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ABSTRACT

This paper is based on DNCA (Dual Nested Complex Approxi-
mation) for optimizing communication channel equalizers using
semi–infinite quadratic programming. The optimality criterion for
the equalizer is either to minimize the complex deviation in the
passband or to minimize its stopband energy when subjected to a
specified peak side lobe level in the stopband. Additional linear
constraints can be used to form the response by means of group
delay, nulls etc. The design approach is applied to a numerical ex-
ample which deals with the design of a complex communication
channel equalizer.

1. INTRODUCTION
In signal processing applications, the design of digital filters are
governed by two basic norm criteria: the L2–norm (least squares)
criterion and the L∞–norm (minimax) criterion, cf. e.g. [1]–[8].
These two criteria are commonly related to noise gain and mag-
nitude response specifications, respectively. However, the most
flexible design approach in a practical situation is to consider the
combination of these methods, i.e. the tradeoff between the least
squares and the minimax errors.

A new optimal window was defined in [9], providing the op-
timum tradeoff between the peak side lobe level and the stop-
band energy for FIR filters. It was demonstrated that the classical
minimax and least squares methods (Dolph–Chebyshev/prolate–
spheriodal windows) are both fundamentally inefficient with re-
spect to the other design criterion (the minimax window has the
highest stopband energy etc.).

The optimum window [9] minimizes the stopband energy sub-
jected to a specified peak side lobe level together with some addi-
tional linear constraints in the passband. The solution for linear-
phase FIR filters (symmetric windows) can be found by conven-
tional quadratic programming methods [10] since the magnitude–
response can be represented by a real amplitude function [4].

In this paper, we extend the definition in [9], and consider the
design of general digital equalizer with complex response [1]. The
performance measure used here is either the deviation in the pass-
band of the equalizer [11] or its stopband energy, both quadratic
functions of the filter weights. The design criterion is to optimize
the performance when subjected to a specified peak side lobe level
and a desired complex response in the passband. By employing
the real rotation theorem [4], the optimum equalizing filter design
is formulated as a semi–infinite quadratic program. A new com-
plex approximation method called DNCA (Dual Nested Complex
Approximation) is used to obtain the solution of the optimization
problem, cf. [12].

We emphasize that the DNCA design technique may be useful
for complex approximation with any filter having linear structure
such as the digital Laguerre networks [13], narrowband as well as
broadband beamformers [1, 14, 15] and digital FIR equalizers [6].
Thus, the semi–infinite quadratic programming technique may be
used as a means for interpolation between the L2– and L∞–norms
when the filter response is complex, the corresponding basis is fi-
nite and the specification is given in terms of amplitude and phase.
Furthermore, the DNCA optimization approach is advantageous
due to its flexibility with respect to additional specifications in fre-
quency, time and space (group delay, envelope constraints, null
constraints, etc.), cf. [16].

A number of numerical methods exist for the solution of gen-
eral semi–infinite programming problems, see e.g. [17, 18, 19].
However, most methods are computationally demanding and em-
ploy approximation by discretization in some step of the optimiza-
tion procedure. The DNCA is a simple and numerically efficient
technique exploiting a result from Caratheodory dimensionality
theory to avoid the need of discretization [20]. The advantages
of this procedure are: the constraint set can be represented in func-
tional form rather than stored in memory as numerical values; a
finite active set having (at most) the same size as the number of
filter parameters need to be considered at any one step in the op-
timization process; the algorithm deals directly with the true com-
plex error and not an approximation thereof; the design technique
is directly applicable to a situation where measured responses are
available.
The rest of the paper is organized as follows: In section II, the
communication channel equalization problem is formulated as a
semi-infinite quadratic program, where the total channel response
must be considered in the complex domain. Section III presents
the main idea in the DNCA-QP optimization algorithm. In sec-
tion IV a numerical example concerning the design of a digital
equalizer h(n) with complex response using the new optimization
strategy DNCA is considered. Section V concludes the paper.
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As an example of temporal signal processing problem, con-



sider the design of an equalizer for a communication channel il-
lustrated in figure 1 above. The communication channel G(ω)
with the unknown noise source corrupts the input signal x(n). The
digital equalizer H(ω) with complex response is used to reduced
or eliminated the distortion introduced. The desired complex re-
sponse for the total transmission channel Td(ω) contains both am-
plitude and phase constraints. The goal is to equalize the channel
T (ω) = G(ω)H(ω), which should be equivalent to the desired
response in the passband Td(ω) ≡ T (ω). Normally, due to the na-
ture of an actual transmission channel, this goal is in practice not
possible to reach, only an approximation thereof. Since the noise is
unknown, the stopband energy is minimized. The desired response
Td(ω) for the equalized channel consists of a passband and a stop-
band, with a transition region in between. The specification for the
passband includes both amplitude and phase demands while the
stopband specification is done only in the amplitude domain. The
phase specification corresponds to a group delay equalization of
the channel in the passband. The amplitude in the stopband region
should be as small as possible under the fulfilment of the stipulated
passband requirements.

The frequency response H(ω) of the equalizer h(n) can be
written as

H(ω) =

N−1
∑

n=0

h(n)e−jωn = φT (ω)h (1)

where N is the filter length. The response can be expressed more
compactly using vector notation where
φ(ω) = [1, e−jω, . . . , e−jω(N−1)]T is the response vector and
h = [h(0), h(1), . . . , h(N − 1)]T denotes the filter vector.

The design problem is to minimize the energy Es in the stop-
band Ωs ∈ [ωs, π] and is defined as

Es =
1

π

∫ π

ωs

|T (ω)|2dω =
1

π

∫ π

ωs

|G(ω)φT (ω)h|2dω (2)

while additionally satisfying the constraints in the passband with a
tolerance σ(ω). The problem is formulated as

min Es, subject to
|G(ω)H(ω) − Td(ω)| ≤ σ(ω) , ω ∈ Ωp.

(3)

The constraints is defined only in the passband region Ωp ∈ [0, ωp],
but can easily be extended to include constraints in the stopband,
such as peak side lobe level.
According to the real rotation theorem [4], a magnitude inequality
in the complex plane can be expressed in the equivalent form

|z| ≤ σ ⇔ <
{

zejθ
}

≤ σ ∀θ ∈ [0, 2π] (4)

where <{·} denotes the real part of {·} and the phase θ belongs to
the infinite set Θ = [0, 2π].
By making use of (4), the design problem (3) can be formulated
as:

{

min 1
2
h

T
Rh

a(ω, θ) ≤ σ(ω), ∀θ ∈ Θ, ω ∈ Ωp
(5)

where

a(ω, θ) = <
{(

G(ω)φT (ω)h − Td(ω)
)

ejθ
}

. (6)

In a discrete frequency domain (ωi ∈ [0, ωp], i = 1, . . . , I), the
design problem can now be formulated as a semi-infinite quadratic
program

{

min 1
2
h

T
Rh

a(ωi, θ) ≤ σ(ωi) ∀θ ∈ Θ, ωi ∈ Ωp.
(7)

The matrix R in the objective function can be defined in two ways:
either to minimize the stopband energy in the transmission chan-
nel T (ω) or the stopband energy for the equalizer H(ω). When
minimizing the transmission channel energy, the matrix is defined
as

R = <

{

1

π

∫ π

ωs

|G(ω)|2φ(ω)φH(ω)dω

}

(8)

and in the second case, where the equalizer energy is minimized,

R = <

{

1

π

∫ π

ωs

φ(ω)φH(ω)dω

}

(9)

The quadratic program (7), solving a non-linear program like this
is called semi–infinite since the number of variables (unknowns)
are finite but the constraint set is infinite. For practical purposes
in the algorithm implementation, it is assumed that the set ωi is
finite. Note that the corresponding approximation problem is with
respect to the true complex error since the phase variable θ belongs
to an infinite set.
The problem formulated in (7) can be solved by using the new
DNCA semi-infinite programming algorithm.

3. THE DNCA-QP OPTIMIZATION ALGORITHM

Consider the semi–infinite optimization problem

(P )

{

min
h

f(h),

gα(h) ≤ 0, α ∈ A ⊂ Rk

h ∈ H ⊂ RN

(10)

where h is an N × 1 variable vector, f(h) a convex continuous
function, H a convex restriction set as a compact subset of Eu-
clidean N–space, A an infinite index set as a compact subset of
Euclidean k–space (Rk), and gα(h) a continuous constraint func-
tion which is convex for any fixed index α.

The Dual Nested Complex Approximation Quadratic Program-
ming (DNCA-QP) algorithm to solve (10) is outlined below. Let
A(k) denote a sequence of finite subsets of the infinite index set A
and initialize the algorithm with the subset A(0).

1. Given A(k) ⊂ A, solve the subproblem

(P (k))

{

min
h

f(h), h ∈ H

gαi
(h) ≤ 0, αi ∈ A(k)

(11)

yielding the solution vector hk and the Lagrange multiplier
vector λk.

2. Reduce the subset by the inactive constraints

A
(k)
R = A(k) \

{

αi ∈ A(k)|(λk)i = 0
}

(12)
3. Define the entering index

α̂k = arg max
α

gα(hk), (13)

A(k+1) = A
(k)
R ∪ {α̂k} (14)

and return to step 1 above. The iteration stops when
gα(h) < 0+ε, where ε is a predefined tolerance parameter.

Since the reduced subset A(k)
r yields the same solution hk as the

subset A(k) we have f(hk) ≤ f(hk+1) ≤ fopt and the sequence
f(hk) converges. However, it remains to be shown that the se-
quence hk is not locked in any state of cycling.

Convergence can be proved straightforwardly when the cost
function f(h) is strictly convex. Assume that hk is not opti-
mal, then gα̂(hk) > 0. The claim is that there is a strict ascent,



f(hk+1) > f(hk), so that cycling cannot occur. Assume on the
contrary that f(hk+1) ≤ f(hk). Define

Ωk =
{

h|gα(h) ≤ 0, α ∈ A(k)
}

and Ωk+1 = Ωk∩{h|gα̂(h) ≤ 0}.

Obviously hk ∈ Ωk, hk+1 ∈ Ωk, hk+1 ∈ Ωk+1 and hk /∈ Ωk+1.
Thus, hk 6= hk+1 and f(thk + (1 − t)hk+1) < tf(hk) + (1 −
t)f(hk+1) ≤ tf(hk)+(1− t)f(hk) = f(hk) for any 0 < t < 1
which contradicts the fact that hk is optimum on Ωk.

If the cost function f(h) is not strictly convex, strict ascent can
still be obtained by requiring that the condition f(hk) > f(hk−1)
be satisfied in order to execute step 2 (Eq. (12)) in the DNCA al-
gorithm.
It is important to note that each subproblem requires no more than
N linear constraints according to the finite dimensionality prop-
erty of the related Lagrange multipliers. This section is concluded
be these three key observations:

Key observation 1 Since the number of variables are N, we note
that an optimization software will usually give us a total of N la-
grange multipliers greater than zero. The size of the so called
reference set A(k)

R is in fact r ≤ N .

Key observation 2 The dual formulation of primal problem in (7)
can be solved by considering a sequence of subproblems of the
dual formulation with increasing minimum cost and which is based
only on finite subsets A(k)

R consisting of no more than N points of
D = Ωp × Θ. This observation constitutes the foundation for the
development of the DNCA-QP optimization algorithm.

Key observation 3 The number of variables is N and the size of
the reduced reference set A(k)

R is only r ≤ N . The entering con-

straint α̂k which is chosen to enter the basis A
(k)
R is usually de-

fined by the maximum constraint violation. Hence, this entering
constraint α̂k is very likely to be independent of the small reduced
reference set A(k)

R . This is the primary reason ensuring that the
DNCA itself is a highly numerical stable procedure.

4. NUMERICAL EXAMPLE
Consider the equalization of a transmission channel G(ω) given
by a 4th order lowpass digital elliptic (Cauer) IIR filter with 0.5dB
ripple in the passband, a stopband attenuation of 34dB, and cut-off
frequency ωc = π

2
.

The desired total response is defined as

Td(ω) =

{

e−jωτ ω ∈ Ωp = [0, ωp], ωp = π
2

0 ω ∈ Ωs = [ωs, π], ωs = 3π
5

(15)

where τ = 13, which corresponds to a groupdelay of 13 sam-
ples. Consider the design of a N = 31 taps digital FIR equalizer
h(n) with complex response, as described in section II. The semi–
infinite quadratic program for this design example is given by:

{

min 1
2
h

T
Rh

aτ (ωi, θ) ≤ σ(ωi), ∀θ ∈ [0, 2π], ωi ∈ Ωp
(16)

where

aτ (ωi, θ) = <
{(

G(ωi)φ
T (ωi)h − e−jωτ )ejθ

)}

(17)

Note that the objective function is defined only in the stopband.
The maximum allowed passband ripple is set to 0.1dB, which im-
plies σ(ωi) ≈ 0.01157 for ωi ∈ Ωp. As mentioned in section
II, the objective function can be formulated to either minimize the
stopband energy for equalizer (case 1) or to minimize the stopband
energy for the total transmission channel (case 2). However, the

DNCA-QP algorithm can be used to solve both cases. When min-
imizing the energy of the equalizer, the matrix R can be expressed
explicitly as:

Rnm =







π−ωs

π
m = n

− sin(ωs(n−m))
π(n−m)

m 6= n
(18)

where Rnm are the elements of R.
If the channel G(ω) is taken under consideration then the matrix
R becomes

R =
π − ωs

Iπ
<

{

ΦWΦH
}

(19)

where W is a diagonal matrix with the diagonal elements wi de-
fined as wi = |G(ωi)|

2.
Figure 2 shows the response of equalizer H(ω) for both cases.
Figure 3 shows the equalized channel (total transmission channel)
T (ω) = G(ω)H(ω). Figure 4 shows the group delay of the chan-
nel before and after equalization for both cases. Note the differ-
ence between the equalizer responses for the two cases, while the
group delay is almost the same. In this design example, the algo-
rithm converges in less than 100 iterations.
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Fig. 2. Equalizer response for both case 1 and case 2. Note the
difference between the equalizer response for the two cases.

5. CONCLUSIONS

This paper demonstrates the advantages gained by using the DNCA
algorithm for optimizing equalizers by semi–infinite quadratic pro-
gramming. The advantages of this procedure are: The constraint
set can be represented as functional form rather than stored in
memory as numerical values; a finite active set having (at most) the
same size as the number of filter parameters need to be considered
at any one step in the optimization process; the algorithm deals
directly with the true complex error and not an approximation
thereof; the design technique is directly applicable to a situation
where measured responses are available. We have also presented
two different design approaches, either minimizing the stopband
energy for the total transmission channel or to minimize the stop-
band energy for the equalizer.
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Fig. 3. The original channel response before equalization and
after equalization for both case 1 and case 2.
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