejkψxdx = 2γ
cos(kψh) − cos(γh)

γ2 − k2ψ2
(4)

describes the radiation properties of dipole i due to the current distribution in
(1). Observe that the electromagnetic far–field amplitude of a Tripole antenna
with 2h < λ/50 can be described by (2) using G(ψ) = 2h, [Bal97]. This model
is frequently used after normalization with 2h, i.e. G(ψ) = 1.

Consider an array of M Tripole antennas where there are L waves imping-
ing, each wave given by

El(r, t) = vl(t)(Eθlθ̂l + Eφlφ̂l)e
jk

�

rl·r, (5)

Eθl = cosαl sinβl − j sinαl cosβl, (6)

Eφl = cosαl cosβl + j sinαl sinβl, (7)

where l = 1, . . . , L, vl(t) is the complex baseband signal that changes slowly
with time and therefore considered approximately constant during the propa-
gation time across the Tripole array. Here, αl and βl are the two polarization
parameters that defines the degree of ellipticity and the inclination of the po-
larization plane, respectively. Further, r̂l, θ̂l and φ̂l are the unit spherical
coordinate vectors corresponding to the direction of the incoming wavefront.
Observe that r̂l corresponds to the DOA of the incoming wave front and de-
pends on the parameters θl and φl that are defined as the elevation angle and
azimuth angle in a spherical coordinate system. By using (5) to describe the
incoming waves we have assumed that the waves have full degree of polariza-
tion since both Eθl and Eφl have the same complex amplitude sl(t).

We define the coherency matrix of the l:th incoming wave as

Jl =

(
EθlE

∗
θl EθlE

∗
φl

EφlE
∗
θl EφlE

∗
φl

)
(8)

where ∗ denotes the conjugate operation.
We now introduce the four Stokes parameters, see e.g. [Jac99], and relate

them to Jl using (6) and (7),

s0l = [Jl]22 + [Jl]11 = 1, (9)

s1l = [Jl]22 − [Jl]11 = s0l cos 2αl cos 2βl, (10)

s2l = 2<{[Jl]21} = s0l cos 2αl sin 2βl, (11)

s3l = 2={[Jl]21} = s0l sin 2αl, (12)
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where [Jl]kj equals the element with index kj of Jl and <{} and ={} are the
real–part and imaginary–part operators. Observe that

s0l =
√
s21l + s22l + s23l (13)

since we consider waves with full degree of polarization. We describe Jl using
the Stokes parameters as

Jl =
3∑

i=0

silFi (14)

where

F0 =

(
1/2 0
0 1/2

)
, F1 =

(
−1/2 0

0 1/2

)
,

F2 =

(
0 1/2

1/2 0

)
, F3 =

(
0 −i/2
i/2 0

)
.

3 The Signal Model

The complex open-circuit voltage induced in dipole i of Tripole m from signal
l can be described using (2)-(7) as, cf. [Bal97],

Vmi = G(r̂l · x̂i)x̂i · (θ̂lθ̂l + φ̂lφ̂l) · El(rm, t), (15)

where rm is the placement vector of Tripole antenna m. After the received
signals have been downconverted to baseband, filtered with a anti-aliasing
filter and sampled we denote the vector of sampled outputs from each dipole
element in the Tripole array as

x(n) = Av(n) + w(n) (16)

where A is a 3M × L matrix consisting of the array steering vectors

A = [a1 . . . aL] (17)
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and

al = ÃlPl, (18)

Ãl = dl ⊗ (GlBl) , (19)

Gl = diag [G(r̂l · x̂1)G(r̂l · x̂2)G(r̂l · x̂3)] , (20)

Bl =




cos θl cosφl − sinφl
cos θl sinφl cosφl
− sin θl 0


 , (21)

Pl =

(
cosαl sinβl − j sinαl cosβl
cosαl cosβl + j sinαl sinβl

)
, (22)

dl =
[
ejk

�

rl·r1 . . . ejk
�

rl·rM

]T
, (23)

where diag [·] denotes the diagonal of the matrix inside the brackets and ⊗
denotes the Kronecker product.

The complex signals vl(n) are arranged in the L× 1 signal matrix v(n) =
[v1(n) . . . vL(n)]T and we assume that v(n) ∼ N (0,Cv) and Cv = diag

[
σ2

1 . . . σ
2
L

]
.

By ∼ we mean ”distributed as” and N refers to the Gaussian distribution.
The 3M × 1 noise vector w(n) is composed of identical and independent dis-
tributed (IID) Gaussian elements, w(n) ∼ N (0, σ2

wI) and we assume that
v(n) and w(n) are independent. Then

E {x(n)} = 0, (24)

Cx = E
{
x(n)xH(n)

}
= ACvA

H + σ2
wI, (25)

where (·)H denotes the Hermitian transpose and E{·} denotes the expectation
operator.

Next, we observe that (25) can be rewritten using (8), (14), (18) and (22)
as

Cx =

L∑

l=1

σ2
l Ãl

(
3∑

i=0

silFi

)
Ã
H
l + σ2

wI. (26)

In (26) we see that the Stokes parameters impose a linear structure of Cx and
we shall use this property to find a polarization state estimator.

4 The Polarization State Estimator

We exploit the structure of Cx to find a numerically effective estimator of
the Stokes parameters that combined with (9)-(12) will provide a polarization
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state estimator. We consider the situation where there is only one incident
signal, L = 1, and we assume that the DOA is known and is given by (θ1, φ1).
We consider the following mean-square estimator of the Stokes parameters,

ŝ = arg min
s11,s21,s31

∥∥∥CMLE
x − Ĉx

∥∥∥
2

F
(27)

where F denotes the Frobenius norm, ŝ = [ŝ11 ŝ21 ŝ31]
T ,

C
MLE
x =

1

N

N∑

n=1

x(n)x(n)H (28)

is the maximum likelihood estimate of Cx, see e.g. [Tre02], and from (26),

Ĉx = σ2
1

3∑

i=0

ŝi1Ã1FiÃ
H
1 + σ2

wI. (29)

When the number of snapshots N are sufficiently large C
MLE
x will provide a

consistent estimate of Cx and we obtain ŝ by a projection of C
MLE
x onto the

subspace spanned by {Ã1FiÃ
H
1 }3

i=1.
The solution to (27) using (28) and (29) is

ŝ =
(
F̃
H
F̃

)−1

F̃
H

(
−s01F̃0 −

σ2
w

σ2
1

vec{I} +
1

σ2
1

vec{CMLE
x }

)
(30)

where vec{·} is the column stacking operation, I is a 3M×3M identity matrix
and

F̃i = vec
{
Ã1FiÃ

H
1

}
, i = 0, 1, 2, 3, (31)

F̃ =
[
F̃1 F̃2 F̃3

]
. (32)

In (30) we assume knowledge about σ2
1 , σ

2
w and s01. From (9) s01 = 1 which

we use in (30). After calculating ŝ it is most likely that ŝ will not fulfil (13)
since we have not incorporated (13) as a constraint in the solution of (27).
We therefore estimate s01 as

ŝ01 =
√
ŝ211 + ŝ221 + ŝ231 (33)
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and using (9)-(12) together with (30) we can estimate the polarization state
of the incoming wave as

α̂1 = 0.5 arcsin

(
ŝ31
ŝ01

)
(34)

and

β̂1 = 0.5 arctan

(
ŝ21
ŝ11

)
. (35)

4.1 Cramér-Rao Lower Bound

The CRLB for an unbiased parameter ζp of the parameter vector ζ can be
found in e.g. [Tre02] as,

var {ζp} ≥
[
I
−1(ζ)

]
pp
, (36)

[I(ζ)]pq = Ntr

{
C

−1
x

∂Cx

∂ζp
C

−1
x

∂Cx

∂ζq

}
,

where var {·} is the variance operator, I(ζ) is the Fisher Information Ma-
trix (FIM), N is the number of snapshots, p, q = 1...P, P is the number of
parameters and tr{·} is the trace operator.

We form the parameter vector ζ = [α1β1φ1]
T
, C

−1
x and ∂Cx

∂ζp
which can be

readily found using (9)-(12) and (26).

5 Simulations

In section 5.1 we investigate the performance of the Tripole array for different
DOAs and point out some important properties. In section 5.2 we focus on
the Tripole arrays ability to estimate the polarization of one incoming wave
depending on the polarization state. We also evaluate α̂1 (34) and β̂1 (35)
from section 4. Throughout the simulations we set d = λ/2, γ = 2π/λ,M =
4, L = 1 and 2h = λ/3.

5.1 Polarization State and DOA Dependency

We assume that θ1 = 90◦, N = 1, SNR= 30 dB and calculate the CRLB for α1

and φ1. The result of one calculation is shown in figure 1. The electromagnetic
model of the Tripole antenna using the current distribution in (1) introduces
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Figure 1: a) The CRLB for α1 versus the DOA (θ1 = 90◦, φ1). b) The CRLB
for φ1 versus the DOA. For both figures the solid curve corresponds to α1 =
45◦, circular polarization, and the dashed curve to α1 = 0◦, β1 = 90◦, linear
vertical polarization.

a dependency of φ1 in the CRLB for α1. This is consistent with intuition since
we will have an antenna pattern dependent on the properties of the current
distribution. In calculations similar to figure 1a it is seen that the CRLB for
the polarization state (α1, β1) have a minor dependency of the DOA.

In figure 1b we see that the CRLB for the azimuth angle φ1 is strongly
dependent on the DOA as well as the polarization state of the incident wave.
The worst performance is expected when the incident wave has linear polar-
ization because this will obstruct the use of all three elements in the Tripole
antenna. This is seen in figure 1b where β1 = 90◦, dashed curve. Circular po-
larization fully exploits the Tripole arrays spatial resolution properties, figure
1b solid curve. This is in agreement with the conclusions in [Com81]. Based
on the CRLB calculations made we believe that previous work of Compton
[Com81], made using one small Tripole antenna should be applicable to our
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model of the Tripole array.

5.2 Polarization Estimation Using the Tripole Array

Here, we investigate the statistical performance of the polarization estimators
developed in section 4 and make a comparison to the optimal performance.
By observing the optimal performance we can also evaluate the Tripole arrays
ability to estimate the polarization state. We assume that we know the DOA
(θ1 = 8◦, φ1 = 15◦) and signal strength σ2

1 . We approximate the noise variance
as σ2

w = min eig(CMLE
x ) i.e. the minimum eigenvalue of C

MLE
x . The unknown

polarization state is (α1 arbitrary, β1 = 79◦). We evaluate the statistical per-
formance of the algorithm by a Monte–Carlo simulation using 5000 iterations
and N = 3000. We then compare the root mean square error (RMSE) of α̂1

and β̂1 with their minimum RMSE i.e. the square root of the CRLB for α1

and β1, respectively. From section 5.1 we know that the CRLB for α1 and β1

will only have a minor dependency of the DOA.
Here, we investigate how the polarization state of the incoming wave affects

the RMSE of the estimator and the optimal RMSE. The results are displayed
in figure 2. In figure 2a, we observe that the RMSE of α̂1 is very close to
the minimum RMSE except for α1 = 45◦ where there is a deviation from the
minimum RMSE. This relates to the properties of (34) where a small variation

of the argument Ŝ31

Ŝ01
around 1 will result in a large variation of α̂1. Increasing

the SNR will decreases the deviation from the minimum RMSE. The RMSE
of β̂1, figure 2b, is very close to the minimum RMSE. When the polarization
ellipse approaches circular i.e. α1 → 45◦, the inclination β1 will be harder to
estimate. For α1 = 45◦ the inclination β1 is impossible to estimate.

Increasing the SNR or N will decrease the RMSE of β̂1 which is also seen
in figures 3b and 4b. In figure 3 we investigate the performance of α̂1 and β̂1

for for different values of the SNR. In figure 3a we see that the RMSE of α̂1

is very close to the minimum RMSE for both values of α1 and that the four
curves are on top of each other resulting in the same performance for both
values of α1. This can be compared to the increase in the RMSE of β̂1 due to
the increase of α1, in 3b. Still, the polarization state estimator performs well
and is very close to the the minimum RMSE above the breakpoint, SNR= 10
dB, where the RMSE of β̂1 is significantly larger than the minimum RMSE.
This is also related to the value of α1, since for α1 = 23◦ the RMSE of β̂1 is
equal to the minimum RMSE for SNR= 10 dB and we therefore need a high
SNR to estimate β1 when α1 approaches 45◦.
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Figure 2: a) The RMSE of α̂1 compare to the minimum RMSE. b) The

RMSE of β̂1 compared to the minimum RMSE. For both figures the solid
curve corresponds to the minimum RMSE when N = 1500, the dashed curve
to the minimum RMSE when N = 3000, triangles and circles corresponds to
the RMSE of α̂1 and β̂1.

Finally, in figure 4 we investigate the performance of α̂1 and β̂1 for different
values of N when α1 = 40◦ and β1 = 79◦. It is seen in figure 4a that the
RMSE of α̂1 is very close to the minimum RMSE even for small values of N.
The decrease of the SNR will result in a higher RMSE and by using more
snapshots we can lower the RMSE. We have seen in previous simulations that
the RMSE of β̂1 is dependent on α1 and in figure 4b we can observe that for a
low SNR we need a large number of snapshots before the RMSE of β̂1 attains
the minimum RMSE.



Analysis of a Tripole Array for Polarization and Direction of Arrival Estimation 51

10 15 20 25 30 35 40 45 50 55 60
0

0.2

0.4

0.6

0.8

1

      a         SNR[dB]

R
M

S
E

 [d
eg

]
min RMSE α

1
=23°

RMSE α
1
=23°

min RMSE α
1
=40°

RMSE α
1
=40°

10 15 20 25 30 35 40 45 50 55 60
0

1

2

3

4

5

         b      SNR[dB]

R
M

S
E

 [d
eg

]

Figure 3: a) The RMSE of α̂1 for α1 = 23◦, 40◦ compared to the minimum

RMSE. b) The RMSE of β̂1 for α1 = 23◦, 40◦ compared to the minimum
RMSE.

6 Summary

We have investigated the performance of the Tripole array for polarization and
one-dimensional DOA estimation and we pointed out some crucial properties.
We conclude that the Tripole array has very good polarization estimation
abilities which is seen in the simulations and by the minimum RMSE in figures
2-4. We observed that the minimum RMSE of the polarization parameters are
virtually independent of the DOA whereas the DOA estimation properties are
strongly dependent on the true DOA and the polarization state. Also, using
the Stokes parameters we developed a polarization state estimator that is seen
to have a good performance compared to the Cramér–Rao Lower Bound.
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Figure 4: a) The RMSE of α̂1 for SNR= 10, 30 dB compared to the minimum

RMSE. b) The RMSE of β̂1 for SNR= 10, 30 dB compared to the minimum
RMSE.
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Abstract

In this paper we demonstrate that the combination of statistical sig-
nal processing, electromagnetic theory and antenna theory yields simple
and very useful tools for analyzing fundamental physical limitations as-
sociated with polarization and/or DOA estimation using arbitrary mul-
tiport antennas. By using spherical vector modes as a generic model
for the scattering, we show how the corresponding Cramer–Rao lower
bounds can be calculated for any real antenna system. The spherical
vector modes and their associated equivalent circuits and Q factor ap-
proximations are used together with the broadband Fano theory as a
general framework for analyzing electrically small multiport antennas.
In particular, we employ the Fisher information as a measure to eval-
uate the performance of an ideal multimode antenna processor with
respect to its ability to estimate the state of polarization of a partially
polarized plane wave coming from a given direction.

1 Introduction

The Direction of Arrival (DOA) estimation using antenna arrays has been
the topic for research in array and statistical signal processing over several
decades and comprises now well developed modern techniques such as max-
imum likelihood and subspace methods, see e.g. [KV96, VSO97, SN90] and
the references therein. Recently, there has been an increased interest in incor-
porating properties of electromagnetic wave propagation with the statistical
signal estimation techniques used for sensor array processing and there are
several papers dealing with direction finding and polarization estimation us-
ing electromagnetic vector sensors and diversely polarized antenna arrays,

56
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tripole arrays, etc., see e.g. [WZ00, Li93, SV93, HTT98, WF93, LS94, HN95,
HTT97, HTN99, WLZ04, Won01].

The classical theory of radiating Q uses spherical vector modes and equiv-
alent circuits to analyze the properties of a hypothetical antenna inside a
sphere, see e.g. [Chu48, Har61, Han81, CR64, Fan69, Tha78, McL96, GJQ00].
An antenna with a high Q factor has electromagnetic fields with large amounts
of stored energy around it, and hence, typically low bandwidth and high losses
[Han81]. From a radiating point of view, the high–order vector modes give
the high–resolution aspects of the radiation pattern. As is well known, any
attempt to accomplish supergain will result in high currents and near fields,
thereby setting a practical limit to the gain available from an antenna of a
given size, see also [Kar03]. The classical theory of broadband matching shows
how much power that can be transmitted between a transmission line and a
given load [Fan50], i.e. the antenna. Hence, by considering an antenna of a
given size and bandwidth, together with the Q-values which are computable
for each vector mode [CR64], the broadband Fano–theory [Fan50] can be used
to estimate the maximum useful multipole order, and to calculate an upper
bound for the transmission coefficient of any particular vector mode, see also
[GN04, NG04, NG05].

In this paper we show how the Cramer–Rao lower bounds for DOA and/or
polarization estimation can be derived for arbitrary multiport antennas by us-
ing spherical vector modes as a generic model for the scattering. In particular,
by using the classical theory of radiating Q together with the broadband Fano
theory, we evaluate the performance of an ideal multimode antenna processor
with respect to its ability to estimate the state of polarization of a partially
polarized plane wave coming from a given direction.

2 Signal Model for Receiving Antennas

2.1 Spherical Vector Waves, Radiating Q and Broad-
band Fano Theory

Assume that all sources are contained inside a sphere of radius r = a, and let
k = ω/c denote the wave number, ω = 2πf the angular frequency, eiωt the
time–convention, and c and η the speed of light and the wave impedance of
free space, respectively. The transmitted electric and magnetic fields, E(r)
and H(r), can then be expanded in outgoing spherical vector waves uτml(kr)
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for r > a as [AW01, Jac75, New02]

E(r) =
∞∑

l=1

l∑
m=−l

2∑
τ=1

fτmluτml(kr) (1)

H(r) = − 1
iη

∞∑
l=1

l∑
m=−l

2∑
τ=1

fτmluτ̄ml(kr) (2)

where fτml are the expansion coefficients or multipole moments and τ̄ denotes
the complementary index. Here τ = 1 (τ̄ = 2) corresponds to a transversal
electric (TE) wave and τ = 2 (τ̄ = 1) corresponds to a transversal magnetic
(TM) wave. The other indices are l = 1, 2, . . . ,∞ and m = −l . . . , l where l
denotes the order of that mode. It can be shown that in the far field when
r →∞, the electric field is given by

E(r) =
e−ikr

kr
F (r̂) (3)

where F (r̂) is the far field amplitude given by

F (r̂) =
∞∑

l=1

l∑
m=−l

2∑
τ=1

il+2−τfτmlAτml(r̂) (4)

and where Aτml(r̂) are the spherical vector harmonics [AW01, Jac75, New02].
Furthermore, it can also be shown that the total power Ps transmitted by the
antenna can be expressed in terms of the expansion coefficients as

Ps =
1

2ηk2

∞∑
l=1

l∑
m=−l

2∑
τ=1

|fτml|2. (5)

For further details about the spherical vector mode representation we refer to
the appendix and [AW01, Jac75, New02].

Next, we assume that the antenna(array) can be represented by a multi-
port model where a finite number of modes (multipoles) M is employed, see
Fig. 1. Here, x+

i and x−i denote the incident and reflected voltages at the
antenna waveguide connections for i = 1, . . . , N where N is the number of
antenna ports. These voltages are normalized so that the power delivered to
a particular antenna port is |x+

i |
2

2Zg
and the corresponding reflected power is
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Figure 1: Multiport model of an arbitrary antenna inserted inside a sphere
of radius r = a. The depicted series RCL resonance circuit is a Q–factor
approximation of the exact equivalent circuit of order l.

|x−i |
2

2Zg
where Zg is the impedance of the propagating wave guide mode. Each

antenna port is assumed to be connected to a lossless matching network as
depicted in Fig. 1. In the left end of Fig. 1, we let the equivalent voltage
fα

k represent the propagated wave amplitude where fα denotes the expan-
sion coefficients for the spherical vector waves as in (1) and (5). Here, the
multi–index α = (τ,m, l) is chosen to simplify the notation.

On transmission from the input terminals with incident voltage waves x+
i ,

the transmitted wave field fα is given by[
fα

k

]
= Sx+

√
η

Zg
(6)

where S = [Sαi] is the properly scaled transmission matrix which maps the
vector of incident voltages x+ = [x+

i ] to propagated multipoles fα. The
reflected voltages are given by x− = Γx+ where Γ is the reflection matrix.
Conservation of total power yields the relationship

ΓHΓ + SHS ≤ I (7)

where equality holds for lossless antennas. Hence, we have for the singular
values of these scattering matrices σ(S) ≤ 1 and σ(Γ) ≤ 1.

Now, considering one single incident wave x+
i , the antenna reciprocity

theorem [DPG+98] yields

x−i x+
i = −i

λ2

2π

Zg

η
F (k̂0) ·E0 (8)
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where E0 is the complex vector amplitude of an incoming plane wave E0e−ikk̂0·r

from direction k̂0 and x−i the corresponding received signal. Further, F (r̂) is
the far field amplitude corresponding to the transmitted signal x+

i . Hence, by
using (4) the received vector signal is obtained from the reciprocity theorem
(8) as

x− =

√
Zg

η

2π

k
TAE (9)

where T = ST = [Siα], A is an M × 2 matrix where each row corresponds
to the spherical components of the spherical vector harmonics il+1−τAα(k̂0),
and E is an 2 × 1 vector containing the corresponding signal components of
the electric field E0. Observe that σ(T) ≤ 1.

Observe that the signal model given in (9) is in principle valid for any
multiport antenna system. Given that we can calculate the farfield F (r̂)
from the incident voltage waves x−, the scattering matrix T = ST is obtained
by calculating the multipoles fα = iτ−l−2

∫
A∗

τml(r̂) · F (r̂) dΩ by integrating
over the unit sphere and by exploiting the orthonormality of the spherical
vector harmonics.

As was originally described by Chu [Chu48], an arbitrary antenna inside
a sphere of radius r = a can be modeled using a coupling network connecting
independent equivalent circuits representing each spherical mode, see Fig. 1.
The propagated power for each mode is represented by the power loss over
the terminating resistance η and the wave impedance as seen by the spherical
mode at radius a is equal to the input impedance of the equivalent circuit for
all frequencies.

In theory, the equivalent circuits for the multipoles can be used to derive
a Fano limit for any TE or TM mode. However, instead of using the ana-
lytic expressions of the impedance it is common to use the Q factor to get
an estimate of the bandwidth [Chu48, Har61, Han81, CR64, Fan69, Tha78,
McL96, GJQ00]. At and around the resonance frequency, ω0, the antenna
is modeled as a series RCL circuit as depicted in Fig. 1, and the impedance
of the antenna is only matched to the feeding network at the resonance fre-
quency. By considering an antenna of a given electrical size ka, fractional
bandwidth B, and the Q–values which are computable for each mode order l
[CR64], the Fano–theory [Fan50] can be used to calculate the following up-
per bound for the transmission coefficient tl for a particular mode, cf. e.g.
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[Fan50, GN04, NG04, NG05]

|tl| ≤
√

1− e−
2π
Ql

1−B2/4
B . (10)

For all practical purposes the maximum useful order lmax is finite and
can be coarsely estimated from (10) as follows. Suppose e.g. that we are
only interested in the modes (τ,m, l) contributing to the far field with power
Pτml ≤ ε. The maximum useful order lmax then satisfies

Pτml =
1

2ηk2
|fτml|2 ≤ |tl|2Pin ≤ ε (11)

where Pin is the (appropriately scaled) input power.
Although any real multiport antenna may be analyzed using the signal

model in (9), it is particulary interesting to investigate the fundamental phys-
ical limitations associated with a hypothetical ideal mode–coupled antenna
for which there is no coupling between the antenna input terminals and the
transmission matrix T contains the optimum transmission coefficients (10)
on its main diagonal. Such an idealized antenna, eventhough it is not physi-
cally realizable, will constitute an important Bench–mark for any real antenna
system.

2.2 The Cramer–Rao Lower Bound for Polarization Es-
timation

Now, considering an array of J similar antennas modeled as in (9) and po-
sitioned at locations rj , a complex baseband model [Tre02] for the received
signal is given by

x = VE + n (12)

where

V =

√
Zg

η

2π

k
a⊗TA (13)

and where a is the J × 1 steering vector of complex phases e−ikk̂0·rj and ⊗
denotes the Kronecker product, cf. [Tre02]. Further, the sensor noise n is
modeled as zero mean white complex Gaussian noise [Mil74] with variance σ2

n

and covariance matrix σ2
nI. We assume a narrowband signal model where k

corresponds to the carrier frequency ω0 and the fractional bandwidth B = ∆ω
ω0

is reasonable low. Here ∆ω denotes the absolute bandwidth and σ2
n = N0ω0B
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where N0 is the spectral density of the noise process. We consider a situation
where the received electric field is partially polarized and the electric field
E can be modeled as a zero mean complex Gaussian random process with
covariance matrix

R = E
{
EEH

}
=

1
2

(
s0 + s1 s2 + is3

s2 − is3 s0 − s1

)
(14)

where E denotes the expectation operator and s0, s1, s2, s3 denotes the Stoke’s
parameters [Har61]. We are interested in the estimation accuracy of the
Stoke’s polarization parameters1 as well as the noise variance, which we write
as a vector parameter ξ =

[
s0 s1 s2 s3 σ2

n

]T. For our complex Gaussian case,
the Fisher information matrix I(ξ) is given by [Kay93]

[I(ξ)]ij = tr
{
C−1 ∂C

∂ξi
C−1 ∂C

∂ξj

}
(15)

where C is the covariance matrix for the measurements, given by

C = E
{
xxH

}
= VRVH + σ2

nI. (16)

Now, it is readily verified that the expression (15) is invariant to an arbi-
trary phase scaling eiϕi of the elements xi of x in (12). Hence, with the
ideal mode–coupled antenna, the Cramer Rao lower bound for estimating
ξ is explicitely computable via the expressions (13) through (16) with the
phase scaling eiϕi chosen such that the optimum tα in (10) are real, that is

tα =

√
1− e−

2π
Ql

1−B2/4
B .

3 Array Processing for Polarization Estimation

We introduce the concept of a probing multimode array with the purpose
of estimating the state of polarization when the direction of arrival k̂0 is
given. Let wi = C−1

i a/aHC−1
i a be the weights of N independent Capon

beamformers [Tre02] where a is the steering vector corresponding to the given
(probing) direction k̂0, and Ci = E{xixH

i } where xi is the array input vector
corresponding to a particular antenna mode i in (12). Here, xi = ViE + ni

1If we are interested also in the DOA parameters θ and φ, the model is straightforwardly

extended with ξ =
�
θ φ s0 s1 s2 s3 σ2

n

�T
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where Vi =
√

Zg

η
2π
k a ⊗ tiA where ti and ni are the ith rows of T and n,

respectively.
It is readily seen that the signal model for the processed signals y ={

wH
i xi

}
becomes

y = V0E + ny (17)

where V0 =
√

Zg

η
2π
k TA and ny =

{
wH

i ni

}
, and where the covariance matrix

is given by
Cy = V0RVH

0 + σ2
nG (18)

where G is a diagonal matrix with diagonal entries wH
i wi. Hence, it is as-

sumed that the processor is able to reject a limited number (less then J)
of interferers coming from discrete directions k̂j , and the remaining noise is
sensor noise colored by the processor weights.

The Maximum Likelihood (ML) estimator for the situation above can be
derived by extending the results in e.g. [Tre02, Jaf88] which are given for the
case when the noise is white and G = I. It is assumed here that the matrix
V = V0 has dimension n × m with n > m. Further, let R̂y be the sample
covariance matrix based on I independent measurements yi

R̂y =
1
I

I∑
i=1

yiyH
i . (19)

By extending the derivation in [Tre02] to include a general positively definite
coloration matrix G as above, the ML estimator for (R, σ2

n) can be found as

σ̂2
n =

1
n−m

trG−1P⊥
V R̂y (20)

R̂ = V+
(
R̂y − σ̂2

nG
)

(V+)H (21)

where

P⊥
V = I−V

(
VHG−1V

)−1
VHG−1 (22)

V+ =
(
VHG−1V

)−1
VHG−1 (23)

are the orthogonal projector onto {R{V}}⊥ and the pseudoinverse of V,
respectively, where the weighted norm based on G−1 is used.
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4 Numerical examples

In Fig. 2 is shown the optimum transmission coefficients |tl|2 from (10) with
Q–values corresponding to the first 3 mode orders l = 1, 2, 3, cf. [CR64], as
the electrical size ka as well as the fractional bandwidth B is varied. The
figure illustrates the difficulty to match higher order modes, as well as the
fact that all modes will ultimately become useful (useless) as the electrical
size increases (decreases), or as the bandwidth decreases (increases).

In Fig. 3 is shown the Fisher information functional log det I(ξ) based on
(15), for a single, ideal tripole antenna with a = 1 and

A =

√
3
8π

 cos θ cos φ − sinφ
cos θ sinφ cos φ
− sin θ 0

 (24)

corresponding to the three fundamental TM modes of lowest order l = 1,
or equivalently, the three ideal electrical dipoles in the cartesian base vector
directions x̂, ŷ, ẑ. The functional log det I(ξ) is shown as a function of the
electrical size ka with the optimum transmission coefficients tα calculated as
in (10) with B = 5 % and Q = 1

ka + 1
(ka)3 , cf. [CR64]. The Stoke’s parameters

are parameterized as

s1 = Ps0 cos(2α) cos(2β)
s2 = Ps0 cos(2α) sin(2β)
s3 = Ps0 sin(2α)

(25)

where 0 ≤ P ≤ 1 is the degree of polarization. The signal–to–noise ratio
defined as SNR = s0

σ2
n

Zg

η ( 2π
k )2 was chosen to 50 dB. Our study shows that the

estimation performance of the tripole antenna as measured by the functional
log det I(ξ) is invariant to the directional parameters θ and φ as well as to
the polarization parameters α and β. However, the functional log det I(ξ)
depends strongly on the polarization degree P , as well as on the electrical size
ka of the antenna and the bandwidth B of the system.



Fundamental Limitations for Polarization Estimation with Applications in Array Processing 65

0 0.2 0.4 0.6 0.8 1
10

-4

10
-3

10
-2

10
-1

10
0

Optimum transmission coefficient |tl|2

Electrical size ka

l = 1

l = 2

l = 3

Figure 2: Optimum transmission coefficient |tl|2 as a function of electrical size
ka for the first 3 mode orders l = 1, 2, 3. Fractional bandwidth is B = 1, 5, 10
%.
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Figure 3: Fisher Information log det(I) as a function of electrical size ka for
polarization degrees P = 1, 0.999, 0.99, 0.9, 0. Fractional bandwidth is B = 5
%.

5 Summary

Fundamental physical limitations associated with DOA and/or polarization
estimation using antennas or antenna arrays are analyzed. As a general frame-
work for the analysis, spherical vector modes and their associated equivalent
circuits and Q factor approximations are employed together with the broad-
band Fano theory. The concept of a probing multimode array is introduced
which is equivalent to one single multimode antenna without interferers but
with colored noise, and the explicit form of the corresponding ML estimator
for the state of polarization is given. The log–determinant of the Fisher infor-
mation matrix is employed as a measure to evaluate the performance of the
ideal multimode antenna processor with respect to its ability to estimate the
state of polarization of a partially polarized plane wave coming from a given
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direction. Our study shows that the estimation performance of the ideal mul-
timode antenna is invariant to the directional parameters as well as to the
polarization parameters for a given polarization degree. However, the estima-
tion performance depends strongly on the polarization degree, as well as on
the electrical size of the antenna and the bandwidth of the system.

A Spherical Vector Waves

The outgoing spherical vector waves are given by

u1ml(kr) = hl(kr)A1ml(r̂)

u2ml(kr) =
1
k
∇× u1ml(kr) =

(krhl(kr))′

kr
A2ml(r̂) +

√
l(l + 1)

hl(kr)
kr

A3ml(r̂)

(26)
where Aτml(r̂) are the spherical vector harmonics and hl(x) the spherical
Hankel functions of the second kind, see [AW01, Jac75, New02]. The spherical
vector harmonics Aτml(r̂) are given by

A1ml(r̂) =
1√

l(l + 1)
∇× (rYml(r̂))

A2ml(r̂) = r̂ ×A1ml(r̂)
A3ml(r̂) = r̂Yml(r̂)

(27)

where Yml(r̂) are the scalar spherical harmonics given by

Yml(θ, φ) = (−1)m

√
2l + 1

4π

√
(l −m)!
(l + m)!

Pm
l (cos θ)eimφ (28)

and where Pm
l (x) are the associated Legendre functions [AW01]. For negative

m–indices, the scalar waves satisfies the symmetry Y−m,l(r̂) = (−1)mY∗
ml(r̂),

and hence
Aτ,−m,l(r̂) = (−1)mA∗

τml(r̂). (29)
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On Fault Localization on Power Lines -

An FMCW Based Fault Locator

J. Lundbäck, S. Nordebo, M. Akke, T. Biro

Abstract

In this report we consider using frequency modulated continuous
waves to locate a one line to ground fault on a power line. We model
the power line using transmission line theory combined with Carson’s
model for the frequency dependent transmission line parameters in two
basic configurations. Simulations using different frequency estimation
algorithms are presented and compared with the Cramér-Rao Bound.
Measurements using a fault locator in a laboratory environment and in
a field-experiment are also studied. It is observed that fault-location
estimation with high accuracy is possible using limited bandwidth.

1 Introduction

In this report we present a Frequency Modulated Continuous Wave (FMCW)
fault locator for power lines using transmission line theory as well as mea-
surements to exemplify the concept. In microwave technology, FMCW radar
represents one of the oldest, simplest but also one of the most versatile types
of radar, cf. [Gri90, Sto92]. Even though the basic ideas and advantages of
using FMCW radar techniques for power line fault localization were estab-
lished already in [DST72] and revived for optical fibre systems in [UC85], the
application area for transmission lines still seems to be vastly unexplored.

In our view, the FMCW radar techniques for power line fault localization
has a great potential mainly because of the versatile time-bandwidth prop-
erty that can be exploited to achieve high accuracy in situations where the
usable bandwidth is limited but the measurement time is less critical. Thus,
by averaging over many successive frequency sweeps a high signal–to–noise–
ratio SNR is readily obtained which is required for obtaining good estimation
performance. Further, the FMCW approach converts the distance-to-fault
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estimation into a frequency estimation issue in which several high-resolution
algorithms e.g. ESPRIT, CAPON, MUSIC, Prony, etc., [PS97, PG01, AW02,
MB94, Kay87, Tre02] that can be utilized to obtain high accuracy.

Today, there exist functional systems for fault localization, but there is
also a pronounced demand from the power industry to significantly improve
the cost, efficiency and accuracy of these systems. This is probably the rea-
son to the relatively large amount of research pursued on this topic over the
last 10 years. However, most of the research results are concerned with 50
Hz impedance measurements or transient analysis up to a few kHz, see e.g.
[AGH00, BG04] and references therein, and does not take into account the
possibility of exploiting travelling waves which are relevant for much wider
frequency ranges.

Our work is based on a previous study in [AB04] where measurements
of the frequency dependent impedance of a thin wire of length 1.5 km with
ground return were performed. The measurement setup is considered as a
downscaled experimental setup of the phenomena’s occurring on real power
lines since the models used are valid for a general set of geometries. In [AB04],
the experimental results are compared with mathematical models for power
lines such as given in e.g. [Car26]. For frequency intervals relevant for power
line transients, a discrepancy is observed between the experimental results
and the models. It is noted that the model in [Car26] is based on the as-
sumption that the length of the wire is much longer than the wave lengths
considered. Hence, this condition cannot always be assumed to hold in the
case of grounding faults in power distribution systems. Furthermore, it is
concluded that the dynamics of the grounding system should be incorporated
in the model.

In the present study, we have performed an additional field test and mea-
surement campaign on the thin wire with ground return in order to verify
the possibility of exploiting the FMCW range estimation techniques to mea-
sure the distance to ground fault. Since neither the measurement nor the
estimation strategies has been optimised we expect that these results can be
improved significantly in future studies.

Next, we give a survey of some existing fault localization methods. In
section 2 we start by developing a signal model using transmission line theory
and Carson’s model for the fundamental case of a wire or line with unknown
length connected to a load impedance. Thereafter, in section 3 we examine the
optimal performance that can be expected from any unbiased estimator using
the Cramér-Rao Bound (CRB) and corresponding simulations that exploit the
frequency estimation algorithms of section 4. The signal model is then verified
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experimentally using coaxial cables, section 6.1. In section 6.2 we account for
a field-experiment using a downscaled power line setup and present some
related results. Finally, in section 7 we expand the signal model from section
2 to a more realistic but still limited situation and present calculations of the
optimal performance together with simulations.

1.1 Survey on fault localization

A transmission system is a high voltage system (50–400 kV), usually directly
earthed, with power lines of a length typically ranging from 100 km to 600
km. The distribution systems are medium voltage systems (10–50 kV), usually
high–resistance earthed, with power lines of a length typically ranging from
100 m to 20 km. Hence, the requirements for fault localization in transmission
systems are fundamentally different than for distribution systems.

ASEA (now ABB) pioneered the development of impedance based fault
locators for transmission systems in the beginning of the 1980’s, see [LER85].
Initially, the fault locator was installed as a separate box but has later been in-
tegrated in the distance protection terminals. The installed base of separate
and integrated fault locators amounts to more than 10000 units worldwide
today. Manufacturers claim that the impedance based fault locators can de-
termine the distance to fault with an accuracy of 1 to 3 %. However, users of
fault locators now want to determine the tower where the fault has occurred
so that the maintenance crew knows exactly where to go and can take the
fastest route to the fault location. This means that there is a need to improve
the accuracy of fault locators. The distance between towers on transmission
lines is in the order of 300 m and the transmission line may have a length up
to 600 km. This means that the desired accuracy is in the order of 0.05 %
or at least one order of magnitude better than the existing impedance based
fault locators. The introduction of series capacitors on transmission lines is
one method to increase the transfer capability of a transmission system with-
out using additional line corridors. On a series compensated line, there is no
longer a unique relation between the physical distance to the fault location
and the measured electrical reactance measured by an impedance based fault
locator. This means that an impedance based fault locator gives more than
one possible fault location and additional information must be collected and
processed before the maintenance crew can be directed to the fault location.
The advent of the GPS and GLONASS, see [Wil91, Wil92, YGGB91] makes it
possible to determine the arrival of fault generated transients with an absolute
accuracy of 1 microsecond or better. This has paved the way for travelling
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wave based fault locators. The accuracy of future travelling wave based fault
locators may be an order of magnitude better than the accuracy of impedance
based fault locators. Future travelling wave-based fault locators may also be
applied on series compensated lines and they will provide a unique fault loca-
tion. Different kinds of fault generated transients are discussed in [Leh92]. A
single phase–to–earth fault generates a significant ground mode while a phase–
to–phase short circuit generates a significant aerial mode. Aerial modes travel
with a speed that is close to the speed of light while ground modes travel with
a lower speed. The design of a travelling wave based fault locator requires a
good understanding of wave propagation on power lines. The main issues are:
(1) the wave propagation speed of aerial and ground modes, (2) the damp-
ing of aerial and ground modes, and (3) the distortion of the fault generated
waveform, and (4) the scattering of waves at discontinuities along power lines.

Methods for fault localization such as the impedance based measurement
techniques in [LER85] are applicable for transmission systems where the earth–
fault currents are high as well as stationary. However, these methods are not
directly applicable to distribution systems that are often earthed using high–
ohm inductors. This is one of the main reasons that the development of fault
localization techniques for distribution systems is an area of great industrial
as well as academic potential today. To this end, the measurement of fault
induced transients is a very interesting possibility [Leh92]. However, the dis-
tribution lines are relatively short (100 m to 20 km) and the number of lines is
several orders of magnitude greater than for transmission systems. The pro-
tect terminals for distribution systems are also much more primitive than for
transmission systems. The fault location equipment must therefore be very
cheap and simple to mount.

It is also noted that the future trend in the power industry is to replace
the overhead power lines by buried cables. In contrast to failures on overhead
power lines, cable faults are often permanent. Thus, the faulty cable has to be
excavated and a fault localization system of very high accuracy will therefore
be required. Conventional techniques today use pulse radar to estimate fault
location. However, since buried cables usually have very low bandwidth com-
pared to overhead power lines, this is further a motivation to study FMCW
radar as a high resolution ranging technique.

Even though the theory for travelling waves on power lines is a rela-
tively well established area, see e.g. [Lun95, RGOC00] it appears that re-
mote sensing of transients as well as precision reflectometric methods such as
[DST72, UC85] is a vastly unexplored area for fault localization. In [Lun95],
direct and inverse problems for non-uniform transmission lines with internal
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transient voltage and current sources are considered. In the inverse source
problem, the compact Green functions approach based on wave splitting is
used to reconstruct the transient voltage and current sources from the tran-
sient signals that are received at the two endpoints of the transmission line.
However, in [Lun95] the location of the sources is assumed to be known.
Hence, here is an apparent potential to consider inverse scattering problems
for the location of transient sources on transmission lines.

2 Signal Model

In this section we develop a signal model describing the signals that we utilize
to estimate the distance d to a fault or impedance discontinuity. Thereafter, in
section 2.1 we model the parameters of the transmission line using Carson’s
model [Car26]. The schematics of the signal model is depicted in figure 1

Figure 1: Schematics of the signal model. The FMCW signal, the buffer
and the generator impedance are user parameters. The transmission line
parameters are described by Carson’s model.

and is considered to be a simplified model of a section of a faulted power
line. We consider the load impedance ZL in this setup to be equivalent to
a fault impedance in the case of a faulted power line system. Thereby we
restrict our investigations to include one line to ground faults (1LG) [And98].
This configuration constitutes a first approach that we can easily verify both
experimentally and by simulations.

The linear FMCW radar signal is

s(t) = Ace
−jφ(t), (1)
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where Ac is the real amplitude and

φ(t) = 2π

∫ t

0

(f0 + aτ) dτ = 2π
(
f0t +

a

2
t2

)
(2)

is the instantaneous phase. The Frequency Modulation (FM) rate a = B/T
where B is the bandwidth of operation, T is the period time of s(t) during
which one frequency sweep is completed and f0 is the frequency at time t = 0
or the start frequency of any successive period of s(t). We apply s(t) to a
transmission line, see figure 1, and exploit that we can model the transmission
line as a linear system with a frequency response that is dependent on the
measurement position on the transmission line. In point B, figure 1, the
frequency response of the transmission line is, [Poz98]

H(ω) =
Z0

Z0 + ZG

1 + ΓLe−2γd

1 − ΓGΓLe−2γd
, (3)

where ω is the angular frequency, Z0 the characteristic impedance of the
transmission line, ZG the output impedance of the FMCW signal generator,
ZL the load impedance considered to be caused by a fault,

ΓG =
ZG − Z0

ZG + Z0
(4)

and

ΓL =
ZL − Z0

ZL + Z0
, (5)

the reflection coefficients at the generator impedance and the load impedance,
respectively. Further, γ is the complex propagation constant and d is the
distance from ZG to ZL. The parameters Z0 and γ in (3) are dependent on
ω. The signal measured at point B in figure 1 is

y(t) =

∫ t

0

h(τ)s(t − τ)dτ = Ace
−j2π(f0t+ a

2 t2)

∫ t

0

h(τ)ej2π(f0τ+aτt)e−j2π a
2 τ2

dτ,

(6)
where h(t) is the impulse response corresponding to H(ω). We choose a so that
aτ2

h << 1 where τh is the total duration time of h(τ). Then, for τh ≤ t ≤ T

y(t) ≈ Ace
−j2π(f0t+ a

2 t2)

∫ τh

0

h(τ)ej2π(f0+at)τdτ = Ace
−j2π(f0t+ a

2 t2)H∗(2π(f0+at)),

(7)
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where ∗ denotes the conjugate. The Intermediate Frequency (IF) signal
[Sto92] is given by

x(t) = s∗(t)y(t) = A2
cH

∗(2π(f0 + at)). (8)

Observe that x(t) corresponds to the frequency response of the transmission
line with the characteristics of ZL included.

We obtain the discrete-time signal

x(n) = A2
cH

∗(ωn), (9)

by sampling x(t) in t = nTs, n = 0, 1, 2..., N − 1, Ts = 1/fs where fs is the
sampling frequency, N the number of samples and ωn = 2π(f0+anTs) = ω0+
2πanTs. Further, H∗(ωn) can be expressed as a sum of complex exponentials
using the formula for a geometric sum,

H∗(ωn) =
Z0

Z0 + ZG

+
∞∑

m=1

(
Z0

Z0 + ZG

Γm
L Γm−1

G (1 + ΓG))∗e−2γ∗dm. (10)

Next, from [Poz98],

γ =
√

(r + jωl)(jωc) ≈
r

2

√
c

l
+ jω

√
cl (11)

where r, l, c are the frequency dependent transmission line parameters, specif-
ically r [Ω/m] is the resistance, l [H/m] the inductance and c [F/m] the ca-
pacitance, respectively. We have assumed that the conductance is zero or
negligible. Using (10) and (11) we rewrite (9) as

x(n) = A2
c

Z0

Z0 + ZG

+
∑

m

Ame(−r
√

c
l
+j2ωn

√
cl)dm (12)

where

Am = A2
c

(
Z0

Z0 + ZG

Γm
L Γm−1

G (1 + ΓG)

)∗

. (13)

To handle an infinite number of exponentials in (10) is impractical and de-
pending on the attenuation per meter and the length of the transmission line,
the number of exponentials that must be considered to obtain a reasonable
model will vary. In (12) we therefore assume that we need a finite number of
exponentials to model the transmission line with a good accuracy. Observe
that x(n) is a harmonic progression of damped complex exponentials where
the damping and frequency depends on r, l, c, a and d.
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2.1 Carson’s Model of the Transmission Line Parameters

We calculate the transmission line parameters according to Carson’s electro-
magnetic model of a thin wire above ground with ground return as [Car26],

r = r0 + rf , (14)

l = l0 + lf , (15)

c = c0. (16)

Here, r0, l0 and c0 represent the transmission line parameters when the earth
is a perfect conductor while rf and lf are contributions due to the earths
finite conductivity. Further, using [Car26, And95] we calculate

r0 =
ρ

A
[Ω/m] , (17)

l0 = 2 · 10−7 ln

(
h

0.779z

)
[H/m] , (18)

c0 =
55.8 · 10−12

ln(2h/z)
[F/m] , (19)

where ρ, z, A are the resistivity, the radius and the cross-section area of the
transmission line, respectively, and h is the height of the transmission line
above the ground. Observe that in Carson’s model rf and lf are frequency
dependent while c is not and we obtain rf and lf from e.g. [Car26, And95] by
calculations. In figures 2 and 3 the values of r and l are displayed as functions
of frequency using an FK 1.5 mm2 copper cable. The earth resistivity is
1000 Ω/m and h = 1 m. These values are used in the measurements described
in section 6.2.

From calculations of r and l, similar to the one displayed in figure 2 and
3, and from the corresponding equations in [Car26] we observe that r is ap-
proximately a linear function of frequency and l, although not frequency in-
dependent, does not display a large variation over the frequency interval of
operation. We therefore set

r = r1ω + r2, (20)

l = mean {l(ω)} , (21)

i.e. we approximate r as a linear function of frequency and l as a constant,
equal to the mean value within the frequency interval of operation, see the
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Figure 2: Resistance r [Ω/m] according to Carson’s model.

dashed curve in figure 3. Using (20) and (21) we can rewrite (12) as

x(n) = A2
c

Z0

Z0 + ZG

+

M∑

m=1

AmePme(−βn+jΩn)m, n = 0, ..., N − 1, (22)

where

P = −d(r1ω0 + r2)

√
c

l
+ j2ω0d

√
cl, (23)

β = 2πar1dTs

√
c

l
, (24)

Ω = 4πadTs

√
cl. (25)

Finally, as a consequence of the approximations made regarding r and l the
characteristic impedance Z0, depicted in figures 4 and 5, is affected as seen
by comparing the solid line with and the dashed curve in both figures, respec-
tively. Based on the figures we set Z0 = Z0(2πfa) where fa = 200 kHz or the
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Figure 3: Inductance l [H/m] according to Carson’s model. The solid line
corresponds to l given by Carson’s model and the dashed line is an approxi-
mation.

median frequency of the frequency interval of operation.
We see in (22) that x(n) consists of damped complex exponentials or

damped cisoids with constant amplitudes Am (provided that ZG and ZL are
frequency independent) where d is part of e.g. the fundamental frequency Ω
(25). The assumptions regarding the transmission line parameters obtained
using Carson’s model results in travelling waves with constant phase velocity.
This assumption is often made in Time Domain Reflectometry (TDR) where
a pulse is used to estimate the time taken to propagate back and forth on the
transmission line. In practice, the assumption of constant phase velocity in
TDR is less likely to hold since the pulse is a wideband signal even though
the pulse can be made more narrowband by pulse shaping. Further, TDR re-
quires a decision algorithm to estimate when the pulse returns because of the
pulse shape distortion. The use of the FMCW radar technique can mitigate
the difficulties in TDR since the bandwidth of the chirp can be chosen small
compared with the bandwidth of the pulse in TDR.
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Figure 4: The modulus of Z0. The solid curve corresponds to frequency de-
pendent r and l according to Carson’s model without approximations, the
dashed curve corresponds to r and l according to the approximations above,
and the dash-dotted line corresponds to |Z0(2πfa)|.
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Figure 5: The phase of Z0. The solid curve corresponds to frequency depen-
dent r and l according to Carson’s model without approximations, the dashed
curve corresponds to r and constant l according to the approximations above,
and the dash-dotted line corresponds to the phase of Z0(2πfa).
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3 Cramér-Rao Bound

In this section we derive the CRB of d using Carson’s model. We assume that
the signal is distorted by complex White Gaussian Noise (WGN) v(n), with
zero mean and variance σ2

v , so that

x(n) = A2
cH

∗(ωn) + v(n). (26)

We can represent the samples on vector form as x = [x(0) . . . x(N − 1)]
T

where
T denotes the transpose operation. The mean-value vector µ and covariance
matrix C of x are

[µ]k = E {[x]k} = A2
cH

∗(ω(k−1)), k = 1 . . . N, (27)

C = E
{

(x − µ)
H

(x − µ)
}

= σ2
vIu, (28)

where Iu is the unity matrix, E {·} and (·)H denotes the expectation operator
and Hermitian transpose, respectively. The CRB of d is given by CRB {d} =
I−1 where I is the Fisher information and is calculated as [Kay93],

I =
2

σ2
v

∥∥∥∥
∂µ

∂d

∥∥∥∥
2

, (29)

where ‖·‖ denotes the Euclidean norm. We define the signal-to-noise ratio
(SNR) as

SNR =

(
A2

c

σv

)2

. (30)

Observe that the FMCW signal reflected at ZL is attenuated depending on d
so the effective SNR is depending on the distance to the fault location. By
effective SNR we mean the ratio of the power of the fundamental harmonic
in (22) to the noise power σ2

v . The effective SNR is therefore always lower
than the SNR we use and display. In reality we can control the power of
the FMCW signal or equivalently the SNR, as we defined it, and from the
characteristics of the transmission line we might be able to select the SNR
so that the effective SNR is sufficiently large for the estimation algorithms to
work properly.

Further, in the calculations, if nothing else is stated, ZG = 470 Ω, ZL =
51 Ω, B = 200 kHz, Ac = 1 V, T = 1 ms, N = 126 and SNR=50 dB. Figure
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Figure 6: Optimal RMSE as a function of SNR. An increase in the SNR de-
creases the optimal RMSE. The solid curve corresponds to d = 1000 m, the
dashed curve corresponds to d = 5000 m and the dash-dotted curve corre-
sponds to d = 10000 m.

6 depict the optimal Root Mean Square Error (RMSE) as a function of the
SNR where the optimal RMSE is measured in percentage of d i.e.

Optimal RMSE {d} =

√
CRB {d}

d
· 100 [%] . (31)

Observe that the CRB is calculated using one measurement of one period of
the FMCW signal. In figure 6 the effect of increasing the SNR on the optimal
RMSE is displayed. It is concluded that the increase in SNR decreases the
optimal RMSE and that a SNR larger than 50 dB result in a optimal RMSE
lower than 0.1 %.
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Figure 7: Optimal RMSE as a function of d. The solid line corresponds to
B = 200 kHz, the dashed line corresponds to 500 kHz and the dash-dotted
line corresponds to 800 kHz.

Figure 7 depicts the optimal RMSE as a function of d, the solid curve
corresponds to B = 200 kHz, the dashed curve to 500 kHz and the dash-dotted
curve to 800 kHz. Observe the low values of the optimal RMSE which indicate
that a high-resolution estimate of d can be achieved. The calculations indicate
that a higher bandwidth result in a lower RMSE for short distances but an
increase of the RMSE for longer distances. Observe that the attenuation of
the harmonics in x(n) is proportional to d · B. Therefore will the optimal
RMSE increase for larger d and B.
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Figure 8: Optimal RMSE as a function of N. The solid line corresponds to
B = 200 kHz, the dashed line corresponds to 500 kHz and the dash-dotted
line corresponds to 800 kHz.

One possibility that increases the flexibility is to keep B constant and
change T that must be adjusted according to the maximum length of the
transmission line and the sample rate. Increasing the number of samples per
period of the FMCW signal will increase the performance as seen in figure 8.
The solid curve corresponds to B = 200 kHz, the dashed curve to 500 kHz
and the dash-dotted curve to 800 kHz. The three upper curves corresponds to
d = 10000 m and the three lower curves corresponds to d = 1000 m. Observe
that the curves corresponding to B = 500 kHz and B = 800 kHz for d = 1000
are approximately equal. The effect of increasing N is visible in all six curves
but a larger enhancement of the performance is obtained when d = 10000 m
compared to d = 1000 m. This is most likely related to the lower effective
SNR obtained when d = 10000 compared d = 1000.
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4 Frequency Estimation Algorithms

In this report we utilize the following frequency estimation algorithms; Fast
Fourier Transform (FFT), CAPON, MUltiple Signal Classification (MUSIC)
and Estimation of Signal Parameters via Rotational Invariance Techniques
(ESPRIT). In our application the signal of interest x(n) is a sum of expo-
nentially damped cisoids. Therefore, depending on the value of the damping
the characteristics of x(n) might not be those of an undamped cisoid that the
high-resolution algorithms were originally designed for. We therefore expect
that the performances of these algorithms are not optimal. But the algo-
rithms are still usable in this preliminary study to evaluate the concept and
investigate if they can be used on short distances where the damping is lower
compared to longer distances. If so, high-resolution algorithms might be used
as a complement to a non-parametric method to produce a more accurate fre-
quency estimate based on the estimate of the first method. Observe that here
we are only concerned with finding the frequency of the fundamental cisoid
in (22). This corresponds to the frequency with the maximum power, which
could also be located as the lowest frequency with power above a predefined
threshold.

The FFT algorithm, see e.g. [PS97, Kay87], is a well known non-parametric
algorithm with a high degree of robustness and low complexity but the perfor-
mance can be degraded by spectral leakage. This is not a major disadvantage
here because the cisoids in x(n) are, if several cisoids exist, separated in fre-
quency proportional to d. Several methods e.g. windowing can be used to
mitigate these effects in such a case.

CAPON, MUSIC and ESPRIT are all based on the autocorrelation matrix
R that we estimate as

R̂ =
1

L

L−1∑

l=0

x(l)xH(l), (32)

where
x(l) = [x(l) . . . x(l + M − 1)], L = N − M + 1, (33)

and M is a user-parameter in the estimation methods. Observe that we
utilize only one period of x(n). By using several versions of x(n) obtained
from synchronized measurement we could effectively increase the SNR.
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4.1 CAPON

The CAPON spectral estimator, see e.g. [PS97, YH04], belongs to the family
of Matched Filterbanks (MAFI) that has been shown to exhibit robustness
against model errors. The size of the filter or number of coefficients M is
a user-parameter and in [LS96] it has been empirically shown that M could
be chosen as N/4 ≤ M ≤ N/2 to obtain a good performance. Here, we
choose M = N/4. To obtain the CAPON estimator we consider the following
optimization formulation,

min
h

h
H
Rh subjected to h

H
a(ω) = 1, (34)

where a(ω) = [1ejω . . . ejω(M−1)]T . When solved we obtain the optimal weight-
vector or the coefficients of the matched filter as

hc =
R

−1
a(ω)

aH(ω)R−1a(ω)
. (35)

This is reinserted into in (34) to obtain a power spectral estimate using (32),

Pc(ω) =
1

aH(ω)R̂−1a(ω)
. (36)

We can now estimate the frequency of the strongest harmonic in x(n) as

ωd = arg max
ω

|Pc(ω)| . (37)

4.2 ESPRIT and MUSIC

ESPRIT and MUSIC are high-resolution parametric algorithms that can give
very good accuracy but which are sensitive to model errors, see e.g. [PS97,
Tre02] for several references on the topics. It has been verified that ESPRIT
has similar statistical accuracy and performance as MUSIC but do not have
the problem of false frequency estimates that MUSIC exhibit. Both methods
require knowledge about the number of cisoids present in x(n) and for this
application we decide that there is only one dominant cisoid. Both methods
are based on the properties of the eigenvalues and eigenvectors of R. Let

R = UsDsU
H
s + UvDvU

H
v , (38)
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be the eigenvalue decomposition of R, Ds = diag [λ1 . . . λK ]
and Dv = diag [λK+1 . . . λM ] where

λm = λ̃m + σ2
v , m = 1...K, (39)

λm = σ2
v , m = K + 1...M, (40)

(41)

are the eigenvalues of R. Further,

Us = [u1 ... uK ] (42)

contains the eigenvectors corresponding to λk , k = 1...K which spans the
signal subspace. Further,

Uv = [uK+1 ... uM ] (43)

contains the eigenvectors corresponding to λk , k = K +1...M which spans the
noise subspace. The signal subspace and the noise subspace are orthogonal
since the M eigenvectors corresponding to an M × M hermitian matrix are
mutually orthogonal. From the eigenvalue decomposition of (32) we obtain
the MUSIC power spectral estimate as

Pm(ω) =
1

aH(ω)ÛvÛ
H
v a(ω)

, (44)

and the desired frequency using (37) with Pc(ω) replaced by Pm(ω).
The ESPRIT method estimates the frequencies from solving [PS97]

Us2 = Us1Φ, (45)

for Φ, where Us2 equals Us with the first row deleted and Us1 equals Us with
the last row deleted. Further, Φ = C

−1
DC where C is a non-singular matrix

and D = diag
[
ejω1 ...ejωK

]
is the matrix describing the rotation of the signal

structure that ESPRIT is based on, see [PS97] for further details. Observe
that this rotation is constructed for undamped cisoids. We obtain estimates
of the frequencies as the arguments of the eigenvalues of the matrix Φ, which
are equal to the arguments of the diagonal elements of D. Solving (45) using
the eigenvalue decomposition of (32) and a Least-Square approach assuming
that Ûs1 has full column rank gives,

Φ =
(
Û

H
s1Ûs1

)−1

Û
H
s1Ûs2. (46)

Since we only search for one cisoid K = 1 and Φ = φ is a scalar and we obtain
ωd = arg {φ} , where arg {·} is the argument operation.
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5 Simulations

Using (25) we can estimate d as

d̂ = ηf̂ , (47)

where

η =
1

2a
√

cl
(48)

is the scaling factor from frequency to distance and f̂ = Ω̂/(2πTs) is a fre-
quency estimate of the strongest harmonic in x(n) corresponding to the fre-
quency of the fundamental harmonic in (22). Observe that both c in (16) and
l in (21) used in (48) are frequency independent and constant. The resolution

of d̂ is
∆d = η∆f (49)

and can be changed by altering a = B/T or ∆f which is the frequency
resolution of the frequency estimation algorithm.

We perform a Monte Carlo simulation using 100 iterations for each value
plotted. Samples of x(n) are obtained using (26) and values of r, l and c
therein are obtained using (14)-(16) without approximations. Further, ZL =
51 Ω, ZG = 470 Ω, B = 200 kHz, T = 1 ms, N = 126, ∆f = 10 Hz and
SNR= 50 dB if nothing else is stated.
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Figure 9: The RMSE for FFT (solid curve with dots), CAPON (dashed curve),
MUSIC (dash-dotted curve) and ESPRIT (solid curve with + marker). The
solid curve corresponds to the optimal RMSE. Here, B = 200 kHz.

In figure 9 and figure 10 the RMSE of d̂ is displayed as a function of d for
B = 200 kHz and B = 800 kHz, respectively. Note that in figure 9 the RMSE
is only slightly decreased when d increases. Therefore the RMSE measured
in meters is increased for longer distances. In figure 10, B = 800 kHz and
the RMSE of FFT, MUSIC and ESPRIT decreases nearly linear with the
distance. This indicates a nearly constant RMSE measured in meters. Also,
ESPRIT and MUSIC are seen to be the best estimators in this simulation
but this can be related to the property of returning biased estimates when
the signal is not a pure undamped cisoid. However, for short distances the
four algorithms have similar performance. In both figures we observe that
the values of the RMSE indicate an overall good accuracy depending on the
choice of B and FFT is a natural choice of frequency estimation algorithm
based on simulations and robustness. Moreover, the CAPON method can be
expanded to account for the damping property [YH04] but this increases the
complexity and computational power needed.
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Figure 10: The RMSE for FFT, solid curve with dots), CAPON (dashed
curve), MUSIC (dash-dotted curve) and ESPRIT (solid curve with + marker).
The solid curve corresponds to the optimal RMSE. Here, B = 800 kHz.
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Figure 11: The RMSE for FFT (solid curve with dots), CAPON (dashed
curve), MUSIC (dash-dotted curve) and ESPRIT (solid curve with + marker).
The optimal RMSE is the solid curve. Here, B = 200 kHz and T = 0.25 ms.

In figure 11 we set T = 0.25 ms and B = 200 kHz to obtain the same FM
rate a as in figure 10. Comparing figure 11 and 10 we see that the performance
of the algorithms are decreased, indicating that the increase of B result in a
better accuracy than the decrease of T.

For shorter distances a must be chosen large enough so that we are able
to record sufficient information about x(n) during one period or T s of the
FMCW signal. In figure 12, B = 800 kHz corresponding to the same case as
in figure 10 but now for shorter distances. As seen, the algorithms are not
able to achieve the same accuracy for shorter distances compared to longer
distances where the fundamental harmonic of x(n) has a higher frequency and
sufficient information can be recorded during T s.
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Figure 12: The RMSE for FFT (solid curve with dots), CAPON (dashed
curve), MUSIC (dash-dotted curve) and ESPRIT (solid curve with + marker).
The optimal RMSE is the solid curve. Here, B = 800 kHz and T = 1 ms.
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Figure 13: The RMSE for FFT (solid curve with dots), CAPON (dashed
curve), MUSIC (dash-dotted curve) and ESPRIT (solid curve with + marker).
The optimal RMSE is the solid curve. Here, d = 1243.6 m and B = 200 kHz.

In figure 13 and 14, B = 200 kHz and B = 800 kHz, respectively, and for
both figures d = 1243.5 m. The figures display the RMSE as a function of
SNR. Both figures show very small variations in the RMSE for an SNR larger
than 50 dB. The nearly constant RMSE is most likely due to the approxima-
tion of l since the approximation of r is more accurate. Also, the simulations
indicate that an SNR much higher than 50 dB does not guarantee a higher
accuracy. However, this is dependent on d and the damping properties of the
transmission line.
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Figure 14: The RMSE for FFT (solid curve with dots), CAPON (dashed
curve), MUSIC (dash-dotted curve) and ESPRIT (solid curve with + marker).
The optimal RMSE is the solid curve. Here, d = 1243.6 m and B = 800 kHz.
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Figure 15: The RMSE for FFT (solid curve with dots), CAPON (dashed
curve), MUSIC (dash-dotted curve) and ESPRIT (solid curve with + marker).
The optimal RMSE corresponds to the solid curve. Here d = 1243.6 m.

Increasing B makes it possible to record more information during T s and
would result in a lower RMSE as seen in figures 15 and 16 where d = 1243.6
and d = 10000 m, respectively.

Simulations where d = 1243.6 m and B = 200 kHz indicate that if the
SNR is above 50 dB we can expect a RMSE around 2 % or 25 meters regard-
less of the considered frequency estimation algorithm. Also, increasing the
bandwidth to B = 800 kHz slightly improves the overall accuracy, especially
for longer distances. The optimal RMSE for d = 1243.6 m and B = 200 kHz
obtained in section 3 and in the simulations indicate a possible accuracy of
less than 0.1 % or 1.3 meters at 50 dB SNR.
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Figure 16: The RMSE for FFT (solid curve with dots), CAPON (dashed
curve), MUSIC (dash-dotted curve) and ESPRIT (solid curve with + marker).
The optimal RMSE corresponds to the solid curve. Here d = 10000 m.
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6 Measurements

In this section we account for measurements of the distance to a discontinuity
in the impedance in both a laboratory experiment and in a field-experiment.
The equipment consists of a FMCW signal generator, a buffer circuit that
feeds the FMCW signal into the transmission line and computer based data
acquisition system. The setup is depicted in figure 1. In the laboratory setup,
section 6.1, the transmission line is a coaxial cable. Coaxial cables can be
described by a relatively simple electromagnetic model where the transmission
line parameters can be easily computed [Poz98] and therefore also constitutes
a reference measurement to verify the equipment. A resistive load terminates
the coaxial cable and model the fault impedance. In the second measurement,
section 6.2, we perform a field-experiment in Salshult, Sweden, based on a
previous measurement made in [AB04]. Here, we argue that Carson’s model
is valid for a general set of geometries and we utilize a thin copper wire,
usually used for electrical installations in residences, instead of a power line.
This downscaled setup of a power line is a low cost accessible experiment to
evaluate our ideas.

6.1 Measurements Using Coaxial Cables

The properties of coaxial cables are well known and therefore constitute a ref-
erence measurement to verify the performance of the fault-location algorithm
previously simulated in section 5. Observe that we do not use Carson’s model
here because of the measurement setup. We use standard RG58 coaxial cables
and calculate the essential transmission line parameters, [Poz98],

c ≈ 101 pF/m (50)

l ≈ 250 nH/m. (51)

Since these values are theoretical we also perform a calibration procedure
using a specific distance which we refer to as the calibration distance. Here,
we use d = 60.09 m with open connector, as the calibration distance. We
thereafter perform a series of measurements and adjust η in (47) so that the

mean-value of d̂ is equal to the calibration distance. This calibration can be
interpreted as a transmission line parameter adjustment since we only have
the theoretical values of c and l and not the actual values. Also, it might
be a idea to characterize the transmission lines before they are installed and
this procedure can be one possibility. Further, we choose B = 4MHz, T = 1
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ms , Ac = 1 V and record 20 successive periods of the FMCW signal and the
signal on the transmission line. Table 1 and 2 summarize the results for an
open connector and ZL = 25 Ω, respectively.

d FFT CAPON MUSIC ESPRIT

60.09 0.0760 0.1139 0.2873 2.3649e-014
62.17 0.5051 0.1598 0.2678 0.8837
64.53 0.5393 0.1072 0.3495 1.1011
80.17 0.5600 0.8119 0.0843 0.3638
82.25 0.7462 0.7048 0.0938 0.2577
84.61 0.6852 0.3669 0.2645 0.3229
100.62 1.0223 1.0171 0.0618 0.2296
102.7 1.1620 1.1597 0.2016 0.0227
105.06 0.8756 1.1049 0.0894 0.4727

Table 1: RMSE (in meters) for FFT, CAPON, MUSIC and ESPRIT with
open connector. The calibration distance is 60.09 meters.

d FFT CAPON MUSIC ESPRIT

60.09 1.5936 1.8749 1.495 1.6812
62.17 1.0352 1.6977 0.5105 0.7103
80.17 1.4559 1.4082 1.4244 1.2738
82.25 1.3284 1.5766 1.2703 1.0433
100.62 1.0223 1.0170 0.1785 0.2353
102.7 0.9289 0.9270 0.0340 0.0203

Table 2: RMSE (in meters) for FFT, CAPON, MUSIC and ESPRIT when
ZL = 25 Ω.

Observe that the accuracy is decreased when ZL = 25Ω since the reflection
coefficient ΓL at ZL is only 1/3 of ΓL when the connector is open. The
four frequency estimation algorithms have similar performance and with the
calibration we obtain good accuracy.

6.2 Measurements on a Down Scaled Power Line

Figure 17 display a symbolic picture of the measurement configuration and
the main components. A function generator 2) is used to generate the FMCW
signal with a period time T = 1 ms, a bandwidth B = 200 kHz and a start
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Figure 17: Overview of the measurement setup; 1) the instruments are con-
nected to the ground via a radiator inside a residence, 2) the FMCW signal
generator 3) the buffer circuit, 4) and 5) are the plastic poles and the copper
cable, respectively, 6) the grounding device consisting of copper rods.

frequency f0 = 100 kHz. The chirp-rate is a = B/T = 200 MHz/s. The
choice of f0, B and T is based on the performance of the equipment and
the measurements made in [AB04] where Carson’s model was experimentally
verified to have a fairly good consistency with the measurements for the chosen
frequency range. In Carson’s model we set the earth resistivity to 1000 Ω/m
[And95]. Further, the FMCW signal is applied to the copper cable via a buffer
circuit 3) constructed as a voltage follower with slew-rate of 1200 V/µs and a
bandwidth of 6 MHz. The buffer separates the FMCW signal from the signal
on the copper cable and allow us to choose the output impedance of the buffer
ZG = 470 Ω based on calculations of the characteristic impedance Z0 of the
copper cable. The copper cable or transmission line 5) has 1.5 mm2 area, 7
strands, PVC insulation and is used primarily for electrical installations in
residences. The cable is 1243.6 meters long and mounted above ground using
plastic poles 4) with a distance of 15 meters between each pole. Considering
the sag of the cable in the middle of two poles we assume that the effective
height is approximately 1 meters. The cable can be grounded by a connection
to the ground using six copper rods 6). The rods have a diameter of 20 mm, a
thickness of 5 mm and a length of 1 m. The rods are placed in a star-formation
where each rod is inserted 0.9 meters below the ground and connected to the
cable. The ground return-path, between 6) and 1), consists of the impedance
of the grounding using the rods, the impedance of the current in the ground
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Figure 18: A comparison of the measurements and model for one period
of the FMCW signal. The solid curve corresponds to the real-part of the
measured signal x̃(n), the dashed curve and the dash-dotted curve correspond
to the real-part of x(n) obtained with and without the approximations of the
transmission line parameters, respectively. The thin wire is connected to the
grounding device.

and the impedance of the grounding of the house in which we place the data
acquisition equipment. The DC resistance was measured to be approximately
65 Ω. The DC resistance for the thin copper wire with length 1243.6 meters
is approximately 14 Ω so the DC resistance due to the grounding in the rods
and ground return-path is approximately 51 Ω.

The computer with the DAQ card is used to measure and store the sig-
nals at point A and B in figure 17 i.e. the FMCW signal and the signal
on the transmission line, respectively. The sample rate is fs = 125 kS/s
with 12 bits resolution and simultaneous sampling of both channels. During
one period of the FMCW signal we collect N = 125 samples of each of the
two signals. The measurements are stored for off-line processing in Matlab.
Using the Hilbert transform [AP02] we obtain the measured versions of the
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complex-valued analytic signals s(n) and y(n), (1) and (7) respectively. We
then calculate x̃(n) that constitute a measurement of x(n) (26). We perform
three measurement series where the copper cable is connected to the ground-
ing rods and use three different distances, d = 1243.6, 1263.6, 1293.6 meters.
Further, we perform two measurement series where the cable is disconnected
from the grounding rods and d = 1243.6, 1263.6 meters.

In figure 18 the solid curve corresponds to the real-part of x̃(n), the dashed
curve corresponds to the real-part of x(n) using the approximations of r, l in
(20) and (21), respectively, and Z0 = Z0(2πfa), fa = 200 kHz. Further,
the dash-dotted curve corresponds to the real-part of x(n) without the ap-
proximations. The impact of the approximations are seen to be insignificant
compared to the difference between x(n) and x̃(n). However, there is a strong
resemblance between x(n) and x̃(n) and the characteristics of a damped cisoid
is clearly visible in x̃(n).

We use 100 measurements of successive periods of the FMCW signal and
display the mean-value of d̂ and within brackets the RMSE in units of per-
centage of the distance. The results are summarized in table 3.

d FFT CAPON MUSIC ESPRIT

1243.6 1371.4 (10.25) 1393.6 (12.06) 1364.2 (9.70) 1368.1 (10.01)
1263.6 1393.2 (10.26) 1415.7 (12.04) 1382.7 (9.43) 1387.0 (9.77)
1243.6 1336.4 (7.47) 1321.8 (6.29) 1243.7 (0.28) 1249.2 (0.546)
1263.6 1356.0 (7.32) 1340.5 (6.10) 1262.6 (0.42) 1268.4 (0.57)
1293.6 1383.3 (6.93) 1363.0 (5.37) 1284.6 (0.76) 1290.1 (0.43)

Table 3: A summary of the results of the measurements. All numbers are in
unit meters except those within brackets that are measured in percentage of
distance. The horizontal line separates the two cases in which the cable is
disconnected or connected to the grounding rods.

Observe that in the case where the thin copper wire is connected to the
grounding rods the frequency dependence of transmission line system is more
complex due to the effects of the grounding, which are not taken into account
here. This might be one reason for the difference between the x(n) and x̃(n)
in figure 18. Introducing a model for the grounding should most likely affect
the result in a positive way. Also, Carson’s model is based on a transmission
line of infinite length. After a calibration using d = 1243.6 meters as the
calibration distance we obtain the results displayed in table 4.
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d FFT CAPON MUSIC ESPRIT

1243.6 1243.6 (0.25) 1243.6 (0.25) 1243.6 (0.28) 1243.6 (0.31)
1263.6 1261.8 (0.31) 1260.9 (0.31) 1262.5 (0.42) 1262.8 (0.13)
1293.6 1287.2 (0.56) 1282.4 (0.89) 1284.4 (0.77) 1284.4 (0.78)

Table 4: A summary of the results of the measurements. All numbers are in
unit meters except those within brackets, which are measured in percentage of
distance. The cable is connected to the grounding rods and we use d = 1243.6
meters as the calibration distance.

7 Expanded Transmission Line Model

We expand the model of the power line system to include the case where the
power line is connected to a receiver with a load impedance ZL, figure 19,
and a 1LG fault resulting in the fault impedance ZF . Further, L and ZL are
assumed to be known while d and ZF are unknown.

Figure 19: Transmission line model of a power line that delivers power to ZL

and is exposed to a 1LG fault at location d.

From (26) the IF signal x(n) is

x(n) = A2
cH

∗
e (2π(f0 + anTs)) + v(n), (52)

where the subscript e refers to the expanded model and therefore the frequency
response function

He(ω) = V1(0)/S(ω). (53)

In (53) V1(0) is the complex amplitude of the voltage travelling wave measured
at point B in figure 19 and S(ω) is the Fourier transform of s(t). Further,

V1(z) = V +
1 e−γz + V −

1 eγz, 0 ≤ z ≤ d, (54)
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and
V2(z) = V +

2 e−γz + V −
2 eγz, d < z ≤ L, (55)

where V1(z) is the voltage travelling wave between point B and ZF , V2(z) is
the voltage travelling wave between ZF and ZL, V +

1 and V +
2 , are the complex

amplitudes of the waves travelling in the +z direction, V −
1 and V −

2 are the
complex amplitudes of the waves travelling in −z direction and z is the posi-
tion coordinate along the transmission line. Using theory for wave propagation
on a transmission line [Poz98] and the boundary conditions at z = 0, z = d
and z = L we arrive with the following linear system of equations,




1 + ZG

Z0
1 − ZG

Z0
0 0

e−γd eγd −e−γd −eγd

e−γd

Z0
− eγd

Z0
−

(
Z0+ZF

ZF Z0

)
e−γd −

(
Z0−ZF

ZF Z0

)
eγd

0 0
(
1 − ZL

Z0

)
e−γL

(
1 + ZL

Z0

)
eγL







V +
1

V −
1

V +
2

V −
2


 =




S(ω)
0
0
0


 ,

(56)
that describes the complex amplitudes. From the solution of (56) combined
with (53) we obtain

He(ω) = Z0

ZG+Z0
(1 + (1 + ΓG)

ZF
ZF +Z0

(1+ΓLe−2γ(L−d))−(1−ΓLΓF e−2γ(L−d))
(ΓG+e2γd)(1−ΓLΓF e−2γ(L−d))− ZF

ZF +Z0
(1+ΓLe−2γ(L−d))(ΓG−e2γd)

)
,

(57)

where ΓG and ΓL are found in (4) and (5), respectively, and ΓF = ZF −Z0

ZF +Z0
. If

we assume that ΓG = 0 i.e. ZG = Z0 so that the reflections occurring at ZG

are minimized, (57) can be written as

He(ω) = 1
2

(
1 + e−2γd

ZF
ZF +Z0

(1+ΓLe−2γ(L−d))−(1−ΓLΓF e−2γ(L−d))

(1−ΓLΓF e−2γ(L−d))+ ZF
ZF +Z0

(1+ΓLe−2γ(L−d))

)
. (58)

By some basic manipulations of (58) we observe that if |ZF | << |Z0|

He(ω) ≈
1

2
(1 − e−2γd), (59)

and if |ZF | >> |Z0|

He(ω) ≈
1

2
(1 + ΓLe−2γL). (60)

We argue that x(n) can be described as a sum of cisoids with frequencies
that are related to the distance travelled on the transmission line system.
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Intuitively, this can be understood by considering the different reflections
at ZF and at ZL that creates a combination of cisoids. The cisoids have
different amplitudes, attenuations and frequencies depending on the distance
travelled, the magnitude of the reflection coefficients and the parameters of
the transmission line. The two most important cisoids are the one reflected
at ZF , and the one transmitted past ZF , reflected at ZL and once again,
transmitted past ZF . Using the assumptions that led to (22) in section 2 we
can write

fd = 2ad
√

cl, (61)

and
fL = 2aL

√
cl, (62)

where fd and fL are the frequencies of the two cisoids, respectively. Depending
on the parameters and properties of the transmission line system we could also
detect frequencies that are multiple combinations of d and L. In a practical
situation where an FMCW based fault locator is installed on a power line
in operation we most likely have some knowledge about L and can therefore
calibrate the equipment directly or perhaps use some adaptive calibration.
When the error occur we can use this information to estimate d.

We verify (52) by experiment using RG58 coaxial cables. Figure 20 display
the real and imaginary parts of x(n) and the corresponding parts of the mea-
sured signal x̃(n) when ZL = 25 Ω, ZF = 50 Ω, d = 20.57 m and L = 81.76 m.
The discrepancies are likely to be measurement errors due to the equipment
or deviations in the values of the components. Figure 21 depict the normal-
ized Power-Spectral Density(PSD) of x̃(n) when ZF = 50 Ω, solid curve, and
ZF = 200 Ω, dashed curve. The straight lines corresponds to the theoretical
values of the frequencies corresponding to d and L.
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Figure 20: The real and imaginary parts of x(n), dashed curves, and real and
imaginary parts of x̃(n), solid curves.
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Figure 21: The normalized PSD of x̃(n) when ZF = 50 Ω, solid curve, and
ZF = 220 Ω, dashed curve. The straight lines indicate the frequencies corre-
sponding to d and L, respectively.
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7.1 Cramér-Rao Bound

We assume that the vector of unknown parameters is θ = [d ZFr ZFi]
T

,
where <{ZF } = ZFr, ={ZF } = ZFi and <{·} ,={·} denotes the real-part
and imaginary-part, respectively. Using (52) and (57) we calculate the Fisher
Information matrix assuming WGN as

[I]ij =
2

σ2
v

<

{
∂µH

∂θi

∂µ

∂θj

}
, (63)

where CRB(d) =
[
I
−1

]
11

[Kay93].
Below are some calculations of the optimal RMSE of d when ZG = 550 Ω,

Ac = 1 V, T = 1 ms, N = 126, L = 3000 m, f0 = 100 kHz and SNR=50 dB.
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Figure 22: The optimal RMSE for B = 200 kHz (solid curve), B = 500 kHz
(dashed curve) and B = 800 kHz (dash-dotted curve).

Figure 22 depict the optimal RMSE as a function of the ratio |ZF /Z0|
where we set ZF proportional to Z0(2π(B/2 + f0)) i.e. the value of Z0 for
the median value of the frequency interval of operation. Here, ZL = 277 Ω
and d = 1000 meters. As ZF increases compared to Z0 the optimal RMSE is
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Figure 23: The optimal RMSE for ZF = Z0(2πfa)/10 (solid curve), ZF =
Z0(2πfa) (dashed curve) and ZF = 10Z0(2πfa) (dash-dotted curve). Here,
B = 200 kHz and fa = 200 kHz.

increased and a larger bandwidth is seen to decrease this behaviour. Concur-
rent simulations show that the power of the cisoid reflected at ZF decreases
as ZF grows larger compared to Z0. The increase of the bandwidth is seen
to mitigate this property by reducing the optimal RMSE. Next, in figure 23,
we see that the optimal RMSE indicate that an increase of ZF compared
to Z0 affects the overall estimation performance and especially decrease the
performance for short distances.

If we have knowledge about L and can extract information about the
transmission line parameters from the fault free power line the optimal RMSE
indicate that d can be estimated with good accuracy depending on the pa-
rameters of the FMCW signal. The choice of B, T and Ac is less complicated
with this information. A good estimate of ZF might not be possible to obtain
and the optimal RMSE indicate that the overall performance depends on the
ratio of ZF and Z0. We point out that ZG is chosen so that the reflections at
the FMCW generator are mitigated. Also, we have modelled ZF as frequency
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independent.

7.2 Simulations

In the following simulations we use the same prerequisites as in the previous
section if nothing else is stated. Since we now have multiple travelling waves
compared to the simulations in section 5 we only use the FFT and the CAPON
methods to estimate the frequency contents of x(n). In the simulations we
assume that we have knowledge about L and can therefore make a straight-
forward decision algorithm to obtain a frequency estimate corresponding to
d. We select the frequency with the most power below the frequency corre-
sponding to L. In the first simulation, figure 24, we display the advantage of
obtaining one reference measurement on a power line without a fault. From
this measurement we calculate a compensation factor for η in (47) so that
both algorithms will produce a correct mean-value estimate of L = 3000 me-
ters. We set SNR= 50 dB, B = 800 kHz, ZL = 277 Ω, ZF = Z0(2πfa)/10 Ω
and fa = 500 kHz.

In figure 24 the solid curves corresponds to estimates with a preceding cali-
bration and the dashed curves to estimates made without calibration. Observe
that the calibration has improved the overall performance and that the larger
RMSE, in case where we do not utilize a calibration measurement, is likely
a consequence of our approximations regarding the transmission line param-
eters and the characteristics of IF signal in combination with the frequency
estimation methods. In figure 25 ZF = 5/2Z0(2πfa) Ω and since ZF is larger
than Z0 the energy of the received cisoid corresponding to d is less i.e. a
lower effective SNR than in the previous simulation. As the fault location
approaches L the algorithms have difficulties to separate the two frequencies.
This behaviour is also due to our simple decision algorithm and can be further
mitigated by increasing the chirp-rate a to separate the two frequencies. This
problem is not observed in figure 24 where the effective SNR is larger.

8 Discussion and Conclusions

In this report we have investigated the idea of an FMCW based fault locator
on power lines. We have established a first approach by modelling the power
line using transmission line theory and Carson’s model for the transmission
line parameters. Since Carson’s model is valid for a general set of geome-
tries we have used a downscaled model in the simulations and measurements.
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Figure 24: The RMSE for FFT, curves without + marker, and CAPON,
curves with + markers. The solid curves are obtained using a preceding cali-
bration and the dashed curves are obtained without a calibration. The dash-
dotted line corresponds to the optimal RMSE. Here, ZF = Z0(2πfa)/10 Ω
and fa = 500 kHz.

Carson’s model assumes a thin wire of infinite length and is a low-frequency
model. The CRB and simulations in section 3 and 5, respectively, indicate
that the distance to fault location could be found with high accuracy using
both high-resolution methods e.g. MUSIC and ESPRIT, and more robust
non-parametric methods e.g. FFT and CAPON. The optimal frequency esti-
mation method might not be chosen unambiguously because of the character-
istics of the IF signal. Therefore a combination of methods and more advanced
techniques can improve the performance. Simulations and calculations of the
RMSE of the associated frequency estimation algorithms indicate that there
is a need for better methods. Measurements on coaxial cables displays good
accuracy of the current techniques depending on the properties of the load
impedance and constitutes a validation of the equipment though we expect
that more advanced equipment can produce more accurate measurements.

The measurements in section 6.2 made using a copper cable shows a re-
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Figure 25: The RMSE for FFT, curves without + marker, and CAPON,
curves with + markers. The solid curves are obtained using a preceding
calibration and the dashed curves are obtained without a calibration. The
dash-dotted line corresponds to the optimal RMS. Here, ZF = 5/2Z0(2πfa) Ω
and fa = 500 kHz.

semblance with the theoretical model and the discrepancy can be a result
of the configurations of the measurement where we used a transmission line
of finite length and did not include the properties of the grounding device.
Even so, the results shows potential for good accuracy if a calibration method
can be included. The differences might be mitigated using higher resolution
e.g. by increasing B but this is not pursued here. Also, this most likely
requires a more advanced model of the grounding device. Calculations of
the actual frequencies obtained using the four methods displays a bias in the
frequency estimates of approximately 40 − 200 Hz. This corresponds to ap-
proximately 24 − 120 m with the resolution of approximately 0.6 m/Hz that
where used in the measurements. The optimal RMSE for the field-experiment
calculated using the Cramér-Rao Bound is approximately 1.3 meters at 50 dB
SNR indicating that other estimation methods are needed. Since we have not
modelled the grounding rods nor do we have a transmission line with infinite
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length there can be a gain in including these considerations into the model.
Also, this down scaled experiment of a power line has properties that can be
modelled by Carson’s model. Increasing the size of the components to ap-
proach a power line configuration we might need a more advanced model, e.g.
[RGOC00], that can be used for higher frequencies.

In section 7 we expanded the transmission line model to include a fault
impedance caused by a fault on the transmission line that is connected to a
receiver. This model is experimentally verified using coaxial cables and argued
to contain cisoids with frequencies corresponding to transmission line length
and the distance to the fault location. Simulations and measurement sup-
ports this argument and displays indications of good accuracy in accordance
with the optimal RMSE. Also, we include one practical calibration method
where we exploit the knowledge about the length of the transmission line and
calibrate the frequency-to-distance relationship. Simulations show that the
calibration improves the overall performance.
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Abstract

We present the concept of a fault locator for power lines based on
Frequency Modulated Continuous Wave (FMCW) radar. The range-
to-fault estimation problem is converted into a frequency estimation
problem where high-resolution algorithms can be exploited. We present
theory and simulations to indicate the accuracy that can be expected
for different frequency estimation methods and compare their perfor-
mance with the Cramér-Rao Bound. Measurements, conducted with
an FMCW based fault locator in a laboratory arrangement using coax-
ial cables and with a thin wire in a downscaled field-experiment are
presented and compared with theoretical models. The results indicate
a high-resolution performance that has a potential to be further in-
creased.

1 Introduction

In this contribution we introduce the idea of a fault locator for power lines
using a technique based on FMCW radar. In microwave technology, FMCW
radar represents one of the oldest, simplest but also one of the most versatile
types of radar, cf. e.g. [Sto92]. Even though the basic ideas and advantages
of using FMCW radar techniques for power line fault localization were es-
tablished already in [DST72], the application area for transmission lines still
seems to be vastly unexplored.

In our view, the FMCW radar techniques for power line fault localization
has a great potential mainly because of the versatile time-bandwidth property
that can be exploited to achieve high accuracy in situations where the usable
bandwidth is limited but the measurement time is less critical. By averaging
over many successive frequency sweeps a high signal–to–noise ratio is readily
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obtained which is required for obtaining good estimation performance. The
development of advanced electronics enables a low-cost small-sized construc-
tion of a fault locator with large flexibility based on the FMCW technique.

Today, the impedance based fault locators [LER85] developed by ABB
have an accuracy of 1 to 3 %. Other conventional techniques with similar
accuracy are based on pulse radar, spread spectrum based radar and travelling
wave based techniques in conjunction with the Global Position System, see
e.g. [ZXX04, BG04]. Since new cables are considered to be installed below
ground resulting in a very low bandwidth compared to overhead power lines,
an FMCW based fault locator seem to be a high-resolution technique that
could mitigate the problems with limited bandwidth.

We present the theory concerning FMCW propagation in two fundamental
transmission line systems where it is seen that the analysis can be performed
in the frequency domain where most of the modelling of transmissions lines are
conducted. This enables us to include the vast area of transmission line theory
and electromagnetic models of power lines or similar constructions, see e.g.
[Car26, And95]. Further, the FMCW approach converts the distance-to-fault
estimation into a frequency estimation issue where high-resolution algorithms
e.g. CAPON [SS01, PS97] can be employed. Simulations are included and
compared with the Cramér-Rao Bound (CRB). We account for measurements
of the distance to a fault using an FMCW based fault locator.

This paper is organised as follows; in section 2 we account for two fun-
damental transmission line configurations. Section 3 describes the conditions
regarding the simulations in section 4 and the measurements in section 5.

2 Signal Model

Consider transmitting the linear FMCW radar signal s(t) in a single-phase
transmission line,

s(t) = Ace
−jφ(t), (1)

where Ac is the real amplitude and φ(t) = 2π
(
f0t + a

2 t2
)

is the instanta-
neous phase. The Frequency Modulation (FM) rate a = B/T where B is
the bandwidth of operation, T is the period time and f0 is the frequency at
time t = 0. The transmission line system has a frequency response func-
tion H(ω), ω = 2πf, defined at the location where the FMCW-module
is connected, point B in Fig. 1. The signal measured at this location is
y(t) =

∫ t

0
h(τ)s(t−τ)dτ, where h(t) is the impulse response corresponding via
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the Fourier transform to H(ω). Under weak conditions on the choice of a and
f0 we obtain the Intermediate Frequency (IF) signal

x(t) = s∗(t)y(t) + v(t) ≈ A2
cH

∗(2π(f0 + at)) + v(t), (2)

where ∗ denotes the conjugate and v(t) is White Gaussian Noise (WGN) with
zero mean and variance σ2

v . Observe that WGN is only one type of noise
present on power lines and a more advanced noise model could be necessary if
a large bandwidth is used, see e.g. [ZD00]. We obtain the discrete-time signal

x(n) = A2
cH

∗(ωn) + v(n), (3)

by sampling x(t) in t = nTs, n = 0, 1, 2...N − 1, Ts = 1/fs where fs is the
sampling frequency, N is the number of samples and ωn = 2π(f0 + anTs) =
ω0 + 2πanTs.

Configuration M2

Configuration M1

Figure 1: Two fundamental configurations of a transmission line system.

In Fig. 1 we display the two configurations of a transmission line system
that will be used here. The first configuration denoted M1 has a well known
frequency response [Poz98],

H1(ωn) =
Z0

Z0 + ZG

1 + ΓLe−2γd

1 − ΓGΓLe−2γd
, (4)

where Z0 is the characteristic impedance of the transmission line, ZG is the
output impedance of the FMCW signal generator, ZL is the load impedance
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considered in this configuration to be caused by a fault, ΓG and ΓL are the
reflection coefficients at the generator impedance and the load impedance,
respectively. Further, γ is the complex propagation constant and d is the
distance from ZG to ZL. The second configuration denoted M2 has a frequency
response

H2(ωn) =
Z0

ZG + Z0

(
1 + (1 + ΓG)

B

A

)
, (5)

B = ZF

ZF +Z0

(
1 + ΓLe−2γ(L−d)

)
−

(
1 − ΓLΓF e−2γ(L−d)

)
,

A =
(
ΓG + e2γd

) (
1 − ΓLΓF e−2γ(L−d)

)
− ZF

ZF +Z0

(
1 + ΓLe−2γ(L−d)

) (
ΓG − e2γd

)
,

where ΓF = ZF −Z0

ZF +Z0
. Next, ZF is considered to be the fault impedance at

distance d while ZL is the input impedance of a receiver or equivalent at
distance L. Observe that Z0 and γ in (4) and (5) are dependent on ωn while
ZF and ZL (in both configurations) are assumed to be frequency independent.

Using Carson’s model [Car26] we obtain values of the frequency dependent
parameters r and l where r [Ω/m] is the resistance and l [H/m] is the induc-
tance, respectively. From calculations in a frequency interval of 100 − 900
kHz the variations of l are considered small and we set l as constant, equal
to the mean value in the frequency interval. Further, we assume that the ca-
pacitance c [F/m] , calculated using expressions given in [And95], is frequency
independent and constant. These assumptions regarding l and c are often
made in e.g. TDR where the transmitted pulse can have a pulse-width of 1 µs
to 25 ns and therefore require a large bandwidth. In [Car26] and [And95] it
can be seen that r has a linear frequency dependence and combined with the
assumptions above we assume that Z0 is approximately constant or at least
has small and limited variations within the frequency interval of operation.

In configuration M1 it is easily verified that x(n) consists of a sum of M
complex damped exponentials with constant amplitudes and frequencies given
by

Ωm = 4πadTsm
√

cl, m = 1, 2, ...,M. (6)

In configuration M2 there exists exponentials with frequencies that are given
by (6) and constructed from combinations of d and L instead of only d. The
total number of exponentials depends on the damping and reflection properties
of the transmission line system. It is informative to observe that if ZG = Z0

then

H1(ωn) =
1

2
(1 + ΓLe−2γd). (7)

There is only one complex exponential present and if ΓL = 0, d can not be
estimated using this reflection-based method.
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In (5) we observe that when ZG = Z0 and |ZF | << |Z0|

H2(ωn) ≈
1

2
(1 − e−2γd), (8)

and if |ZF | >> |Z0|

H2(ωn) ≈
1

2
(1 + ΓLe−2γL). (9)

The benefits of a good impedance matching network between the FMCW-
module and the transmission line system is clear. From (9) we observe that d
can be difficult to estimate if the fault impedance is large compared with the
characteristic impedance.

From the analysis above we form a distance to fault estimator based on
(6) with m = 1 as

d̂ =
f̂

2a
√

cl
, (10)

where in configuration M1 f̂ is a frequency estimate of the strongest com-
ponent in x(n). In configuration M2 f̂ corresponds to the frequency of the
strongest component below the frequency component corresponding to L. We
exploit only information from one frequency component and observe that more
information could be obtained with further analysis.

3 Simulation and Measurement Setup

In [AB04], measurements of the frequency dependent impedance of a thin wire
of length 1.5 km with ground return were performed and the experimental
results are compared with the mathematical model for a thin-wire of infinite
length above the ground, given in [Car26]. For frequency intervals relevant
for power line transients, a discrepancy is observed between the experimental
results and the model.

It is noted that the model in [Car26] is based on the assumption that the
length of the wire is much longer than the wavelengths considered. This condi-
tion cannot always be assumed to hold in the case of grounding faults in power
distribution systems. Furthermore, it is concluded that the dynamics of the
grounding system should be incorporated in the model. Here, we investigate
the assumption that Carson’s model is valid for a general set of geometries
and utilize a thin copper cable, usually used for electrical installations in res-
idences, with radius 1.5 mm2, located one meter above the ground and by
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connecting the thin wire to a grounding device we obtain a discontinuity in
the impedance.

The grounding device consists of six one meter long copper rods inserted
in the ground in a star formation. This downscaled set-up of a power line is
a low cost accessible experiment to evaluate our ideas. This is the basis for
the simulations in section 4 and the measurements described in section 5.

4 Simulations

In this section we display simulations using (10) to estimate d from samples
of x(n) (3) in a few interesting situations. We use the following parameters
if nothing else is stated; f0 = 100 kHz, T = 1 ms, B = 200 kHz, and N =
126. We perform a Monte Carlo simulation using 30 iterations for each value
plotted. Observe that in the simulations x(n) is obtained using Carson’s
model without the approximations that led to (6). Therefore, we set ZG =
Z0(ωg), ωg = 2π 2 ·105 so that there is an approximative impedance matching
within the frequency interval of operation. Next, we define the signal-to-noise
ratio as

SNR =
(A2

c/2)
2

σ2
v

, (11)

where σ2
v = 0.001. Observe that the SNR does not give information about the

power of desired exponential in x(n) but rather the power of the transmitted
FMCW signal which is a more realistic situation. Therefore will faults located
at longer distances be more difficult to detect if Ac is chosen small. We use
the FFT algorithm, the CAPON method and the 2D CAPON method for
damped exponentials, see [PS97, SS01], to estimate the frequency content of
x(n). In CAPON and 2D CAPON we use a filter of length N/3.

We compare the performance of the three algorithms with the optimal
Root Mean-Square Error (RMSE) measured in percentage of d and defined as

Optimal RMSE{d} =

√
CRB{d}

d
· 100 [%] . (12)

The CRB{d} =
[
I
−1

]
11

where

[I]kl =
2

σ2
v

<

{
∂µH

∂Θk

∂µ

∂Θl

}
(13)

is the Fisher Information Matrix [Kay93], <{·} ,={·} denots the real-part and
imaginary-part, respectively, and (·)H is the hermitian transpose. Further,
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Figure 2: The RMSE of d using FFT (solid curve with dots), CAPON (dashed
curve) and 2D CAPON (dash-dotted curve). The solid curve corresponds to
the optimal RMSE.

the parameter vector Θ = [d <{ZL} ={ZL}] or Θ = [d <{ZF } ={ZF }]
for configurations M1 and M2, respectively. From (3) we have that [µ]k =
E {x(k − 1)} = A2

cH
∗(ωk−1), k = 1, ..., N where E is the expectation operator.

Figure 2 depict the performance of the three algorithms compared to the
optimal RMSE for ZL = 0.1Z0(ωg) Ω, SNR= 30 dB and B = 200, 800 kHz
using configuration M1. The optimal RMSE is decreased for short distances
while slightly increased for longer distances reflecting the difficulty of choosing
one particular bandwidth for a long transmission line. The FFT algorithm
has the best performance and benefits from the increase of the bandwidth
while CAPON and 2D CAPON both are less affected.

In Fig. 3 the performance of the three algorithms are displayed for ZF =
{0.1Z0(ωg), Z0(ωg), 10Z0(ωg)} Ω and SNR= 30 dB using configuration M2.
As observed in (8) and (9) a large value of ZF compared to Z0 increases the
difficulties of estimating d.
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Figure 3: The RMSE of d using FFT (solid curve with dots), CAPON (dashed
curve) and 2D CAPON (dash-dotted curve). The solid curve corresponds to
the optimal RMSE.

5 Measurements

The equipment consists of an FMCW signal generator, the transmission line
system of configuration M1 and a computer based data acquisition system.
In the laboratory experiment we use standard RG58 coaxial cables for which
c ≈ 101 pF/m and l ≈ 250 nH/m. Further, we choose B = 4 MHz, T = 1
ms, Ac = 1 V and record 20 successive measurements. Table 1 summarize the
results for ZL = ∞ Ω (open connector).

In the second measurement we perform a field-experiment in Salshult,
Sweden, described in section 3. We perform three measurement series where
d = 1243.6, 1263.6, 1293.6 meters and where the thin wire is connected to
the grounding device. Further, we perform two measurement series where
d = 1243.6, 1263.6 meters and where the thin wire is disconnected from the
grounding device. Here, f0 = 100 kHz, T = 1 ms, B = 200 kHz, Ac = 5
V and N = 125. We record 100 successive measurements and display the
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d FFT CAPON 2D CAPON

60.09 0.0760 0.1415 0.1415
62.17 0.5051 0.1598 0.1032
64.53 0.5393 0.3356 0.0353
80.17 0.5600 1.2675 0.9689
82.25 0.7462 1.1452 1.1452
84.61 0.6852 0.7906 0.7906
100.62 1.0223 2.0651 1.8272
102.7 1.1620 1.9510 1.7179
105.06 0.8756 1.8752 1.5646

Table 1: RMSE for FFT, CAPON and 2D CAPON when ZL = ∞ Ω (open
connector). All numbers are in unit meters.

mean-value of d̂ and within brackets the RMSE in units of percentage of d.
The results are summarized in table 2. Observe that the relative increase of

d FFT CAPON 2D CAPON

1243.6 1371.4 (10.25) 1356.0 (9.09) 1420.6 (14.26)
1263.6 1393.2 (10.26) 1383.3 (9.55) 1445.5 (14.41)
1243.6 1336.4 (7.47) 1321.8 (6.29) 1329.0 (6.89)
1263.6 1356.0 (7.32) 1340.5 (6.10) 1349.3 (6.81)
1293.6 1383.3 (6.93) 1363.0 (5.37) 1370.2 (5.94)

Table 2: A summary of the results of the measurements. The two cases where
the cable is disconnected or connected to the grounding rods are separated
by the horizontal line. All numbers are in unit meters except those within
brackets.

d between the measurement series is clearly visible in the results. When the
copper cable is connected to the grounding rods the frequency function of
transmission line system could have changed and the effects of the grounding
are not taken into account. Therefore will the parameters of the transmission
line most likely change in a way that we have not modelled resulting in a biased
estimator. Since neither the measurement nor the estimation strategies have
been optimised we expect that these results can be improved significantly in
future studies.

Also, Carson’s model is based on a transmission line with infinite length.
Introducing a model for the grounding should most likely affect the result in
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a positive way. A calibration using this situation implies that we perform
a calibration where the properties of the grounding are included. In this
investigation it is informative and the results are displayed in table 3.

d FFT CAPON 2D CAPON

1243.6 1243.6 (0.25) 1243.6 (0.25) 1243.6 (0.25)
1263.6 1261.8 (0.31) 1259.7 (0.59) 1262.5 (0.63)
1293.6 1287.2 (0.56) 1283.6 (0.93) 1282.1 (1.00)

Table 3: A summary of the results of the measurements. The cable is con-
nected to the grounding rods and we use d = 1243.6 as a calibration distance.
All numbers are in unit meters except those within brackets.

6 Discussion and Conclusions

In this paper we revive the concept of using FMCW radar to locate the dis-
tance to a fault on a power line, introduced in [DST72], using fundamental
single-phase transmission line systems combined with transmission line the-
ory, Carson’s model and estimation theory. The optimal RMSE calculated
using the Cramér-Rao Bound are compared to simulations using the FFT,
CAPON and 2D CAPON methods to estimate the distance to a fault.

Calculations and simulations where performed and displayed an accuracy
of 1− 2% without optimisation of the concept. Further development can pro-
duce high-resolution estimates. Measurements using an FMCW based fault
locator in a laboratory experiment and in a field-experiment are presented.
The laboratory measurements show good potential using common coaxial ca-
bles. The field-experiment is considered to be a downscaled experiment of a
real power line and the measurements indicate that proper calibration of the
theoretical model is necessary to obtain high-accuracy results.
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