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MODULATION SPACES OF NON-STANDARD

TYPE AND PSEUDO-DIFFERENTIAL

OPERATORS

Joachim Toft

Department of Mathematics,
Blekinge Institute of Technology, Sweden

Abstract. We prove that the most usual modulation spaces of non-standard
type may be obtained in a canonical way from the corresponding modulation
spaces of standard type. We use the results to get inclusions between certain
modulation spaces and Besov spaces, and for proving continuity properties in
pseudo-differential calculus.

0. Introduction

The aim of the paper is to consider certain continuity properties for
modulation spaces of non-standard type, and discuss continuity in pseudo-
differential calculus when modulation spaces are in background. Let us
strictly describe the topic.

During the period 1980–1983, H. Feichtinger introduced in [Fe2] and [Fe4]
(standard) modulation spaces, as an appropriate family Mp,q, p, q ∈ [1,∞],
of Banach spaces of functions and distributions to use when discussing cer-
tain problems within time-frequency analysis. The space Mp,q is obtained
by imposing a mixed Lp,q-norm on the short time Fourier transform (or al-
ternatively certain ambiguity functions), and when having such spaces in
background, one may consider certain decay and propagation properties at
infinity as well as certain localization properties, for the distributions.

If an appropriate weight function ω is included in the definition of modula-
tion space norm, then one obtains the non-standard (or weighted) modulation
space Mp,q

(ω), and when using such spaces, one has opportunities to make even
more detailed studies of distributions. Important parts in these investiga-
tions concern invariance and continuity properties, for example convolutions
for modulation spaces, and embedding properties between modulation spaces
and ”classical functions and distribution spaces”, e. g. Lebesgue, Sobolev and
Besov spaces. (For more details, see [Fe4], [FG1]–[FG3], [Gb], [Gc1]–[Gc2],
[O], and [To4].)
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During the last ten years, modulation spaces have also been used in the
theory of pseudo-differential operators, and supplied it with symbol classes
which are defined without any reference to derivatives. In the early paper
[Sj1], J. Sjöstrand proves, among others, L2-continuity for operators in the
class Op(M∞,1), the set of pseudo-differential operators whose symbols be-
long to M∞,1. Since the Hörmander space S0

0 , the set of all smooth functions
which are bounded together with their derivatives, is a subset of M∞,1, one
obtains at the same time a new and simple proof of the L2-continuity of
operators in the class Op(S0

0).
Some further developments and improvements have been made since [Sj1].

In [Sj2] one proved among other results that Op(M∞,1) is a Wiener algebra,
and in [To2] one considers pseudo-differential operators of the type Op(Mp,1),
and discusses continuity and invariant properties for modulation spaces of the
form Mp,1. Interesting results have also been presented by Boulkhemair in
[Bo1], who extends the results concerning L2-continuity to Fourier integral
operators with appropriate phase functions.

According to [Bo1], [Sj1] and [To2], related and/or similar results have
independently also been obtained in [CR], [GH1], [HRT], [La] and [Ta]. Here
the machinery by means of modulation spaces are more consequently used,
and the tools from modulation space theory are clearly demonstrated. For
example, in [HRT], one gives a simple proof of the Hörmander-Vaillancourt’s
theorem by using modulation space theory, and in [He], C. Heil gives an
improvement of that theorem, by using Gabor analysis in combination with
certain properties for modulation spaces.

By analyzing ambiguity functions in background of modulation spaces,
Gröchenig proves in [Gc2] that any operator in Op(M∞,1) is continuous on
any (standard) modulation space. In particular one obtains the L2-continuity
described above, since L2 = M2,2. In the papers [GH2] and [To4], one
presents a generalization of this result to the operator class Op(Mp,q) when
q ≤ p.

In order to be more specific we recall the definition of modulation spaces.
For any p, q ∈ [1,∞] and appropriate weight function 0 < ω ∈ L∞loc(R

2m),
the modulation space Mp,q

(ω)(R
m) consists of all a ∈ S ′(Rm) such that

(0.1) ‖a‖Mp,q
(ω)
≡

(∫ ( ∫
|F (a τxχ)(ξ)ω(x, ξ)|p dx

)q/p

dξ
)1/q

is finite. Here χ ∈ S (Rm)\0 is fix but arbitrarily chosen, and τxχ = χ( ·−x).
(We use the same notations for the usual function and distribution spaces,
e. g. in [Hö].) An important case appears when ω(x, ξ) = (1+ |ξ|2)s/2, s ∈ R,
and then we write Mp,q

s,0 instead of Mp,q
(ω). If s = 0, then we obtain a standard
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modulation space, and we write Mp,q instead of Mp,q
(ω) = Mp,q

0,0 . (In [Sj2] the
set M∞,1 is denoted by Sw, and in [To2] one uses the notation Sp

w instead of
Mp,1.)

A large part of our continuity investigations deals with extending the
continuity results for standard modulation spaces in [To4] to certain types
of non-standard modulation spaces. We establish convolution properties for
modulation spaces and inclusion relations between modulation spaces and
Sobolev/Besov spaces. These investigations are based on a classification
property, presented in Section 3, which establish a simple relation between
standard and weighted modulation spaces, and in many cases reduces the
problems so that only standard modulation spaces occur. As a consequence
of this classification property one has that

(0.2) a ∈ Mp,q
s,0 , if and only if (1 + |D|2)s/2a ∈ Mp,q.

Here and in what follows we let ϕ(D) be the pseudo-differential operator
which means a multiplication by ϕ on the Fourier transform side.

We shall next consider embedding results between modulation spaces and
Sobolev/Besov spaces. In [To4], one proves that if s = 0 and

(0.3)
θ1(p, q) = max(0, q−1 −min(p−1, p′ −1)),

θ2(p, q) = min(0, q−1 −max(p−1, p′ −1)), p, q ∈ [1,∞],

then

(0.4) Hp
s+µmθ1(p,q)(R

m) ⊂ Mp,q
s,0 (Rm) ⊂ Hp

s+µmθ2(p,q)(R
m), µ > 1.

Here p′ denotes the conjugate exponent of p, i. e. p and p′ satisfy 1/p+1/p′ =
1, and Hp is the Sobolev space of distributions with s derivatives in Lp. As
a consequence of (0.2) it follows that (0.4) holds for any s ∈ R. In Section
4 we prove a refinement of (0.4), where the Sobolev spaces are replaced by
Besov spaces. In particular we obtain an improvement of Theorem F.4 in
[Gb], by P. Gröbner. We note also that results related to (0.4) may be found
in [O].

In order to describe our results in pseudo-differential calculus, we start
to recall the definition of pseudo-differential operators. Assume that a ∈
S (R2m), b ∈ S (R3m) and t ∈ R. Then the pseudo-differential operators
at(x,D) and Op(b) on S (Rm), with symbol a and b respectively, are defined
by

(0.5)
(at(x,D)f)(x) = (Opt(a)f)(x)

= (2π)−m

∫∫
a((1− t)x + ty, ξ)f(y)ei〈x−y,ξ〉 dydξ,
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and

(0.6) (Op(b)f)(x) = (2π)−m

∫∫
b(x, y, ξ)f(y)ei〈x−y,ξ〉 dydξ,

where f ∈ S (Rm). The definition (0.5) extends to any a ∈ S ′(R2m), in
which case at(x,D) becomes a continuous operator from S (Rm) to S ′(Rm).
(Cf. [Hö] or [To2].) We also note that if t = 1/2, then one obtains the Weyl
quantization, and we write aw(x,D) instead of a1/2(x,D). If instead t = 0,
then the normal representation appears, and we write a(x,D) instead of
a0(x, D).

Our continuity investigations for pseudo-differential operators are based
on basic relations between ambiguity functions and Weyl quantizations. We
recall that for any f, g ∈ S (Rm), then the ambiguity function, Wf,g is defined
by

(0.7) Wf,g(x, ξ) = (2π)−m/2

∫
f(y/2− x)g(y/2 + x)ei〈y,ξ〉 dy.

The definition extends to any f, g ∈ S ′(Rm), and then Wf,g ∈ S ′(R2m) (cf.
[Fo], [To1] or [To3]).

The operator action for a Weyl operator may be rewritten as a scalar
product between the symbol of the operator and ambiguity functions. It
follows therefore that continuity properties for ambiguity functions also give
certain continuity properties for Weyl operators. We shall here present suffi-
cient conditions on f and g, in order that Wf,g belongs to certain modulation
spaces. As an application, we extend Theorem 14.5.2 in [Gc2] and Theorem
4.3 in [To4] and give sufficient conditions on pj , qj , j = 1, 2, in order that the
operator

(0.8) at(x,D) : Mp1,q1
(ω1)

(Rm) → Mp2,q2
(ω2)

(Rm), a ∈ Mp,q
(ω)(R

2m),

is continuous, when q ≤ p, for appropriate ω, ω1 and ω2.
We shall also consider pseudo-differential operators of the type (0.6). For

any b ∈ S (R3m) and t ∈ R, there is a unique element a ∈ S (R2m) such
that Op(b) = at(x,D), and the map b 7→ a from S (R3m) to S (R2m)
is continuous. (Cf. [Hö].) In Section 5 we show that this mapping ex-
tends to a continuous map from Mp,q

(ω)(R
3m) to Mp,q

(ω1)
(R2m), for appropriate

weight functions ω and ω1, and we extend the definition of Op(b) to any
b ∈ Mp,q

(ω)(R
3m), by letting Op(b) = at(x,D), for such ω and ω1. These

investigations are also dependent on certain properties for restriction opera-
tors of the type (Ra) = a(· , 0) in context of modulation spaces, presented in
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Section 3. These properties are also similar to Lp-result for the operator R,
presented in [Fe1].

Our investigations also lead to continuity results in pseudo-differential
calculus of a more classical character, in the sense that only classical symbol
classes are involved, and that continuity is discussed in background of Sobolev
spaces (cf. [Hö] or [St]). In fact, by combining (0.4) with the fact S0

0 ⊂ M∞,1
s,0 ,

for s ∈ R, it follows that (0.8) also gives continuity results for at(x,D) in
context of Sobolev spaces, when a ∈ S0

0(R2m).

1. Preliminaries

In this section we make a review of basic and well-known properties for
modulation spaces. (For more details, see for example Chapter 11–12 in
[Gc2].)

Assume that p, q ∈ [1,∞], and that 0 < ω ∈ L∞loc(T
∗Rm). Then

Lp,q
(ω)(T

∗Rm) is the set of all measurable functions f on T ∗Rm such that

(0.1)′ ‖f‖Lp,q
(ω)
≡

( ∫ ( ∫
|f(x, ξ)ω(x, ξ)|p dx

)q/p

dξ
)1/q

is finite (with obvious modification when p = ∞ and/or q = ∞). Here and
in what follows we use the notation for cotangent bundle T ∗Rm for Rm,
instead of R2m, depending on that ξ here above should be interpreted as
the dual variable for x. We let Mp,q

(ω)(R
m) be the set, which consists of all

a ∈ S ′(Rm) such that fa(x, ξ) = F (a τxχ)(ξ) belongs to Lp,q
(ω)(T

∗Rm), and
we set ‖a‖Mp,q

(ω)
≡ ‖fa‖Lp,q

(ω)
. (Cf. (0.1).) Here χ ∈ S (Rm) \ 0.

In general, one has the unsatisfactory property that the Mp,q
(ω) depends on

the function 0 6= χ ∈ S in (0.1). In order to avoid such lack of invariance,
one needs to impose further restrictions on the weight-function ω. For this
reason, we usually require that ω should be v-moderate for some appropriate
function v ∈ L∞loc(R

m), i. e. for some constant C > 0, one has that

(1.1) ω(x1 + x2) ≤ Cω(x1)v(x2), x1, x2 ∈ Rm.

We let P(Rm) be the cone which consists of all 0 < ω ∈ L∞loc(R
m) such that

ω is v-moderate, for some v ∈ L∞loc, which is bounded by some polynomial.
If ω ∈ P, then it follows that for some polynomial P on Rm, then ω(x) +
ω(x)−1 ≤ P (x) when x ∈ Rm.

Definition 1.1. Assume that ω ∈ P(T ∗Rm), and that p, q ∈ [1,∞].
Then the space Mp,q

(ω)(R
m) is called a modulation space of non-standard type.
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If in addition ω = 1 everywhere, then Mp,q
(ω) is called a standard modulation

space, and is denoted by Mp,q instead of Mp,q
(ω). In case p = q, then the

abbreviations Mp
(ω) and Mp are used instead of Mp,p

(ω) and Mp,p respectively.

In Proposition 1.3 later on, we write down some basic properties for mod-
ulation spaces which will be needed, for example that they are independent
of the choice of χ ∈ S \ 0 in (0.1). This gives motivation for not indexing
‖a‖Mp,q

(ω)
with the function χ.

It is clear that in our considerations, it is no restriction to assume that
the Fourier transform F on S ′(Rm) is given by

Ff(ξ) = f̂(ξ) ≡ (2π)−m/2

∫
f(x)e−i〈x,ξ〉 dx,

when f ∈ S (Rm). Then F is unitary on L2(Rm).
We shall next introduce some notations which are convenient to use. As-

sume first that B1 and B2 are topological spaces. Then we write B1 ↪→ B2

when B1 is continuously embedded in B2. When B1 and B2 are Banach
spaces, this means that B1 ⊂ B2, and that for some constant C > 0 one has
that ‖x‖B2 ≤ C‖x‖B1 , for every x ∈ B1.

We let 〈· , ·〉 denote the dual form between function or distribution spaces
and their duals, and we set (a, b) = 〈a, b〉, for admissible a and b in S ′(Rm).
It is then clear that (· , ·) on L2 is the usual scalar product.

We write ω ≺ (ω, v) when ω is v-moderate. More generally, if ω, ω1, . . . , ωN

are positive functions on Rm, then we set ω ≺ (ω1, . . . , ωN ), when

(1.1)′ ω(x1 + · · ·+ xN ) ≤ Cω1(x1) · · ·ωN (xN ), x1, . . . , xN ∈ Rm,

for some constant C which is independent of x1, . . . , xN . In particular, ω2 ≺
ω1, if and only if ω2 ≤ Cω1 for some constant C. We say that ω1 and ω2 are
equivalent and write ω1 ∼ ω2 when C−1ω1 ≤ ω2 ≤ Cω1, for some constant
C > 0. It is then clear that ω1 ∼ ω2, if and only if ω1 ≺ ω2 and ω2 ≺ ω1,
and then Mp,q

(ω1)
= Mp,q

(ω2)
. If instead (1.1)′ is valid with reversed inequality,

then we write (ω1, . . . , ωN ) ≺ ω. We note also that if ω ∈ P(Rm) and that
vω(x) ≡ supy(ω(x + y)/ω(y)), then vω(x1 + x2) ≤ vω(x1)vω(x2) and ω is vω-
moderate. It is clear that among the functions v on Rm such that ω should
be v-moderate, then vω is minimal in the sense that vω ≺ v.

We let P0(Rm) be the subclass of P(Rm), which consists of all ω ∈
P(Rm)∩C∞(Rm) such that ω is v-moderate for some v ∈ P(Rm), and that
for any α, then |∂αω| ≤ Cαω, for some constant Cα. By a straight-forward
regularization procedure of the type ω 7→ ω ∗ ϕ, for some ϕ ∈ S (Rm), one
obtains the following result. We leave the simple verifications for the reader.
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Lemma 1.2. Assume that ω ∈ P(Rm). Then one may find ω0, v0 ∈
P0(Rm) such that ω0 ∼ ω, and ω, ω0 and v0 are v0-moderate.

Moreover, if v ∈ P(Rm) such that ω is v-moderate, then v0 ≺ v.

We return now to our discussion of modulation spaces. In Proposition
1.3 below, we write down some basic facts. Here and in what follows we
identify v(x1, x2) with v0(x1), and set v(x1, x2) = v(x1), when v0 ∈ S ′ and
v(x1, x2) = (v0 ⊗ 1)(x1, x2).

Proposition 1.3. Assume that ω, ω1, ω2 ∈ P(T ∗Rm), p, q ∈ [1,∞], and
that V1, V2 ⊂ Rm are vector spaces such that V1⊥V2 and V1 ⊕ V2 = Rm.
Then the following is true:

(1) the space Mp,q
(ω) is independent of the choice of χ ∈ S (Rm) \ 0 in

(0.1). Moreover, different choices of χ give rise to equivalent norms;
(2) if p1, p2, q1, q2 ∈ [1,∞] such that p1 ≤ p2, q1 ≤ q2 and ω2 ≺ ω1, then

S (Rm) ↪→ Mp1,q1
(ω1)

(Rm) ↪→ Mp2,q2
(ω2)

(Rm) ↪→ S ′(Rm). If ω0 ≺ ω,

where ω0(x, ξ) = ω0(x), then Mp,1
(ω)(R

m) ↪→ C(Rm);

(3) the scalar product (· , ·) on L2 extends to a continuous bilinear
map from Mp,q

(ω)(R
m) × Mp′,q′

(ω−1)(R
m) to C. On the other hand, if

‖a‖ = sup |(a, b)|, where the supremum should be taken over all
b ∈ Mp′,q′

(ω−1)(R
m) such that ‖b‖

Mp′,q′
(ω−1)

≤ 1, then ‖ · ‖ and ‖ · ‖Mp,q
(ω)

are

equivalent norms;
(4) if p, q < ∞, then S (Rm) is dense in Mp,q

(ω)(R
m), and the dual space

for Mp,q
(ω)(R

m) may be identified with Mp′,q′

(ω−1)(R
m), through the form

(· , ·). Moreover, S (Rm) is weakly dense in M∞,∞
(ω) (Rm). Here and

in (3), a slight modified result holds when (· , ·) is replaced by 〈· , ·〉;
(5) if Φ is a real-valued non-degenerate quadratic form on V1 and that in

addition ω is v-moderate for some v ∈ P which satisfies v(x, ξ) =
v(ξ), then the map a 7→ SΦa = (eiΦ ⊗ δV2) ∗ a is a homeomorphism
on Mp,q

(ω)(R
m).

We note that SΦ in Proposition 1.3 (5) is well-defined in a weak sense, since
it is easily seen that SΦ and its adjoint are homeomorphisms on S (Rm).
Recall also that p′ is the conjugate exponent of p, i. e. 1/p + 1/p′ = 1.

Proof. The assertions (1)–(4), except the second part of (2), are well-
known facts for modulation spaces (cf. Chapter 11 in [Gc2]). The second part
of (2) is then a consequence of these facts, since if a ∈ M∞,1

(ω0)
and x0 ∈ Rm

are fixed, then F (a τx0χ) ∈ L1(Rm), which implies that a τx0χ ∈ C(Rm).
This gives the result.
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The assertion (5) follows by similar arguments as in the proof of Proposi-
tion 2.14 in [To2]. In fact, let TΦa = (2π)−m1/2| detAΦ|1/2SΦ, where AΦ/2
is the matrix for Φ. Then Fourier’s inversion formula gives that TΦ is a
homeomorphism on S and S ′, with inverse (TΦ)−1 = T t

Φ = T(−Φ).
Set ψ = T−1

Φ χ ∈ S , and let ξ = (ξ1, ξ2), where ξj ∈ Vj . For some
constant C > 0, it follows now by some straight-forward computations that
if a ∈ S ′(Rm), then

|F (τxψ TΦa)(ξ)ω(x, ξ)| = |F−1
(
τξ(F ψ̌) F (TΦa)

)
(x)ω(x, ξ)|

= |F−1
(
τξ(F χ̌) e−2i〈(A−1

Φ ξ1,0),·〉â
)
(x)ω(x, ξ)|

≤ C|F (χx−y0 a)(ξ)ω(x− y0, ξ)|,

where y0 = (A−1
Φ ξ1, 0). In the last step we have used that ω is v-moderate,

where v(x, ξ) = v(ξ). The result follows now by applying the Lp,q-norm on
these expressions, and using Proposition 1.3 (1). The proof is complete.

Proposition 1.3 (1) permit us to be rather unprecise according to the choice
of χ ∈ S \ 0 in (0.1). For example, if C > 0 is a constant and Ω is a subset
of S ′, then ‖a‖Mp,q

(ω)
≤ C for every a ∈ Ω, should be interpreted as that

the inequality holds for every a ∈ Ω, and some choice of χ ∈ S \ 0. It is
then clear that for any other choice of χ ∈ S \ 0, a similar inequality is true
provided the constant C has been replaced by a larger constant, if necessary.

The assertions (3) and (4) in Proposition 1.3 allow us to use duality treat-
ments as well as approximations with test functions for modulation spaces,
in a similar way as for Lebesgue and Sobolev/Besov spaces. However, it
suffices that p = ∞ and/or q = ∞ in order that (4) should be violated.
In opposite to Lebesgue spaces it therefore rather easily appears a situation
were we are unable to approximate elements in modulation spaces with test
functions with respect to norm convergence. This in turn leads to that a lot
of uniqueness properties which are taken for granted, do not work properly
when one is using modulation spaces. As we shall see, this leads to in prac-
tice that one is forced to find out appropriate constructions and definitions
when dealing with modulation spaces.

In many treatments we shall use Minkowski’s inequality, of a somewhat
general form. We recall that for a dν-measurable function f with values in
the Banach space B with norm ‖ · ‖, then Minkowski’s inequality asserts
that ‖ ∫

f dν‖ ≤ ∫ ‖f‖ dν. In our applications one has that B is equal to
Lp(dµ), for some p ∈ [1,∞], and then Minkowski’s inequality takes the form

( ∫ ∣∣∣
∫

f(x, y) dν(y)
∣∣∣
p

dµ(x)
)1/p

≤
∫ (∫

|f(x, y)|p dµ(x)
)1/p

dν(y).
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Remark 1.4. So far we have only considered scalar valued modulation
spaces. We note however that there is a natural generalization to modulation
spaces which are Banach space valued functions or distribution spaces.

In fact, assume that p, q ∈ [1,∞], χ ∈ S (Rm) \ 0, ω ∈ P(T ∗Rm) and
that B is a Banach space. Then we let the (B-valued) modulation space
Mp,q

(ω)(R
m; B) be the set of all a ∈ S ′(Rm;B) such that

(0.1)′′ ‖a‖Mp,q
(ω),B

≡
( ∫ ( ∫

‖F (a τxχ)(ξ)ω(x, ξ)‖p
B dx

)q/p

dξ
)1/q

is finite. Here S ′(Rm; B) is the set of all linear continuous mappings from
S (Rm) to B. In case B is reflexive, it is clear that S ′(Rm; B′) is the dual
for S ′(Rm;B). By using similar arguments as for scalar-valued modulation
spaces, it follows that the most of the basic properties also hold for B-valued
modulation spaces.

If we let B be equal to Mp,q
(ρ) (R

n) for some ρ ∈ P(T ∗Rn), then it is
clear that Mp,q

(ω)(R
m;Mp,q

(ρ) (R
n)) is a subset of S ′(Rm; S ′(Rn)), which we

may identify with S ′(Rm+n) in view of the kernel theorem of Schwartz. We
claim that

(1.2)
Mp,q

(ω⊗̂ρ)
(Rm+n) ↪→ Mp,q

(ω)(R
m; Mp,q

(ρ) (R
n)), q ≤ p,

Mp,q
(ω)(R

m;Mp,q
(ρ) (R

n)) ↪→ Mp,q

(ω⊗̂ρ)
(Rm+n), p ≤ q.

Here (ω⊗̂ρ)(x, ξ) = ω(x1, ξ1)ρ(x2, ξ2), where x = (x1, x2) ∈ Rm+n, ξ =
(ξ1, ξ2) ∈ Rm+n and (x, ξ) ∈ T ∗Rm+n.

In fact, let χ = χ1⊗χ2, where χ1 ∈ S (Rm) \ 0 and χ2 ∈ S (Rn) \ 0, and
assume that q ≤ p and a ∈ Mp,q

(ω)(R
m;B). Then

‖a‖Mp,q
(ω),B

=
( ∫ ( ∫ ( ∫

Fa(x1, ξ) dξ2

)p/q

dx1

)q/p

dξ1

)1/q

,

where

Fa(x1, ξ) =
( ∫

|F (a τxχ)(ξ)ω(x1, ξ1)ρ(x2, ξ2)|p dx2

)q/p

.

By Minkowski’s inequality we get

‖a‖Mp,q
(ω),B

≤
(∫ ( ∫

|Fa(x1, ξ)|p/q dx1

)q/p

dξ
)1/q

= ‖a‖Mp,q

(ω⊗̂ρ)
.
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This proves the first part of (1.2). The second part follows by similar argu-
ments. We leave the details for the reader.

We shall finish this section by discussing weight functions which are of
particular interests. For any s, t ∈ R we set

(1.3)
σt(x) = 〈x〉t, σs,t(x, ξ) = 〈ξ〉s〈x〉t,
vt(x) = 〈x〉|t|, vs,t(x, ξ) = 〈ξ〉|s|〈x〉|t|, x, ξ ∈ Rm.

Here and in what follows we let 〈x〉 ≡ (1+ |x|2)1/2. For simplicity we also set
〈D〉s = (1−∆)s/2, i. e. the pseudo-differential operator with symbol 〈ξ〉s. It
is then obvious that σt, vt ∈ P0(Rm) and σs,t, vs,t ∈ P0(T ∗Rm) for every
s, t ∈ R, and that σt is vt-moderate and σs,t is vs,t-moderate. We note also
that σs(x, ξ) = (1 + |x|2 + |ξ|2)s/2, and that σs,t = σt ⊗ σs. We shall many
times also use the obvious fact that if ω ∈ P(Rm), then ω is vt-moderate
provided t is chosen large enough.

If ω(x, ξ) = σs(x, ξ) or ω(x, ξ) = σs,t(x, ξ), then we use the notation
Mp,q

s (Rm) and Mp,q
s,t (Rm) respectively, instead of Mp,q

(ω)(R
m).

2. The narrow convergence

In this section we shall discuss the narrow convergence. The main reason
for introducing the narrow convergence is to improve the possibilities for
approximate functions or distributions with test functions. In terms of norm
convergence, we note that Proposition 1.3 does not guarantee that this is
possible for the modulation space Mp,q

(ω) , when p = ∞ or q = ∞. In case
(p, q) 6= (1,∞) and (p, q) 6= (∞, 1), one may usually manage the situations
by using weak∗-topology, if necessary. However, the remaining cases (p, q) =
(1,∞) or (p, q) = (∞, 1) may be cruisial since S is neither dense in M∞,1

(ω)

nor in M1,∞
(ω) . Here we shall see that in some situations we may avoid these

problems by modifying the definition of narrow convergence in [Sj1], [To2]
and [To4] to weighted modulation spaces.

We start to give the definition of narrow convergence. It will be convenient
to set

Ha,ω,p(ξ) =
( ∫

|F (a τxχ)(ξ)ω(x, ξ)|p dx
)1/p

when a ∈ S ′(Rm) and p ∈ [1,∞].

Definition 2.1. (Cf. [S1] or [To2].) Assume that a, aj ∈ Mp,q
(ω)(R

m),
j = 1, 2, . . . . We say that aj converges narrowly to a (with respect to

10



p, q ∈ [1,∞], χ ∈ S (Rm)\0 and ω ∈ P(T ∗Rm)), if the following conditions
are satisfied:

(1) aj → a in S ′(Rm) as j →∞;
(2) Haj ,ω,p(ξ) → Ha,ω,p(ξ) in Lq(Rm) as j →∞;

Remark 2.2. Assume that a, a1, a2, · · · ∈ S ′(Rm) satisfies (1) in Defini-
tion 2.1, and assume that ξ ∈ Rm. Then it follows from Fatou’s lemma
that

lim inf
j→∞

Haj ,ω,p(ξ) ≥ Ha,ω,p(ξ) and lim inf
j→∞

‖aj‖Mp,q
(ω)
≥ ‖a‖Mp,q

(ω)
.

We have now the following generalization of Proposition 2.3 in [To2], which
guarantees that we may approximate elements in Mp,q

(ω) with elements in S

when q < ∞.

Proposition 2.3. Assume that p, q ∈ [1,∞] such that q < ∞, and that
ω ∈ P(T ∗Rm). Then C∞0 (Rm) is dense in Mp,q

(ω)(R
m) with respect to the

narrow convergence.

Proof. We shall mainly follow the proof of Proposition 2.3 in [To2]. Some
modifications are however necessary, depending on that in [To2], one only
considered standard modulation spaces of the type Mp,1.

By an application of Cantor’s diagonal principle, it suffices to prove that
C∞0 is narrowly dense in Mp,q

(ω) ∩ E , and that Mp,q
(ω) ∩ E is narrowly dense in

Mp,q
(ω).
Assume therefore first that a ∈ Mp,q

(ω)(R
m), and choose a function φ ∈

C∞0 (Rm) such that φ and φ̂ are non-negative functions which satisfies φ(0) =
1. Set aj = aφ(εj ·), where εj ↘ 0 as j → ∞. We shall prove that aj

converges to a narrowly.
It is clear that aj → a in S ′ as j →∞. We have to prove that Haj ,ω,p →

Ha,ω,p in Lq as j → ∞. Let v = vω. (Cf. Section 1.) Then v is bounded
by polynomials, v(0) = 1 and ω(x1 + x2, ξ1 + ξ2) ≤ ω(x1, ξ1)v(x2, ξ2). By
Minkowski’s inequality we get

Haj ,ω,p(ξ) = (2π)−m/2
(∫ ∣∣∣

∫
(F (χxa)(ξ − εjη)φ̂(η)ω(x, ξ) dη

∣∣∣
p

dx
)1/p

≤ (2π)−m/2

∫ ( ∫
|(F (χxa)(ξ − εjη)ω(x, ξ)|pdx

)1/p

φ̂(η) dη

≤ (2π)−m/2

∫
Ha,ω,p(ξ − εjη)(v(0, εjη)φ̂(η)) dη ≡ Uj(ξ).

11



Since (2π)−m/2
∫

φ̂ dξ = φ(0) = 1, v is bounded by polynomials, v(0) = 1,
and Ha,ω,p ∈ Lq, it follows that Uj → Ha,ω,p in Lq as j → ∞. Hence
‖Uj − Uk‖Lq → 0 as j, k →∞, and since Haj ,ω,p ≤ Uj one has

lim sup
j→∞

Haj ,ω,p(ξ) ≤ Ha,ω,p(ξ), a. e.

It follows now that Haj ,ω,p → Ha,ω,p in Lq as j → ∞ from these facts,
Remark 2.2 and a generalization of Lebesgue’s theorem which asserts that
if fj → f a. e. as j → ∞ and if there exists a sequence gj ∈ Lq such that
|fj | ≤ gj and ‖gj − gk‖Lq → 0 as j, k → ∞, then ‖f − fj‖Lq → 0 as j → 0.
Hence we have proved that Mp,q

(ω) ∩ E ′ is narrowly dense in Mp,q
(ω).

Assume next that a ∈ Mp,q
(ω) ∩ E ′ and let aj = ε−mφ(·/εj) ∗ a, where

φ ∈ C∞0 is nonnegative,
∫

φdx = 1 and εj ↘ 0 as j → ∞. We shall prove
that aj ∈ C∞0 converges to a narrowly.

By a straight-forward computation it follows that

(2.2) |F (aj τxχ)(ξ)| =
∣∣∣
∫

F (a τx−εjyχ)(ξ)e−iεj〈y,ξ〉φ(y) dy
∣∣∣

Hence Minkowski’s inequality gives

Haj ,ω,p(ξ) ≤
∫ ( ∫

|F (aτx−εjyχ)(ξ)ω(x, ξ)|p dx
)1/p

φ(y) dy ≤ Uj(ξ)

where

Uj(ξ) =
∫ (∫

|F (aτx−εjyχ)(ξ)ω(x− εjy, ξ)|p dx
)1/p

v(εjy, 0)φ(y) dy

= CjHa,ω,p(ξ)

and Cj =
∫

v(εjy, 0)φ(y) dy. Since Cj → 1 as j → ∞, the same arguments
as in the first part of the proof now shows that Haj ,ω,p → Ha,ω,p in Lq as
j →∞. The proof is complete.

We shall next discuss the form ( ·, ·). We note that the extension ( ·, ·) in
Proposition 1.3 (3) is unique as long as (p, q) 6= (1,∞) and (p, q) 6= (∞, 1),
depending on the fact that then we must have that S is dense in Mp,q

(ω) or

in Mp′,q′

(1/ω). In the remaining cases (p, q) = (∞, 1) or (p, q) = (1,∞), it is not
obvious that similar uniqueness properties hold, since S is neither dense in
M∞,1

(ω) nor in M1,∞
(ω) .

12



In the following we shall, in a similar way as for standard modulation
spaces in [To4], see that if one require that ( · , ·) should be sequently con-
tinuous from M∞,1

(ω) × M1,∞
(1/ω) to C such that a 7→ (a, b) should be narrow

continuous from M∞,1
(ω) to C, for every b ∈ M1,∞

(1/ω), then the uniqueness as-
sertions hold also in this case.

Assume that a, b, χ ∈ S such that ‖χ‖L2 = 1. Then (a, b) =
∫

a(x)b(x) dx,
and it follows from Parseval’s formula that

(2.3) (a, b) =
∫∫

F (a τxχ)(ξ)F (b τxχ)(ξ) dxdξ .

In case a ∈ M∞,1
(ω) and b ∈ M1,∞

(1/ω) we note that the right-hand side of (2.3)

still makes sense. We therefore define the requested bilinear form on M∞,1
(ω) ×

M1,∞
(1/ω) by (2.3). The proof of the following lemma is omitted, since it is

rather straight-forward, and follows by the same arguments as in the proof
of Lemma 1.8 in [To4].

Lemma 2.4. Assume that ω ∈ P(T ∗Rm), a ∈ M∞,1
(ω) (Rm) and b ∈

M1,∞
(1/ω)(R

m). Then the following is true:

(1) one has that |(a, b)| ≤ C‖a‖M∞,1
(ω)

‖b‖M1,∞
(1/ω)

;

(2) if a ∈ S or b ∈ S , then (a, b) is the usual scalar product between a
distribution and a tempered function;

(3) assume that aj ∈ M∞,1, j = 1, 2, . . . , converges narrowly to a as
j →∞. Then (aj , b) → (a, b) as j →∞;

(4) the product (· , ·) on M∞,1
(ω) (Rm) × M1,∞

(1/ω)(R
m) does not depend on

χ ∈ S , provided ‖χ‖L2 = 1.

From now on, we always assume that the product ( · , ·), on M∞,1
(ω) ×M1,∞

(1/ω),
is defined as in the above.

3. Relations and restrictions between modulation
spaces with different weight functions

In this section we shall discuss certain continuity properties for modula-
tion spaces. In the first part we show that there is a canonical homeomor-
phism between Mp,q

(ω) and Mp,q for certain weight functions ω. In particular
we achieve that the spaces Mp,q

s and Mp,q
s,t in a quite natural way may be

obtained from the corresponding standard space Mp,q. In the second part
we discuss the restriction and extension operators, (Ra)(x1) = a(x1, 0) and
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(Ea)(x1, x2) = a(x1)δ(x2) respectively. We prove for example that R on S
extends to a continuous map from Mp,q

s,0 to Mp,q
s1,0, for appropriate s and s1.

We start to prove the following lemma.

Lemma 3.1. Assume that ω ∈ P0(Rm), and that N > m + N0, where
N0 ≥ 0 is chosen such that ω is vN0-moderate. Let

Φ(x, y) =
ω(x)

ω(y)〈x− y〉N , x, y ∈ Rm,

and let Φ2(x, ξ) be the partial Fourier transform of Φ(x, y) with respect to the
y-variable. Then for any α and β one has that ∂α

x ξβΦ2(x, ξ) is a continuous
and bounded function on T ∗Rm, and

∫
sup

x
|∂α

x ξβΦ2(x, ξ)| dξ < ∞.

Proof. Assume first that α = β = 0. We start to prove that Φ2 ∈ C ∩L∞.
Since Φ is a bounded and continuous function, it suffices to prove that

(3.1) RΦ = sup
x

∫
Φ(x, y) dy < ∞,

since ‖Φ2‖L∞ ≤ CRΦ for some constant C.
For some s > 0 we have that N = m + N0 + s, and it follows from the

inequality ω(x) ≤ Cω(y)〈x− y〉N0 that
∫

Φ(x, y) dy < C

∫
〈x− y〉−m−s dy = C

∫
〈y〉−m−s dy < ∞.

This gives (3.1).
Next we shall use the fact that for every α and β then |∂α

x ∂β
y Φ(x, y)| ≤

Cα,βΦ(x, y), for some constant Cα,β . By applying the Fourier transform on
the y-variable one obtains

sup
x,ξ

|∂α
x ξβΦ2(x, ξ)| ≤ C ′α,βRΦ,

and it follows from similar arguments as the above that ∂α
x ξβΦ2(x, ξ) is a

bounded and continuous function for every α and β. This gives the result,
and the proof is complete.

We have now the following important result, which concerns Banach-
valued modulation spaces (cf. Remark 1.4).
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Theorem 3.2. Let V1, V2 ⊂ Rm be vector spaces which are orthogonal to
each other, let B be a Banach space, and assume that ω1, ω2 ∈ P(T ∗Rm)
such that ω2(x, ξ) = ω2(x1, ξ2) where x1 ∈ V1 and ξ2 ∈ V ′

2 . Let also ω0 ∈ P0

such that ω0 ∼ ω2 and ω0(x, ξ) = ω0(x1, ξ2). Then a 7→ ω0(x,D)a is a
homeomorphism from Mp,q

(ω1ω2)
(Rm;B) to Mp,q

(ω1)
(Rm;B), for every p, q ∈

[1,∞].

In the most of our applications of Theorem 3.2, we have that B = C.

Proof. We shall prove the result when ω0(x, ξ) = ω0(x), and when
ω0(x, ξ) = ω0(ξ). For simplicity we assume also that B = C. The gen-
eral case follows by similar arguments and is left for the reader. Assume
first that ω0(x, ξ) = ω0(x), and that N0 is chosen such that ω0 and ω1

are vN0 -moderate. Let Φ be as in Lemma 3.1, and set χ0 = 〈·〉Nχ, where
N = N0 + m + 1. Then

F (ω0a τxχ)(ξ) = ω0(x)F (a τxχ0 Φ(x, ·))(ξ)
= π−m/2ω0(x)

(
F (a τxχ0) ∗ Φ2(x, ·))(ξ),

Here the convolution for Φ2(x, ξ) should be applied on the ξ-variable only,
considering the x-variable as fix parameter.

Now we let ω(x, ξ) = ω0(x)ω1(x, ξ), h(ξ) = supx |Φ2(x, ξ)|, and we set
H(ξ) = 〈ξ〉N0h(ξ). Then ‖H‖L1 < ∞ by Lemma 3.1. Hence for some
positive constants C and C ′, Minkowski’s inequality gives

‖ω0a‖Mp,q
(ω1)

≤ C
( ∫ (∫

|(F (a τxχ0) ∗ Φ2(x, ·))(ξ)ω(x, ξ)|p dx
)q/p

dξ
)1/q

≤ C
(∫ ( ∫ ( ∫

|F (a τxχ0)(ξ − η)ω(x, ξ)|p dx
)1/p

h(η) dη
)q

dξ
)1/q

≤ C
( ∫ ( ∫ ( ∫

|F (a τxχ0)(ξ − η)ω(x, ξ − η)|p dx
)1/p

H(η) dη
)q

dξ
)1/q

≤ C
( ∫ ( ∫

|F (a τxχ0)(ξ)ω(x, ξ)|p dx
)q/p

dξ
)1/q

∫
H(η) dη

≤ C ′‖a‖Mp,q
(ω1ω0)

‖H‖L1 .

In the last step we have used Proposition 1.3 (1). Since ω1ω0 ∼ ω1ω2, it
follows that ‖ω0a‖Mp,q

(ω1)
≤ C‖a‖Mp,q

(ω1ω2)
.

On the other hand, from the first part of the proof together with the
obvious fact that ω−1

0 ∈ P0, one has that

‖a‖Mp,q
(ω)

= ‖ω−1
0 (ω0a)‖Mp,q

(ω)
≤ C‖ω0a‖Mp,q

(ω/ω0)
= C‖ω0a‖Mp,q

(ω1)
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This proves the proposition in this case.
The case ω0(x, ξ) = ω0(ξ) follows by similar arguments. In fact, assume

that Φ is the same as in the above, and let χ0 = 〈·〉N χ̂. Then by Parseval’s
formula we have that

|F (ω0(D)a τxχ̌)(ξ)| = |F (ω0â τξχ̂)(−x)| = ω0(ξ)|F (â τξχ0Φ(ξ, ·))(−x)|

= (2π)−m/2ω0(ξ)
∣∣∣
∫

F (â τξχ0)(−x− y)Φ2(ξ, y) dy
∣∣∣.

Now we let ω(x, ξ) = ω1(x, ξ)ω0(ξ), ψ̌ = χ̂0 and H(y) = 〈y〉N supξ |Φ2(ξ, y)|.
Then Parseval’s formula gives

‖ω0(D)a‖Mp,q
(ω1)

≤ C
( ∫ ( ∫ ( ∫

|F (a τx+yψ)(ξ)Φ2(ξ, y)ω(x, ξ)| dy
)p

dx
)q/p

dξ
)1/q

≤ C ′‖H‖L1

(∫ ( ∫
|F (a τxψ)(ξ)ω(x, ξ)|p dx

)q/p

dξ
)1/q

= C ′‖H‖L1‖a‖Mp,q
(ω)

,

for some constants C and C ′. This gives the result and the proof is complete.

Corollary 3.3. Assume that s, s0, t, t0 ∈ R and that p, q ∈ [1,∞]. Then
the following is true:

(1) the map a 7→ 〈·〉t0a is a homeomorphism from Mp,q
s,t+t0(R

m) to
Mp,q

s,t (Rm);

(2) the map a 7→ 〈D〉s0a is a homeomorphism from Mp,q
s+s0,t(R

m) to
Mp,q

s,t (Rm).

Proof. The result follows from Theorem 3.2 by letting ω1(x, ξ) = σs,t(x, ξ),
and ω2(x, ξ) = σt0(x) or ω2(x, ξ) = σs0(ξ).

The following result is now an immediate consequence of Corollary 3.3,
and shows that for any s, t ∈ R and any p, q ∈ [1,∞], then Mp,q

s,t may be
constructed from the standard space Mp,q.

Theorem 3.4. Assume that s, t ∈ R and that p, q ∈ [1,∞]. Then

Mp,q
s,t (Rm) = { a ∈ S ′(Rm) ; 〈x〉t〈D〉sa ∈ Mp,q(Rm) }

= { a ∈ S ′(Rm) ; 〈D〉s〈x〉ta ∈ Mp,q(Rm) }.
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Remark 3.5. It follows from Theorem 3.4 that with few exceptions, we
may achieve Mp,q

s from the space Mp,q. In fact, if s ≥ 0, then it is easily
seen that

Mp,q
s (Rm) = Mp,q

s,0 (Rm) ∩Mp,q
0,s (Rm)

= { a ∈ S ′(Rm) ; 〈D〉sa, 〈x〉sa ∈ Mp,q(Rm) }.
If instead s < 0 and that in addition p, q > 1, then Mp,q

s (Rm) is the dual for
Mp′,q′
−s (Rm). It is now clear that we may achieve Mp,q

s from the corresponding
base space, since any Mp,q

s,t may be obtained from Mp,q, in view of Theorem
3.4.

Remark 3.6. The fact that L2 = M2 implies that Theorem 3.4 and Re-
mark 3.5, in case p = q = 2, agree with the following well-known identities
between modulation spaces and Lebesgue/Sobolev-spaces. (Cf. Proposition
11.3.1 in [Gc2].)

(1) if s ∈ R, then M2
s,0 = H2

s ;

(2) if t ∈ R, then M2
0,t = L2

t ;

(3) if s ≥ 0, then M2
s = L2

s ∩H2
s .

Here Lp
s(Rm) is the set of all measurable functions a on Rm such that

‖a‖Lp
s

= ‖a〈·〉s‖Lp < ∞.

Remark 3.7. According to Theorem 3.2, we could also have consid-
ered mapping properties for the following family of function and distri-
bution spaces, considered in [FG4]. Assume that p, q ∈ [1,∞] and that
ω ∈ P(T ∗Rm), and consider the space W p,q

(ω)(R
m), which consists of all

a ∈ S ′(Rm) such that

‖a‖W p,q
(ω)

=
(∫ ( ∫

|F (a τxχ)(ξ)ω(x, ξ)|p dξ
)q/p

dx
)1/q

is finite. (See also Definition 4 in [FG4].) Then the proof of Theorem 3.2 gives
that if ω0, ω1 and ω2 are the same as in Theorem 3.2, then a 7→ ω0(x,D)a is
a homeomorphism from W p,q

(ω1ω2)
to W p,q

(ω1)
.

Note that the spaces in Remark 3.7 are deeply connected to modulation
spaces, since Parseval’s formula gives that

(3.2) |F (â τξχ̂)(x)| = |F (a τ−xχ̌)(ξ)|,
and it follows that W p,q

(ω) = FMp,q
(ω1)

when ω1(x, ξ) = ω(−ξ, x) and ω ∈ P.
(Cf. [FG4] or Section 11.3 in [Gc2].) For more facts about the W p,q

(ω)-spaces,
we refer to [FG4].
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Remark 3.8. According to Theorem 3.2 and Remark 3.7 one can also con-
sider the following more abstract and general situation, which deal with cer-
tain type of Banach function spaces (or solid BF-spaces). (Cf. [Z].) Assume
that B1 and B2 are Banach spaces of complex-valued measurable functions
on Rm such that for j ∈ {1, 2}, one has that τxa ∈ Bj for every a ∈ Bj , and

S ↪→ Bj ↪→ S ′, and Bj · L∞ ⊂ Bj .

Assume also that for some constant C > 0 and v ∈ P(Rm) we have

(3.3)
‖τxa‖Bj

≤ v(x)‖a‖Bj
, and ‖f h‖Bj

≤ C‖f‖Bj
‖h‖L∞ ,

for every x ∈ Rm, a ∈ Bj , h ∈ L∞(Rm).

For any ω ∈ P(T ∗Rm), let M(ω) = M(ω)(B1, B2) be the set of all
a ∈ S ′(Rm) such that ha(ξ) = ‖fa,ω( ·, ξ)‖B1 belongs to B2, and let
the topology for B2 be defined through the norm ‖a‖ = ‖ha‖B2 . Here
fa,ω(x, ξ) = |F (aτxχ)(ξ)ω(x, ξ)| where χ ∈ S (Rm) \ 0. Let also W(ω) =
W(ω)(B1,B2) be the space, which consists of all a ∈ S ′(Rm) such that
ga(x) = ‖fa,ω(x, ·)‖B2 belongs to B1 and let W(ω) be equipped by the norm
a 7→ ‖ga‖B1 .

The proof of Theorem 3.2 then shows that if ω0, ω1 and ω2 are the same
as in Theorem 3.2, then a 7→ ω0(x,D)a is a homeomorphism from M(ω1ω2)

to M(ω1), and from W(ω1ω2) to W(ω1).
Here it is essential that (3.3) together with the condition that ω ∈ P leads

to that M(ω) and W(ω) are independent of the choice of χ ∈ S \ 0. (Cf. the
proof of Proposition 11.3.2 in [Gc2].)

Remark 3.9. By using techniques of ultra-distributions, Pilipović and Te-
ofanov extends in [PT1], Remark 3.6 to a large class of modulation spaces of
the type M2

(ω), where the growth properties for the weight-functions are not
so strong. For example, one does not require that they should be bounded
by polynomials.

We shall next discuss restriction and extension operators in background
of modulation spaces. Assume that x = (x1, x2), where x1 ∈ V1 and x2 ∈ V2,
and V1 and V2 are vector spaces of dimension m1 and m2 respectively, which
satisfy V1⊕V2 = Rm. Note that we do not require that the direct sum should
be orthogonal, depending on that later on we shall apply the restriction
operator of non-orthogonal type in pseudo-differential calculus. For a fix
element x0 ∈ V2, the restriction operator Rx0 is then the continuous operator
from C(Rm) to C(V1), given by (Rx0a)(x1) = a(x1, x0). It is clear that Rx0

restricts to a continuous mapping from S (Rm) to S (V1).
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Since modulation spaces are translation invariant, it follows from Propo-
sition 2.12 in [To2] that Rx0 extends to a continuous map from Mp,1(Rm)
to Mp,1(V1), for every p ∈ [1,∞]. It is also well-known that Rx0 is contin-
uous from H2

s (Rm) to H2
s−m2/2(V1), provided s > m2/2 (cf. [Sc]). Since

M2
s,0 = H2

s , the last statement may also be formulated in context of modu-
lation spaces. In the following we shall extend these results to a more large
class of modulation spaces. It is then convenient to start with discussing the
extension operator.

For a fix element x0 ∈ V2, we let the extension operator Ex0 be the con-
tinuous operator from S ′(V1) to S ′(Rm), which is the adjoint for Rx0 . This
means that (Ex0a, ψ) = (a, ψ( ·, x0)), when a ∈ S ′(V1) and ψ ∈ S (Rm).

Proposition 3.10. Let x = (x1, x2) ∈ V1 ⊕ V2 = Rm and ξ = (ξ1, ξ2) ∈
W1 ⊕ W2 = Rm, where W1 = V ′

1 , and assume that p, q ∈ [1,∞], ω1 ∈
P(T ∗V1), and ω, ω2 ∈ P(T ∗Rm) such that ω2(x, ξ) = ω2(x2, ξ) and ω ≺
ω1ω2. Assume also that for some y0 ∈ V2 we have that

(3.4) sup
ξ1∈V ′1

‖ω2(y0, ξ1, ·)‖Lq ≤ C,

for some constant C. Then for any x0 ∈ V2, the extension operator Ex0

restricts to a continuous map from Mp,q
(ω1)

(V1) to Mp,q
(ω)(R

m).
Moreover, if q < ∞ and aj converges narrowly to a in Mp,q

(ω1)
(V1), then

Ex0aj converges narrowly to Ex0a in Mp,q
(ω).

Proof. Since the condition (3.4) is invariant under the choice of W2, it
follows that we may assume that V1 = W1 = Rm1 and W2 = W⊥

1 = Rm2 ,
where mj = dim Vj = dim Wj for j = 1, 2. Let χ(x) = χ1(x1)χ2(x2),
where x = (x1, x2), xj ∈ Vj , and χj ∈ S (Vj) \ 0 for j = 1, 2. Assume
that a ∈ S ′(V1), and set b = Ex0a ∈ S ′(Rm). By a straight-forward
computation it follows that for some m1×m2-matrix A, and some triangular
and invertible m2 ×m2-matrix B, we have

|F (b τxχ)(ξ)ω(x, ξ)| = |F (a τx1+Ax2χ1)(ξ1)χ2(x0 −Bx2)ω(x, ξ)|.
By applying the Lp,q

(ω) norm, we get, after a simple change of variables in the
integrals, that

(3.5) ‖b‖Mp,q
(ω)

= C‖H‖Lq ,

for some constant C, where H(ξ) is equal to
( ∫∫

V1×V2

|F (a τx1χ1)(ξ1)χ2(x0 −Bx2)ω(x1 −Ax2, x2, ξ)|p dx1dx2

)1/p

.
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Here xj ∈ Vj for j = 1, 2, and dx1dx2 is the product measure on the product
space V1 × V2.

Since ω ∈ P and ω ≺ ω1ω2, it follows that

ω(x1 −Ax2, x2, ξ)χ2(x0 −Bx2) ≤ ω1(x1, ξ1)ω2(y0, ξ))ϕ(x2),

for some ϕ ∈ S (V2). This gives

H(ξ) ≤ C ω2(y0, ξ)
(∫∫

V1×V2

|F (a τx1χ1)(ξ1)ϕ(x2)ω1(x1, ξ1)|p dx1dx2

)1/p

≤ C ′ ω2(x0, ξ)
( ∫

V1

|F (a τx1χ1)(ξ1)ω1(x1, ξ1)|p dx1

)1/p

,

for some constants C and C ′. If we combine the last estimate with (3.4),
then (3.5) implies that

‖b‖Mp,q
(ω)
≤ C‖a‖Mp,q

(ω1)
,

for some constant C. This proves the first part of the proposition. From these
computations, it also follows that if q < ∞, aj → a narrowly, and bj = Ex0aj ,
then Hbj ,ω,p → Hb,ω,p in Lq. This proves the assertions concerning narrow
convergence, and completes the proof.

We are now prepared to continue our discussion concerning the restriction
operator Rx0 on modulation spaces. For p, q ∈ [1,∞] fixed we assume that
the weight functions ω1 ∈ P(T ∗V1) and ω, ω2 ∈ P(T ∗Rm) satisfy ω2(x, ξ) =
ω(x2, ξ), ω1ω2 ≺ ω and

(3.4)′ sup
ξ1∈V1

‖ω(y0, ξ1, ·)−1‖Lq′ < ∞,

for some y0 ∈ V2, where x = (x1, x2) ∈ V1 ⊕ V2 = Rm and ξ = (ξ1, ξ2) ∈
W1 ⊕W2 = Rm such that W1 = V ′

1 .
First we consider the case q = 1, and assume that a ∈ Mp,1

(ω)(R
m). Then we

let (Rx0a)(x1) = a(x1, x0). This definition makes sense since x2 7→ a(x1, x2)
is a continuous map from V2 to Mp,1(V1). In fact, the conditions on our
weight functions implies that ω1ω3 ≺ ω for some ω3(x, ξ) = ω3(x2) ∈ P.
It follows now from the second part of Proposition 1.3 (2) in case of Banach
space valued modulation spaces, and Remark 1.4, that Rx0 : C(Rm) →
C(V1) restricts to a continuous mapping from Mp,1

(ω)(R
m) to Mp,1

(ω1)
(V1).

Assume next that q > 1. Then we let Rx0 be the adjoint for Ex0 . If p = 1
and that in addition q < ∞, or p > 1, then it follows from Proposition 1.3
and Proposition 3.10 that Rx0 is continuous from Mp,q

(ω)(R
m) to Mp,q

(ω1)
(V1).
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It remains to consider the case (p, q) = (1,∞). By Proposition 1.3 (2)
and the investigations above we have that Rx0 makes sense as a continuous
map from M1,∞

(ω) (Rm) to Mp0,∞
(ω1)

(V1) for every p0 > 1. We claim that Rx0 is

continuous from M1,∞
(ω) (Rm) to M1,∞

(ω1)
(V1).

In fact, assume that a ∈ M1,∞
(ω) (Rm), that b ∈ M∞,1

(1/ω1)
(V1), and let

{bj} be a sequence in C∞0 (V1) which converges narrowly to b in M∞,q′

(1/ω1)
.

This sequence is possible to find in view of Proposition 2.3. By Propo-
sition 3.10 it follows that (Rx0a, bj) = (a,Ex0bj) and that |(Rx0a, bj))| ≤
C‖a‖M1,∞

(ω)
‖bj‖M∞,1

(1/ω1)
, for some constant C. Hence Lemma 2.4 and Proposi-

tion 1.3 gives that the limit limj→∞(Rx0a, bj) exists and that ‖Rx0a‖M1,q
(ω1)

≤
C‖a‖M1,q

(ω)
, for some constant C. Summing up our investigations we have

proved the following.

Theorem 3.11. Let x = (x1, x2) ∈ V1⊕V2 = Rm and ξ = (ξ1, ξ2) ∈ W1⊕
W2 = Rm such that W1 = V ′

1 , and assume that p, q ∈ [1,∞], ω1 ∈ P(T ∗V1),
and ω, ω2 ∈ P(T ∗Rm) satisfy ω2(x, ξ) = ω2(x2, ξ) and ω1ω2 ≺ ω. Assume
also that for some y0 ∈ V2 and some constant C we have

(3.4)′ sup
ξ1∈V1

‖ω2(y0, ξ1, ·)−1‖Lq′ ≤ C.

Then the restriction operator Rx0 is a continuous map from Mp,q
(ω)(R

m) to
Mp,q

(ω1)
(V1).

Remark 3.12. The operator Rx0 in Theorem 3.11, is obviously an exten-
sion of the operator a 7→ a(· , x0) from S (Rm) to S (V1) for every x0 ∈ V2.
If in addition p, q < ∞, then the extension is unique, since S is dense in
Mp,q

(ω).

Corollary 3.13. Assume that p, q ∈ [1,∞], and that x = (x1, x2) ∈ Rm

where xj ∈ Rmj for j = 1, 2. Assume also that s, s1 ∈ R such that s1 ≤
s −m2/q′, where s > m2/q′ when q > 1 and s ≥ 0 when q = 1. Then for
every x0 ∈ Rm2 , the restriction operator Rx0 is continuous from Mp,q

s,0 (Rm)
to Mp,q

s1,0(R
m1).

Proof. The result follows by letting ω1(x1, ξ1) = 〈ξ1〉s1 , ω2(x2, ξ) =
〈ξ1〉s−s1〈ξ2/〈ξ1〉〉s and ω(x, ξ) = 〈ξ〉s in Theorem 3.11.

Remark 3.14. Assume that q = 1, s = s1 = 0 and ω = ω1 = ω2 = 1,
then Theorem 3.11 and Corollary 3.13 agree with Proposition 2.12 in [To2].
Assume instead that p = q = 2, and recall that M2

s,0 = H2
s for every s ∈

R. Then Corollary 3.13 in combination with Remark 3.12 shows that Rx0
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considered as an operator from S (Rm) to S (V1) extends uniquely to a
continuous operator from H2

s (Rm) to H2
s−m2/2(V1), provided s > m2/2.

Remark 3.15. The author got the idea for investigate restriction operators
in context of modulation spaces after fruitful discussions with T. Krainer at
Potsdam University.

4. Convolution and embedding properties for modulation spaces

In the first part of the section we shall use the results from the previous
section in order to extend some results in [To4] and obtain embedding prop-
erties between modulation spaces and Sobolev/Besov spaces. In the second
part we discuss convolution properties for modulation spaces.

First we recall some basic facts concerning Besov spaces and Sobolev
spaces. Assume that p, q ∈ [1,∞], s ∈ R, and that ψ0 ∈ C∞0 (Rm) and
ψ ∈ C∞0 (Rm \ 0) are non-negative and chosen such that

∑∞
0 ψk = 1, where

ψk = ψ(·/2k) when k ≥ 1. Then the (standard) Besov space Bp,q
s (Rm) is

defined as the set of all a ∈ S ′(Rm) such that

‖a‖Bp,q
s
≡

( ∞∑

k=0

(
2ks‖ψk(D)a‖Lp

)q
)1/q

is finite.
For any p, q ∈ [1,∞] one has that Bp,q

s (Rm) is a Banach space which is
independent of ψ0 and ψ above, and different choices of ψ0 and ψ give rise
to equivalent norms. If the Besov norm is fixed, then a 7→ sup |(a, b)| is an
equivalent norm to ‖ · ‖Bp,q

s
. Here the supremum should be taken over all

b ∈ Bp′,q′
−s such that ‖b‖

Bp′,q′
−s

≤ 1. If in addition p, q < ∞, then the dual

space for Bp,q
s is given by Bp′,q′

−s .
The Sobolev space Hp

s (Rm) is defined as the set of all a ∈ S ′(Rm) such
that σs(D)a ∈ Lp(Rm), and we set ‖a‖Hp

s
= ‖σs(D)a‖Lp .

We recall also the usual inclusion relations between Besov spaces and
Sobolev spaces. Assume that 1 ≤ q1 ≤ q2 ≤ ∞, 1 ≤ p ≤ ∞ and s1 < s < s2.
Then

(4.1)
Bp,q1

s ↪→ Bp,q2
s , Bp,min(p,p′)

s ↪→ Hp
s ↪→ Bp,max(p,p′)

s ,

B2,2
s = H2

s , Bp,∞
s2

↪→ Hp
s ↪→ Bp,1

s1
.

In particular, for any inclusion relation involving Besov spaces, one obtains
at the same time similar relations where the Besov spaces are replaced by
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Sobolev spaces. We refer to Chapter 6 in [BL] for more facts concerning the
usual Besov and Sobolev spaces.

In order to obtain embedding results for a modulation space Mp,q
(ω), where

ω is not necessary given by σs,0, we shall also use Sobolev and Besov spaces
of a more general type, which we shall describe now.

For any ω ∈ P(Rm), we let the Sobolev space Hp
(ω)(R

m), p ∈ [1,∞], be
the Banach space which consists of all a ∈ S ′(Rm) such that ‖a‖Hp

(ω)
≡

‖ω(D)a‖Lp is finite. We need some preparations, in order to define the
corresponding Besov spaces.

For any integers m, j ≥ 1, we let

Υj(m) = {n = (n1, . . . , nj) ∈ Nj ; n1, . . . , nj ≥ 1, and n1 + · · ·+ nj = m },
and we set Υ(m) = ∪m

j=1Υj(m). For any m0 ≥ 1, we assume that 0 ≤ ψm0
0 ∈

C∞0 (Rm0) and 0 ≤ ψm0 ∈ C∞0 (Rm0\0) are fixed and satisfies
∑∞

k=0 ψm0
k = 1.

Here ψm0
k = ψm0(·/2k) when k ≥ 1. Assume next that m, j ≥ 1 and that

n = (n1, . . . , nj) ∈ Υj(m) are fixed. For any k = (k1, . . . , kj) ∈ Nj , we set

ψn
k = ψn1

k1
⊗ · · · ⊗ ψ

nj

kj
,

i. e. ψn
k (ξ) = ψn1

k1
(ξ1) · · ·ψnj

kj
(ξj) where ξl ∈ Rnl for every l and ξ =

(ξ1, . . . , ξj) ∈ Rn1 ⊕ · · · ⊕ Rnj = Rm. Then we may consider {ψn
k }k∈Nj

as a generalized Calderon-Zygmund decomposition, since it is clear that∑
k∈Nj ψn

k = 1. In case j = 1, then n = (m) ∈ Υ1(m) and one ob-
tains a usual Calderon-Zygmund decomposition. If instead j = m, then
n = (1, . . . , 1) ∈ Nm, and {ψn

k }k∈Nj is a modified decomposition which has
been considered in [Bo2].

If n ∈ Υ(m), and q ∈ [1,∞], then the corresponding Besov space
Bp,q

(ω,n)(R
m) is the Banach space which consists of all a ∈ S ′(Rm) such

that

‖a‖Bp,q
(ω,n)

≡
( ∑

k∈Nj

‖ω(D)ψn
k (D)a‖q

Lp

)1/q

is finite. In case n ∈ Υ1, i. e. n = (m), we write Bp,q
(ω) and ‖a‖Bp,q

(ω)
instead of

Bp,q
(ω,n) and ‖a‖Bp,q

(ω,n)
.

In order to obtain inclusions for the modified Sobolev/Besov spaces, which
correspond to (4.1), the following result will be helpful.

Proposition 4.1. Assume that j ≥ 1, and n ∈ Υj(m) are fixed. Assume
also that ω0 ∈ P(Rj) ∩ C∞(Rj) such that for some constant C one has

‖ω(α)
0 /ω0‖L∞ < ∞, and C−1 ≤ ω0(t1, . . . , tj)/ω0(β1t1, . . . , βjtj) ≤ C,

23



for every multi-index α, 2−1 ≤ β1, . . . , βj ≤ 2 and t1, . . . , tj ∈ R. Let also
ω(ξ) = ω0(〈ξ1〉, . . . , 〈ξj〉) ∈ C∞(Rm), where ξ = (ξ1, . . . , ξj), ξl ∈ Rnl . Then
Bp,q

(ω,n) consists of all a ∈ S ′(Rm) such that

‖|a‖|Bp,q
(ω0,n)

≡
( ∑

k∈Nj

(
ω0(2k1 , . . . , 2kj )‖ψn

k (D)a‖Lp

)q
)1/q

is finite. Moreover, ‖| · ‖|Bp,q
(ω0,n)

and ‖ · ‖Bp,q
(ω,n)

are equivalent norms.

Proof. The result follows if we prove that

(4.2)
C−1‖ω(D)ψn

k (D)a‖Lp ≤ ω0(2k1 , . . . , 2kj )‖ψn
k (D)a‖Lp

≤ C‖ω(D)ψn
k (D)a‖Lp ,

for some constant C independent of k. For any m0 ≥ 1, let 0 ≤ φm0
0 ∈

C∞0 (Rm0) and φm0 ∈ C∞0 (Rm0 \0) be chosen such that φm0
0 = 1 and φm0 = 1

in the supports of ψm0
0 and ψm0 respectively, and set φm0

k0
= φm0(·/2k0) when

k0 ≥ 1. Let also φn
k = φn1

k1
⊗ · · · ⊗ φ

nj

kj
when k and n are the same as above.

Then φn
k = 1 in the support of ψn

k . This gives

(4.3)
ω(D)ψn

k (D)a = ω(D)φn
k (D)(ψn

k (D)a)

= (2π)−m/2ω0(2k1 , . . . , 2kj )ϕ̂n
k ∗ (ψn

k (D)a)

where ϕn
k = ω0(2k1 , . . . , 2kj )−1ω φn

k . Here we have used that if ϕ ∈ S , then

(4.4) ϕ(D)a = (2π)−m/2(F−1ϕ) ∗ a,

in view of (0.5) and Fourier’s inversion formula.
From our assumption concerning ω, it follows now that supk ‖∂αϕn

k‖L∞ <
∞ for every α, which in combination with the support properties for φn

k

implies that {ϕ̂n
k}k∈Nj is a bounded set in L1. Hence Young’s inequality

applied on (4.3) gives that for some constant C we have

‖ω(D)ψn
k (D)a‖Lp ≤ Cω0(2k1 , . . . , 2kj )‖ψn

k (D)a‖Lp .

This proves the second inequality in (4.2). The first inequality in (4.2) follows
by similar arguments, and is left for the reader. The proof is complete.
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Corollary 4.2. Assume that s, s0 ∈ R and p, q ∈ [1,∞]. The following
is true:

(1) one has that Hp
s = Hp

(σs), Bp,q
s = Bp,q

(σs).

(2) the map σs0(D) is a homeomorphism from Hp
s+s0

to Hp
s , and from

Bp,q
s+s0

to Bp,q
s .

By straight-forward verifications, it follows that the analysis concerning
the standard Sobolev/Besov spaces (cf. Chapter 5 and Chapter 6) in [BL]
carry over to Sobolev and Besov spaces of the type Hp

(ω) and Bp,q
(ω). By using

these facts in combination with Proposition 4.1 it follows that (4.1) takes the
form

(4.1)′
Bp,q1

(ω,n) ↪→ Bp,q2
(ω,n), B

p,min(p,p′)
(ω,n) ↪→ Hp

(ω) ↪→ B
p,max(p,p′)
(ω,n) ,

B2,2
(ω,n) = H2

(ω), Bp,∞
(ωσε,n) ↪→ Hp

(ω) ↪→ Bp,1
(ωσ−ε,n),

when ε > 0, p, q, q1, q2 ∈ [1,∞], ω ∈ P(Rm) such that q1 ≤ q2, and n ∈
Υ(m).

We shall next discuss embeddings between modulation spaces and Besov
spaces. The following result generalizes Theorem 4.1 in [To4].

Theorem 4.3. Assume that p, q, pj , qj ∈ [1,∞], j = 1, 2, satisfies that
p1 ≤ p ≤ p2 and q1 ≤ q ≤ q2, that s ∈ R and assume that θ1 and θ2 are the
same as in (0.2). Then

Bp1,q1
s+mθ1(p1,q1)

(Rm) ↪→ Mp,q
s,0 (Rm) ↪→ Bp2,q2

s+mθ2(p2,q2)
(Rm),

and for some constant Cm > 0, depending on m only, one has that

C−1
m ‖a‖B

p2,q2
s+mθ2(p2,q2)

≤ ‖a‖Mp,q
s,0
≤ Cm‖a‖B

p1,q1
s+mθ1(p1,q1)

, a ∈ S ′(Rm).

In particular, if µ > 1, then Hp
s+µmθ1(p,q) ⊂ Mp,q

s,0 ⊂ Hp
s+µmθ2(p,q) and

(0.4) holds.

Proof. If s = 0, then the statement coincides with Theorem 4.1 in [To4].
For general s, the result is now an immediate consequence of Theorem 3.3
and Corollary 4.2.

Remark 4.4. In [Gb] one presents inclusions between Besov spaces and
α-modulation spaces, with 0 ≤ α ≤ 1. In this context, Theorem 4.3 is an
improvement of Theorem F.4 in [Gb], for α = 0.
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Remark 4.5. By similar arguments as in the proof of Theorem 4.3, one
also obtains the following generalization. Assume that p, q, pj , qj ∈ [1,∞],
j = 1, 2, satisfy p1 ≤ p ≤ p2 and q1 ≤ q ≤ q2. Assume also that n ∈ Υj(m)
is fixed for some j ≥ 1, and that ω ∈ P0(T ∗Rm) such that ω(x, ξ) = ω(ξ),
and for any s ∈ R we set γs(ξ) = ω(ξ)σn1s(ξ1) · · ·σnjs(ξj), where ξj ∈ Rnj

and ξ = (ξ1, . . . , ξj) ∈ Rm. Then

Bp1,q1
(γ

θ1(p1,q1) ,n)(R
m) ↪→ Mp,q

(ω)(R
m) ↪→ Bp2,q2

(γ
θ2(p2,q2) ,n)(R

m),

and for some constant Cm > 0, depending on m only, one has that

C−1
m ‖a‖B

p2,q2
(γ

θ2(p2,q2) ,n)
≤ ‖a‖Mp,q

(ω)
≤ Cm‖a‖B

p1,q1
(γ

θ1(p1,q1) ,n)
, a ∈ S ′(Rm).

We shall next, in a similar way as in Section 2 in [To4], discuss convolutions
between modulation spaces and Sobolev spaces. More precisely we prove
that the convolution on S (Rm) extends to a continuous multiplication from
Mp1,q1

(ω1)
(Rm) × · · · × MpN ,qN

(ωN ) (Rm) to Mp0,q0
(ω0)

(Rm), provided ω0, . . . , ωN ∈
P(T ∗Rm) satisfy

(4.5) ω0(x1 + · · ·+ xN , ξ) ≤ Cω1(x1, ξ) · · ·ωN (xN , ξ),

for some constant C independent on x1, . . . , xN , ξ ∈ Rm, and that pj , qj ∈
[1,∞] for every 0 ≤ j ≤ N satisfy

(4.6)
1
p1

+
1
p2

+ · · ·+ 1
pN

= N − 1 +
1
p0

,
1
q1

+
1
q2

+ · · ·+ 1
qN

=
1
q0

.

We assume also that

(4.7) χ0, χ1, . . . , χN ∈ S (Rm) and (χ0, χ1 ∗ · · · ∗ χN ) = (2π)(N−1)m/2.

For every a1, . . . , aN , ϕ ∈ S (Rm), it follows from Parseval’s formula that

(4.8)
(a1 ∗ · · · ∗ aN , ϕ) =

∫∫
(f1,ξ ∗ · · · ∗ fN,ξ)(x)gξ(x) dxdξ,

where fj,ξ(x) = F (aj τxχj)(ξ) and gξ(x) = F (ϕ τxχ0)(ξ).

Here and in what follows, the convolution of fj,ξ(x) should be taken only
with respect to the x-variable. If pj , qj ∈ [1,∞], j = 0, . . . , N , satisfy (4.6),
and aj ∈ M

pj ,qj

(ωj)
(Rm), when 1 ≤ j ≤ N , then we take (4.2) as the definition

of a0 = a1 ∗ · · · ∗ aN as an element in S ′(Rm). By repeating the arguments
in Section 2 in [To4] it follows that a0 is well-defined and independent of the
choice of χ0, . . . , χN above, and that the following result holds.
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Theorem 4.6. Assume that pj , qj ∈ [1,∞] when 0 ≤ j ≤ N satisfy (4.6),
and that ω0, . . . , ωN ∈ P(T ∗Rm) are v-moderate for some v ∈ P(T ∗Rm),
and satisfy (4.5) for some constant C, independent of x1, . . . , xN , ξ ∈ Rm.
Then (a1, . . . , aN ) 7→ a1 ∗ · · · ∗aN is a continuous, symmetric and associative
map from Mp1,q1

(ω1)
(Rm) × · · · × MpN ,qN

(ωN ) (Rm) to Mp0,q0
(ω0)

(Rm), which agrees
with the usual convolution product when at least N − 1 factors belong to S .
For some constant C one has that

(4.9) ‖a1 ∗· · ·∗aN‖M
p0,q0
(ω0)

≤ C

N∏

j=1

‖aj‖M
pj,qj
(ωj)

, aj ∈ M
pj ,qj

(ωj)
, j = 1, . . . , N.

Remark 4.7. Independently by the author, Cordero and Gröchenig proved
a similar estimate as (4.9). (Cf. Proposition 2.4 in [CG].) However, the
motivations in [CG] are the same as the motivations for (2.7) in [To4], and
they also yield as motivations for (4.9) here above.

Remark 4.8. There are many different generalizations of Theorem 4.6. For
example, if we combine Remark 4.5 and Theorem 4.6, then one obtains the
following result, which also generalizes Theorem 2.6 in [To4].

Assume that N0 ≥ 0, and that pj , qj ∈ [1,∞] when 0 ≤ j ≤ N satisfy (4.6),
and that qj ≥ max(pj , p

′
j) when N0 + 1 ≤ j ≤ N , and let nN0+1, . . . , nN ∈

Υ(m) be fixed. Assume also that ω0, . . . , ωN ∈ P(T ∗Rm) satisfy (4.5), and
that ωk(x, ξ) = ωk(ξ) when N0+1 ≤ k ≤ N . Then (a1, . . . , aN ) 7→ a1∗· · ·∗aN

is a continuous, symmetric and associative map from

N0∏

j=1

M
pj ,qj

(ωj)
(Rm)×

N∏

k=N0+1

Bpk,qk

(ωk,nk)(R
m)

to Mp0,q0
(ω0)

(Rm). For some constant C, depending on m and N only, one has
the estimate

(4.10) ‖a1 ∗ · · · ∗ aN‖M
p0,q0
(ω0)

≤ C
( N0∏

j=1

‖aj‖M
pj,qj
(ωj)

)( N∏

k=N0+1

‖ak‖B
pk,qk
(ωk,nk)

)
,

for every aj ∈ M
pj ,qj

(ωj)
(Rm) when 1 ≤ j ≤ N0, and ak ∈ Bpk,qk

(ωk,nk)(R
m) when

N0 + 1 ≤ k ≤ N .
Moreover, if n0 ∈ Υ(m), and that in addition q0 ≤ min(p0, p

′
0) and

ω0(x, ξ) = ω0(ξ), then the same conclusion holds when Mp0,q0
(ω0)

is replaced
by Bp0,q0

(ω0,n0)
.

By choosing ω0, . . . , ωN in Remark 4.8 in appropriate ways, and using
(4.1), one obtains the following. The verification is left for the reader.
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Corollary 4.9. Assume that N0 ≥ 0, and that pj , qj ∈ [1,∞] when 0 ≤
j ≤ N satisfy (4.6), and that qj ≥ max(pj , p

′
j) when N0+1 ≤ j ≤ N . Assume

also that sj, 0 ≤ j ≤ N , are real numbers such that s0 = s1 + · · ·+ sN . Then
(a1, . . . , aN ) 7→ a1 ∗ · · · ∗ aN is a continuous map from

Mp1,q1
s1,0 (Rm)× · · ·×M

pN0 ,qN0
sN0 ,0 (Rm)×B

pN0+1,qN0+1
sN0+1 (Rm)× · · ·×BpN ,qN

sN
(Rm)

to Mp0,q0
s0,0 (Rm).

If in addition q0 ≤ min(p0, p
′
0), then the same conclusion holds when

Mp0,q0
s0,0 is replaced by Bp0,q0

s0
.

In particular the same conclusion holds when the Besov space Bpk,qk
sk

is
replaced by the Sobolev space Hpk

sk
, for every k.

5. Applications to the pseudo-differential operators

In this section we shall apply the results from the previous sections to get
continuity results in pseudo-differential calculus. These investigations are
mainly based on continuity properties for the ambiguity function in context
of modulation spaces, together with the central role for ambiguity function
in the Weyl calculus of pseudo-differential operators.

We recall that if t = 1/2 and a ∈ S ′(T ∗Rm), then at(x,D) in (0.5) is the
Weyl quantization for a, and we write aw(x, D) instead of a1/2(x,D). The
normal representation is obtained when t = 0, and then we write a(x,D)
instead of a0(x, D). We note also the important connection between Weyl
operators and ambiguity functions (cf. (0.7)), since it follows by straight-
forward computations that

(5.1) (aw(x,D)f, g) = (2π)−m/2(a,Wǧ,f ),

when f, g ∈ S (Rm). This also gives that if a = Wf1,f2 when f1, f2 ∈
S ′(Rm), then

(5.2) aw(x,D)f(x) = (2π)−m/2〈f, f2〉f1(−x).

Here we recall that the map (f1, f2) 7→ Wf1,f2 extends to a continuous map-
ping from S ′(Rm)×S ′(Rm) to S ′(T ∗Rm) which restricts to a continuous
mapping from S (Rm)×S (Rm) to S (T ∗Rm), and from L2(Rm)×L2(Rm)
to L2(T ∗Rm). (See [Fo], [To1] or [To3].)

In order to discuss Weyl calculus in context of modulation spaces, it is
convenient to us to use the following convention. Assume that

S (T ∗Rm) ↪→ B1 ↪→ S ′(T ∗Rm), S (Rm) ↪→ B2,B3 ↪→ S ′(Rm)
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are Frechét spaces such that (a, f, g) 7→ (a,Wǧ,f ) is sequently continuous
from B1 ×B2 ×B3 to C. Then we take (5.1) as the definition of aw(x,D)
as a continuous operator from B2 to B′

3.
In case that B1 = Mp,q

(ω)(T
∗Rm) and p, q < ∞, then we let B1 be equipped

with the usual topology. If instead p = ∞ and q = 1, then we assume that the
topology for B1 is obtained from the narrow convergence. In the remaining
of the cases q ≤ p, we assume that B1 is equipped by the weak∗ topology.

In our treatments we shall use the Fourier transform on functions and
distributions, defined on the phase space T ∗Rm. It will then be convenient
to use the convention

(Ff)(y, η) = f̂(y, η) ≡ (2π)−m

∫∫
f(x, ξ)e−i(〈x,η〉+〈y,η〉) dxdξ,

when f ∈ S (T ∗Rm). It is clear that the usual extension properties holds,
for example that F extends to a homeomorphism on S ′(T ∗Rm).

We shall next, in a similar way as in [FS], [Gc2] and in Section 4 in [To4]
discuss continuity results for the ambiguity function in context of modulation
spaces. The following result is a generalization of Theorem 4.1 in [To4].

Theorem 5.1. Assume that pj , qj , p, q ∈ [1,∞] such that p ≤ pj , qj ≤ q,
for j = 1, 2, and that

(5.3) 1/p1 + 1/p2 = 1/q1 + 1/q2 = 1/p + 1/q.

Assume also that ω1, ω2 ∈ P(T ∗Rm), and that ω ∈ P(R4m) satisfy ω ≺
T (ω1 ⊗ ω2), where T is the map on P(R4m), given by

(Tω)(x, ξ, y, η) = ω(y/2− x,−(ξ + η/2), y/2 + x,−(ξ − η/2)).

Then the following is true:
(1) the map (f1, f2) 7→ Wf1,f2 from S ′(Rm) × S ′(Rm) to S ′(T ∗Rm)

restricts to a continuous map from Mp1,q1
(ω1)

(Rm) × Mp2,q2
(ω2)

(Rm) to
Mp,q

(ω)(T
∗Rm), and for some constant C one has

(5.4) ‖Wf1,f2‖Mp,q
(ω)
≤ C‖f1‖M

p1,q1
(ω1)

‖f2‖M
p2,q2
(ω2)

, f1, f2 ∈ S ′(Rm);

(2) if in addition p = q and T (ω1⊗ω2) ≺ ω, then Wf1,f2 ∈ Mp
(ω)(T

∗Rm)
if and only if f1 ∈ Mp

(ω1)
(Rm) and f2 ∈ Mp

(ω2)
(Rm), and (5.4) is

valid with reversed inequality, for some C > 0.
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Proof. The result follows by similar arguments as in the proof of Theorem
4.1 in [To4]. We recall the basic arguments. First we note that the condition
that ω1, ω2 ∈ P, implies that ω ∈ P.

Assume that χ1, χ2 ∈ S (Rm) and let ψ = Wχ1,χ2 , X = (x, ξ) ∈ T ∗Rm

and Y = (y, η) ∈ T ∗Rm. Let also x′ = y/2−x, y′ = y/2+x, ξ′ = ξ−η/2 and
η′ = ξ + η/2. Then by straight-forward applications of Parseval’s formula it
follows that

|F (Wf1,f2 τXψ)(Y )| = |F (f1 τx′χ1)(−η′)||F (f2 τy′χ2)(−ξ′)|.

Hence

(5.5)
|F (Wf1,f2 τXψ)(Y )ω(X,Y )|
≤C|F (f1 τx′χ1)(−η′)ω1(x′,−η′)||F (f2 τy′χ2)(−ξ′)ω2(y′,−ξ′)|.

Here we have used that ω ≺ T (ω1⊗ω2). The inequality (5.4) follows now if we
first apply the Lp,q-norm on the last expression, and then using Minkowski’s
and Young’s inequalities on the right-hand side. This proves (1).

The assertion (2) follows by applying the Lp-norm on the inequality (5.5),
and using the property T (ω1 ⊗ ω2) ≺ ω, in order to establish an opposite
inequality comparing to (5.4). The proof is complete.

We shall next apply Theorem 5.1 to pseudo-differential calculus. The
following result extend Theorem 14.5.2 in [Gc2], Theorem 7.1 in [GH2] and
Theorem 4.3 in [To4] in case of Weyl quantization.

Theorem 5.2. Assume that p, q, pj , qj ∈ [1,∞] for j = 1, 2, satisfy q ≤
p2, q2 ≤ p and

(5.3)′ 1/p1 − 1/p2 = 1/q1 − 1/q2 = 1− 1/p− 1/q.

Assume also that ω ∈ P(R4m) and ω1, ω2 ∈ P(T ∗Rm) such that T̃ ((ω1)−1⊗
ω2) ≺ ω, where T̃ is the map on P(R4m), given by

(5.6) (T̃ ω)(x, ξ, y, η) = ω(y/2− x,−(ξ + η/2),−(y/2 + x), ξ − η/2).

If a ∈ Mp,q
(ω)(T

∗Rm), then aw(x, D) from S (Rm) to S ′(Rm) extends to a
continuous mapping from Mp1,q1

(ω1)
(Rm) to Mp2,q2

(ω2)
(Rm).

Proof. We shall use similar arguments as in the proof of Theorem 14.5.2
in [Gc2], Theorem 7.1 in [GH2] or the proof of Theorem 4.3 in [To4]. The
conditions on pj and qj implies that

p′ ≤ p1, q1, p
′
2, q

′
2 ≤ q′, 1/p1 + 1/p′2 = 1/q1 + 1/q′2 = 1/p′ + 1/q′.
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Hence Theorem 5.1, and the fact that T̃ ((ω1)−1 ⊗ ω2) ≺ ω shows that for
some constant C > 0 we have

‖Wǧ,f‖Mp′,q′
(1/ω)

≤ C‖f‖M
p1,q1
(ω1)

‖g‖
M

p′2,q′2
(1/ω2)

when f ∈ Mp1,q1
(ω1)

(Rm) and g ∈ M
p′2,q′2
(1/ω2)

(Rm).
Assume now that a ∈ Mp,q

(ω)(T
∗Rm). Then for some constants C > 0 and

C ′ > 0 we get

(5.7) |(a,Wǧ,f )| ≤ C‖a‖Mp,q
(ω)
‖Wǧ,f‖Mp′,q′

(1/ω)
≤ C ′‖a‖Mp,q

(ω)
‖f‖M

p1,q1
(ω1)

‖g‖
M

p′2,q′2
(1/ω2)

.

In case (p, q) 6= (∞, 1) the result follows now from (5.7) and by duality. If
instead (p, q) = (∞, 1) then we take a sequence aj in S which converges
narrowly to a. By combining Proposition 1.3, Lemma 2.4 and (5.7) that the
limit aw(x,D)f ≡ limj aw

j (x, D)f exists, and is an element in Mp2,q2
(ω2)

, for
every f ∈ Mp1,q1

(ω1)
. The proof is complete.

Remark 5.3. The reason that we needed a separate treatment in the case
(p, q) = (∞, 1) in the proof of Theorem 5.2, is that S is neither dense
in M

pj ,qj

(ωj)
(Rm) or in M∞,1

(ω) (T ∗Rm) for j = 1, 2, when (p1, q1) = (∞, 1) or
(p1, q1) = (1,∞). This implies again that we need to be careful when defining
aw(x,D)f when a ∈ M∞,1

(ω) and f ∈ Mp1,q1
(ω1)

.

Remark 5.4. Assume that v(X,Y ) = v(Y ) in Theorem 5.2. Then the
conclusions in Theorem 5.2 holds when aw(x, D) is replaced by at(x,D), for
any choice of t ∈ R.

In fact, if a, b ∈ S ′(T ∗Rm) and s, t ∈ R, then as(x,D) = bt(x, D), if
and only if b(x, ξ) = (ei(t−s)〈Dx,Dξ〉a)(x, ξ). (Cf. [To2] or [Hö].) The result is
therefore a consequence of Proposition 1.3 (5), since ei(t−s)〈Dx,Dξ〉 = C SΦ for
some constant C, some choices of V1, V2, and some non-degenerate quadratic
form Φ on V1.

Remark 5.5. Independently by the author, Gröchenig and Heil proved in
[GH2], Theorem 5.2 in case ω = ω0 = ω1 = ω2 = 1. (Cf. Theorem 7.1
in [GH2].) They also remarked that the arguments carry over to situations
where weighted modulation spaces occur.

Corollary 5.6. Assume that p, q, pj , qj ∈ [1,∞] for j = 1, 2, satisfy q ≤
p2, q2 ≤ p and (5.3)′. Assume also that sj , tj ∈ R for j = 0, 1, 2 such that
s1, s2, t1, t2 ≥ 0, and that a ∈ Mp,q

(ω)(T
∗Rm), for some ω ∈ P(R4m). Then

the following is true:
(1) if |s0| ≤ s1 +s2, and ω = σs1⊗σs2 , then aw(x,D) is continuous from

Mp1,q1
s0

(Rm) to Mp2,q2
s0

(Rm);
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(2) if |s0| ≤ s1 + s2, |t0| ≤ t1 + t2, and ω = σs1,t1 ⊗ σs2,t2 , then aw(x,D)
is continuous from Mp1,q1

s0,t0 (Rm) to Mp2,q2
s0,t0 (Rm).

Moreover, if in addition s1 = t1 = 0 and t ∈ R, then (1) and (2) also hold
when aw(x,D) is replaced by at(x,D).

Proof. The assertion (1) follows by letting ω1 = ω2 = σs0 in Theorem 5.2,
and using that

〈(y/2− x, ξ + η/2)〉−1〈(y/2 + x, ξ − η/2)〉 ≤ C min(〈(x, ξ)〉, 〈(y, η)〉)

for some constant C. The assertion (2) is proved in a similar way. The last
part is then a consequence of Remark 5.4, which completes the proof.

We shall next give an example of using Theorem 4.3 and Corollary 5.6, in
order to obtain results of a more classical character. We recall that S0

0(Rm)
consists of all a ∈ C∞(Rm) such that ‖∂αa‖L∞ < ∞ for every α. We have
then the following result.

Proposition 5.7. Assume that a ∈ S0
0(T ∗Rm), s, t ∈ R and that p ∈

[1,∞]. Then at(x,D) is continuous from Hp
s to B

p max(p,p′)
s−m|1−2/p|.

In particular, for any µ > 1, then at(x,D) is continuous from Hp
s to

Hp
s−µm|1−2/p|.

Proof. By Corollary 3.3 it follows that if s ≥ 0 and ω(x, ξ, y, η) =
σs,0(y, η), then S0

0(T ∗Rm) ⊂ M∞,1
(ω) (T ∗Rm). Hence Corollary 5.6 shows

that at(x,D) is continuous on M
p,max(p,p′)
s,0 . The result follows now from

the embeddings

Hp
s ⊂ M

p,max(p,p′)
s,0 ⊂ B

p,max(p,p′)
s−m|1−2/p| ⊂ Hp

s−µm|1−2/p|.

(Cf. Theorem 4.3.) The proof is complete.

Next we shall discuss the operator Op(b) in (0.6). If b ∈ S (R3m), then
Op(b) = a(x,D), where a ∈ S (R2m) is uniquely determined, and given by

(5.8) a(x, ξ) = ei〈Dy,Dξ〉b(x, y, ξ)
∣∣∣
y=x

.

(Cf. [Hö].) Since ei〈Dy,Dξ〉b = SΦ ∗ b, for some SΦ of the form in Propo-
sition 1.3 (5), it follows from Theorem 3.11 that the map b 7→ a in (5.8)
is continuous from Mp,q

(ω)(R
3m) to Mp,q

(ω0)
(R2m), for p, q ∈ [1,∞] and ap-

propriate ω ∈ P(R6m) and ω0 ∈ P(R4m). Assume that one in addition
has that ω0(X, Y ) = ω0(Y ), where X, Y ∈ R2m, and that b ∈ Mp,q

(ω)(R
3m)
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and a ∈ Mp,q
(ω0)

(R2m) is given by (5.8). Then Theorem 5.2 and Remark 5.4
shows that a(x,D) is continuous from Mp1,q1

(ω1)
(Rm) to Mp2,q2

(ω2)
(Rm), where

p1, p2, q1, q2 ∈ [1,∞] and ω1, ω2 ∈ P(T ∗Rm) are chosen in such way that
the hypothesis in Theorem 5.2 is not violated. Under these circumstances,
we define Op(b) as the operator a(x,D). The following result is now an
immediate consequence of Corollary 3.13 and Corollary 5.6. We leave the
details for the reader.

Proposition 5.8. Assume that p, q, pj , qj ∈ [1,∞] for j = 1, 2 satisfy
q ≤ p2, q2 ≤ p and (5.3)′, and assume that b ∈ Mp,q

s,0 (R3m), where s > m/q′

when q > 1 and s ≥ 0 when q = 1. Assume also that s0, s1, s2 ∈ R satisfy
|s0| ≤ s−m/q′ and |s1|+|s2| ≤ s−m/q′. Then Op(b) is a continuous operator
from Mp1,q1

s0
(Rm) to Mp2,q2

s0
(Rm), and from Mp1,q1

s1,s2
(Rm) to Mp2,q2

s1,s2
(Rm).

We shall finally give a few remarks on applications to Toeplitz operators.
Assume that h0 ∈ S (Rm) is fixed. For any a ∈ S (T ∗Rm), the Toeplitz
operator Tph0

(a) on S (Rm), with respect to h0 and symbol a is defined by

(Tph0
(a)f, g) = (a(−2·)Wf,h0 ,Wg,h0), f, g ∈ S (Rm).

It is easily seen that Tph0
(a) extends to a continuous map from S ′(Rm)

to S (Rm). Now we recall that if t ∈ R, then the map a 7→ at(x,D) is
a bijection from S ′(T ∗Rm) to the set of linear continuous operators from
S (Rm) to S ′(Rm). Hence bw(x,D) = Tph0

(a) for some b ∈ S ′(T ∗Rm),
and by straight-forward computations one has that b = a ∗ uh0 , where uh0 =
(2π)−m/2Weh0,h0

. (See for example [To3].) Here h̃0(x) = h0(−x). This is the
same as

(5.6) Tph0
(a) = (a ∗ uh0)

w(x,D).

For any appropriate a ∈ S ′(T ∗Rm) and h0 ∈ S ′(Rm), we let from now
on the Toeplitz operator Tph0

(a) be defined by (5.6), provided that a ∗ uh0

makes sense as an element in S ′(T ∗Rm). In particular, by combining the
convolution properties for modulation spaces in Section 3 and Theorem 5.1,
we obtain the following result. Here Op(S ′) is the set of all continuous
operators from S (Rm) to S ′(Rm), and Op(Mp,q

(ω)) is the set of all operators
of the type aw(x,D) such that a ∈ Mp,q

(ω)(T
∗Rm). We also let the topologies

for Op(S ′) and Op(Mp,q
(ω)) be inherited from S ′(T ∗Rm) and Mp,q

(ω)(T
∗Rm)

respectively.

Proposition 5.9. Let T be the same as in Theorem 5.1, and assume that
ω ∈ P(T ∗Rm), h0 ∈ Mr,r

(ω)(R
m), and that ω0, ω1, ω2 ∈ P(R4m) satisfy ω1 ≺
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T (ω⊗ω). Assume also that (4.5) holds with N = 2, and that r, pj , qj ∈ [1,∞]
for j ∈ {0, 1, 2} satisfy p1 ≤ q1,

1/p1 + 1/p2 = 1 + 1/p0, 1/q1 + 1/q2 = 1/q0, and 1/p1 + 1/q1 = 2/r.

Then the map a 7→ Tph0
(a) from S (T ∗Rm) to Op(S ′) extends to a contin-

uous map from Mp2,q2
(ω2)

(T ∗Rm) to Op(Mp0,q0
(ω0)

).

Proof. It follows that p1 ≤ r ≤ q1. By Theorem 5.1 we have that uh0 ∈
Mp1,q1

(ω1)
. Hence for every a ∈ Mp2,q2

(ω2)
(T ∗Rm) it follows from Theorem 4.6 that

a ∗ uh0 ∈ Mp2,q2
(ω2)

∗Mp1,q1
(ω1)

⊂ Mp0,q0
(ω0)

.

The result follows now from (5.1). The proof is complete.

Remark 5.10. According to Proposition 5.9, Cordero and Gröchenig ob-
tained, independently by the author, similar and partially overlapping results
in [CG].

One may now, in a similar way as in [To4], combine Proposition 5.6
with Theorem 4.3 and Remark 4.5, in order to obtain continuity results
for Toeplitz operators in background of Sobolev/Besov spaces. This leads to
similar results proved by Boggiatto, Cordero and Gröchenig in [BCG] and
[CG]. We therefore refer to these papers for further considerations.
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