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Preface
This doctoral dissertation deals with the topic of active noise control. The

work focuses on methods, controller structures and adaptive algorithms for atten-
uating periodic low frequency noise produced by synchronized sources, or mod-
erately synchronized sources generating beating sound fields. Theoretical work,
off-line computer experiments and practical real-time experiments are presented.
The computer experiments are principally based on real-life cabin noise data mea-
sured during flight in a twin-engine propeller aircraft and in a helicopter. The
practical experiments were carried out in an acoustical test section, a full-scale
fuselage section from a propeller aircraft.

Some of the work presented was performed within the BRITE/EURAM project
ASANCA II, Advanced Study of Active Noise Control in Aircraft Part II. Several
European aircraft manufacturers as well as university and research institutes were
involved in the project. The aim of the project was to use active noise control
technologies to reduce cabin noise in medium sized passenger propeller aircraft.
The project covered new control concepts and the development of robust and high
performance control systems. The University of Karlskrona/Ronneby1 was involved
in the work concerning adaptive control algorithms and controller structures. The
work presented in the dissertation has been sponsored by the ASANCA II project
and the KK Foundation.

The thesis consists of seven papers. Parts I-VI deal with volumetric active noise
control for propeller aircraft applications, while Part VII deals with active noise
control in headset applications combined with intercom systems. The seven papers
comprise:

Part I. Multireference Controller for Active Control of Noise and Vibration.

Part II. A Novel Multiple-Reference Algorithm for Active Control of Propeller-
Induced Noise in Aircraft Cabins.

Part III. Evaluation of Multiple-Reference Active Noise Control Algorithms on
Dornier 328 Aircraft Data.

Part IV. Comparison of a Multiple- and a Single-Reference MIMO Active Noise
Control Approach Using Data Measured in a Dornier 328 Aircraft.

Part V. Convergence Analysis of a Multiple-Reference Complex Least-Mean-
Squares Algorithm.

Part VI. Experimental Performance Evaluation of an Active Noise Control
system in an Aircraft Mock-up.

Part VII. A New Passive/Active Hybrid Headset for a Helicopter Application.

1The University of Karlskrona/Ronneby became Blekinge Institute of Technology on October
12, 2000.
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Summary

Introduction

In the last decade acoustic noise has become increasingly regarded as a significant
environmental problem. Noise problems in our homes have received considerable
attention. In industry, for example, engines, fans, transformers and compressors
radiate noise. In cars, boats, trains and aircraft, for example, noise reduces comfort.
Lightweight materials and more powerful engines are used in high-speed vehicles,
resulting in a general increase in interior noise levels.

The primary concern with noise in the low frequency range is not only the po-
tential risk of damage to the hearing. Low frequency noise is annoying and during
periods of long exposure it causes fatigue, discomfort and loss of concentration.
Reduced concentration may also lead to an increased risk for accidents. The mask-
ing effect which low frequency noise has on speech also reduces speech intelligibility
[1],[2]. Low speech intelligibility is perceived as disturbing and irritating.

Noise problems could be solved by redesigning. This is generally very costly,
however. On the other hand, noise problems may be solved using traditional passive
approaches and/or approaches based on the concept of active noise control [1]-[10].
The choice of technique is determined by the characteristics of the noise as well
as of the application. However, this dissertation will not address the problems of
attenuating noise using passive approaches. Instead it focuses exclusively on the
field of active noise control.

Conventional passive approaches consist of absorbers and/or reflectors/barriers
[1]-[3]. The absorbers convert the acoustic energy to thermal energy, while the
reflectors/barriers prevent the noise from entering a space from another space by
reflecting the incident wave field.

In terms of practical size passive methods are suitable when reducing noise
in the frequency range over approximately 500 Hz. The thickness of the acousti-
cal absorbers, or the distance between the absorber and the wall, must be large,
approximately one quarter of a wavelength, to obtain reasonable low frequency
reduction, e.g. a frequency of 200 Hz results in a wavelength of 1.7 meters. In
addition, in order to reduce the sound transmission from one space to another, a
heavy barrier between these spaces is required. Consequently, the use of passive
methods to attenuate low frequency noise is often impractical since considerable ex-
tra bulk and weight are required. In all areas of transport large weight is associated
with high fuel consumption.

In order to overcome the problems of ineffective passive suppression of low
frequency noise, the technique of active noise control has become of considerable
interest [4]-[10]. The fundamental principle of active noise control is based on the
superposition of sound waves. Secondary sources produce an “anti-noise” of equal
amplitude and opposite phase to the primary or unwanted noise. Superposition
of the primary and generated noise results in destructive interference and reduced
noise. The noise attenuation is determined by the accuracy of the amplitude and
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the phase of the generated “anti-noise.”
Active noise control systems significantly increase the capacity for attenuating

low frequency noise below approximately 1 kHz, resulting in potential benefits in
volume and weight. The upper frequency for which active control is appropriate
is determined by the application [4]-[10]. However, in enclosures whose dimensions
are of the order of a few meters the upper frequency is limited to a few hundred
hertz. The upper frequency limit is higher for smaller enclosures, e.g. in headsets.
For noise above 1 kHz passive methods show higher potential, since neither great
volume nor weight is required to achieve significant reduction. The active and
passive approaches are thus complementary, and by combining these two techniques
high noise attenuation over a wide frequency range is made possible, indeed over
the entire audible frequency range (20–20 kHz).

Active noise control is applicable to a wide variety of noise problems in industrial
applications, transport, and consumer products [5],[7],[9].

Historical review of Active Noise Control

The principle of superposition and the constructive and destructive interference of
two wave fields were known since the seventeenth century. In the the nineteenth
century Lord Rayleigh used practical acoustical experiments to demonstrate con-
structive and destructive interference [2].

In the thirties Paul Lueg first described the basic idea of generating a sound
field to reduce an undesired sound field, and the concept of active noise control
was introduced [4]. His description resulted in the first patent in the field of active
noise control; in 1933 there was a German patent and in 1936 a US patent. In the
patent Lueg described active control of sound propagating in a duct. A reference
microphone detected the sound radiated by a noise source. The output signal of the
microphone was filtered through a control unit before driving a loudspeaker, which
generated the “anti-noise.” Figure 1 illustrates the principle of active noise control
presented by Lueg. A properly adjusted controller produces a canceling sound field
and reduced sound level downstream from the loudspeaker. This control strategy
is named feedforward active noise control [4]-[10].

In the early fifties (1953) Harry Olson and Everet May introduced and experi-

ANC
SYSTEM

Duct

Reference 
Microphone

Loudspeaker

Anti-Noise

Noise
Source

Figure 1: The concept of feedforward active noise control in a duct presented by
Paul Lueg.



Historical review of Active Noise Control 15

ANC
SYSTEM

Loudspeaker Error/Control
Microphone

Noise
Source

Figure 2: Active noise control using feedback control.

mented with feedback active noise control, see Figure 2 [4]-[11]. This approach is
not based upon a reference sensor giving a priori information of the radiated sound.
Instead, a microphone located close to a loudspeaker detects the sound field. The
output signal from the microphone is fed back to a controller designed to drive the
loudspeaker to produce an output that results in an attenuation of the sound field
in the vicinity of the microphone.

In 1956 William Conover worked with reduction of periodic noise radiated from
transformers [5],[7],[12]. In this work he utilized the feedforward control approach
described by Paul Lueg. Instead of using a reference microphone to observe the
radiated sound from a noise source, a non-acoustic reference sensor was used to
generate a periodic reference signal processed by the controller before driving the
loudspeakers. In order to monitor the residual sound field Conover introduced the
concept of utilizing error or control sensors. The output signals from these sensors
were used to manually adjust the controller as high noise attenuation was achieved.
The manually-adjusted feedforward controller is shown in Figure 3. Conover’s
ideas form the basis of the concept of modern adaptive narrowband feedforward
active noise control. An adaptive feedforward ANC system based on a non-acoustic
reference signal is shown in Figure 4.

Error/Control 
Microphone

Loudspeaker

Sound Level
Meter

Amplitude
&

Phase

Signal
Generator

Non-Acoustic
Reference Signal

Transformer

Manual adjustment of 
the amplitude and phase

Figure 3: Manually-adaptive feedforward active noise control proposed by William
Conover.
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Error/Control 
Microphone

Loudspeaker

Non-Acoustic 
Reference Sensor

Control
Filter

Adaptive 
Algorithm

Reference
Generator

ANC System

Noise Source

Figure 4: Basic configuration of narrowband active noise control using a non-
acoustical reference signal.

Due to the limited technology in the sixties the practical experiments on active
noise control were limited and the work within this area was focused on theoretical
studies [5]. In the seventies, however, the arrival of digital techniques made it
possible to produce practical active noise control systems based on digital signal
processing and digital devices. Both Kido and Chaplin carried out intensive work
exploring the applications of digital signal processing techniques and active noise
control devices.

In the early eighties (1980, 1981) Morgan, Burgess and Widrow worked indepen-
dently of one another on algorithms compensating for the physical path between the
control sources and sensors. This physical path often causes instability when using
the conventional Least-Mean-Squares algorithm [14]. In 1981 Widrow introduced
the so-called Filtered-x Least-Mean-Squares algorithm (Filtered-x LMS) [14]. The
Filtered-x LMS algorithm is a cornerstone of adaptive algorithms used in active
noise and vibration control. Modern feedforward active noise and vibration control
systems are usually based on this algorithm or variants thereof. An extension of
the basic Filtered-x LMS was introduced in 1987 by Elliott, et al. This is known as
the multiple-error Filtered-x LMS algorithm or the multi-channel Filtered-x LMS
algorithm [15]. The concept was based on the use of multiple control sources and
sensors to control the sound field in a whole volume.

Over the last two decades much work has been done on the active control of
sound as well as active control of vibrations [5],[7],[9]. Many companies, research
institutes and universities are engaged in research and development in this field.
Theoretical work, computer simulations and practical experiments carried out for
a wide range of practical applications have been reported [16]-[26]. During the
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nineties, several reference books in the field of active control of sound and vibrations
were published: Active Control of Sound (1994) by P.A. Nelson and S.J. Elliott [4];
Active Control of Vibrations (1996) by C.R. Fuller, S.J. Elliott and P.A. Nelson
[6]; Active Noise Control Systems (1996) by S.M. Kuo and D.R. Morgan [8]; and
Active Control of Sound and Vibrations (1997) by C. Hansen and S. D. Snyder [10].
Guicking has compiled a comprehensive collection of references to papers within
the field of active noise and vibration control [13].

Active Noise Control in Aircraft

During the nineties there was an increased interest in the use of propeller aircraft or
turboprop aircraft carrying up to approximately 50 passengers. The new interest
is the result of the fact that the new turboprop engines are more fuel efficient than
jet engines. One disadvantage of the propeller aircraft is, however, that the interior
cabin noise level is significantly higher than in jet aircraft [28]. The aim, however,
is to reduce the noise level to that prevailing in jet aircraft. The noise level in
propeller aircraft cabins is approximately 90 dB. Comfort would be considerably
improved if this could be significantly reduced (approximately 20 dB).

Interior noise in aircraft is most frequently derived from two major external
noise sources: the fuselage boundary layer, and the aircraft propulsion system, see
Figure 5. [27],[28].

Airborne Noise

Structure-borne Noise

Vibrations

Boundary Layer Noise

Propeller Noise

Propeller & Engine Shaft Imbalance

Figure 5: The dominant cabin noise is of two different types: boundary layer noise
and noise originating from the propulsion system.

Boundary layer noise (wind noise) is generated by the shaking of the fuse-
lage wall by external turbulence pressure fluctuations. Such noise is random and
broadband and has mainly high frequency characteristics for propeller aircraft ap-
plications. Because of its properties, boundary layer noise is difficult to reduce
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using active methods. Today, passive insulation methods are frequently used to
attenuate such noise.

The noise generated by the propulsion system is essentially composed of engine
and propeller noise. It seems that propeller-generated noise is the most domi-
nant form of cabin noise. Propeller-induced noise and vibrations consist of several
low-frequency tonal components related to the propeller Blade Passage Frequency
(BPF) and some of its harmonics. A typical cabin noise spectrum is shown in
Figure 6. The BPF is usually in the range of 70 to 110 Hz, and varies with air-
craft type. These noise/vibrations are caused by the periodic pressure fluctuations
acting on the fuselage. These fluctuations are produced by the propeller blades
each time they pass the fuselage. Figure 7 illustrates pressure variation on the
fuselage caused by the rotating propeller. The direct airborne noise radiation from
the propellers forcing the fuselage structure to vibrate. The fuselage vibrations are
transmitted through the aircraft structure, the cabin walls radiating noise into the
cabin.
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Figure 6: A typical cabin noise spectrum from a propeller aircraft.

Commonly turboprop aircraft are equipped with Tuned Vibration Absorbers
(TVAs), a common passive method for reducing propeller-induced noise inside the
cabin [27],[28]. When properly used, this approach is quite efficient, but there
are some important drawbacks. Each TVA is tuned to a specific frequency; if
a broader absorption bandwidth is required, a low Q-value must be used, which
results in less absorption. To compensate for the reduced absorption and enable
energy to be absorbed at higher harmonics, a large number of absorbers must be
used, significantly adding to the weight of the aircraft. The passive TVAs are
unable to track variations in the BPF. The absorbers are only tuned to work well
for cruise speed. By using an active control system several of the disadvantages
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Flight Direction

High Sound Pressure

Figure 7: Pressure variation on the fuselage caused by the rotating propeller. The
rotating propeller causes the fuselage to vibrate. The noise is then radiated into
the cabin.

of passive tuned dampers can be overcome. The advantages of using ANC are:
tracking variations in the propeller rotational speed during a whole flight envelope,
reducing a large number of harmonics, and weight reduction.

The eighties and nineties saw much work on active noise control in aircraft.
This included theoretical analyses, simulations, laboratory experiments and flight
tests [29]-[35]. Figure 8 shows an ANC system in an aircraft for active control of
propeller-induced cabin noise.

The two companies Ultra Electronics, England, and Saab Aircraft, Sweden,
developed the first commercially available ANC system for reduction of propeller-
induced noise in aircraft cabins. The first commercial aircraft in the world in which
this technique was used is the SAAB 340 and its successor, the SAAB 2000. The
first SAAB 340 was delivered in the spring of 1994, and the first SAAB 2000 was
delivered later the same year. The ANC system in the SAAB 340 uses 48 control
microphones and 24 loudspeakers. The system in the SAAB 2000 consists of 72
control microphones and 48 loudspeakers [35].

Today, most aircraft manufacturers are interested in ANC since comfort is a
key issue. During the last ten years two European Community projects in the field
of active control of aircraft interior noise have been performed. These projects
were known as ASANCA I and ASANCA II (Advance Study for Active Noise
Control in Aircraft) [32]. The projects covered concepts and systems for active noise
and vibration control systems suitable for aircraft applications. Several European
aircraft manufacturers, university and research institutes were involved in the two
projects.
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Figure 8: Active noise control system in an aircraft application.

In recent years interest has also been shown in using ASAC technology (Active
Structural Acoustic Control) [6]. The concept is based on controlling the struc-
ture, thereby reducing the sound radiated to the environment. Ultra has developed
ASAC systems for reducing propeller-induced cabin noise [36]. This approach has
also been used in jet aircraft applications for reducing frequency components origi-
nating from out-of-balance forces from jet engines. Today ASAC systems are used
in commercial aircraft [36]. The use of silent seats has also excited considerable
interest together with the use of active headsets [36]. A silent seat system gives a
localized noise attenuation around the passenger head using loudspeakers incorpo-
rated in the headrest. Active headsets are, moreover, much cheaper than installing
an ANC system inside the cabin.

Vibrations at low frequencies also cause passenger discomfort. These vibrations
originate from engine and propeller shaft imbalance, and are transmitted through
the wings into the fuselage. Since the vibrations are low frequency and the vibration
sources and the transmission paths are known, active approaches also have the
potential of being able to reduce such vibrations [36].

Active Noise Control Systems

Active Noise Control (ANC) is achieved by producing a sound field using secondary
sources, e.g. loudspeakers [4]-[10]. The ANC system generates a canceling sound
field with equal amplitude but with opposite phase to the noise field. The sources
are driven by a control system which is generally based on adaptive digital signal
processing. The system needs to be adaptive in order to track changes in the noise
characteristics and in time-varying environments. The sound field under control
is measured using control microphones. To adjust the controller the microphone
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signals are used and a relevant optimization criterion is minimized, e.g. the sum of
the squared control microphone signals.

The ANC system is either based on a feedback or feedforward control strategy,
or a combination of the two [4]-[10]. Feedforward control is generally used in ap-
plications where the noise source(s) are well known, and where synchronization or
reference signals derived from the sources are available. These signals contain a
priori information about the radiated noise. When reference signals are not avail-
able feedback techniques are often used. Feedforward control implies that only
noise components closely correlated with the reference signals will be significantly
attenuated. Accordingly, in applications where several uncorrelated sources pro-
duce noise a reference signal from each is needed [17]. A convenient estimate of
the maximum noise attenuation in decibels achieved by a multiple-reference ANC
system is given by −10 log10(1−γ2

d:x) dB, where γ2
d:x is the multiple coherence func-

tion between the primary noise d, and all the reference signals, xr, r = 1, 2, · · · , R
[8],[25]. For a γ2

d:x of 0.99 an attenuation of 20 dB may potentially be achieved.
In order to obtain high noise attenuation a significant correlation between the

reference signals and the noise is required. If the ANC controller process time is
longer than the acoustical delay between the reference sensor and the secondary
source the correlation decreases, and thereby the performance is degraded [8],[10].
In fact, the causality constraint is important in broadband ANC, and if the con-
straint is not fulfilled only periodic noise may be efficiently reduced. It is always
possible to find a correlation between periodic signals of the same frequency.

In broadband feedforward ANC the reference signals are picked up by micro-
phones situated close to the noise sources, while in narrowband control the micro-
phones are usually replaced by non-acoustic sensors, e.g. a tachometer, optical or
inductive sensor. A major advantage of using non-acoustic synchronization signals
rather than reference microphone signals is that the reference signals can be in-
ternally generated by the ANC system. With reference signals generated in this
manner, adaptive control becomes extremely selective. This makes it possible to
determine which harmonics are to be controlled, and which are not [8],[10].

The use of reference microphones usually introduce an undesired feedback from
the secondary loudspeakers back to the reference microphones. A complicated ANC
system must generally be used in order to compensate for the acoustic feedback
within the controller. By using non-acoustic reference sensors the feedback is elim-
inated, resulting in a simpler ANC system, a purely feedforward system [8]-[10].
This system can be described by an FIR filter structure instead of an IIR structure.
Adaptive IIR filter structures are considerably more complex than adaptive FIR
filter structures. Adaptive IIR filters are also much more difficult to use in prac-
tical applications, since such adaptive filters are often associated with instability
problems [8].

In many applications the primary noise is mainly periodic and produced, for
example, by rotating machines and propellers. A single periodic source produces
noise containing essentially dominant harmonic components related to the rota-
tional speed. However, several periodic sources running at almost the same rota-
tional speeds give rise to beating sound fields. Control conditions with a slight rota-
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tional speed difference are unavoidable in multi-engine applications in the absence
of synchrophaser devices which synchronize the rotational speed of the engines.
However, beating sound fields may also arise in vehicles fitted with an insufficient
synchrophaser [16],[17].

The capacity of the ANC controller to handle beating sound fields depends
on the structure of the controller, i.e. how the reference signals are processed.
Different controller structures are presented and discussed in Part I [18]. The
controllers are generally based on either a single-filter structure or a parallel-filter
structure using several filters, see Figure 9.

:
:

+(a)

(b)

Reference Signal 1

Reference Signal R
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Primary Noise
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Algorithm

Adaptive
Algorithm
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Figure 9: (a) A single-controller structure using a composite reference signal.
(b) A parallel controller structure using individually processed reference signals.

For the first configuration, all the reference signals are summed to form a com-
posite reference signal which is processed by the controller to generate driving
signals to the secondary sources. However, this technique does not make the best
use of the information provided by the reference signals. Since the frequencies of
the reference sinusoids are close together a long FIR filter is required, resulting in
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slow convergence of the adaptive algorithm [8],[18]. For the parallel filter struc-
ture each reference signal is individually processed. This enables shorter filters and
thereby better convergence performance. In narrowband ANC individually pro-
cessed reference signals involve, however, individual harmonic control. If possible,
the parallel structure should be used rather than the single-filter structure in order
to achieve efficient and robust control of beating sound fields.

The ANC system configuration depends on whether noise within an enclosured
space or noise radiated into open space is to be controlled as well as whether local
or global noise attenuation is desired. The configuration is also determined by the
spatial distribution of the noise source, i.e. whether the source noise is a localized
point source or a distributed source [4],[5],[10]. In general it is harder to reduce
noise radiated by spatially distributed sources than noise radiated by spatial point
sources. It is also much more complicated to obtain global noise reduction within
an enclosures, for example, than local attenuation within a desired region inside
the enclosure, particularly when a distributed sources produce the noise.

Efficient control of a point source in an enclosure or in a free space may be
achieved if the secondary sources are properly placed close to the noise source
compared with the wavelength. The required source spacing decreases with fre-
quency. By combining primary and secondary noise sources a higher-order noise
source (dipole, quadrapole, etc.) is produced. The mutual coupling between the
primary source and the secondary sources reduces the radiation resistance seen by
the combined system, thereby reducing the total acoustic power radiated to the
environment. A globally reduced noise level is thus achieved. If the distance be-
tween the primary and the secondary sources increases only a local noise reduction
is obtained in the vicinity to the control microphone(s). The size of the quiet zone
depends on the frequency to be controlled, decreasing with increasing frequency.

Outside noise usually enters an enclosure in a complicated manner, which results
in a distributed interior noise source. Noise within an enclosed space, generated by
distributed noise sources, is not controlled in the same way as point source gener-
ated noise. An enclosed sound field is relatively complicated but can sometimes be
described by several acoustic modes [2],[4],[6]. A mode describes the shape of the
sound field, i.e. the spatial sound pressure distribution at the corresponding mode
frequency. Figure 10 shows an example of a mode shape in a rectangular space.

The shape of the sound field is determined by the sum of the strength of the in-
dividual modes. At low frequency the sound field is dominated by a few well-defined
modes, while for higher a frequency the number of significantly dominating modes
increases, resulting in a more complex sound field. An excitation frequency close to
a resonance frequency gives a single or a few dominant modes, while the number of
excited modes increases for frequencies between resonances; that is the resonance
curves may overlap. Since the mode density rapidly increases with frequency, the
number of excited modes will increase with frequency [2],[4]. As a result, ANC at
higher frequencies is particularly difficult. Hence, ANC techniques are only suitable
for noise in the low-frequency range and for lightly damped enclosures.

Controlling a sound field consisting of several modes generally requires a multi-
channel ANC system, i.e. a system using several control sources and sensors [4]-
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Figure 10: An example of a mode shape (sound pressure) in a rectangular space.

[10],[15]. The number of sources and sensors affects the number of acoustic modes
which can be controlled. A global noise reduction in enclosures is not usually ob-
tainable when the noise field is not harmonically excited. The intention with global
control is to reduce the total radiated noise energy within the enclosure [4],[6],[10].
However, such noise reduction can be achieved if it is possible to arrange the sec-
ondary sources in such a way that the secondary sound field produced matches the
spatial distribution of the primary sound field and also tracks its temporal varia-
tions. In this case, the secondary sources do not have to be close to the primary
source to give high noise attenuation, provided it is able to couple into the most
strongly excited modes. The effect of the secondary sources is to reduce the ra-
diation impedance of the enclosure thereby reducing the acoustic energy radiated
to the cavity. This approach has the effect of leveling out the spatial variation in
the sound field; the dominant modes are suppressed. It will reduce the sound level
where it was originally high, though the sound level may also increase where the
level was originally low.

The acoustic energy within an enclosure is proportional to the sum of the
squared sound pressure at all points in the space [2],[4]. In practice it is not
possible to measure the total energy. An estimate of the interior acoustic energy
can be obtained by spatially sampling the sound field using a discrete number of
properly located control sensors [4]. The sum of the squares of the output signals
is often used as a cost function to be minimized by the ANC system. The locations
of these sensors have vital importance to the noise reduction obtained, although
the location of the secondary sources is also crucial. Global control is easier to
achieve at low frequencies where only a few modes dominate the sound field. It is
important that the control sensors observe all the dominant modes, and that the
secondary sources can excite or control these modes. It is thus usually necessary to
perform an optimization procedure to achieve suitable positions for the secondary
sources and control sensors [26]. Reduced observability and controlability of the
modes are obtained if the sources and/or sensors are located at the nodes of the
sound field. The number of sensors, M , are often larger than the number of sources,
L, (M > L). If M ≤ L it has been shown that the noise levels between the sensors
can be significant [4].
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Global control is usually desired but is in most cases difficult to achieve. Ac-
cordingly, the local control strategy is often used rather than attempting a global
control. Using local control a number of control sensors are needed to achieve noise
reduction within a large volume. The sensors are placed where the noise attenua-
tion is desired. Local control strategy may cause an increase in the noise levels at
other positions within the enclosure without control sensors, and the total interior
acoustic energy might even increase [4].

In order to control globally or locally complex enclosed sound fields a large
number of secondary sources and control sensors must generally be used [4]. The
complexity of the ANC system is, for instance, related to the number of secondary
sources and control sensors. In addition, if frequency components generated by
several noise sources are also to be controlled, system complexity may increase sig-
nificantly. The permitted complexity of the ANC system is limited by the process-
ing power of the DSP system. The noise attenuation and the system performance
is thus strongly influenced by number of used control sources and sensors, as well
as the controller structure and the adaptive algorithm used; hence, the total com-
putational complexity is crucial for large multi-channel systems in real-time DSP
implementations.

An adaptive ANC system involves two main parts: a filtering process that gen-
erates driving signals to the secondary sources, and an adaptive algorithm that
updates the filter weights in order to track variations in the noise characteristics.
From a control point of view it is of great importance to use an algorithm with
a high convergence rate, good tracking performance and robustness. A high per-
formance algorithm is often associated with increased computational complexity.
The filtered-x operations of the reference signals require, however, intensive com-
putation for large multi-channel systems. Hence, there is a tradeoff between the
control algorithm and the source/sensor configuration; using a control algorithm
with high computational complexity allows fewer sources and sensors to be used,
and/or a limitation in the number of reference signals to be processed. However,
fewer control sources and sensors and fewer controlled frequencies generally cause
deterioration in the noise attenuation. Consequently, in order to achieve high noise
attenuation in both stationary and time-varying situations it is of great importance
to use a high performance adaptive algorithm with low computational complexity.

The most widely used ANC systems are based on an FIR-based filter structure
consisting of one or several filters, which uses the ordinary time-domain Filtered-X
LMS (FX LMS) algorithm to update the filter weights [4],[8],[10],[15]. This disser-
tation presents a multiple-reference controller structure using parallel filtering of
complex signals and an adaptive weight update scheme based on a complex-valued
FX LMS algorithm [37],[38]. The complex representation reduces the number of
computations by replacing the time-domain linear convolutions with complex scalar
multiplications. For large multi-channel system a significant computational reduc-
tion can be obtained [8],[39].

The feedforward controller presented inherently exploits the narrowband as-
sumption by using complex filtering and complex modeling of the control paths.
The controller uses a single complex weight to steer the amplitude and phase of each
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Figure 11: A multiple-reference system for active control of periodic noise.
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reference signal. The structure of the overall ANC system is shown in Figure 11.
Part II introduces the novel adaptive algorithm called the actuator-individual nor-
malized FX LMS [39],[40]. The algorithm is of LMS-type, but owing to the novel
normalization of the algorithm it can also be regarded as a Newton-type algorithm
[14],[38]. The relationship to Newton’s algorithm results in high convergence rate
and significant noise reduction.

One major advantage of this complex-valued algorithm is that it combines low
numerical complexity with high performance. The fundamental reasons for this are
the orthogonality of the quadrature components (sine and cosine pairs) constituting
the complex reference signals, and the simplicity of complex representation. In
fact, the complex algorithm requires a minimum of adaptive and acoustic path
parameters, cf. a straightforward time-domain approach with ordinary FIR filters.

The complex representation and the structure of the controller implies that a
Newton’s algorithm can be implemented with the same numerical complexity as
LMS-type algorithms. The basis of a fast filtered-x Newton algorithm is therefore
introduced [20]. The concept of the algorithm originates from the fact that the
control path pre-filtering of the reference signals is performed by a complex scalar
multiplication of the reference signal and the off-line measured control paths. An
improvement of performance can be achieved by using the fast algorithm. The fast
filtered-x Newton algorithm is addressed in Part III .

In several applications there is a need to control periodic noise from two sources
that are strongly or moderately synchronized to each other, for example, in twin-
engine aircraft and boats. In the development of new controllers for large multi-
channel systems it is of great importance to reduce the complexity of the system
while maintaining efficient noise control. A controller with lower complexity will
reduced the computational power required.

Using a narrowband feedforward controller selective noise control is obtained,
where the attenuation is strongly dependent upon the correlation between the refer-
ence signals and the noise [4],[8]. The question to be asked in such a case is whether
it is really necessary to use a synchronization signal from each source or if a single
sychronization signal from one of the sources would perform equally well. By us-
ing a single synchronization signal the complexity would be significantly reduced.
The question above is of special interest in the case of new aircraft, where the two
propellers are kept at almost identical speeds due to efficient synchrophasing. A
comparison of the performance of a single- versus a twin-reference ANC controller
for an aircraft application is addressed in Part IV [17]. The results demonstrate
that the twin-reference controller performs better than the single-reference when
there is a small difference in the rotational speed of the two propellers. To en-
sure the highest noise attenuation during the complete flight cycle, i.e. take-off,
climb, cruise, descent and landing, the controller should be synchronized to both
propellers.

A theoretical convergence analysis of a twin-reference complex LMS algorithm
is presented in Part V. The results presented show that for small and large beat
frequencies, i.e. slow and fast beating sound fields, high performance is obtained.
On the other hand, in the transition region the system exhibits deterioration in
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performance. System behaviors observed in practical experiments verify the theo-
retical results.

In narrowband feedforward ANC using non-acoustic reference sensors different
approaches are applicable for generating reference signals [8]. The method applied
depends on whether an FIR-based or complex-valued algorithm is used, the num-
ber of pulses per revolution in the synchronization signal, if fixed or synchronous
sampling is used, and if a hardware or a software approach is used.

The reference generation method generally used is based on a software method
using a table lookup scheme consisting of a table containing a single-sampled si-
nusoidal function. The synchronization signal is used to control a table pointer.
A counter controlled by interrupts generated from the synchronization signal is
used to move the pointer. At each sample time (fixed or synchronous) the value of
the pointer represents the sample value of the reference signal. The generation of
complex reference signals is straightforward and can be achieved either by using a
pair of table pointers, where one pointer is suitably shifted, or by using a sine and
a cosine table, see Figure 12(a).
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Figure 12: The generation of reference signals: (a) Table lookup scheme; (b) FFT-
based reference generator.
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Part IV introduces an alternative approach for generating complex reference
signals for fixed sampling [17]. This method was introduced since in the practical
experiment presented in Parts V and VI, the table lookup method could not be
used. The complex-valued algorithm was to be implemented on external hardware
that was originally constructed for an FIR-based adaptive control scheme. This
hardware delivered a composite reference signal. In order to split up the composite
signal in separate, complex, harmonic reference signals for the algorithm, a slid-
ing FFT operation was used [17],[41]. The FFT operation acts as a filter bank,
which can extract selectively the narrowband reference signal corresponding to the
desired harmonics [42]. A schematic figure of this reference generator is shown in
Figure 12(b). The design of the FFT-based filter bank becomes a straightforward
FIR-filter design problem. The choice of required FFT resolution, FFT length and
window depends on the application [17],[43].

In the generation process of the reference signals an undesired time delay is
introduced between the synchronization signal and the reference signals, which in
turn degrades the tracking performance under non-stationary conditions. Hence,
due to the inherent time delay induced by the FFT operation it is recommended,
where possible, to use the table lookup scheme in which the time delay is much
shorter. Accordingly, the time delay of the reference signal should be as short as
possible to increase the noise suppression in real-time implementations [17],[20].

Performance evaluation for the total narrowband control system consisting of
the actuator-individual normalized FX LMS algorithm and the FFT based refer-
ence generator has been performed in off-line computer experiments and real-time
experiments for aircraft applications [17],[20],[44],[45]. The off-line experiments
were based on real measured aircraft noise data, see Parts II-IV. The real-time
acoustical experiments were carried out within a fuselage section of a SAAB 340
aircraft, see Part VI [44],[45]. To excite the structure and produce the propeller
noise within the test section loudspeakers mounted in a ring around the fuselage
were used. By using this noise generation system the airborne noise generated by
the propellers can be simulated. A schematic figure of the experimental setup is
shown in Figure 13. This figure also shows a photograph of the ring of loudspeakers
mounted on the fuselage.

The system performance was evaluated for both stationary and non-stationary
flight conditions as well as for beating and non-beating sound fields. The ANC
system exhibited good performance with respect to convergence rate, tracking and
robustness. The interior noise level was considerably reduced. The mean attenua-
tion of the fundamental blade passage frequency (BPF) was approximately 18 dB
in the control microphones, and 10 dB in the monitor microphones located at the
passengers’ head positions. The noise reduction measured was in broad agreement
with the optimum theoretical reduction, calculated by using the recorded primary
noise and measured frequency responses.

The experiment shows that a feedforward control system based on the actuator-
individual normalized FX LMS algorithm has high performance in practical appli-
cations with robust control of both beating and non-beating sound fields.
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Active noise control techniques can be used in several applications to attenuate
noise at lower frequencies. Often ANC is used to increase passenger comfort in dif-
ferent kinds of vehicles. The ANC system has proven to be a convenient approach
for reducing low frequency noise in headset applications [8],[10],[21]. In communi-
cation situations the aim is to reduce the low frequency noise in order to enhance
speech intelligibility. Active headsets are commercially available, and most of these
are based on analog feedback control with broadband reduction. However, in order
to achieve a better noise reduction a combination of feedback and feedforward ANC
is proposed. In recent years there has been an increase in interest of such active
headsets using ANC combined with an intercom system. This is particularly true in
the case of military applications, where the characteristics of environmental noise
are both narrowband and broadband, and high speech intelligibility in the intercom
system is of great importance. Other interesting applications are in industry and
in transport vehicles. Part VII presents a headset based on hybrid ANC com-
bined with a communication system applied to a helicopter application [21]. The
ANC system consists of a commercial analog feedback controller combined with
an adaptive narrowband feedforward controller, see Figure 14. The digital feedfor-
ward controller is based on the actuator-individual normalized FX LMS algorithm
addressed in Part II. The analog feedback controller attenuates low frequency
broadband noise and the digital feedforward controller attenuates harmonic low
frequency noise. The extension of the ANC system with the feedforward controller
significantly increases the attenuation of the periodic noise.

Tacho Tacho
Control Unit

Feedforward
Controller

Feedback
Controller

Control Unit

Intercom
System

Communication
Signal

Figure 14: The hybrid ANC headset based on feedforward and feedback control
combined with the intercom system.
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Part I. — Multireference Controller for Active Control of
Noise and Vibration

Part I addresses some design aspects for multi-reference controllers based upon the
feedforward strategy. The use of an adaptive feedforward controller has proven
to be a very successful strategy for controlling noise and vibrations. In many
applications, e.g. for boats and aircraft, there is a need to attenuate noise produced
by several noise sources. In such cases, a reference signal from each source is
usually required. The discussion in this paper is primarily focused on the question
of selecting a controller structure for adaptive multiple-reference controllers.

There are different ways of implementing such controllers. Here, three differ-
ent structures are presented and discussed. Advantages and disadvantages of the
different structures are treated. One structure is based upon adding together the
reference signals to form a single composite reference signal, which is fed to the
controller. Another utilizes individual control, where each reference signal is fil-
tered using a separate controller. A modulating controller is also evaluated. The
main goal is for the controller to be able to handle the acoustic beating that occurs
with rotating machinery running at slightly offset rotational speeds.

An individual controller for each reference signal results in a robust controller
with rapid convergence. It is concluded that a single control filter will give the same
performance as individual control, provided the reference signals are well separated
in frequency.

Part II. — A Novel Multiple-Reference Algorithm for Active
Control of Propeller-Induced Noise in Aircraft Cabins

In many applications there are problems with periodic noise with low frequency
characteristics. Such is the case with cabin noise in propeller aircraft, where the
interior noise essentially consists of dominant tonal components at harmonics of the
Blade Passage Frequency (BPF) of the propellers. An efficient method of achieving
significant reduction in such periodic low frequency noise is the use of the active
noise control system based upon adaptive narrowband feedforward techniques.

The configuration of the controller is based on parallel processing of single-
frequency reference signals, where the amplitudes and phases of the signals are
simultaneously adjusted before driving the secondary sources. This filter structure
is recommended when reducing periodic noise produced by rotating machines with
almost the same rotational speeds, see Part I.

This paper also introduces a novel algorithm called the actuator-individual nor-
malized Filtered-X Least-Mean-Squares (FX LMS) algorithm, which is related to
Newton’s algorithm. This algorithm is based on the approximation that the Hes-
sian matrix of the cost function is diagonally dominant. The algorithm is derived
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for a case minimizing the sum of the squared control sensor signals, and for a
general case with R reference signals, H harmonics for each reference, L secondary
sources, e.g. loudspeakers, and M control sensors, e.g. microphones. The proposed
complex algorithm is advantageous in large multi-channel narrowband applications
due to the high convergence rate and low numerical complexity.

The behavior of the actuator-individual normalized algorithm is compared with
an ordinary LMS normalized variant. The ordinary LMS normalization is based
on a single normalization factor for the whole system, while the actuator-individual
normalized algorithm is normalized with respect to each reference signal and actu-
ator or control source.

The results show that the actuator-individual normalized FX LMS algorithm
exhibits a higher convergence rate and better tracking performance than the con-
ventional normalized algorithm. The actuator-individual normalized algorithm
works well in significantly reducing the controlled frequencies. The noise reduction
obtained indicates that the algorithm shows a good potential for achieving close
agreement with the optimum noise reduction, i.e. least squares solution. The com-
parison is performed off-line using real noise signals recorded within the passenger
cabin of a twin-engine propeller aircraft during flight as well as real measured cabin
frequency response functions between the loudspeakers and control microphones.

Part III. — Evaluation of Multiple Reference Active Noise
Control Algorithms on Dornier 328 Aircraft Data

This paper presents a set of multiple reference adaptive algorithms combining low
numerical complexity with high performance in narrowband ANC applications.
Two LMS-type and a Newton-type algorithm are considered, and their performance
has been evaluated using acoustical data from a Dornier 328 aircraft.

The algorithms presented are based upon the narrowband assumption by using
complex-valued filtering, complex modeling of acoustic paths, and weighted com-
plex gradient update of the adaptive weights, i.e. the filter structure introduced in
Part II.

The special structure of the corresponding adaptive filtering problem suggests
that the Newton-type algorithm can be implemented with the same numerical
complexity as LMS-type algorithms. Hence, the concept of a fast filtered-x Newton
algorithm is introduced.

Part IV. — Comparison of a Multiple- and a Single-Reference
MIMO Active Noise Control Approach Using Data
Measured in a Dornier 328 Aircraft

This part addresses the problem of controlling noise from two sources that are
strongly or moderately synchronized. A typical application is the control of propeller-



Outline 35

generated noise within a twin propeller aircraft.
The controller used in the experiment is a narrowband feedforward controller.

Since the narrowband feedforward controller is based on synchronization signals
from the noise sources, such a controller is selective with respect to frequency
components. In the development of new controllers for interior aircraft noise, it
is of great importance to reduce the complexity of the control algorithm while
maintaining efficient noise control. The question to be asked in such a case is
whether it is really necessary to use a twin–reference controller, or if a single-
reference controller may perform equally well. This question is of special interest
in the case of new aircraft, where the two propellers are kept at an almost identical
speed due to efficient synchrophasing.

To establish whether a multiple-reference controller really is necessary, or if a
single-reference controller is sufficient, the performance of a single- versus twin-
reference control algorithm is evaluated in a comparative study. The performance
of each controller is evaluated using computer simulations for two different flight
conditions: one flight condition with the propellers synchronized, and one with
unsynchronized propellers. The study is performed as a computer simulation (off-
line evaluation) using real-life data recorded in a Dornier 328 under different flight
conditions. The results demonstrate that the twin-reference controller performs
better than the single-reference whenever there is a slight deviation in the rotational
speed of the two propellers.

Modern propeller aircraft are usually fitted with a synchrophaser unit, with the
result that the rotational speed of the two propellers is similar, or almost similar,
at all times. With a modern, efficient synchrophaser, it is possible that a single-
reference controller would suffice. However, disturbances in air flow may cause
transient speed slips that will cause acoustic beating inside the cabin which a single-
reference controller cannot attenuate. To be able to reduce efficiently the propeller-
induced cabin noise, the controller should be synchronized with both propellers.
This will ensure the highest possible noise attenuation during the complete flight
cycle, i.e. take-off, climb, cruise, descent and landing.

This part also treats the generation of reference signals, and problems related
to the generation process of reference signals. The approach presented is based
upon a fixed sampling rate and uses a sliding FFT filtering technique.

If there are periodic tachometer signals available with, for example, one pulse
per propeller revolution, it is possible to obtain the desired complex reference sig-
nals using a fixed sampling rate and an FFT–filter bank. However, with only one
pulse per propeller revolution, the required FFT length will be considerable and
the filter bank will therefore introduce a significant time delay in the tachometer
signals. This will not cause any problems in stationary flight conditions. However,
when conditions are non-stationary, and the propeller rpm varies, the correlation
between the reference signals and the noise harmonics may deteriorate due to the
filter-bank-induced time delay. This may, in turn, result in reduced noise attenua-
tion.
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In order to perform adequately in non-stationary conditions of flight, it is im-
portant to have a reference signal generator with as short a time delay as possible.
A reference signal generator with virtually no inherent time delay may be obtained
by using look-up table techniques, and several tachometer pulses per propeller
revolution.

Part V. — Convergence Analysis of a Multiple-Reference
Complex Least-Mean-Squares Algorithm

Part V presents a theoretical analysis of the convergence performance of a com-
plex Least-Mean-Squares (LMS) algorithm using multiple-reference signals. The
single-frequency reference signals are filtered individually using an adaptive filter
before driving a secondary source. An explicit expression of eigenvalues controlling
the convergence behavior has been derived. The convergence in the filter weights
and the decrease rate of the squared error (the learning curve) for noise control
applications are also discussed. To validate the theoretical results obtained in the
analysis, results from computer simulations are presented. Results from a computer
experiment using real data recorded in an aircraft in flight are also given.

It is shown that the convergence and tracking performance depend both on the
step-size parameter in the adaptive algorithm, and on the frequency separation
between the reference signals, i.e. the beating frequency between tonal compo-
nents. In cases of small frequency separations, convergence problems may occur
independently of the value of the step-size. However, in such cases the steady-state
noise reduction was improved by increasing the step-size parameter. On the other
hand, for large frequency separations a small step-size is preferable in order to
achieve high steady-state noise reduction. In practical noise control applications
it is important to adjust the step-size parameter so that a desired behavior with
respect to tracking performance and/or steady-state noise reduction is obtained for
a particular control situation.

Part VI — Experimental Performance Evaluation of an
Active Noise Control System in an Aircraft Mock-up

In the design of an adaptive control system the investigation or evaluation of its
behavior is one of the important parts in development work. In some applications
it is possible to install the system in a vehicle and carry out the evaluation under
actual running conditions. In some cases it is difficult and expensive to do the eval-
uation under such conditions, e.g. in an aircraft application where in-flight tests are
very expensive. A cheaper alternative and a compromise in the evaluation process
is to perform experimental study using a full-scale model of the vehicle (mock-up),
and within this model simulate the acoustical environment and conceivable running
conditions.

The object of this paper as shown in Part VI is to present results from the per-
formance evaluation of a feedforward-based ANC system using a real-time imple-
mentation of the actuator-individual normalized filtered-x LMS algorithm presented



Outline 37

in Part II. Convergence behavior and robustness were evaluated under varying con-
ditions.

The experiment was performed in a fuselage section of a SAAB 340 aircraft.
To excite the structure and produce the propeller noise within the test section
loudspeakers mounted in a ring around the fuselage were used. The experimental
setup and the noise generation system are described. The results of a series of
experiments on the active control of propeller–induced noise are presented. Among
the “flight” conditions evaluated were: stationary conditions where the “propellers”
were completely synchronized, and non-stationary conditions with a frequency beat
between “left and right propellers.”

Substantial attenuation was obtained together with robust behavior for both
beating and non-beating primary sound fields. The mean attenuation of the BPF
(82 Hz) with fully-synchronized propellers was approximately 18 dB measured at
the control microphones. In cases with unsynchronized propellers the noise atten-
uation was reduced by typically 3–6 dB. The behavior observed in this practical
experiment corresponded to that obtained earlier from computer simulations and
theoretical analysis, see Parts IV and V. The steady-state mean noise attenuation
measured in the experiment also corresponded well with the calculated optimum
attenuation.

Part VII. — A New Passive/Active Hybrid Headset for
a Helicopter Application

Part VII addresses active noise control in a headset application. The headset
proposed is based on the ANC system used in combination with a communication
system to enhance speech intelligibility and improved audibility within a noisy
environment. Thus, this part is not focused on volumetric noise control using an
MIMO ANC controller. Here a Single-Input, Single-Output (SISO) controller based
upon a single loudspeaker/control microphone setup for each earcup is employed.

The headset combines several techniques. The passive earcups attenuate both
broadband and narrowband noise at higher frequencies. The level of the remaining
low-frequency noise inside the earcups is not normally harmful to the human ear,
but such noise often masks and corrupts communication. For this reason one tends
to turn up the volume of the intercom system to maximum, which leads to sound
levels which are potentially damaging to the human ear. In order to reduce the
volume of the intercom system and increase speech intelligibility, the level of the
low frequency background noise inside the earcups must be reduced. To do this
an active system was used. This system consists of a feedback and a feedforward
controller. The analog feedback controller attenuates low frequency broadband
noise, while the digital feedforward controller reduces harmonic low frequency noise.
The control algorithm used is the complex filtered-x LMS algorithm presented in
Part II. Furthermore, in order to increase speech intelligibility, spectral subtraction
is also applied on the output signal from the communication microphone, resulting
in a higher signal-to-noise ratio (SNR) in the intercom signal. The unprocessed
microphone signal contains considerable helicopter noise, however, which is injected
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into the communication system. During communication the noise picked up by the
microphone from one pilot is fed directly to the other pilot’s headset.

This part presents results from an evaluation of the hybrid headset using data
recorded in an AS332 Super Puma MKII helicopter. The data was recorded during
flight. The evaluation shows that a combination of the different methods results in
efficient noise attenuation. The attenuation is approximately 20 dB broadband in
the frequency range 50–400 Hz, and further 20 dB attenuation is obtained of the
controlled tonal components. At the same time, spectral subtraction improves the
SNR in the outgoing speech signal by approximately 20 dB.
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P. Sjösten, T.L. Lagö, S. Johansson, “Evaluation field tests of a multiple reference
ANC system in a small patrol boat,” In Proceedings of the 15th International
Modal Analysis Conference, IMAC-XV, vol. 1, pp. 885–888, Orlando, Florida,
USA, February 1997.

S. Johansson, S. Nordebo, T. L. Lagö, P. Sjösten, I. Claesson†, I. Borchers and K.
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Multiple-Reference, Multiple-Channel, Normalized Filtered-X LMS Algorithm
for Active Control of Propeller-Induced Noise in Aircraft Cabins,” In Proceed-
ins of Inter-Noise 98, paper no. 224, Christchurch, New Zealand, November
1998.

[41] T. Springer, “Sliding FFT computes frequency spectra in real time”, EDN,
pp. 161-170, September 1988.

[42] B. E. Usevitch, M. T. Orchard, “Adaptive Filtering Using Filter Banks”, IEEE
Transactions on Circuits and Systems–II: Analog and Digital Signal Process-
ing, vol. 43, no. 3, March 1996.

[43] J. G. Proakis, D. G. Manolakis, Digital Signal Processing. Upper Saddle River,
NJ: Prentice–Hall, Inc., 1996.

[44] S. Johansson, P. Persson, I. Claesson, “Active Control of Propeller-Induced
Noise in an Aircraft Mock-Up,” In Proceedings of Active 99, vol. 2,
pp. 741-752, Fort Lauderdale, Florida, USA, December 1999.
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Abstract
The use of adaptive feedforward controllers has proven to be a very suc-

cessful strategy for controlling noise and vibration in a variety of applications.
One reason is that the feedforward controller is an open loop controller, which
can be designed to cancel the undesired noise in one position with any ac-
curacy. However, the feedforward controller requires an input signal, called
a reference signal, correlated to the noise source. As a consequence, a single
reference controller can only reduce noise radiated from a single noise source.

In many applications, there is a need to attenuate noise produced by
several noise sources. This paper addresses some design aspects for multiref-
erence controllers based on the feedforward strategy.

1 Introduction

In this paper, we address the problem of using more than one reference signal to
a feed forward adaptive controller. In applications concerning the control of sound
or vibration, multiple reference controllers have gained an increased interest, es-
pecially in applications such as boats or aircraft. The discussion here is primarily
focused on the question of selecting a controller structure for adaptive multiple ref-
erence controllers. Since there are different ways of implementing such controllers,
it is of certain interest to explore the features of each of these implementations.

In noise and vibration control, a reference signal is an identification of a noise
or vibration source. It is a signal that is either measured at or near the source, or
derived from e.g. a synchronization signal. Either way, the reference signal must
be correlated with the disturbance that is to be controlled. To put it the other way
around, a feed forward controller can only control disturbances which are correlated
to the reference signal. Different reference signals may be obtained from different
sources or from different parts of the same source but with separated frequency
contents. Different harmonics produced by a periodic source may, for instance, be
considered as different reference signals.
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2 Controller Structures

Three different structures for implementing a multiple reference controller will be
discussed below. We direct our attention towards some advantages and disadvan-
tages with the different structures and look at the convergence characteristics for
two different cases: case 1 where the reference signals are pure tones with frequen-
cies 100 Hz and 104 Hz, and case 2 where the frequencies are 100 Hz and 200
Hz. The sampling frequency is 1000 Hz and the controller is turned on after 200
samples.

It is important to note that the attenuations shown are obtained from simula-
tions in MATLAB (except for figure 10) and do not in any way reflect the kind
of attenuation that would be obtained in a real application. The purpose of these
curves is to enable comparison between the three structures presented here.

2.1 Structure No 1: A single controller

One imaginative multiple reference controller is shown in figure 1. The two reference
signals are just added together to form a single reference signal, which is fed to
the controller. The benefit of this configuration is obvious: only one controller is
necessary, which of course has a positive effect on the implementation cost of the
controller. If d(n) is a disturbance signal in figure 1, we obtain the error, e(n), as

e(n) = d(n) + y(n) = d(n) + XT
1 (n)W(n) + XT

2 (n)W(n) (1)

where X1 and X2 are vectors containing finite histories of the two reference signals.
The filter weight vector W has a time index n, indicating that this vector is also
altered on a per sample basis. The updating LMS algorithm for this structure
would be

W(n + 1) = W(n) − 2µe(n)[X1(n) + X2(n)] (2)

or just

W(n + 1) = W(n) − 2µe(n)X(n) (3)

where X = X1 + X2.

+

d(n)

e(n)
W(n)

X (n)1

X (n)
2

+

Figure 1: Structure No 1. A single control filter is used to control the sum of all
reference signals.
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Problems with this configuration occur when pure tone reference signals are used
with frequencies that are very close. The combined reference signal will contain a
beating with a frequency equal to the difference between the two reference signal
frequencies. Indeed, the acoustic sound field will contain the same beating, but
since the controller cannot properly control the phase of the beating (which is given
at the summation point), it is not possible to control the sound field properly.

Figure 2 shows the control error, e.g. as measured by a control microphone
in an aircraft cabin. Although the controller seems to be able to control the two
frequencies fairly well, the beating is still very strong and decays slowly. The decay
rate can be increased by increasing the length of the control filter enough to contain
information about the beating. In practice this means that the control filter length
should cover a time slot approximately equal to 1/8 of a beat period. For a system
with 1000 Hz sampling rate and a 1 Hz beat frequency, this leads to a filter length
of 125 taps.

With this discussion in mind, it is clear that the controller configuration in figure
1 is not suitable for controlling sound from two sources with similar frequencies. If,
however, the frequency components are well separated, such as e.g. the harmonics
of a rotating machine, this controller structure may be used. Figure 3 shows the
control error when reference No 1 is the fundamental frequency and reference No 2
is the first harmonic. With a control filter length of 8 taps, the convergence is quite
acceptable.
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Figure 2: Learning curve for structure No 1. Frequency difference: 4 Hz. Filter
length: 8.
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Figure 3: Learning curve for structure No 1. Frequency difference: 100 Hz. Filter
length: 8.

2.2 Structure No 2: A modulating controller

The controller structure above could not properly handle the beat frequency caused
by the two reference signals of similar frequency. One solution to this problem
would be to introduce a separate controller for the beat frequency. Such a con-
troller structure is shown in figure 4. This structure is designed for twin-reference
applications, where it can be expected that the frequency contents in the two ref-
erence signals are similar. A typical application would be a twin-engine propeller
aircraft with a synchro-phaser to keep the two engines at the same, or almost the
same rotational speed.

Assume that the primary goal is to control two reference signals, x1(n) and
x2(n), which are single frequency references with frequencies ν1 and ν2 respectively.
The reference signal xm(n) in figure 4 will then contain the mean frequency for x1(n)
and x2(n) while xd(n) contains half the difference in frequency, i.e.

νm =
ν1 + ν2

2
(4)

νd =
|ν1 − ν2|

2

The frequency νd is equal to half the beat frequency, which is simply the difference
νbeat = |ν1 − ν2|. By multiplying the output signals ym(n) and yd(n), the resulting
output signal y(n) will contain the frequencies νm+νd and νm−νd which evaluates to
ν1 and ν2 respectively. Thus the lower controller in figure (4) is a separate controller
for the beat frequency and the controller output is formed by modulating the mean
frequency with (half) the beat frequency.
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d(n)

e(n)
+

X (n)
d

W (n)d

y (n)
m

y (n)d

 y(n)X (n)
m

W (n)m +

Figure 4: A center frequency is modulated to produce the two disturbance frequen-
cies. Both the center frequency and the modulating frequency are controlled by
adaptive filters.

The multiplication of the two outputs results in a slightly different form for the
adaptive algorithm. The control error is formed as

e(n) = d(n) + ym(n)yd(n) = d(n) + XT
m(n)WmXT

d (n)Wd (5)

where Wm and Wd are the adaptive filter weight vectors for the two reference
inputs. The LMS algorithm is derived using a gradient estimate of the performance
surface, see e.g. [1], according to

˜∇(n) = 2e(n)
∂e(n)

∂W
. (6)

Using this expression on equation (5) results in the following gradient estimates for
the two controllers,

˜∇m(n) = 2e(n)Xm(n)WT
d Xd(n) = 2e(n)Xm(n)yd(n) (7)

and

˜∇d(n) = 2e(n)Xd(n)WT
mXm(n) = 2e(n)Xd(n)ym(n). (8)

The LMS update algorithm for this controller follows as

Wm(n + 1) = Wm(n) − µm
˜∇m(n) = Wm(n) − 2µme(n)Xm(n)yd(n) (9)

and

Wd(n + 1) = Wd(n) − µd
˜∇d(n) = Wd(n) − 2µde(n)Xd(n)ym(n). (10)

One may observe that in the update scheme for one controller, the output from
the other is included as a factor. This is due to the multiplication of the output
signals in equation (5). For this reason, the filter weights must not be initialized
to zero since the controller will then be locked in this state.
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Figure 5: Learning curve for structure No 2: Frequency difference: 4 Hz. Filter
length: 4.

The resulting error when this controller is used on the closely spaced reference
signals is shown in figure 5. As expected, the error drops fairly rapidly although
traces of the beating can still be shown. Since the two control filters are updated
using different convergence factors, µm and µd respectively, and the fact that the
output from one filter affects the update of the other, the behavior of this controller
is rather difficult to predict. Some form of normalization should be applied.

This structure works well even when the two reference signals are widely sepa-
rated, as shown in figure 6. With properly selected convergence factors, the error
drops with approximately the same rate as for structure No 1 above.

2.3 Structure No 3: Individual control

A schematic view of the third structure to be presented here is shown in figure 7.
With this structure, each reference signal is filtered with a separate controller.

The control error is calculated as

e(n) = d(n) + y(n) = d(n) + XT
1 (n)W1 + XT

2 (n)W2 (11)

which is similar to equation (1), except that now each input reference has an
individual weight vector. The filter weights can be updated using e.g. a standard
(single reference) LMS algorithm. Although the filters are updated using individual
algorithms, the weight update schemes are not completely isolated, since they use
the same control error, e. Still, when controlling signals with only a small frequency
separation, the individual controller tends to have better convergence performance
with fever filter weights than the other two structures discussed above. Another
advantage compared to the modulating controller is that this structure can have
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Figure 6: Learning curve for structure No 2: Frequency difference: 100 Hz. Filter
length: 4.

any number of reference inputs, while the modulating controller is confined to two
references.

One clear disadvantage with this configuration is that the implementation “cost”
is effectively doubled. This is particularly important in multi-channel filtered-x im-
plementations, where the filtered-x calculations are very time-consuming.

The error for the case with 4 Hz spacing is shown in figure 8. This curve was
obtained with only two weights in the control filters and with a convergence factor
set to approximately 1/10th of its maximum value. By choosing a larger value for
the convergence factor, the beating will disappear more rapidly at the cost of a
higher residual error. Figure 9 shows the resulting error for the fundamental and
the first harmonic. The convergence properties are well in comparison with the
other two control structures.

2
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y (n)
1

y (n)
2

+ +

d(n)X (n)1

e(n)y(n)

X (n)

Figure 7: An individual control filter sets the amplitude and phase for each reference
signal. The controller output is the sum of the control filter outputs.
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Figure 8: Learning curve for structure No 3. Frequency difference: 4 Hz. Filter
length: 2.
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3 Results From Practical Tests

A multiple reference controller with individual controllers for the references (struc-
ture No 3) has been used to control the noise in a boat cabin [2]. The noise
was produced by two engines with individual throttle controls, so the rpms of the
two engines could be anything from equal (highly unlikely) to very different. The
controller was configured with 4 outputs, 8 inputs and 2 references, which was
implemented on a single TMS320C31 floating point DSP.
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Figure 10: Sound pressure level in the boat cabin measured at one evaluation
position. Solid curve: Control off. Dotted Curve: Control on.

The curves in figure 10 show the sound pressure level measured at one of six
evaluation positions in the boat cabin. The linear SPL at the fundamental fre-
quency (37 Hz) was 112 dB without control and approximately 20 dB lower with
control. The attenuation extended throughout the whole cabin and the conver-
gence of the controller was experienced as “instant”. The beat frequency between
the two engine fundamentals was about 1 Hz and made the experience in the cabin
quite unpleasant. With the controller on, the beating was completely removed.

4 Summary

There are several ways of implementing a multiple reference controller. In this
paper we have studied three different structures. Which way to go is determined
by several factors, such as the number of reference sources and their frequency
content. Another important factor that has not been covered in this paper is how
the control filters are implemented. The filters used in the simulations for this



60 Part I

paper were FIR filters. Other possibilities would be e.g. complex time domain
filters or FFT-based frequency domain filtering.

It is our experience from practical applications that using an individual con-
troller for each reference results in a robust controller with rapid convergence. From
the experiments above it seems that a single control filter will give the same con-
trol as individual filters, if the reference frequencies are well separated. However, in
practical applications, it may be necessary to use different convergence parameters
for different harmonics due to the properties of the acoustic field, in which case the
individual controller is to prefer.
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S. Johansson, S. Nordebo, P. Sjösten, I. Claesson, “A Novel Multiple-Reference
Algorithm for Active Control of Propeller-Induced Noise in Aircraft Cabins,”
Research report ISSN: 1103-1581 ISRN HK/R-RES–00/16–SE, November 2000.

S. Johansson, S. Nordebo, I. Claesson, T.L. Lagö, P. Sjösten, “A Novel Multiple-
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Abstract

The cabin noise inside propeller aircraft is essentially dominated by strong
tonal components at harmonics of the blade passage frequency of the pro-
pellers. In order to achieve an efficient reduction of such a periodic low
frequency noise, it is advisable to use an active noise control system based
on adaptive narrowband feedforward techniques. The feedforward controller
presented in this paper exploits narrowband assumptions by using complex-
valued filtering and complex modeling of control paths.

This paper introduces a multiple-reference controller based on the novel
actuator-individual normalized Filtered-X Least-Mean-Squares (FX LMS)
algorithm. This algorithm combines low computational complexity with high
performance. The algorithm is of the LMS-type. However, owing to the novel
normalization of the algorithm it can also be regarded as a Newton-type
algorithm. A comparison between the actuator-individual normalized FX
LMS algorithm and the ordinary normalized FX LMS algorithm is presented.
The results demonstrate better performance in terms of convergence rate and
tracking properties when the Newton-like actuator-individual normalized FX
LMS algorithm is used as compared with the conventional normalized LMS
algorithm. The evaluation was performed using noise signals recorded inside
the cabin of a twin-engine propeller aircraft during flight. The paper also
discusses variants of the actuator-individual normalized FX LMS algorithm.

1 Introduction

The Active Noise Control (ANC) technique is based on destructive interference
between sound fields [1]-[3]. The ANC system generates a canceling sound field
with equal amplitude but with an opposite phase to the noise field. The controlled
noise is measured using control or error microphones. The output signals from these
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microphones are then used by the controller to adjust the loudspeaker signals so
that the noise level is minimized. In volumetric acoustic noise control inside large
enclosures such as inside aircraft it is generally necessary to use a multiple-channel
ANC system consisting of several loudspeakers and control microphones in order
to control the relatively complicated interior sound field [1]–[5].

In many applications of noise control the greatest annoyance is caused by peri-
odic low frequency noise. Successful reduction of such noise can often be achieved
by using an active noise control system with narrowband feedforward control [1]-
[3]. This control strategy uses reference signals from the noise sources which are
correlated to the noise. The reference signals are then processed by the controller
to produce driving signals to the loudspeakers. Where several noise sources con-
tribute to the sound field a multiple-reference feedforward control system is usually
required [6],[7].

The cabin noise inside propeller aircraft is essentially dominated by strong tonal
components at the harmonics of the blade passage frequency of the propellers [8].
Propellers or periodic noise sources running with a slight rotational speed difference
induce an acoustic beating. The capacity for the ANC system to handle beating
sound fields is dependent on the structure of the controller [2],[9]. A structure based
on a single filter and a single reference signal consisting of the sum of all reference
signals does not make the best use of the information provided by the reference
signals. Since the frequencies of the reference sinusoids are close together a long
FIR filter is required, resulting in slow convergence of the adaptive algorithm [2],[9].
With the parallel filter structure each reference signal is individually processed,
which in narrowband ANC involves individual harmonic control. The shorter filter
can be used with better convergence [9]. If possible, the parallel structure is used
rather than a single filter structure in order to achieve efficient and robust control
of beating sound fields. The parallel structure has proven advantageous in the
attenuation of propeller-generated noise and noise produced by rotating machines
with almost the same rotational speeds [2], [10].

The most widely used algorithm in ANC applications is the well-known Filtered-
X LMS algorithm owing to its simplicity and robustness [11]-[13]. In order to
improve the controller performance with regard to convergence rate, noise attenua-
tion and tracking performance, it could be possible to use faster and more efficient
algorithms [2],[14],[15]. However, an increased performance often leads to more
complex algorithms which demand greater computational capacity in the control
system. In addition, since the computational power of the DSP hardware is limited,
increased algorithm complexity allows fewer loudspeakers and error microphones
to be used. Accordingly, in applications where a large multiple-channel system is
needed, it is of great importance to keep down the computational complexity of the
algorithms so that a large number of loudspeakers and microphones can be used.

The feedforward technique presented in this paper inherently exploits the nar-
rowband assumption by using complex filtering and complex modeling of control
paths [16],[18]. The proposed complex algorithms are advantageous in narrowband
applications due to high convergence rate and low numerical complexity. These
advantages are primarily the result of the orthogonality of the quadrature com-
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ponents constituting the complex reference signals and the simplicity of complex
representation. In fact, the complex algorithm requires a minimum of adaptive and
control path parameters as compared to a straightforward time-domain approach
using ordinary FIR filters [11],[16],[18].

The ANC system and the multiple-reference algorithm are presented in Sec-
tion 2. In Section 3 the different normalization factors are described. The issue of
stability is discussed in Section 4. A comparison of the computational complexity of
the complex algorithm and the ordinary FIR-based FX LMS algorithm is presented
in Section 5. Variants of the actuator-individual normalized FX LMS algorithm
are presented in Section 6. Section 7 describes the evaluation and presents the
results. The Appendix addresses the differentiation of a real-valued cost function
with respect to a complex-valued parameter.

2 The Active Noise Control System

Consider the twin-reference feedforward active noise control system shown in Fig. 1.
The controller presented is based on parallel filtering of the periodic reference sig-
nals. The system inherently exploits the narrowband assumption by using complex
filtering. For each reference signal and loudspeaker a complex adaptive weight is
used to control the amplitude and phase of the reference signal. The real parts of
the filtered reference signals are then used to drive the loudspeakers. A general
model of the narrowband feedforward ANC system in Fig. 1 is shown in Fig. 2.

The algorithm used to update the weights is based on the complex FX LMS
algorithm. The advantage of such an algorithm is its low numerical complexity. The
algorithm is described for a general case with R reference signals and H harmonics
for each reference. Assume that M control microphones and L loudspeakers are
used and that M ≥ L. The loudspeaker signals yl(n), l = 1, 2, · · · , L in Fig. 1 are
generated according to

y(n) =
R∑

r=1

H∑
h=1

�{xrh(n)wrh(n)} . (1)

Here y(n) is an L × 1 vector of real-valued loudspeaker signals yl(n), xrh(n) is a
complex scalar reference signal, wrh(n) is an L× 1 vector of complex loudspeaker
weights wrhl(n), and �{·} denotes the real part. The real valued M × 1 vector
e(n) of microphone signals em(n), m = 1, 2, · · · ,M , is modeled by

e(n) = d(n) +
R∑

r=1

H∑
h=1

�{Frhxrh(n)wrh(n)} (2)

where the real M × 1 vector d(n) contains the primary noise dm(n) at the mi-
crophones m. The matrix Frh has the dimension M × L and contains the com-
plex control paths, each associated with the rth reference and the hth harmonic.
The control path Frhml includes the characteristics of the acoustic path between
loudspeaker l and microphone m as well as such electronic equipment as ampli-
fiers, D/A- and A/D-converters, anti-aliasing and reconstruction filters and the
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loudspeaker and control microphone. The controller is based on off-line measured
control paths.

The cost function to be minimized by the adaptive algorithm is given by

J = E

{
M∑

m=1

e2
m(n)

}
= E

{
eT (n)e(n)

}
(3)

where E {·} denotes the expectation operation. The quadratic cost function can
be minimized by using a gradient algorithm. As is customary in the derivation of
stochastic gradient algorithms, we regard the instantaneous cost function J(n) as
an estimate of the cost function (3), cf. [14], [15],

J(n) =
M∑

m=1

e2
m(n) = eT (n)e(n). (4)

The complex derivative of the real-valued cost function J(n) with respect to
the complex loudspeaker weights w∗

rh(n) is given by

∂J(n)

∂w∗
rh(n)

= x∗
rh(n)FH

rhe(n). (5)

where (·)∗ and (·)H denote the complex conjugation and the conjugate-transpose
operation respectively, see Appendix [14]. Define the LRH×LRH reference signal
matrix X(n) by

X(n) =




x11(n)I
x12(n)I

. . .

xRH(n)I


 (6)
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where I is the L × L identity matrix. Let the LRH × 1 vector w(n) and the
M × LRH matrix F be given by

w(n) =




w11(n)
w12(n)

...
wRH(n)


 , F =

(
F11 F12 · · · FRH

)
. (7)

The vector e(n) is thereby given by

e(n) = d(n) + �{FX(n)w(n)} (8)

and
∂J(n)

∂w∗(n)
= XH(n)FHe(n). (9)

The adaptive weight vector w(n) is updated in the direction of the negative
gradient vector for the cost function

w(n + 1) = w(n) − M∇J(n) (10)

where M is a matrix convergence factor of dimension LRH × LRH. This matrix
contains the step-size parameters. The relationship between the instantaneous
gradient vector and the complex derivatives of the cost function is given by [14]

∇J(n) = 2
∂J(n)

∂w∗(n)
. (11)

A compact matrix form for the weight updating scheme can now be written as

w(n + 1) = w(n) − 2MXH(n)FHe(n). (12)

In (12) and throughout the text it is understood that the matrix F should be
interchanged for the corresponding matrix of control path estimates F̂ whenever
applicable. However, in order to simplify notation we will keep the plain notation
F.

3 The Normalization Factors

The choice of matrix convergence factor M is very important and affects the per-
formance of the algorithm in terms of convergence rate and tracking ability. Either
a steepest descent algorithm (LMS algorithm) or a Newton’s algorithm can be ob-
tained [14],[15]. The matrix convergence factor for both algorithms is dependent
upon the Hessian matrix R of the cost function

J = E
{
ẽH(n)ẽ(n)

}
= wH(n)Rw(n) + wH(n)p + pHw(n) + c. (13)
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Here ẽ(n) is a complex vector of microphone signals given by

ẽ(n) = d(n) + FX(n)w(n) (14)

and

R = E
{
XH(n)FHFX(n)

}
(15)

p = E
{
XH(n)FHd(n)

}
(16)

c = E
{
dH(n)d(n)

}
. (17)

Note that the Hessian matrix R denotes a spatial cross-correlation matrix of refer-
ence signals transmitted through different control paths.

The novel actuator-individual normalized FX LMS algorithm is compared with
an ordinary normalized FX LMS algorithm. The ordinary normalized algorithm
utilizes a single normalization factor for the whole system, while the actuator-
individual normalized algorithm is normalized with respect to each loudspeaker
(actuator) and reference signal.

3.1 LMS Normalization

If the ordinary normalized LMS algorithm is to be used the matrix convergence
factor M may be chosen as a diagonal matrix given by

M =
µ0

trace {R}I =
µ0∑R

r=1

∑H
h=1 ρrh

∑M
m=1

∑L
l=1 |Frhml|2

I (18)

where µ0 denotes the step-size parameter, 0 < µ0 < 1, and ρrh the power of a
reference signal xrh(n) given by ρrh = E {|xrh(n)|2} [14],[15]. In this case, all
the adaptive weights wrh(n) are updated using the same convergence factor. The
ordinary normalized LMS algorithm is based on a convergence factor which is
dependent on the power of all reference signals and the control paths between all
loudspeakers and all microphones.

3.2 Actuator-Individual Normalization

By using Newton’s method it is possible to produce an algorithm which is more
efficient than the steepest descent algorithms [15]. In a Newton algorithm, the
matrix M in (12) may be chosen as

M = µ0R
−1 (19)

where 0 < µ0 < 1. If all the reference signals xrh(n) are assumed to be mutually
uncorrelated, the matrix R is block-diagonal and each block is given by

Rrh = ρrhF
H
rhFrh. (20)
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The weighting matrix M can now be chosen as a block diagonal matrix

M =




M11

M12

. . .

MRH


 , (21)

where each diagonal block is given by

Mrh = µ0R
−1
rh . (22)

Note that the correlation matrix Rrh involves no correlation over time. This
characteristic is closely related to the fact that the reference signal is scalar without
delays. The elements of Rrh reflect the cross-correlation of the reference signals
transmitted through different control paths as measured at the microphone posi-
tions:

Rrh = ρrh




∑M
m=1 |Frhm1|2

∑M
m=1 Frhm1F

∗
rhm2 . . .

∑M
m=1 Frhm1F

∗
rhmL

...
∑M

m=1 |Frhm2|2
...

. . .∑M
m=1 FrhmLF

∗
rhm1 . . .

∑M
m=1 |FrhmL|2


 .

(23)

Consider Figure 3. The cross-correlation of the reference signal xrh(n) is trans-
mitted through control paths Frhml and Frhml′ is thus given by
E[xrh(n)FrhmlF

∗
rhml′x

∗
rh(n)] = ρrhFrhmlF

∗
rhml′ . In the case of loudspeakers which are

spatially separated (large value of d), the corresponding cross-correlation will be
less significant at the microphone m due to lower coupling between the loudspeaker
l′ and the microphone m than between l and m.

l′

l

Frhml′

Frhml

dxrh(n)

m

Figure 3: The reference signal xrh transmitted through two different control paths
Fml and Fml′ .
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In applications of active noise control with a large number of loudspeakers and
microphones as are in aircraft found the acoustic coupling between the loudspeak-
ers will decrease as the distance between them increases. In our experience, this
situation leads to a matrix that is usually diagonally dominant, since the diagonal
elements contain magnitude squares of frequency responses, and the off-diagonal
elements result from cross products of different responses, cf. (23). Hence, the
diagonally dominant matrix Rrh may be approximated by its diagonal elements

Rrh ≈ diag {Rrh} . (24)

The novel normalized FX LMS algorithm is based on the diagonally dominant
properties of the correlation matrix Rrh. Actuator-individual normalization is in-
troduced. Each actuator l (loudspeaker) has an individual step-size parameter,
µrhl, for a given reference signal xrh(n). The convergence factor matrices are given
by

Mrh = µ0diag {Rrh}−1 =




µrh1

µrh2

. . .

µrhL


 (25)

where each diagonal element is given by

µrhl =
µ0

ρrh
∑M

m=1 |Frhml|2
. (26)

Note that the normalization factors for actuator-individual normalized algorithm
are dependent on the control paths between one loudspeaker and all microphones
for a given reference signal.

Although the approximation R ≈ diag {R} may be rather crude, it may be
efficient to use the actuator-individual normalized algorithm given by (12) and
(25). This is because in such cases this algorithm represents a sensible compromise
between the LMS and the Newton’s algorithm. The advantage of using (25) instead
of (22) is that no real-time matrix inversion and multiplications need be done: scalar
multiplications in accordance with (25) are sufficient. This is advantageous in an
ANC system based on on-line control path modeling.

The two variants of the normalized Filtered-X LMS algorithms are summarized
in Table 1. The update scheme of the algorithms is motivated by the assumption
that all reference signals are mutually uncorrelated.

Control-Algorithm wrh(n + 1) = wrh(n) − 2Mrhx∗
rh(n)FH

rhe(n)
Normalized FX LMS Mrh = µ0(trace {R})−1I

Actuator-Individual Normal. FX LMS Mrh = µ0diag {Rrh}−1

Table 1: Variants of complex-valued normalized Filtered-X LMS algorithms.
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For the presented convergence factors the denominators include ρrh. To avoid
division by zero if ρrh = 0 a small constant α can be added to the denominator, cf.
(26) and µrhl = µ0/(α + ρrh

∑M
m=1 |Frhml|2).

4 Stability Criterion

The following convergence analysis addresses the stability condition for the actuator-
individual normalized LMS algorithm, i.e. the choice of the step-size parameter µ0

to obtain a stable control system. The analysis is based on the assumption that
the reference signal matrix X(n) in (6) and the filter weight vector w(n) in (7)
are independent. Consider the update scheme for the filter weights given in (12).
From this equation it follows that w(n) is only dependent on past reference signal
vectors X(n− 1), X(n− 2) and so on [14],[15].

By using the vector of complex microphone signals and equation (14) in the
update scheme (12) and by taking the expected value of both sides of this equation
the following expression is obtained

E[w(n + 1)] = E[w(n)] − 2M
(
E[XH(n)FHd(n)] − E[XH(n)FHFX(n)w(n)]

)
.

(27)
The independent assumption and the expressions given in (15) and (16) enable the
equation to be rewritten as

E[w(n + 1)] = E[w(n)] − 2Mp − 2MRE[w(n)]. (28)

Using the optimum Wiener filter weight vector wopt = −R−1p and subtracting
wopt from both sides yields

E[w(n + 1)] − wopt = (I − 2MR)(E[w(n)] − wopt) (29)

which also can be written as

v(n + 1) = (I − 2MR)v(n) (30)

where v(n) = E[w(n)]−wopt. The Wiener filter weight vector wopt is obtained by
differentiating the cost function in (13) with respect to w(n) and equating to zero
[14],[15].

Consider the matrix MR. The matrix M contains the step-size parameter µ0

and elements associated with the different reference signals xrh(n), cf. (21),(25)
and (26). A rewrite of this matrix is given by

M = µ0M
′
= µ0




M
′
11

M
′
12

. . .

M
′
RH


 (31)

where each diagonal block is given by

M
′
rh = diag {Rrh}−1 . (32)
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Figure 4: The stability region for the actuator-individual normalized FX LMS
algorithm.

Now the matrix MR is written as

MR = µ0M
′
R (33)

Hence, the convergence behavior of the algorithm is determined by the LRH×LRH
non-Hermitian matrix M

′
R. To decouple the filter weights this matrix is decom-

posed in its diagonal eigenvalue matrix Λ = diag[λ1 λ2 · · · λLRH ] and eigenvector
matrix S. This is done using a decomposition of the matrix as

M
′
R = SΛS−1 (34)

provided that the inverse matrix S−1 exists. By using MR = µ0SΛS−1 and the
relation v

′
(n) = S−1v(n) the equation in (30) may be expressed as

v
′
(n + 1) = (I − 2µ0Λ)v

′
(n) (35)

and the solution to this difference equation is given by

v
′
(n) = (I − 2µ0Λ)nv

′
(0). (36)

The update equation is stable provided that the magnitude of the elements in the
matrix I − 2µ0Λ is less than unity

|1 − 2µ0λj| < 1. (37)

This stability criterion is satisfied when µ0λj lies within a circle (|µ0λj − 1
2
| < 1

2
)

in the complex plane as shown in Figure 4. As the eigenvalues λj may be complex
equation (56) can be rewritten in terms of the real (�{·}) and imaginary (�{·})
parts as √

(1 − 2µ0�{λj})2 + (2µ0�{λj})2 < 1 (38)
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or
(1 − 2µ0�{λj})2 + (2µ0�{λj})2 < 1. (39)

Expanding the above yields the expression

|µ0λj|2 − µ0�{λj} < 0 (40)

which can also be rearranged as

µ0 <
�{λj}
|λj|2

. (41)

The bounds on the step-size parameter µ0 for algorithm stability are given by the
criterion

0 < µ0 < min

{
�{λj}
|λj|2

}
. (42)

The matrix M
′
R has real and positive eigenvalues since it is a product of two

positive definite Hermitian matrices [17]. Figure 5 shows the 256 eigenvalues of
the matrix M

′
R for an ANC system based on 32 loudspeakers and 39 control

microphones and where 4 harmonics from 2 noise sources were controlled. Real
eigenvalues implies that the stability criterion in (42) can be simplified. A stable
system is now obtained for step-size parameters satisfying the following condition

0 < µ0 <
1

λmax

(43)

where λmax denotes the largest eigenvalue to the matrix M
′
R.

By introducing a more restrictive stability constraint than that given in (43) a
simpler method can be used to compute the upper limit of the convergence factor.
The restrictive stability constraint is based on that the largest eigenvalue cannot
be larger than the sum of all eigenvalues. The sum is in its turn equal to the trace
of matrix M

′
R

λmax <
J∑

j=1

λi = trace
{
M

′
R

}
. (44)

If all the reference signals xrh(n) are assumed to be mutually uncorrelated, the
matrix R is block-diagonal, and each block is given by Rrh = ρrhF

H
rhFrh. As a

consequence of the assumption of uncorrelated reference signals the matrix M
′
R

is also block diagonal

M
′
R =




M
′
11R11

M
′
12R12

. . .

M
′
RHRRH


 . (45)

Each L× L block is given by

M
′
rhRrh = diag {Rrh}−1 Rrh. (46)
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The trace of M
′
R is given by the sum of the trace of each block M

′
rhRrh. Each

such matrix has unity on the diagonal, yielding a simple result

trace
{
M

′
R

}
=

R∑
r=1

H∑
h=1

trace
{
M

′
rhRrh

}

=
R∑

r=1

H∑
h=1

trace
{
diag {Rrh}−1 Rrh

}
= LRH.

(47)

By combining the result above, (43) and (44) a simple stability criterion is ob-
tained. Hence, the actuator-individual normalized algorithm is stable for step-size
parameters within the range of

0 < µ0 <
1

LRH
. (48)

The result demonstrates that the upper limit is given by a simple expression which
is only dependent on the number of loudspeakers (L), the number of noise sources
(R) and the number of controlled harmonics from each source (H). This is a more
restrictive limit on µ0 than in (43), but is a much easier and more reliable in
practical applications. The number of frequency components to be controlled as
well as the number of loudspeakers are known.
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Figure 5: The eigenvalues of the matrix M
′
R. The matrix is based on control

paths measured in a propeller aircraft.
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5 Computational Complexity

The most widely used ANC systems are based on the ordinary FIR-based FX LMS
algorithm to update the filter weights. This algorithm is commonly used owing
to its simplicity [11]-[18]. The controllers are also often based on a parallel filter
structure. The computational complexity of a such controller is compared with
the actuator-individual normalized FX LMS algorithm and the filter structure de-
scribed in Section 2. The comparison is based on the computational complexity,
i.e. real multiplications, for each of the two implementations. The complex algo-
rithm requires a minimum of adaptive and control path parameters as compared
to a straightforward time-domain approach with ordinary FIR-filters.

An adaptive system involves two main parts: the filtering process generating
driving signals to the loudspeakers, and the update phase of the adaptive filter
weights. For systems using a large number of loudspeakers and microphones, the
pre-filtering of the reference signals (the filtered-x operation) requires high compu-
tational power.

In the complex case the pre-filtering of the complex reference signals with the
control paths is performed by a complex scalar multiplication of the reference signal
xrh(n) and the control path Fml: x′ml(n) = Fmlx(n). On the other hand, for the
FIR-filter, pre-filtering is given by x′

ml(n) = fT
mlx(n), where x(n) is a real-valued

reference signal vector, x(n) = [x(n) x(n − 1) · · · x(n − Q + 1)]T , and f denotes
a FIR-filter model, the impulse response function of the control path between
loudspeaker l and microphone m, fml = [f0 f1 · · · fQ−1]

T . The filter length Q is
chosen to ensure adequate modeling of the control paths.

Consider first the FIR-based controller with I weights in each control filter
wl(n) = [wl0 wl1 · · · wlI−1]

T and Q weights in the control path impulse responses.
The weight update scheme for the time-domain FX LMS algorithm is given by
[2],[11]:

wl(n + 1) = wl(n) − 2µ
M∑

m=1

x′
ml(n)em(n) (49)

where x′
ml(n) = [x′

ml(n) x′
ml(n − 1) · · · x′

ml(n − I + 1)]T . The driving signal to
loudspeaker l is given by

yl(n) = wT
l (n)x(n). (50)

where x(n) = [x(n) x(n− 1) · · · x′
ml(n− I + 1)]T .

Assume that the system is based upon L loudspeakers and M microphones.
For a single reference signal IL multiplications are carried out to compute the L
loudspeaker signals, and (Q + 1)IML multiplications are performed to compute
the weight update parts (the weight increments) for the L control filters. Consider
next the complex based controller (cf. Table 1 ):

wl(n + 1) = wl(n) − 2µlx
∗(n)

M∑
m=1

F̂ ∗
mlem(n). (51)

According to the structure (L + ML) complex multiplications or 4(L + ML) real
multiplications are required to compute the weight increments and 2L real mul-
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tiplications are needed to compute the loudspeaker signals. The complexity ratio
for the FIR-based controller to the complex based is defined by the number of real
multiplications for the FIR-based algorithm to the number of real multiplications
for the complex algorithm

Complexity ratio =
(Q + 1)IML + IL

4(L + ML) + 2L
. (52)

For example, for I = 2, Q = 2, L = 32 and M = 39 the FIR-based controller
requires 7552 real multiplications for each sample period, while the complex based
control only requires 5184 real multiplications. For a case based on I = 2, Q = 2,
L = 32 and M = 48 the number of real multiplications is given by 9280 and 6336 re-
spectively. Accordingly, the number of multiplications can be significantly reduced
if the complex algorithm is used instead of the ordinary FIR-based algorithm.

In addition, using the complex algorithm may also reduce the storage require-
ment. This algorithm is based upon present samples of the reference signals alone,
while the FIR-based structure is based upon present and past samples. In general,
the use of present samples alone reduces implementation complexity, resulting in
a simpler implementation of the algorithm. The implementation can usually be
made very compact, leading to fast execution of the code.

6 Algorithm Variants

6.1 Harmonic Individual Step-Size Parameters

To improve the performance of the ordinary actuator-individual normalized algo-
rithm a modified variant of the algorithm can be used. In the ordinary variant a
single step-size parameter µ0 is used for all harmonics. However, noise attenuation
may be improved with the aid of a simple modification in the form of an individual
step-size parameter µ0rh

for each harmonic. The convergence factor matrices Mrh

in (25) are modified to matrices given by

Mrh = µ0rh
diag {Rrh}−1 . (53)

The individual step-size parameters speed up the convergence rate for each of the
individual harmonics thereby increasing the noise attenuation. Care must, however,
be taken in the choice of step-size parameters in order to avoid instability. In a
practical situation it important that the ANC system can be adequately tested for
different values of µ0rh

for different operating conditions.

6.2 Control Effort Weighting

A variant of the actuator-individual normalized FX LMS algorithm is obtained
by incorporating leakage factors or control effort weighting [2],[19],[20]. The leaky
variant of the algorithm introduces constraints on the control signals and can there-
fore be used to limit the output power, thereby avoiding overloading of the control
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source (loudspeaker) amplifiers. In practical applications it is desirable to keep the
driving signals as small as possible, since clipping amplifiers may cause nonlinear
distortion. The power in controller output signals can be controlled by using a cost
function where the filter weights are included. The modified cost function to be
minimized is given by

J(n) =
M∑

m=1

e2
m(n) +

R∑
r=1

H∑
h=1

wH
rh(n)Γrhwrh(n) (54)

where Γrh denotes a diagonal matrix weighting the control effort and where its di-
agonal elements are given by γrhl, cf. (4). By including the control effort in the cost
function the controller is forced to minimize both the control microphone signals
and the loudspeaker signals. The higher the values in Γrh, the more important is
the contribution from the filter weights or the power of the control signals.

The complex derivatives of the modified cost function with respect to wrh(n)
are given by

∂J(n)

∂w∗
rh(n)

= x∗
rh(n)FH

rhe(n) + Γrhwrh(n). (55)

The leaky variant of the actuator-individual normalized FX LMS algorithm can
now be written as

wrh(n + 1) = Θrhwrh(n) − 2Mrhx
∗
rh(n)FH

rhe(n) (56)

where Θrh = I−2MrhΓrh. This matrix is diagonal and contains the leakage factors
θrhl on its diagonal, 0 < θrhl < 1. The value of θrhl is usually slightly less than
unity.

To simplify the analysis of the algorithm the real-value microphone signal vector
e(n) in (56) is substituted by the complex microphone signals given by ẽ(n) =
d(n) +

∑R
r=1

∑H
h=1 xrhFrhwrh(n). The update equation is now written as

wrh(n+ 1) = (I− 2MrhΓrh)wrh(n)− 2Mrhx
∗
rh(n)FH

rh[d(n) +
R∑

r=1

H∑
h=1

xrhFrhwrh(n)].

(57)

By taking the expected value E[·] of both sides of (57), using the assumptions
of uncorrelated reference signals as well as assuming that xrh(n) and wrh(n) are
independent, the filter weight updating associated with the reference signal xrh(n)
is given by

E[wrh(n + 1)] = E[wrh(n)] − 2Mrh[(Γrh + Rrh)E[wrh(n)] + prh]. (58)

Here Rrh = ρrhF
H
rhFrh and prh = E[x∗

rh(n)FH
rh(d(n)].

By setting the term in the square brackets to zero the optimal weight solution
for the leaky algorithm can be obtained as

wleaky
rhopt

= −[Γrh + Rrh]
−1prh. (59)
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Without control effort weighting Γrh = 0 the optimal weights are given by

wrhopt = −R−1
rh prh. (60)

Thus, the leaky algorithm seeks to reach the optimal weight solution in (59) in-
stead of that in (60). The effect of control effort weighting can now be studied by
comparing (59) and (60). The presence of the diagonal weight matrix Γrh in (59)
results in the magnitudes of the weights in wleaky

rhopt
being less than or equal to the

magnitudes of the weights in wrhopt . The difference between the weights increases
with increasing control effort weighting. However, small filter weights lead to low
controller output signals, yrh(n) = xrh(n)wleaky

rh (n), and reduced noise attenuation.
Accordingly, a limitation of the control signals (Γrh �= 0) is obtained at the expense
of reduced attenuation of the controlled noise components.

It is seen that the weights are strongly dependent on the control path matrices
Rrh = ρrhF

H
rhFrh. Inversion of an ill-conditioned matrix FH

rhFrh leads to a solution
with large filter weights, see (60). To attain such optimum weights large control
signals are generally required. The algorithm, without leakage, seeks to minimize
the mean squared error, resulting in the control signals possibly drifting until they
reach a saturation limit. Hence, for ill-condition control path matrices the leaky
variant is used rather than the unconstrained algorithm.

The convergence factor matrix Mrh for the leaky variant of the actuator-
individual normalized FX LMS algorithm can be obtained by considering the cost
function, cf. (13) and (54)

J = wH(n)(Γ + R)w(n) + wH(n)p + pHw(n) + c. (61)

where Γ = diag(Γ11 Γ12 · · · ΓRH). The assumption of uncorrelated reference
signals results in a block diagonal matrix R with the diagonal block Rrh. Hence
the diagonal block in Γ + R is given by Γrh + Rrh. The convergence factor matrix
Mrh for the leaky algorithm can be obtained by following the steps outlined in
Section 3.2. Accordingly the convergence factor matrix here is expressed as

Mrh = µ0diag {Γrh + Rrh}−1 (62)

where each diagonal element is given by

µrhl =
µ0

γrh + ρrh
∑M

m=1 |Frhml|2
. (63)

A stability constraint of µ0 can now be obtained by considering trace
{
M

′
(Γ + R)

}
where the block diagonal matrix M

′
is associated with (62), cf. (47)

trace
{
M

′
(Γ + R)

}
=

R∑
r=1

H∑
h=1

trace
{
M

′
rh(Γrh + Rrh)

}

=
R∑

r=1

H∑
h=1

trace
{
diag {Γrh + Rrh}−1 (Γrh + Rrh)

}
= LRH. (64)
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The above result demonstrates that by using a normalization given in (62) the
stability range of µ0 is the same as previously shown

0 < µ0 <
1

LRH
. (65)

7 Computer Experiment

The performance evaluation of the two algorithms is based on a computer exper-
iment using noise recorded inside a in a twin-engine propeller aircraft, a Dornier
328, during flight. All the control paths between the control sources and the con-
trol microphones were also measured. The evaluation was made for two different
flight conditions: steady cruise flight, and transition from climb to cruise flight.
In cruise flight the propellers were synchronized with a constant rotational speed
and the Blade Passage Frequency (BPF) was 105 Hz. For the second flight condi-
tion, the engine rotational speed varied and an occasional slight rotational speed
difference between the propellers was observed. The BPF dropped from 110 Hz to
105 Hz and the maximal BPF difference was approximately 1 Hz. These specific
flight conditions were chosen in order to examine the stationary and the dynamic
properties of the proposed control algorithms.

Primary noise was recorded by 39 microphones mounted at the passengers’
head rests. A tachometer signal from each engine with one pulse per revolution
was available and was synchronously recorded with the noise. All the signals were
recoded with a 1024 Hz sampling rate. The control paths between the 32 loud-
speakers mounted on the trim panels to the 39 error microphones situated at the
head rests were identified using white noise excitation and with a 1 Hz resolution.

Throughout the evaluation the control algorithms were set up to attenuate the
BPF up to 4×BPF from the left and right propellers, respectively. The reference
signals, which are in this case complex, were generated by filtering the tachometer
signals through an FFT-filter bank [6],[21]. The step-size parameter µ0 was chosen
as 1/10 of the value causing instability µ0max . The value of µ0max was determined by
an iterative experiment. The experiment was repeated many times with different
values for the step-size parameter µ0. The first run used a small value for µ0. One
each successive repetition of the experiment the step-size parameter was slowly
increased until instability occurred.

The control algorithms were evaluated with respect to the convergence proper-
ties and by comparing the noise attenuation with the least square optimum atten-
uation. Convergence behavior is presented as the normalized mean Sound Pressure
Level (SPL) versus time (learning curves), normalized to 0 dB at t = 0 seconds.
The narrowband mean SPL was calculated as follows: the microphone signals em(n)
were filtered with a 256-point FFT-filter bank at the hth harmonic, yielding

Emh(n) =
255∑
l=0

hqem(n + q)e−j 2π
256

khq (66)

where hq is a Hanning window and kh is the FFT-bin corresponding to the hth
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harmonic. The mean SPL at time index n and harmonic h is the average power
over all microphones:

M∑
m=1

|Emh(n)|2. (67)

The narrowband mean reduction in dB at time index n and harmonic h was cal-
culated by the logarithmic ratio

10 log10

∑M
m=1 |Dmh(n)|2∑M
m=1 |Emh(n)|2

(68)

where Dmh(n) was obtained by filtering the primary noise signals dm(n) as in (66).
The optimum least squares reduction at time index n and harmonic h was calcu-
lated by solving (2) in least squares sense over 256 data points [22]. Minimization
was performed with respect to the complex vectors wrh. Data was then filtered with
the optimum filter weights, and the corresponding narrowband mean reduction was
calculated as in (68).

7.1 Convergence Performance (Steady Cruise Flight)

In the steady cruise flight condition, the BPFs of the two propellers were stationary
at 105 Hz. As a result, there was thus no need to change the control paths Frh in
the algorithms.

Figure 6 shows the normalized mean SPL versus time at BPF for the pri-
mary noise and the two algorithmic variants given in Table 1. The adaptation is
switched on after approximately 1/3 second. The overall result in the figure is
that the actuator-individual normalized algorithm performs better than the ordi-
nary normalized algorithm in terms of convergence rate and noise attenuation. It
is obvious from the learning curves that the actuator-individual normalized algo-
rithm exhibits a faster convergent initial mode which in turn results in higher noise
attenuation.

The direct path movement is obtained since the convergence factor matrix Mrh

for the Newton’s algorithm is based on R−1
rh . The expressions given in (22) and (25)

show the weight matrices for the Newton’s algorithm and the actuator-individual
algorithm respectively. As previously mentioned, when the correlation matrices Rrh

are diagonally dominant, these matrices can be approximated by their diagonals:

Rrh ≈ diag {Rrh} . (69)

The fast convergence behavior demonstrates that the actuator-individual nor-
malized algorithm is more similar to Newton’s algorithm than to the ordinary LMS
algorithm. The Newton algorithm traces the direct path to the optimal solution,
i.e. the change is in the direction of the minimum of the cost function. On the other
hand, the ordinary LMS algorithm follows the direction of the negative gradient,
the steepest descent, of the cost function until it reaches the optimum.

Figure 7 shows the magnitude of the elements in the correlation matrices Rrh

for the harmonics BPF-4×BPF. The diagonally dominant characteristics of these
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Figure 6: The normalized mean SPL versus time at BPF (105 Hz) in cruise flight:
(a) Primary noise; (b) Normalized FX LMS; (c) Actuator-individual normalized
FX LMS.

matrices are clearly shown. For these cases the actuator-individual normalized FX
LMS algorithm may approximate the Newton’s algorithm quite well.

Table 2 summarizes the narrowband mean reduction of the BPF and three har-
monics averaged over the 39 microphones at approximately 9 seconds. The table
also shows the calculated optimum least squares reduction at the corresponding
time. By using the actuator-individual normalized FX LMS algorithm a signifi-
cantly improved noise attenuation can be obtained. A comparison with the calcu-
lated optimum attenuations demonstrates that the algorithm performed well. The
differences between obtained and optimum attenuation for the different harmonics
were in the interval 1-2.5 dB.

Control-Algorithm/Method BPF 2×BPF 3×BPF 4×BPF
[dB] [dB] [dB] [dB]

Normalized FX LMS 17.1 11.6 5.1 3.8
Actuator-Individual Normal. FX LMS 19.2 13.1 6.7 5.3
Optimum least squares 21.3 15.5 7.7 6.1

Table 2: The narrowband mean reduction of the primary noise in the cruise flight
condition.
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Figure 7: The diagonally dominant 32×32 correlation matrices Rrh at BPF-4BPF
(linear scale).

In practical situations it is difficult to choose a suitable value for the step-size
µ0 in order to avoid instability. The limitation µ0 < 1 does not generally guarantee
convergence. The value of µ0max was experimentally determined for different control
conditions using the iterative approach described in Section 7. The maximum step-
size, µ0max , was the largest step-size found that gave a stable result. The values
of µ0max compared to the predicted values calculated using (48) are presented in
Tables 3 and 4. Table 3 presents the results from the control conditions: first
controlling BPF from the two propellers, and then controlling the BPF and 2×BPF,
and so on (R=2 and H=1–4). Table 4 shows the results from a condition where
the BPF–4×BPF from a single propeller was controlled (R = 1 and H = 4) and
the number of loudspeakers used varied.

The experimental and calculated instability values of µ0max are clearly dependent
on the number of controlled harmonics as well as the number of loudspeakers. It
was observed that the maximum value of the step-size decreases with the number of
controlled harmonics, as is clearly shown in the expression for the predicted upper
limit in (48). The results demonstrate that if the criterion in (48) is satisfied the
system will be stable. The stability limit in (48) actually lies well inside the true
stability limit in all the cases examined. The values of the experimental observed
µ0max are approximately 5-10 times greater than the calculated values.

Although there are differences between the observed and the calculated values
the stability criteria in (48) can be useful in practical applications. By using the
simple criterion in (48) it is easy to obtain a value for the step-size that guarantees
stability. However, an improved system performance can be achieved by increasing
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the step-size. The calculated value of µ0 can thus be used as an initial value in
an iterative process where the step-size value is slowly increased until the desired
performance is obtained. This should cause no problem in a practical situation
provided that the system can be adequately tested.

Controlled harmonics BPF BPF-2×BPF BPF-3×BPF BPF-4×BPF
Experimental µ0max 0.093 0.068 0.048 0.039
Calculated µ0max , 0.016 0.0078 0.0052 0.0039

Table 3: Comparison between the experimental and calculated maximum value of
µ0 to guarantee stability. The ANC system controlled the BPF up to 4×BPF from
both propellers (R = 2, H = 1 − 4) using L=32 loudspeakers and M=39 control
microphones.

Number of Loudspeakers L=16 L=24 L=32
Experimental µ0max 0.097 0.071 0.065
Calculated µ0max 0.016 0.011 0.0078

Table 4: Comparison between experimental obtained and calculated maximum
value of µ0 to guarantee stability. The ANC system controlled the BPF–4×BPF
(H = 4) from a single propeller (R = 1) using L loudspeakers and M=39 control
microphones.

Method BPF 2×BPF 3×BPF 4×BPF
[dB] [dB] [dB] [dB]

Same step-size for all harmonics µ0 19.2 13.1 6.7 5.3
Individual step-size for each harmonic µ0rh

20.2 14.9 7.0 5.6
Optimum least squares 21.3 15.5 7.7 6.1

Table 5: The narrowband mean reduction of the primary noise (cruise flight condi-
tion) using a single step-size parameter, µ0, for all harmonics or harmonic individual
step-size parameters, µ0rh

, cf. (25) and (53)
.

As discussed in Section 6.1 performance can be improved by using an individ-
ual step-size parameter µ0rh

for each harmonic. Table 5 shows the attenuation
for BPF–4×BPF using a controller based upon a single µ0 for all harmonics and
one based upon individual step-size parameters µ0rh

for each harmonic. Each con-
troller simultaneously controlled the BPF–4×BPF from the two propellers. In this
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Figure 8: The normalized mean SPL versus time at BPF (105 Hz) when using
a leakage variant of the actuator-individual normalized FX LMS algorithm where
Θrh = θ0I: (a) θ0 = 1; (b) θ0 = 0.99999; (c) θ0 = 0.9999; (d) θ0 = 0.999.

case µ0rh
was chosen as 1/10 of the value causing instability for each harmonic,

µ0rh
= 1

10
µ0rh max

. To obtain µ0rh max
the iterative procedure previously described

was employed. During the adjustment phase a single harmonic from each propeller
was only simultaneously controlled, i.e. BPF or 2×BPF and so on. A disadvantage
with using individual harmonic step-size parameters is, however, that adjusting
proper values of each µ0rh

can be time consuming.
Figure 8 shows the normalized mean SPL at the BPF for a leaky actuator-

individual normalized FX LMS algorithm. One case without leakage and three
cases with leakage are displayed. In the experiment the same leakage factor was
used for all harmonics and loudspeakers. The matrix leakage factor was Θrh = θ0I
for all r and h. The mean noise attenuation obtained is presented in Tab. 6. The
mean output power of the loudspeaker signals for the different cases was calculated
and compared to the case without leakage, case (a). The mean reduction in the
output power is also presented in Table 6.

The results demonstrate that the last dB of attenuation requires more control
power than the first dB of reduction. Compare cases (a) and (d). In case (d)
the output power was reduced by 3.8 dB and a noise attenuation of 15.3 dB was
obtained, as compared to 19.2 dB without leakage. Although large leakage was
used a significant noise reduction was obtained.

A comparison of the observed and calculated values of µ0 max for the leaky
algorithm is presented in Table 7. The results also shows for this case that the
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Leakage factor θ0 1 0.99999 0.9999 0.999
Mean Attenuation at BPF [dB] 19.2 19.1 18.2 15.3
Mean Attenuation at 2×BPF [dB] 13.1 13.0 12.2 8.7
Mean Attenuation at 3×BPF [dB] 6.2 6.7 6.6 5.1
Mean Attenuation at 4×BPF [dB] 5.3 5.4 5.2 4.7
Output Power Reduction [dB] 0 0.12 0.98 3.8

Table 6: The relation between the mean noise attenuation at BPF and the output
power reduction of the loudspeaker signals for different leakage factors, cf. Figure 8
(a)–(d).

Leakage factor θ0 1 0.99999 0.9999 0.999
Experimental µ0max 0.0395 0.0395 0.0396 0.0400
Calculated µ0max , 0.00361 0.00361 0.00361 0.00361

Table 7: Comparison between the experimental and calculated maximum value
of µ0 to guarantee stability. The ANC system is based on the leaky actuator-
individual normalized FX LMS algorithm. The BPF–4×BPF from both propellers
were controlled using L=32 loudspeakers and M=39 control microphones.

stability limit given in (65) lies well inside the true stability limit. Accordingly, the
simple stability criterion is useful when using the ordinary or the leaky variant of
the actuator-individual normalized algorithm.

7.2 Tracking Performance (Transition from Climb to Cruise
Flight)

The tracking performance of the algorithms was evaluated using the non-stationary
climb to cruise flight condition. The BPFs of the two propellers varied from 110 Hz
down to 106 Hz, as shown in Figure 9. The smoothed curves depict the actual
variation in BPFs. The control paths Frh in the model error signal (2) and in the
algorithm update equations, see Table 1, were changed simultaneously according
to the frequency variations. The unsmoothed curves in Figure 9 show the change
in the control paths. The control paths were measured with a resolution of 1 Hz.

In the above flight condition with time-varying rotational speed, the delay in
reference generation caused by the FFT-filter bank leads to decreased correlation
between the reference signals and the primary noise signals. The decreased reduc-
tion due to the deteriorated correlation is clearly shown in Figure 10. Note how
the reduced noise attenuation coincides with the frequency variations visible at
approximately 1.7 and 5.3 seconds as shown in Figure 9. In non-stationary flight
conditions it is thus very important that delays in the reference signals are as short
as possible. In stationary conditions, on the other hand, there is always enough cor-
relation between narrowband (sinusoidal) signals, i.e. it is always possible to find
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Figure 9: The BPF variations during the transition from climb to cruise flight is
shown by the smoothed curves. The unsmoothed curves show the control path
changes during the computer evaluation. Solid lines: Left propeller. Dashed lines:
Right propeller.

correlation between periodic signals of the same frequency, irrespective of delays.
Tracking behavior is shown in Figure 10, which shows the normalized mean SPL

versus time. The actuator-individual normalized FX LMS algorithm exhibits the
best tracking performance. Table 8 summarizes the narrowband mean reduction
for the same time samples at approximately 9 seconds.

Control-Algorithm/Method BPF 2×BPF 3×BPF 4×BPF
[dB] [dB] [dB] [dB]

Normalized FX LMS 13.5 7.9 5.2 2.9
Actuator-Individual Normal. FX LMS 16.6 9.9 5.8 4.9
Optimum least squares 25.4 12.7 6.8 6.8

Table 8: The narrowband mean reduction of the primary noise in the climb to
cruise flight condition.
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Figure 10: The normalized mean SPL versus time at BPF (105 Hz) the climb to
cruise flight: (a) Primary noise; (b) Normalized FX LMS; (c) Actuator-individual
normalized FX LMS.

8 Summary and Conclusions

This paper presents a comparison of multiple-reference, multiple-channel adap-
tive algorithms for active control of propeller-induced interior aircraft noise. The
feedforward control algorithms inherently exploit the narrowband assumption by
using complex filtering and complex modeling of control paths. The algorithms are
based on the ordinary complex Filtered-X LMS algorithm using different normal-
ization factors. The performance of the introduced actuator-individual normalized
Filtered-X LMS algorithm was compared to the ordinary normalized Filtered-X
LMS using a single normalization for the whole system. The evaluation was per-
formed on cabin noise recorded in a twin-engine propeller aircraft in-flight.

The results indicate that the actuator-individual normalized Filtered-X LMS
algorithm exhibits better performance than the conventional normalized Filtered-
X LMS algorithm with respect to properties such as convergence rate, steady-state
noise reduction and tracking behavior. The noise reduction obtained using the
actuator-individual normalized algorithm was close to the optimum noise reduction,
calculated by using the measured primary noise and control paths.

A stability criterion for the actuator-individual normalized algorithm has also
been presented. The criterion is very simple and is based on the number of fre-
quency components to be controlled and the number of loudspeakers. As a result,
a step-size giving a stable control system can easily be calculated.
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Appendix

The purpose of this appendix is to show the differentiation of a real-valued function
with respect to a complex-valued parameter or vector [14]. Differentiation with
respect to a complex variable w may be defined by

∂

∂w∗ =
1

2

(
∂

∂a
+ j

∂

∂b

)
(70)

where w = a + jb, cf. [14]. Using this definition, the following relationships may
be verified

∂

∂w∗ (�{g})2 = �{g} ∂

∂w∗ (g + g∗), (71)

∂

∂w∗w
∗c = c, (72)

∂

∂w∗wc = 0 (73)

where g is a complex function of w, c is a complex constant, (·)∗ denotes complex
conjugation and �{·} denotes the real part.

The real microphone signal em(n) is given by

em(n) = dm(n) + �
{

L∑
l=1

Fmlx(n)wl

}
(74)

and the complex microphone signal ẽm(n) can now be written as

ẽm(n) = dm(n) +
L∑

l=1

Fmlx(n)wl. (75)

The real-valued cost function to be minimized by the adaptive algorithm is given
by

J(n) =
M∑

m=1

e2
m(n). (76)

By using the relationships (71)–(75), the following derivatives are obtained

∂ẽm(n)

∂w∗
l

= 0. (77)

and
∂ẽ∗m(n)

∂w∗
l

= x∗(n)
M∑

m=1

F ∗
ml. (78)
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The derivatives of the real function J(n) with respect to the complex weight
w∗

l can now be obtained as

∂J(n)

∂w∗
l

= x∗(n)
M∑

m=1

F ∗
mlem(n). (79)

Matrix notation is now introduced in order to simplify further development.
Let e(n) denote a real M × 1 vector containing the elements em(n), given by

e(n) = d(n) + �{Fx(n)w} (80)

where d(n) is a real M × 1 vector containing the elements dm(n), w is a complex
L × 1 vector with elements wl and F is a complex M × L matrix with elements
Fml.

Let ∂
∂w∗ denote the vector partial derivative operator with elements ∂

∂w∗
l
. The

derivatives of J(n) = eT (n)e(n) with respect to the vector w∗ are then given by

∂J(n)

∂w∗ = x∗(n)FHe(n). (81)

where (·)T and (·)H denote the transpose and the conjugate–transpose operation
respectively.
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[7] S. Johansson, T. Lagö, S. Nordebo, I. Claesson, “Control Approaches for Ac-
tive Noise Control of Propeller-Induced Cabin Noise Evaluated from Data from
a Dornier 328 Aircraft,” In Proceedings of International Congress on Sound
and Vibration, pp. 1611-1618, 1999.

[8] A. von Flotow, M. Mercadal, “The Measurement of Noise and Vibration Trans-
mitted into Aircraft Cabins,” Sound and Vibration, pp. 16–19, October 1995.
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Abstract

This correspondence presents an evaluation of multiple–reference adap-
tive algorithms. Two LMS–types and a Newton–type algorithm are consid-
ered. The special structure of the adaptive filtering problem implies that the
Newton–type algorithm can be implemented with the same numerical com-
plexity as LMS–type algorithms. The concept of a fast filtered–x Newton
algorithm is thus introduced.

1 Introduction

This correspondence concerns the problem of active noise control (ANC) in pro-
peller aircraft, cf. [1], and in particular on Dornier 328 aircraft data. Since the
sound field inside such aircraft is usually dominated by narrowband noise harmon-
ics generated by the propellers, and the aircraft are usually fitted with tachometer
devices from which a tachometer signal corresponding to each engine can be ob-
tained, the situation is well–suited for using a filtered–x feedforward ANC technique
[2]–[4]. The tachometer signals can be used to generate narrowband reference sig-
nals containing the same frequency components as the propeller–induced noise.
These reference signals are then filtered through an adaptive controller in order to
generate the driving signals to the loudspeakers, generating the secondary sound
field inside the aircraft cabin.

The feedforward technique presented inherently exploits the narrowband as-
sumption by using frequency domain filtering and complex modeling of acoustic
paths. The proposed complex algorithms are advantageous in narrowband appli-
cations due to high convergence rate and low numerical complexity [2],[5],[6]. The
special structure of the adaptive filtering problem implies that the Newton–type
algorithm [3],[7] can be implemented with the same numerical complexity as LMS–
type algorithms.
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2 The Multiple–Reference Complex Adaptive

Algorithms

The multiple reference controller using L loudspeakers and M microphones is de-
scribed below for a general case with R reference signals and H harmonics for each
reference. The following notation is introduced: Let xrh(n), wrh and Frh denote
the complex scalar reference signal, the L×1 vector of complex loudspeaker weights
and the M ×L matrix of complex transfer functions of acoustic paths respectively,
each associated with the rth reference and the hth harmonic. It is assumed that
the reference signals xrh(n) are mutually uncorrelated.

The real M ×1 vector e(n) of broadband microphone signals em(n), is given by

e(n) = d(n) +
R∑

r=1

H∑
h=1

�{Frhxrh(n)wrh} (1)

where n is time index, d(n) is a real M × 1 vector containing primary sound at the
microphones, and �{·} denotes the real part. A block diagram representation of
this equation is shown in Fig. 1.

. .
 .

. .
 .

. .
 .

. .
 .

+ +

d(n)

e(n)

Adaptive
Algorithm

w11

wRH

x11(n)

xRH(n)

F11

FRH

�{·}

Figure 1: A model of the feedforward active noise control system.

The objective function to be minimized by the adaptive algorithm is given by

J(n) =
M∑

m=1

e2
m(n) = eT (n)e(n). (2)

The derivative of (2) with respect to the complex weight vector w∗
rh is given by [6]

∂J(n)

∂w∗
rh

= x∗
rh(n)FH

rhe(n) (3)
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where (·)∗ and (·)H denote complex conjugation and conjugate–transpose respec-
tively. The complex gradient in (3) is used to define the updating scheme of the
adaptive algorithm, given by

wrh(n + 1) = wrh(n) − 2Mrhx
∗
rh(n)FH

rhe(n) (4)

where Mrh is a matrix weighting factor of dimension L×L. The algorithm in (4) is
motivated by the assumption that all reference signals are mutually uncorrelated.
Hence, the matrices that govern the convergence properties (in a simplified analysis)
are given by the second differential (Hessian) of J = E[eT (n)e(n)] with respect w∗

rh

Rrh = ρrhF
H
rhFrh (5)

where ρrh = E {|xrh(n)|2}. If the well–known LMS–algorithm is to be employed,
the weighting factor Mrh may be chosen as

Mrh =
µ0

trace {Rrh}
I (6)

where 0 < µ0 < 1 and I is the identity matrix.
In a Newton–like algorithm, the matrix Mrh in (4) may be chosen as

Mrh = µ0R
−1
rh (7)

where 0 < µ0 < 1.
Note that the elements of Rrh reflect the spatial cross–correlation of the ref-

erence signal transmitted through different loudspeaker paths as measured at the
microphone positions. For loudspeakers which are widely spatially separated, the
corresponding cross–correlation will be small at all microphone positions. In many
practical situations, such as in aircraft, this condition holds, and the matrix Rrh

will become diagonally dominant, see Fig. 2. In this case, the matrix factor Mrh

can be chosen as
Mrh = µ0(diag {Rrh})−1 (8)

The special structure of the algorithm in (4) originates from the fact that the
acoustic path pre–filtering of the reference signal (the filtered–x operation) is per-
formed by a complex scalar multiplication of the reference signal with the matrix of
acoustic path parameters. This means that the matrix factor Mrh in (4) may be in-
corporated with the matrix FH

rh in advance, yielding a new matrix Grh = MrhF
H
rh,

which takes the role of FH
rh. The matrix Grh has the same dimension as FH

rh. With
Grh = R−1

rh FH
rh, the fast filtered–x Newton algorithm is obtained. The three differ-

ent variants of filtered–x complex adaptive algorithms are summarized in Table 1.
Note that all three algorithms in the table require approximately LM multiplica-
tions. Thus, the fast filtered–x Newton algorithm is fast in the sense that it has
the same computational complexity as the ordinary filtered–x LMS–algorithm.
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Figure 2: The diagonally dominant 32×32 correlation matrices Rrh at BPF-4BPF,
measured in a Dornier 328 (32 loudspeakers and 39 microphones).

Control–Algorithm wrh(n + 1) = wrh(n) − 2µ0xrh(n)Grhe(n)

Complex Filtered–x LMS Grh = (ρrhtrace
{
FH

rhFrh

}
)−1FH

rh

Actuator–Individual Filtered–x LMS Grh = (ρrhdiag
{
FH

rhFrh

}
)−1FH

rh

Fast Filtered–x Newton Grh = (ρrhF
H
rhFrh)

−1FH
rh

Table 1: Three different variants of filtered–x complex adaptive algorithms.
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3 Evaluation Examples

The computer evaluations presented in this paper are based on noise recordings and
acoustic measurements performed in a twin–engine propeller aircraft, a Dornier
328. Two different flight conditions (steady cruise flight and climb to cruise flight)
are evaluated in order to investigate the asymptotic and the dynamic properties
of the control algorithms proposed. The primary noise field was recorded at 39
microphones placed at the passenger head level, and using a sampling rate of 1024
Hz. A tachometer signal related to each engine was also synchronously recorded
with the noise field. The control algorithm was set up to cancel the four noise
harmonics of the blade passage frequency (BPF–4×BPF) corresponding to the
left and right propellers respectively. The transfer functions (acoustic paths) were
measured from 32 loudspeakers (mounted on the trim panels) to the 39 microphones
using white noise excitation, and with a 1 Hz resolution. The complex reference
signals were obtained by filtering the tachometer signals through a 512–point FFT
filter bank (one for each reference). The entire ANC system is shown in Fig. 3.

High frequency resolution (long FFT length) was required since the tachometer
signals consisted of one pulse only per propeller revolution. In order to compensate
for the relatively long delay induced by the 512–point FFT filter banks, the primary
noise field was delayed 256 samples prior to evaluation.

For both conditions of flight, the three different variants of filtered–x complex
adaptive algorithms given in Table 1 were compared. The resulting mean sound
pressure level (SPL) was calculated as follows: The microphone signals em(n) were
filtered with a 256–point FFT filter bank at the hth harmonic, yielding

Emh(n) =
255∑
q=0

hqem(n + q)e−j 2π
256

khq (9)

where hq is a Hanning window and kh is the FFT bin corresponding to the hth
harmonic. The narrowband mean reduction at time index n and harmonic h was
calculated by the logarithmic ratio of the average power over all microphones

10 log10

∑M
m=1 |Dmh(n)|2∑M
m=1 |Emh(n)|2

(10)

where Dmh(n) was obtained by filtering the primary noise signals dm(n) as in (9).
The optimum reduction at time index n and harmonic h was calculated by

solving (1) in least squares sense over 256 data points n, n + 1, · · · , n + 255. The
minimization was performed with respect to the complex vectors wrh. Data was
then filtered with the optimum filter weights, and the corresponding narrowband
mean reduction was calculated as in (10). In the evaluation the normalized con-
vergence factor µ0 of each algorithm was chosen as 1/10 of the value for which the
algorithms became unstable.
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Figure 3: Twin–reference, multiple–channel system for active noise control.
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3.1 Evaluation of the Steady Cruise Flight Condition

In the steady cruise flight condition, the BPFs of the two propellers were almost
stationary at 105 Hz. There was thus no need to change the acoustic paths Frh in
the model (1) and in the algorithm update equation (4).

Figure 4 shows the normalized mean SPL versus time for the primary sound
field and the three algorithmic variants given in Table 1. The fast Newton vari-
ant showed the highest rate of convergence and the best agreement with optimum
reduction, as expected. The narrowband mean reduction of the harmonics at ap-
proximately 8.5 seconds are summarized in Table 2. Figure 5 shows the power spec-
trum of the primary and reduced sound field averaged over all microphones. The
microphone signals have been added up, then analysed (using the Welch method
[8] with 2048 last data, blocks of 256 samples, and Hanning window). The figure
shows that the first two harmonics strongly dominate the primary noise field.

Figure 6 illustrates the SPL of the primary noise inside the cabin at the BPF
and the SPL achieved at the BPF by using the actuator–individual filtered–x LMS
algorithm.

Mutually uncorrelated reference signals were assumed in order to give a simpli-
fied development of the algorithms in Section 2 Note that the algorithms performed
well even though the reference signals were correlated in the present example.

Control–Algorithm/Method BPF 2×BPF 3×BPF 4×BPF
[dB] [dB] [dB] [dB]

Complex Filtered–x LMS 18.1 12.4 6.5 4.5
Actuator–Individual Filtered–x LMS 18.9 12.6 6.7 5.1
Fast Filtered–x Newton 21.1 14.6 7.4 5.8
Optimum least squares 21.3 15.5 7.7 6.1

Table 2: The narrowband mean reduction of the primary noise in the steady cruise
flight condition.
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Figure 4: Simulation of the mean SPL versus time at BPF (105 Hz) in the steady
cruise flight condition. (a) Primary sound field. (b) Complex filtered–x LMS. (c)
Actuator–individual filtered–x LMS. (d) Fast filtered–x Newton. Adaptation is
switched on after approximately 1/3 second. The optimum least squares reduction
is indicated by the level in the lower right corner.
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Figure 5: Simulation of the power spectrum of the primary and reduced sound field
averaged over all microphones. Upper solid line: Primary sound field. Lower solid
line: Complex filtered–x LMS. Dashed line: Fast filtered–x Newton.
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Figure 6: The SPL at BPF (105 Hz) inside the cabin at passenger head level. (a)
Primary sound field. (b) Reduced sound field (actuator–individual filtered–x LMS
algorithm). Note that the levels are not absolute sound pressure levels.
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3.2 Evaluation of the Climb to Cruise Flight Condition

In the climb to cruise flight condition, the BPFs of the two propellers were changed
from 110 Hz to 106 Hz as shown in Fig. 7. This plot was produced by employing a
1024–point FFT analysis (1 Hz resolution) of the corresponding tachometer signals.
The acoustic paths Frh in the model (1) and in the algorithm update equation (4)
were changed simultaneously according to this FFT analysis.

0 1 2 3 4 5 6 7 8 9
105

106

107

108

109

110

111

Time [s]

Blade Passage Frequency (BPF) [Hz]

Figure 7: The BPFs of the two propellers during the climb to cruise flight condition.
Solid line: Left propeller. Dashed line: Right propeller.

Control–Algorithm/Method BPF 2×BPF 3×BPF 4×BPF
[dB] [dB] [dB] [dB]

Complex Filtered–x LMS 19.0 10.3 2.1 0.3
Actuator–Individual Filtered–x LMS 19.9 10.7 2.3 0.3
Fast Filtered–x Newton 22.3 12.4 2.9 0.5
Optimum least squares 25.8 12.7 2.3 0.1

Table 3: The narrowband mean reduction of the primary noise in the climb to
cruise flight condition.
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Figure 8: Simulation of the mean SPL versus time at BPF (106–110 Hz) in the climb
to cruise flight condition. (a) Primary sound field. (b) Complex filtered–x LMS.
(c) Actuator–individual filtered–x LMS. (d) Fast filtered–x Newton. Adaptation is
switched on after approximately 1/3 second. The optimum least squares reduction
is indicated by the level in the lower right corner.

Figure 8 shows the normalized mean SPL versus time for the primary sound
field and the three algorithm variants. Table 3 summarizes the narrowband mean
reduction for these algorithms at approximately 8.5 seconds.

Figure 9 shows the effect of compensating for the delay introduced by the 512–
point FFT filter bank which was used to pre–process the tachometer signals. The
solid line shows the improved dynamic performance when delaying the primary
noise field by 256 samples. When investigating this effect on the steady cruise flight
condition, no difference could be detected (visually or aurally). This establishes the
fact that this delay–problem is a problem related to dynamic and not to stationary
properties of the ANC system.

A likely explanation for the decreased noise reduction when omitting delay com-
pensation is as follows: The delay of the tachometer signal implies decreased coher-
ence between the reference signals and the primary noise signals in non–stationary
conditions. Note how the decreased noise reduction in Fig. 9 coincides with the
frequency variations visible in Fig. 7 (at approximately 1.7 and 5.3 seconds). In
stationary conditions, there is always enough coherence between narrowband (si-
nusoid) signals, irrespective of delays.
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Figure 9: The effect of delay–compensation of the actuator–individual filtered–x
LMS algorithm. Primary sound field and reduced noise field as mean SPL versus
time at BPF (106–110 Hz) in the climb to cruise flight condition. Solid line: With
delay–compensation. Dashed line: Without delay–compensation.

In conclusion, in order to perform well in non–stationary conditions of flight, the
proposed complex filtered–x algorithms should be supplied with complex reference
signals with inherent delays as short as possible. With the present application the
situation would have been greatly improved if six tachometer pulses per propeller
revolution had been used instead of one. In this case, a much shorter FFT filter
bank could be designed since the first tachometer signal harmonic would correspond
to the first noise harmonic.

A better approach to generate the complex reference signals may be to use a
lookup table technique where some periods of the harmonics are stored in tables,
and many pulses per propeller revolution are available [2]. A counter would then
be used to transform the tachometer pulses to corresponding indices in the tables.
Such a technique need not introduce any reference–delay at all.

4 Summary and Conclusions

This paper presents a set of complex multiple–reference adaptive algorithms for
active noise control (ANC) in propeller aircraft. The algorithms combine low nu-
merical complexity with high performance in narrowband applications. The feed-
forward technique presented inherently exploits the narrowband assumption by
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using complex filtering and complex modeling of acoustic paths. The evaluation is
performed on cabin noise and acoustic data from a Dornier 328. The set of adap-
tive algorithms presented is based on a weighted complex gradient update. The
special structure of the corresponding adaptive filtering problem implies that the
Newton–type algorithm can be implemented with the same numerical complexity
as the LMS–type algorithms. Hence, the concept of a fast filtered–x Newton algo-
rithm. The evaluations indicate that the filtered–x complex adaptive algorithms
show good potential for achieving close agreement with the optimum noise reduc-
tion (in a short–time least squares sense) for both the conditions of flight considered
here (one stationary and one non–stationary flight condition).
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Department of Telecommunications and Signal Processing
University of Karlskrona/Ronneby

Sweden

Abstract
In many applications of noise control, the greatest annoyance is caused

by periodic low frequency noise. Successful reduction of such noise can of-
ten be achieved by using an active noise control system with narrowband
feedforward control. If several noise sources contribute to the sound field,
a multiple-reference control system is usually required. This type of system
allows the reference signals from each noise source to be processed individ-
ually within the controller, thereby enabling individual control of the sound
field from each noise source.

The present paper addresses the problem of controlling noise from two
sources that are more or less synchronized. A typical application is the con-
trol of propeller-generated noise within a twin propeller aircraft. To find out
whether a multiple-reference controller is necessary, or if a single-reference
controller is sufficient, the performance of a single- versus twin-reference con-
trol algorithm is evaluated in a comparative study. The study is performed
as a computer simulation (off-line evaluation) using real-life data recorded in
a Dornier 328 under different flight conditions. The results demonstrate that
the twin-reference controller performs better than the single-reference when-
ever there is a slight deviation in the rotational speed of the two propellers.
The paper also treats the generation of reference signals. The approach pre-
sented is based on a fixed sampling rate and uses a sliding FFT filtering
technique.

1 Introduction

In recent years, active noise control systems based on feedforward adaptive con-
trollers [1]-[4] have been used with some success to control propeller-induced noise
in the interior of propeller aircraft [5]-[9]. The dominating frequencies found in
such noise are the Blade Passage Frequency (BPF), and a number of harmonics.
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The Active Noise Control (ANC) technique is based on destructive interference
of sound fields. The ANC system utilizes loudspeakers to generate a secondary
sound field of equal amplitude and with opposite phase to the uncontrolled sound
field produced by the noise sources, in this particular case, the two propellers.
Using narrowband feedforward ANC, the loudspeakers are driven at each harmonic
via an adaptive controller which continuously adjusts the amplitude and phase
of the single-frequency reference signals in order to minimize noise level. The
controlled noise is measured using control microphones distributed at strategic
positions within the cabin, and the output signals from these microphones are used
to adjust the controller.

The reference signals, which are generated from a synchronization signal origi-
nating from the noise source(s), contain the same frequencies as the noise compo-
nents to be suppressed. The attenuation of these frequencies is dependent upon
the correlation between the reference signals and the noise [1],[2].

Since the narrowband feedforward controller is based on synchronization signals
from the noise sources, such a controller is selective with respect to frequency
components. In the development of new controllers for interior aircraft noise, it
is of great importance to reduce the complexity of the control algorithm while
maintaining efficient noise control. The question to be asked in such a case is
whether it is really necessary to use a twin-reference controller, or if a single-
reference controller would perform equally well. This question is of special interest
in the case of new aircraft, where the two propellers are kept at almost identical
speed due to efficient synchrophasing.

The present paper presents a comparative study of two control strategies to de-
termine whether a multiple-reference controller is necessary, or if a single-reference
controller can do the job equally well. The performance of each controller is evalu-
ated using computer simulations for two different flight conditions: one flight con-
dition with the propellers synchronized, and one with unsynchronized propellers.
Details of the flight conditions and the recordings of the interior aircraft noise in-
side the passenger cabin are described in Section 2. This section also describes the
control system set-up and the arrangement of loudspeakers, control microphones
and monitor microphones. The control algorithm and the reference signal gener-
ation are treated in Section 3. Section 4 describes the off-line evaluation and the
evaluation criteria. Section 5 presents the results.

2 Data Collection and Control System Set-Up

The aircraft used in the experiment was a Dornier 328, a twin-engined propeller
aircraft with 31 passenger seats. This type of aircraft is equipped with Tuned
Vibration Absorbers (TVAs), which is a common passive method for reducing
propeller-induced noise inside the cabin [10],[11]. When properly used, this ap-
proach is quite efficient, but there are some important drawbacks. Each TVA is
tuned to a specific frequency; if a broader absorption bandwidth is required, a low
Q-value must be used, which results in less absorption. To compensate for the
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reduced absorption and enable energy to be absorbed at higher harmonics, a large
number of absorbers must be used, which significantly adds to the weight of the
aircraft. The passive TVAs are unable to track variations in the BPF. They are
often tuned to operate under cruise flight conditions.

In the investigation presented in this paper, all of the TVAs were dismounted
from the fuselage. The evaluation of the different control strategies (single- and
twin-reference controllers) was based on computer simulations (off-line evaluation)
using noise recorded inside the fully-trimmed passenger cabin, and simultaneously
recorded synchrophaser signals from the right and left engines. The synchrophaser
signals delivered one pulse per propeller revolution. All of the signals used in the
evaluation were recorded while the aircraft was in flight.

2.1 Flight Conditions

Data sets were recorded from two different flight conditions: the steady-cruise
flight, and the non-stationary transition from climb to steady cruise flight. The
synchrophaser unit was activated under both flight conditions, and was able to
maintain almost identical rotational speed for the two propellers.

In the steady-cruise flight condition, the two propellers were synchronized and
the rotational speed of the propellers was held virtually constant at 1050 rpm. The
propellers of a Dornier 328 are equipped with six blades, resulting in a BPF of
105 Hz.

In the non-stationary transition from climb to steady-cruise, the rotational
speed of the propellers dropped from 1100 down to 1050 rpm (the BPF changed
from 110 to 105 Hz). Furthermore, the synchrophaser was unable to keep the
propellers synchronized at all times, resulting in a slight difference in the rota-
tional speed of the two propellers. The maximum frequency difference in the BPF
between the right and left propeller was approximately 1 Hz.

A difference in the rotational speed of the propellers causes an acoustic beating
inside the cabin which is usually unpleasant, with a reduction in comfort. The goal
should thus be for the control system to eliminate or reduce the beating in order
to increase passenger flight comfort.

2.2 Control System Set-Up

Schematic drawings of the single- and the multiple-reference controllers are shown
in Fig. 1. The single-reference controller utilizes one synchronization signal from
either the right or the left engine to generate the harmonic reference signals, while
the multiple-reference controller uses synchronization signals from both engines.
The reference signals for the single-reference controller contains the fundamental
frequency (BPF) as well as the three first harmonics (2×BPF–4×BPF) originating
from one propeller only, while the multiple-reference controller uses reference signals
containing the fundamentals and the three first harmonics from both propellers.

In order to achieve volumetric noise control of an enclosed sound field such as
that found in an aircraft, several loudspeakers and control microphones are required



116 Part IV

(a)

(b)

Figure 1: MIMO system for active noise control. (a) Single-reference controller.
(b) Twin-reference controller.
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thereby necessitating the use of a Multiple-Input, Multiple-Output (MIMO) control
system [1],[2]. The experimental MIMO system used in the present evaluation was
set-up with two different configurations: one with 32 loudspeakers and 48 control
microphones, and one with 32 loudspeakers and 39 control microphones.

2.2.1 Control Microphones

In this paper, we refer to control microphones as the set of sensors used as feedback
to the control system. In the present project, the 48 control microphones were
placed at passenger ear level. The six full rows closest to the propeller plane (rows
2 to 7) were equipped with six microphones each. In this aircraft, a full row has 1+2
seats. Two of these microphones were placed at the left and right trim panels, three
at the middle of the headrests, and one between the double seats. The remaining
12 microphones were distributed with four in row 1 (a double seat), and four each
in rows 8 and 9, see Fig. 2(a).

The main results in this paper were produced using the full microphone set.
The Results section also contains results obtained with a subset consisting of 39
microphones, referred to as the subset, see Fig. 2(b). It is important to note that the
subset was not obtained from an optimization procedure, but merely by removing
9 microphones containing strong disturbances. At an early stage in the project,
it was suggested that these disturbances could have a deteriorating effect on the
overall control, and should thus be excluded from the control loop.

2.2.2 Monitor Microphones

In most practical applications, it is not possible to put the control microphones
exactly in the positions where the noise reduction is most desired. Due to construc-
tion, design or assembly factors, or simply because these positions are occupied,
e.g. by the passengers. For this reason, it has become general practice in active
control installations to use a set of microphones solely for evaluation purposes.
These monitor microphones are not part of the control system and can be placed
at those arbitrary positions where the control system is to be evaluated.

In the present project, however, the control microphones were actually placed
at the desired positions for historical reasons. The evaluation was therefore made
at the control positions and no separate monitor microphones were used. As men-
tioned previously, the control system was tested with different numbers of control
sensors, but the evaluation was always made using the full set, i.e. 48 microphones,
see Fig. 2(a).

2.2.3 Loudspeakers

The locations of the 32 loudspeakers were identical for both control microphone
configurations. The loudspeakers were placed in the first ten-seat rows, and in five
horizontal planes. They were mounted on the trim panels at floor level, beside
the seats, at passenger head level, under the overhead luggage bins, and in the
ceiling. Fig. 3 shows a cross-section of the aircraft with the possible positions for
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Microphone

(a)

(b)

Figure 2: The interior of the cabin of a Dornier 328, showing layout of the passenger
seats and the locations of the control microphones; (a) 48 microphones (full set), (b)
39 microphones (subset). Note, the full set was also used as the monitor microphone
set.
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Floor

Seat Level

Head Level

Luggage Bin Level

Ceiling

Control/Monitor
Microphone

Loudspeaker

Figure 3: Cross-section of the fuselage showing the possible locations of the loud-
speakers in the five horizontal planes. The figure also shows the microphone plane.

the loudspeakers and the five horizontal planes: floor level, seat level, head level,
luggage bin level and ceiling. The locations of the loudspeakers for each individual
plane are shown in Fig. 4.

In order to achieve the best possible noise reduction at passenger head level
(i.e. at the monitor/control microphones), the placements of the loudspeakers
were based on an optimization of these positions, given the positions of the 48 mi-
crophones. In order to ensure that the selected loudspeaker positions were realistic
from an installation point of view, the optimization algorithm could only choose
positions from a given list of possible loudspeaker locations.

Each loudspeaker unit was mounted into a closed cabinet with the dimensions
20 × 20 × 12 cm3. The cabinet was designed to simulate the volume between the
trim panel and the fuselage at many of the possible loudspeaker unit positions for
installation of an ANC system [11].

2.2.4 Acoustic Paths

The acoustic paths (frequency response functions) between each of the 32 loud-
speakers and all of the 48 microphones were measured under quiet, steady condi-
tions, with the aircraft on the ground. The excitation was white noise, and the
signal generator was connected in turn to each of the loudspeaker power amplifiers.
The input signals to the power amplifiers and the signals from all the microphones
were recorded in parallel for 40 seconds using a sampling frequency of 2048 Hz.
Based on these data, the frequency response functions between all loudspeakers
and microphones were calculated with a frequency resolution of 1 Hz for the range
of interest (approximately 100–450 Hz).
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Figure 4: Arrangement of the loudspeakers for the five horizontal planes, see Fig. 3.
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3 The Control System

3.1 The Algorithm

The interior noise in propeller aircraft is usually dominated by narrowband har-
monic components related to the blade passage frequencies of the propellers [5],[10].
It is assumed that for each propeller there is a periodic synchronization signal avail-
able which is correlated with the noise inside the cabin. For this reason, a control
model with pure sinusoidal reference signals and complex notation was used, as
described below. The algorithm is based on the complex filtered-x LMS algorithm
[2], [12]–[14].

The multiple-reference controller [15] is described for a general control situa-
tion with M control microphones, L loudspeakers and R reference signals. Each
reference has H harmonics. The following notation is introduced: xrh(n) and
wrh(n) denote the complex scalar reference signal and the L× 1 vector of complex
loudspeaker weights respectively. Both are associated with the rth reference and
the hth harmonic. We assume that the reference signals, xrh(n), r = 1, 2, · · · , R,
and h = 1, 2, · · · , H, are mutually uncorrelated. The M × L matrix of complex
frequency responses between all loudspeakers and microphones associated with a
given reference signal, xrh(n), is denoted by Frh.

A block diagram representation of the multiple-reference MIMO system is shown
in Fig. 5. The real valued M × 1 vector e(n) of control microphone signals em(n)
(controlled noise), is given by

e(n) = d(n) +
R∑

r=1

H∑
h=1

�{Frhxrh(n)wrh(n)} (1)

where n is the discrete time index, d(n) is an M × 1 vector of real signals (dm(n)
representing the uncontrolled noise at microphone m), and the operator �{·} de-
notes the real part. The cost function to be minimized is the sum of the squared
output signals (the power) from the control microphones:

J(n) =
M∑

m=1

e2
m(n) = eT (n)e(n). (2)

The adaptive weight vector, wrh(n), is updated in the negative direction of the
gradient vector for the cost function, ∇J(n),

wrh(n + 1) = wrh(n) − Mrh∇J(n) (3)

where Mrh is a convergence factor matrix (step-size matrix). The relationship
between the gradient vector and the complex derivatives of the cost function is
given by [12],[16]:

∇J(n) = 2
∂J(n)

∂w∗
rh(n)

= 2x∗
rh(n)FH

rhe(n) (4)
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Figure 5: A model of the feedforward active noise control system.

where (·)∗ and (·)H denote complex conjugate and conjugate-transpose respectively.
In practical applications, the matrix Frh is not available and will be replaced by
an estimate F̂rh, e.g. as measured according to the description above in Section
2.2.4. The adaptive updating scheme for the control algorithm is thus given by:

wrh(n + 1) = wrh(n) − 2Mrhx
∗
rh(n)F̂H

rhe(n). (5)

The algorithm in Eq. (5) is justified by the assumption that the single-frequency
reference signals, xrh(n), r = 1 . . . R, and h = 1 . . . H are mutually uncorrelated,
thereby enabling individual control of each frequency. Since only one adaptive com-
plex coefficient is required for each reference signal and loudspeaker, the resulting
multiple-reference algorithm described above is extremely efficient in the sense that
it employs a minimum of adaptive coefficients.

The choice of convergence factor matrix, Mrh, is very important and affects
the performance of the algorithm in terms of convergence rate and tracking ability.
Either a steepest descent algorithm (LMS algorithm) or a Newton’s algorithm can
be used. The convergence factor matrix for both algorithms depends upon the
Hessian matrix E{x∗

rh(n)F̂H
rhF̂rhxrh(n)} [1]. The ordinary normalized filtered-x

LMS-algorithm [12],[17] is given by:

M′
rh = µ0(ρrhtrace

{
F̂H

rhF̂rh

}
)−1I (6)

where I is an L×L identity matrix, µ0 is a positive normalized convergence factor,
and ρrh denotes the power of the reference signal, xrh(n) (ρrh = E {|xrh(n)|2}). The
convergence factor matrix, M′′

rh, for the spatially Newton-like algorithm [1],[17] is
given by:

M′′
rh = µ0(ρrhF̂

H
rhF̂rh)

−1. (7)

The Newton-like algorithm given by (5) and (7) may be highly efficient with respect
to convergence rate, but is very demanding from a calculation point of view since
the algorithm requires a real-time matrix multiplication.
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In applications of active noise control with a large number of loudspeakers and
microphones, such as in aircraft, the acoustic coupling between the loudspeakers
will decrease as the distance between them increases. According to our experi-
ence, this situation leads to a matrix F̂H

rhF̂rh that is usually diagonally dominant,
since the diagonal elements contain magnitude squares of frequency responses,
and the off-diagonal elements result from cross products of different responses
(F̂H

rhF̂rh ≈ diag
{
F̂H

rhF̂rh

}
) [16]. By using the diagonally dominant property of

the Hessian matrix an approximation of the convergence factor matrix for the
Newton’s algorithm could be written as:

M′′′
rh = µ0(ρrhdiag

{
F̂H

rhF̂rh

}
)−1 (8)

where the matrix diag
{
F̂HF̂

}
is the diagonal matrix consisting of the diagonal

elements of F̂HF̂. The algorithm given by Eqs. (5) and (8) ,[18], requires only scalar
divisions and has a complexity comparable to the ordinary normalized filtered-x
LMS-algorithm.

Although the approximation given in Eq. (8) is rather crude, the algorithm
given by Eqs. (5) and (8) has proven to be very efficient, the reason being that it
represents a sensible compromise between the robustness of the normalized LMS
and the speed of the Newton’s algorithm. In addition to being highly efficient, the
implementation can usually be made very compact, leading to fast execution of the
code.

Care must be taken, however, in the choice of the convergence factor, µ0. The
limit µ0 < 1 does not generally guarantee convergence of the algorithm given by
Eqs. (5) and (8). In a practical situation, the choice of µ0 is not usually a problem
provided that the ANC system can be adequately tested under different operating
conditions.

3.2 Generation of Complex Reference Signals

One major advantage with narrowband active control of periodic noise compo-
nents is that the reference signals can be generated internally the controller, using
synchronization signals [2]. With reference signals generated in this manner, adap-
tive control becomes extremely selective and stable. Furthermore, it is possible to
determine which harmonics are to be controlled, and which are not.

The method typically used by the present research group was a table lookup
scheme consisting of several tables, where each individual table contains a single
sampled sinusoidal function. With one table for each harmonic the number of
operations can be kept to a minimum, which is important for the implementation
of an efficient controller in a real-time system. The generation of complex reference
signals is straightforward and can be done either by using a pair of table pointers,
where one pointer is suitably delayed, or by using a sine and a cosine table.

In the present application, the table lookup method could not be used since
the algorithm was to be implemented on external hardware that was originally
constructed for a FIR-based adaptive control scheme. This hardware delivered
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a composite reference signal, sr, containing the sum of the four harmonics to be
controlled in accordance with:

sr(n) = A sin(
2πfrn

fs

) + B sin(
2π2frn

fs

) + C sin(
2π3frn

fs

) + D sin(
2π4frn

fs

) (9)

with fs being the sampling rate, and fr the BPF for this reference. The amplitudes
of the sinusoids are given by A,B,C and D. In order to obtain separated, complex,
harmonic reference signals for the complex adaptive algorithm, a sliding FFT-
operation was used as a parallel filter bank [19]. The required FFT resolution ,

f , for the filter bank was selected according to the system sampling frequency
and the frequency separation, fr, of the harmonics at the lowest engine speed. The
frequency bin number, kh, to be used as the output for harmonic h with frequency
fh was calculated using the relationship:

kh =
fh


f
=

fhN

fs

(10)

where N is the size of the FFT.
Another parameter that also affects the required FFT size is the shape of the

filter function produced by the FFT. The attenuation of out-of-band frequencies is
rather low for the unwindowed FFT and it is advisable to weight the signal using
a window function before computing the FFT. The windowing function increases
the attenuation of signals outside the pass band centered at each frequency bin.
This is generally referred to as reducing the leakage in the FFT. The problem with
common windows, e.g. Hamming and Blackman [20],[21], is the lack of precise
control of the critical passband and stopband frequencies. The values of these
frequencies, in general, depend on the type of window and the window length.
A window function with the proper filter shape can be constructed using linear-
phase filter design techniques [20],[21], such as the Matlab remez function or Kaiser
windows [21],[22].

For a Kaiser window of a particular length, the passband attenuation can be con-
trolled with an extremely high attenuation as a result. The disadvantage with such
a window is, however, the lack of control of the passband and stopband frequen-
cies. The advantage using remez designed windows is the possibility of choosing
arbitrarily the passband and stopband frequencies, and designing windows with
a wide and flat passband zone, and high attenuation in the stopband. A wide
passband is recommended in flight conditions with varying rpm since the lowest
possible amplitude distortion of the generated reference signals is desired.

With a required suppression of 40 dB for out-of-band frequencies, the minimum
harmonic separation for this particular case was 5 FFT-bins. To resolve harmonics
separated by 100 Hz, the required FFT size was N = 64 (fs = 1024 Hz). Figure 6(a)
shows the frequency responses of some common window functions of the length of
64, and a remez designed window function of the same length and with passband
and stopband frequencies of 30 and 95 Hz respectively. Figure 6(b) shows the input
to and outputs from a filter bank using a 64-point FFT and remez-designed window
functions. At the far back is the magnitude the input signal, sr(n), containing the
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BPF and three harmonics. In front of that is shown the outputs, xrh(n), of the
filters for the BPF and its harmonics. Especially in the output from the BPF-filter,
it is possible to see the residual components from the harmonics in the input signal
that are not completely attenuated.

Given the real, scalar synchronization signals, sr(n), where r = 1, 2, the com-
plex, scalar reference signals, xrh(n), are generated by computing the FFT-operation
on a sample-by-sample basis in accordance with:

xrh(n) =
N−1∑
q=0

h(q)sr(n − q)ej 2π
N

khq (11)

where n is the sample index and h(q) is a window function.
The implication of Eq. (11) becomes evident when a synchronization signal of

the form sr(n) = 2 cos(ωrn) is considered. In this case

xrh(n) = ejωrnH(ωr −
2π

N
kh) + e−jωrnH∗(ωr +

2π

N
kh)

≈ ejωrnH(ωr −
2π

N
kh) (12)

where H(ω) is the frequency response of the window h(q) determined by

H(ω) =
N−1∑
q=0

h(q)e−jωq. (13)

The approximation in Eq. (12) is valid provided that the FFT size N , the
window h(q), and the FFT-bin kh, are properly chosen. The argument (ωr − 2π

N
kh)

corresponds to the passband, and the argument (ωr + 2π
N

kh) corresponds to the
stopband of the lowpass filter H(ω).

For a given situation, such as with a particular flight condition, the choice of
the FFT size N , window function h(q), and FFT-bin kh becomes a straightforward
FIR filter design problem. If the conditions are stationary, or almost stationary,
fixed values of kh may be used. If, on the other hand, the engine speed varies
significantly, it may be necessary to estimate continuously the frequency of the hth
harmonic, and to recalculate the corresponding FFT-bin, kh.

If a dynamic change of FFT-bin kh is necessary, it is important to add a phase
correction to the complex reference signals as the bin number changes. With an
appropriate phase correction, however, the bin-change can be made without phase
jumps. It is assumed that the windowing sequence is a linear-phase FIR filter with
the frequency response:

H(ω) = e−jω N−1
2 A(ω) (14)

where A(ω) is a real amplitude function. With a complex reference signal generated
as in Eq. (11), the phase difference between the outputs of two adjacent FFT-bins
(e.g. kh and kh +1) is πN−1

N
radians. According to Eqs. (12) and (14), the complex

reference signal can be approximated as:

xrh(n) ≈ ejωrnH(ωr −
2π

N
kh) = ejπ N−1

N
khejωr(n−N−1

2
)A(ωr −

2π

N
kh). (15)
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Figure 6: (a) Frequency responses of several window functions of length 64. (b)
Filter bank using a 64-point FFT and a remez designed window function.
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Even for small numbers of N , this phase shift almost corresponds to a sign
change in the reference signal and will generate an audible click at the output from
the adaptive filter as the FFT-bin is changed. A complex reference signal, x′

rh(n),
the phase of which is independent of FFT-bin kh, is obtained as:

x′
rh(n) = xrh(n)e−jπ N−1

N
kh = ejωr(n−N−1

2
)A(ωr −

2π

N
kh). (16)

It is also possible to obtain a unit magnitude complex reference signal, x′′
rh(n),

the phase and magnitude of which are independent of the FFT-bin kh, as:

x′′
rh(n) =

x′
rh(n)

|x′
rh(n)| . (17)

One significant disadvantage of the sliding FFT filtering technique, except for
the fairly high implementation cost, is the delay caused by the linear-phase filter
employed by this method, see Eq. (14). The group delay corresponds to one-half
of the length of the FFT, which for the present case is 32 ms. As a result of this
delay, very rapid changes in the engine speed will not be accurately traced by the
controller. Fortunately, this is not a major problem in an aircraft application since
most speed variations occur relatively slowly.

4 The Computer Simulations

The computer simulations were carried out on signals recorded in a twin-engined
propeller aircraft during flight. The signals from all 48 microphones within the
aircraft cabin were recorded as well as synchrophaser pulses from both engines.

A power spectrum of the cabin noise during steady-cruise flight is shown in
Fig. 7. The spectrum is dominated by strong tonal components originating from
the two propellers. The most dominant frequency components are the BPF and
the first harmonic. In order to achieve a significant overall reduction in the interior
noise, it is necessary to reduce the propeller BPF and two or three harmonics.

In the present evaluation the controllers were based on (5) and (8) and used zero
initial weight vectors. The controllers were set up to suppress the BPF and up to
three harmonics (2×BPF–4×BPF). The principle for the twin-reference controller
(Multiple Reference) using L loudspeakers and M control microphones is shown
in Fig. 8. In the computer simulations, the number of loudspeakers is L = 32,
and the number of microphones is M = 48 or M = 39. The configuration of
the single-reference controller was identical, except that only one of the composite
real reference signals, s1(n) or s2(n), was used. As mentioned previously, these
composite signals consisted of four harmonics (the BPF–4×BPF) from the left and
right propellers respectively.

The single- and twin-reference controllers were based on the complex filtered-X
LMS algorithm given by Eqs. (5) and (8). For each controller µ0 was chosen as
µ0 = 1

2
µmax, where µmax was obtained experimentally. The relationship between

µmax for the single- and twin-reference controllers is given by µsingle
max ≈ 2µtwin

max .
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Figure 7: Power spectrum of the interior noise in a Dornier 328 (without tuned
dampers) during steady-cruise flight and synchronized propellers. BPF=105 Hz,
2×BPF=210 Hz, 3×BPF=315 Hz and 4×BPF=420 Hz.

4.1 Reference Signal Emulation

In preparation for the computer simulations, the composite reference signals, s1(n)
and s2(n), had to be derived from the recorded synchrophaser signals containing
one pulse per propeller revolution. On the targeted platform, s1(n) and s2(n) were
obtained in real-time by using a phase-locked loop to multiply the synchrophaser
pulse frequency by six, thus setting the fundamental of the pulse signal as the
same frequency as the BPF. The composite reference signals were then obtained
by suppressing all frequency components above the fourth harmonic using a filter,
see Fig. 9(a). For the computer simulations, this operation was emulated off-line,
using the sliding FFT filtering technique described above for generating complex
reference signals from the composite reference signals; an FFT size of 1024 was
used, however, see Fig. 9(b).

The FFT operation introduced a delay of 512 ms in the reference signal with
respect to the microphone signals. This delay, that only exists for the computer
simulations and not in the real implementation, reduces the tracking capabilities
of the controller. The steady state performance, however, is not affected. In
the simulations below, this delay was compensated for in order to obtain a more
accurate emulation of the real-time operation performed by the hardware part of
the controller implementation for this particular project. Note that the delay of
32 ms in the generation of the complex reference signals was not compensated for
since this operation was actually a part of the controller implementation.
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4.2 Assessment of Attenuation from Simulations

The mean narrowband attenuation, A, for harmonic h obtained from simulated
control is given by:

A = 10log10

∑M
m=1 |Dmh|2∑M
m=1 |Emh|2

[dB] (18)

where |Dmh| and |Emh| are the magnitudes of the Fourier transforms of the un-
controlled and controlled noise respectively. The full microphone set was used
for evaluation purposes. The magnitudes were taken from averaged autospectra,
using blocks of 256 samples with Hanning-windowed data. The data were taken
towards the end of the simulation sequence to ensure that the control algorithm
had converged properly.

4.3 Optimum Least Mean Squares Attenuation

The mean noise attenuation obtained in the computer simulations was compared
with the theoretically computed optimum reduction in a least squares sense [1],[23].
The predicted optimum solution is obtained by finding the least squares solution
to the following equation for each harmonic h:

F
′
hwh + D

′
h = 0. (19)

Here, D
′
h is an M × 1 complex vector containing the uncontrolled noise in the

control microphone subset, and 0 is an M × 1 null vector. The optimum LMS
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weights are thus given by:

whopt = −[(F
′
h)

H
F

′
h]

−1

(F
′
h)

H
D

′
h (20)

and the optimum LMS attenuation is obtained by calculating the ratio of the powers
of the uncontrolled and controlled noise in the full set

Aopt = 10log10

‖Dh‖2

‖Fhwhopt + Dh‖2
[dB], (21)

were ‖ · ‖2 is the squared Euclidean norm.

4.4 Evaluation Criteria

The controllers were evaluated with respect to their convergence properties and
by comparing the steady state attenuation with the least mean squares optimum
attenuation. The convergence performance of the controllers in this study is pre-
sented as learning curves, i.e. curves showing the change in normalized mean sound
pressure level versus time, normalized to 0 dB at t = 0 seconds. The average is
taken for the full set of microphones. The comparison with the optimum least mean
squares solution is presented in tabular form, where the simulated attenuation is
obtained from the performance curves at t = 9 seconds, the end of the time span.
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5 Results

5.1 Steady-Cruise Flight

During the steady-cruise flight condition, the synchrophaser can usually keep the
propellers almost perfectly synchronized. In the present case, the rpm was held
fairly constant during recording, and the BPF was 105 Hz.

The noise reduction obtained at the BPF for the full microphone set is shown in
Fig. 10. The figure shows the learning curves for both the single- and twin-reference
controllers and it is obvious from these curves that the two controllers behave
identically under the same circumstances. Clearly, since the two reference signals
are identical, no extra control is gained by using the twin-reference controller. It is
also interesting to note that the twin-reference controller converges nicely, although
in fact two individual (though identical) controllers use the same inputs to control
the same signals. It was suspected that ill-behaved convergence was due to too
many degrees of freedom for this particular case.

Table 1 summarizes the attenuation obtained from the simulations, and from
the optimum least mean squares calculations. The attenuation is shown for the
BPF and three harmonics, and shows that the agreement between the optimum
attenuation and the attenuation obtained from the simulations is fairly good.
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Figure 10: Normalized mean SPL versus time at the BPF in steady-cruise flight
condition, and perfectly synchronized propellers. Solid curve: Twin-reference con-
troller. Dashed curve: Single-reference controller (right). Dotted curve: Single-
reference controller (left).
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Controller BPF 2×BPF 3×BPF 4×BPF
Twin-/Single-reference [dB] [dB] [dB] [dB]
Attenuation (Asim) 17.1 10.4 6.6 5.7
Optimum Attenuation (Alms) 18.6 11.2 8.7 8.7

Table 1: Comparison between the attenuation from the simulations and the opti-
mum least squares attenuation.

5.2 The Transition from Climb to Cruise Flight

In the non-stationary transition from climb to steady-cruise flight, the BPF for
the propellers varied from 110 Hz to 105 Hz within the time frame covered by
the simulations. Simulations were performed to investigate the dynamic properties
(tracking performance) of the controllers. Due to the large variation in the BPF,
the acoustic paths, Frh, in the model, see Eq. (1), and in the algorithm update
equation (5) had to be altered to reflect the change in BPF, keeping in mind that
the acoustic paths were analyzed with a frequency resolution of 1 Hz. The frequency
bin number for the reference signal generation did not need to be changed since
the analyze bandwidth was approximately 20 Hz, and the third harmonic, which
varied between 440 Hz and 424 Hz, was contained completely within a single bin.
Fig. 11 shows the variation in the BPF for the two propellers during the transition
from climb to cruise.
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Figure 11: Variation in BPF of the right and left propeller during the climb to
steady-cruise flight.
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Figs. 12 and 13 show the normalized mean SPL versus time at the BPF and its
first harmonic (2×BPF) respectively when using the full microphone set. Contained
in these figures are the learning curves from three different controllers: a twin-
reference controller, a single-reference controller synchronized to the left engine,
and a single-reference controller synchronized to the right engine. Although the
synchrophaser was constantly engaged, there were occasions when it failed to keep
the two propellers perfectly synchronized. The maximum difference in the BPF
between the left and right propellers during this transition was approximately 1 Hz.
The overall result demonstrated in Fig. 12 is that the twin-reference controller
performs better than, or as well as, the single-reference controllers at all times.

The figures also show that there was a performance difference between the
two single-reference controllers, using the left and right propeller respectively as
a reference. This suggests that the choice of synchronization source is crucial for
controller performance. It is even more complicated than this, since the most
favorable reference source varies during a flight cycle. One hypothesis is that in
flight conditions where there are differences in the rotational speed between the
propellers, the best single-reference based noise reduction is probably obtained by
using the reference which is most stationary. This is a subject for future research.

0 1 2 3 4 5 6 7 8 9
-14

-12

-10

-8

-6

-4

-2

0

2

4

6

Time [s]

N
or

m
al

iz
ed

M
ea

n
S
P

L
[d

B
]

Uncontrolled Noise

Single-reference
Right❍❍❥
Left ❍❍❥

Twin-reference

Figure 12: Normalized mean SPL versus time at the BPF in climb to steady-
cruise flight condition, and unsynchronized propellers. Solid curve: Twin-reference
controller. Dashed curve: Single-reference controller (right). Dotted curve: Single-
reference controller (left).
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The fact that the sound field is dominated alternately by the left and right pro-
pellers suggests that a twin-reference controller is preferable to a single. This kind
of controller is capable of tracking variations in the rotational speed of the indi-
vidual propellers; this is necessary in order to obtain a substantial noise reduction
during the complete flight cycle.

Fig. 14 illustrates the schematic behavior of the single- and the twin-reference
controllers when the BPFs from the two propellers are almost identical. As men-
tioned above, the twin-reference controller is able to track both propellers, while
the single-reference controller can only track one, resulting in less overall noise re-
duction. As a result, the total single-reference attenuation is reduced when the
frequency separation, ∆f , is increased. This effect becomes more accentuated as
the frequency separation, ∆f , increases and should be taken in consideration in
the design of control systems for attenuation of the harmonics from unsynchronized
noise sources.

The decrease in noise attenuation at approximately 1.5 and 5.5 seconds shown
in Fig. 12 is the result of the time delay introduced in the reference signals by
the FFT-operation. The 64–point FFT was used to extract the complex reference
signals, xrh(n), from the composite reference signals, s1(n) and s2(n).

However, in non-stationary conditions this delay implies decreased correlation
between the reference signals and the noise, with reduced noise attenuation as a
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Figure 14: Behavior of the single- and the twin-reference controllers. The noise
consists of two pure tones (f1 and f2) close in frequency. The frequency separation
(the beating) is given by: ∆f = f1 − f2 (∆f=0.5–4 Hz).

result. The rapid variations in the BPFs at the corresponding times are clearly
visible in Fig. 11.

Fig. 15 shows the effect of compensating for the delay introduced by the 1024–
point FFT-filter bank which was used to pre-process the synchrophaser signals
producing s1(n) and s2(n). The lower curve shows the increased dynamic perfor-
mance when compensating for the delay of 512 ms. In order to perform well in
non-stationary conditions of flight, the reference signals should be generated with
as short inherent delays as possible, e.g. using lookup tables instead of the sliding
FFT-operation in the generation process.

When investigating the effect of delay on the control during steady-cruise flight
condition, no difference could be detected. This confirms the fact that the delay-
problem is a problem related to the dynamic, and not the stationary properties of
the ANC system. Under stationary conditions, however, there is always sufficient
correlation between narrowband (sinusoidal) signals, irrespective of delays. In such
cases the time delay of the reference signals will thus not affect the noise reduction.

5.3 The Subset Configuration

The results presented in this section were obtained by using the subset consisting
of 39 control microphones, see Section 2.2.1. Note that the attenuation and the
optimum least mean squares attenuation were evaluated using the full microphone
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Figure 15: The effect of delay compensation. The normalized mean SPL versus
time at BPF (106–110 Hz).

set, see Section 4.2 and 4.3.
The learning curves for both the single- and twin-reference controllers at the

BPF are shown in Fig. 16. The attenuation obtained from simulations and from the
optimum least mean squares calculations is shown in Table 2. Again the controllers
converge nicely for this configuration, and the agreement between the optimum
attenuation and the attenuation obtained from simulations is fairly good. The
drop in attenuation in Table 2 as compared to Table 1 illustrates the effect that
a malfunction of control microphones could have on the sound field inside the
cabin. The loss in performance due to the malfunction is also clearly shown in a
comparison of Figs. 10 and 16.

Controller BPF 2×BPF 3×BPF 4×BPF
Twin-/Single-reference [dB] [dB] [dB] [dB]
Attenuation (Asim) 6.1 3.8 -1.8 2.7
Optimum Attenuation (Alms) 9.4 4.1 0.4 2.3

Table 2: Comparison between the attenuation from the simulations and the opti-
mum least squares attenuation. Note that the controller using the control micro-
phone subset, and the evaluation of noise attenuation is based on the full micro-
phone set, see Eqs. (18) and (21).
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Figure 16: Normalized mean SPL versus time at the BPF in steady-cruise flight con-
dition (perfectly synchronized propellers). Solid curve: Twin-reference controller.
Dashed curve: Single-reference controller (right). Dotted curve: Single-reference
controller (left).

The results in this section illustrate another important feature of the narrow-
band controller described in this paper. The 9 microphones were originally removed
from the control loop since these control signals contained very strong disturbances
which were uncorrelated with the propeller tones. Nevertheless, the overall noise
reduction was substantially increased when these microphones were included, which
proves that the control system is extremely frequency-selective, and robust to dis-
turbances uncorrelated with the propeller tones picked up by the control micro-
phones [26].

6 Summary and Conclusions

This paper addresses the problem of controlling noise from two sources that are
strongly or moderately synchronized. To find out whether a multiple-reference con-
troller is necessary, or if a single-reference controller is sufficient, the performance
of a single- versus a twin-reference controller was evaluated on signals recorded in
a propeller aircraft. The simulations performed in this study were all based on
measurements produced with the synchrophaser unit engaged.

To be able to reduce efficiently the propeller-induced noise inside the cabin of a
twin-propeller aircraft, the controller should be synchronized with both propellers.
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This will ensure the highest noise attenuation during the complete flight cycle, i.e.
take-off, climb, cruise, descent and landing. Modern propeller aircraft are usually
fitted with a synchrophaser unit, with the result that the rotational speed of the
two propellers is similar, or almost similar, at all times. With a modern, efficient
synchrophaser, it is conceivable that a single-reference controller would suffice.
However, disturbances in the air flow may cause transient speed slips that will
cause acoustic beating inside the cabin that a single-reference controller cannot at-
tenuate. The simulations indicate that the deviations in propeller synchronization
are significant in the transition from climb to cruise flight.

During flight conditions with identical propeller rotational speed no extra at-
tenuation is obtained by using a twin-reference controller. Redundant information
in these control modes will, however, not lead to reduced performance for the
twin-reference controller since the controller converges robustly.

In conclusion, a multiple-reference controller is preferable to a single-reference
since its will efficiently reduce the propeller-induced noise and the beat effect ir-
respective of the propeller synchronization, resulting in a lower noise level and
increased passenger flight comfort. In non-stationary flight conditions, however,
the reference signals should be generated with as short inherent delays as possible
in order to increase tracking performance.
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Abstract

In many noise control applications the noise is dominated by low fre-
quencies and generated by several independent periodic sources. In such
situations the tonal noise may be suppressed by using a narrowband multiple-
reference feedforward controller. The performance characteristics of the con-
trol system, e.g. the convergence behavior and noise reduction are directly
related to the controller adaptation rate as well as the frequency separation
of the tonal components in the noise, i.e. the beat frequency.

This paper treats the convergence performance of a complex Least-Mean-
Squares (LMS) algorithm using multiple-reference signals. An analysis of
its convergence behavior is presented as well as the results from computer
simulations validating the convergence behavior. The convergence of the
filter weights and the decrease rate of the squared error (the learning curve)
for noise control applications are also discussed.

1 Introduction

Active Noise Control (ANC) is a highly suitable method for reducing noise at low
frequencies. This technique is based on destructive interference of sound fields, i.e.
the primary sound field from the noise sources, and the anti-noise produced by the
control system. In many applications the primary noise is generated by rotating
machines and is therefore periodic. In such applications, the use of an adaptive
feedforward control system has proved to be a successful means of suppressing the
low-frequency noise [1]-[4].

A feedforward controller utilizes a synchronization signal, e.g. a tachometer
signal from the noise source which provides information about the radiated noise.
This signal contains information about the rotational speed of the machine and
may therefore be used to generate sinusoidal reference signals that have the same
frequency content as the noise components to be suppressed. In many noise control
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Figure 1: Basic concept of narrowband active noise control using a twin-reference
feedforward adaptive controller.

applications several noise sources contribute to the sound field,e.g. in twin-engined
propeller aircraft [5]-[8], vessels and motor boats [9],[10]. In such applications
a synchronization signal from each noise source and a multiple-reference control
system are usually required in order to achieve an efficient and substantial noise
reduction [11].

A multiple-reference approach allows the reference signals from each noise source
to be processed individually within the controller, thereby enabling individual con-
trol of the sound field from each source [12],[13]. The principle of a narrowband
twin-reference system for active noise control is illustrated in Fig. 1. The single-
frequency reference signals are filtered individually using an adaptive filter (parallel
filtering) before driving a secondary source, e.g. a loudspeaker. Each filter adjusts
the amplitude and the phase of the corresponding reference signal. The loudspeaker
produces a secondary noise field of equal amplitude which is 180◦ out of phase with
the primary noise field. An error microphone is used to measure the residual noise
achieved, and the output signal from this error-sensor is then used to adjust the
adaptive filters so that the level of the residual noise is minimized.

Periodic noise sources with a slight difference in the rotational speed induce
an acoustic beating which may lead to considerable discomfort. However, comfort
could be improved significantly if the level of the noise and beating is significantly
reduced, e.g. by using an ANC system. The performance of an active noise control
system such as convergence rate and noise reduction is a direct result of the running
conditions of the engines (the beat frequency). The running conditions for several
engines can generally be divided into three main types:
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• The engines have the same rotational speed.

• The engines have almost the same rotational speeds.

• The engines have completely different rotational speeds.

Synchronization of the engines can be achieved either automatically or man-
ually. Most twin-engined propeller aircraft are fitted with a synchrophaser unit
to synchronize automatically the rotational speeds of the two engines. The syn-
chrophaser is, however, generally unable to keep the engines synchronized at all
times, resulting in a slight difference in rotational speed variations between the
two engines. On the other hand, twin-engined vehicles and boats are not normally
fitted with a synchrophaser unit. In such cases, it can be difficult to synchronize
manually the two engines. Consequently, the difference in the rotational speeds
in the different engines is often larger for manually synchronized engines than for
automatically synchronized ones.

The feedforward adaptive algorithm analyzed in this paper is based on the com-
plex Least-Mean-squared (LMS) algorithm [14],[15]. In practical active noise con-
trol applications there exists, however, an acoustic path between the loudspeaker
and the control microphone necessitating modification of the standard complex
LMS algorithm to ensure stability. The algorithm must compensate for the effect
of this acoustic path. For this reason, the filtered-x LMS algorithm is normally
used in practical ANC applications [1],[16]. In such applications the behavior of
the algorithm is also determined by the estimate of the acoustic path.

The algorithm and the analysis of its convergence behavior are presented in
Section 2. Section 3 describes the computer simulations. The results are presented
in Section 4.

2 A Twin-Reference Complex LMS Algorithm

Consider the feedforward filter structure shown in Fig. 2. This figure depicts the
filtering process described herein. The adaptive linear combiner weights a set of
input signals to produce an output. In this paper the input signals x1(n) and x2(n)
and the adaptive filter weights w1(n) and w2(n) are assumed to be complex-valued
scalars.

In an active noise control application the input signals may correspond to single-
frequency reference signals originating from several independent periodic noise
sources. Hence, assume that the reference signals x1(n) and x2(n) originate from
two rotating machines running at different rotational speeds generating noise at
the frequencies f1 and f2:

x1(n) = ej(ω1n+ϕ1)

x2(n) = ej(ω2n+ϕ2). (1)

Here ϕ1 and ϕ2 denote arbitrary phases and ωi = 2π fi

fs
, i = 1, 2, where fs is the

sampling rate. Throughout the analysis ϕ1 and ϕ2 are assumed to be zero. Let the
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Figure 2: The filter structure of the adaptive twin-reference active noise controller.

reference signal vector x(n) be defined by

x(n) =

(
x1(n)
x2(n)

)
(2)

and the weight vector w(n)

w(n) =

(
w1(n)
w2(n)

)
. (3)

The output signal from the filter at time n is given by

y(n) = wH(n)x(n) (4)

where (·)H denotes the transpose-conjugate. Assume that the desired signal d(n)
(the primary noise to be reduced) is a composite signal consisting of two single-
frequency sinusoidal signals with the same frequencies as the reference signals:

d(n) = H1e
jω1n + H2e

jω2n (5)

where H1 and H2 are complex constants. The error signal e(n) can now be written
as

e(n) = d(n) + y(n) = d(n) + wH(n)x(n). (6)

The complex LMS adaptive algorithm minimizes the quadratic cost function:

J(n) = |e(n)|2
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= |d(n)|2 + d(n)xH(n)w(n) + wH(n)x(n)d∗(n) + wH(n)x(n)xH(n)w(n) (7)

where (·)∗ denotes complex conjugation. The LMS algorithm is a stochastic gra-
dient algorithm. The minimum of the cost function (7) is achieved by following
the steepest descent path of this surface by recursively updating the weight vector
w(n) according to the expression:

w(n + 1) = w(n) − 2µ
∂J(n)

∂w∗(n)
. (8)

Here, the step-size parameter µ controls the convergence rate and the stability of
the algorithm. Differentiation of the real-valued cost function in (7) with respect
to the complex weight gives us the instantaneous gradient vector [15]:

∂J(n)

∂w∗(n)
= x(n)e∗(n). (9)

With this gradient expression in the update equation (8), the complex LMS adap-
tive algorithm [14],[15] is given by

w(n + 1) = w(n) − 2µx(n)e∗(n). (10)

2.1 Convergence Analysis

The convergence investigation is based on a deterministic analysis. Hence, no
assumptions are made about the dependence between the input vector x(n) and
the weight vector w(n). On the other hand such assumptions are often used in
analysis of algorithms [15],[16].

Consider the cost function given in (7). By setting the differential of this func-
tion with respect to the weight vector to zero the following expression is obtained:

∂J(n)

∂w∗(n)
= x(n)d∗(n) + x(n)xH(n)wo = 0 (11)

where wo is the optimum filter weight vector for which ∂J(n)
∂w∗(n)

= 0. Note that the

matrix x(n)xH(n) does not have full rank, so that wo is non-unique. However,
we may choose wo as: wo = −(x(n)xH(n))+x(n)d∗(n), where (·)+ denotes the
pseudoinverse [17].

Now we define the weight-error vector v(n), as the difference between the adap-
tive weights and the optimal solution:

v(n) = w(n) − wo. (12)

By substituting (6) into (10) and using the expressions in (11) and (12), the recur-
sive relation of the adaptive weights can be rewritten as

v(n + 1) = [I − 2µx(n)xH(n)]v(n) (13)
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where I is the identity matrix. To simplify this equation a new time variable matrix
A(n) is introduced:

A(n) = I − 2µx(n)xH(n). (14)

Equation (13) may now be written as

v(n + 1) = A(n)v(n). (15)

Equation (15) represents a first-order difference equation, the solution of which is

v(n) =

[
n∏

i=1

A(n − i)

]
v(0) (16)

where v(0) denotes the initial weight-error vector. The matrix A(n) in (14) may
be expressed in the expanded form as

A(n) =

(
1 − 2µ −2µe−j∆ωn

−2µej∆ωn 1 − 2µ

)
(17)

where ∆ω = ω2 − ω1. Accordingly, the matrix A(n) depends both on the step-size
parameter µ and the frequency separation ∆ω between the reference signals x1(n)
and x2(n).

By decomposing the Hermitian matrix A(n) [17], the matrix can be written as

A(n) = Q(n)ΛQH(n) (18)

where Q(n) is a unitary matrix where the columns contain the eigenvectors of
A(n):

Q(n) =
1√
2

(
−e−j∆ωn e−j∆ωn

1 1

)
(19)

and Λ is a diagonal matrix whose elements consist of eigenvalues of A(n):

Λ =

(
1 0
0 1 − 4µ

)
. (20)

Observe that the eigenvalues are determined by the step-size parameter µ, while
the eigenvectors are determined by the frequency separation ∆ω and the time index
n, resulting in a rotation of the eigenvectors where the rotation speed is connected
to the frequency separation.

The quantity that is connected to the convergence performance of the algorithm
is given by the matrix product of A(n). By substituting (18) into (16) the matrix
product can be expressed as

n∏
i=1

A(n − i) = A(n − 1)A(n − 2) · · ·A(0) =

Q(n − 1)ΛQH(n − 1)Q(n − 2)ΛQH(n − 2)Q(n − 3) · · ·Q(0)ΛQH(0). (21)
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In defining a new matrix B given by

B = ΛQH(m)Q(m − 1), (22)

a compact form of (21) is given by

n∏
i=1

A(n − i) = Q(n − 1)Bn−1ΛQH(0) (23)

where

B =
1

2

(
1 + ej∆ω 1 − ej∆ω

(1 − 4µ)(1 − ej∆ω) (1 − 4µ)(1 + ej∆ω)

)
. (24)

Note that the matrix B is independent of time index m.
A decomposition of the non-Hermitian matrix B can be written on the form:

B = SΛ̃S−1 (25)

where Λ̃ is a diagonal matrix of eigenvalues given by

Λ̃ =

(
λ1 0
0 λ2

)
, (26)

and S is a matrix where the columns contain the eigenvectors of B

S =
(

s1 s2

)
. (27)

If the eigenvectors s1 and s2 correspond to different eigenvalues λ1 and λ2, the eigen-
vectors are linearly independent and the matrix S−1 exists [17]. By substituting
(25) into (23) the following equation is obtained:

n∏
i=1

A(n − i) = Q(n − 1)SΛ̃n−1S−1ΛQH(0) (28)

where Λ̃n−1 is given by

Λ̃n−1 =

(
λn−1

1 0
0 λn−1

2

)
. (29)

The eigenvalues λ1 and λ2 are obtained by solving det(λI − B) = 0. An explicit
expression for the complex eigenvalues of B with respect to µ and ∆ω is given by

λi = e
j∆ω

2


(1 − 2µ) cos(

∆ω

2
) ±

√
4µ2 − (1 − 2µ)2 sin2(

∆ω

2
)


 . (30)

The eigenvectors si are suitably determined by numerically solving (λiI−B)si = 0
for a given eigenvalue λi.
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Finally, the expression for the weight-error vector (15) is given by

v(n) =

[
n∏

i=1

A(n − i)

]
v(0)

= Q(n − 1)SΛ̃n−1S−1ΛQH(0)v(0). (31)

The expression given in (31) is convergent if and only if the absolute value of the
eigenvalues is less than unity:

|λi| < 1. (32)

If the condition in (32) is satisfied the weights converge to the optimum weights,
hence it follows that

lim
n→∞

v(n) = 0. (33)

A sufficient condition for convergence, the constraints in (32) are fulfilled, is that
the step-size parameter is within the range of

0 < µ <
1

2
. (34)

2.2 The Learning Curve

An explicit expression of the squared error versus time (learning curve) with respect
to the error weight vector may be written as

J(n) = Jmin + vH(n)x(n)xH(n)v(n) + eo(n)xH(n)v(n) + vH(n)x(n)e∗o(n) (35)

where eo(n) = d(n) + wH
o x(n) and Jmin = |eo(n)|2 (the minimum squared error

obtained by calculating (7) for w(n) = wo +v(n)). However, by studying (35) and
(31) it is obvious that the decrease rate of the learning curve is connected to the
eigenvalues given in (30), where eigenvalue λi is associated with the ith mode of
the learning curve. Accordingly, the convergence performance of the algorithm is
strongly connected to the step-size parameter µ and the frequency separation be-
tween the reference signals ∆ω. The sampling rate may also affect the performance,
since ∆ω = 2π∆f

fs
. The smaller the absolute value of λi, the faster the decrease

rate of the corresponding mode, and the closer to unity the absolute value of λi

is, the slower the decrease rate of the mode will be. Thus, with proper eigenvalues
the algorithm is convergent:

lim
n→∞

J(n) = Jmin. (36)

3 Computer Experiment

In order to evaluate the performance of the complex multiple reference algorithm
computer simulations were performed using different frequency separations ∆f ,
between the reference signals and different step-size parameters µ. The frequency
of reference signal x1(n), see Fig. 2, was fixed at 100 Hz, while the reference signal
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x2(n) was assigned a frequency in the range of 100-200 Hz (0 < ∆f ≤ 100 Hz).
The sampling rate was fs = 1 kHz. The desired signal d(n) (the noise signal)
consisted of two sinusoidal signals with exactly the same frequencies as the two
reference signals and additive white noise w(n) (E[w2(n)] = σ2

w = 10−10), d(n) =
H1e

jω1n+H2e
jω2n+w(n). Small frequency separations between the reference signals

correspond to two sources running at almost the same rotational speeds, while large
separations correspond to sources running at completely different rotational speeds,
or harmonic frequencies generated by a single source. Throughout the simulations
the initial filter weight vector w(0) was zero and a normalized step-size parameter
was used [15],[16]. Accordingly, in (10) µ was substituted by

µ =
µ0

trace{R} =
µ0

2
(37)

where R denotes the input correlation matrix R = E[x(n)xH(n)] and E[·] denotes
the expectation value. The interval of µ0, for which the algorithm is stable, is given
by (cf. (34))

0 < µ0 < 1. (38)

4 Results

The eigenvalues of the matrix B, see (24) and (30), are the critical quantities in
the weight iterative process, and influence the performance of the algorithm e.g.
the convergence rate and tracking performance. If the condition in (38) is met the
algorithm is stable and the magnitudes of the eigenvalues are less than or equal
to unity (|λi| ≤ 1) irrespective of the frequency separation. Hence, the stability of
the algorithm is related to the step-size parameter only and not to the frequency
separation.

For small ∆f the eigenvalues of the matrix B are approximately real valued λ1 ≈
(1− 2µ0) and λ2 ≈ 1. Thus, one of the eigenvalues is very closely related the step-
size parameter, while the other approximately is unity for all step-size parameters.
The eigenvalue plot and typical learning curves of the multiple-reference algorithm
for such cases are shown in Figs. 3 and 4. Here, ∆f = 0.5 Hz and the step-size
parameter is in the range of µ0 = 0.1 − 0.9.

Note that when the magnitude of both eigenvalues is less than unity, the rate
of convergence increases as the magnitude decreases. As is clearly shown, small
magnitude eigenvalues result in a fast decreasing initial mode, and the closer to
zero the value is the faster the mode decays, reaching its maximum for λ1 = 0
(µ0 = 0.5). For positive real parts of the eigenvalues less than unity the learning
curves decay with no oscillations (overdamped), while for negative real parts larger
than minus unity there are decaying oscillations (underdamped). The duration of
the oscillation is determined by the negative real part of the eigenvalue; a value
close to minus unity results in slowly decaying oscillations, while a value close to
zero results in rapidly decaying oscillations. The effect of the step-size parameter
choice is as follows:
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0 < µ0 < 0.5 overdamped
µ0 = 0.5 critically damped
0.5 < µ0 < 1 underdamped

It is obvious that an eigenvalue close to unity prevents the algorithm from
converging completely, (limn→∞ J(n) = Jmin). The learning curves level out to
steady-state levels larger than Jmin, or very slowly decaying modes. However,
the steady-state level and the slope of the modes are determined by the step-size
parameter. Using (35) the instantaneous excess squared error Jex(n) can be defined
as:

Jex(n) = J(n) − Jmin. (39)

In these simulations Jmin = σ2
w = 10−10 (-100 dB). In Fig. 4 it is clearly shown

that the algorithm converges to a lower steady-state level with an increasing µ0,
Jex(n) decreases and higher noise reduction is obtained. On the other hand, a
slower initial mode is obtained for oscillating convergence. The results from the
simulations also show that Jex(n) decreases for a given step-size parameter when
the frequency separation approaches zero (∆f → 0).

Figures 5 and 6 show the eigenvalue plot and the convergence performance re-
spectively for ∆f = 100 Hz (large ∆f). In these cases there is counterclockwise
rotation of the eigenvalues connected to ∆f (cf. (30)). The radius of the circular
arc on which the eigenvalues are located is also dependent on the frequency separa-
tion; the radius increases for increasing ∆f . When the two eigenvalues are located
on this arc their magnitudes are equal (|λ1| = |λ2|), resulting in uniform and fast
convergence. A smaller magnitude leads to faster convergence and vice versa. Com-
pare the cases µ0 = 0.1 and µ0 = 0.2. Note that in these cases rippled convergence
behavior occurs. However, by increasing the step-size parameter the magnitude of
one of the eigenvalues approaches unity, which slows down the convergence speed.
Furthermore, rippled behavior disappears as a result of different magnitudes of
eigenvalues. An additional increase in the step-size causes convergence behavior
with initial decreasing oscillations (underdamped) which then change to monotonic
slowly decreasing modes or steady-state levels. In cases of large ∆f it is seen that
Jex(n) increases with an increasing step-size parameter [15],[16]. On the other
hand, by using small step-size parameters (µ0 < 0.1) to reduce the excess square
error, a very slow rate of convergence and rippled convergence behavior is obtained
as a result of eigenvalues with magnitudes quite close to unity. This is clearly
shown in Fig. 7, which illustrates the change in the magnitude of the eigenvalues
for different frequency separations and step-size parameters.

A summary of the noise attenuation obtained after 1000 sample iterations (1
second) versus ∆f and using different µ0 is shown in Fig. 8. High noise reduction
is obtained for frequency separations up to a few hertz using large step-size pa-
rameters, while the reverse is true for large separations. In the transition region at
approximately 10 Hz the system exhibits degraded performance and significantly
reduced attenuation.

Sometimes the noise is composed of harmonic components generated from sources
running at the same or almost identical rotational speeds. Such a case can be re-
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garded as a combination of the two control cases described above. The convergence
behavior of an algorithm using four reference signals is shown in Fig. 9. Here, the
noise contains the frequencies 100, 100.5, 200 and 200.5 Hz (∆f=0.5 and 100 Hz).
This figure clearly shows the characteristics previously obtained (cf. Figs. 4 and
6), for instance, as a result of the close frequency components (∆f = 0.5 Hz). The
learning curves level out to a constant level dependent on the step-size parameter.

The results presented above are based on computer-generated signals. The
following results are, however, based on real-life signals recorded inside the pas-
senger cabin of a twin-engined propeller aircraft during cruise flight with the two
propellers synchronized (∆f ≈ 0 Hz). The multiple-reference controller used was
based on a multi-channel complex filtered-x LMS algorithm. The controller used
32 loudspeakers and 39 control microphones [12],[19],[20]. Figure 10 shows the con-
vergence behavior for the controller when controlling the blade passage frequency
(105 Hz). It is seen that the convergence behavior obtained in this test coincided
with the behavior previously observed in Figs. 4 and 9; a rapid initial mode which
levels out in to a slowly decreasing secondary mode, and increased noise reduc-
tion with increased step-size parameter. In the figure the calculated optimum least
squares noise reduction is indicated by a horizontal line. For two different step-size
parameters following mean reduction of the blade passage frequency was obtained;
18.5 dB (µ0 = 0.003) and 20.8 dB (µ0 = 0.03) respectively averaged over the error
microphones. The optimum least squares reduction was calculated to 24.0 dB.

5 Summary and Conclusions

In this paper a theoretical analysis has been performed to explain the convergence
behavior of a multiple-reference complex LMS algorithm. An explicit expression
of eigenvalues controlling the convergence behavior has been derived. To validate
the analysis computer simulations have also been performed.

It is shown that the convergence performance is determined both by the step-
size parameter µ0 and the frequency separation ∆f between the reference signals
(the tonal components which will be reduced). The stability of the algorithm is,
however, connected to the step-size parameter only and not to the frequency sepa-
ration. The analysis shows that different eigenvalues contribute to different degrees
to the convergence performance. Each mode of the learning curve has its own time
constant, which is determined by the eigenvalue associated with that mode. A
small eigenvalue results in a rapidly decreasing mode (rapid convergence), while an
eigenvalue close to unity leads to a slowly decreasing mode (slow convergence). A
rapid initial mode, however, results in good tracking performance.

Often no distinction is made between convergence in the filter weights and a
decrease rate of the learning curve. Convergence is, however, important in adaptive
signal processing, but its significance depends on the application. The convergence
of the weights is less significant in active noise control and noise canceling appli-
cations, while it is of vital importance in inverse filtering problems. In inverse
filtering problems all modes are equally important, with the result that the slowest
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mode ultimately rules the convergence [18].
On the other hand, in noise control applications the weights in the filter are only

of indirect interest. The main purpose is to reduce the noise (minimize the error
signal). Accordingly, a complete convergence of the algorithm is not necessary: one
is satisfied when a sufficient noise reduction is obtained (the error is small enough).
However, in some applications the tracking performance of the algorithm is also of
great importance.

In cases of small frequency separations convergence problems may occur in-
dependently of the value of the step-size parameter (one eigenvalue is very close
to unity). However, in these cases the steady-state noise reduction is increased
by increasing the step-size parameter. On the other hand, for large frequency
separations a small step-size was shown to be preferable in order to achieve high
steady-state noise reduction. In all the cases (both for small and large frequency
separations) a large step-size parameter reduced the decrease rate of the initial
mode and introduced a decreasing oscillation in the learning curves. Accordingly,
in order to obtain good tracking performance it is advisable to choose a step-size
parameter giving an eigenvalue close to zero rather than use a large step-size.

To sum up, in practical noise control applications it is important to adjust the
step-size parameter so that a desired behavior with respect to tracking performance
and/or steady-state noise reduction is obtained for a particular control situation.
The noise reduction obtained plays an important role in contrast to convergence
in the filter weights. However, in non-stationary noise control applications such as
that found in different kinds of vehicles, good tracking performance of the control
algorithm is often more desirable than high steady-state noise reduction.
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Figure 3: Eigenvalue plot for ∆f = 0.5 Hz, and µ0 = 0.1 − 0.9.
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Abstract

A noisy environment dominated by low frequency noise can often be im-
proved through the use of active noise control. This situation arises naturally
in propeller aircraft where the propellers induce periodic low frequency noise
inside the cabin. The cabin noise is typically rather high, and the passenger
flight comfort could be improved considerably if this level were significantly
reduced.

This paper discusses the operation and robustness of a narrowband feed-
forward active noise control system in a practical installation. The ANC
system used 8 control sources and 11 control microphones, and the control
algorithm was the multi-reference actuator-individual normalized filtered-x
least mean squares algorithm. The experiment was performed in a full-scale
fuselage section of a SAAB 340 aircraft. To produce the propeller noise,
loudspeakers mounted in a ring around the fuselage were used. Results are
presented from a series of experiments on the active control of propeller-
induced cabin noise. Among the “flight” conditions evaluated were: condi-
tions where the “propellers” were completely synchronized, and conditions
with constant as well as time-varying frequency beat between “left and right
propellers.”

1 Introduction

One major source for aircraft interior noise is the propulsion system [1],[2]. In
particular, for propeller aircraft the cabin noise is dominated by harmonic low fre-
quency noise produced by the propellers. The most disturbing noise is typically
the first three or four harmonics of the blade passage frequency (BPF). The noise
is transmitted through several paths into the cabin: vibrations from the engines
are transmitted through the engine mounts into the wing structure, which in turn
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excites the whole aircraft body; turbulence from the propellers excites the rear
wing which in turn causes vibrations in the rear part of the aircraft [3]. Another
important path is through the fuselage in the plane of the propellers; the propeller
blades cause very high pressure fluctuations at the outside of the fuselage which
are transmitted into the passenger cabin. The importance of the different trans-
mission paths varies with frequency. At the BPF, the sound field is usually excited
throughout the whole cabin, while the harmonics tend to be excited primarily in
the plane of the propellers [4].

Due to the low frequency range, typically 80–450 Hz, the practical use of passive
noise reduction methods is very limited. The aircraft fuselage is constructed as
a light stiff wall with only a marginal low-frequency transmission loss. By using
tuned dampers, the transmission loss can be significantly increased [1]-[3]. A tuned
damper is a mechanical resonance system consisting of a mass and a spring with a
fairly high mechanical loss factor. The damper is tuned to one frequency, typically
the BPF at normal cruise speed or one of its harmonics. By using several dampers,
it is possible to obtain a noise reduction over a broader frequency range. One
major disadvantage with the tuned dampers is the added weight, which can be the
equivalent of one passenger or more. This is significant for an aircraft designed for
20–30 passengers. Another disadvantage is that the performance normally is tuned
to one flight condition, which implies that the vibration absorbing effect is reduced
at other flight conditions.

An active noise control system (ANC) offers much more potential to the noise
control engineer [5]-[9]. First of all, the overall attenuation is generally higher than
what can be obtained with a passive installation. Since the controller is synchro-
nized with the engines, the attenuation is maintained throughout the complete
flight cycle, including cruise, climb and descent. If the controller is synchronized
to both engines, the beating that appears as the engines become unsynchronized is
also controlled. Even with many (more than 30) loudspeakers including cabinets,
the active noise control system is lighter than a normal set of tuned dampers [2].

The active noise control system evaluated in this paper is based on a multiple-
reference narrowband feedforward control approach and is designed to attenuate
the tones generated from the propellers. The controller is based on the actuator-
individual normalized filtered-x Least Mean Squares (LMS) algorithm [11]-[12].
This algorithm is synchronized to both propellers. The need for a synchroniza-
tion signal from each propeller arises from the fact that the synchrophaser devices
are unable to perfectly synchronize the two propellers during a complete flight cy-
cle [11]. By using the synchronization signals, internal single-frequency reference
signals are generated and instantaneously adjusted by adaptive weights before driv-
ing the control sources, e.g. loudspeakers. The residual noise is observed by control
sensors and the output signals from these are used to adjust the adaptive weights
so that the overall noise level is minimized.

The most commonly used sources for generating the secondary interacting sound
field, the “anti-noise,” are loudspeakers. However, since the sound field is generally
excited by vibrations in the bounding walls, another approach is to use vibration
exciters attached to the wall surface. The technique using control inputs applied
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directly to the structure in order to reduce the vibration distribution with the ob-
jective of reducing the sound radiation has been termed Active Structural Acoustic
Control (ASAC) [8],[13]. To observe the interior noise reduction, microphones are
used as control sensors.

In this report, both loudspeakers and shakers are used by the controller to
reduce the noise. The focus is, however, not on the mixture of different types
of control sources and sensors. The objective with the report is to present the
performance of an active control system in an acoustical environment.

In development work of a control system, an important part is the evaluation
of its performance and robustness. In some applications it is possible to install
the control system in a practical application, e.g. in an aircraft, motor boat or
another vehicle, and then evaluate its performance under actual running conditions.
This report deals with the evaluation of a control system in an aircraft. In this
particular application, it is difficult, time consuming and very expensive to do
the performance evaluation under actual in-flight tests. An alternative approach
could be to carry out the evaluation on grounded aircraft. Even in this case, the
evaluation is expensive. Furthermore, the results would not be directly comparable
with results obtained from in-flight tests due to the influence of the ground on
the sound field inside the aircraft. Another alternative and a compromise in the
evaluation process is to use a test section of a real aircraft, i.e. a mock-up, and use
artificially generated propeller noise. A major advantage using a mock-up is that
the system performance and robustness can easily be investigated in an acoustical
environment. Another advantage is that the system can be tested for cases which
are difficult to test during flight, such as different disturbaces in the synchrophaser
angle etc.. The system evaluation presented in this report is performed in a aircraft
mock-up.

The experimental setup consisting of a mock-up and a noise generation system
is described in Section 2. The control algorithm and the reference signal generation
are treated in Section 3. Section 4 and Section 5 describe the evaluation conditions
and criteria, respectively. The results are presented in Section 6.

2 The Experimental Setup

This section describes in detail the experimental setup, including the mock-up and
the specially designed sound generation system.

2.1 The Mock-Up

The mock-up used in the experiments consisted of a full-scale fuselage section of
a SAAB 340 aircraft. The length of the section was 2.5 meters, with 0.9 meters
of its length forward of the the plane of the “propellers.” The mock-up was fully
trimmed, i.e. fitted with thermal insulation, interior panels and floor panels, but
without seats or luggage compartments.

The ANC system consisted of a multi-channel system using a maximum of
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8 control sources and 11 control microphones. In the present experiment the
control sources (secondary sources) consisted of both acoustic and structural ex-
citers, namely 5 loudspeakers and 3 structural shakers. Each loudspeaker unit was
mounted into a closed cabinet with the dimensions 20× 20× 12 cm3. The cabinet
was designed to fit into the volume between the trim panel and the fuselage. The
structural shakers were mounted on the inner side of the fuselage. The locations
of the control sources and control microphones are displayed in Figure 1. Their
positions were found as the result of an optimization procedure. In most practi-
cal applications it is not possible to put the control microphones exactly at the
positions where the noise reduction is most desired. The objective of the actua-
tor/sensor optimization is generally to find a configuration of actuators and control
sensors from a given set of conceivable positions to obtain a high noise-attenuation
in a desired space, not only at the control microphones [14]. The conceivable po-
sitions are often chosen from a practical installation point of view.

Shakers

Loudspeakers

Control Microphones

1

2

3

4

5

Monitor Microphones

(a)

(b)

2.5 meter

Plane of propellers
Flight Direction

Figure 1: The locations of (a) the actuators and the control sensors, and (b) the
monitor microphone positions for each cross section (see cross sections 1–5 in (a)).
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The performance of the ANC system was not only evaluated in the control
microphones. A separate set of 20 microphones was used solely for evaluation
purposes, so-called monitor microphones. These microphones were not part of the
control system and could be placed at arbitrary positions where the control system
was to be evaluated. Figure 1(b) shows the locations of the monitor microphones.

2.2 The Propeller Noise Generation System

One major concern in mock-up tests is how the primary sound field is generated.
The aim should of course be to excite a sound field within the mock-up that re-
sembles as closely as possible the sound field present during flight.

In this setup, an artificial propeller noise simulator was used. The simulator
consisted of 12 loudspeakers mounted in a single plane around the exterior of
the fuselage, covering about 2

3
of the fuselage circumference. The loudspeakers

were mounted perpendicular to the fuselage. To avoid interference between the
loudspeakers they were fitted as tightly as possible to the fuselage without direct
contact. The excitation was acoustical, not mechanical. Each loudspeaker was
driven individually by a noise generator. The noise generator basically consisted

Figure 2: The propeller noise generation system consisting of a ring of 12 loud-
speakers.
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of a computer with a digital signal processing board (TMS320C32) and power
amplifiers (200 W for each channel). The loudspeakers were ordinary car audio
woofers (4 Ω, 8 inches). A photograph of the loudspeaker setup is shown in Figure 2.

The purpose of the loudspeaker array was to recreate the sound pressure dis-
tribution on the outside of the fuselage in the plane of the propellers. This was
achieved by generating loudspeaker signals with a relative amplitude and phase
difference, which was implemented in the system as a loudspeaker specific com-
plex coefficient. These coefficients were calculated by the Aeronautical Research
Institute of Sweden (FFA) based on a vibroacoustic finite element model.

By exciting the fuselage with a loudspeaker array in this manner, only airborne
propeller-induced noise originating from the pressure fluctuations on the fuselage
could be simulated. Structure-borne noise originating from propeller shaft rotation
or boundary layer noise could not be generated. This was not a significant problem
since the major concern in this study was the airborne propeller-induced noise.

The synthesized propeller noise consisted of several purely sinusoidal compo-
nents internally generated in the computer. The sound field consisted of contribu-
tions from the left and right “propellers.” Each propeller field was obtained as the
sum of an arbitrary number of harmonics—the fundamental BPF and some of its
harmonics. In this study the BPF was 82 Hz which corresponds to the BPF of a
SAAB 340 during cruise flight. The sound field could be generated to simulate the
propellers running with equal or different rotational speeds.

The driving signal for loudspeaker i is given by:

pi(n) =
R∑

r=1

H∑
h=1

Arh,i sin(2πfrhn+ δrh,i) (1)

where Arh,i and δrh,i denote the amplitude and phase coefficients associated with
the frequency frh. R and H denote the number of sources (“propellers”) and the
number of harmonics from each source, respectively. R equals 2 throughout this
study. A schematic figure of the noise generation system is shown in Figure 3.
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Figure 3: Schematic figure of the noise generation system.



Experimental Performance Evaluation of a Multi-Reference
Algorithm for Active Control of Propeller-Induced Cabin Noise 169

In the simulations of steady cruise flight, both “propellers” rotated with fixed
and equal rotational speeds. All other flight conditions were generated by adjusting
the rotational speed of the right “propeller.” The noise generation system also
delivered a synchronization signal for each “propeller,” corresponding to one pulse
per propeller revolution.

A schematic figure of the entire experimental setup is shown in Figure 4.

ANVC Controller
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Noise Generation
System

Driving Signals
to the Actuators

Control Microphone 
Signals

Power
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Noise Generation System Aircraft Mock-up

Driving Signals to the
Loudspeaker Ring

''Propellers''

''Propeller Noise''

Power
Amplifier

Pre-
Amplifier

Left ''Propeller'' Right ''Propeller''

Figure 4: Schematic figure showing the experimental setup.
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3 The Control System

The core of the control system is a multi-channel, narrowband feedforward con-
troller using complex signals and complex filter-weights. The complex reference
signals are individually processed by a single complex weight that adjusts the ampli-
tude and phase for each actuator. The structure of a twin-reference, multi-channel
feedforward active noise control system is shown in Figure 5.
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Figure 5: Twin-reference, multi-channel system for narrowband active noise control
of propeller-generated cabin noise.
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One major advantage with narrowband active control of periodic noise compo-
nents is that the reference signals can be synthesized internally in the controller.
In this study, the synchronization signals obtained from the noise generation sys-
tem were used to generate the complex reference signals. With reference signals
generated in this manner, the adaptive control becomes extremely selective and it
is possible to determine which harmonics are to be controlled and which are not.

The controller update algorithm uses estimates of the acoustic paths between
all control sources and all control microphones (control paths). In the present
study, the control algorithm was implemented on hardware from another part in
the project. This hardware was originally designed for an FIR-based control al-
gorithm, where the control paths are modeled as 8-tap FIR filters. The source
path identification procedure was performed sequentially, source by source, using
an excitation signal containing the four harmonics (BPF, 2×BPF, 3×BPF and
4×BPF) to be controlled. The path was identified using an adaptive LMS algo-
rithm [6],[15],[16].

The control paths were identified under quiet and steady conditions before
the control system was started. With the complex LMS algorithm, only single
frequency complex estimates are used. These values were obtained by performing
an FFT on the estimated impulse responses.

3.1 The Multiple-Reference Control Algorithm

The control algorithm is a central part of the ANC system. In order to obtain a
significant global noise reduction in a large cavity, such as in an aircraft, a large
number of control sources and sensors are needed [4],[5]. In the case of a twin-
propeller aircraft, the algorithm must also be able to handle two reference signals.
Therefore, it is important to use an algorithm with low computational complexity
to save computation power. The low-complexity, multi-reference control algorithm
used in this study is called an actuator-individual, normalized filtered-x LMS algo-
rithm [10],[11],[17]. The algorithm is described for a general control situation with
M control microphones, L actuators and R reference signals, where each reference
has H harmonics.

The objective of the active noise control system is to minimize the sound pres-
sure at the control microphones. The quadratic cost function to be minimized is
chosen to be the sum of the squared output signals from theM control microphones:

J(n) =
M∑

m=1

e2m(n). (2)

The updating scheme of the complex filter weights associated with the complex
reference signal xrh (r = 1, 2, · · · , R, and h = 1, 2, · · · , H) can be written in a
matrix notation as

wrh(n+ 1) = wrh(n) − 2Mrhx
∗
rh(n)F̂

H
rhe(n) (3)

where wrh(n) = [wrh1(n) · · ·wrhL(n)]T is a vector of controller weights,
e(n) = [e1(n) · · · eM(n)]T is a vector of control errors and F̂rh is an M × L matrix
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of control paths. The convergence factor matrix, Mrh, is given by the actuator-
individual normalization

Mrh = µ0(ρrhdiag
{
FH

rhFrh

}
)−1Mrh =




µrh1

µrh2

. . .

µrhL




(4)

where each diagonal element (the step-size parameter for actuator l, reference r
and harmonic h) is given by

µrhl =
µ0

ρrh
∑M

m=1 |F̂rhml|2
(5)

where ρrh denotes the power of the reference signal xrh. This convergence factor
matrix may also be written as Mrh = µ0(ρrhdiag

{
F̂H

rhF̂rh

}
)−1. The actuator-

individual normalized algorithm is based on the assumption that in ANC appli-
cations with a large number of loudspeakers and microphones, such as in aircraft
applications, the acoustic coupling between the loudspeakers decreases as the dis-
tance between them increases. This situation leads to a matrix F̂H

rhF̂rh that is
diagonally dominant, since the diagonal elements contain magnitude squares of
frequency responses and the off-diagonal elements result from cross products of
different responses (F̂H

rhF̂rh ≈ diag
{
F̂H

rhF̂rh

}
) [11]. For such situations, this algo-

rithm can be seen as an approximation of Newton’s algorithm where the step-size
matrix is given by Mrh = µ0(ρrhF̂

H
rhF̂rh)

−1. Figure 6 shows the magnitude of
each element in the diagonally dominant F̂H

rhF̂rh matrix obtained for the measured
frequency response functions in the mock-up at the BPF (82 Hz).

The control signals yl(n), l = 1, 2, · · · , L in Figure 5 are generated according to

y(n) =
R∑

r=1

H∑
h=1

�{xrh(n)wrh(n)} . (6)

Here, y(n) is an L×1 vector of real-valued control signals yl(n), xrh(n) is a complex
scalar reference signal, wrh(n) is an L × 1 vector of complex loudspeaker weights
wrhl(n), and �{·} denotes the real part.

3.2 Reference Generation

The reference generation method typically used by the present research group has
been a table lookup scheme consisting of several tables, one table for each harmonic,
where each table contains a single sampled sinusoidal function. The generation of
complex reference signals can be done either by using a pair of table pointers, where
one pointer is delayed 90◦, or by using a sine and a cosine table.

In this study, the algorithm was to be implemented on external hardware that
was originally constructed for an FIR-based adaptive control scheme. This hard-
ware delivered a composite reference signal, one for each propeller, containing the
sum of the harmonics to be controlled. In order to split this composite signal into
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Figure 6: The magnitude of the elements in the diagonally dominant matrix F̂H
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for the BPF of 82 Hz (linear scale). The matrix consists of control paths measured
inside the mock-up. Sources 1–3 correspond to the structural exciters and sources
4–8 correspond to the loudspeakers.

separate, complex, harmonic reference signals suitable for the algorithm, a sliding
FFT-operation was used as a parallel filter bank [11],[18]. The process of generating
the complex reference signals from a synchronization signal is shown in Figure 7.

Frequency
Multiplier   (x4)

4 bladed propeller 4 pulses/revolution

BPF  2BPF        . . .           N*BPF   1 pulse/propeller revolution
Synchrophaser Pulse

A/DLow Pass
Filter

BPF  2BPF      . . .  
Real Composite
Reference Signal

FFT
64-point

sr(n)
xrh(n)

Complex
Reference Signals

The Software Splitter
The Target Hardware Platform

}Complex
Algorithm

Figure 7: The reference generation of complex reference signals.

The synchronization signals derived from the noise generation system contained
only one pulse per “propeller” revolution. On the targeted platform these signals
were converted to contain as many pulses per revolution as the number of propeller
blades on the propeller, which is four on the SAAB 340. This conversion was
done by using a phase-locked loop. The frequency contents of the square wave
thus produced contains the fundamental frequency (BPF) and all harmonics with
decreasing amplitudes. The composite reference signals, s1(n) and s2(n), were
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obtained by feeding the square wave through a low-pass filter, allowing only the four
lowest frequency components (BPF to 4×BPF) to pass through. As an interface
between the real composite reference signals and the complex algorithm a software
splitter based on an FFT-filter bank was used.

Given the real, scalar synchronization signals, sr(n), the complex, scalar refer-
ence signals, xrh(n), are generated by computing the FFT-operation on blocks of
N samples for every new sample (sample-by-sample basis) according to

xrh(n) =
N−1∑
q=0

h(q)sr(n− q)ej
2π
N

khq (7)

where n is the sample index and h(q) is a window function [11] .
The required FFT resolution for the filter bank was determined by the system

sampling frequency and by the frequency separation of the harmonics at the lowest
engine speed. The frequency bin number to be used as output for the complex
reference signal was determined by the harmonic h to be controlled. In the evalua-
tion, variations in the propeller speed was small. For this reason, no shifts between
frequency bins were carried out.

It has been shown that the length of the FFT affects the response time for the
algorithm to rapid changes in the input signals [11],[17]. For this reason, as well as
considering the calculation effort, it is desirable to keep the length of the FFT as
short as possible. If the FFT is too short, on the other hand, the frequency reso-
lution will suffer, leading to poor suppression of nearby harmonics. In the present
application, the FFT size was chosen to 64 and a Blackman window was used. With
a sampling frequency of 1 kHz, the filter resolution becomes 1024/64=16 Hz. For
a Blackman window the suppression of the side lobes is at least 58 dB, compared
to 13 dB when a rectangular window is used [11],[19].

One significant disadvantage with the sliding FFT filtering technique, besides
the fairly high implementation cost, is the delay caused by the linear-phase filter
employed by this method. The group delay equals one-half the length of the FFT,
which for the present case corresponds to 32 ms. Due to this delay, very rapid
changes in the rotational speed will not be accurately traced by the controller.
Another disadvantage is that the calculation of the FFT requires a large amount
of computational effort in the DSP.

4 Simulated Flight Conditions

The ANC system performance was evaluated for “flight” conditions with synchro-
nized “propellers” with constant rotational speed as well as unsynchronized pro-
pellers with constant or sinusoidally varying rotational speed differences. The ex-
periment was performed with a fundamental Blade Passage Frequency (BPF) of
82 Hz. The rotational speed of the “left propeller” was fixed (f1 = 82 Hz). Differ-
ent control situations were achieved by varying the BPF of the “right propeller”
(f2(t)). The relative phase angle (synchrophase angle) between the propellers is
denoted by ∆ϕ(t), see Figure 8.
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Figure 8: The difference in the synchrophase angle, ∆ϕ.

With fully synchronized propellers the BPF was equal to 82 Hz and the syn-
chrophase angle was constant and equal to zero (∆ϕ(t) = 0). The objective with
this test was to verify the operation of the control system under ideal conditions
corresponding to steady cruise flight. The objective also was to obtain a “bench-
mark” for conditions with unsynchronized sources.

Modern propeller aircraft are usually fitted with a synchrophaser unit which
synchronizes the propellers. The synchrophaser is, however, often unable to keep
the propellers fully synchronized at all times, resulting in a slight rotational speed
difference between the propellers. The performance was evaluated for constant
BPF differences ∆f and sinusoidally varying BPF differences ∆fmaxsin(2πt/T ).
Here ∆fmax denotes the maximum beat frequency and T is the periodicity of the
variation. The BPF of the “right propeller” was f2 = 82 + ∆f Hz or f2(t) =
82 + ∆fmaxsin(2πt/T ) Hz, depending on the test being run.

The following constant beat frequencies were evaluated: ∆f= 0.5, 1 and 2 Hz.
For the time-varying case, ∆fmax was equal to 0.5 or 1 Hz and the period time, T ,
was either 1 or 5 s.

During flight it is not unusual that a variation in the relative phase angle be-
tween the propellers occurs. In order to test the algorithm in an environment that
closely resembles such a flight situation, a case with a time-varying phase angle
between the two propellers , ∆ϕ(t), was simulated. The relative phase angle varied
sinusoidally in the range ±1 ◦ within one revolution of the propeller.

Usually, it is desired to attenuate not only the fundamental BPF in order to
achieve significant noise attenuation. Interior propeller-induced noise consists of a
number of dominant harmonics. The system performance for control of harmonics
was also investigated in the experiment.
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5 Evaluation Criteria

The controller was evaluated with respect to steady state noise attenuation, conver-
gence behavior, and robustness for different non-stationary conditions. The noise
attenuation is presented diagrammatically, and the convergence behavior is shown
as learning curves. The learning curves show the change in mean sound pressure
level versus time averaged both over the control and monitor microphones.

The mean narrowband attenuation, Ah, for harmonic h is given by

Ah = 10log10

∑M
m=1 |Dmh|2∑M
m=1 |Emh|2

[dB] (8)

where |Dmh| and |Emh| are the magnitudes of the Fourier transforms of the uncon-
trolled and controlled noise at the control microphones. The magnitudes were taken
from averaged autospectra, using blocks of 256 samples with Hanning-windowed
data. The data were taken towards the end of the recorded sequences to ensure
that the control algorithm had converged properly.

The measured mean noise attenuation was compared with the theoretically
computed optimum reduction in a least squares sense [5]. The optimum attenuation
is obtained by calculating the ratio of the powers of the uncontrolled and controlled
noise in the control microphones:

Aopt = 10log10

‖Dh‖2

‖F̂hyhopt + Dh‖2
[dB] (9)

where ‖ · ‖2 denotes the squared Euclidean norm and yhopt = −[F̂H
h F̂h]

−1
F̂H

h Dh,
where Dh is an M × 1 complex vector containing the uncontrolled noise in the
control microphones.

6 Practical Control Results

High attenuation can be achieved by spatially and temporally matching the primary
sound field with a sound field generated by the control sources. The temporal
matching is mainly determined by the control algorithm, while the spatial matching
mainly depends on the location of the control sources and sensors.

Figure 9 shows the sound pressure level of the uncontrolled and controlled
sound fields at BPF (82 Hz), in the seated head height inside the mock-up, see also
the Appendix. The controlled sound field was measured after the controller was
allowed to converge. As shown in this figure the ANC system significantly reduced
the overall noise level in seated head height. It is clear that the effect of turning on
the ANC system was to level out the spatial variations in the sound pressure level.
In the front region inside the mock-up where several control microphones were
located a substantial noise attenuation was observed. The measured mean noise
reduction averaged over all the monitor microphones was approximately 10.3 dB.
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Figure 9: The interior sound pressure level distributions at the passenger head level
measured by the 20 monitor microphones.
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Figure 10: The mean sound pressure level versus time for fully synchronized pro-
pellers averaged over (a) the monitor microphones, and (b) the control microphones.

Figure 10 shows the convergence performance of the controller. The curves
show the change in normalized mean sound pressure level versus time in the con-
trol microphones as well as the monitor microphones. The curves are normalized
to 0 dB at t = 0 seconds. The controller was started after approximately 2 seconds.
The control algorithm exhibited robust convergence to a constant level, approxi-
mately 18.4 dB attenuation at the control microphones and 10 dB at the monitor
microphones. In this case with identical propeller rotational speed it is interesting
to note that the twin-reference controller converges nicely, while in fact there is
redundant information in this condition; two individual (but identical) controllers
use similar inputs to control the same signals. Therefore, in this condition with
fully synchronized propellers a single-reference controller is sufficient [11]. Such a
controller uses a single synchronization signal from one of the propellers to obtain
information about the noise to be reduced. In applications where a possible unsy-
chronization may occur between the noise sources, a multiple-reference controller
is, however, more preferable to a single-reference in order to efficiently reduce the
noise level under different conditions [11].

The difference of 8 dB between the attenuation at the monitor and control
microphones depends significantly on the placement of the control sources and the
control microphones. This result demonstrates the importance of the locations of
these sources and sensors in order to obtain high overall noise reduction [5].

Figure 11 shows a diagrammatic representation of the sound pressure in the
control microphones with the ANC system on and off. The diagram shows the
noise attenuation obtained at each control microphone. The levelling out of the
sound field when using ANC is also clearly seen in this figure. A mean attenuation
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Figure 11: Performance of the active system (synchronized propellers).
Mean attenuation 18.4 dB.

of 18.4 dB was obtained across these microphones. The optimal theoretically-
calculated attenuation was 22.7 dB. This result indicates that the controller per-
forms well under this ideal running condition. A broad agreement between the
calculated and obtained noise reductions has also been observed in off-line com-
puter evaluations based on recorded noise and synchronization signals as well as
measured control paths [11],[17].

The convergence behavior showed above is compared with the convergence be-
havior obtained in an off-line computer experiment based on recorded data cor-
responding to the same control condition, see Figure 12. It is shown that the
convergence behavior obtained in the computer experiment highly coincided with
the behavior observed in the practical experiment. In the practical experiment a
relatively small step-size parameter µ0 was used (µ0 = 0.001). An improved perfor-
mance could, however, be obtained by using larger values of µ0 which is shown in
Figure 13 [20]. A stability criterion for µ0 is presented in [10]. This criterion shows
that the controller is stable for a step size within the range 0 < µ0 <

1
LRH

. In the
present experiment of controlling the BPF from two sources the upper limit was
calculated to 1

16
= 0.0625. The value of µ0max was experimentally determined in an

off-line computer experiment to µ0max = 0.085. The maximum step-size, µ0max , was
the largest step-size found that gave a stable result in the off-line experiment.

Owing to the structure of the controller and the adaptive algorithm, rapid con-
vergence was realizable. This ability for rapid convergence enables the control
system to track changes in the sound. This type of controller is favorable for at-
tenuating noise from periodic sources running at moderately different rotational
speeds, as observed, for example, when the fields generated by the two propellers
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beat together. Figure 14 presents a diagrammatic representation of the mean SPL
for each control microphone averaged over a time period of 5 seconds for condi-
tions with a constant beat frequency of 0.5 Hz. The levelling out of the sound field
caused by the control system is also clearly seen here. Similar results was observed
for beat frequencies of 1 and 2 Hz. Table 1 summarizes the mean noise attenuation
averaged over all control microphones. The results demonstrate significant noise
reduction. Note that the reduction decreases with increased beat frequency, which
is in accordance with theoretical results [20]. A comparison with the fully synchro-
nized case shows a degradation in the noise attenuation of approximately 4 dB,
due to the beats. By using a larger step-size parameter an improved performance
could also be obtained in conditions with beating sound fields [20].
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Figure 14: Performance of the active system for constant beat frequency
(∆f = 0.5 Hz). Mean attenuation 15.3 dB.

∆f [Hz] 0 0.5 1 2
Ah [dB] 18.4 15.3 14.9 14.7

Table 1: The mean noise attenuation in the control microphones of BPF for constant
beat frequencies.

Figures 15-17 show the convergence behavior for a beat frequency of ∆f =0.5,
1 and 2 Hz. Also shown in these figures is the convergence behavior from the
fully synchronized case. Despite the beating the controller proved to be stable and
converged robustly.
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Figure 15: Learning curves: (a) constant beat frequency (∆f = 0.5 Hz);
(b) two synchronized sources.
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Figure 16: Learning curves: (a) constant beat frequency (∆f = 1 Hz);
(b) two synchronized sources.
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Figure 17: Learning curves: (a) constant beat frequency (∆f = 2 Hz);
(b) two synchronized sources.

The noise attenuation in the control microphones obtained for conditions with a
time-varying beat frequency excitation, in this particular case a sinusoidally vary-
ing, is shown in the Figures 18-21. Figures 22-25 show the convergence behavior.
In these cases a mean noise attenuation of approximately 11–13 dB was obtained
depending on the ∆fmax and T , see Table 2. A comparison with the constant beat
frequency situation demonstrates a reduced noise attenuation of several dB for the
cases of time-varying beat frequencies. The results show a better noise attenuation
for slowly varying conditions than for rapidly changing conditions. The decreased
noise attenuation results because the FFT-based reference generator introduces a
time delay in the reference signals of approximately 32 ms. The controller remained
stable and converged robustly to a constant mean level despite the delay in the ref-
erence signals and the time-varying beats. In non-stationary conditions this delay
implies decreased correlation between the reference signals and the noise, resulting
in degraded tracking performance and reduced noise attenuation. However, this
delay will not cause any problems under stationary conditions. Under such condi-
tions it is always possible to find a correlation between periodic signals of the same
frequency, irrespective of delays [17]. In such cases the time delay of the reference
signals will thus not reduce the noise attenuation.

The synchronization signals delivered by the noise generation system contained
a single pulse per “propeller revolution.” Reference signals generated using such
synchronization signals may have slightly time-varying phase angles (“phase jit-
ter”), which may degrade the performance of the ANC system. In the cases of a
time-varying synchrophase angle a larger amount of phase jitter was introduced
in the reference signals. The phase jitter as well as the time-delay in the ref-
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Figure 18: Performance of the active system for time-varying beat frequency
(∆f = 0.5 Hz, T = 1 s). Mean attenuation 11.6 dB.
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Figure 19: Performance of the active system for time-varying beat frequency
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Figure 20: Performance of the active system for time-varying beat frequency
(∆f = 1 Hz, T = 1 s). Mean attenuation 7.5 dB.
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Figure 22: Learning curves: (a) sinusiodally-varying beat frequency
(∆fmax = 0.5 Hz, T = 1 s); (b) two synchronized sources.
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Figure 23: Learning curves: (a) sinusiodally-varying beat frequency
(∆fmax = 0.5 Hz, T = 5 s); (b) two synchronized sources.



Experimental Performance Evaluation of a Multi-Reference
Algorithm for Active Control of Propeller-Induced Cabin Noise 187

1 Hz Sine Beat T=1s

(a)

(b)

0 5 10 15 20 25 30
-20

-15

-10

-5

0

5
Mean Sound Pressure Level (SPL)

Time [s]

SPL 
[dB]

Figure 24: Learning curves: (a) sinusiodally-varying beat frequency
(∆fmax = 1 Hz, T = 1 s); (b) two synchronized sources.
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Figure 25: Learning curves: (a) sinusiodally-varying beat frequency
(∆fmax = 1 Hz, T = 5 s); (b) two synchronized sources.
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∆f [Hz] 0.5 0.5 1 1
Period T [s] 1 5 1 5
Ah [dB] 11.6 12.6 7.5 10.0

Table 2: The mean noise attenuation of BPF for time-varying beat frequencies.

erence signal introduced by the FFT-based reference generator implied that the
controller never converged completely, since it constantly reacted to the variations.
The performance of the controller is shown in Figure 26. The mean noise atten-
uation obtained in the control microphones was approximately 15 dB. In order to
reduce the phase jitter it is recommended to use synchronization signals containing
as many pulses as possibly per revolution, thereby increasing performance criteria
such as tracking and noise reduction.
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Figure 26: Learning curve: Time-varying synchrophase angle.

Figures 27 and 28 shows the results from a condition where the BPF and 2×BPF
generated by two synchronized propellers were controlled. The results in these
figures show a high reduction of both frequencies. The mean attenuation for BPF
and 2×BPF was 15.8 dB and 10.6 dB, respectively, and the optimum attenuation
for the BPF was calculated at 19.2 dB. The optimum attenuation for the 2×BPF
could not be calculated since the control paths were unavailable for this frequency.
It can be seen that the attenuation of the BPF in this case is lower than for the case
of only controlling the BPF. Due to the fact that the primary noise level was lower.
Due to the hardware limitations the level of the primary noise had to be decreased,
and this affected the ability to control the 3×BPF and 4×BPF in which the peaks
were too low compared to the level of the surrounding noise. Consequently, only
the BPF and 2×BPF were controlled.
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synchronized propellers. Mean attenuation 15.7 dB.
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7 Summary and Conclusions

This paper presents results from a practical experiment where the performance of
the multi-reference actuator-individual normalized filtered-x LMS algorithm has
been evaluated. The evaluation was performed within a fuselage section from a
propeller aircraft. In order to simulate the propeller noise produced by two rotating
propellers 12 loudspeakers mounted around the exterior of the fuselage were used
to excite the structure. The ANC system used 8 control sources and 11 control
microphones.

The controller exhibits good performance with respect to convergence rate,
tracking and robustness, and the interior noise level was considerably reduced. The
mean attenuation of the BPF (82 Hz), under stationary “flight” conditions with
fully synchronized propellers, was approximately 18 dB in the control microphones,
and 10 dB in the monitor microphones located at the passenger head positions. In
cases with unsynchronized propellers, however, the attenuation achieved decreased
typically 3–6 dB due to beating. In the different cases the controller converged
robustly, and the behavior of the controller displayed in these tests agreed with the
behavior obtained from off-line computer simulations. The noise reduction mea-
sured was in broad agreement with the optimum theoretical reduction, calculated
by using the recorded primary noise and measured frequency responses.

The performance degradation under non-stationary conditions is partly due
to the time delay introduced by the FFT-filter bank used to generate the inter-
nal complex reference signals. Increased performance in non-stationary conditions
could be obtained if the reference signals are generated with as short inherent delay
as possible, e.g. using lookup tables instead of the sliding FFT-operation in the
generation process.

In conclusion, the multiple-reference actuator-individual normalized filtered-x
LMS algorithm exhibited high performance in a practical acoustic environment.
Significant noise attenuation was obtained. The system was robust and fast con-
vergence was observed for stationary as well as non-stationary conditions.

Acknowledgments

The authors wish to express their gratitude to the partners in the BRITE/EURAM
project ASANCA II for the possibility of carrying out the experiment. The authors
would especially like to thank the collaborator partners in the experiment; the
Aeronautical Research Institute of Sweden (FFA), SAAB AB in Sweden, and the
Matra Cap Systems in France.



Experimental Performance Evaluation of a Multi-Reference
Algorithm for Active Control of Propeller-Induced Cabin Noise 191

50 55 60 65 70 75 80 85 9590

30 35 40 45 50 55 60 65 70 7550 55 60 65 70 75 80 85 9590

Appendix

dB

dB

Uncontrolled Sound Field

Controlled Sound Field

⇓ The plane of the propellers

⇓ The plane of the propellers

Figure 29: The interior sound pressure level distributions at the passenger head
level measured by the 20 monitor microphones.



192 Part VI

References

[1] “The Measurement of Noise and Vibration Transmitted into Aircraft Cabins,”
A. von Flotow, M. Mercadal, Sound and Vibration, pp. 16-19 (1995).

[2] “Cabin Noise Control in the Saab 2000 High-Speed Turboprop Aircraft,”
U. Emborg, Proc. of ISMA 23, 13-25, (1998)

[3] “Active Cabin Noise Control,” C. Ross, Proc. of Active 97, pp. XXXIX-XLVI
(1997).

[4] “In-flight experiments on the active control of propeller-induced cabin noise,”
S. J. Elliott, P. A. Nelson, I. M. Stothers, C. C. Boucher, J. of Sound and
Vibration, 140, pp. 219-238 (1990).

[5] P. A. Nelson, S. J. Elliott, Active Control of Sound (Academic Press, Inc.,
London, 1992).

[6] S. M. Kuo, D. R. Morgan, Active Noise Control Systems, (John Wiley & Sons,
Inc., New York, 1996).

[7] C. H. Hansen, S. D. Snyder, Active Control of Noise and Vibration, (E&FN
SPON, London, 1997).

[8] C. R. Fuller, S. J. Elliott, P. A. Nelson Active Control of Sound (Academic
Press, Inc., London, 1996).

[9] “Active Noise Control in Aircraft,” C. Ross, Proc. of the Sixth International
Congress on Sound and Vibration, pp. 1611-1618, (1999).

[10] “A Novel Multiple-Reference Algorithm for Active Control of Propeller-
Induced Noise in Aircraft Cabins,” S. Johansson, S. Nordebo, P. Sjösten,
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control system,” P. Sjösten, S. Johansson, I. Claesson, Proc. of Inter-Noise
(2000).

[15] B. Widrow, S. D. Stearns, Adaptive Signal Processing (Prentice-Hall, Inc.,
1985)

[16] S. Haykin, Adaptive Filter Theory (Prentice-Hall, Inc., 1991)

[17] “Evaluation of Multiple Reference Active Noise Control Algorithms on Dornier
328 Aircraft Data,” S. Johansson, I. Claesson, S. Nordebo, P. Sjösten, IEEE
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M. Winberg, S. Johansson, T. Lagö, I. Claesson, “A New Passive/Active Hybrid
Headset for a Helicopter Application”, International Journal of Acoustics and
Vibrations, vol. 4, no. 2, pp. 51–58, Jule 1999.



197

A New Passive/Active Hybrid Headset for a
Helicopter Application

M. Winberg, S. Johansson, T. Lagö, I. Claesson
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Abstract

In helicopters, the low frequency noise generated by the rotors and en-
gines often masks and jeopardizes safe communication. In addition, pilots
are likely to suffer from damage to their hearing due to the high sound levels
in the headset produced to overcome the noise caused by increased speaker
levels. A feasible approach is to reduce the low frequency noise by using
active techniques combined with a method for reducing the noise in the in-
tercom microphone signal, with lower speaker levels as a result. Helicopter
noise consists of tonal components embedded in broadband noise. In order
to achieve an efficient attenuation of the primary noise inside the headset,
a combination of a digital feedforward controller and an analog feedback
controller is employed. Spectral Subtraction is used to suppress the back-
ground noise in speech signals. This paper evaluates a combination of the
two techniques and their application to real data.

1 Introduction

There are substantial noise levels in the Super Puma helicopter, especially at low
frequency [1]. The noise level is not normally harmful to the hearing, although
low frequency noise generated by the engines and rotors (main and tail rotor)
masks and corrupts speech. Noise with dominant frequency distribution just below,
or within the lower frequency range for speech, degrades speech recognition and
intelligibility [2]. For helicopter pilots it is important to hear radio communication
correctly during flight. Pilots thus tend to select the maximum hearing volume
in the communication system. The sound levels produced are harmful to the ear,
inducing fatigue and loss of hearing. This phenomenon is denoted Noise Induced
Hearing Loss (NIHL), a condition in which high sound pressure levels (SPLs) are
possible. The level of risk NIHL that occur depends on the frequency content of
the noise.
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Figure 1: Power Spectrum of the sound pressure level inside the helicopter during
flight. The total sound pressure level is 103 dB(A).

In order to increase speech intelligibility the noise level inside the earcups must
be reduced. Since the noise has low frequency characteristics, it cannot be sub-
stantially reduced by employing passive techniques since the passive earcups cannot
be made large enough due to the fact that they must fit inside the helmet. The
helicopter pilots and the rescue personnel are required to wear a helmet for safety
reasons. Had there been no such stipulation, larger earcups such as the Bilsom 747
which provide good low frequency attenuation could be used. A more feasible ap-
proach is to reduce the noise by employing Active Noise Control (ANC). As figure
1 shows, noise up to 100 Hz inside the helicopter, is normally dominated by tonal
components while the noise is more broadband between 100 Hz to 400 Hz. The
total sound pressure level inside the helicopter is 103 dB(A).

The approach in this paper uses a hybrid ANC headset which combines both
feedforward and feedback ANC techniques [3]. The adaptive feedforward controller
is based on a digital system, while the feedback system is based on an analog sys-
tem. The principle of the hybrid headset is depicted in figure 2. This type of ANC
headset is used in order to improve noise attenuation. The feedback controller re-
duces broadband noise, while the feedforward controller reduces tonal components
(harmonics of the main and tail rotor).

The feedback controller is based on a commercial analog headset. Pure analog
feedback technique will not be discussed in the paper. Here, the approach focuses
on the adaptive algorithm used in the digital feedforward controller, as well as the
combined performance of the hybrid headset.

Even though the hybrid headset efficiently reduces the low frequency noise
inside the earcups, high noise levels are still produced in the earcups through the
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intercom microphones used for communication. It is thus desirable that the noise in
the speech signal also be reduced. Speech enhancement and speech recognition are
either model-based, where typical solutions include Markov Models, Predictors and
Lattice filters [4]; or non-parametric, based on a spectral description of speech such
as the Short-Term Spectrum or Cepstral techniques [5]. Spectral Subtraction (SS)
is a suitable method which uses a single microphone. This non-parametric method
is based on the additive properties of the magnitudes of the FFT coefficients of the
noise. SS has been combined with the hybrid headset as depicted in figure 2.

Tacho Tacho
Control Unit

Feedforward
Controller

Feedback
Controller

Control Unit

Spectral
Subraction

Communication
Signal

Figure 2: The principle of the hybrid ANC headset based on feedforward and
feedback control combined with spectral subtraction to reduce the noise in the
communication signal

2 Helicopter Noise

In order to analyze the frequency components of helicopter noise, several noise
measurements were performed during flight. The noise was recorded inside the
helicopter using a microphone situated between the passenger seats, in the vicinity
of the right rear door (see figure 3). When hovering, this door is open.

The Super Puma helicopter has one main rotor and one tail rotor, as well as
several gear boxes. There are four blades on the main rotor and five on the tail
rotor. Figure 4 shows a typical noise power spectrum inside the cabin during flight
for frequencies from 0 to 200 Hz. According to the frequency analysis, the Blade
Passage Frequency (BPF) should be 17.6 Hz for the main rotor. The BPF of the
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Open Door

Seat Mic

Figure 3: A schematic illustration of the interior of the helicopter showing the
position of the recording microphone.

main rotor induces high infra-sound levels inside the cabin. These components,
though not audible, affect the human body. There are different subjective symp-
toms of annoyance: headache, vertigo and nausea [6],[7]. All these have a bad
influence on a helicopter pilot, on a rescue mission.

The abbreviations in figure 4 indicate the components comprising the harmonics
of the main rotor BPF. The tone at 82 Hz is not an exact order of the main rotor
BPF. This is the tail drive shaft fundamental. This component is, however, related
to the BPF, though with a fractional number. Note the 107 Hz component which
is the BPF of the tail rotor. The 6th order of the main rotor BPF is at almost
the same frequency as the 1st order of the tail rotor BPF. The main components
in the 100 Hz range are, however, due to the main rotor as well as its first orders,
and the BPF of the tail rotor.

Standardized SPL measurements recorded at normal cruise speed and in two
different ventilation situations were made inside the headset, in the pilot’s ear canal
with the aid of a tiny microphone. Figure 5 illustrates the 1/3 octave analysis of
this measurement both during communication and when no communication was
taking place. Figure 5 also presents the total sound pressure levels in dB, dB(A)
and dB(C). The SPL inside the ear canal was approximately 88 dB(A) when no
communication was taking place. However, when communication (internal and
external) was taking place the A-weighted sound pressure level was increased by
5-13 dB, resulting in 93-101 dB(A). The exposure permitted (in Sweden) for the
actual sound levels when no communication is taking place is 4 - 5 hours a day,
which is more than the normal exposure time for the helicopter crews. However, the
exposure allowed during communication will be decreased to less than 30 minutes
a day.

Internationally, the standardized A-weighting function is used to express the
integrated SPLs in the frequency range of hearing. In a number of states, in the
USA, 85 dB(A) is an accepted maximum equivalent sound level for 8 hours a day,
5 days a week.

To summarize, there is a large increase in dB(A) levels when the communication
system is activated . This is due to the fact that the speech is masked by the low
frequency sound that consists primarily of tonal components (harmonics of the
main and tail rotor). The BPF of the main rotor, 17.5 Hz, is below the hearing
range and creates infra-sound. Even though this tone is reduced inside the headset,
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Figure 4: Sound pressure level inside the helicopter.

it will still affect the human body through bone conduction. This infra-sound will
significantly affect speech perception and speech intelligibility in particular [8]. The
performance of the hybrid headset may not as a result be as good as expected. It
is important to suppress the second, third and fourth order of the BPF for the
main rotor. The BPF of the tail rotor, 105 Hz, must also be suppressed, since
the passive mechanisms in the helmet are not able to attenuate this low frequency
noise. Increased attenuation should be achieved with an active system enabling
lower communication levels.

3 The Hybrid Headset

We now present the concept of a hybrid ANC headset that combines both feed-
forward and feedback ANC techniques [3]. The adaptive feedforward controller is
based on a digital system, while the feedback system is based on an analog system.
The principle of the hybrid headset is depicted in figure 2. This type of ANC
headset is used in order to improve noise attenuation. The feedback controller re-
duces broadband noise (boundary layer noise, noise from air conditioning, in other
words noise not related to the rotor or the tail), while the feedforward controller
reduces narrowband noise (harmonics of the main and tail rotor). Noise up to 100
Hz is normally dominated by tonal components while in the range 100-400 Hz the
noise is more broadband.

The feedback controller is based on a commercial analog headset. We focus here
on the adaptive algorithm in the digital feedforward controller, and the performance
of the hybrid headset.
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Figure 5: Sound Pressure Levels inside the earcups, measured with a tiny micro-
phone placed in the ear canal. The right side of the figure presents the total sound
pressure level: linear, A-weighted and C-weighted.

The feedforward controller utilizes a tachometer signal related to the main rotor
to generate reference signals to the controller. Noise components that are correlated
with the reference signals will be suppressed. The reference signals are inputs to
the feedforward controller. The output of the controller is added to the output of
the feedback controller the loudspeaker, generating a secondary sound field that is
180◦ out of phase with the primary sound field. An error microphone inside the
earcup which measures the residual noise is used to adjust the adaptive feedforward
controller.

The feedback controller feeds the output signal of the error microphone back
through an analog amplifier with a magnitude and phase response which is designed
to produce an output that results in noise attenuation in the error microphone.

The adaptive algorithm employed in the feedforward controller is based on the
complex filtered-X Least-Mean-Square (LMS) algorithm, [9], [10]. The proposed
complex algorithm is advantageous in narrowband applications due to its properties
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of good convergence rate and low numerical complexity. These are the results of the
orthogonality of the quadrature components (or Hilbert pairs) that constitute the
complex reference signals, and the simplicity of complex representation. In fact, the
complex algorithm requires a minimum of adaptive and acoustic path parameters
as compared with a straightforward time domain approach using ordinary FIR
filters.

3.1 The Feedforward Controller

Noise up to 100 Hz inside the helicopter consists essentially of narrowband harmonic
components related to the rotation frequencies of the main and tail rotors. It is
assumed that there is a periodic tachometer signal available which is correlated to
the noise harmonics. For this reason, pure sinusoidal reference signals and complex
notation will be used in the following description.

The adaptive feedforward controller [11] is based on the complex LMS-algorithm
[12],[13]. Consider the Single Input Single Output (SISO) ANC system configura-
tion [11] depicted in figure 6.
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Signal

Adaptive
 Controller

Re{ }.

Figure 6: Single reference, Single Input, Single Output (SISO) system for active
noise control.

The controller is described for a general situation with H harmonics. Each
harmonic is individually controlled. Let t(n), xh(n), wh(n) and Fh denote the
tachometer signal, the complex scalar reference signal, the complex scalar filter
weight and the complex acoustic path from the loudspeaker to the error microphone
respectively for the hth harmonic. The set of complex reference signals xh(n) is
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generated from the tachometer signal t(n) by using, for example, an FFT-filter
bank,[14], or the lookup table technique,[3].

The real error microphone signal e(n) is given by

e(n) = d(n) +
H∑

h=1

�{Fhxh(n)wh(n)} (1)

where d(n) is a real signal representing the primary sound field at the error micro-
phone (at the discrete time index n). Here �{·} denotes the real part operation.

The objective function to be minimized is given by

J(n) = e2(n) (2)

where (·)∗ denotes complex conjugate. The derivative of J(n) = e∗(n)e(n) with
respect to wh(n) is given by

∂J(n)

∂w∗
h(n)

= x∗h(n)F ∗
he(n). (3)

The complex gradient in (3) is used to define the updating scheme of the adap-
tive algorithm, given by

wh(n+ 1) = wh(n) − 2µhx
∗
h(n)F ∗

he(n). (4)

The convergence factor µh is given by

µh =
µ0

ρh|Fh|2
(5)

where µ0 is a positive normalized convergence factor and ρh = E {|xh(n)|2} (the
power of the signal xh). The power of the reference signal xh is estimated by using
an exponential moving window technique as follows

ρ̂h(n) = (1 − β)ρ̂h(n− 1) + β|xh(n)|2 (6)

where β is a weighting factor.
In a practical application, the acoustic path Fh is unknown and must be esti-

mated. Fh should thus be exchanged for the corresponding estimate F̂h in (3),(4)
and (5).

3.2 Evaluation

The evaluation has been made on data recorded in an AS332 ”Super Puma” MKII
helicopter during flight. The two engines in the helicopter always run with the
same rpm. The sound field is thus relatively stationary. The noise inside the cabin
contains strong tonal components originating from the main and tail rotors. In
order to achieve an efficient noise reduction inside the earcups it is necessary to
reduce the BPFs and their related harmonics. The feedforward controller presented
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in this paper was set up to cancel the BPF to 5×BPF for the main rotor, and the
BPF for the tail rotor respectively.

Figure 7 shows the performance of the feedforward controller only. These re-
sults for the feedforward controller are based on computer simulations within the
environment of the Matlab software package; while the passive attenuation and
the attenuation in the analog ANR system are derived from real experiments. The
frequency range is 0 to 200 Hz. The following attenuation of the dominating tones
was obtained:

Frequency Component Frequency Attenuation [dB]
BPF, Main rotor 17.7 23

2xBPF, Main rotor 35.3 22
3xBPF, Main rotor 53.0 22
4xBPF, Main rotor 70.7 17
5xBPF, Main rotor 88.3 8

BPF, Tail rotor 106.7 15

The BPF for the main rotor is 17.7 Hz and is outside the audible frequency
range. The attenuation of the tones is satisfactory though the audible result is
limited when the total sound pressure level is measured in dB(A) only. Note also
that the 6xBPF for the main rotor coincides with the BPF for the tail rotor. This
facilitates the generation of the reference signals.

Figure 8 illustrates the attenuation in the passive earcups only. The attenuation
is relatively poor due to the fact that the earcups are restricted in size in order to
fit into the helmet.

Figure 9 shows the performance of the feedback controller combined with the
passive damping of the earcups. The analog system is a commercial headset fitted
into a headset from Hellberg Safety AB and has closed earcups. The analog system
only affects the spectrum up to approximately 400 Hz. The frequency range 0-400
Hz only is presented. The controller achieves a broadband noise attenuation of
approximately 20 dB in the given frequency range. Note that the tonal components
are still present. Since both passive damping material in the earcups and the analog
feedback controller affect broadband noise reduction, it is useful to investigate
the broadband reduction when the analog controller is switched on and off. The
difference between passive damping and passive attenuation together with analog
control is depicted in figure 9 and 8. When the analog controller is on, a more
efficient broadband reduction is achieved. The feedforward controller does not
affect the broadband attenuation of the noise. This controller reduces the tonal
components only.

Finally, the result of the hybrid headset is shown in figure 10. A combination
of feedforward and feedback control results in significant attenuation of both the
tonal components and broadband noise.
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Figure 7: Attenuation for the digital feedforward controller.
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Figure 8: Sound pressure level of the primary sound field outside the earcups.
Reduced sound pressure level inside the earcups when only passive damping is
applied.
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Figure 9: Sound pressure level of the primary sound field outside the earcups.
Reduced sound pressure level inside the earcups after the analog feedback controller
has been switched on.
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Figure 10: Sound pressure level of the primary sound field out side the earcups.
Reduced soundpressure level inside the earcups after the hybrid headset has been
switched on.
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4 Spectral Subtraction

When flying the helicopter the pilots use the intercom system almost continuously.
During communication the microphone signal from one pilot is fed directly into the
other pilot’s headset. The microphone signal contains considerable helicopter noise
and this noise is again injected in the hybrid headset. An important task is thus
to enable a noise reduction in the intercom system by supplying a better signal-
to-noise ratio in the microphone signals. The headset is normally equipped with
a unidirectional, close-talk microphone, which significantly reduces low frequency
noise but offers little or no noise reduction above 800 Hz To clean the noisy speech
signal a single microphone nonlinear method, denoted ”spectral subtraction” is
proposed.

This method enhances speech by estimating a noise bias in the magnitude in
the frequency domain and subtracting it. The speech is assumed to be random cor-
rupted with uncorrelated random noise. The noise estimation must be performed
during ”talker inactive” (silent) time frames. The magnitude of the estimated
noise power spectrum is then subtracted from the Fourier transform magnitude
and inversely transformed back into time frames when the talker is active.

Spectral subtraction is based on the following assumptions: the background
noise is acoustically added to the speech; the background noise environment re-
mains stationary locally to the extent that its expected spectral magnitude value
immediately prior to speech activity equals its expected value during speech activ-
ity. If the environment changes to a new stationary state, there must be sufficient
time (400 ms) to estimate a new background noise spectrum. The algorithm re-
quires a speech detector to signal to the program when the updating of the noise
bias can be continued.

Let s(n), v(n) and x(n) be stochastic short-time stationary processes represent-
ing speech, noise and noisy speech, respectively. From

x(n) = s(n) + v(n) (7)

and the assumption that s(n) and v(n) are uncorrelated processes it follows that

Rx(f) = Rs(f) +Rv(f) (8)

where R denotes the power spectral density of a random process. The power
spectral density magnitude for w(n) is estimated and subtracted according to

R̂s(f) = Rx(f) − R̂v(f) (9)

To estimate the power spectrum density we start with the simple periodogram
which is evaluated using

R̂x(f) = Px,N(f) =
1

N

∣∣∣X̂(f)
∣∣∣2 (10)

where X̂(f) is the short time Fourier transform of x(n), and N denotes the block
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length. If we combine Eqs. (9) and (10) we obtain

∣∣∣Ŝ(f)
∣∣∣2 = |X(f)|2 −

∣∣∣V̂ (f)
∣∣∣2 (11)

This is the conventional squared (power) form. Alternatively, the straight-forward
amplitude spectrum is often used as follows.∣∣∣Ŝ(f)

∣∣∣ = |X(f)| −
∣∣∣V̂ (f)

∣∣∣ (12)

The phase must also be estimated, however. Speech is rather insensitive to
phase distortion, thereby giving rise to certain simplifications [5]. There is no
straightforward way to compute the clean speech phase spectrum φS. It is often
sufficient, however, to use the noisy speech phase spectrum φX as an estimate,
which yields

φŜ � φX (13)

Finally, the estimate of the frame of speech resulting from the spectral subtrac-
tion is recovered from the FFT estimate:

Y (f) =
∣∣∣Ŝ(f)

∣∣∣ eiφŜ =
(
|X (f)|2 − k ·

∣∣∣V̂ (f)
∣∣∣2)

1
2

· eiφX (14)

A more general expression is

Ŝ(f) =
(
|X (f)|a − k ·

∣∣∣V̂ (f)
∣∣∣a) 1

a · eiφX (15)

This is the common general form of spectral subtraction with extra parameters
added to make the subtractor more versatile. The power exponent a is normally
chosen to be one or two, and the degree of subtraction can be further varied by
the parameter k. Some form of rectification is also common, implying that when
the frequency bins in Ŝ(f) are negative they are either set at zero, or their sign is
switched positive. The expression is rewritten as follows

Ŝ(f) =



|X (f)|a − k ·

∣∣∣V̂ (f)
∣∣∣a

|X (f)|a




1
a

· |X (f)| eiφX (16)

The curly brackets term is merely interpreted as a multiplicative weighting factor
for each frequency on the incoming spectrum X(f) = |X (f)| eiφx, thereby resem-
bling conventional Wiener filtering.

Observe that the separation into phase and amplitude information can be
avoided when writing spectral subtraction as a multiplicative term on the incoming
spectrum. This saves calculation time and makes the algorithm faster. However,
care must be taken to avoid problems when the denominator has a value close to
zero.
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When implementing, the original sequence x(n) is divided into blocks of N
length. Putting the block length as an index in equation, 16 we obtain

YN = ŜN =

{
|X|aN − k · |V |aN

|X|aN

} 1
a

·XN (17)

Equation 17 has been rewritten giving a simple algorithm

YN = GN ·XN where GA,N =

(
1 −

k · |V |aA,N

|X|aN

) 1
a

(18)

The block diagram in figure 11 depicts the algorithm.

FFT x
x(n) y(n)

k

N

G

|V|
,N

1-
k*|V|

|X|
N

A,N
a 1/a

a

XN

A

IFFTN

Speech
Detector

Exponential
Averaging

,NA

Figure 11: Diagram showing how spectral subtraction works block by block.

The variance of the estimates limits the performance and thereby limits the
SNR improvement on the output signal. The variance in the noise estimate can
be reduced by averaging it over several blocks, usually with an exponential block
number decay

VL(f) = α · V(L−1)(f) − (1 − α) ·Xnew(f) (19)

By choosing α closer to 1, a more robust noise estimate is obtained.

4.1 Evaluation

The following evaluation has been performed on data recorded in an AS332 ”Su-
per Puma MKII helicopter during flight using a ordinary unidirectional, close-talk
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Figure 12: The noisy speech signal before and after the spectral subtraction algo-
rithm.

microphone. In order to evaluate the performance of the algorithm, subjective eval-
uations are most valuable, but there raise problems when repeated, since repetivity
is not guaranteed. An objective measure is

Noise Suppression =

∑
y(n)2∑
x(n)2

(20)

over a noise-only interval. The degree of speech distortion is left for subjective
evaluations, since no good objective measure is obvious here. Figure12 depicts first
the original sequence of noise and speech and then the same sequence after the
spectral subtraction algorithm.

The sampling frequency was 8 kHz for the original sequence, which was also
filtered to the telephone bandwidth (300-3300 Hz) before entering the spectral
subtraction. During this evaluation the following values of the parameters were
chosen:

• Subtraction parameter, k=0.95

• Power factor, a=0.5

• Block length, N=256

The noise reduction using Eq. 20 was as high as 21 dB, and the speech distortion
was moderate. Since the algorithm works with blocks, a slight delay from input
to the output signal is introduced. The time delay is 2 ∗ 256/8000 = 8/125 = 0.0
64 seconds if N = 256.
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5 Summary and Conclusions

The noise levels in helicopters are substantial, especially at low frequency. These
levels are not normally harmful to the ear. However, the low frequency content
masks speech. For this reason, pilots tend to turn the intercom system to maximum
sound level, producing sound levels which are potentially damaging to the human
ear. The sound levels inside the ear canal have been measured to almost 100
dB(A) when the intercom system is in use. Such high sound levels expose the ear
to fatigue and loss of hearing. It is thus important to reduce background noise,
and also to improve the SNR in the speech signal in the intercom system. A
hybrid headset combined with spectral subtraction is proposed as a good solution
to the problem. The headset consists of a digital feedforward controller based on
a complex LMS-algorithm and an analog feedback controller. This combination
results in an efficient noise reduction of approximately 20 dB broadband in the
frequency range 50-400 Hz, and a further 20 dB on several tonal components in
the frequency range 17-107 Hz. At the same time, spectral subtraction improves
the SNR in the speech signal by about 20 dB. These two techniques allow a sound
level of no more than 80 dB(A) inside the earcups even when the intercom system
is in use.
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