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Abstract

The cabin noise inside propeller aircraft is essentially dominated by strong tonal
components at harmonics of the blade passage frequency of the propellers. In order to
achieve an efficient reduction of such a periodic low frequency noise, it is advisable to use
an active noise control system based on adaptive narrowband feedforward techniques.
The feedforward controller presented in this paper exploits narrowband assumptions by
using complex-valued filtering and complex modeling of control paths.

This paper introduces a multiple-reference controller based on the novel actuator-
individual normalized Filtered-X Least-Mean-Squares (FX LMS) algorithm. This algo-
rithm combines low computational complexity with high performance. The algorithm is
of the LMS-type. However, owing to the novel normalization of the algorithm it can also
be regarded as a Newton-type algorithm. A comparison between the actuator-individual
normalized FX LMS algorithm and the ordinary normalized FX LMS algorithm is pre-
sented. The results demonstrate better performance in terms of convergence rate and
tracking properties when the Newton-like actuator-individual normalized FX LMS algo-
rithm is used as compared with the conventional normalized LMS algorithm. The evalua-
tion was performed using noise signals recorded inside the cabin of a twin-engine propeller
aircraft during flight. The paper also discusses variants of the actuator-individual nor-
malized FX LMS algorithm.
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Chapter 1

Introduction

The Active Noise Control (ANC) technique is based on destructive interference between
sound fields [1]-[3]. The ANC system generates a canceling sound field with equal am-
plitude but with an opposite phase to the noise field. The controlled noise is measured
using control or error microphones. The output signals from these microphones are then
used by the controller to adjust the loudspeaker signals so that the noise level is mini-
mized. In volumetric acoustic noise control inside large enclosures such as inside aircraft
it is generally necessary to use a multiple-channel ANC system consisting of several loud-
speakers and control microphones in order to control the relatively complicated interior
sound field [1]–[5].

In many applications of noise control the greatest annoyance is caused by periodic
low frequency noise. Successful reduction of such noise can often be achieved by using
an active noise control system with narrowband feedforward control [1]-[3]. This control
strategy uses reference signals from the noise sources which are correlated to the noise.
The reference signals are then processed by the controller to produce driving signals to
the loudspeakers. Where several noise sources contribute to the sound field a multiple-
reference feedforward control system is usually required [6],[7].

The cabin noise inside propeller aircraft is essentially dominated by strong tonal com-
ponents at the harmonics of the blade passage frequency of the propellers [8]. Propellers
or periodic noise sources running with a slight rotational speed difference induce an acous-
tic beating. The capacity for the ANC system to handle beating sound fields is dependent
on the structure of the controller [2],[9]. A structure based on a single filter and a single
reference signal consisting of the sum of all reference signals does not make the best use of
the information provided by the reference signals. Since the frequencies of the reference
sinusoids are close together a long FIR filter is required, resulting in slow convergence of
the adaptive algorithm [2],[9]. With the parallel filter structure each reference signal is
individually processed, which in narrowband ANC involves individual harmonic control.
The shorter filter can be used with better convergence [9]. If possible, the parallel struc-
ture is used rather than a single filter structure in order to achieve efficient and robust
control of beating sound fields. The parallel structure has proven advantageous in the
attenuation of propeller-generated noise and noise produced by rotating machines with
almost the same rotational speeds [2], [10].

The most widely used algorithm in ANC applications is the well-known Filtered-X
LMS algorithm owing to its simplicity and robustness [11]-[13]. In order to improve the
controller performance with regard to convergence rate, noise attenuation and tracking
performance, it could be possible to use faster and more efficient algorithms [2],[14],[15].
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However, an increased performance often leads to more complex algorithms which de-
mand greater computational capacity in the control system. In addition, since the com-
putational power of the DSP hardware is limited, increased algorithm complexity allows
fewer loudspeakers and error microphones to be used. Accordingly, in applications where
a large multiple-channel system is needed, it is of great importance to keep down the
computational complexity of the algorithms so that a large number of loudspeakers and
microphones can be used.

The feedforward technique presented in this paper inherently exploits the narrowband
assumption by using complex filtering and complex modeling of control paths [16],[18].
The proposed complex algorithms are advantageous in narrowband applications due to
high convergence rate and low numerical complexity. These advantages are primarily
the result of the orthogonality of the quadrature components constituting the complex
reference signals and the simplicity of complex representation. In fact, the complex
algorithm requires a minimum of adaptive and control path parameters as compared to
a straightforward time-domain approach using ordinary FIR filters [11],[16],[18].

The ANC system and the multiple-reference algorithm are presented in Chapter 2.
In Chapter 3 the different normalization factors are described. The issue of stability is
discussed in Chapter 4. A comparison of the computational complexity of the complex
algorithm and the ordinary FIR-based FX LMS algorithm is presented in Chapter 5. Vari-
ants of the actuator-individual normalized FX LMS algorithm are presented in Chapter 6.
Chapter 7 describes the evaluation and presents the results. The Appendix addresses the
differentiation of a real-valued cost function with respect to a complex-valued parameter.
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Chapter 2

The Active Noise Control System

Consider the twin-reference feedforward active noise control system shown in Fig. 2.1.
The controller presented is based on parallel filtering of the periodic reference signals.
The system inherently exploits the narrowband assumption by using complex filtering.
For each reference signal and loudspeaker a complex adaptive weight is used to control
the amplitude and phase of the reference signal. The real parts of the filtered reference
signals are then used to drive the loudspeakers. A general model of the narrowband
feedforward ANC system in Fig. 2.1 is shown in Fig. 2.2.

The algorithm used to update the weights is based on the complex FX LMS algorithm.
The advantage of such an algorithm is its low numerical complexity. The algorithm is
described for a general case with R reference signals and H harmonics for each reference.
Assume that M control microphones and L loudspeakers are used and that M ≥ L. The
loudspeaker signals yl(n), l = 1, 2, · · · , L in Fig. 2.1 are generated according to

y(n) =
R∑

r=1

H∑
h=1

�{xrh(n)wrh(n)} . (2.1)

Here y(n) is an L×1 vector of real-valued loudspeaker signals yl(n), xrh(n) is a complex
scalar reference signal, wrh(n) is an L×1 vector of complex loudspeaker weights wrhl(n),
and �{·} denotes the real part. The real valued M ×1 vector e(n) of microphone signals
em(n), m = 1, 2, · · · ,M , is modeled by

e(n) = d(n) +
R∑

r=1

H∑
h=1

�{Frhxrh(n)wrh(n)} (2.2)

where the real M×1 vector d(n) contains the primary noise dm(n) at the microphones m.
The matrix Frh has the dimension M × L and contains the complex control paths, each
associated with the rth reference and the hth harmonic. The control path Frhml includes
the characteristics of the acoustic path between loudspeaker l and microphone m as well
as such electronic equipment as amplifiers, D/A- and A/D-converters, anti-aliasing and
reconstruction filters and the loudspeaker and control microphone. The controller is
based on off-line measured control paths.

The cost function to be minimized by the adaptive algorithm is given by

J = E

{
M∑

m=1

e2
m(n)

}
= E

{
eT (n)e(n)

}
(2.3)
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where E {·} denotes the expectation operation. The quadratic cost function can be
minimized by using a gradient algorithm. As is customary in the derivation of stochastic
gradient algorithms, we regard the instantaneous cost function J(n) as an estimate of
the cost function (2.3), cf. [14], [15],

J(n) =
M∑

m=1

e2
m(n) = eT (n)e(n). (2.4)

The complex derivative of the real-valued cost function J(n) with respect to the
complex loudspeaker weights w∗

rh(n) is given by

∂J(n)
∂w∗

rh(n)
= x∗rh(n)FH

rhe(n). (2.5)

where (·)∗ and (·)H denote the complex conjugation and the conjugate-transpose oper-
ation respectively, see Appendix [14]. Define the LRH × LRH reference signal matrix
X(n) by

X(n) =




x11(n)I
x12(n)I

. . .
xRH(n)I


 (2.6)

where I is the L× L identity matrix. Let the LRH × 1 vector w(n) and the M × LRH
matrix F be given by

w(n) =




w11(n)
w12(n)

...
wRH(n)


 , F =

(
F11 F12 · · · FRH

)
. (2.7)
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The vector e(n) is thereby given by

e(n) = d(n) + �{FX(n)w(n)} (2.8)

and
∂J(n)
∂w∗(n)

= XH(n)FHe(n). (2.9)

The adaptive weight vector w(n) is updated in the direction of the negative gradient
vector for the cost function

w(n + 1) = w(n) − M∇J(n) (2.10)

where M is a matrix convergence factor of dimension LRH×LRH. This matrix contains
the step-size parameters. The relationship between the instantaneous gradient vector and
the complex derivatives of the cost function is given by [14]

∇J(n) = 2
∂J(n)
∂w∗(n)

. (2.11)

A compact matrix form for the weight updating scheme can now be written as

w(n + 1) = w(n) − 2MXH(n)FHe(n). (2.12)

In (2.12) and throughout the text it is understood that the matrix F should be inter-
changed for the corresponding matrix of control path estimates F̂ whenever applicable.
However, in order to simplify notation we will keep the plain notation F.
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Chapter 3

The Normalization Factors

The choice of matrix convergence factor M is very important and affects the performance
of the algorithm in terms of convergence rate and tracking ability. Either a steepest
descent algorithm (LMS algorithm) or a Newton’s algorithm can be obtained [14],[15].
The matrix convergence factor for both algorithms is dependent upon the Hessian matrix
R of the cost function

J = E
{
ẽH(n)ẽ(n)

}
= wH(n)Rw(n) + wH(n)p + pHw(n) + c. (3.1)

Here ẽ(n) is a complex vector of microphone signals given by

ẽ(n) = d(n) + FX(n)w(n) (3.2)

and

R = E
{
XH(n)FHFX(n)

}
(3.3)

p = E
{
XH(n)FHd(n)

}
(3.4)

c = E
{
dH(n)d(n)

}
. (3.5)

Note that the Hessian matrix R denotes a spatial cross-correlation matrix of reference
signals transmitted through different control paths.

The novel actuator-individual normalized FX LMS algorithm is compared with an
ordinary normalized FX LMS algorithm. The ordinary normalized algorithm utilizes a
single normalization factor for the whole system, while the actuator-individual normalized
algorithm is normalized with respect to each loudspeaker (actuator) and reference signal.

3.1 LMS Normalization

If the ordinary normalized LMS algorithm is to be used the matrix convergence factor
M may be chosen as a diagonal matrix given by

M =
µ0

trace {R}I =
µ0∑R

r=1

∑H
h=1 ρrh

∑M
m=1

∑L
l=1 |Frhml|2

I (3.6)

where µ0 denotes the step-size parameter, 0 < µ0 < 1, and ρrh the power of a reference
signal xrh(n) given by ρrh = E

{
|xrh(n)|2

}
[14],[15]. In this case, all the adaptive weights
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wrh(n) are updated using the same convergence factor. The ordinary normalized LMS
algorithm is based on a convergence factor which is dependent on the power of all reference
signals and the control paths between all loudspeakers and all microphones.

3.2 Actuator-Individual Normalization

By using Newton’s method it is possible to produce an algorithm which is more efficient
than the steepest descent algorithms [15]. In a Newton algorithm, the matrix M in (2.12)
may be chosen as

M = µ0R−1 (3.7)

where 0 < µ0 < 1. If all the reference signals xrh(n) are assumed to be mutually
uncorrelated, the matrix R is block-diagonal and each block is given by

Rrh = ρrhFH
rhFrh. (3.8)

The weighting matrix M can now be chosen as a block diagonal matrix

M =




M11

M12

. . .
MRH


 , (3.9)

where each diagonal block is given by

Mrh = µ0R−1
rh . (3.10)

Note that the correlation matrix Rrh involves no correlation over time. This charac-
teristic is closely related to the fact that the reference signal is scalar without delays. The
elements of Rrh reflect the cross-correlation of the reference signals transmitted through
different control paths as measured at the microphone positions:

Rrh = ρrh




∑M
m=1 |Frhm1|2

∑M
m=1 Frhm1F

∗
rhm2 . . .

∑M
m=1 Frhm1F

∗
rhmL

...
∑M

m=1 |Frhm2|2
...

. . .∑M
m=1 FrhmLF

∗
rhm1 . . .

∑M
m=1 |FrhmL|2


 .

(3.11)

Consider Figure 3.1. The cross-correlation of the reference signal xrh(n) is transmitted
through control paths Frhml and Frhml′ is thus given by
E[xrh(n)FrhmlF

∗
rhml′x

∗
rh(n)] = ρrhFrhmlF

∗
rhml′ . In the case of loudspeakers which are

spatially separated (large value of d), the corresponding cross-correlation will be less
significant at the microphone m due to lower coupling between the loudspeaker l′ and
the microphone m than between l and m.

In applications of active noise control with a large number of loudspeakers and mi-
crophones as are in aircraft found the acoustic coupling between the loudspeakers will
decrease as the distance between them increases. In our experience, this situation leads to
a matrix that is usually diagonally dominant, since the diagonal elements contain mag-
nitude squares of frequency responses, and the off-diagonal elements result from cross
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l′
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Frhml

dxrh(n)

m

Figure 3.1: The reference signal xrh transmitted through two different control paths Fml

and Fml′ .

products of different responses, cf. (3.11). Hence, the diagonally dominant matrix Rrh

may be approximated by its diagonal elements

Rrh ≈ diag {Rrh} . (3.12)

The novel normalized FX LMS algorithm is based on the diagonally dominant prop-
erties of the correlation matrix Rrh. Actuator-individual normalization is introduced.
Each actuator l (loudspeaker) has an individual step-size parameter, µrhl, for a given
reference signal xrh(n). The convergence factor matrices are given by

Mrh = µ0diag {Rrh}−1 =




µrh1

µrh2

. . .
µrhL


 (3.13)

where each diagonal element is given by

µrhl =
µ0

ρrh
∑M

m=1 |Frhml|2
. (3.14)

Note that the normalization factors for actuator-individual normalized algorithm are
dependent on the control paths between one loudspeaker and all microphones for a given
reference signal.

Although the approximation R ≈ diag {R} may be rather crude, it may be efficient
to use the actuator-individual normalized algorithm given by (2.12) and (3.13). This is
because in such cases this algorithm represents a sensible compromise between the LMS
and the Newton’s algorithm. The advantage of using (3.13) instead of (3.10) is that no
real-time matrix inversion and multiplications need be done: scalar multiplications in
accordance with (3.13) are sufficient. This is advantageous in an ANC system based on
on-line control path modeling.

The two variants of the normalized Filtered-X LMS algorithms are summarized in
Table 3.1. The update scheme of the algorithms is motivated by the assumption that all
reference signals are mutually uncorrelated.
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Control-Algorithm wrh(n + 1) = wrh(n) − 2Mrhx
∗
rh(n)FH

rhe(n)
Normalized FX LMS Mrh = µ0(trace {R})−1I
Actuator-Individual Normal. FX LMS Mrh = µ0diag {Rrh}−1

Table 3.1: Variants of complex-valued normalized Filtered-X LMS algorithms.

For the presented convergence factors the denominators include ρrh. To avoid division
by zero if ρrh = 0 a small constant α can be added to the denominator, cf. (3.14) and
µrhl = µ0/(α + ρrh

∑M
m=1 |Frhml|2).
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Chapter 4

Stability Criterion

The following convergence analysis addresses the stability condition for the actuator-
individual normalized LMS algorithm, i.e. the choice of the step-size parameter µ0 to
obtain a stable control system. The analysis is based on the assumption that the reference
signal matrix X(n) in (2.6) and the filter weight vector w(n) in (2.7) are independent.
Consider the update scheme for the filter weights given in (2.12). From this equation it
follows that w(n) is only dependent on past reference signal vectors X(n− 1), X(n− 2)
and so on [14],[15].

By using the vector of complex microphone signals and equation (3.2) in the update
scheme (2.12) and by taking the expected value of both sides of this equation the following
expression is obtained

E[w(n + 1)] = E[w(n)] − 2M
(
E[XH(n)FHd(n)] − E[XH(n)FHFX(n)w(n)]

)
. (4.1)

The independent assumption and the expressions given in (3.3) and (3.4) enable the
equation to be rewritten as

E[w(n + 1)] = E[w(n)] − 2Mp − 2MRE[w(n)]. (4.2)

Using the optimum Wiener filter weight vector wopt = −R−1p and subtracting wopt from
both sides yields

E[w(n + 1)] − wopt = (I − 2MR)(E[w(n)] − wopt) (4.3)

which also can be written as

v(n + 1) = (I − 2MR)v(n) (4.4)

where v(n) = E[w(n)]−wopt. The Wiener filter weight vector wopt is obtained by differ-
entiating the cost function in (3.1) with respect to w(n) and equating to zero [14],[15].

Consider the matrix MR. The matrix M contains the step-size parameter µ0 and
elements associated with the different reference signals xrh(n), cf. (3.9),(3.13) and (3.14).
A rewrite of this matrix is given by

M = µ0M
′
= µ0




M
′
11

M
′
12

. . .
M

′
RH


 (4.5)
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Figure 4.1: The stability region for the actuator-individual normalized FX LMS algo-
rithm.

where each diagonal block is given by

M
′
rh = diag {Rrh}−1 . (4.6)

Now the matrix MR is written as

MR = µ0M
′
R (4.7)

Hence, the convergence behavior of the algorithm is determined by the LRH × LRH
non-Hermitian matrix M

′
R. To decouple the filter weights this matrix is decomposed

in its diagonal eigenvalue matrix Λ = diag[λ1 λ2 · · · λLRH ] and eigenvector matrix S.
This is done using a decomposition of the matrix as

M
′
R = SΛS−1 (4.8)

provided that the inverse matrix S−1 exists. By using MR = µ0SΛS−1 and the relation
v

′
(n) = S−1v(n) the equation in (4.4) may be expressed as

v
′
(n + 1) = (I − 2µ0Λ)v

′
(n) (4.9)

and the solution to this difference equation is given by

v
′
(n) = (I − 2µ0Λ)nv

′
(0). (4.10)

The update equation is stable provided that the magnitude of the elements in the matrix
I − 2µ0Λ is less than unity

|1 − 2µ0λj | < 1. (4.11)

This stability criterion is satisfied when µ0λj lies within a circle (|µ0λj − 1
2 | <

1
2) in the

complex plane as shown in Figure 4.1. As the eigenvalues λj may be complex equation
(6.4) can be rewritten in terms of the real (�{·}) and imaginary (�{·}) parts as√

(1 − 2µ0�{λj})2 + (2µ0�{λj})2 < 1 (4.12)
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or
(1 − 2µ0�{λj})2 + (2µ0�{λj})2 < 1. (4.13)

Expanding the above yields the expression

|µ0λj |2 − µ0�{λj} < 0 (4.14)

which can also be rearranged as

µ0 <
�{λj}
|λj |2

. (4.15)

The bounds on the step-size parameter µ0 for algorithm stability are given by the criterion

0 < µ0 < min

{
�{λj}
|λj |2

}
. (4.16)

The matrix M
′
R has real and positive eigenvalues since it is a product of two positive

definite Hermitian matrices [17]. Figure 4.2 shows the 256 eigenvalues of the matrix
M

′
R for an ANC system based on 32 loudspeakers and 39 control microphones and

where 4 harmonics from 2 noise sources were controlled. Real eigenvalues implies that
the stability criterion in (4.16) can be simplified. A stable system is now obtained for
step-size parameters satisfying the following condition

0 < µ0 <
1

λmax
(4.17)

where λmax denotes the largest eigenvalue to the matrix M
′
R.

By introducing a more restrictive stability constraint than that given in (4.17) a
simpler method can be used to compute the upper limit of the convergence factor. The
restrictive stability constraint is based on that the largest eigenvalue cannot be larger
than the sum of all eigenvalues. The sum is in its turn equal to the trace of matrix M

′
R

λmax <
J∑

j=1

λi = trace
{
M

′
R

}
. (4.18)

If all the reference signals xrh(n) are assumed to be mutually uncorrelated, the matrix
R is block-diagonal, and each block is given by Rrh = ρrhFH

rhFrh. As a consequence of
the assumption of uncorrelated reference signals the matrix M

′
R is also block diagonal

M
′
R =




M
′
11R11

M
′
12R12

. . .
M

′
RHRRH


 . (4.19)

Each L× L block is given by

M
′
rhRrh = diag {Rrh}−1 Rrh. (4.20)

The trace of M
′
R is given by the sum of the trace of each block M

′
rhRrh. Each such

matrix has unity on the diagonal, yielding a simple result

trace
{
M

′
R

}
=

R∑
r=1

H∑
h=1

trace
{
M

′
rhRrh

}

14



=
R∑

r=1

H∑
h=1

trace
{
diag {Rrh}−1 Rrh

}
= LRH. (4.21)

By combining the result above, (4.17) and (4.18) a simple stability criterion is obtained.
Hence, the actuator-individual normalized algorithm is stable for step-size parameters
within the range of

0 < µ0 <
1

LRH
. (4.22)

The result demonstrates that the upper limit is given by a simple expression which is only
dependent on the number of loudspeakers (L), the number of noise sources (R) and the
number of controlled harmonics from each source (H). This is a more restrictive limit on
µ0 than in (4.17), but is a much easier and more reliable in practical applications. The
number of frequency components to be controlled as well as the number of loudspeakers
are known.
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Figure 4.2: The eigenvalues of the matrix M
′
R. The matrix is based on control paths

measured in a propeller aircraft.
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Chapter 5

Computational Complexity

The most widely used ANC systems are based on the ordinary FIR-based FX LMS
algorithm to update the filter weights. This algorithm is commonly used owing to its
simplicity [11]-[18]. The controllers are also often based on a parallel filter structure. The
computational complexity of a such controller is compared with the actuator-individual
normalized FX LMS algorithm and the filter structure described in Chapter 2. The
comparison is based on the computational complexity, i.e. real multiplications, for each
of the two implementations. The complex algorithm requires a minimum of adaptive and
control path parameters as compared to a straightforward time-domain approach with
ordinary FIR-filters.

An adaptive system involves two main parts: the filtering process generating driving
signals to the loudspeakers, and the update phase of the adaptive filter weights. For
systems using a large number of loudspeakers and microphones, the pre-filtering of the
reference signals (the filtered-x operation) requires high computational power.

In the complex case the pre-filtering of the complex reference signals with the control
paths is performed by a complex scalar multiplication of the reference signal xrh(n)
and the control path Fml: x′ml(n) = Fmlx(n). On the other hand, for the FIR-filter,
pre-filtering is given by x′ml(n) = fT

mlx(n), where x(n) is a real-valued reference signal
vector, x(n) = [x(n) x(n− 1) · · · x(n−Q + 1)]T , and f denotes a FIR-filter model, the
impulse response function of the control path between loudspeaker l and microphone m,
fml = [f0 f1 · · · fQ−1]T . The filter length Q is chosen to ensure adequate modeling of
the control paths.

Consider first the FIR-based controller with I weights in each control filter wl(n) =
[wl0 wl1 · · · wlI−1]T and Q weights in the control path impulse responses. The weight
update scheme for the time-domain FX LMS algorithm is given by [2],[11]:

wl(n + 1) = wl(n) − 2µ
M∑

m=1

x′
ml(n)em(n) (5.1)

where x′
ml(n) = [x′ml(n) x′ml(n−1) · · · x′ml(n−I+1)]T . The driving signal to loudspeaker

l is given by
yl(n) = wT

l (n)x(n). (5.2)

where x(n) = [x(n) x(n− 1) · · · xml(n− I + 1)]T .
Assume that the system is based upon L loudspeakers and M microphones. For a

single reference signal IL multiplications are carried out to compute the L loudspeaker
signals, and (Q + 1)IML multiplications are performed to compute the weight update
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parts (the weight increments) for the L control filters. Consider next the complex based
controller (cf. Table 3.1 ):

wl(n + 1) = wl(n) − 2µlx
∗(n)

M∑
m=1

F ∗
mlem(n). (5.3)

According to the structure (L + ML) complex multiplications or 4(L + ML) real mul-
tiplications are required to compute the weight increments and 2L real multiplications
are needed to compute the loudspeaker signals. The complexity ratio for the FIR-based
controller to the complex based is defined by the number of real multiplications for the
FIR-based algorithm to the number of real multiplications for the complex algorithm

Complexity ratio =
(Q + 1)IML + IL

4(L + ML) + 2L
. (5.4)

For example, for I = 2, Q = 2, L = 32 and M = 39 the FIR-based controller requires
7552 real multiplications for each sample period, while the complex based control only
requires 5184 real multiplications. For a case based on I = 2, Q = 2, L = 32 and M = 48
the number of real multiplications is given by 9280 and 6336 respectively. Accordingly,
the number of multiplications can be significantly reduced if the complex algorithm is
used instead of the ordinary FIR-based algorithm.

In addition, using the complex algorithm may also reduce the storage requirement.
This algorithm is based upon present samples of the reference signals alone, while the
FIR-based structure is based upon present and past samples. In general, the use of present
samples alone reduces implementation complexity, resulting in a simpler implementation
of the algorithm. The implementation can usually be made very compact, leading to fast
execution of the code.

17



Chapter 6

Algorithm Variants

6.1 Harmonic Individual Step-Size Parameters

To improve the performance of the ordinary actuator-individual normalized algorithm a
modified variant of the algorithm can be used. In the ordinary variant a single step-size
parameter µ0 is used for all harmonics. However, noise attenuation may be improved
with the aid of a simple modification in the form of an individual step-size parameter
µ0rh

for each harmonic. The convergence factor matrices Mrh in (3.13) are modified to
matrices given by

Mrh = µ0rh
diag {Rrh}−1 . (6.1)

The individual step-size parameters speed up the convergence rate for each of the indi-
vidual harmonics thereby increasing the noise attenuation. Care must, however, be taken
in the choice of step-size parameters in order to avoid instability. In a practical situation
it important that the ANC system can be adequately tested for different values of µ0rh

for different operating conditions.

6.2 Control Effort Weighting

A variant of the actuator-individual normalized FX LMS algorithm is obtained by in-
corporating leakage factors or control effort weighting [2],[19],[20]. The leaky variant of
the algorithm introduces constraints on the control signals and can therefore be used to
limit the output power, thereby avoiding overloading of the control source (loudspeaker)
amplifiers. In practical applications it is desirable to keep the driving signals as small
as possible, since clipping amplifiers may cause nonlinear distortion. The power in con-
troller output signals can be controlled by using a cost function where the filter weights
are included. The modified cost function to be minimized is given by

J(n) =
M∑

m=1

e2
m(n) +

R∑
r=1

H∑
h=1

wH
rh(n)Γrhwrh(n) (6.2)

where Γrh denotes a diagonal matrix weighting the control effort and where its diagonal
elements are given by γrhl, cf. (2.4). By including the control effort in the cost function
the controller is forced to minimize both the control microphone signals and the loud-
speaker signals. The higher the values in Γrh, the more important is the contribution
from the filter weights or the power of the control signals.
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The complex derivatives of the modified cost function with respect to wrh(n) are
given by

∂J(n)
∂w∗

rh(n)
= x∗rh(n)FH

rhe(n) + Γrhwrh(n). (6.3)

The leaky variant of the actuator-individual normalized FX LMS algorithm can now be
written as

wrh(n + 1) = Θrhwrh(n) − 2Mrhx
∗
rh(n)FH

rhe(n) (6.4)

where Θrh = I− 2MrhΓrh. This matrix is diagonal and contains the leakage factors θrhl

on its diagonal, 0 < θrhl < 1. The value of θrhl is usually slightly less than unity.
To simplify the analysis of the algorithm the real-value microphone signal vector

e(n) in (6.4) is substituted by the complex microphone signals given by ẽ(n) = d(n) +∑R
r=1

∑H
h=1 xrhFrhwrh(n). The update equation is now written as

wrh(n+1) = (I−2MrhΓrh)wrh(n)−2Mrhx
∗
rh(n)FH

rh[d(n)+
R∑

r=1

H∑
h=1

xrhFrhwrh(n)]. (6.5)

By taking the expected value E[·] of both sides of (6.5), using the assumptions of un-
correlated reference signals as well as assuming that xrh(n) and wrh(n) are independent,
the filter weight updating associated with the reference signal xrh(n) is given by

E[wrh(n + 1)] = E[wrh(n)] − 2Mrh[(Γrh + Rrh)E[wrh(n)] + prh]. (6.6)

Here Rrh = ρrhFH
rhFrh and prh = E[x∗rh(n)FH

rhd(n)].
By setting the term in the square brackets to zero the optimal weight solution for the

leaky algorithm can be obtained as

wleaky
rhopt

= −[Γrh + Rrh]−1prh. (6.7)

Without control effort weighting Γrh = 0 the optimal weights are given by

wrhopt = −R−1
rh prh. (6.8)

Thus, the leaky algorithm seeks to reach the optimal weight solution in (6.7) instead of
that in (6.8). The effect of control effort weighting can now be studied by comparing
(6.7) and (6.8). The presence of the diagonal weight matrix Γrh in (6.7) results in the
magnitudes of the weights in wleaky

rhopt
being less than or equal to the magnitudes of the

weights in wrhopt . The difference between the weights increases with increasing control
effort weighting. However, small filter weights lead to low controller output signals,
yrh(n) = xrh(n)wleaky

rh (n), and reduced noise attenuation. Accordingly, a limitation of
the control signals (Γrh �= 0) is obtained at the expense of reduced attenuation of the
controlled noise components.

It is seen that the weights are strongly dependent on the control path matrices
Rrh = ρrhFH

rhFrh. Inversion of an ill-conditioned matrix FH
rhFrh leads to a solution

with large filter weights, see (6.8). To attain such optimum weights large control sig-
nals are generally required. The algorithm, without leakage, seeks to minimize the mean
squared error, resulting in the control signals possibly drifting until they reach a satura-
tion limit. Hence, for ill-condition control path matrices the leaky variant is used rather
than the unconstrained algorithm.
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The convergence factor matrix Mrh for the leaky variant of the actuator-individual
normalized FX LMS algorithm can be obtained by considering the cost function, cf. (3.1)
and (6.2)

J = wH(n)(Γ + R)w(n) + wH(n)p + pHw(n) + c. (6.9)

where Γ = diag(Γ11 Γ12 · · · ΓRH). The assumption of uncorrelated reference signals
results in a block diagonal matrix R with the diagonal block Rrh. Hence the diagonal
block in Γ + R is given by Γrh + Rrh. The convergence factor matrix Mrh for the leaky
algorithm can be obtained by following the steps outlined in Chapter 3.2. Accordingly
the convergence factor matrix here is expressed as

Mrh = µ0diag {Γrh + Rrh}−1 (6.10)

where each diagonal element is given by

µrhl =
µ0

γrhl + ρrh
∑M

m=1 |Frhml|2
. (6.11)

A stability constraint of µ0 can now be obtained by considering trace
{
M

′
(Γ + R)

}
where

the block diagonal matrix M
′
is associated with (6.10), cf. (4.21)

trace
{
M

′
(Γ + R)

}
=

R∑
r=1

H∑
h=1

trace
{
M

′
rh(Γrh + Rrh)

}

=
R∑

r=1

H∑
h=1

trace
{
diag {Γrh + Rrh}−1 (Γrh + Rrh)

}
= LRH. (6.12)

The above result demonstrates that by using a normalization given in (6.10) the stability
range of µ0 is the same as previously shown

0 < µ0 <
1

LRH
. (6.13)
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Chapter 7

Computer Experiment

The performance evaluation of the two algorithms is based on a computer experiment
using noise recorded inside a in a twin-engine propeller aircraft, a Dornier 328, during
flight. All the control paths between the control sources and the control microphones
were also measured. The evaluation was made for two different flight conditions: steady
cruise flight, and transition from climb to cruise flight. In cruise flight the propellers were
synchronized with a constant rotational speed and the Blade Passage Frequency (BPF)
was 105 Hz. For the second flight condition, the engine rotational speed varied and an
occasional slight rotational speed difference between the propellers was observed. The
BPF dropped from 110 Hz to 105 Hz and the maximal BPF difference was approximately
1 Hz. These specific flight conditions were chosen in order to examine the stationary and
the dynamic properties of the proposed control algorithms.

Primary noise was recorded by 39 microphones mounted at the passengers’ head rests.
A tachometer signal from each engine with one pulse per revolution was available and
was synchronously recorded with the noise. All the signals were recoded with a 1024 Hz
sampling rate. The control paths between the 32 loudspeakers mounted on the trim
panels to the 39 error microphones situated at the head rests were identified using white
noise excitation and with a 1 Hz resolution.

Throughout the evaluation the control algorithms were set up to attenuate the BPF up
to 4×BPF from the left and right propellers, respectively. The reference signals, which are
in this case complex, were generated by filtering the tachometer signals through an FFT-
filter bank [6],[21]. The step-size parameter µ0 was chosen as 1/10 of the value causing
instability µ0max . The value of µ0max was determined by an iterative experiment. The
experiment was repeated many times with different values for the step-size parameter µ0.
The first run used a small value for µ0. One each successive repetition of the experiment
the step-size parameter was slowly increased until instability occurred.

The control algorithms were evaluated with respect to the convergence properties
and by comparing the noise attenuation with the least square optimum attenuation.
Convergence behavior is presented as the normalized mean Sound Pressure Level (SPL)
versus time (learning curves), normalized to 0 dB at t = 0 seconds. The narrowband
mean SPL was calculated as follows: the microphone signals em(n) were filtered with a
256-point FFT-filter bank at the hth harmonic, yielding

Emh(n) =
255∑
l=0

hqem(n + q)e−j 2π
256

khq (7.1)

where hq is a Hanning window and kh is the FFT-bin corresponding to the hth harmonic.
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The mean SPL at time index n and harmonic h is the average power over all microphones:

M∑
m=1

|Emh(n)|2. (7.2)

The narrowband mean reduction in dB at time index n and harmonic h was calculated
by the logarithmic ratio

10 log10

∑M
m=1 |Dmh(n)|2∑M
m=1 |Emh(n)|2

(7.3)

where Dmh(n) was obtained by filtering the primary noise signals dm(n) as in (7.1).
The optimum least squares reduction at time index n and harmonic h was calculated by
solving (2.2) in least squares sense over 256 data points [22]. Minimization was performed
with respect to the complex vectors wrh. Data was then filtered with the optimum filter
weights, and the corresponding narrowband mean reduction was calculated as in (7.3).

7.1 Convergence Performance
(Steady Cruise Flight)

In the steady cruise flight condition, the BPFs of the two propellers were stationary at
105 Hz. As a result, there was thus no need to change the control paths Frh in the
algorithms.

Figure 7.1 shows the normalized mean SPL versus time at BPF for the primary noise
and the two algorithmic variants given in Table 3.1. The adaptation is switched on after
approximately 1/3 second. The overall result in the figure is that the actuator-individual
normalized algorithm performs better than the ordinary normalized algorithm in terms
of convergence rate and noise attenuation. It is obvious from the learning curves that the
actuator-individual normalized algorithm exhibits a faster convergent initial mode which
in turn results in higher noise attenuation.

The direct path movement is obtained since the convergence factor matrix Mrh for
the Newton’s algorithm is based on R−1

rh . The expressions given in (3.10) and (3.13) show
the weight matrices for the Newton’s algorithm and the actuator-individual algorithm
respectively. As previously mentioned, when the correlation matrices Rrh are diagonally
dominant, these matrices can be approximated by their diagonals:

Rrh ≈ diag {Rrh} . (7.4)

The fast convergence behavior demonstrates that the actuator-individual normalized
algorithm is more similar to Newton’s algorithm than to the ordinary LMS algorithm.
The Newton algorithm traces the direct path to the optimal solution, i.e. the change is
in the direction of the minimum of the cost function. On the other hand, the ordinary
LMS algorithm follows the direction of the negative gradient, the steepest descent, of the
cost function until it reaches the optimum.

Figure 7.2 shows the magnitude of the elements in the correlation matrices Rrh for
the harmonics BPF-4×BPF. The diagonally dominant characteristics of these matrices
are clearly shown. For these cases the actuator-individual normalized FX LMS algorithm
may approximate the Newton’s algorithm quite well.

Table 7.1 summarizes the narrowband mean reduction of the BPF and three har-
monics averaged over the 39 microphones at approximately 9 seconds. The table also
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Figure 7.1: The normalized mean SPL versus time at BPF (105 Hz) in cruise flight: (a)
Primary noise; (b) Normalized FX LMS; (c) Actuator-individual normalized FX LMS.

shows the calculated optimum least squares reduction at the corresponding time. By us-
ing the actuator-individual normalized FX LMS algorithm a significantly improved noise
attenuation can be obtained. A comparison with the calculated optimum attenuations
demonstrates that the algorithm performed well. The differences between obtained and
optimum attenuation for the different harmonics were in the interval 1-2.5 dB.

In practical situations it is difficult to choose a suitable value for the step-size µ0 in
order to avoid instability. The limitation µ0 < 1 does not generally guarantee conver-
gence. The value of µ0max was experimentally determined for different control conditions
using the iterative approach described in Chapter 7. The maximum step-size, µ0max , was
the largest step-size found that gave a stable result. The values of µ0max compared to
the predicted values calculated using (4.22) are presented in Tables 7.2 and 7.3. Ta-
ble 7.2 presents the results from the control conditions: first controlling BPF from the

Control-Algorithm/Method BPF 2×BPF 3×BPF 4×BPF
[dB] [dB] [dB] [dB]

Normalized FX LMS 17.1 11.6 5.1 3.8
Actuator-Individual Normal. FX LMS 19.2 13.1 6.7 5.3
Optimum least squares 21.3 15.5 7.7 6.1

Table 7.1: The narrowband mean reduction of the primary noise in the cruise flight
condition.
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Figure 7.2: The diagonally dominant 32 × 32 correlation matrices Rrh at BPF-4BPF
(linear scale).

two propellers, and then controlling the BPF and 2×BPF, and so on (R=2 and H=1–
4). Table 7.3 shows the results from a condition where the BPF–4×BPF from a single
propeller was controlled (R = 1 and H = 4) and the number of loudspeakers used varied.

The experimental and calculated instability values of µ0max are clearly dependent
on the number of controlled harmonics as well as the number of loudspeakers. It was
observed that the maximum value of the step-size decreases with the number of controlled
harmonics, as is clearly shown in the expression for the predicted upper limit in (4.22).
The results demonstrate that if the criterion in (4.22) is satisfied the system will be
stable. The stability limit in (4.22) actually lies well inside the true stability limit in all
the cases examined. The values of the experimental observed µ0max are approximately
5-10 times greater than the calculated values.

Although there are differences between the observed and the calculated values the
stability criteria in (4.22) can be useful in practical applications. By using the simple
criterion in (4.22) it is easy to obtain a value for the step-size that guarantees stability.
However, an improved system performance can be achieved by increasing the step-size.
The calculated value of µ0 can thus be used as an initial value in an iterative process
where the step-size value is slowly increased until the desired performance is obtained.
This should cause no problem in a practical situation provided that the system can be
adequately tested.

As discussed in Chapter 6.1 performance can be improved by using an individual
step-size parameter µ0rh

for each harmonic. Table 7.4 shows the attenuation for BPF–
4×BPF using a controller based upon a single µ0 for all harmonics and one based upon
individual step-size parameters µ0rh

for each harmonic. Each controller simultaneously
controlled the BPF–4×BPF from the two propellers. In this case µ0rh

was chosen as 1/10
of the value causing instability for each harmonic, µ0rh

= 1
10µ0rh max

. To obtain µ0rh max
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Controlled harmonics BPF BPF-2×BPF BPF-3×BPF BPF-4×BPF
Experimental µ0max 0.093 0.068 0.048 0.039
Calculated µ0max 0.016 0.0078 0.0052 0.0039

Table 7.2: Comparison between the experimental and calculated maximum value of µ0

to guarantee stability. The ANC system controlled the BPF up to 4×BPF from both
propellers (R = 2, H = 1 − 4) using L=32 loudspeakers and M=39 control microphones.

Number of Loudspeakers L=16 L=24 L=32
Experimental µ0max 0.097 0.071 0.065
Calculated µ0max 0.016 0.011 0.0078

Table 7.3: Comparison between experimental obtained and calculated maximum value
of µ0 to guarantee stability. The ANC system controlled the BPF–4×BPF (H = 4) from
a single propeller (R = 1) using L loudspeakers and M=39 control microphones.

the iterative procedure previously described was employed. During the adjustment phase
a single harmonic from each propeller was only simultaneously controlled, i.e. BPF or
2×BPF and so on. A disadvantage with using individual harmonic step-size parameters
is, however, that adjusting proper values of each µ0rh

can be time consuming.
Figure 7.3 shows the normalized mean SPL at the BPF for a leaky actuator-individual

normalized FX LMS algorithm. One case without leakage and three cases with leakage
are displayed. In the experiment the same leakage factor was used for all harmonics and
loudspeakers. The matrix leakage factor was Θrh = θ0I for all r and h. The mean noise
attenuation obtained is presented in Tab. 7.5. The mean output power of the loudspeaker
signals for the different cases was calculated and compared to the case without leakage,
case (a). The mean reduction in the output power is also presented in Table 7.5.

The results demonstrate that the last dB of attenuation requires more control power
than the first dB of reduction. Compare cases (a) and (d). In case (d) the output power
was reduced by 3.8 dB and a noise attenuation of 15.3 dB was obtained, as compared to
19.2 dB without leakage. Although large leakage was used a significant noise reduction
was obtained.

Method BPF 2×BPF 3×BPF 4×BPF
[dB] [dB] [dB] [dB]

Same step-size for all harmonics µ0 19.2 13.1 6.7 5.3
Individual step-size for each harmonic µ0rh

20.2 14.9 7.0 5.6
Optimum least squares 21.3 15.5 7.7 6.1

Table 7.4: The narrowband mean reduction of the primary noise (cruise flight condition)
using a single step-size parameter, µ0, for all harmonics or harmonic individual step-size
parameters, µ0rh

, cf. (3.13) and (6.1)
.
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Figure 7.3: The normalized mean SPL versus time at BPF (105 Hz) when using a leakage
variant of the actuator-individual normalized FX LMS algorithm where Θrh = θ0I: (a)
θ0 = 1; (b) θ0 = 0.99999; (c) θ0 = 0.9999; (d) θ0 = 0.999.

A comparison of the observed and calculated values of µ0 max for the leaky algorithm
is presented in Table 7.6. The results also shows for this case that the stability limit
given in (6.13) lies well inside the true stability limit. Accordingly, the simple stability
criterion is useful when using the ordinary or the leaky variant of the actuator-individual
normalized algorithm.

Leakage factor θ0 1 0.99999 0.9999 0.999
Mean Attenuation at BPF [dB] 19.2 19.1 18.2 15.3
Mean Attenuation at 2×BPF [dB] 13.1 13.0 12.2 8.7
Mean Attenuation at 3×BPF [dB] 6.2 6.7 6.6 5.1
Mean Attenuation at 4×BPF [dB] 5.3 5.4 5.2 4.7
Output Power Reduction [dB] 0 0.12 0.98 3.8

Table 7.5: The relation between the mean noise attenuation at BPF and the output
power reduction of the loudspeaker signals for different leakage factors, cf. Figure 7.3
(a)–(d).
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Leakage factor θ0 1 0.99999 0.9999 0.999
Experimental µ0max 0.0395 0.0395 0.0396 0.0400
Calculated µ0max 0.00361 0.00361 0.00361 0.00361

Table 7.6: Comparison between the experimental and calculated maximum value of µ0 to
guarantee stability. The ANC system is based on the leaky actuator-individual normal-
ized FX LMS algorithm. The BPF–4×BPF from both propellers were controlled using
L=32 loudspeakers and M=39 control microphones.

7.2 Tracking Performance
(Transition from Climb to Cruise Flight)

The tracking performance of the algorithms was evaluated using the non-stationary climb
to cruise flight condition. The BPFs of the two propellers varied from 110 Hz down to
106 Hz, as shown in Figure 7.4. The smoothed curves depict the actual variation in
BPFs. The control paths Frh in the model error signal (2.2) and in the algorithm
update equations, see Table 3.1, were changed simultaneously according to the frequency
variations. The unsmoothed curves in Figure 7.4 show the change in the control paths.
The control paths were measured with a resolution of 1 Hz.
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Figure 7.4: The BPF variations during the transition from climb to cruise flight is shown
by the smoothed curves. The unsmoothed curves show the control path changes during
the computer evaluation. Solid lines: Left propeller. Dashed lines: Right propeller.

In the above flight condition with time-varying rotational speed, the delay in reference
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generation caused by the FFT-filter bank leads to decreased correlation between the
reference signals and the primary noise signals. The decreased reduction due to the
deteriorated correlation is clearly shown in Figure 7.5. Note how the reduced noise
attenuation coincides with the frequency variations visible at approximately 1.7 and
5.3 seconds as shown in Figure 7.4. In non-stationary flight conditions it is thus very
important that delays in the reference signals are as short as possible. In stationary
conditions, on the other hand, there is always enough correlation between narrowband
(sinusoidal) signals, i.e. it is always possible to find correlation between periodic signals
of the same frequency, irrespective of delays.

Tracking behavior is shown in Figure 7.5, which shows the normalized mean SPL
versus time. The actuator-individual normalized FX LMS algorithm exhibits the best
tracking performance. Table 7.7 summarizes the narrowband mean reduction for the
same time samples at approximately 9 seconds.
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Figure 7.5: The normalized mean SPL versus time at BPF (105 Hz) the climb to cruise
flight: (a) Primary noise; (b) Normalized FX LMS; (c) Actuator-individual normalized
FX LMS.

Control-Algorithm/Method BPF 2×BPF 3×BPF 4×BPF
[dB] [dB] [dB] [dB]

Normalized FX LMS 13.5 7.9 5.2 2.9
Actuator-Individual Normal. FX LMS 16.6 9.9 5.8 4.9
Optimum least squares 25.4 12.7 6.8 6.8

Table 7.7: The narrowband mean reduction of the primary noise in the climb to cruise
flight condition.
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Chapter 8

Summary and Conclusions

This paper presents a comparison of multiple-reference, multiple-channel adaptive algo-
rithms for active control of propeller-induced interior aircraft noise. The feedforward
control algorithms inherently exploit the narrowband assumption by using complex fil-
tering and complex modeling of control paths. The algorithms are based on the ordinary
complex Filtered-X LMS algorithm using different normalization factors. The perfor-
mance of the introduced actuator-individual normalized Filtered-X LMS algorithm was
compared to the ordinary normalized Filtered-X LMS using a single normalization for the
whole system. The evaluation was performed on cabin noise recorded in a twin-engine
propeller aircraft in-flight.

The results indicate that the actuator-individual normalized Filtered-X LMS algo-
rithm exhibits better performance than the conventional normalized Filtered-X LMS
algorithm with respect to properties such as convergence rate, steady-state noise reduc-
tion and tracking behavior. The noise reduction obtained using the actuator-individual
normalized algorithm was close to the optimum noise reduction, calculated by using the
measured primary noise and control paths.

A stability criterion for the actuator-individual normalized algorithm has also been
presented. The criterion is very simple and is based on the number of frequency compo-
nents to be controlled and the number of loudspeakers. As a result, a step-size giving a
stable control system can easily be calculated.

29



Acknowledgments

The authors wish to express their gratitude to the ASANCA consortium and to Dr. I.
Borchers at Daimler-Benz Aerospace Dornier, Germany, for supplying an elaborate set
of acoustic test data from a Dornier 328 aircraft. The availability of this data has been of
invaluable support in the development of the control algorithms presented in this paper.

30



Appendix

The purpose of this appendix is to show the differentiation of a real-valued function with
respect to a complex-valued parameter or vector [14]. Differentiation with respect to a
complex variable w may be defined by

∂

∂w∗ =
1
2

(
∂

∂a
+ j

∂

∂b

)
(8.1)

where w = a + jb, cf. [14]. Using this definition, the following relationships may be
verified

∂

∂w∗ (�{g})2 = �{g} ∂

∂w∗ (g + g∗), (8.2)

∂

∂w∗w
∗c = c, (8.3)

∂

∂w∗wc = 0 (8.4)

where g is a complex function of w, c is a complex constant, (·)∗ denotes complex conju-
gation and �{·} denotes the real part.

The real microphone signal em(n) is given by

em(n) = dm(n) + �
{

L∑
l=1

Fmlx(n)wl

}
(8.5)

and the complex microphone signal ẽm(n) can now be written as

ẽm(n) = dm(n) +
L∑

l=1

Fmlx(n)wl. (8.6)

The real-valued cost function to be minimized by the adaptive algorithm is given by

J(n) =
M∑

m=1

e2
m(n). (8.7)

By using the relationships (8.2)–(8.6), the following derivatives are obtained

∂ẽm(n)
∂w∗

l

= 0. (8.8)

and
∂ẽ∗m(n)
∂w∗

l

= x∗(n)
M∑

m=1

F ∗
ml. (8.9)

31



The derivatives of the real function J(n) with respect to the complex weight w∗
l can

now be obtained as
∂J(n)
∂w∗

l

= x∗(n)
M∑

m=1

F ∗
mlem(n). (8.10)

Matrix notation is now introduced in order to simplify further development. Let e(n)
denote a real M × 1 vector containing the elements em(n), given by

e(n) = d(n) + �{Fx(n)w} (8.11)

where d(n) is a real M × 1 vector containing the elements dm(n), w is a complex L× 1
vector with elements wl and F is a complex M × L matrix with elements Fml.

Let ∂
∂w∗ denote the vector partial derivative operator with elements ∂

∂w∗
l
. The deriva-

tives of J(n) = eT (n)e(n) with respect to the vector w∗ are then given by

∂J(n)
∂w∗ = x∗(n)FHe(n). (8.12)

where (·)T and (·)H denote the transpose and the conjugate–transpose operation respec-
tively.
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[9] P. Sjösten, S. Johansson, I. Claesson, T. L. Lagö, “Multireference controllers for
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