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Abstract

With conventional least squares or Chebyshev approximation methods in the design
of a fixed, broadband, delay–and–sum beamformer, the filter weight values may become
excessively large.

This anomaly is due to large, unspecified regions of the corresponding two–dimensional
FIR filter frequency plane. With large filter weight values, the frequency response of the
resulting beamformer may be severely degraded due to inaccuracies in sensor positions
and/or sensor frequency response.

For an adaptive beamformer, such as the Generalized Sidelobe Canceller (GSC), an
anomalous design of the upper and lower branch may cause reduced jammer suppression,
and target signal cancellation, respectively. A robust design of these branches is therefore
vital.

In this paper, robust design procedures for both the least squares, and the Chebyshev
error design criterion, are given. The resulting beamformer frequency responses are robust
with respect to model imperfections in sensor positions, amplitudes and phases.

When a probabilistic model of the inaccuracies is given, the least squares and Cheby-
shev approximations can be made robust by modifying the corresponding inner product
and max–norm, respectively, so that the effect of perturbations is taken into account.

When no probabilistic model is given, the straightforward approach is to keep control
both on the approximation error, and on the magnitudes of the beamformer weights
simultaneously. A robust weighted Chebyshev design criterion is defined, where a small
Chebyshev error is traded off against small beamformer weights in an optimal way.

1 Introduction

The design problem of a fixed, broadband, delay–and–sum beamformer is closely related to
the design of a multi–dimensional FIR filter [1]. In particular, a sampled sensor array with a
one–dimensional FIR filter for each sensor can be regarded as a two–dimensional FIR filter,
the two dimensions being defined by means of the sensor and sample index, respectively.

An important consideration in conjunction with the beamformer design is, however, the
robustness of the resulting frequency response with respect to model imperfections such
as inaccuracies in sensor positions and/or sensor frequency response, including amplifiers,
A/D converters, etc. A straightforward analysis shows that the mean–square impact of
perturbations is bounded by a quantity, proportional to the squared Euclidean norm of the
beamformer weights. The beamformer response will thus be robust with respect to model
imperfections if this norm is kept low. This fact was established using a somewhat different
framework in [2], in which we observe that the squared Euclidean norm of the beamformer
weights is proportional to the output noise power when the sensor input noise is spatially
and temporally white.
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With conventional least squares or Chebyshev approximation methods in the design of
a fixed, broadband, delay–and–sum beamformer, the filter weight values may become exces-
sively large. This anomaly is due to large, unspecified regions of the corresponding two–
dimensional FIR filter frequency plane, and is typical when specifying a broadband beam-
former in spatial, and temporal–frequency domains only. With large filter weight values,
the frequency response of the resulting beamformer may be severely degraded due to model
imperfections. These considerations raise the need of design criteria which take into account
the property of robustness in the design of a fixed, broadband, delay–and–sum beamformer.

A great deal of research has been done on robust adaptive beamforming, a few of the recent
works are described in [2]–[14]. The objective has been to propose adaptive schemes, robust
with respect to array imperfections, which otherwise may cause target signal cancellation
and/or reduced jammer suppression.

Most methods employ some statistical, or other a priori knowledge about the array im-
perfections, which is included in the adaptive optimization algorithms. With some methods,
see e.g. [3], the impact of perturbations is then taken care of efficiently in the optimization
procedure.

The Generalized Sidelobe Canceller (GSC) is a general adaptive beamforming structure,
originally proposed for linearly constrained adaptive beamforming, as explained in [1]. In [4]
it is shown that the narrowband GSC can be hypersensitive to model imperfections in the
sense that very small model disturbances may cause target signal nulling. The remedy, the
GSC leaky LMS algorithm, is also given in [4].

In [15], a Spatial Filter designed Generalized Sidelobe Canceller, SFGSC, for broadband
signals, is proposed. This approach relies on the balance between the strength of the assumed
leaky noisy, and the suppression of the spatial filter(s) in the lower branch of the GSC.
Correctly designed, the SFGSC will be robust with respect to model inaccuracies, due to
the leaky LMS algorithm. However, an anomalous design of the upper and lower branch of
the GSC may cause reduced jammer suppression, and target signal cancellation, respectively.
A robust design of these branches is thus vital. Furthermore, a robust design of the upper
branch will prevent sensor noise at the output from becoming excessive.

In this paper, robust design procedures for both the least squares, and the Chebyshev
error design criterion, are given. The resulting beamformer frequency responses are robust
with respect to model imperfections in sensor positions, amplitudes and phases.

When a probabilistic model of the inaccuracies is given, the least squares and Cheby-
shev approximations can be made robust by modifying the corresponding inner product and
max–norm, respectively, so that the effect of perturbations is taken into account. When no
probabilistic model is given, the straightforward approach is to keep control both on the
approximation error, and on the magnitudes of the beamformer weights simultaneously.

There are a number of methods available to solve the Chebyshev approximation problem
for two–dimensional FIR filters which might be employed to design a broadband beamformer
[16]–[22]. However, these methods do not take into account the possibility of an anomalous
design, when large frequency regions are left unspecified, as described above. For this purpose,
a robust weighted Chebyshev design criterion is defined, where a small Chebyshev error is
traded off against small beamformer weights in an optimal way.

Examples are given which demonstrate that with a small increase in approximation error,
the beamformer response can be made robust with respect to perturbations in sensor positions
which would otherwise devastate the response.
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2 The Impact of Array Response Perturbations

The impact of array response perturbations on a fixed, broadband, delay–and–sum beam-
former is considered below. It is assumed that a FIR filter is applied to each element of the
sensor array, and that the filtered sensor signals are being added together to form an output
signal.

The transfer function from a single source with position vector r to the nth weight wn of
the broadband beamformer is denoted by dn(r, f). Let Gd(r, f) and G(r, f) be the specified
desired response and the nominal response of the broadband beamformer, respectively, defined
in space and frequency. The nominal response is given by G(r, f) = wTd where w =
[w1 · · ·wN ]T is the array weight vector of real coefficients, d = d(r, f) = [d1(r, f) · · · dN (r, f)]T

is the nominal array response vector which is assumed to be known, and (·)T denotes the
transpose operation.

Define a dense grid of I spatial–frequency points, and let Gdi and di be the functions
Gd(r, f) and d(r, f) evaluated at a particular spatial–frequency point for i = 1, . . . , I.

The perturbed (actual) array response vector is given by d̃i = di + ∆di, where ∆di
is modeled as a complex random perturbation vector. In the model, a single outcome of
the stochastic vector ∆di corresponds to one particular beamformer realization, that is, one
particular choice of sensors, sensor positions, amplifiers, etc.

The following relation for the mean–squared array response may be verified by straight-
forward calculations

E
{
|wT d̃i|2

}
= |wTdi|2 + 2Re

{
wTdi ·∆di

H
w
}

+ wTΨiw, (1)

where E {·} denotes the expected value, ∆di = E {∆di}, Ψi = E
{

∆di∆dHi

}
is the correla-

tion matrix of the array response perturbation vector ∆di, and (·)H denotes the conjugate
transpose operation. An upper bound for the mean–square impact of perturbations on the
beamformer response is thus

E
{
|wT d̃i|2

}
− |wTdi|2 ≤ (2‖di‖‖∆di‖+ λmax(Ψi))‖w‖2, (2)

where ‖ · ‖ denotes the Euclidean norm, and λmax(Ψi) the maximum eigenvalue of the matrix
Ψi.

Another useful relationship is

E
{
|wT d̃i|2

}
= |wTdi|2 + wTΦiw, (3)

where di = E
{
d̃i
}

, and Φi = E
{

(∆di −∆di)(∆di −∆di)
H
}

is the covariance matrix of

the array response perturbation vector ∆di.
We will now restrict the discussion to the case of phase perturbations only. This is done

merely for simplicity of analytical expressions, and does not imply any limitations in the
robust design methods described below. A model of the situation is depicted in Fig. 1,
where Ak denotes the frequency function from the source to the kth sensor element and ∆φk
the corresponding phase error, nk represents sensor noise, and wT

k d0 denotes the frequency
response of the FIR filter applied to the kth sensor, k = 1 . . .K.

In this case, the perturbed array response elements can be written d̃n = dne
j∆φk , and if

the phase errors are identically distributed, then for each spatial–frequency point

di = E
{
d̃i
}

= Cidi, (4)
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Figure 1: Model of a fixed, broadband, delay–and–sum beamformer with sensor phase per-
turbations ∆φk and sensor noise nk.

where
Ci = E

{
ej∆φk

}
(5)

is a complex constant, independent of element index k. Since |Ci| ≤ 1, it follows that
|wTdi|2 ≤ |wTdi|2, and (3) yields

E
{
|wT d̃i|2

}
− |wTdi|2 ≤ wTΦiw ≤ λmax(Φi)‖w‖2. (6)

Assume that each sensor signal is supplied to a FIR filter of length L. Define the L × 1
vector d0 = [1 e−j2πfT · · · e−j2π(L−1)fT ]T , where f is the frequency, and T is the sampling
interval. In this way, the nominal and perturbed array response vectors d and d̃ consist of
L × 1 blocks δk and δ̃k, respectively, one block for each sensor, where δ̃k = ej∆φkδk and
δk = Akd0.

Assuming that the phase perturbations ∆φk are mutually independent and identically
distributed, then for each spatial–frequency point

E
{
d̃id̃

H
i

}
= |Ci|2didHi + (1− |Ci|2)Λ⊗ d0d

H
0 , (7)

where Λ is an K×K diagonal matrix of elements |Ak|2, and ⊗ denotes the Kronecker product.
When Λ is the identity matrix I, the notation D0 = I⊗ d0d

H
0 will be used.

Using (4) and (7), it is concluded that the covariance matrix Φi is given by

Φi = E
{

(∆di −∆di)(∆di −∆di)
H
}

= (1− |Ci|2)Λ⊗ d0d
H
0 . (8)

The maximum eigenvalue of Φi is λmax(Φi) = (1− |Ci|2)L ·maxk |Ak|2, and an upper bound
for the mean–square impact of perturbations can be obtained by using (6).

The quadratic form wTΦiw in (3) will be referred to as the perturbation term, and is
given by

wTΦiw = (1− |Ci|2)
K∑
k=1

|Ak|2|wT
k d0|2, (9)

where wk is the vector of FIR filter coefficients applied to the kth sensor element.
The expressions (2), (3) and (6) suggest that in order for the beamformer response to

be robust with respect to inaccuracies in the array response vector, either the perturbation
term, wTΦiw, or the filter norm, ‖w‖, should be kept small. The former approach is more
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direct, but requires a probabilistic model of the perturbations, which is not required with the
latter approach.

In order to keep the perturbation term low, the direct approaches described in section 3
and 4 below will exploit the error function

E
{
|wT d̃i −Gdi|2

}
= |wTdi −Gdi|2 + wTΦiw. (10)

2.1 Perturbations of Sensor Positions for a Far–Field Array

Consider a plane wave front, incident on a two–dimensional array with arbitrary geometry.
The propagation medium is assumed to be linear, homogeneous and isotropic. A cartesian
coordinate system is introduced, in which the wave unit vector is u = (cos θ, sin θ) with
θ defining the spatial direction of the wave front. The sensor elements are assumed to be
isotropic, and with constant gain in the frequency band of interest, so that the model Ak =

e−j2π
f
c
u·rk can be used. Here c is the speed of wave propagation, rk denotes the sensor

positions and · the ordinary scalar product. In this case, the matrix Λ defined above, cf. (7),
is the identity matrix I, and Λ⊗ d0d

H
0 = D0.

Assume that the sensor positions rk are impaired by mutually independent and identically
distributed random perturbations, ∆rk = (xk, yk) = (ρk cosϕk, ρk sinϕk), and that there are
no other array response perturbations present. The phase errors are then given by

∆φk = −2π
f

c
u ·∆rk. (11)

If the joint probability density function p(x, y) for the cartesian coordinates of ∆rk has
circular symmetry, that is, if p(x, y) = g(ρ), where ρ =

√
x2 + y2 and g(·) is a function of

one variable, it is straightforward to show that

C = E
{
e−j2π

f
c
u·∆rk

}
= 2π

∫ ∞
0

ρg(ρ)J0(2π
f

c
ρ)dρ, (12)

where J0(x) denotes the Bessel function of the first kind, and of order zero, see appendix A.
It is observed that C is real, and independent of θ. Thus, the perturbation term

wTΦiw = (1− |Ci|2)wTD0w (13)

is spatially independent.
A simple and reasonable probabilistic model is that the random radius ρk, and the random

angle ϕk, are uniformly distributed in [0, ρ0], and [−π, π], respectively. It is shown in appendix
A that the constant Ci is then independent of the wave direction θ, and is given by

Ci = E

{
e−j2π

fi
c

u·∆rk
}

=
1

ρ0

∫ ρ0

0
J0(2π

fi
c
ρ)dρ, (14)

where fi is the frequency corresponding to the ith spatial–frequency point.

2.2 Far–Field Equispaced Arrays as Two–Dimensional FIR Filters

Consider the FIR filter design of a linear, and equispaced delay–and–sum beamformer for the
far–field. In this case, the beamformer response is conveniently written as the response of a
two–dimensional FIR filter with impulse response h(k, l), as

G(f, θ) = H(ω1, ω2) =
∑
k

∑
l

h(k, l)e−jω1k−jω2l, (15)
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where

ω1 = 2πfd sin θ/c (16)

ω2 = 2πfT , (17)

and where θ is the direction of the plane wave front, −π/2 ≤ θ ≤ π/2, d is the element
distance, and c is the speed of wave propagation.

By imposing appropriate symmetry on the coefficients h(k, l), the response H(ω1, ω2) can
be designed to have exact linear phase. With odd number of sensors K, and odd number of
FIR filter taps L for each sensor, a four–fold symmetry [23] can be applied

h(k, l) = h(−k, l) = h(k,−l). (18)

The phase center is then chosen in the “middle” of the array, and the response has zero phase
with the symmetries H(ω1, ω2) = H(−ω1, ω2) = H(ω1,−ω2), and G(f, θ) = G(f,−θ).

With four–fold symmetry, the beamformer response can be written

H(ω1, ω2) =

(K−1)/2∑
k=0

(L−1)/2∑
l=0

g(k, l) cos(ω1k) cos(ω2l), (19)

where g(0, 0) = h(0, 0), g(k, 0) = 2h(k, 0), g(0, l) = 2h(0, l), and g(k, l) = 4h(k, l) for k ≥ 1
and l ≥ 1. With

ϕ1(ω1) = [1 cosω1 · · · cos(ω1(K − 1)/2)]T (20)

ϕ2(ω2) = [1 cosω2 · · · cos(ω2(L− 1)/2)]T , (21)

the response can be written
H(ω1, ω2) = gTφ(ω1, ω2), (22)

where φ(ω1, ω2) = ϕ1(ω1)⊗ϕ2(ω2), M = K+1
2 ·

L+1
2 and g is an M ×1 real vector containing

the coefficients g(k, l) corresponding to the elements cos(ω1k) cos(ω2l) of φ(ω1, ω2).
The squared filter norm ‖w‖2 is given by

‖w‖2 = wTw =
∑
k

∑
l

h2(k, l) = gTCg, (23)

where C is a diagonal matrix determined by the four–fold symmetry defined by (18), so that
the diagonal elements (C)ii are either 1, 1/2 or 1/4, cf. (19).

The approximation domain for the two–dimensional FIR filter representing the beam-
former is given by (16) and (17). For 0 ≤ f ≤ 1/2T and 0 ≤ θ ≤ π/2, this is a triangular
region in the ω1–ω2 domain, as in Fig. 2. It is assumed here that d/c = T . The two
dark shaded regions 1 and 2 in Fig. 2 are cut wedge regions corresponding to passband
or stopband regions in the f–θ domain, defined by (fc ≤ f ≤ 1/2T, 0 ≤ θ ≤ θc1) and
(fc ≤ f ≤ 1/2T, θc2 ≤ θ ≤ π/2), respectively.

A filter specification based on the f–θ domain only thus leaves a large region unspecified
in the ω1–ω2 Fourier plane. Computer experiments show that large unspecified frequency
regions often imply large filter norms, ‖w‖, with both weighted least squares, and weighted
Chebyshev design criteria. For the present far–field case, this problem can be overcome by
using eight–fold symmetry [23], where in addition to (18), it is required that h(k, l) = h(l, k),
so that H(ω1, ω2) = H(ω2, ω1). Eight–fold symmetry implies, however, the limitation that
the number of FIR filter taps for each sensor must equal the number of sensors. In other
cases, when K 6= L, there is no simple or direct way to extend the specification to the
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Figure 2: Two–dimensional FIR filter approximation domain corresponding to a far–field,
linear and equispaced array.

unshaded region of the ω1–ω2 domain in Fig. 2. Furthermore, by specifying the whole ω1–ω2

frequency domain, the designed beamformer will probably be suboptimal, since it is desirable
to measure the approximation error in the spatial and temporal–frequency domains only.

The far–field case with a linear and equispaced array above serves to illustrate the problem
with an incompletely specified two–dimensional FIR filter frequency plane when specifying a
broadband beamformer in space and frequency only. With other array geometries and wave
fields, there may not even exist a mapping from space and frequency to the corresponding
two–dimensional Fourier plane, which is thus likely to be incompletely specified.

3 Robust Weighted Least Squares Design

In this section, two different methods for robust Weighted Least Squares (WLS) design are
described. The first method exploits a probabilistic model of the perturbations, and may be
used whenever such a model exists. The second method, which is the classic approach, is
an ad hoc method providing satisfactory results without requiring an a priori model. The
notation defined in section 2 will be used below, unless otherwise is stated.

With the ordinary WLS–design, the beamformer weight vector wo is chosen to minimize
the quadratic form

(G−Gd)V(G−Gd)
H =

I∑
i=1

v2
i |wTdi −Gdi|2, (24)

where V is a diagonal matrix containing the real and positive weights v2
i , and G and Gd are

1× I complex vectors with elements wTdi and Gdi, respectively.
The optimal vector wo is given by the normal equations

Re
{
DV(DHwo −GH

d )
}

= 0, (25)

where D is a matrix with column vectors di for i = 1, . . . , I, so that G = wTD. The “real”
operation Re {·} above is used since the response is complex, while the filter coefficients are
real. It is straightforward to verify that (25) defines an inner product on the vector space of
1× I complex vectors, equipped with real scalars.

The normal equations are conveniently written as

Awo = a, (26)
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where

A = Re
{
DVDH

}
=

I∑
i=1

Ai, Ai = v2
i · Re

{
did

H
i

}
(27)

a = Re
{
DVGH

d

}
=

I∑
i=1

ai, ai = v2
i · Re {diG∗di} . (28)

According to the discussion in the previous section, a beamformer specification often
implies large unspecified regions of the corresponding two–dimensional FIR filter frequency
plane, and the ordinary WLS design may therefore become anomalous.

The least squares solution wo becomes anomalous when the matrix A, defined in (27),
has eigenvalues close to zero, and if the vector a, defined in (28), has projection on the
corresponding eigenvector directions. The vector wo then consists mainly of those eigenvector
directions, and the magnitude of wo becomes excessively large.

In the first robust WLS–design, the beamformer weight vector wb is chosen to minimize
the quadratic form

E
{

(G̃−Gd)V(G̃−Gd)
H
}

=
I∑
i=1

v2
iE
{
|wT d̃i −Gdi|2

}
, (29)

where V and Gd are the same matrices as in (24), and G̃ is a 1× I complex random vector
with elements wT d̃i.

The optimal vector wb is given by the normal equations

Re
{
E
{
D̃V(D̃Hwb −GH

d )
}}

= 0, (30)

where D̃ is a matrix consisting of the columns d̃i for i = 1, . . . , I, so that G̃ = wT D̃. It
is straightforward to verify that (30) defines an inner product on the vector space of 1× I
complex random vectors, equipped with real scalars.

The normal equations are conveniently written as

Bwb = b, (31)

where

B = Re
{
E
{
D̃VD̃H

}}
=

I∑
i=1

Bi, Bi = v2
i · Re

{
E
{
d̃id̃

H
i

}}
(32)

b = Re
{
E
{
D̃VGH

d

}}
=

I∑
i=1

bi, bi = v2
i · Re

{
E
{
d̃iG

∗
di

}}
. (33)

With a given probabilistic model, as with the model in section 2.1, explicit expressions
for the matrices Bi and bi above are readily obtained using (4) and (7), yielding

Bi = C2
i Ai + v2

i (1− C2
i )Re {D0} (34)

bi = Ciai, (35)

where Ci is given by (12) or (14).
In the second robust WLS–design, which is the classic approach for robust beamformer

design [2], the beamformer weight vector wr is chosen to minimize the quadratic form

I∑
i=1

v2
i |wTdi −Gdi|2 + λwTw. (36)
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This is the Lagrangian for the optimization problem corresponding to (24), with an additional
quadratic constraint wTw = c0 where c0 is some constant, and λ is the Lagrange multiplier.

The optimal vector wr is given by

(A + λI)wr = a, (37)

where I is the identity matrix.
Mutually uncorrelated and equally distributed noise at the sensor inputs will cause beam-

former output noise with spectral density Rnw
TD0w, where Rn denotes the sensor noise

power spectrum. It is observed that (37) is obtained by constraining the output noise power
when the sensor noise is white. In fact, if Rn = σ2

n within the bandwidth [−1/2T, 1/2T ], the
output noise power is ∫ 1/2T

−1/2T
Rnw

TD0wdf =
σ2
n

T
wTw. (38)

3.1 Examples of Robust WLS–Design

In the examples below, a spatial lowpass (LP) filter is designed, with K = 7 elements and
L = 11 FIR filter taps for each element. The array is assumed to be linear and equispaced,
and the wave propagation plane, as in section 2.1. The element distance d, and sampling
interval T , are chosen so that d/c = T , were c is the speed of wave propagation.

The passband region is defined by 0.1 ≤ fT ≤ 0.5 and 0◦ ≤ |θ| ≤ 9◦, and the stopband
region by 0.1 ≤ fT ≤ 0.5 and 40◦ ≤ |θ| ≤ 90◦. The frequency weighting coefficients for
both the passband, and the stopband regions are chosen as vi = 1 for I = 1681 points on a
rectangular grid in the f–θ domain.

The desired response is given by Gd(f, θ) = e−j2πfT (K−1
2

sin θ+L−1
2

) in the passband region,
and Gd(f, θ) = 0 in the stopband region. The phase center is thus chosen at a terminal
element of the sensor array.

The simulated element perturbations are generated according to the probabilistic model
given in section 2.1. The phase errors are obtained using (11), where the random radius ρk,
and the random angle ϕk, are uniformly distributed in [0, ρ0] and [−π, π], respectively. The
quantity (ρ0/d) · 100% is referred to as the perturbation radius.

Figs. 3 and 4 illustrate how the robust design (37) can be used to significantly reduce
the filter magnitude ‖w‖, and hence the sensitivity to perturbations, without significantly
affecting the nominal beamformer response, as compared with the ordinary WLS design (26).

Fig. 5 shows the perturbation effect on the ordinary WLS–design for one single angle.
The effect of perturbations becomes significant when the perturbation term wTΦiw comes
close to, or is in the order of, the peak stopband magnitude. In view of (3), this is what can
be expected.

Fig. 6 shows the spatially independent perturbation terms for the ordinary design using
(26), and for the two robust design methods using (31) and (37), respectively. The figure
illustrates that with the same resulting filter norm ‖wb‖ = ‖wr‖, the design which employs
the probabilistic model, wb, is more efficient than wr from the point of view of robustness.
However, the ad hoc robust design, wr, performs satisfactorily.

Fig. 7 illustrates for an ordinary and a robust WLS design the relationship between the
sensor noise amplification term wTD0w, and the perturbation term wTΦiw according to
(13). The figure illustrates the fact that robustness with respect to inaccuracies in element
positions, phases etc., is essentially the same as low sensor noise amplification.

9



       

-100
-50

0
50

100

0.1

0.2

0.3

0.4

0.5
-80

-60

-40

-20

0

20

20 log |G(f, θ)| [dB]

fT [rad/2π] θ [◦]

Figure 3: Nominal and perturbed beamformer response for a spatial LP–filter. One snapshot
with a perturbation radius of 1%. Ordinary WLS–design: ‖wo‖2 = 11052.
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Figure 4: Nominal and perturbed beamformer response for a spatial LP–filter. One snapshot
with a perturbation radius of 1%. Robust WLS–design: ‖wr‖2 = 34.5, λ = 0.001695.
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Perturbed response. Dashdotted line: Perturbation term wT

o Φiwo.
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Figure 6: Perturbation term wTΦiw calculated for a perturbation radius of 1%. Solid line:
Ordinary WLS–design wo, ‖wo‖2 = 11052. Dashed line: Robust WLS–design wb, ‖wb‖2 =
34.5. Dashdotted line: Robust WLS–design wr, λ = 0.001695, ‖wr‖2 = 34.5.
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4 Robust Weighted Chebyshev Design

Two different methods for robust weighted Chebyshev design are considered below. The first
method exploits a probabilistic model of the perturbations, and may be used whenever such
a model exists. The second method is an ad hoc method, which can give satisfactory results
with no a priori model. The notation defined in section 2 will be used below, unless otherwise
is stated.

With the ordinary weighted Chebyshev design, the beamformer weight vector wo is chosen
to minimize the max–norm

‖G−Gd‖ = max
i∈{1,...,I}

{
vi|wTdi −Gdi|

}
, (39)

where G and Gd are complex vectors with elements wTdi and Gdi, respectively, and the vis
are real and positive weights. The quantity ‖G −Gd‖ will be referred to as the Chebyshev
deviation related to G.

Let εi(w) = wTdi −Gdi denote the design error for every spatial–frequency point. Then
a real penalty function is given by

v2
i · |εi(w)|2 = v2

i · |wTdi −Gdi|2 = wTAiw − 2aTi w + ai, (40)

where

Ai = v2
i · Re

{
did

H
i

}
(41)

ai = v2
i · Re {diG∗di} (42)

ai = v2
i · |Gdi|2. (43)
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A quadratic program with the same optimal solutions as in the Chebyshev approximation

problem in (39) above is{
minimize δ2, subject to
v2
i · |εi(w)|2 − δ2 ≤ 0 for i = 1, . . . , I

(44)

where δ is an additional real variable, and the vis are the same weighting coefficients as
in (39), cf. [22]. The optimal solution (wo, δo) to (44) is in general not unique since the
constraint functions v2

i · |εi(w)|2 are generally not strictly convex. For an optimal solution
(wo, δo) to (44), wo will be referred to as a Chebyshev solution, and δo = ‖Go −Gd‖ as the
optimal Chebyshev deviation.

There is no simple relation between a least squares and a Chebyshev solution of the
beamformer design problem. However, in most cases, the Chebyshev design will be anomalous
when the least squares design is anomalous. The reason for this is easily seen by adding the
constraints in (44) for the Chebyshev solution wo, yielding

wT
o Awo − 2aTwo + a ≤ δ2

oI, (45)

where A and a are given by (27) and (28), respectively, and a =
∑I
i=1 ai. The left side of

(45) represents the same quadratic form as in (24), which is the quadratic form minimized
by the WLS design. Hence, the Chebyshev solution wo belongs to an N–dimensional ellipse,
the center of which is the WLS solution.

In the first robust weighted Chebyshev design, the beamformer weight vector wb is chosen
to minimize the max–norm

‖G̃−Gd‖b = max
i∈{1,...,I}

{
vi

√
E
{
|wT d̃i −Gdi|2

}}
, (46)

where G̃ and Gd are complex vectors with elements wT d̃i and Gdi, respectively, and the
vis and Gdis are the same design parameters as in (39). It is straightforward to verify that
(46) defines a norm on the vector space of 1× I complex random vectors, equipped with real
scalars. The triangle inequality, for example, follows from the triangle inequality for complex
stochastic variables x and y, given by

√
E {|x+ y|2} ≤

√
E {|x|2}+

√
E {|y|2}, cf. [24].

A real penalty function is given by

v2
i · E

{
|εi(w)|2

}
= v2

i · E
{
|wT d̃i −Gdi|2

}
= wTBiw − 2bTi w + bi, (47)

where

Bi = v2
i · Re

{
E
{
d̃id̃

H
i

}}
(48)

bi = v2
i · Re

{
E
{
d̃iG

∗
di

}}
(49)

bi = v2
i · |Gdi|2. (50)

A quadratic program with the same optimal solutions as in the Chebyshev approximation
problem in (46) above is{

minimize δ2, subject to
v2
i · E

{
|εi(w)|2

}
− δ2 ≤ 0 for i = 1, . . . , I

(51)

where δ is an additional real variable, and the vis are the same weighting coefficients as
in (46). The optimal solution (wb, δb) to (51) is in general not unique since the constraint
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functions v2

i ·E
{
|εi(w)|2

}
are generally not strictly convex. For an optimal solution (wb, δb)

to (51), wb will be referred to as a robust Chebyshev solution, where δb = ‖G̃b −Gd‖b.
If a probabilistic model is given, such as the model in subsection 2.1, explicit expressions

for the matrices Bi and bi are readily obtained using (4) and (7) yielding (34) and (35) as
with the WLS design in the previous section.

In the second robust weighted Chebyshev design, the weight vector wr is defined by the
following quadratic program{

minimize wTw, subject to
v2
i · |εi(w)|2 − α2 ≤ 0 for i = 1, . . . , I

(52)

where α is a positive constant, α ≥ δo, and the vis are the same weighting coefficients as
in (39). With α = δo, and since the objective function ‖w‖2 = wTw is strictly convex
[25], it follows from (52) that there always exists a unique Chebyshev solution to (44), with
minimum filter norm ‖w‖. By solving (52) with any α > δo, a unique filter vector wr is
obtained with the smallest filter norm ‖w‖ out of all filters w with Chebyshev deviation
bounded by ‖G−Gd‖ ≤ α.

An alternative formulation for the second robust design is{
minimize µ ·wTw + δ2, subject to
v2
i · |εi(w)|2 − δ2 ≤ 0 for i = 1, . . . , I

(53)

where δ is an additional real variable, µ is a positive design parameter, and the vis are the
same weighting coefficients as in (39). The optimal solution (w′r, δ

′) to (53) is unique since
the function µ · wTw is strictly convex. It is shown in appendix B that with α = δ′, (52)
and (53) have the same optimal solution in the variable w. Thus, the two formulations are
equivalent in the sense that there is a mapping from the parameter µ to the parameter α so
that (52) and (53) yield the same result, wr = w′r.

The quadratic program that should be used naturally depends on the designer’s prerequi-
sites. The formulation (53) always has a solution, and can be used without prior knowledge
of a Chebyshev solution. However, with (53), it is difficult to predict the resulting Cheby-
shev deviation. With (52) on the other hand, the resulting Chebyshev deviation is chosen
as a design parameter, while it is desirable to know the optimum Chebyshev deviation δo in
advance. If α < δo, then (52) has no feasible solution.

With both formulations (52) and (53), however, the design parameters α and µ are used
to trade off a small Chebyshev deviation for a small filter norm ‖w‖ in order to obtain a
robust design as described in section 2.

The quadratic programs in (44), (51), (52) and (53) can be solved by using a sequential
quadratic programming (SQP) method [25]. The gradients of the target functions and the
quadratic constraints are easily calculated using (40) and (47), and employed in the SQP
method.

4.1 Robust Chebyshev Design of a Far–Field Equispaced Array

The description of the robust design has so far been general in that the response has been
complex. The discussion therefore applies to near–field designs, and arbitrary phase specifi-
cations as well as arbitrary array geometries. In the following, the important special case of
far–field design of a linear and equispaced array will be considered. In this case, the beam-
former can be designed with exact linear phase. The specification is therefore real, and the
quadratic constraints in (44), (52), and (53) can be interchanged for linear constraints. This
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enables the use of optimization algorithms for quadratic programs with linear constraints,
which are much more efficiently solved than their counterparts with quadratic constraints.

In the weighted Chebyshev design of a far–field, linear and equispaced array, the optimal
filter vector go is chosen to minimize the max–norm

‖H−Hd‖ = max
i∈{1,...,I}

{
vi|gTφi −Hdi|

}
, (54)

where H and Hd are real vectors with elements gTφi and Hdi, respectively, and the vis are
real and positive weights. The desired response Hdi is defined for I frequency points in a
cut wedge region of the ω1–ω2 domain as in Fig. 2, and the response vectors φi are the
corresponding samples of the response vector φ(ω1, ω2). The quantity ‖H − Hd‖ will be
referred to as the Chebyshev deviation related to H.

A linear program with the same optimal solutions as in the Chebyshev approximation
problem in (54) above is

minimize δ, subject to

vi(φ
T
i g −Hdi)− δ ≤ 0 for i = 1, . . . , I

−vi(φTi g −Hdi)− δ ≤ 0 for i = 1, . . . , I

(55)

where δ is an additional real variable and the vis are the same weighting coefficients as in (54),
cf. [19]–[20]. The optimal solution (go, δo) to (55) is in general not unique since the linear
space of approximating functions Hi = φTi g does not generally satisfy the Haar condition
[16]. For an optimal solution (go, δo) to (55), go will be referred to as a Chebyshev solution,
and δo = ‖Ho −Hd‖ as the optimal Chebyshev deviation.

The filter vector gr in the robust weighted Chebyshev design is defined by the following
quadratic program 

minimize gTCg, subject to

vi(φ
T
i g −Hdi)− α ≤ 0 for i = 1, . . . , I

−vi(φTi g −Hdi)− α ≤ 0 for i = 1, . . . , I

(56)

where α is a positive constant, α ≥ δo, and the vis are the same weighting coefficients as
in (54). With α = δo, and since the objective function ‖w‖2 = gTCg is strictly convex
[25], it follows from (56) that there always exists a unique Chebyshev solution to (55), with
minimum filter norm ‖w‖. By solving (56) with any α > δo, a unique filter vector gr is
obtained with the smallest filter norm ‖w‖ out of all filters g with Chebyshev deviation
bounded by ‖H−Hd‖ ≤ α.

An alternative formulation for the robust design is
minimize µ · gTCg + δ2, subject to

vi(φ
T
i g −Hdi)− δ ≤ 0 for i = 1, . . . , I

−vi(φTi g −Hdi)− δ ≤ 0 for i = 1, . . . , I

(57)

where δ is an additional real variable, µ is a positive design parameter, and the vis are the
same weighting coefficients as in (54). The optimal solution (g′r, δ

′) to (57) is unique since
the objective function is strictly convex. It is shown in appendix B that with α = δ′, (56)
and (57) have the same optimal solution in the variable g. Thus, the two formulations are
equivalent in the sense that there is a mapping from the parameter µ to the parameter α, so
that (56) and (57) yield the same result, gr = g′r.

With both formulations, (56) and (57), the design parameters α and µ are used to trade
off a small Chebyshev deviation for a small filter norm ‖w‖ in order to obtain a robust design
as described in section 2.
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4.2 Examples of Robust Chebyshev Design

The conditions for the examples below are the same as for the previous WLS–design example
with the following exceptions: The ordinary weighted Chebyshev design is obtained using
(55), and the robust designs, using (51) and (56), respectively.

The designs (55) and (56) are thus zero phase designs. The passband region is then
defined by 0.1 ≤ fT ≤ 0.5 and 0◦ ≤ θ ≤ 9◦, and the stopband region by 0.1 ≤ fT ≤ 0.5 and
40◦ ≤ θ ≤ 90◦, cf. Fig. 2. The frequency weighting coefficients for both the passband, and
the stopband regions are chosen as vi = 1 for I = 861 points on a rectangular grid in the
f–θ domain. The desired response is given by Gd(f, θ) = 1 in the passband region, and by
Gd(f, θ) = 0 in the stopband region.

Fig. 8 illustrates that with just a few dBs of increased Chebyshev deviation, the filter
norm ‖w‖ will drastically decrease using (56), and the design will be robust with respect to
array response perturbations, as described in section 2.

Figs. 9 and 10 illustrate how the robust design (56) can be used to significantly reduce
the filter magnitude ‖w‖, and hence the sensitivity to perturbations, without significantly
affecting the nominal beamformer response, as compared with the ordinary Chebyshev design
(55).

Fig. 11 shows the perturbation effect on the ordinary Chebyshev design for one single
angle. Again, the effect of perturbations becomes significant when the perturbation term
wTΦiw comes close to, or is in the order of, the peak stopband magnitude.

Fig. 12 shows the spatially independent perturbation terms for the ordinary design using
(55), and for the two robust design methods using (51) and (56), respectively. As with the
WLS–design, the figure illustrates that with the same resulting filter norm ‖wb‖ = ‖wr‖, the
design which employs the probabilistic model, wb, is more efficient than wr from the point
of view of robustness. However, the ad hoc robust design, wr, performs satisfactorily.

Fig. 13 illustrates for an ordinary and a robust Chebyshev design the relationship between
the sensor noise amplification term wTD0w, and the perturbation term wTΦiw according
to (13). As with the previous WLS–design example, robustness with respect to inaccuracies
in element positions, phases etc., is essentially the same as low sensor noise amplification.
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Figure 8: Minimum filter norm ‖wr‖ as a function of maximum weighted error in a robust
spatial LP–design. Here (wo, δo) corresponds to a Chebyshev solution obtained by solving a
linear program (upper left corner).
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Figure 9: Nominal and perturbed beamformer response for a spatial LP–filter. One snap-
shot with a perturbation radius of 1%. Ordinary Chebyshev design: Chebyshev deviation
‖Go −Gd‖ = 0.0897, ‖wo‖2 = 69800.
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Figure 10: Nominal and perturbed beamformer response for a spatial LP–filter. One snap-
shot with a perturbation radius of 1%. Robust Chebyshev design: Chebyshev deviation
‖Gr −Gd‖ = 0.1122, ‖wr‖2 = 124.3.
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Figure 11: Impact of perturbations on the ordinary Chebyshev design. Response for −90◦.
One snapshot with a perturbation radius of 1%. Solid line: Nominal response. Dashed line:
Perturbed response. Dashdotted line: Perturbation term wT

o Φiwo.
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Figure 12: Perturbation term wTΦiw calculated for a perturbation radius of 1%. Solid
line: Ordinary Chebyshev design wo, ‖Go − Gd‖ = 0.0897, ‖wo‖2 = 69800. Dashed line:
Robust Chebyshev design wb, ‖Gb−Gd‖ = 0.1080, ‖wb‖2 = 124.3. Dashdotted line: Robust
Chebyshev design wr, ‖Gr −Gd‖ = 0.1122, ‖wr‖2 = 124.3.
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Figure 13: Sensor noise amplification term wTD0w and perturbation term wTΦiw calculated
for a perturbation radius of 1%. Solid line: Ordinary Chebyshev design wo, ‖Go −Gd‖ =
0.0897, ‖wo‖2 = 69800. Dashed line: Robust Chebyshev design wr, ‖Gr −Gd‖ = 0.1122,
‖wr‖2 = 124.3. Dashdotted line: The factor 1− C2
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5 Robust Spatial Filter Design for the GSC

The robust design methods described in this paper can be used to design the spatial filters
of a Generalized Sidelobe Canceller (GSC). The general idea of spatial filter design, and
use of optimal Wiener solutions for such an adaptive beamformer is described in [15]. The
adaptive beamformer is depicted in Fig. 14. Here G,B1, . . . , BK are the fixed spatial filters
and H1, . . . , HK are the adaptive filters. It is assumed that the leaky LMS algorithm is used,
cf. [4], in order to obtain a robust adaptive behavior.

The “upper” beamformer G is designed in consistency with the desired behavior of the
GSC considered as a filter in space and frequency. The “lower” beamformers Bk are designed
to suppress signals in the passband region of the GSC, and to pass jamming signals through to
the adaptive filters and thereby enable noise cancellation. The jamming signals are assumed
to originate from the stopband region of the GSC. The Suppression of target signals by
the lower beamformers is balanced with the leaky noise strength inherent with the adaptive
algorithm in order to avoid target signal cancellation.

A robust design of the lower spatial filters B1, . . . , BK , will prevent perturbations from
imposing target signal cancellation in the passband region of a properly designed GSC. Fur-
ther, a robust design of the upper beamformer G will prevent sensor noise at the output from
becoming excessive. Excessive sensor noise at the output decreases canceling capabilities in
the stopband region of the adaptive beamformer.

The Wiener filter solution and corresponding expression for the output spectral density
Rε of the GSC are given in [15]. It is assumed that one single signal with spectral density
Rm, is incident on the array. The expressions are then valid for each spatial–frequency point.
With one adaptive filter, as in the subsequent examples, the output spectral density is given
by

Rε = Rm|wT
Gd|2 +Rnw

T
GD0wG −

|Rydx|2
Rxx

−Rη
|Rydx|2
|Rxx|2

, (58)
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Figure 14: Adaptive beamformer structure, GSC, with leaky noise sources associated with
the leaky LMS algorithm.

where

Rydx = RmwT
GddHwB +Rnw

T
GD0wB (59)

Rxx = RmwT
BddHwB +Rnw

T
BD0wB +Rη. (60)

Here wG and wB are the array weight vectors for the upper and lower beamformers, respec-
tively, Rn is the power spectrum of the mutually uncorrelated and equally distributed sensor
noise sources, and Rη is the leaky noise strength. Further, Rydx is the cross–power spectrum
for the upper beamformer output signal yd and the adaptive filter input signal x, and Rxx is
the power spectrum for x. The matrix D0 is defined in section 2, cf. (7), as well as the array
response vector d. The Wiener filter is given by H = Rydx/Rxx.

It is observed that the noise term in (58), Rnw
HD0w, as well as the perturbation term,

wTΦiw, given by (13), are proportional to wTD0w. Thus, a robust design of the upper
beamformer weight vector wG would also prevent output noise from becoming excessive, and
performance would be improved due to the increased canceling capabilities of the adaptive
beamformer.

5.1 Controlled Quiescent Response

If a controlled quiescent response is desired, cf. [15], this can easily be included with the
robust WLS–design as described below. With one adaptive filter, the condition of controlled
quiescent response is given by

wT
GD0wB = 0 (61)

so that H = 0 when Rm = 0. As shown in [15], this condition can be written as a linear
constraint, CBwG = 0, on the upper beamformer, provided that the lower beamformer weight
vector wB is designed beforehand. Here CB is an r×N matrix of full rank where r ≤ 2L−1,
and where CB is completely determined by the given vector wB. By using the method of
Lagrange multipliers it is observed that under the constraint CBw = 0, the minimization of
the objective function in (29) yields

wG = (I−B−1CT
B(CBB−1CT

B)−1CB)wGb
(62)

so that (61) is satisfied. Here wGb
is obtained with the robust design method using (31), and

B is given by (32).
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5.2 Examples of Robust Chebyshev Design for the GSC

A design example for a broadband GSC is given below. This example illustrates the impor-
tance of robust spatial filter design for an adaptive beamformer.

The upper and lower beamformers wG and wB are designed both as ordinary Chebyshev
filters using (55), and robust Chebyshev filters using (56). The upper beamformer wG is
designed according to the example given in section 4.2.

The lower beamformer, wB, is a spatial highpass (HP) filter, with the same input signals
as the upper beamformer. The stopband region for the lower beamformer is defined by 0.1 ≤
fT ≤ 0.5 and 0◦ ≤ θ ≤ 9◦, and the passband region by 0.1 ≤ fT ≤ 0.5 and 40◦ ≤ θ ≤ 90◦,
cf. Fig. 2. The stopband and passband region frequency weighting coefficients are chosen as
vi = 10 and vi = 1, respectively. The same I = 861 points are used on the f–θ grid as for the
upper beamformer. The desired response is given by Gd(f, θ) = 0 in the stopband region,
and Gd(f, θ) = 1 in the passband region.

As with the previous examples, the simulated element perturbations are generated ac-
cording to the probabilistic model given in section 2.1, with sensor position errors having
uniformly distributed circular coordinates.

Again, Figs. 15 and 16 illustrate how the robust design (56) can be used to significantly
reduce the filter magnitude ‖wB‖, and hence the sensitivity to perturbations, without signifi-
cantly affecting the nominal beamformer response, as compared with the ordinary Chebyshev
design (55).

Figs. 17 and 18 further illustrate the impact of perturbations on the ordinary, and the
robust designed lower beamformer wB, respectively. The figures show the perturbation term
calculated for different levels of inaccuracy, together with the beamformer response in the
stopband region. The response remains essentially unaffected by perturbations when the
perturbation term is less than the stopband magnitude.

Figs. 19 and 20 show the output spectral density of the ordinary designed GSC, according
to (58), with and without sensor perturbations corresponding to a perturbation radius of 1%,
respectively. Figs. 21 and 22 show the corresponding results for the robust designed GSC.
Signal, sensor noise, and leaky noise levels are 0 dB, −60 dB, and −20 dB, respectively, all
signals having flat spectrum.

The figures illustrate how the ordinary designed GSC is subject to target signal cancel-
lation in the passband region due to perturbations, while the robust designed GSC remains
unaffected due to the robust designed lower beamformer. Further, the robust designed GSC
has better canceling capabilities in the stopband region, due to the robust designed upper
beamformer, which gives less sensor noise at the output.

6 Summary and Conclusions

In a fixed, broadband, delay–and–sum beamformer implementation, an important considera-
tion is the robustness of the beamformer response with respect to model imperfections such as
inaccuracies in sensor positions and/or sensor frequency response. A straightforward analysis
shows that the mean–square impact of perturbations is bounded by a quantity, proportional
to the squared Euclidean norm of the beamformer weights. The beamformer will thus be
robust with respect to model imperfections if this norm is kept low.

When specifying the frequency and angular intervals for a linear and equispaced, broad-
band delay–and–sum beamformer for the far–field, only a cut wedge region of the corre-
sponding two–dimensional FIR filter frequency plane is specified. A large region is thus left
unspecified. This is typical also for more general beamformers.
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Figure 15: Nominal and perturbed beamformer response for a spatial HP–filter. One snap-
shot with a perturbation radius of 1%. Ordinary Chebyshev design: Chebyshev deviation
‖Go −Gd‖ = 0.2542, ‖wo‖2 = 64382.
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Figure 16: Nominal and perturbed beamformer response for a spatial HP–filter. One snap-
shot with a perturbation radius of 1%. Robust Chebyshev design: Chebyshev deviation
‖Gr −Gd‖ = 0.2840, ‖wr‖2 = 25.1.
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Figure 18: Impact of perturbations on the robust Chebyshev design with ‖wr‖2 = 25.1. Solid
line: Response for 0◦. Dashed line: Perturbation term wT

r Φiwr calculated for a perturbation
radius of 1/4, 2/4, 3/4 and 1 %.
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Figure 19: Output spectral density of adaptive beamformer with the ordinary design of the
upper and lower spatial filters. Result according to exact, nominal alignment.
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Figure 20: Output spectral density of adaptive beamformer with the ordinary design of the
upper and lower spatial filters. Result according to perturbations with a perturbation radius
of 1% (one snapshot).
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Figure 21: Output spectral density of adaptive beamformer with the robust design of the
upper and lower spatial filters. Result according to exact, nominal alignment.
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Figure 22: Output spectral density of adaptive beamformer with the robust design of the
upper and lower spatial filters. Result according to perturbations with a perturbation radius
of 1% (one snapshot).
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With conventional least squares or Chebyshev approximation methods in the design of
a fixed, broadband, delay–and–sum beamformer, the filter weight values may become ex-
cessively large. This anomaly is due to large, unspecified regions of the corresponding two–
dimensional FIR filter frequency plane. With large filter weight values, the frequency response
of the resulting beamformer may be severely degraded due to model imperfections.

For an adaptive beamformer such as the Generalized Sidelobe Canceller (GSC) an anoma-
lous design of the upper and lower branch may cause reduced jammer suppression, and target
signal cancellation, respectively. A robust design of these branches is thus vital. Furthermore,
a robust design of the upper branch will prevent sensor noise at the output from becoming
excessive.

In this paper, robust design procedures for both the least squares, and the Chebyshev
error design criterion, are given. The resulting beamformer frequency responses are robust
with respect to model imperfections in sensor positions, amplitudes and phases.

When a probabilistic model of the inaccuracies is given, the least squares and Chebyshev
approximations can be made robust by modifying the corresponding inner product and max–
norm, respectively, so that the effect of perturbations is taken into account. The robust least
squares design can be obtained by solving a set of linear equations, and the robust Chebyshev
design, by using a quadratic programming formulation.

A specific probabilistic model is studied in detail, consisting of a far–field array with
mutually independent element placement errors, having identical and circular symmetrical
error distributions. This model is also used for the simulation experiments included.

When no probabilistic model is given, the straightforward approach is to keep control both
on the approximation error, and on the magnitudes of the beamformer weights simultaneously.

A robust weighted Chebyshev design criterion is defined, where a small Chebyshev error is
traded off against small beamformer weights in an optimal way. The beamformer designed in
this way has the smallest Euclidean filter norm out of all filters with Chebyshev error bounded
by a given value. It can be obtained by using a quadratic programming formulation.

For a far–field, linear and equispaced array, the robust Chebyshev criterion yields a
quadratic program with a quadratic, positively definite target function and linear constraints.
In this case, the problem is well–conditioned, it can be solved with efficient, all purpose opti-
mization algorithms for quadratic programs, and it always has a unique solution, in contrast
to the ordinary Chebyshev solution.

Examples are given which demonstrate that with a small increase in approximation er-
ror, the beamformer response can be made robust with respect to perturbations in sensor
positions, which would otherwise devastate the response.

Appendix

A Sensor Perturbations with Circular Symmetry

Below the expressions (12) and (14) are deduced for the far–field case, where the array, and the
incident wave are two–dimensional, and the sensor position errors have circular symmetry.
The wave unit vector is given by u = (cos θ, sin θ) in a cartesian coordinate system, with
θ defining the spatial direction of the wave. The perturbation of an element is given by
∆r = (x, y) = (ρ cosϕ, ρ sinϕ), where (x, y) and (ρ, ϕ) are the cartesian, and the circular
coordinates, respectively.

It is now assumed that the joint probability density function p(x, y) for the cartesian
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coordinates of ∆r has circular symmetry, that is

p(x, y) = g(ρ), (63)

where ρ =
√
x2 + y2, and g(·) is a function of one variable. The constant C is then given by

C =

∫ +∞

−∞

∫ +∞

−∞
e−j2π

f
c
u·∆rp(x, y)dxdy =

∫ +∞

0
ρg(ρ)

∫ π

−π
e−j2π

f
c
ρ cos(ϕ−θ)dϕdρ. (64)

The inner integral is over one period of cosϕ, and is therefore independent of θ and can be
written as ∫ π

−π
e−j2π

f
c
ρ cos(ϕ−θ)dϕ =

∫ π

−π
e−j2π

f
c
ρ sinϕdϕ =

∫ π

−π
cos(2π

f

c
ρ sinϕ)dϕ. (65)

With J0(x) denoting the Bessel function of the first kind, and of order zero

J0(x) =
1

2π

∫ π

−π
cos(x sinϕ)dϕ, (66)

the constant C is given by

C = 2π

∫ ∞
0

ρg(ρ)J0(2π
f

c
ρ)dρ, (67)

which is (12).
Let p(x, y) and p(ρ, ϕ) denote the joint probability density functions for the cartesian and

the circular coordinates of ∆r, respectively. The relationship between these densities is

p(x, y) =
1

ρ
p(ρ, ϕ) (68)

x = ρ cos(ϕ) (69)

y = ρ sin(ϕ) (70)

for ρ > 0 and −π < ϕ ≤ π.
Assume now that the circular coordinates ρ and ϕ of ∆r are independent and uniformly

distributed in the intervals (0, ρ0), and (−π, π], respectively, then

p(ρ, ϕ) =

{
1

2πρ0
if 0 < ρ < ρ0 , −π < ϕ ≤ π

0 else
(71)

and

p(x, y) = g(ρ) =

{
1

2πρ0ρ
if 0 < ρ < ρ0

0 else
(72)

for (x, y) 6= (0, 0). Hence p(x, y) has circular symmetry.
For the present case, it is concluded that

C =
1

ρ0

∫ ρ0

0
J0(2π

f

c
ρ)dρ, (73)

which is (14).
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B Alternative Robust Formulations

The equivalence of the robust formulations (52) versus (53), and (56) versus (57) in section
4 are demonstrated below.

The robust weight vector wr according to (52) is defined by{
minimize wTw, subject to
v2
i · |εi(w)|2 − α2 ≤ 0 for i = 1, . . . , I

(74)

where α is a positive constant, and the alternative formulation is{
minimize µ ·wTw + δ2, subject to
v2
i · |εi(w)|2 − δ2 ≤ 0 for i = 1, . . . , I

(75)

where δ is an additional real variable, and µ is a positive design parameter. The optimal
solution to (75) is denoted (w′r, δ

′).
The optimal solution to (74) remains unchanged if the target function is multiplied by the

constant µ used in (75). Further, since δ > 0, and in order to make (75) a convex program,
we introduce the substitution γ = δ2.

Using matrix notations, the Kuhn–Tucker conditions [25] for the quadratic program in
(74) are then given by 

2µw + JTλ = 0[
(ε2)T − α21T

]
λ = 0

λ ≥ 0

(76)

where 1 is a I×1 vector of ones and λ is the I×1 vector of nonnegative Lagrange multipliers,
ε2 = [v2

1|ε1|2 · · · v2
I |εI |2]T , εi = wTdi −Gdi and J = [∇1 · · · ∇I ]T is the I ×N Jacobian of ε2.

Here, v2
i |εi|2 = wTAiw − 2aTi w + ai and ∇i = 2Aiw − 2ai.

The corresponding Kuhn–Tucker conditions for the quadratic program in (75) are
2µw + JTλ = 0

1− 1Tλ = 0[
(ε2)T − γ1T

]
λ = 0

λ ≥ 0

(77)

and we conclude that with α = δ′, the unique optimal solutions to (74) and (75) coincide,
that is, wr = w′r.

The robust weight vector gr according to (56) is defined by
minimize gTCg, subject to

vi(φ
T
i g −Hdi)− α ≤ 0 for i = 1, . . . , I

−vi(φTi g −Hdi)− α ≤ 0 for i = 1, . . . , I

(78)

where α is a positive constant, and the alternative formulation is
minimize µ · gTCg + δ2, subject to

vi(φ
T
i g −Hdi)− δ ≤ 0 for i = 1, . . . , I

−vi(φTi g −Hdi)− δ ≤ 0 for i = 1, . . . , I

(79)

where δ is an additional real variable, and µ is a positive design parameter. The optimal
solution to (79) is denoted (g′r, δ

′).
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The optimal solution to (78) remains unchanged if the target function is multiplied by

the constant µ used in (79). Using matrix notations, the Kuhn–Tucker conditions for the
quadratic program in (78) are then given by

2µCg +

[
JT

... − JT
]
λ = 0[

εT − α1T
... − εT − α1T

]
λ = 0

λ ≥ 0

(80)

where 1 is a I×1 vector of ones and λ is the 2I×1 vector of nonnegative Lagrange multipliers,
ε = [v1ε1 · · · vIεI ]T , εi = φTi g −Hdi and J = [v1φ1 · · · vIφI ]T is the I ×M Jacobian of ε.

The corresponding Kuhn–Tucker conditions for the quadratic program in (79) are

2µCg +

[
JT

... − JT
]
λ = 0

2δ +

[
−1T

... − 1T
]
λ = 0[

εT − δ1T
... − εT − δ1T

]
λ = 0

λ ≥ 0

(81)

and we conclude that with α = δ′, the unique optimal solutions to (78) and (79) coincide,
that is, gr = g′r.
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