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Nowadays, cameras are everywhere thanks to the tremen-
dous progress on sensor technology. However, their per-
formance is far away from what we experience by our eyes. 
The study from evolution process shows how the sensor 
arrangement of retina in human vision has differentiated 
from other species and is formed into a specific combina-
tion of sub-arrangements from hexagonal to elliptical ones. 
There are three major key differences between our visual 
cell arrangement and current camera sensors which are: the 
sub-arrangements, the pixel form and the pixel density.

Despite the advances in sensor technology we face limita-
tions in their further development; i.e. to make the cam-
eras close to the visual system. This is due to the optical 
diffraction limit which prevents us to increase the sensor 
resolution, and rigidity of hardware implementation which 
prevent us to change the image sensor after manufacturing. 
In the thesis the possibilities to overcome such limitations 
are investigated where the intention is to find a closer sen-
sory solution to the visual system in comparison to the 
current ones.

Breaking the diffraction barrier and solving the rigidity 
problem are simultaneously achieved by introducing and es-
timating virtual subpixels. A statistical framework consisting 
of local learning model and Bayesian inference for predicting 
the incident photons captured on each such a subpixel is 
used to resample the captured image by any current cam-
era sensor. By investigating the virtual variation of pixel size 
and fill factor the validity of the proposed idea is proven by 
which the results show significant changes of dynamic range 
and tonal levels in relation to the variation. As an example, 
for both monochrome and color images the results show 
that by virtual increase of fill factor to 100%, the dynamic 
range of the images are widened and the tonal levels are 
enriched significantly over 256 levels for each channel.

The results of virtual variation of the fill factor and pixel 
size indicates that it is feasible to change the rigidity of the 
image sensor using the software-based method. Inspired by 
the mosaic in the fovea, the center of human retina, the 
hexagonal sub-arrangement and pixel form are proposed to 
generate images based on the estimated virtual subpixels. 
Compared to the original square images, not only the dy-
namic range and tonal levels are improved, but also the hex-
agonal images are superior in detection of edges, i.e. more 
edge points on the contour of the objects are detected in 
hexagonal images.

The evaluation of different sub-arrangements or pixel forms 
of the image sensor is a challenging task and should be di-
rected to a more specific task. Since the curvature contours 
contain most of the information related to object percep-
tion and human vision is highly evolved to detect curva-

ture object, the task is focused to investigate the impact 
of the curviness on the different pixel forms and sub-ar-
rangements, by comparing two categories of images; having 
curved versus linear edges of the objects in a pair of images 
which have exact similar contents but different contours. 
The detectability of each of the different sensor structures 
for curviness is estimated and the results show that the 
image on hexagonal grid with hexagonal pixel form is the 
best image type for distinguishing the curvature contours 
in the images.

According to the pattern of pixels tiling, there are two types 
of pixel sub-arrangements, i.e. periodic (e.g. square or hexag-
onal), and aperiodic (e.g. Penrose). Each type of sub-arrange-
ments is investigated where the pixel forms and density are 
variable. By having at least two generated images of one 
configuration (i.e. specific sub-arrangement, pixel form and 
density), the result of histogram of gradient orientation of 
the certain sensor arrangement shows a stable and specific 
distribution which we called it the ANgular CHaracteristic 
of a sensOR structure (ANCHOR). Each ANCHOR has a 
robust pattern which is changed by the change of the sen-
sor sub-arrangement. This makes it feasible to plan a sensor 
sub-arrangement in the relation to a specific application and 
its requirements, and more alike the biological vision senso-
ry. To generate such a flexible sensor, a general framework 
is proposed for virtual deforming the sensor with a certain 
configuration of the sensor sub-arrangement, pixel form 
and pixel density.

Assessing the quality difference between the images gen-
erated by different sensor configuration or addressing 
from on configuration to another one generally needs the 
conversion of one to another. To overcome this problem, a 
common space is proposed by implementing a continuous 
extension of square or hexagonal images based on the or-
bit function, for quality evaluating the images with different 
arrangements and addressing from one type of image to an-
other one. The evaluation results show that the creation of 
such space is feasible which facilitates a usage friendly tool 
to address an arrangement and assess the changes between 
different spatial arrangements, for example, it shows richer 
intensity variation, nonlinear behavior, and larger dynamic 
range in the hexagonal images compared to the rectangular 
images.
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ABSTRACT 
 

Nowadays, cameras are everywhere thanks to the tremendous progress on sensor technology. 

However, their performance is far away from what we experience by our eyes. The study from 

evolution process shows how the sensor arrangement of retina in human vision has 

differentiated from other species and is formed into a specific combination of sub-

arrangements from hexagonal to elliptical ones. There are three major key differences between 

our visual cell arrangement and current camera sensors which are: the sub-arrangements, the 

pixel form and the pixel density.  

Despite the advances in sensor technology we face limitations in their further development; 

i.e. to make the cameras close to the visual system. This is due to the optical diffraction limit 

which prevents us to increase the sensor resolution, and rigidity of hardware implementation 

which prevent us to change the image sensor after manufacturing. In the thesis the possibilities 

to overcome such limitations are investigated where the intention is to find a closer sensory 

solution to the visual system in comparison to the current ones. 

Breaking the diffraction barrier and solving the rigidity problem are simultaneously achieved 

by introducing and estimating virtual subpixels. A statistical framework consisting of local 

learning model and Bayesian inference for predicting the incident photons captured on each 

such a subpixel is used to resample the captured image by any current camera sensor. By 

investigating the virtual variation of pixel size and fill factor the validity of the proposed idea 

is proven by which the results show significant changes of dynamic range and tonal levels in 

relation to the variation. As an example, for both monochrome and color images the results 

show that by virtual increase of fill factor to 100%, the dynamic range of the images are 

widened and the tonal levels are enriched significantly over 256 levels for each channel. 

The results of virtual variation of the fill factor and pixel size indicates that it is feasible to 

change the rigidity of the image sensor using the software-based method. Inspired by the 

mosaic in the fovea, the center of human retina, the hexagonal sub-arrangement and pixel form 

are proposed to generate images based on the estimated virtual subpixels. Compared to the 

original square images, not only the dynamic range and tonal levels are improved, but also the 

hexagonal images are superior in detection of edges, i.e. more edge points on the contour of 

the objects are detected in hexagonal images.  

The evaluation of different sub-arrangements or pixel forms of the image sensor is a 

challenging task and should be directed to a more specific task. Since the curvature contours 

contain most of the information related to object perception and human vision is highly 

evolved to detect curvature object, the task is focused to investigate the impact of the curviness 

on the different pixel forms and sub-arrangements, by comparing two categories of images; 

having curved versus linear edges of the objects in a pair of images which have exact similar 

contents but different contours. The detectability of each of the different sensor structures for 

curviness is estimated and the results show that the image on hexagonal grid with hexagonal 

pixel form is the best image type for distinguishing the curvature contours in the images.  

According to the pattern of pixels tiling, there are two types of pixel sub-arrangements, i.e. 

periodic (e.g. square or hexagonal), and aperiodic (e.g. Penrose). Each type of sub-

arrangements is investigated where the pixel forms and density are variable. By having at least 

two generated images of one configuration (i.e. specific sub-arrangement, pixel form and 

density), the result of histogram of gradient orientation of the certain sensor arrangement 
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shows a stable and specific distribution which we called it the ANgular CHaracteristic of a 

sensOR structure (ANCHOR). Each ANCHOR has a robust pattern which is changed by the 

change of the sensor sub-arrangement. This makes it feasible to plan a sensor sub-arrangement 

in the relation to a specific application and its requirements, and more alike the biological 

vision sensory. To generate such a flexible sensor, a general framework is proposed for virtual 

deforming the sensor with a certain configuration of the sensor sub-arrangement, pixel form 

and pixel density. 

Assessing the quality difference between the images generated by different sensor 

configuration or addressing from on configuration to another one generally needs the 

conversion of one to another. To overcome this problem, a common space is proposed by 

implementing a continuous extension of square or hexagonal images based on the orbit 

function, for quality evaluating the images with different arrangements and addressing from 

one type of image to another one. The evaluation results show that the creation of such space 

is feasible which facilitates a usage friendly tool to address an arrangement and assess the 

changes between different spatial arrangements, for example, it shows richer intensity 

variation, nonlinear behavior, and larger dynamic range in the hexagonal images compared to 

the rectangular images.   

 
 

Keywords: image sensor, pixel form, sub-arrangements, fill factor, square 

image, hexagonal image, deformable sensor, quality assessment. 
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PREFACE 
 

This doctoral thesis summarizes my work within the field of image processing. The work has 

been conducted at the faculty of computing at Blekinge Institute of Technology. The thesis 

consists of two sections: 

 

Section A 
 

Provides an overview of the published work in the form of five chapters: 

1. Introduction 

2. The model of incident photons 

3. Image generation 

4. The results and discussion 

5. Conclusions and Summaries 

 

 

Section B 
 
Reformatted version of the published papers is attached. 

 

Paper I : Novel Software-based Method to Widen Dynamic Range of CCD Sensor Images 

Paper II : A Software Method to Extend Tonal Levels and Widen Tonal Range of CCD Sensor 

Images 

Paper III : Estimation of Image Sensor Fill Factor Using a Single Arbitrary Image 

Paper IV : Image Quality Assessment of Enriched Tonal Levels Images 

Paper V : Back to Basics, Towards Novel Computation and Arrangement of Spatial Sensory in 

images 

Paper VI : The Impact of Curviness on Four Different Image Sensor Forms and Structures 

Paper VII : Virtual Deformable Image Sensors: Towards to A General Framework for Image 

Sensors with Flexible Grids and Forms 

Paper VIII : A Common Assessment Space for Different Sensor Structures 
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1. Introduction 
 

The image formation in a digital camera is the process that the light reflected on the 

surrounding object surface goes through the optics and is captured by the image 

sensor in the camera shown in Figure 1. The ability of collecting light which is 

composed of photons depends on the performance of a camera, which includes two 

parts: transparency of the optics and the actual number of photons that are captured 

by image sensor. The characteristic of an image sensor array shows the photon 

capturing ability of the camera. A sensor array consists of a large number of light-

sensing elements, sensor pixels, arranged in a two-dimensional array where each 

sensor pixel functions as a potential well to store/register the generated 

charge/photoelectrons. The photon collection process on a sensor array is 

demonstrated in Figure 2, where each bucket represents storage of photoelectrons, 

by modelling a photodiode and a well of one pixel in the image sensor and the rain 

drops, blue lines, represent the incident photons that fall into the sensor. By having 

bigger bucket or more buckets more rain drops, number of photons, are collected. 

The photons that arrives on one pixel are converted into electrons, where the number 

of electrons created per photon is defined as quantum efficiency (QE), one of the most 

important parameter for evaluating the quality of a detector. The average QE of a 

charge couple device (CCD) sensor is 60-70% [1] and the newest bio-imaging CCD 

cameras have a QE of nearly 75% and as high as 90% for back thinned CCD sensors. 

Additionally to the improvement on the QE of the sensor, the digital image sensor 

technology has made huge progress by increase of the image resolution and 

improving low-light performance [2]. The achievements are due to the reduction of 

the sensory element (the pixel size), improving the conversion of collected photons 

to electrons (the quantum efficiency), and using hardware techniques on the sensor 

[3,4]. However, the image quality is not affected only by the pixel size or quantum 

efficiency of a sensor [5]. As the sensor pixel size becomes smaller, this results in a 

smaller die size and a higher spatial resolution gain; all at the cost of a lower signal-

to-noise ratio, lower dynamic range, and fewer tonal levels [6]. Not only the QE and 

pixel size, but also the inter-pixel distance, arrangement, and form of the pixels play 

significant roles in the photon collection which is verified by comparison between 

current sensor techniques and biological vision systems, especially human visual 

system. 
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Figure 1. The image formation process.

Figure 2. Graphical representation of photon collection process on a sensor array. 

Due to the physical limitation on the sensor manufacturing, it is impossible to 

eliminate the inter-pixel distance, the gap, between photodiode area in pixels. One 

way to define the gap is using the fill factor, which is the ratio of light sensitive area 

versus total area of a pixel [7]. Then the effective quantum efficiency of a sensor array 

is proportional to fill factor as in 𝑄𝐸𝑒𝑓𝑓 = 𝐹𝐹 × 𝑄𝐸 , where 𝑄𝐸𝑒𝑓𝑓 is the effective 

𝑄𝐸 and 𝐹𝐹 is the fill factor. In special applications, e.g. live cell imaging, when very 

little light is emitted to the sensor, e.g. in order to reduce phototoxicity, having high 

quantum efficiency and in its turn having full fill factor becomes especially 

important. In image sensor system, there is an inherent uncertainty in the read-out

process due to the electronic measurement, dependent upon read out speed among 

other factors; this uncertainty is referred to as read noise. The proportion of read out 

signal to read noise is termed the signal-to-noise ratio (SNR). The read noise of a 

sensor has a Gaussian distribution across the pixels [8]. The ability to quantitatively 

measure both dim and bright signals is expressed by dynamic range (DR) which 
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refers to the maximum signal value of a sensor i.e. having the full well capacity 

divided by the sum of the sensor’s dark noise and read noise. Therefore, a sensor’s 

ability to perform well in lowlight conditions requires a large dynamic range. The 

dependency of DR on dark noise can be considered negligibly as far as the dark noise 

is highly dependent on camera temperature and in most of demanding applications 

like as in bio-imaging this is prevented by integrated cooling. From above facts it can 

be argued that increase of the SNR and widening of the DR is proportional to fill 

factor. An effective way to increase the fill factor is to put a microlens above each 

pixel which converges light from the whole pixel unit area into the photodiode in 

order to capture more number of photons as shown in Figure. 2, larger bucket 

captures and holds more photons. Since 90s, various microlenses have been 

developed for increasing fill factor and thereby widen not only the DR but also 

extend the tonal levels, i.e. the mid-tone levels expansion between the possible 

lightest and darkest luminosity values of a captured image. They are widely used in 

CCD sensors [6, 9].  However it is still impossible to make fill factor 100% in practical 

production due to the physical limitations in digital camera development [2]. Two 

phenomena related to such physical limitations are the saturation and the blooming 

effects. They occur in all image sensors under conditions in which either the finite 

charge capacity of individual photodiodes (i.e. sensitive sensor pixel), or the 

maximum charge transfer capacity is reached over the sensor or sensor array’s 

properties. The amount of charge that can be accumulated in an individual sensitive 

sensor pixel is defined by its full well capacity, and depends primarily on the sensor 

dimensions and the pixel gap size.  

The most dominant grid structure of the image sensor in a digital camera is the 

two-dimensional square grid, where each pixel is having square as the basic form. Its 

easy implementation in the Cartesian coordinate system makes its current popularity 

since the invention of the first digital image camera. The resolution on the image 

sensor array has been increased drastically by reducing the pixel size, in some special 

image sensors such as OV5675 from OmniVision [10], the pixel size is as small as  

1.12 𝜇𝑚 × 1.12 𝜇𝑚. However, the smaller pixel size results to lower dynamic range 

(DR), lower signal-to-noise ratio (SNR) and lower fill factor (FF) [11], indicating that 

reducing the pixel size reduces the image quality. Moreover, the optical diffraction 

limit; which is a constrain by the aperture of optical elements, makes it impossible to 

physically reduce the pixel size less than 1.22 𝜆𝑓/𝐷 according to Rayleigh criterion, 

where 𝜆 is the wavelength of light, 𝑓 is the focal length of lens, and 𝐷 is the aperture 

diameter. The wavelengths of visible light range are between 390 𝑛𝑚 to 780 𝑛𝑚 for a 

typical human eye. To achieve a better photon collector sensor array, a better design 

for the sensor array is needed to replace the current pixel arrangement and form. 
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Anatomical and physiological studies indicate that our visual quality related 

issues, such as high contrast sensitivity, high signal-to-noise ratio (SNR), and optimal 

sampling are related directly to the form and arrangement of the cell sensors in the 

visual system [12], which have a significant role in optimizing the visual acuity [13]. 

In human visual system the retina, formed by the rod and cone photoreceptors, 

initiates the visual process by converting a continuous image to a discrete array of 

signals. Curcio et el. [2] investigation on human photoreceptor revealed that the 

properties of the rods and cones mosaic determine the amount of information which 

is retained or lost by sampling process, including resolution acuity and detection 

acuity. The photoreceptor layer specialized for maximum visual acuity is in the 

center of the retina, the fovea, which is 1.5 mm wide and is composed by cones 

entirely. Figure. 3 shows the distribution of photoreceptors in the areas from the 

center to periphery of retina. The shape of cones is much closed to hexagonal and the 

cones in center fovea are densely packed, where there is no gap between each two 

cones. Due to this configuration the visual acuity and neural sampling in fovea are 

optimized. However, in the periphery part, the cones and rods are not packed closely, 

especially the cones are very apart from each other, and the form of each 

photoreceptor is closer to elliptical.  

 

    
Figure 3. The enhanced and zoomed images of four segments of a human foveal photoreceptor 

mosaic from the original image printed in [4]. From left to right, the segment is chosen from 

the center of fovea, the slope of fovea, and the peripheral areas that are 1.35mm and 5 mm 

away from the fovea center respectively. 

 

Inspired by the human visual system, the hexagonal grid structure, as an 

alternative grid structure for image representation instead of the conventional grid, 

has been proposed and implemented on both hardware and software way, due to its 

advantages compared to the square grid [14,15]. Two examples of the hardware 

solutions are:  a super CCD from Fujifilm by arranging octagonal-formed pixels in a 

hexagonal sensor grid [16], and  a new color filter arrays (CFA) in hexagonal form for 
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the image sensors [17]which improves the quality of the acquired information by the 

sensor. However, the cost of technology changing from the current square grid and 

pixel form to the hexagonal ones has been one of the major issues in either the camera 

or the display manufacturing, which has resulted to the today’s unpopularity of 

hexagonal technique implementation on the hardware. Another issue is about the 

image processing in hexagonal grid which is unlike the square grid and the pixels are 

not addressed by integer Cartesian coordinates. This is due to that the pixels on 

hexagonal grid are not aligned in two orthogonal directions. This leads to the 

difficulty of the image quality assessment between different sensor grids. Besides the 

hardware implementation of the hexagonal grid, several attempts of building 

artificial retinas with electronic hardware are also achieved showing a development 

from implementations with discrete components [18] over first integrated versions 

[19] to high-density arrays [20] with resolutions of up to 48,000 pixels [21]. 

Since it is difficult to implement even hexagonal sensor grid in the hardware 

solution and it is almost impossible to change the sensor grid and pixel form 

physically on the hardware, numerous software solutions using image processing 

algorithms are developed to generate images on different sensor grids. Different 

algorithms and mathematics models emerged in recent years to acquire hexagonal 

grids. For example, the rectangular grid can be suppressed in rows and columns 

alternatively and be sub-sampled; i.e. half-pixel shifting method [22]. In this way, a 

bigger hexagonal pixel is generated in cost of obtaining lower resolution in 

comparison to the original rectangular grid. In the method, the distance between 

rows is changed by √3/2 and the pixel shifting can be achieved e.g. by implementing 

normalized convolution [23]. The significances of such a structure are the 

equidistance’s and 60 degrees intersection of the sampling points. In Yabushita et al. 

[24], the pseudo hexagonal element is composed of small square pixels with the 

aspect ratio of 12:14, which was later implemented by Jeevan et al. with different ratio 

of 9:8 [25]. In the spiral architecture of He et al. [26] four square pixels are averaged 

and generate a hexagonal pixel. Based on the spiral architecture, a design procedure 

for the development of hexagonal tri-directional derivative operators is present in 

[27], that can be applied directly to hexagonal images and can be used to improve 

both efficiency and accuracy with respect to feature extraction on conventional 

intensity images. Although the architecture preserve the main property of object, it 

is losing some degree of resolution which has impact especially on the result of edge 

detection applications [28]. Later this architecture was improved by Wu et al. [29], by 

mapping the rectangular grids to hexagonal ones, processing images on hexagonal 

grids, and remapping the results to the square grids. By processing images on a 

hexagonal grid less distortion was observed [30]. All above software-based methods 

have one major common property; they convert the rectangular grid to the hexagonal 
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one using linear combination of rectangular pixels. The technique of resampling 

digital images on this pseudo-hexagonal grid by using three interpolation kernels is 

proposed in [31] and one blurring kernel have been demonstrated. Then a new spline 

based on Least-squares approach is presented in [32], used for converting to 

hexagonal lattice and has been demonstrated to achieve better quality than 

traditional interpolative resampling. In the most recent research, [33] introduced the 

method to convert the image from square to hexagonal lattice in Frequency domain 

using Fourier transform. In another type of tiling grids, aperiodic tiling grid (i.e. 

Penrose or log-spiral grids) [34,35], there are various pixel forms which can be fixed 

and regular, such as square, hexagonal and rhombus, or can be dynamic and 

irregular, such as voronoi [36,37]. To have a higher fill factor, all the pixel forms are 

used for removing the gap between pixels. However, the achievement of the different 

pixel forms in different grids are still done by interpolation.   

1.1. Aims and Contributions 
The main aim of the work presented in this thesis is to explore and investigate the 

new flexible sensors, since the physical rigidity makes the image sensor impossible 

to be changed after the manufacturing. To overcome the hardware limitation and 

deform the current image sensor, this work proposed a software-based way to 

achieve different properties of the sensor, including a framework that offers 

significant flexibility in design of grid structure, pixel form and gap factor of the 

image sensor. 

The core of this work is a novel method to resample the image on the sensor with 

higher resolution by modeling the incident photons on the sensor. The image will be 

arranged onto a grid of subpixels. Each pixel of a captured image by traditional image 

sensor (i.e. having square grid and pixel form) is projected onto a grid of square 

subpixels in which the grid is arranged by the known fill factor or its estimation 

value, where each pixel is composed by n by n subpixels. Inspired by Monte Carlo 

simulation, the intensity values of the subpixels are estimated by a statistical 

resampling process; using of a local learning model, a Bayesian inference method, 

and a maximum likelihood estimator (of Gaussian distribution). Then the subpixels 

are ready for projection onto the new pixel form or sensor grid. 

The work to deform the sensor starts from the investigation on fill factor which is the 

bottle neck problem for improving performance of the sensor, especially the quantum 

efficiency, in order to widen dynamic range of output image. Both Paper I and II 

prove the feasibility of widening the dynamic range and extending the tonal level of 

one image by virtual increase of fill factor to 100%, where the experiment images are 

monochrome and generated by simulation toolbox in Paper I and a real CCD camera 
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in Paper II. However, the fill factor is an industrial secrecy by most image sensor 

manufacturers due to its direct effect on the assessment of the sensor quality. Paper 

III proposed a method to estimate the fill factor of a camera sensor from an arbitrary 

single image. The virtual response function of the imaging process and sensor 

irradiance are estimated from the generation of virtual images. Then the global 

intensity values of the virtual images are obtained, which are the result of fusing the 

virtual images into a single, high dynamic range radiance map. A non-linear function 

is inferred from the original and global intensity values of the virtual images. With 

the estimated fill factor and its virtual increase to 100%, the dynamic range and tonal 

level in color images are both enhanced in Paper IV. The image contrast is improved 

in both monochrome and the color images.  

Since it was successful to increase the pixels fill factor virtually based on the 

modelling of the incident photons on the sensor, paper V and VI proposed the 

methods for generating images on virtual hexagonal grid by half-pixel shift and 

virtual hexagonal form resampling. In Paper V, it has been proved that more number 

of the edge points can be detected in hexagonal images. The impact of different sensor 

structures including the new hexagonal one are investigated where the implemented 

original images were used previously in an earlier investigation [16] on human visual 

preference of curved versus linear edges based on recognition of the physical 

elements in different visual stimulus. Paper VI introduced a method for curviness 

quantification by comparison of the sharp transitions in contour of all correspondent 

objects in pair of images which have exact similar contents but two different contours. 

The quantification results reveal the impact of the sensor properties, grid structure, 

pixel form and fill factor on the images, which indicate that the grid structure is the 

most important one that makes difference between the type of images, and the pixel 

form is the second important one. It was also found that the enriched hexagonal 

image type is the best among other investigated image types in preservation of 

curviness. 

The results match the discovery of the psychological study in [16], that our visual 

system prefers curved visual objects due to the sensor arrangement in the fovea. 

However, the center of human retina, fovea, is also close densely packed and   its 

hexagonal arrangement varies from the center to peripheral area. Our previous 

systematic investigation resulted to the proposal of a general framework towards a 

virtual deformable image sensor in which grid, pixel and the gap can change their 

form and size which facilities the virtual generation of any types of sensor 

arrangement. The framework is proposed in Paper VII, whose core is the modelling 

of the incident photons onto the sensor surface. Compared to the previous papers 

and work, the attention is paid to the aperiodic tiling grid, i.e. Penrose grid. In the 
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framework for a certain sensor arrangement a configuration of three optional 

variables are used which includes the structure of arrangement, the pixel form and 

the gap factor. The results revealed that the histogram of gradient orientations of a 

certain sensor arrangement has a specific distribution (called ANCHOR) and the 

ANCHORs change their patterns by the change of arrangement structure. Using the 

framework and ANCHOR it becomes feasible to plan a sensor arrangement in the 

relation to a specific application and its requirements where the sensor arrangement 

can be planed even as combination of different ANCHORs. This idea may result in 

being able to have a sensor arrangement in the future very alike that of the biological 

vision sensory system. Finally, Paper VII created a common space for addressing and 

assessing different spatial arrangements of sensors, which is implemented by 

extending a discrete arrangement to a continuous one with discrete Weyl Group orbit 

function transform. This makes it feasible to compare e.g. the images with hexagonal 

and rectangular arrangements in one common space without arrangement 

transforming. 

1.2. Thesis outline 
The work presented in this thesis is based on the eight papers reproduced in Part II. 

The work is structured in two parts; first part provides an overview of related 

problems, the proposed methods to solve the problems, then an analysis of related 

results and conclusions. Second part contains the papers which elaborate in detail the 

first part. Part I consists of five chapters. The description of the proposed model of 

incident photons is given in Chapter 2 and the process for generating images with 

different configurations is explained in Chapter 3. The analysis of the results is 

presented and discussed in Chapter 4. First part is concluded in Chapter 5 which also 

presents summaries of the papers.  
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2. The model of incident photons

By collecting incoming photons into a sample grid, an image sensor samples an 

image. Figure. 4 illustrates such conventional sampling grid on an image sensor array 

of four pixels. The white and black areas represent the sensitive areas and non-

sensitive areas in pixels respectively. The blue arrows in the figure represent the 

positions of sampled signal. Let assume the size of each pixel is ∆𝑥 by ∆𝑦. Then ∆𝑥

and  ∆𝑦 , the sample interval in 𝑥 and 𝑦 directions, are the spatial resolution of the 

output image. The sampling function can be expressed as

𝐹(𝑥′, 𝑦′) = ∑∑ 𝛿(𝑖∆𝑥, 𝑗∆𝑦)𝑓(𝑥, 𝑦)
𝑁

𝑗=0

𝑀

𝑖=0

where 𝑥, 𝑦, 𝑥′ and 𝑦′are pixel coordinates in the input optical image 𝑓and the output 

sampled image 𝐹 , with size of 𝑀 by 𝑁, respectively [38]. Let also assume the size of 

the sensitive area is ∆𝑥′ by ∆𝑦′ as shown in Figure. 4. Thus, when the incident light is 

not in the sensitive area with size of ∆𝑥′ by ∆𝑦′, 𝐹(𝑥′, 𝑦′) = 0.

Figure. 4. The image sampling on an image sensor. 

When the fill factor is lower than 100%, in that case the region of support 

corresponding to the sensitive area is not the whole area of one pixel. A signal 

resampling procedure is used in order to expand the region of support and improve 

the captured signal. For each pixel the resampled procedure consists of following 

parts: a) local learning model, b) sub-pixel rearrangement, c) model simulations on 

sub-pixel grid, d) intensity estimating of sub-pixels based on Bayesian inference, and 

e) pixel intensity estimation based on highest probability. Each part of the procedure 

is explained in more details as it follows.

a) Local learning model 
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In a neighborhood of the actual pixel one or combination of several statistical models 

are tuned according to data structure in the pixel neighborhood. The incident 

photons on the image sensor undergoes a Poisson random process during the 

exposure time; i.e. the number of photons that are captured by the image sensor is a 

random variable. The number of photons in each pixel area eventually (i.e. after 

sampling and quantization) results in generation of the pixel intensity. However, the 

relation between pixel intensities in a neighborhood of pixels is constrained by the 

optical means (e.g. the lens). This relationship is assumed to have a gaussian 

characteristic in this thesis and it is modeled in each neighborhood. By extending 

each neighborhood of a captured image by introducing subpixels, new 

neighborhoods of pixels are generated which each may have only known or only 

unknown or both known and unknown subpixels intensity values. The Gaussian 

model is learned from several close neighborhoods which include statistical enough 

known subpixels intensities.

b) Sub-pixel rearrangement

By knowing the fill factor, the image is rearranged in a new grid of virtual sensor 

pixels, each of which consisting of virtual sensitive and non-sensitive areas. Each of 

these areas is defined by integer number of sub-pixels. The intensity value of each 

pixel in the CCD image is assigned to all of subpixels in the virtual sensitive area. The 

intensity values of all sub-pixels in non-sensitive area in virtual sensor pixels were 

assigned to zero. An example of such rearrangement of sampled data to sub-pixel 

level is presented in Figure. 5. The pixel is composed by 40 by 40 subpixels, and its 

active area is 32 by 32, resulting in the fill factor is 64%, where the light grey area is 

the active area and the dark grey is the non-active area.

Figure. 5. The virtual image sensor pixel composed by subpixels whose fill factor is set as 

64%.

c) Model simulations on sub-pixel grid 
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In a sub-pixel rearranged neighborhood of the actual pixel, the local learned model 

is used to simulate all intensity values of the sub-pixels. The known intensity values 

of virtual sensitive sub-pixels and result of interpolation on the sub-pixel grid for 

obtaining the unknown intensity values of virtual non-sensitive sub-pixels are used 

to initiate the intensity values in the simulation. Several simulations are 

accomplished where in each one the number of actual sub-pixels varies from zeros to 

total number of sub-pixels of the actual virtual sensitive area. In this way each sub-

pixel of the actual virtual sensor obtains, after a number of simulations, various 

random intensity values. 

d) Intensity estimating of sub-pixels based on Bayesian inference  

Bayesian inference is employed to estimate the intensity of each sub-pixel by having 

the model simulations values as the observation values. Let y be the observed 

intensity value of each sub-pixel after simulations and x be the true intensity value of 

the sub-pixel, then 

𝑦 = 𝑥 + 𝑛 

where n can be considered as the contaminated noise by the interpolation process. 

Here the goal is to make the best guess, x̂ , of the value x given the observed values 

by 

�̂� = argmax
𝑥

𝑃(𝑥|𝑦), 

and   𝑃(𝑥|𝑦) =
𝑃(𝑦|𝑥)𝑃(𝑥)

𝑃(𝑦)
 

where P(x|y) is the probability distribution of x given y, P(y|x) is the probability 

distribution of y given x, P(x) and P(y) are the probability distribution of x and y. 

By assumption of having a Gaussian noise yields 

𝑃(𝑦|𝑥) = P(𝑥|𝑥 + 𝑛) =
1

√2𝜋𝜎𝑛
𝑒
−
(𝑦−𝑥)2

2𝜎𝑛
2

 

where σn  is the variance of the noise; i.e. the variance of interpolated data from 

simulations for each subpixel. The educated hypothesis P(x) is obtained by the local 

learning model which here has a Gaussian distribution with the mean μx and 

standard deviation of σx as following 

P(𝑥) =
1

√2𝜋𝜎𝑥
𝑒
−
(x−𝜇𝑥)

2

2𝜎𝑥
2

 

For posterior probability on x yields 
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𝑃(𝑥|𝑦) ≈ 𝑃(𝑦|𝑥)P(𝑥) =
1

√2𝜋𝜎𝑛
𝑒
−
(𝑦−𝑥)2

2𝜎𝑛
2

×
1

√2𝜋𝜎𝑥
𝑒
−
(x−𝜇𝑥)

2

2𝜎𝑥
2

 

 

The x which maximizes P(x|y) is the same as that which minimizes the exponent term 

in the above equation. Thus if  f(𝑥) = −
(𝑦−𝑥)2

2𝜎𝑛
2  −

(x−𝜇𝑥)
2

2𝜎𝑥
2  , when the derivative f′(𝑥) =

0, the minimum value or the best intensity estimation of the corresponding subpixel 

is 

�̂� =
𝑦𝜎𝑥

2 + 𝜇𝑥𝜎𝑛
2

𝜎𝑥
2 + 𝜎𝑛

2
 

 

e) Pixel intensity estimation based on highest probability 

The histogram of intensity values of the actual virtual sensor sub-pixels is calculated 

which indicates a tendency of intensities probability. The multiplication of inverse of 

fill factor with highest value of such probability is considered as the estimated 

intensity value of the actual virtual sensor as the result of resampling procedure 
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3. Image generation 
 

In this chapter, the process of generating an image with different sensor 

configurations is explained. According to the model of the incident photons onto the 

sensor surface discussed in chapter 2, the detailed reconstruction process is divided 

into three steps of (a) projecting each original pixel intensity onto a new grid of 

subpixels based on the gap size and form in the configuration; (b) estimating the 

values of subpixels based on a local learning model; and (c) estimating the new pixel 

intensity by decision-making based on the grid structure and pixel form in the 

configuration. The three steps are elaborated below: 

(a)  A grid of virtual image sensor pixels is constructed. Each original pixel, 

having square pixel form and arranged in square grid is projected onto a grid of 𝐿 × 

 𝐿 square subpixels. According to the configuration size of the gap 𝐺  between the 

pixels, the size of the active pixel area is defined as 𝑆 × 𝑆 , where 𝑆 = 𝐿 − 𝐺 . The 

intensity value of every pixel in the image sensor array is assigned to the virtual 

active pixel area in the new grid. The intensities of subpixels in the gap areas are 

assigned to be zero. An example of such sensor rearrangement on sub-pixel level is 

presented in Figure 5, where there is a 3 by 3 pixels’ grid, and the light and dark grey 

areas represent the active pixel areas and the gap areas. Assuming 𝐿 = 30 and 𝑆 =

18, and thereby the gap size becomes 𝐺 = 12 according to the above equation.  The 

size of the square subpixel grid for one pixel is examined from 20×20 to 40×40, the 

intensity in the generated images show no further significant changes after the size 

is 30×30. Thus, in the experiment, 𝐿 is set to 30.  

 

(b) The second step is to estimate the values of subpixels in both pixel areas and 

gap areas. The local model used in this work is Gaussian model, which is generated 

by maximum likelihood method. Then a local noise source is generated within each 

local model and introduced to its certain neighborhood. Inspired by Monte Carlo 

simulation, all subpixels in each certain neighborhood are estimated in an iteration 

process using the known pixel values (for subpixels in the active pixel area) or by 

linear polynomial reconstruction (for subpixels in gap area). In each iteration step the 

number of subpixels in the pixel area is varied from zero to total number of subpixels 

in pixel area. After the iteration process, a vector of intensity values for each subpixel 

is generated and the final subpixel value is predicted using Bayesian inference 

method and maximum likelihood of Gaussian distribution. 

 

https://en.wikipedia.org/wiki/Linear_polynomial
https://en.wikipedia.org/wiki/Linear_polynomial
https://en.wikipedia.org/wiki/Linear_polynomial
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(c) In the third step, the subpixels are projected onto the new deformable sensor 

grid with different sensor grid, pixel form and gap size in respective configuration. 

In this work, four sets of configurations are considered: 1) square grid and pixel form 

with or without gap, 2) pseudo-hexagonal grid by half-square-pixel shift and square 

pixel form with or without gap, 3) hexagonal grid and pixel form with or without 

gap, and 4) Penrose grid and rhombus pixel form with or without gap, where each 

of the configurations deformability is demonstrated.  For the image generation in the 

different grids, the subpixels are projected back onto the new sensor grid. The 

intensity value of each pixel in different sets of configurations is the intensity value 

which has the strongest contribution in the histogram of its belonging subpixels. The 

example of four sensor rearrangements onto subpixels are shown in Figure. 6.

Figure 6. From left to right: the sensor rearrangement onto the subpixel, the 

projection of the square pixels onto the hexagonal grid by half pixel shifting method, 

the projection of the square pixels onto the hexagonal grid in generation of 

hexagonal image and the projection of the square pixels onto the Penrose grid in 

generation of Penrose image.
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4. The results and discussion 
 

A set of six color images selected from the CID2013 database [39] are shown in Figure 

7. The database includes 480 color jpg images captured from 79 different cameras. 

Each image is down sampled (PDS) by Gaussian pyramid to generate the PDS image. 

For each PDS image the RGB, color space is converted to YUV color space. The 

mathematical relationship between RGB and YUV can be found in [40–42]. The 

luminance component of the YUV space is chosen for further processing due to its 

significant quality impact on the image. The grid pixel of the luminance image is 

extended to sub pixel level and used to generate the new image with the method 

proposed in section 3 by virtual increase of fill factor to 100%. The new generated 

images are tone mapped by Krawczyk tone mapping operator (K-TMO) [43] and 

shown in Figure 7 as well. The related histograms of both original and K-TMO images 

are shown in Figure 8. Both Figure 7 and 8 show larger dynamic range, higher 

contrast and more tonal levels in the generated tone-mapped images in comparison 

to the original images.  

 

In paper III, it has shown that the K-TMO is the best tone mapping among the four 

chosen TMO methods, i.e. the logarithmic mapping (L-TMO), Banterle TMO (B-TMO) 

[45], Krawczyk TMO (K-TMO), and Fattal TMO (F-TMO). Implementing this strategy 

makes the image quality assessment (IQA) of multi scale structural similarity (MS-

SSIM) more useful in which instead of original image, the K-TMO image is used as 

the reference image. Table 8 shows the result of full reference IQA of MS-SSIM for 

PDS images when the reference images are the respective K-TMO images. The bold 

and red values show the maximum and minimum similarity respectively. According 

to the results in Table 1 and paper III, the HDR image is the most similar image to the 

reference K-TMO image, indicating the image has been improved from the original. 
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Figure 7. The comparison of K-TMO images to the respective PDS set of images.

Figure 8. The related histograms of the images in Figure 7.
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Table 1. The result of full reference IQA of MS-SSIM for PDS images when the 

reference images are the respective K-TMO images. The bold and red values show 

the maximum and minimum similarity respectively.

Index HDR Nor Ori B-TMO F-TMO L-TMO
1 0.538 0.868 0.768 0.820 0.849 0.349
2 0.982 0.866 0.562 0.798 0.828 0.421
3 0.985 0.817 0.556 0.804 0.878 0.413
4 0.878 0.509 0.250 0.673 0.849 0.449
5 0.950 0.895 0.692 0.791 0.818 0.396
6 0.814 0.919 0.808 0.743 0.899 0.422

In paper I and II it is shown that it is feasible to overcome the rigidity of the image 

sensor by virtual increase of the fill factor to 100% and have different variations of 

pixel size. In the following papers, III, the work extends the previous works by 

changing the pixel form and arrangement with the software-based method. One of 

the original images, with square sensor arrangement (SQ), which is used for the 

experiment in this work and the set of the related new generated images, which their 

generations were explained in Section 3, are shown in Figure 9. The images from left 

to right in the first row are the original image, and the related generated images: the 

enriched square (SQ_E), half-pixel shifted enriched (HS_E), hexagonal enriched

(Hex_E) and Penrose enriched images (Pen_E). The images in the second row of 

Figure 9 are the zoomed region of the images (shown as red square). The generated 

images show better dynamic range in comparison to the original images, as it was 

shown in [44].

Figure 9. One of original images and its set of generated images.

Paper V proves that despite the detection of the vertical edges by having the 

hexagonal form of the hyperpel is severely, the hexagonal images still can preserve 

the edges superior in comparison to the SQ images, with a significant curvature 

detection ability, i.e. more edge points are detected in hexagonal image. It is also 
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shown that the impact of the curvature on the different sensor configuration is still a 

big challenge. Figure 10 shows 23 pairs of images which have exact similar contents 

but two different contours; i.e. straight to curved line. Then each pair of images with 

the same semantic content is defined as straight contour (SC) or curved contour (CC) 

images. All images have the same resolution to ensure that the resolution is not 

affecting the number of gradients. A set of four types of images are generated from 

each original image, including SQ_E, half-pixel shifted (HS), HS_E, and Hex_E.

Figure 10. Twenty-three pairs of images from the database, where the images in first 

and third rows have sharp contours and the images in the second and fourth rows

have the curved contours.

The challenging task is investigated by introducing quantification 

measurements which are achieved by implementing first and second order gradient 

operations in form of several introduced and defined dissimilarity parameters. For 

the images on the hexagonal grid; hexagonal and half-pixel shift images, the first 

order gradients are computed at six directions, which are 0, 60, 120, 180, 240, and 300 

degrees. Due to resolution similarity of the generated images on the hexagonal grid, 

their number of pixels and the computed gradient elements are the same. The top 

and middle row of Figure 11 shows the sorted first order gradient values from the 

generated Hex_E image in comparison to the generated HS and HS_E image at 0, 60 

and 120 degrees from left to right respectively. The amount of spreading of the 

gradient values reveals the correlation between the grid structure of the images. The 

more similar the image grids are, the amount of spreading is less. The more densely 

the points are distributed, the less variation from the gradient results are expected. 

Due to the grid similarity of original images and the SQ_E images, the correlations of 

sorted gradient values at 0, 45 and 90 degrees between them are linear which are 

shown in the bottom row of Figure 11. However, the correlations of sorted gradient 

values at 0, 60 and 120 degrees on the pseudo hexagonal grid structure and hexagonal 

grid structure are nonlinear and dissimilar; shown in top and middle rows of Figure 

11. The same is the correlation of sorted gradient values at 0 degree between the SQ 
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image grid structure to both the pseudo hexagonal grid structure and hexagonal grid 

structure which are shown in Figure 12 on the first and third columns from left 

respectively; i.e. the correlation is in each case nonlinear and dissimilar. 

The Figure 12 shows that the gradient results from the four types of generated 

images in comparison to the original SQ image is different from each other; especially 

the second plot from left. This is because the grids in HS, HS_E and Hex_E images 

are more alike to each other and more different from the square grid (i.e. the grid of 

SQ and SQ_E images). The similarity/dissimilarity of each two grid structures are 

possible to visualize; as they are shown in Figures 11 and 12. However, to quantify 

such a similarity/dissimilarity the first order gradient operation can be used as it is 

described in paper VI Section 4.1. Accordingly, the covariance of the gradient values 

of each two images are computed where each compared two images have the same 

contents but different grid structures. Then the eigen values and eigen vectors of each 

covariance matrix is computed using singular value decomposition (SVD) method.   

Table 2 shows the summary of the comparison results of the first and second 

eigenvalues of the first gradient values in a cross comparison between original image 

and four types of generated images. The different property among the types of 

images are caused by the diversity of their grid structure, pixel form or fill factor 

value. ‘Yes’ and ‘No’ in the table represent similarity and dissimilarity of such a 

property in relation between each generated image and the SQ image. The values in 

the last four columns of Table 2 are the sums of the first and second eigenvalues of 

the respected image type. In the table, the increase of the first or second eigenvalue 

indicates the increase of similarity or dissimilarity between the generated image and 

SQ image respectively. The SQ_E and HS images in relation to the SQ image show 

higher similarity than the other image types; see the first eigenvalue results in Table 

2. The comparison of these two types of images show that the grid structure is more 

important than pixel form and fill factor value to cause differences between them. 

The Hex_E and HS_E images in relation to the SQ image show higher dissimilarity 

respectively. The comparison of these two types of images show that when the grid 

structures are the same the pixel form is more important than fill factor value to cause 

differences between them. The results show that the choice of grid structure, pixel 

form, and fill factor value are respectively important in generation of a new type of 

images. Here it should be noted that these three properties are not quite independent 

from each other. In Table 2, the results related to SC and CC for all four types of 

images show that they are clearly distinctive. However, the detail comparison of SC 

and CC in Paper VI show that it is not possible to have a clear conclusion between 

SC and CC by first order operation; due to the results variation.   
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Figure 11. The gradients correlation between the Hex_E and HS image (top row), 

Hex_E and HS_E image (middle row) at directions of 0, 60 and 120 degrees, and the 

gradients correlation between the SQ image and SQ_E image at directions of 0, 45 

and 90 degrees (bottom row), where SQ_E, Hex_E, HS_E and HS are generated from

the fifth SQ image shown in the first row of Figure 10.
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Figure 12. The gradient cross comparison at 0 degree between one of the original 

images and its generated images: Hex_E image (first), SQ_E image (second), HS_E 

image (third), and HS image (fourth).

Table 2. The summery of the comparison results of the first and second eigenvalues of the 

first gradient values in a cross comparison between original image and four types of 

generated images.

Grid 

structure

Pixel 

form

Fill 

factor

First Eigenvalue Second Eigenvalue

SC CC SC CC

SQ_E Yes Yes No 272.98 277.86 6.43 8.51

HS No Yes Yes 260.66 264.52 60.12 61.29

HS_E No Yes No 210.19 212.98 106.33 107.89

Hex_E No No No 187.28 190.26 112.32 114.14

To achieve a clearer curvature measurement between SC and CC images, the

second gradient operations, Hessian matrix computation, and measurement of the 

dissimilarity parameters are implemented on both square and hexagonal grid 

structures in Paper VI. A special attention has been paid on detection of critical points 

(i.e. saddle and extremum points) using different image types. According to the 

nonlinear dissimilarity measurement function proposed in Paper VI for SC and CC 

from three pairs of comparisons between SQ_E, SQ and Hex_E images, the 

normalized nonlinear dissimilarity measurement values of 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 and 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 are 

computed. The co-relation of the three pairs of comparisons are shown in Figure 13,

where the points of four colors of blue, red, green and black represent the 

correspondent values of 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 and 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 for each pair of SC and CC images 
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respectively. In the figure, the three axes represent the three pairs of comparison 

between image types,

which shows that the 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 values for SC and CC images are close to each other; i.e. 

the blue points are mixed with red points. On the contrast, the 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 values for 

SC and CC images in Figure 13 are distinctive by the green and black points. 

According to these results the conclusion is that only the extremum points can be

used for quantifying the curviness; i.e.to distinguish a CC image from a SC image. 

Comparing the two comparisons of SQ_E & SQ and Hex_E & SQ_E and considering 

the three properties among the type of images; the measured dissimilarity 𝑅𝑠𝑎𝑑𝑑𝑙𝑒

and 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 for each of the comparisons is caused by fill factor and pixel form 

respectively. This is due to that SQ_E and SQ images are converted to hexagonal grid 

by half pixel shift for detection of critical points. Thus the grid structures of all three 

types of images in the two comparisons are the same.

Figure 13. The co-relation of 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 and 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 values for SC and CC images 

from Table 5.

Paper VII proposed a general framework towards a virtual deformable image

sensor in which grid, pixel and the gap (i.e. the empty space among pixels) can 

change their form and size. Based on the grid and pixel configuration, the following 

certain configurations are used for generating images:

a. The grid and pixel are square and there is no or fixed gap (SQ_E).

b. The grid and pixel are hexagonal and square respectively and there is no or 

fixed gap (HS_E).
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c. The grid and pixel are hexagonal and there is no gap (Hex_E). 

d. The grid and pixel are Penrose and there is no or fixed gap (Pen_E). 

The images from the second left in the first row of Figure 9 are a set of images 

generated in this framework with the above configurations. In Paper VII, the feature 

descriptor, histogram of gradient (HoG), is used for examining the impact of the 

above four configurations to obtain the characteristics of the sensor structure. Figure 

14 shows the histograms envelop of the gradient orientation from the images shown 

in Figure 9 and column wise image types of SQ, SQ_E, HS_E, Hex_E and Pen_E. The 

four rows of histogram envelopes are with different configurations of gap factors 

computed by: 

𝑔𝑎𝑝 𝑓𝑎𝑐𝑡𝑜𝑟 =
𝑔𝑎𝑝 𝑠𝑖𝑧𝑒

𝑝𝑖𝑥𝑒𝑙 𝑠𝑖𝑧𝑒
× 100% 

From the top row to the bottom, the four different gap factors are 0%, 20%, 40% 

and 60%. In the figure considering the results of SQ and SQ_E image types, the peaks 

of histogram of the gradient orientation are close to 0, 90 and -90 degrees, indicating 

that square sensor structure is more sensitive to the vertical and horizontal changes. 

When the sensor structure is hexagonal; having HS_E and Hex_E image types, the 

result of the two types are very close to each other and for both types there are more 

sensitive angles in comparison to the square arrangement; the peaks are at 60, 120 

and 180 degrees. When Penrose structure images are considered, due to having two 

types of rhombus in the pixel form where the angle between each pixel is either 

around 72 or 144 degrees, the peaks are also close to 72 or 144 degrees. The results 

related to the five images of Figure 9 are verified for all images of experimental 

dataset. Accordingly, the histogram of gradient orientation shows a specific 

distribution related to each sensor structure with certain gap size. This specific 

distribution is called the ANgular CHaracteristic of a sensOR structure (ANCHOR). 

In Figure 15, from top to bottom, the five ANCHOR curves show the normalized 

average values of 23 histograms of the gradient orientation. The result is consistent 

to what we conclude from Figure 14. The right plot in Figure 15 shows the 

comparison between ANCHORs of Pen_E (black) and Hex_E (green). These 

ANCHORs together, representing combination of two types of sensor arrangements, 

compensate each other’s week sensitivity areas and become more sensitive to detect 

directional changes of intensities. Part of mosaic of photoreceptors in human retina 

has such combination of the two types of arrangement.    

The characteristic robustness of ANCHORs is examined by computing 

averaging of n number of histograms of orientation, where n is varied from two to 

twenty-three; i.e. the computations result to obtain n number of candidates for each 
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ANCHOR. Then the Mean Square Error (MSE) between each two candidates of 

certain ANCHOR is computed in Paper VII. The result show that the variance of the 

arrangement type of Pen_E has the lowest variance values in different orientation 

angles between 0 to 360 degrees. However, and the ones of the arrangement types of 

SQ and SQ_E have the highest variance values, which is consistent with the result in 

Figure 14 and 15, that the Penrose sensor structure has the most robust ANCHOR. 

Figure 14. the angular characteristic of sensor grid structure. The four rows of 

figures are the histograms envelop of the gradient orientation from the images

shown in Figure 9 with different configurations of gap factor. From the first to the 

fifth column, the five image types are SQ, SQ_E, HS_E, Hex_E and Pen_E. 
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Figure 15. The histograms of the gradient orientation with 36 bins are shown in the

left. From top to bottom, there are results related to SQ, SQ_E, HS_E, Hex_E and 

Pen_E respectively. The ANCHORs show the average values of 23 histograms of 

the gradient orientation. The right shows the comparison between ANCHORs of 

Pen_E (black) and Hex_E (green). These ANCHORs together, representing 

combination of two types of sensor arrangements, compensate each other’s week 

sensitivity areas and become more sensitive to detect directional changes of 

intensities.

The addressing and assessment feasibility of diverse types of images i.e. having 

different pixel arrangements are proved in Paper VIII using the common space. With 

respect to the image arrangement, two cases of common space are created, i.e. CSE_sq

and CSE_hex. In each case, the pixels in the SQ or Hex_E image are partitioned by 

having 24 intensity sub-ranges averagely according to the whole range of the image. 

For example, in an eight bits image, the range of intensity values is from 0 to 255 and 

sub-ranges will be 10-19, …, 190-199, 240-250. In each sub-range, 200 pixels are 

selected randomly at different positions. Then in the common space, the values at the 

positions of the selected pixels are determined; i.e. under CSE_sq, two sets of pixels 

of 𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞 and 𝐻𝑆_𝐸𝐶𝐸𝑠𝑞 corresponding to the chosen pixels in SQ image are 

generated related to Hex_E and HS_E images respectively and under CSE_hex, two 

sets of pixels of 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 and 𝐻𝑆_𝐸𝐶𝐸ℎ𝑒𝑥 corresponding to the chosen pixels in Hex_E 

image are generated related to SQ and HS_E images respectively. Thus, the 

comparison of intensity values of a pixel set (e.g. the chosen random pixels) on one 

arrangement to the corresponding pixel set on another arrangement or respective 

common space reveals the addressing performance. In each case of CSE_sq or 

CSE_hex, the intensity average and variance of ten corresponding pixel sets of each 
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𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞, 𝐻𝑆_𝐸𝐶𝐸𝑠𝑞 , 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 or 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔, 𝐻𝑆_𝐸𝐶𝐸ℎ𝑒𝑥, 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 are shown in figures 

16 and 17 respectively. The figures show that it is feasible to assess pixels on different 

arrangements.

Figure 16. Intensity average of ten corresponding pixel sets of each 𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞 , 

𝐻𝑆_𝐸𝐶𝐸𝑠𝑞, 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 or 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔, 𝐻𝑆_𝐸𝐶𝐸ℎ𝑒𝑥, 𝑆𝑄𝐶𝐸ℎ𝑒𝑥

Figure 17. Variance of ten corresponding pixel sets of each 𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞 , 𝐻𝑆_𝐸𝐶𝐸𝑠𝑞 , 

𝑆𝑄𝐶𝐸𝑜𝑟𝑔 or 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔, 𝐻𝑆_𝐸𝐶𝐸ℎ𝑒𝑥, 𝑆𝑄𝐶𝐸ℎ𝑒𝑥.
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5. Conclusion and Summary 
 

5.1 Conclusion 
In the thesis, the main aim of the work is to explore and investigate the possibilities 

to overcome rigidity of hardware implementation and the limitation of the increasing 

the sensor resolution, which intends to find a closer sensory solution to the visual 

system in comparison to the current ones. To overcome the hardware limitation and 

deform the current image sensor, software-based methods are proposed to enhance 

different properties of a sensor, including a framework that offers significant 

flexibility in design of grid structure, pixel form and gap factor of an image sensor.  

The core of this work is a novel method to enhance the resolution and dynamic range 

of a captured image by modeling the incident photons on the sensor, which is 

achieved by introducing and estimating virtual subpixels. A statistical framework 

consisting of local learning model and Bayesian inference for predicting the incident 

photons captured on each such a subpixel is used to resample the captured image by 

any current camera sensor.  

The work to deform the sensor started from the investigation on fill factor which is 

the bottle neck problem for improving performance of the sensor, especially to widen 

dynamic range of output image. Both Paper I and II proved the feasibility of 

widening the dynamic range and extending the tonal level of one monochrome image 

by virtual increase of fill factor to 100%. However, the fill factor is an industrial 

secrecy by most image sensor manufacturers due to its direct effect on the assessment 

of the sensor quality. Paper III proposed a method to estimate the fill factor of a 

camera sensor from an arbitrary single image. With the estimated fill factor and its 

virtual increase to 100%, the dynamic range and tonal level in color images were both 

enhanced in Paper IV. The image contrast was improved in both monochrome and 

the color images.  

The success to increase the pixels fill factor virtually based on the modelling of the 

incident photons on the sensor indicates the feasibility of changing the rigidity of the 

image sensor using the software-based method. Inspired by the mosaic in the fovea, 

the center of human retina, paper V and VI proposed the methods for generating 

images based on virtual hexagonal grid by half-pixel shift and virtual hexagonal 

methods. Compared to the original square images, not only the dynamic range and 

tonal levels were improved, but also the hexagonal images were superior in detection 

of edges, i.e. more edge points on the contour of the objects were detected in 

hexagonal images.  
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The impact of different sensor structures including the new hexagonal one was 

investigated where the implemented original images were used previously in an 

earlier investigation on human visual preference of curved versus linear edges based 

on recognition of the physical elements in different visual stimulus. Paper VI 

introduced a method for curviness quantification by comparison of the sharp 

transitions in contour of all correspondent objects in pair of images which had exact 

similar contents but two different contours. The quantification results revealed the 

impact of the sensor properties, grid structure, pixel form and fill factor on the 

images, which indicate that the grid structure is the most important one that makes 

difference between the type of images, and the pixel form is the second important 

one. It was also found that the enriched hexagonal image type is the best among other 

investigated image types in preservation of curviness. 

However, the photoreceptor arrangement in human retina does not only follow one 

pattern, but varies from the center to peripheral area, from the hexagonal to elliptic. 

The previous systematic investigation resulted to the proposal of a general 

framework towards a virtual deformable image sensor in which grid, pixel and the 

gap can change their form and size which facilities the virtual generation of any types 

of sensor arrangement. The framework was proposed in Paper VII, whose core was 

also the modelling of the incident photons onto the sensor surface. In this framework, 

a new grid, Penrose grid was also being considered, which is an aperiodic tiling grid. 

In the framework for a certain sensor arrangement a configuration of three optional 

variables were used which included the structure of arrangement, the pixel form and 

the gap factor. The results revealed that the histogram of gradient orientations of a 

certain sensor arrangement has a specific distribution (called ANCHOR) and the 

ANCHORs change their patterns by the change of arrangement structure. Using the 

framework and ANCHOR it becomes feasible to plan a sensor arrangement in the 

relation to a specific application and its requirements where the sensor arrangement 

can be planed even as combination of different ANCHORs. This idea may result in 

being able to have a sensor arrangement in the future very alike that of the biological 

vision sensory system.  

Assessing the quality difference between the images generated from the framework 

by different sensor configuration or addressing from one configuration to another 

one generally needs the conversion methods. To overcome this problem, a common 

space was proposed in Paper VIII, by implementing a continuous extension of square 

or hexagonal images based on the orbit function, for quality evaluating the images 

with different arrangements and addressing from one type of image to another one. 

The evaluation results showed that the creation of such space is feasible which 

facilitates a usage friendly tool to address an arrangement and assess the changes 
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between different spatial arrangements, for example, the results showed richer 

intensity variation, nonlinear behavior, and larger dynamic range in the hexagonal 

images compared to the rectangular images.  

5.2 Summaries of Papers 
The work enclosed in this thesis is composed of several published journal and 

conference articles which are summarized in this section. Since the goal of the study 

has been to investigate the explore and investigate the possibilities to overcome 

rigidity of hardware implementation and the limitation of the increasing the sensor 

resolution, all papers contribute towards this achievement. In the coming sections, 

each paper is summarized. 

 

5.2.1 Novel Software-based Method to Widen Dynamic Range of CCD Sensor Images  

Fill factor has become the bottle neck for improving quantum efficiency of CCD 

sensor to widen dynamic range of images. In this paper, a novel software-based 

method is proposed to widen dynamic range, by virtual increase of fill factor 

achieved by a resampling process, based on the model of incident photons on the 

sensor. A statistical framework consisting of local learning model and Bayesian 

inference is used to estimate new subpixel intensity. The results show that the 

proposed method is possible to widen significantly the recordable dynamic range of 

CCD images and increase fill factor to 100% virtually. 

 

5.2.2 A Software Method to Extend Tonal Levels and Widen Tonal Range of CCD Sensor 

Images 

In this paper, the fill factor is estimated and by a resampling process a virtual 

fill factor of 100% is achieved where a CCD image is rearranged to a new grid of 

virtual subpixels. A statistical framework including local learning model and 

Bayesian inference is used for estimating new sub-pixel intensity values. The highest 

probability of sub-pixels intensity values in each resampled pixel area is used to 

estimate the pixel intensity values of the new image. The results show that in 

comparison to the methods of histogram equalization and image contrast 

enhancement, which are generally used for improving the displayable dynamic 

range on only one image, the tonal levels and dynamic range of the image is extended 

and widen significantly and respectively. 

 

5.2.3 Estimation of Image Sensor Fill Factor Using a Single Arbitrary Image 

In this paper, a method is proposed to estimate the fill factor of a camera sensor 

from an arbitrary single image. The virtual response function of the imaging process 

and sensor irradiance are estimated from the generation of virtual images. Then the 
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global intensity values of the virtual images are obtained, which are the result of 

fusing the virtual images into a single, high dynamic range radiance map. A non-

linear function is inferred from the original and global intensity values of the virtual 

images. The fill factor is estimated by the conditional minimum of the inferred 

function. The method is verified using images of two datasets. The results show that 

the method estimates the fill factor correctly with significant stability and accuracy 

from one single arbitrary image according to the low standard deviation of the 

estimated fill factors from each of images and for each camera. 

 

5.2.4 Image Quality Assessment of Enriched Tonal Levels Images 

The quality assessment of a high dynamic image is a challenging task. This paper 

shows the assessment of high dynamic range images which are generated by utilizing 

a virtually flexible fill factor on the sensor images. A new method in the assessment 

process is presented to evaluate the amount of improvement of the generated high 

dynamic images in comparison to original ones. The results show that the generated 

images not only have more number of tonal levels in comparison to original ones but 

also the dynamic range of images have significantly increased due to the measurable 

improvement values. 

 

5.2.5 Back to Basics, Towards Novel Computation and Arrangement of Spatial 

Sensory in images 

This paper investigates the evolution process of our visual system, which 

indicates attention to two key issues: the form and dense of the sensor are related 

directly to the densely hexagonal form. Then a novel software-based method is 

proposed to create images on a compact dense hexagonal grid derived from a 

simulated square sensor array by virtual increase of fill factor and half pixel shifting. 

Then the orbit function is proposed for hexagonal processing of images. The results 

show it is possible to achieve image processing in orbit domain and the generated 

hexagonal images are superior in detection of curvature edges to square-pixel 

images.  

 

5.2.6 The Impact of Curviness on Four Different Image Sensor Forms and Structures  

The arrangement and form of the image sensor have a fundamental effect on 

any further image processing operation and image visualization. In this paper, four 

different image sensor forms and structures are evaluated by a set of 23 pairs of 

images. Each pair of images have the same semantic meaning and general 

appearance, the major difference between them being the sharp transitions in their 

contours. The curviness variation is estimated by effect of the first and second order 

gradient operations, Hessian matrix and critical points detection on the generated 
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images; having different grid structures, different pixel forms and virtual increased 

of fill factor as three major properties of sensor characteristics. The results show that 

the grid structure and pixel form are the first and second most important properties. 

Several dissimilarity parameters are presented for curviness quantification in which 

using extremum point showed to achieve distinctive results. The results also show 

that the hexagonal image is the best image type for distinguishing the contours in the 

images. 

 

5.2.7 Virtual Deformable Image Sensors: Towards to A General Framework for Image Sensors 

with Flexible Grids and Forms 

Inspired from the combination of different sensor arrangements in human vision 

system, a general framework is proposed, by which it becomes feasible to create 

virtual deformable sensor arrangements. In the framework for a certain sensor 

arrangement a configuration of three optional variables are used which includes the 

structure of arrangement, the pixel form and the gap factor. The histogram of 

gradient orientations of a certain sensor arrangement has a specific distribution 

(called ANCHOR) which is obtained by using at least two generated images of the 

configuration. The results showed that ANCHORs change their patterns by the 

change of arrangement structure. The robustness of ANCHORs properties is verified 

by computing ANCHORs for totally 575 images with different sensor configurations. 

By using the framework and ANCHOR it becomes feasible to plan a sensor 

arrangement in the relation to a specific application and its requirements where the 

sensor arrangement can be planed even as combination of different ANCHORs. 

 

5.2.8 A Common Assessment Space for Different Sensor Structures 

         The direct assessment is needed between the rectangular and hexagonal sensor 

arrangements, i.e., without the conversion of one arrangement to another. In this 

paper, a common space is created for addressing any spatial arrangements and 

assessing the differences among them, e.g., between the rectangular and hexagonal, 

by implementing a continuous extension of discrete Weyl Group orbit function 

transform which extends a discrete arrangement to a continuous one. The 

implementation of the space is demonstrated by comparing two types of generated 

hexagonal images from each rectangular image with two different methods of the 

half-pixel shifting method and virtual hexagonal method. The results show that the 

space facilitates a usage friendly tool to address an arrangement and assess the 

changes between different spatial arrangements by which, in the experiment, the 

hexagonal images show richer intensity variation, nonlinear behavior, and larger 

dynamic range in comparison to the rectangular images. 
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Abstract. In the past twenty years, CCD sensor has made huge progress in improving 
resolution and low-light performance by hardware. However due to physical limits of 
the sensor design and fabrication, fill factor has become the bottle neck for improving 
quantum efficiency of CCD sensor to widen dynamic range of images. In this paper we 
propose a novel software-based method to widen dynamic range, by virtual increase of 
fill factor achieved by a resampling process. The CCD images are rearranged to a new 
grid of virtual pixels com-posed by subpixels. A statistical framework consisting of local 
learning model and Bayesian inference is used to estimate new subpixel intensity. By 
knowing the different fill factors, CCD images were obtained. Then new resampled 
images were computed, and compared to the respective CCD and optical image. The 
results show that the proposed method is possible to widen significantly the recordable 
dynamic range of CCD images and increase fill factor to 100% virtually. 

Keywords: dynamic range, fill factor, CCD sensors, sensitive area, quantum efficiency 

1 Introduction 

Since the first digital cameras equipped with charge-coupled device (CCD) image sensors in 
1975 [1] the investigation on human visual system has been affecting the digital camera design 
and their development. In human visual system the retina, formed by the rod and cone 
photoreceptors, initiates the visual process by converting a continuous image to a discrete 
array of signals. Curcio et el. [2]  investigation on human photoreceptor revealed that the 
properties of the rods and cones mosaic determine the amount of information which is retained 
or lost by sampling process, including resolution acuity and detection acuity. The 
photoreceptor layer specialized for maximum visual acuity is in the center of the retina, the 
fovea, which is 1.5 mm wide and is composed by cones entirely. Fig.1 shows a close up of 
the fovea region. The shape of cones is much closed to hexagonal and the cones in fovea are 
densely packed, where no gap between each two cones can be considered. Due to this 
configuration the visual acuity and neural sampling in fovea are optimized [3]. 
The image sensor array in a CCD digital camera is designed by modelling the fovea in human 
eyes for capturing and converting the analog optical signal from a scene into a digital electrical 
signal. Over the past twenty years, the quality of digital camera sensors has made tremendous 
progress, especially in increasing resolution and improving low-light performance [4]. This 
has been achieved by reducing the pixel size and improving the quantum efficiency (QE) of 
the sensor [4, 5]. Assuming each pixel corresponding to one cone in fovea, the pixel density 
in camera sensor should be close to 199,000 /mm2 which is the average density of the peak 
fovea cones in human eyes [2]. Todays the pixel density can be 24,305 /mm2 in a common 
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commercial camera such as Canon EOS 5D Mark II or  the pixel density can be even higher 
as 480,000/mm2 in a special camera such as Nokia 808. However the quality of the image is 
not affected only by the pixel size or quantum efficiency of the sensor [6]. As the sensor pixel 
size becomes smaller this results to detect a smaller die size, gain higher spatial resolution and 
obtain lower signal-to-noise ratio (SNR); all in cost of lower recordable dynamic range (DR) 
and lower fill factor (FF). Hardware solutions in image sensor technologies as a respond to 
increase of mobile imaging applications try to compensate for the performance degradation 
with decrease of the pixel size.  On the other hand the only standard post-processing solution 
for obtaining a nearly infinite displayable dynamic range is to use the high dynamic range 
imaging technology which implements a combination of several images captured with 
different exposure times or different sizes of aperture sensor [7, 8].  

Fig. 1. A close up of the fovea region [2].

In this paper we propose a novel software-based method to compensate the performance 
degradation of the recordable dynamic range, with decrease of the pixel size, by virtual 
increase of fill factor. In our method the original fill factor is known and the processing is 
done on the captured image. The virtual increase of fill factor is achieved by a statistical 
resampling process which initiates the estimation of each new pixel intensity value.  Our 
results show that it is possible to widen the dynamic range significantly by software solution.  
Although there are software technologies to improve the displayable dynamic range using 
only one image, such as the histogram equalization and image contrast enhancement [9], to 
the best of our knowledge, our approach is the first work that tries to improve the recordable 
dynamic range by virtually increase of the fill factor of a CCD sensor. 
The rest of paper is organized as follow; in section 2 the effect of fill factor is explained, in 
section 3 the details of the method are described, section 4 explains the experimental setup, 
the results are shown and discussed in section5, and finally we conclude and discuss potential 
future work in section 6. Here it is worth to mention that we distinguish between recordable 
and displayable dynamic range where the recordable dynamic range represents the raw input 
dynamic range obtained after capturing of an image and the displayable dynamic range is 
considered a post-processing operation on the raw captured image.

2 Effect of fill factor 

CCD sensor has reigned supreme in the realm of imaging with the steady improvement of 
performance, especially on scientific area [5] due to its advantage of high quantum efficiency. 
The QE which is defined as the number of signal electrons created per incident photon is one 
of the most important parameters used to evaluate the quality of a detector which affects the 
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DR and SNR of captured images. Fig. 2 is the graphical representation of a CCD sensor 
showing some buckets and rain drops shown as blue lines. Each bucket represents storage of 
photoelectrons, by modelling a photodiode and a well of one pixel in the CCD sensor and the 
rain drops, blue lines, represent the incident photons that fall into the sensor. By having bigger 
bucket more rain drops, number of photons, is collected, which can be seen as increase of the 
spatial quantum efficiency [10] resulting in DR quality improvement of captured images.  The 
temporal quantum efficiency is related to accumulation of photoelectrons during the exposure 
time and is regulated by the fill factor [5].

Fig. 2. Graphical representation of a CCD sensor.

The quantum efficiency is affected by fill factor as in 𝑄𝐸𝑒𝑓𝑓 = 𝐹𝐹 × 𝑄𝐸, where 𝑄𝐸𝑒𝑓𝑓 is the 
effective 𝑄𝐸 and 𝐹𝐹 is the fill factor which is the ratio of light sensitive area versus total area 
of a pixel [5].  A typical dynamic range, the ratio of the brightest accurately detectable signal 
to the faintest, of CCD sensors is proportional to the number of detected photons. The fill 
factor of non-modified CCD sensor varies from 30% to 75%. Fig. 3(a) and 3(b) show light 
incident on a sensor with high and low fill factor pixels respectively. In a sensor with the high 
fill factor pixels more number of photons is captured in comparison to a sensor with the low 
fill factor pixels. Hardware innovations in image sensor technologies (e.g. decrease of 
occupied area of the pixel transistors, increase of the photodiode area within maintaining small 
pixel size and use of microlenses) are achieved to increase the fill factor. An effective way to 
increase the fill factor is to put a microlens above each pixel which converges light from the 
whole pixel unit area into the photodiode in order to capture more number of photons as shown 
in Fig. 3(c). Since 90s, various microlens have been developed for increasing fill factor and 
they are widely used in CCD sensors [12, 13].  But it is still impossible to make fill factor 
100% in practical production due to the physical limits in digital camera development [4]. Our 
proposed method compensates the loss of input signal, caused by incident light on non-
sensitive area, in each sensor pixel to achieve a fill factor of 100%.
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Fig. 3. Light incident on sensor with high and low fill factor pixels are shown in (a) and (b) respectively. 
(c) Pixel with the micro-lens is used to compensate the entering light. [11]

3 Methodology

By collecting incoming photons into a sample grid, a CCD sensor samples an image. Fig. 4 
illustrates such conventional sampling grid on a CCD sensor array of four pixels. The white 
and black areas represent the sensitive areas and non-sensitive areas in pixels respectively. 
The blue arrows in the figure represent the positions of sampled signal. Let assume the size 
of each pixel is ∆𝑥 by ∆𝑦. Then ∆𝑥 and  ∆𝑦 , the sample interval in 𝑥 and 𝑦 directions, are the 
spatial resolution of the output image. The sampling function can be expressed as𝐹(𝑥′, 𝑦′) =
∑ ∑ 𝛿(𝑖∆𝑥, 𝑗∆𝑦)𝑓(𝑥, 𝑦)𝑁

𝑗=0
𝑀
𝑖=0 where 𝑥, 𝑦, 𝑥′ and 𝑦′are pixel coordinates in the input optical 

image 𝑓and the output sampled image 𝐹 , with size of 𝑀 by 𝑁, respectively [14]. Let also 
assume the size of the sensitive area is ∆𝑥′ by ∆𝑦′ as shown in Fig. 4. Thus when the incident 
light is not in the sensitive area with size of ∆𝑥′ by∆𝑦′, 𝐹(𝑥′, 𝑦′) = 0.

Fig. 4. The conventional image sampling on a CCD sensor. 

Based on the discussion in Section 2 the fill factor is lower than 100%, in that case the region 
of support corresponding to the sensitive area is not the whole area of one pixel. A signal 
resampling procedure is used in order to expand the region of support and improve the 
captured signal. For each pixel the resampled procedure consists of following parts: a) local 
learning model, b) sub-pixel rearrangement, c) model simulations on sub-pixel grid, d) 
intensity estimating of sub-pixels based on Bayesian inference, and e) pixel intensity 
estimation based on highest probability. Each part of the procedure is explained in more 
details as it follows.



                            P a g e  |  5 3  
 
 

  

a) Local learning model – In a neighborhood of the actual pixel one or combination of several 
statistical models are tuned according to data structure in the pixel neighborhood. We used a 
Gaussian statistical model in our experiments. 
 
b) Sub-pixel rearrangement - By knowing the fill factor, the CCD image is rearranged in a 
new grid of virtual sensor pixels, each of which consisting of virtual sensitive and non-
sensitive areas. Each of these areas is defined by integer number of sub-pixels. The intensity 
value of each pixel in the CCD image is assigned to all of sub-pixels in the virtual sensitive 
area. The intensity values of all sub-pixels in non-sensitive area in virtual sensor pixels were 
assigned to zero. An example of such rearrangement of sampled data to sub-pixel level is 
presented in section 4.  
 
c) Model simulations on sub-pixel grid – In a sub-pixel rearranged neighborhood of the 
actual pixel, the local learned model is used to simulate all intensity values of the sub-pixels. 
The known intensity values of virtual sensitive sub-pixels and result of linear interpolation on 
the sub-pixel grid for obtaining the unknown intensity values of virtual non-sensitive sub-
pixels are used to initiate the intensity values in the simulation. Several simulations are 
accomplished where in each one the number of actual sub-pixels varies from zeros to total 
number of sub-pixels of the actual virtual sensitive area. In this way each sub-pixel of the 
actual virtual sensor obtains, after a number of simulations, various random intensity values. 
 
d) Intensity estimating of sub-pixels based on Bayesian inference – Bayesian inference is 
employed to estimate the intensity of each sub-pixel by having the model simulations values 
as the observation values. Let y be the observed intensity value of each sub-pixel after 
simulations and x be the true intensity value of the sub-pixel, then 

𝑦 = 𝑥 + 𝑛 

where n can be considered as the contaminated noise by the linear interpolation process. Here 
the goal is to make the best guess, x̂ , of the value x given the observed values by 

�̂� = argmax
𝑥

𝑃(𝑥|𝑦), 

and   𝑃(𝑥|𝑦) = 𝑃(𝑦|𝑥)𝑃(𝑥)
𝑃(𝑦)

 

where P(x|y) is the probability distribution of x given y, P(y|x) is the probability distribution 
of y given x, P(x) and P(y) are the probability distribution of x and y. 

By assumption of having a Gaussian noise yields 

𝑃(𝑦|𝑥) = P(𝑥|𝑥 + 𝑛) =
1

√2𝜋𝜎𝑛
𝑒
−
(𝑦−𝑥)2

2𝜎𝑛
2  

where σn is the variance of the noise; i.e. the variance of interpolated data from simulations 
for each sub-pixel. The educated hypothesis P(x) is obtained by the local learning model 
which here has a Gaussian distribution with the mean μx and standard deviation of σx as 
following 
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P(𝑥) =
1

√2𝜋𝜎𝑥
𝑒
−
(x−𝜇𝑥)

2

2𝜎𝑥
2

For posterior probability on x yields

𝑃(𝑥|𝑦) ≈ 𝑃(𝑦|𝑥)P(𝑥) =
1

√2𝜋𝜎𝑛
𝑒
−
(𝑦−𝑥)2

2𝜎𝑛
2

×
1

√2𝜋𝜎𝑥
𝑒
−
(x−𝜇𝑥)

2

2𝜎𝑥
2

The x which maximizes P(x|y) is the same as that which minimizes the exponent term in the 

above equation. Thus if  f(𝑥) = −
(𝑦−𝑥)2

2𝜎𝑛
2 −

(x−𝜇𝑥)
2

2𝜎𝑥
2 , when the derivative f′(𝑥) = 0 , the 

minimum value or the best intensity estimation of the corresponding subpixel is

�̂� =
𝑦𝜎𝑥

2 + 𝜇𝑥𝜎𝑛
2

𝜎𝑥
2 + 𝜎𝑛

2

e) Pixel intensity estimation based on highest probability – The histogram of intensity

values of the actual virtual sensor sub-pixels is calculated which indicates a tendency of 

intensities probability. The multiplication of inverse of fill factor with highest value of such 

probability is considered as the estimated intensity value of the actual virtual sensor as the 

result of resampling procedure.

Fig. 5. The virtual CCD image sensor pixel composed by subpixels whose fill factor is set as 81% (left) 

and the optical image (right).

4 Experimental setup

Several optical and CCD images for different fill factor values were simulated using our own 

codes and Image Systems Evaluation Toolbox (ISET) [15] in MATLAB. ISET is designed to 

evaluate how image capture components and algorithms influence image quality, and has been 

proved to be an effective tool for simulating the sensor and image capturing [16]. Five fill 

factor values of 25%, 36%, 49%, 64% and 81%, were chosen for five simulated CCD sensors, 

having the same resolution of 128 by 128. All sensors had a pixel area of 10 by 10 square 

microns, with well capacity of 10000 e-. The read noise and the dark current noise were set to 

1 mV and 1 mV/pixel/sec respectively. Each CCD sensor was rearranged to a new grid of 

virtual sensor pixels, each of which was composed of 40-by-40 sub-pixels. Fig. 5 shows an 

example of the rearranged CCD sensor pixel with fill factor value of 81%. The light grey and 

javascript:void(0);
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the dark grey areas represent the sensitive and the non-sensitive areas respectively. The 
sensitive area in each pixel was located in the middle of each pixel. The intensity value of 
subpixels in the virtual sensitive area was assigned by correspondent output image pixel 
intensity. The intensity values of all sub-pixels in non-sensitive area were assigned to zero. 
One type of optical and sensor image were generated and called as sweep frequency image. 
The intensity values of the sweep frequency image were calculated, in each row, from a linear 
swept –frequency cosine function. For generation of CCD sensor images, the luminance of 
the sweep frequency image was set to 100 cd/m2 and the diffraction of the optic system was 
considered limited to ensure to obtain the brightness of the output as close as possible to the 
brightness of scene image. The exposure time was also set to 0.9 ms for all simulated five 
sensors to ensure constant number of input photons in the simulations.  

5 Results and discussion 

The conventional sampled images from the sweep frequency optical images are shown in the 
first row of Fig. 6, the second row of images show the resampled images with our method. 
The result images from histogram equalization and image enhancement methods are shown 
in the third and fourth rows. The images of each row are related to different fill factor values, 
which are 25%, 36%, 49%, 64% and 81% from left to right. All the images in Fig. 6 are 
displayed in unsigned 8 bits integer (uint8) format without any DR normalization. It can be 
seen that the DR of the conventional sampled images are very different from each other. When 
the fill factor is increasing, the DR is increased as well and approaching to the DR level of 
optical image shown in the Fig. 5. This is according to proportional relation of fill factor to 
number of photons which results to the intensity value changes of each pixel. The appearance 
of all resampled images with our proposed method is shown in Fig. 6 respectively.  The top 
row of each image related to the sweep frequency optical image is chosen to visualize a typical 
comparison of pixel intensity values in these images. Fig. 7 shows such pixel intensity values 
from conventional sampled images with the label of fill factor (FF) percentage, the optical 
and the resampled image from the image of 25% fill factor with our method. The results in 
Fig. 7 are consistent with the image appearance in Fig. 6. These also verify that the pixel 
intensity values are increased as a consequence of virtual increase of fill factor by our method.  

The dynamic range and root mean square error (RMSE) are used for comparison of the 
conventional sampled images, our resampled images and the respective optical image. The 
dynamic range is calculated by𝐷𝑅 = 20 × log10 𝑝𝑚𝑎𝑥 𝑝𝑚𝑖𝑛⁄ , where 𝑝𝑚𝑎𝑥  and 𝑝𝑚𝑖𝑛 are the 
maximum and minimum pixel intensity values in an image. In uint8, there are 256 grey levels, 
which it means the maximum DR is 48.13 based on the above equation. The RMSE is defined 
as  

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(𝑃𝑖 − 𝑄𝑖)

2

𝑛

𝑖=1

 

where 𝑃𝑖  and 𝑄𝑖  are the intensities of correspondent pixels in two compared images, and n is 
the number of pixels. The DR, RMSE and entropy results for the sweep frequency related 
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images are shown in Table 1 and 2 respectively, where the entropy of an image is used to 
evaluate the amount of information preservation after implementation of each method. 
Generally when the fill factor is increasing, the RMSEs between the optical image and the 
other images are decreasing, on the contrary entropy values and DRs are increasing.  The 
tables also show that our method not only widen DRs in comparison to the conventional 
method but also preserve the information, shown in entropy values, and approach the truth 
data of the optical image, shown in RMSEs values, significantly better than post-processing 
solutions of histogram equalization and image contrast enhancement methods. 

(a)

(b)

(c)

(d)

Fig. 6. The conventional sampled images (a) from the sweep frequency optical image having different 
fill factors, and the resampled image with our method (b), and the result images from histogram 
equalization (c) and image contrast enhancement (d). From left to right, the sensor fill factors are 25%, 
36%, 49%, 64% and 81%. 
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Fig. 7. The row wise comparison of pixel intensity values in sweep frequency related images.

Table 1. The RMSE and dynamic range (DR in dB) comparison between the optical image and the result 
images related to different methods having different fill factor (FF) percentage.

Methods FF25% FF36% FF49% FF64% FF81% Mean
RMSERMSE DR RMSE DR RMSE DR RMSE DR RMSE DR

Conventional 
method 102.54 36 87.51 39 69.5 42 49.63 44 26.4 46 67.16

Our method 4.69 48 9.79 48 3.6 48 3.09 48 2.79 48 4.79

Histogram 
Equalization 36.24 48 38.13 48 36.13 48 36.25 48 36.11 48 36.57

Image Contrast 
enhancement 12.08 48 14.84 48 11.39 48 10.95 48 10.87 48 12.03

Table 2. The Entropy comparison between the optical image and the result images related to different 
methods having different fill factor (FF) percentage.

Methods FF25% FF36% FF49% FF64% FF81% Standard
deviation

Conventional method 5.34 5.90 6.29 6.67 7.00 0.64

Our method 7.31 7.35 7.33 7.33 7.33 0.02
Histogram Equalization 5.1 5.42 5.59 5.77 5.80 0.27
Image Contrast enhancement 5.28 5.84 6.22 6.64 6.92 0.64
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Fig. 8. The normalized histogram envelopes of conventional sampled images related to the sweep 
frequency optical image and correspondent our proposed resampled images, the images created with 
histogram equalization and image contrast enhancement.

Fig. 8 shows the histograms envelopes of the conventional sampled images and the resampled 
images by our method and another two post-processing methods for improving the dynamic 
range. The results in the figures verify as well our statement that the dynamic range is 
widening by our method. The top left plot in Fig. 8 shows the histogram envelopes of the 
conventional sampled images and the truth optical image. The dynamic range varies with the 
change of fill factor for the conventional sampled images and by increase of fill factor the 
width of dynamic range is also increased. However the histogram envelopes of the resampled 
images by our method, shown in top right plot in Fig. 8, have the same width of dynamic 
range, independent of fill factor changes, and the DR is significantly close to DR of the truth 
optical image. The histograms envelopes of images by the post-processing methods, shown in 
bottom left plot in Fig. 8, have wider range than the conventional method, but fewer numbers 
of gray level indexes in comparison to our method, which is also consistent with result of the 
entropy in Table 2 indicating unsuccessfulness of such methods in preservation of 
information. The obtained results from the resampling images by our method show that the 
dependency of the method to fill factor is not significant, see Table 3. In the table the standard 
deviation of the histograms of result images by different methods are presented which 
indicating three issues: first the changes in the standard deviation of histograms are correlated 
to the preservation of original information, see the Table 2; secondly our method has 
significantly lower standard deviation of the histogram value than the values obtained by the 
post-processing methods within each fill factor value, indicating significantly more 
preservation of original information; thirdly our method has significantly less variation of 
standard deviation of the histogram values having different fill factors in comparison to the 
results from the post-processing methods; indicating the distinguish between recordable and 
displayable properties of the methods. 
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Table 3. The standard deviation of the histogram distribution. 

Fill Factor Our method 
Histogram  

equalization 

Image 

enhancement 

25% 72.25 183.52 178.41 

36% 68.87 153.59 140.54 

49% 74.41 142.62 123.99 

64% 74.35 131.21 104.08 

81% 74.91 124.72 88.95 

6 Conclusion  

In this paper, a novel software-based method is proposed for widening the dynamic range in 
CCD sensor images by increasing the fill factor virtually. The experimental results show that 
the low fill factor causes high RMSE and low dynamic range in conventional sampling images 
and increase of fill factor causes increase of dynamic range. Also the results show that 100% 
fill factor can be achieved by our proposed method; obtaining low RMSE and high dynamic 
range. In the proposed method, a CCD image and a known value of fill factor are used to 
generate virtual pixels of the CCD sensor where the intensity value of each pixel is estimated 
by considering an increase of fill factor to 100%. The stability and fill factor dependency of 
the proposed method were examined in which the results showed a maximum of 1.6 in RMSE 
and 0.02 in entropy of all resampled images for standard deviation in comparison to the optical 
image from the proposed method and fill factor dependency was insignificant. In the future 
works we will apply our methodology on CMOS sensors and the color sensors.  

References 

1. Prakel, D. The Visual Dictionary of Photography. AVA Publishing, 91. ISBN 978-2-940411-04-7 
(2013) 

2. Curcio, C.A., Sloan, K.R., Kalina, R. E., Hendrickson, A. E. Human photoreceptor topography. J. 
Comp. Neurol, 292, 497–523 (1990) 

3. Rossi, E.A., Roorda, A. The relationship between visual resolution and cone spacing in the human 
fovea. Nat Neurosci, 13:156–157 (2010) 

4. Goldstein, D.B. Physical Limits in Digital Photography http://www.northlight-
images.co.uk/article_pages/guest/physical_limits_long.html (2009) 

5. Burke, B., Jorden, P., Vu, P. CCD Technology, Experimental Astronomy, vol. 19, 69-102 (2005) 
6. Chen, T., Catrysse, P., Gamal, A. E., Wandell, B. How small should pixel size be? Proc. SPIE, vol. 

3965, 451–459 (2000) 
7. Reinhard, E., Ward, G., Pattanaik, S. Debevec, P. High Dynamic Range Imaging: Acquisition, 

Display and mage-Based Lighting, Morgan Kaufmann Publishers, San Francisco, California, S.U.A 
(2005) 



                            P a g e  |  6 0  
 
 

  

8. Yeganeh, H., Wang, Z. High dynamic range image tone mapping by maximizing a structural fidelity 
measure. In IEEE International Conference on Acoustics, Speech and Signal Processing, pp. 1879–

1883 (2013) 
9. Abdullah-Al-Wadud, M., et al, A Dynamic Histogram Equalization for Image Contrast 

Enhancement, IEEE Trans., Consumer Electronics, vol.53, no. 2, pp. 593–600, (2007) 
10. Sebastiano, B., Arcangelo R.B., Giuseppe, M., Giovanni, P. Image Processing for Embedded 

Devices: From CFA Data to Image/video Coding. Bentham Science Publishers. p. 12. ISBN 
9781608051700 (2010) 

11. Dalsa, Image sensor architectures for digital cinematography 
http://www.teledynedalsa.com/public/corp/PDFs/papers/Image_sensor_Architecture_Whitepaper_
Digital_Cinema_00218-00_03-70.pdf (2003) 

12. Deguchi, M., Maruyama, T., Yamasaki, F. Microlens Design using Simulation Program for CCD 
Image Sensor, IEEE Trans Consumer Electronics, 583-589. (1992) 

13. Donati, S., Martini, G., Norgia, M. Microconcentrators to recover fill- actor in image photodetectors 
with pixel on-board processing circuits. Opt. Express 15, 18066–18075 (2007) 

14. Potmesil, M., Chakravarty, I. Modelling Motion Blur in Computer-Generated Images. Computer 
Graphics, vol. 17, 3, 389-399 (1983) 

15. Farrell, J., Xiao, F., Catrysse, P., Wandell, B. A simulation tool for evaluating digital camera image 
quality. In Proc. SPIE Int. Soc. Opt. Eng., vol. 5294, 124 (2004) 

16. Farrell, J., Okincha, M., Parmar, M. Sensor calibration and simulation, In Proc. SPIE Int. Soc. Opt. 
Eng., vol. 6817 (2008) 

  



                            P a g e  |  6 1  
 
 

  

Paper II 
 



                            P a g e  |  6 2  
 
 

  

A Software Method to Extend Tonal Levels and 

Widen Tonal Range of CCD Sensor Images 

Wei Wen and Siamak Khatibi 
Department of Communication 
Blekinge Tekniska Högskola 

Karlskrona, Sweden 
wei.wen@bth.se, siamak.khatibi@bth.se 

Abstract— As one of important outcomes of the past decades of researches on sensor arrays for 
digital cameras, the manufacturers of sensor array technology have responded to the necessity 
and importance of obtaining an optimal fill factor, which has great impact on collection of incident 
photons on the sensor, with hardware solution e.g. by introducing microlenses. However it is still 
impossible to make a fill factor of 100% due to the physical limitations in practical development 
and manufacturing of digital camera. This has been a bottle neck problem for improving dynamic 
range and tonal levels for digital cameras e.g. CCD cameras. In this paper we propose a software 
method to not only widen the recordable dynamic range of a captured image by a CCD camera 
but also extend its tonal levels. In the method we estimate the fill factor and by a resampling 
process a virtual fill factor of 100% is achieved where a CCD image is rearranged to a new grid 
of virtual subpixels. A statistical framework including local learning model and Bayesian inference 
is used for estimating new sub-pixel intensity values. The highest probability of sub-pixels intensity 
values in each resampled pixel area is used to estimate the pixel intensity values of the new image. 
The results show that in comparison to the methods of histogram equalization and image contrast 
enhancement, which are generally used for improving the displayable dynamic range on only one 
image, the tonal levels and dynamic range of the image is extended and widen significantly and 
respectively. 

Keywords—CCD sensor; tonal range; fill factor; quantum efficiency 

I. INTRODUCTION  
Despite decades of research and development on sensor arrays for digital cameras, CCD 

array technology still remains the sensor of choice for nearly most of scientific and accurate 
image applications in which collecting of every photon is important. The photon collection 
ability of a sensor which results to generation of a signal is considered as a measure of the 
sensor’s sensitivity. Quantum efficiency (QE) is the measurement detailing sensitivity, and it 
is expressed as a percentage of the photons reaching the sensor that are able to generate a signal. 
The average QE of a CCD sensor is 60-70% [1] and the newest bio-imaging CCD cameras 
have a QE of nearly 75% and as high as 90% for back thinned CCD sensors. The effective 
quantum efficiency of a sensor array is proportional to fill factor as in 𝑄𝐸𝑒𝑓𝑓 =
𝐹𝐹 × 𝑄𝐸, where 𝑄𝐸𝑒𝑓𝑓  is the effective 𝑄𝐸 and 𝐹𝐹 is the fill factor which is the ratio of light 
sensitive area versus total area of a pixel [2]. In special applications, e.g. live cell imaging, 
when very little light is emitted to the sensor, e.g. in order to reduce phototoxicity, having high 
quantum efficiency and in its turn having full fill factor becomes especially important. 

A CCD sensor array consists of a large number of light-sensing elements, sensor pixels, 
arranged in a two-dimensional array where each sensor pixel functions as a potential well to 
store/register the generated charge/photoelectrons. As the sensor is exposed to light, the 
accumulated photoelectrons in each sensor pixel are shifted column-wise i.e. a parallel 
operation and then they are transferred/read out serially as registers. There is an inherent 
uncertainty in the read out process due to the electronic measurement, dependent upon read out 

mailto:wei.wen@bth.se
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speed among other factors; this uncertainty is referred to as read noise. The proportion of read 
out signal to read noise is termed the signal-to-noise ratio (SNR). The read noise of a CCD 
sensor has a Gaussian distribution across the pixels [3]. The ability to quantitatively measure 
both dim and bright signals is expressed by dynamic range (DR) which refers to the maximum 
signal value of a sensor i.e. having the full well capacity divided by the sum of the sensor’s 
dark noise and read noise. Therefore, a sensor’s ability to perform well in lowlight conditions 
requires a large dynamic range. The dependency of DR on dark noise can be considered 
negligibly as far as the dark noise is highly dependent on camera temperature and in most of 
demanding applications like as in bio-imaging this is prevented by integrated cooling. From 
above facts it can be argued that increase of the SNR and widening of the DR is proportional 
to fill factor. An effective way to increase the fill factor is to put a microlens above each pixel 
which converges light from the whole pixel unit area into the photodiode in order to capture 
more number of photons as shown in Fig. 1. Since 90s, various microlenses have been 
developed for increasing fill factor and thereby widen not only the DR but also extend the tonal 
levels, i.e. the mid-tone levels expansion between the possible lightest and darkest luminosity 
values of a captured image. They are widely used in CCD sensors [6], [7].  However it is still 
impossible to make fill factor 100% in practical production due to the physical limitations in 
digital camera development [8]. Two phenomena related to such physical limitations are the 
saturation and the blooming effects. They occur in all CCD image sensors under conditions in 
which either the finite charge capacity of individual photodiodes (i.e. sensitive sensor pixel), 
or the maximum charge transfer capacity of the CCD, is reached over the sensor or sensor 
array’s properties. The amount of charge that can be accumulated in an individual sensitive 
sensor pixel is defined by its full well capacity and depends primarily on the sensor dimensions 
and the fill factor. On the other hand, the current standard post-processing solution for obtaining 
a nearly infinite displayable dynamic range is to use the high dynamic range (HDR) imaging 
technology which implements a combination of several images captured with different 
exposure times or different sizes of aperture sensor [9], [10].  

Recently a software-based method was proposed to widen the dynamic range of a CCD 
sensor by virtually increasing the fill factor [11]. The proposed DR widening was achieved by 
implementing a statistical resampling process and having known fill factor. The approach was 
evaluated by CCD sensors simulations. In this paper we propose a software method which 
performs as microlens in the hardware solution to widen not only the recordable dynamic range 
but also extend the tonal levels. The proposed tonal level extension is achieved by using the 
statistical resampling process in [11] and estimated value of fill factor.  In the method the 
estimated fill factor, from captured CCD image, is increased virtually to overcome the physical 
limitation of the microlens’ solution. This process generates the estimation of each new pixel 
intensity value.  The results verify that the estimation of fill factor of a CCD sensor is a not 
only feasible but also significantly effective approach in DR widening and tonal levels 
extension processes. Although there are software technologies for improving the displayable 
dynamic range using only one image, such as the histogram equalization and image contrast 
enhancement [9], to the best of our knowledge, our approach is the first work that tries to extend 
the tonal levels and widen the recordable dynamic range by virtual increase of an estimated fill 
factor for a real CCD sensor.  

The rest of paper is organized as follow; in section II the details of the method are described, 
section III explains the experimental setup, the results are shown and discussed in section IV, 
and finally we conclude and discuss potential future work in section V. Here it is worth to 
mention that we distinguish between recordable and displayable dynamic range where the 
recordable dynamic range represents the raw input dynamic range obtained after capturing of 
an image and the displayable dynamic range is considered a post-processing operation on the 
raw captured image. 
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Fig. 1. A close up of a microlens array is shown in the left [4] and the microlens array architecture is presented in 
the right [5].

II. METHODOLOGY

The conventional CCD sensor samples an image by capturing incident photons in a 
rectangle grid. Fig. 2 shows an example of the conventional CCD sampling grid on an array of 
four pixels. The black and white areas represent the non-sensitive areas and sensitive areas in 
pixels respectively in the figure, where the blue arrows represent the signal sampling positions. 
Assuming the size of each pixel is ∆𝑥 by ∆𝑦, the corresponding sampling intervals in 𝑥 and 𝑦
directions, then the spatial resolution of the output image are ∆𝑥 and ∆𝑦 .  The sampling 
function can be expressed as 𝐹(𝑥′, 𝑦′) = ∑ ∑ 𝛿(𝑖∆𝑥, 𝑗∆𝑦)𝑓(𝑥, 𝑦)𝑁

𝑗=0
𝑀
𝑖=0 where 𝑥, 𝑦, 𝑥′

and 𝑦′are pixel coordinates in the input optical image 𝑓and the output sampled image 𝐹 , with 
size of 𝑀 by 𝑁, respectively [12]. Let suppose the size of the sensitive area is ∆x' by ∆y' as 
shown in Fig. 2. So when the photons are not captured in the sensitive area with size of ∆𝑥′
by∆𝑦′, 𝐹(𝑥′, 𝑦′) = 0.

Fig. 2. The conventional image sampling on a CCD sensor.

Based on the facts explained in section I, the fill factor is impossible to be as high as 100%, 
so that the region of support, the sensitive area, cannot cover the whole area of sample interval, 
the whole pixel. A resampling process is necessary for the extension of the region of support, 
which consists of the five following steps: a) local learning model, b) sub-pixel rearrangement, 
c) model simulations on sub-pixel grid, d) intensity estimating of sub-pixels based on Bayesian 
inference, and e) pixel intensity estimation based on highest probability. Each of the steps will 
be explained in detail below.

a) Local learning model –One or combination of several statistical models can be tuned 
according to data structure in the actual pixel neighborhood. A Gaussian statistical model is 
used in our experiments where the mean and standard deviation are estimated according to the 
local data.

b) Sub-pixel rearrangement – By having the fill factor of the CCD sensor, the captured 
CCD image is rearranged into a new grid of virtual sensor pixels, each of which is composed 
of sub-pixels. In each pixel, the sub-pixels are divided into virtual sensitive and non-sensitive 
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areas with integer number of sub-pixels. Then the intensity value of sub-pixels in the virtual 
sensitive area is assigned to be the intensity of the corresponding pixel in the CCD image, and 
the intensity values of all sub-pixels in non-sensitive area in virtual sensor pixels are assigned 
to zero.  

c) Model simulations on sub-pixel grid – In a rearranged sub-pixel neighborhood of the 
actual pixel, the local learned model is used to simulate all the sub-pixel intensities in one actual 
pixel. The known sub-pixels intensity values in virtual sensitive area and linear interpolation 
result on the sub-pixel grid for obtaining the unknown sub-pixels intensity values in virtual 
non-sensitive area are used to initiate the intensity values in the simulation. A group of 
simulations have been accomplished, in each of which the number of actual sub-pixels varies 
from zeros to total number of sub-pixels of the actual virtual sensitive area. In this way each 
sub-pixel of the actual virtual sensor obtains various random intensity values after this group 
of simulations. 

 d) Intensity estimating of sub-pixels based on Bayesian inference – Bayesian inference 
is used to estimate the intensity of each sub-pixel by having the model simulations values as 
the observation values, which has been used for estimating human perception in [13]. Let y be 
the observed intensity value of each sub-pixel after simulations and x be the true intensity value 
of the sub-pixel, then 

𝑦 = 𝑥 + 𝑛 

where n can be considered as the contaminated noise by the linear interpolation process. 
Here the goal is to make the best guess  x̂ , of the value x given the observed values by 

�̂� = argmax
𝑥

𝑃(𝑥|𝑦), 

and   𝑃(𝑥|𝑦) = 𝑃(𝑦|𝑥)𝑃(𝑥)
𝑃(𝑦)

 

where P(x|y)  is the probability distribution of x given y, P(y|x)  is the probability 
distribution of y given x, P(x) and P(y) are the probability distribution of x and y. Assuming 
to have a Gaussian noise yields 

𝑃(𝑦|𝑥) = P(𝑥|𝑥 + 𝑛) =
1

√2𝜋𝜎𝑛
𝑒
−
(𝑦−𝑥)2

2𝜎𝑛
2  

where σn is the variance of the noise; i.e. the variance of interpolated data from simulations 
for each sub-pixel. The trained hypothesis P(x) is obtained by the local learning model which 
uses a Gaussian distribution here with the mean μx and standard deviation of σx as following 

P(𝑥) =
1

√2𝜋𝜎𝑥
𝑒
−
(x−𝜇𝑥)

2

2𝜎𝑥
2  

For posterior probability on x yields 

𝑃(𝑥|𝑦) ≈ 𝑃(𝑦|𝑥)P(𝑥) 

𝑃(𝑥|𝑦) ≈
1

√2𝜋𝜎𝑛
𝑒
−
(𝑦−𝑥)2

2𝜎𝑛
2

×
1

√2𝜋𝜎𝑥
𝑒
−
(x−𝜇𝑥)

2

2𝜎𝑥
2  

The x which maximizes P(x|y) is the same as that which minimizes the exponent term in 
the above equation. Thus if  f(𝑥) = −

(𝑦−𝑥)2

2𝜎𝑛
2  −

(x−𝜇𝑥)
2

2𝜎𝑥
2  , when the derivative f′(𝑥) = 0, the 

minimum value or the best intensity estimation of the corresponding subpixel is 

javascript:void(0);
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�̂� =
𝑦𝜎𝑥

2 + 𝜇𝑥𝜎𝑛
2

𝜎𝑥
2 + 𝜎𝑛

2

e) Pixel intensity estimation based on highest probability – Histogram of the estimated 
intensity values of sub-pixels of the actual virtual sensor pixel indicates a tendency of intensities 
probability. The multiplication of inverse of fill factor with highest value of such probability is 
considered as the estimated intensity value of the actual virtual sensor pixel as the result of 
resampling procedure.

III. EXPERIMENTAL SETUP

A monochrome CCD camera, Teli CS8620BHci, was used for capturing images from an 
image displayed on a laptop monitor. A pattern image was created as the target optical image 
shown in Fig. 3, whose histogram distribution was uniformly having 256 intensity levels. The 
optical image was displayed on the HP Elitebook 8460p Laptop without external charging to 
avoid flickering problem on the display due to AC currency. The resolution of the target optical 
image was 1300 by 900 and exactly the same as resolution of the laptop monitor. The distance 
from the camera to monitor and the luminance of the monitor were 50 cm and 200 cd/m2

respectively. The size of the camera sensor pixel was 8.6 microns by 8.3 microns and the 
resolution of the camera sensor was 768 by 576. The lens on the camera was Tamron 
23FM25SPwith focal length of 25mm. The aperture size was set at the maximum, 22mm, to 
obtain maximum number of incident photons and the horizontal angle of view was 20 degree. 
The camera was connected to a frame grabber, Matrox meteor II/MC card, in a stationary 
computer. The frame grabber was controlled by the developed codes in Matlab and has a 
voltage swing of 2 volts when the digitizer reference was set between 0.6 and 2.6 volts. Also 
the image intensity levels after the digitalization was 8 bits (256 levels).

Fig. 3. The optical pattern image.

Also to investigate the optimal exposure time, the Image Systems Evaluation Toolbox 
(ISET) [14] in MATLAB was used to simulate a CCD camera sensor array with a fill factor of 
100%. The ISET is designed for evaluating how image capturing components and algorithms 
influence image quality and it has been proved to be an effective tool for simulating a sensor 
array and image capturing [15]. In the ISET the virtual camera system, including both the 
sensor array and lens, is simulated according to the physical rules and limitation as the real 
camera. Accordingly using the ISET the exposure time was computed to be 1ms when the fill 
factor was set to 100% for a CCD sensor with our camera sensor pixel dimensions. A longer 
exposure time would cause saturation effect, and a shorter exposure time would make the 
output image underexposed. 

In the Teli CCD camera, the exposure times can be set at 0.25ms, 0.5ms, 1ms or more 
manually. When it is connected to the Matrox frame grabber, the input signal, captured by the 
camera sensor, can be amplified to an optimal input voltage by the grabber. This signal gain is 
called input gain. In this frame grabber, the input gain can vary as 1, 2 or 4. Accordingly the 
processing of input signal by the frame grabber varies as it is shown in Table I. When the input 
gain is increasing, the voltage swing is considered to become smaller i.e. the pixel well capacity 



P a g e  |  6 7

is filled in a shorter exposure time. Here independent of the gain variation the sampled input 
signal undergoes a quantization process with 256 levels. However the true dynamic range and 
tonal levels of the quantized input signal is decreased as it is shown in Fig. 4. 

TABLE I: THE CAMERA PERFORMANCE PROPERTY UNDER DIFFERENT INPUT GAINS.

Input Gain
Gain = 1 Gain = 2 Gain = 4

Voltage swing (volt) 2 1 0.5 

Max exposure time (ms) 1 0.5 0.25 

Bottom reference (volt) 0.6 0.6 0.6 

Top reference (volt) 2.6 1.6 1.1 

Quantization resolution 1/128 1/256 1/512

2.6

0.6

Voltage Swing

Top
reference

Bottom
reference

2 volts
256 quantization 

levels

Gain=1

1.6

0.6

Voltage Swing

Top
reference

Bottom
reference

0

1 volt

256 quantization 
levels

2.6
Gain=2

1.1

0.6

Voltage Swing

Top
reference

Bottom
reference

0

0.5 volt

256 quantization 
levels

2.6
Gain=4

Fig. 4. By increase of the input gain in the frame grabber, the voltage swing of the input signal is considered to 
be decreased and independent of gain variation, 256 quantization levels are used in the quantization process 

which result to decrease of the true quantization resultion.
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IV. RESULTS AND DISCUSSION

An optical image was created as it was explained in section III. The pattern of the image was 
reassuring to have 256 tonal levels. The image was displayed on the laptop monitor and the 
displayed image was captured by the camera with three different exposure times and having 
three input gains for each choose of exposure time. Fig. 5 shows the captured images and Fig. 
6 shows the corresponding histograms to the images in Fig. 5. It can be seen that the images 
from the left to right, corresponding to decrease of exposure time, become darker which are 
verified by the correspondent histogram distributions. In Fig. 5 although the tonal range of the 
image is 255 when exposure time is 1ms and input gain is 4, a saturation effect is presented 
in the image. This is due to the exposure time duration and the amplification of the captured 
signal by the frame grabber which resulted to a signal level over the top reference of the frame 
grabber.

Fig. 5. The images taken by the CCD camera at different exposure time and input gain. From top to bottm, the 
input gains are 1, 2 and 4.  From the left to right, the exposure times are 1ms, 0.5ms and 0.25ms.
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Fig. 6. The histograms corresponding to the images in Fig 5. From top to bottm, the input gains are 1, 2 and 4.  
From the left to right, the exposure times are 1ms, 0.5ms and 0.25ms.

The optical image

Camera sensor image

Our method estimated image

Histogram equalization image

Contrast enhanced image

Fig. 7. From top to bottom, the original captured CCD sensor image, our estimated image, the images processed 
by the histogram equalization and contrast enhancement respectively.
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Fig. 8. The histogram corresponding to the images in Fig. 7.

When the input gain is 1, the captured image represents the raw data on the sensor array 
and with having a long enough exposure time the fill can be estimated. Generally, the 
information about the fill factor is not revealed by camera or sensor array manufacturers. As 
discussed in Section 3, for the Teli camera the appropriate exposure time for having a fill factor 
of 100% was estimated to be 1ms. The corresponding captured image is shown as the top left 
image in Fig. 5. Accordingly as far as the ideal tonal range for a sensor array with a fill factor 
of 100% is between 0 and 255 with 256 tonal levels, the fill factor is estimated by 𝐹𝐹 =

𝑇

256
, 

where 𝐹𝐹 and 𝑇 are the fill factor and the number of tonal levels of captured image with input 
gain of 1 and exposure time of 1ms respectively. According to the histogram shown in Fig. 6, 
there are 98 tonal levels in the camera sensor image thus the fill factor of our Teli camera is 
estimated to be 38% based on the above argumentation. With this fill factor, the new subpixel 
intensities are estimated by our method discussed in Section II. For comparison, the software 
methods of histogram equalization and image contrast enhancement are considered which are 
the common methods, using only one image, for improving the displayable dynamic range The 
middle fifty rows of pixels in the optical pattern image, the camera sensor image and the 
corresponding processed images are shown in Fig. 7, The corresponding histograms of the 
images in Fig. 7 are shown in Fig. 8. All the images shown in Fig. 7 are displayed in unsigned 
8 bits integer (uint8) format without any DR normalization. 
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The contrast of the resultant images by the three methods are improved due to widening of 
the displayable dynamic range from the original range to 0-255. The image of histogram 
equalization is perceived as the closest one to the optical image which is expected, and it is due 
to its enforced uniform histogram distribution i.e. the distribution is the same as the distribution 
of the optical pattern image. However, the histogram equalization image has only 55 tonal 
levels, se Table II. The images of our proposed method and contrast enhancement are very 
similar to the human visual perception. However, there are quite significant differences 
between their histogram distributions and tonal levels, se Fig 8 and Table II.  The histograms 
of the resultant images shown in Fig. 8 indicate that our method not only widens the dynamic 
range to 0-255, but also extends the tonal levels to 256 levels. The actual tonal levels of all the 
resultant images are shown in Table II. There are 256 tonal levels in the estimated image by 
our method and only 55 and 98 levels in the images processed by the methods of histogram 
equalization and contrast enhancement respectively which are even less than or equal to the 
tonal levels of the CCD sensor image.  

The image entropy which describes the amount of information in an image represented by 
the tonal levels is also used for comparing the images and are shown in Table II. The entropy 
of the estimated image by our method is larger than the other methods which is indicating that 
the amount of information in our estimated image is more than the others. This is consistent 
with the results of tonal levels, but it still differs from the optical image due the noise induced 
to the sensor image during the capturing and especially in darker tonal levels which will be 
investigated in the future work. 

TABLE II: THE TONAL RANGE, ENTROPY AND INTENSITY LEVELS FOR CCD SENSOR IMAGE, OUR ESTIMATED 
IMAGE, THE IMAGES PROCESSED BY HISTOGRAM EQUALIZATION AND CONTRAST ENHANCEMENT. 

 Tonal range Tonal levels Entropy 

The optical image 0-255 256 8 

CCD Sensor image 0-125 98 6.32 

Our method estimated image 0-255 256 7.57  

Histogram equalization 0-255  55 5.68  

Contrast enhancement image 0-255  98 6.32 

V. CONCLUSION 
In this paper, a software method is proposed which not only widens the recordable dynamic 

range but also extends the tonal levels by virtual increase of the fill factor. To prove these 
claims we created a ground truth optical image with 256 tonal levels and captured this image 
by a CCD camera. We estimated the proper exposure time for our camera and removed all of 
compensation steps, introduced by frame grabber, during quantization to obtain a true captured 
and digitized image. By estimating the fill factor, the new pixel intensities of the captured and 
true digitized image were estimated by our proposed method. The results show that our claims 
are verified and in comparison the other software-based method for improving the displayable 
dynamic range with one image, histogram equalization and image contrast enhancement, , not 
only the recordable dynamic range, i.e. tonal range, is widened to 0-255, but also the number 
of tonal levels is extended to 256. In the future works we will investigate effect of the noise 
during the capturing and especially its effect on darker tonal levels. Also we intend to apply 
our methodology on CMOS sensors and the color sensors. 
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Abstract: Achieving a high fill factor is a bottleneck problem for capturing high-

quality images. There are hardware and software solutions to overcome this 

problem. In the solutions, the fill factor is known. However, this is an industrial 

secrecy by most image sensor manufacturers due to its direct effect on the 

assessment of the sensor quality. In this paper, we propose a method to estimate the 

fill factor of a camera sensor from an arbitrary single image. The virtual response 

function of the imaging process and sensor irradiance are estimated from the 

generation of virtual images. Then the global intensity values of the virtual images 

are obtained, which are the result of fusing the virtual images into a single, high 

dynamic range radiance map. A non-linear function is inferred from the original 

and global intensity values of the virtual images. The fill factor is estimated by the 

conditional minimum of the inferred function. The method is verified using images 

of two datasets. The results show that our method estimates the fill factor correctly 

with significant stability and accuracy from one single arbitrary image according to 

the low standard deviation of the estimated fill factors from each of images and for 

each camera. 

Keywords: fill factor; virtual image; image sensor; pipeline; virtual response 

function; sensor irradiance 

 

1. Introduction 

Since the first developed digital camera equipped with charge-coupled device 

(CCD) image sensors in 1975 [1], the CCD digital camera has played a more and more 

important role in both normal life and scientific studies. This popularity is thanks to 

significant progress over the past decades in digital camera sensory techniques and 

image processing algorithms; especially achievements in increasing image resolution 

and improving low-light performance [2]. The progress of achievements are due to 

the reduction of the sensory element (the pixel size), improving the conversion of 
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collected photons to electrons (the quantum efficiency), and using hardware 

techniques on the sensor [1,3]. However, the image quality is not affected only by the 

pixel size or quantum efficiency of a sensor [4]. As the sensor pixel size becomes 

smaller, this results in a smaller die size and a higher spatial resolution gain; all at the 

cost of a lower signal-to-noise ratio, lower dynamic range, and fewer tonal levels [5]. 

An effective method to improve the performance of a camera sensor and avoid the 

problems above is to increase the sensor fill factor, e.g., by arranging an array of 

microlenses on the sensor array [6,7]. However, due to the physical limitation in 

practical development and manufacturing of digital cameras, the fill factor of an 

image sensor cannot be 100% [2]. 

Since the increase of the fill factor by hardware solutions is difficult and limited, 

numerous image processing algorithms have been developed to solve the issue, e.g., 

by black level correction, noise reduction, white balance, tone reproduction, or 

histogram equalization for image enhancement [8]. The combination of such 

processes forms different image processing pipelines (IPPs) in a camera [9–12], and 

we discuss more of the IPPs in detail in Section 2. Today, almost all images we capture 

are processed by a type of pipeline in a camera. However, the quality of images is 

still far lower than what our visual system can perceive. At the same time, compared 

to human eyes that have a much larger range of luminance (10,000:1 vs. 100:1 cd/m2) 

[13], it is necessary for a camera sensor to have a larger fill factor with a die size to 

create more intensity levels for an image in the luminance range. Recently a new 

approach was presented [14] in which the fill factor is increased virtually, resulting 

in a significant extension of image tonal level and widening of the dynamic range. In 

the approach, the original fill factor is assumed to be known. However, this value is 

a confidential matter by most digital camera manufacturers. Even though, with the 

help of sensor pattern noise, the source of an image sensor can be identified [15], the 

information about the sensor fill factor remains unknown. 

On the other hand, if we consider the capture process in an image acquisition 

pipeline, the charge collected by an image sensor element is proportional to the 

projected irradiance from its scene. The amount of irradiance 𝑍 on the image sensor 

element is varied by exposure time 𝜏 and fill factor 휁; i.e., 𝑍 ≈ 𝐿 × 𝜏 × 휁 where 𝐿 is the 

radiance from the scene. Although the image sensor response to these optical 

variations is a linear function, most digital cameras apply a nonlinear mapping to the 

image sensor element before the captured image is written to the storage medium. 

The nonlinearity comes from the image acquisition pipeline (e.g., non-linear gaining, 

A/D conversion) and/or further processing in the IPP. In the problem of recovering 

the high dynamic range of photographs [16–18], the images are captured by the same 

camera (i.e., the same fill factor) and with different exposure times. Then, the 

response function of the nonlinear imaging process is recovered by a combination of 

the images into a composite radiance map. 

In this paper, we propose a method to estimate the fill factor of a camera sensor 

from a captured image by the camera. In our method, from the captured image, a set 
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of 𝑁 new images with 𝑁 number of fill factors are generated based on the proposed 

method in [14]. Then the virtual response function of the imaging process is estimated 

from the set of generated images which combines the images into a composite virtual 

radiance map. In this way, the exposure time τ is assumed to be constant, e.g., K, and 

irradiance 𝑍  becomes 𝑍 ≈ 𝐿 × 𝐾 × 휁 ; i.e., the virtual response function has certain 

relation to the variation of fill factors. Using this relation, and having a virtual 

response function, the actual fill factor is estimated. We verify our method and 

evaluate its stability and accuracy by using images of two cameras, Teli CS8620HCi 

(Toshiba Teli Corporation, Tokyo, Japan) and SONY XC-77 (SONY  Corporation, 

Tokyo, Japan), which we could find the truth values of their fill factors [19,20]. The 

results show that our method can estimate the fill factor correctly with significant 

stability and accuracy from one single captured image. To the best of our knowledge, 

our approach is the first work that estimates the fill factor of an image sensor and 

proposes a method for estimation of a virtual camera response function. 

The rest of paper is organized as follows; in Section 2 the image acquisition and 

processing pipeline in the camera are described; Section 3 explains the camera 

response function and then the methodology used for fill factor estimation is 

presented in Sections 4 and 5; Section 6 explains the experimental setup, and the 

results are shown and discussed in Section 7; finally, we conclude and discuss 

potential future work in Section 8. 

2. Image Acquisition and Processing Pipelines 

The imaging process from the capturing of a scene to its display or storage in a 

medium generally undergoes two pipelines: the image acquisition pipeline (IAP) and 

the image processing pipeline, which are shown in Figure 1. As it is shown in the top 

of Figure 1, the scene radiance 𝐿 (i.e., the energy flux emitted from the scene [21]) 

goes through the lens and is then projected on the image sensor with certain exposure 

time which is controlled by the shutter. The sensor irradiance 𝐸, in the figure, is the 

power per unit area of scene radiant energy 𝐿 falling on the sensor. The power per 

unit area of the scene radiant energy 𝐿 that is projected on the sensor is shown as the 

projected irradiance 𝑃 in the figure. Additionally, due to the effect of the sensor fill 

factor, part of photons from the scene radiance is captured by the image sensor. The 

actual power per unit area of the scene radiant energy 𝐿  that is captured and 

measured by the sensor is the image irradiance 𝑍. The variation of the exposure time 

and the fill factor with respect to the input, sensor irradiance 𝐸, are linear processes. 

The acquisition of image irradiance from the scene radiance is shown in the top of 

Figure 1 by the dashed line box. Then photon-to-electron conversion is achieved by 

the image sensor, which is also a linear process with respect to each photon 

wavelength. It is noteworthy to mention that the quantum efficiency (the conversion 

of photons into electrons) is a nonlinear process with respect of different light 

wavelengths. We call the output of the image sensor an analog raw image, which is 
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then amplified and normalized by a gain control; the modified analog raw image. 

The amplification can be nonlinear and the normalization is a nonlinear process. The 

modified analog raw image is sampled and quantized in an A/D conversion which 

results in the output image; as the IAP image M in Figure 1. The A/D conversion is a 

nonlinear process. As it was discussed above, there are both hardware and software 

solutions to enhance the sensor performance. Generally, the applied hardware 

solutions in the IAPs try to increase the number of captured photons; e.g., using a 

microlens array on the image sensor. On the other hand, the software solutions are 

mostly applied in the IPPs.

Scene 
radiance

(L)

Sensor 
irradiance

(E)

Lens Shutter

Projected 
irradiance

(P)

Fill factor

Image 
irradiance

(Z)
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Raw 

Image 
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Raw 

Image

IAP
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reproduction
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Enhancement
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Compression
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(M)

IPP 
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(S)

Figure 1. The image acquisition pipeline (top) and the image processing pipeline 

(bottom). The image acquisition pipeline shows the process of how scene radiance 

(𝐿) becomes digital pixel values in an IAP image 𝑀 , and the image processing 

pipeline shows the process of how an IAP image (𝑀) can be processed further to 

obtain an IPP image (𝑆). (M, L and S are in italic in the text, but in normal in the 

figure 1. Please change them to be in italic. 

With performance of an image-processing pipeline, the produced digital IAP 

image is taken and a digital image is obtained that will then be viewed or undergo 

further processing before being saved to nonvolatile memory. This pipeline is a series 

of specialized algorithms in a certain order that adjusts image data in real-time and 

is often implemented as an integrated component of a system-on-chip (SoC) image 

processor. Without a well-designed processing flow, it is difficult to obtain 

satisfactory and stable image quality, even if suitable algorithms for individual stages 

are selected. Assigning these processing steps into appropriate stages in the IPP is a 

complicated task, and the ordering of IPP stages will dominate the final picture 

quality [9–12]. A simplified and typical IPP for a camera is shown at the bottom of 

Figure 1. The shown IPP is composed of the following parts: noise reduction, black 

level correction, white balance, tone reproduction, image enhancement, and image 

compression. Noise is reduced or eliminated due to its significant influence on 

dynamic range of the captured image [22]. Black level correction is applied for 

contrast correction by capturing an image of a completely black field [23]. Unrealistic 

white casts are removed by the white balance process; the process maintains color 

constancy of an image by removing color casts caused by an un-canonical illuminant 

[24]. The tone reproduction is used to produce realistic “renderings” of captured 

scenes by properly reproducing brightness and brightness differences [25]. The 
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image enhancement is applied to modify attributes of an image and to make it more 

suitable for a given task and a specific observer [26], which mostly includes two 

processes: edge and contrast enhancement. The irrelevance and redundancy of the 

image data are reduced by the image compression to be able to store or transmit data 

in an efficient form, e.g., JPEG [27]. 

3. Camera Response Function vs. Virtual Camera Response Function 

An IPP image, acquired by the image acquisition and processing pipelines, 

shown in Figure 1, is related to scene radiance by a nonlinear mapping function. The 

knowledge of the scene radiance reveals physical properties of the scene caused by 

the interaction of light with scene objects. The amount of scene radiance is varied as 

the amount of light or scene objects are varied. Thus, the nonlinear mapping function 

which relates an IPP image to scene radiance is a partial camera response to the 

limited range of the scene radiance. Generally, to obtain the camera response function 

we use an image of a uniformly illuminated chart with patches of known reflectance, 

such as the Macbeth chart, as it is done in [28]. Nevertheless, placing a chart in the 

scene is quite inconvenient or difficult in practical applications. Thus, obtaining the 

camera response function is a difficult task. On one hand, a single captured image, 

the IPP image 𝑆, is related to a partial camera response function and, on the other 

hand, it is almost impossible to rearrange a scene, e.g., with a Macbeth chart, to 

include all scene radiance variations. Let us now, in more detail, consider what 

happens during the formation of an IPP image. The sensor irradiance, E, is acquired 

in relation to scene radiance L as [29]: 

𝐸𝑖 = 𝐸(𝑖, 𝜆) =
𝜋

4
(
𝑑

ℎ
)
2

𝑇(𝜆)(cos 𝜑)4𝐿(
𝑖

𝑚
, 𝜆) (1) 

where h is the focal length of the imaging lens, d is the diameter of aperture, 𝜑 is the 

angle subtended, 𝑚 is the lens magnification, 𝑇(𝜆) is the transmissivity of the lens, 𝑖 

is the spatial index of each sensor element, and 𝜆  is the light wavelength. 

Accordingly, the image irradiance Z is: 

𝑍𝑖 = 𝐸𝑖𝜏휁  

The optimized method to preserve the existing dynamic range of the scene 

radiance L in the acquired image Z is to choose the correct exposure time for the 

radiation of each scene point and having a 100% fill factor. As the exposure time for 

capturing an image is fixed for all scene points and the fill factor of a camera is 

generally far from 100% [14], we should surely assume that only part of the dynamic 

range of L is captured. The nonlinear function of 𝑓, which is caused by components 

in IAP and IPP, maps the image irradiance Z to the output of IAP; the IAP image 𝑀, 

as: 

𝑀𝑖 = 𝑓(𝑍𝑖) = 𝑓(𝐸𝑖𝜏휁) (2) 
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by assuming that the sensor output increases monotonically, or at least semi-

monotonically, with respect to 𝑍𝑖, the function 𝑓 is invertible. Then the partial camera 

response function 𝑔𝑝𝑎𝑟 is: 

𝑔𝑝𝑎𝑟 = 𝑓−1(𝑀𝑖) = 𝐸𝑖𝜏휁. (3) 

The knowledge of used nonlinear components and their response functions for 

each camera is generally difficult to acquire, which forces us to search for other 

solutions. One solution is to vary the exposure time and capture a set of images with 

the same camera; i.e., the fill factors are the same. Accordingly, Equation (2) becomes: 

𝑔(𝑀𝑖𝑙) = 𝑓−1(𝑀𝑖𝑙) = 휁𝐸𝑖𝜏𝑙 , (4) 

where 𝑔 is the camera response function and 𝑙 is the exposure time index. We should 

note that we called 𝑔  as the camera response function due to the assumption of 

having enough variations of exposure times; i.e., the 𝑔𝑝𝑎𝑟  goes to 𝑔  by a greater 

number of captured images with different exposure times. This solution is used in 

the recovery of high dynamic ranges of images [30,31]. Another solution to the 

problem expressed in Equation (2) is to use a single captured image and vary the fill 

factors to obtain a set of images; i.e., the exposure time remains the same and the 

images are generated virtually [14]. Accordingly, this time Equation (2) becomes: 

𝑔𝑣(𝑀𝑣𝑖𝑗) = 𝑓−1(𝑀𝑣𝑖𝑗) = 𝜏𝐸𝑖휁𝑗 , (5) 

where 𝑔𝑣 is the virtual camera response function, 𝑗 is the fill factor index, and 𝑀𝑣 is 

the generated virtual image. We noted the camera response function as the virtual 

one due to our proposed method of using virtual images. For the recovery of 𝑔𝑣 from 

Equation (4) we used the same methodology in [32] in which a similar problem is 

discussed in relation to exposure time variation. Accordingly, by taking the natural 

logarithm of both sides of Equation (5), and using the set of equations arising from it, 

the best recovery (in sense of least square error) of 𝑔𝑣 and 𝐸𝑖 is computed from: 

𝜃 = ∑∑[𝑤(𝑀𝑣𝑖𝑗){𝑔𝑣(𝑀𝑣𝑖𝑗) − 𝑙𝑛𝐸𝑖 − 𝑙𝑛휁𝑗 − 𝑙𝑛𝜏 }]
2

𝑁

𝑗=1

𝑀

𝑖=1

+ 𝜆 ∑ [𝑤(𝑀𝑣)𝑔′′(𝑀𝑣)]2

𝑀𝑣𝑚𝑎𝑥−1

𝑀𝑣=𝑀𝑣𝑚𝑖𝑛+1

, 

(6) 

where −𝑙𝑛𝜏 as constant value is ignored, 𝑀 is the number of pixel locations, 𝑁 is the 

number of virtual images, 𝜆 is an optional scaler and is chosen in relation to expected 

noise in 𝑀𝑣𝑖𝑗 , and 𝑔′′ is used as 𝑔′′(𝑀𝑣) = 𝑔(𝑀𝑣 − 1) − 2𝑔(𝑀𝑣) + 𝑔(𝑀𝑣 + 1). 𝑤(𝑀𝑣) 

is a weighting function: 

𝑤(𝑀𝑣) = {
𝑀𝑣 − 𝑀𝑣𝑚𝑖𝑛 𝑀𝑣 ≤ 𝑀𝑣𝑚𝑖𝑑

𝑀𝑣𝑚𝑎𝑥 −𝑀𝑣 𝑀𝑣 > 𝑀𝑣𝑚𝑖𝑑
 ,  

To emphasize the smoothness and fitting terms towards the middle of the 

response curve, according to Equation (6), we find 𝑔𝑣 and 𝐸𝑖 using pixel values from 
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all available generated images; a mapping which constructs the sensor irradiance up 

to a factor of scale as: 

𝑔𝑣(𝑀𝑣𝑖𝑗) =
∑ 𝑤(𝑀𝑣𝑖𝑗)(𝑙𝑛𝐸𝑖 − 𝑙𝑛휁𝑗)
𝑁
𝑗=1

∑ 𝑤(𝑀𝑣𝑖𝑗)
𝑁
𝑗=1

, (7) 

4. Relation of Fill Factor to the Virtual Camera Respond Function 

In the previous section, we showed that by assuming a known fill factor 휁𝑗  a 

virtual image 𝑀𝑣𝑖𝑗  is generated and the sensor irradiance is mapped to the virtual 

image by a corresponding virtual camera response function (see Equation (7)). 

Having a set of 𝑁  virtual images from 𝑁  assuming known fill factors, a more 

enhanced virtual camera response function is obtained (depending on the number 

𝑁) as: 

𝑔𝑣(𝑀𝑣𝑖𝑗) = ⋃𝑔𝑣(𝑀𝑣𝑖𝑗)

𝑁

𝑗=1

, (8) 

The above equation expresses that each corresponding virtual camera response 

function 𝑔𝑣(𝑀𝑣𝑖𝑗) to a fill factor 휁𝑗  recovers only partially the relation between the 

sensor irradiance and all generated virtual images. The final estimated virtual camera 

response function will be the union of each virtual camera response function 

corresponding to its fill factor. At the same time, we can consider that between each 

𝑔𝑣(𝑀𝑣𝑖𝑗), by using Equation (5), it yields:  

𝑔𝑣(𝑀𝑣𝑖𝑘) =
휁k
휁j
𝑔𝑣(𝑀𝑣𝑖𝑗), (9) 

The pixel intensity values of each 𝑀𝑣 is proportional to the fill factor. Thus, for 

their virtual camera response function it yields: 

𝑔𝑣(𝑀𝑣𝑖𝑗) = 휁j𝐼𝑖𝑗 , (10) 

where 𝐼𝑖𝑗  is the pixel intensity value at an index position of 𝑖 with a fill factor index 

of 𝑗. 

5. Fill Factor Estimation 

In this section, we explain how, from a single arbitrary captured image by an 

unknown camera (i.e., the fill factor is unknown), the fill factor is estimated by steps 

which are shown in Figure 2. 
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Figure 2. Flowchart of the fill factor estimation.

Previous experience in estimation of camera response by exposure time 

variation [32] shows that a group of pixels with different intensities are necessary to 

be selected in IPPs images; i.e., having more variations in pixel intensities, the 

estimation becomes more accurate. In our work a 32 × 32 patch of pixels with rich 

variation of pixel intensities is selected automatically; i.e., the range of pixel intensity 

variations of all possible 32 × 32 patches are examined by calculating the number of 

tonal levels in their histograms to select the patch. Then the patch is normalized by 

removing the offset of its histogram from zero, and a set of 𝑁 virtual images is 

generated by the proposed method in [14], assuming knowing a fill factor from a set 

of fill factors between 22% and 81%. According to the method, the process of virtual 

image generation is divided into three steps of (a) projecting the pixel intensity onto 

a new grid of subpixels; (b) estimating the values of subpixels based on a local 

learning model; and (c) estimating the new pixel intensity by decision-making. The 

three steps are elaborated below:
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(a) A grid of virtual image sensor pixels is designed. Each pixel is divided into 30 × 

30 subpixels. According to the hypothetical fill factor 휁, the size of the active area 

is A by A (please confirm), where  𝐴 = 30 × √휁. The intensity value of every 

pixel in the original image is assigned to the virtual active area in the new grid. 

The intensities of subpixels in the non-sensitive areas are assigned to be zero. 

(b) The second step is to estimate the values of the subpixels in the new grid of 

subpixels. Considering the statistical fluctuation of the incoming photons and 

their conversion to electrons on the sensor, a statistical model is necessary for 

estimating the original signal. Bayesian inference is used for estimating every 

subpixel intensity which is considered to be in the new position of resampling. 

Therefore, the more subpixels that are used to represent one pixel, the more 

accurate the resampling is. By introducing the Gaussian noise into a matrix of 

selected pixels, and estimating the intensity values of the subpixels at the non-

sensitive area with different sizes of active area by local modeling, a vector of 

intensity values for each subpixel is created. Then each subpixel intensity is 

estimated by the maximum likelihood. 

(c) In the third step, the subpixels are projected back to the original grid. To obtain 

the intensity value of the pixels in the original grid, the intensity value of a pixel 

in the new grid is the intensity value which has the strongest contribution in the 

histogram of belonging subpixels. The corresponding intensity is divided by the 

fill factor for removing the fill factor effect to obtain the pixel intensity. 

The generated virtual images are normalized, using their histograms, as follows: 

𝐼𝑜𝑢𝑡𝑝𝑢𝑡 =
(𝐼𝑖𝑛𝑝𝑢𝑡 −𝑚𝑖𝑛(𝐼𝑖𝑛𝑝𝑢𝑡))

𝑚𝑎𝑥(𝐼𝑖𝑛𝑝𝑢𝑡) − 𝑚𝑖𝑛(𝐼𝑖𝑛𝑝𝑢𝑡)
× 𝑅𝑛  

where 𝐼𝑖𝑛𝑝𝑢𝑡   and 𝐼𝑜𝑢𝑡𝑝𝑢𝑡 represent the input and output images, respectively, and 𝑅𝑛 

is the intensity range of the input image, which is defined as: 

𝑅𝑛 = max(𝐼𝑖𝑛𝑝𝑢𝑡) × 휁 ,  

Thus, the tonal range of each virtual image is proportional to its fill factor. By 

this way the 𝑁 virtual images have 𝑁 ranges of intensities. The virtual image with a 

medium range of intensities is chosen for obtaining a set of pixels in which each pixel 

has different intensity values. In the case of having several pixels with the same 

intensity, one of them is selected randomly. The position of each pixel in the set (i.e., 

the spatial index of each sensor element) is used for all of the virtual images (i.e., 

𝑀𝑣𝑖𝑗). According to the solution of Equations (6) and (8), the virtual camera response 

function, 𝑔𝑣(𝑀𝑣𝑖), using 𝑀𝑣𝑖𝑗  is obtained. Actually, this function is an optimized 

solution having 𝑀𝑣𝑖𝑗  (see Section 3) and, at the same time, it is a result of all partial 

virtual camera responses (see Equation (8)). This means that if each partial virtual 

response function shows the relation of 𝐸𝑖 to each 𝑀𝑣𝑖𝑗  (such as showing part of a 

larger picture), the virtual camera response function shows the relation of 𝐸𝑖 to all 
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𝑀𝑣𝑖𝑗 , which generates new pixel intensity values for each of 𝑀𝑣𝑖𝑗 . Let us elaborate 

this by an example. Assume for a pixel position 𝑖 in ten virtual images we have ten 

different intensity values. By having 𝑔𝑣(𝑀𝑣𝑖) and 𝐸𝑖 , we obtain ten new intensity 

values which should increase proportionally to 휁𝑗 ; this follows what we obtained in 

Equation (9). By compensating 1/휁𝑗  we should expect all new pixel intensity values 

for each of 𝑀𝑣𝑖𝑗  to have the same amount of changes. However, the single arbitrary 

image has an actual fill factor which is unknown and, therefore, we suggest using a 

set of assumed fill factors. If any assumed fill factor is less than the actual fill factor, 

we obtain the new pixel values, which are overestimated. If any fill factor is assumed 

more than the actual fill factor, we obtain underestimated values for the new pixel 

intensities. This means the changes in the estimation of the new pixels follow a non-

linear function. We use this nonlinearity to estimate the actual fill factor. The non-

linear function is obtained as follows: (a) the 𝐸𝑖  of 𝑖 pixel position for each 𝑀𝑣𝑖𝑗  is 

estimated and weighted by 1/휁𝑗 ; (b) for each 𝑀𝑣𝑖𝑗 , and for each pixel position, the 

difference between the pixel intensity and the estimated 𝑓(𝐸𝑖) is calculated where 

function 𝑓 is the inverse of 𝑔𝑣; (c) all 𝑁 distances are normalized with respect to the 

minimum distance 𝑚𝑖𝑛(𝑑), where 𝑑 = ∑ 𝑀𝑣𝑖𝑗 − 𝑓(𝐸𝑖)
𝑁
𝑗=1 ; (d) the sum of all distances 

related to the pixel positions for each virtual image (related to each fill factor) is 

calculated; (e) the function of fill factor estimation (FFE), 𝑌, is generated which relates 

the set of assumed fill factors to the sum of all the distances as: 

𝑌𝑗 = ∑
𝑀𝑣𝑖𝑗 − 𝑓(𝐸𝑖)

𝑚𝑖𝑛(𝑑)

𝑀

𝑖=1

= ∑
휁j𝐼𝑖𝑗

휁r

𝑀

𝑖=1

, (11) 

(f) the conditional minimum of the FFE is computed using the maximum local 

standard deviation, which results in the fill factor estimation. 

In summary, a single arbitrary image is used to generate a set of virtual images. 

The virtual camera response function is obtained to estimate the pixel intensity 

values of the virtual images, accordingly. The rate of pixel intensity changes is used 

to estimate the actual fill factor. 

6. Experimental Setup 

Two groups of images from two cameras (Teli CS8620HCi and SONY XC-77) are 

used for the sensor fill factor estimation. We recall these datasets as the Teli dataset 

and SONY dataset. The ground truths of the camera fill factors are found with 

extensive research. The Teli dataset images are captured from the indoor and outdoor 

scenes at different positions to ensure the images have different histograms or, in 

another word, have different scene radiance maps, and the frame grabber of the 

Meteor-II/Multi-channel from Matrox is used to digitize the analog captured images. 

The sensor exposure time is selected by the camera automatically, and the gains in 

the camera and frame grabber are set at AGC (automatic gain control). With such a 

camera setup, twelve images are captured, of which four of them are shown in the 
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first row of Figure 3. Then, the same procedure for fill factor estimation in Section 3 

is applied ten times for each of the images. According to its known fill factor, which 

is around 39% [19], ten fill factors are assumed in the set of fill factors, which are 28%, 

32%, 36%, 40% 44%, 49%, 54%, 59%, 64%, and 69% for generating the virtual images.

The images of the SONY dataset are from the COIL-20 image databases, as 

proposed in [33]. The database is used for evaluating the repeatability and the 

accuracy of our method due to its extensive number of images. In this database, there 

are 1440 grayscale images of 20 objects captured by a SONY XC-77 CCD camera. The 

objects have a wide variety of complex geometric and reflectance characteristics so 

that each of the images has a unique histogram. Eighty images of five objects are 

randomly selected from COIL-20 database and used to form the SONY dataset. Four 

images of one object from this database are shown in the second row of Figure 3. 

According to [20], the fill factor of the sensor in the SONY XC-77 is close to 70%. Thus, 

the set of fill factors that compare to the previous set is extended to 81% by having 

another two fill factors of 75% and 81%.

(a)                 (b)            (c)               (d)   

(e)           (f)                  (g)              (h)   

Figure 3. Image examples from two databases. The top row from (a) to (d) shows 

images taken by a Teli CS8620HCi and the bottom row from (e) to (h) shows images 

taken by a SONY XC-77.

7. Results and Discussion

The virtual camera response functions recovered from images of the two 

datasets are shown in Figure 4, where the left and right show the functions for the 

Teli dataset and the SONY dataset, respectively. The virtual camera response 

functions show the nonlinear process between intensity values of virtual images and 

the variation of fill factors which reflects the camera process on the captured image. 

The recovered response functions from images of the Teli dataset, shown on the left 

of Figure 4, show more variations where the intensity values are low. We believe this 

is due to the sensitivity of the virtual image generation process, in which having a 
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lower known fill factor results in a variation of lower intensity values in the generated 

virtual image, is greater than having a higher fill factor. Compared to the camera 

response function recovered by the method in [32], the function estimated in our 

experiment avoids the saturation part where the intensity values are high. This makes 

the function purely monotonic, which is beneficial to the extension of the dynamic 

range and the increase of the tonal levels.

Figure 4. Estimated virtual camera response functions from generated virtual 

images. Left: Teli dataset; Right: SONY dataset.

The sensor irradiance 𝐸𝑖 is calculated by the inverse of the recovered virtual 

camera response from Equation (7). Two example results of such a calculation are 

shown in Figure 5 for two datasets. All of the marks in the figure, except the black 

circles, represent the intensities of each pixel position on the virtual images. There 

are ten or twelve intensities for each pixel position; i.e., with respect to the set of fill 

factors. Figure 5 shows the intensity changes at thirty pixel positions for the Teli 

dataset and SONY dataset on the left and right of the figure, respectively. The black 

circles represent the values of the sensor irradiance 𝐸𝑖 , estimated from the virtual 

camera response function. The points marked with the same color and symbol form 

a space. Accordingly, each black circle corresponds only to one of the spaces. The 

black circles that are far away from their corresponding space are considered as the 

outliers. Figure 6 shows example of inliers and outliers of the presented data in Figure 

5 on the left and right, respectively. In the left of Figure 6, the 𝐸115 and 𝐸125 are close 

to the pixel intensities of the virtual images. They are considered as inliers and are 

used for further estimation of the actual fill factors. On the contrary, the black circles, 

representing 𝐸95 and 𝐸135, are considered as outliers in the right of Figure 6 due to 

being far from the space of the pixel intensities. The pixel intensity that has the 

smallest distance to the corresponding 𝐸𝑖 in each space is considered as the reference; 

i.e., its corresponding fill factor is used as the reference for later fill factor estimation, 

as was discussed in Section 3. According to Equation (11), each of the 𝐸𝑖 that are 

marked as the inlier in its corresponding space is used to obtain the 𝑌𝑗, the sum of the 
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differences between the pixel intensity and the estimated 𝑓(𝐸𝑖), as it was explained 

in Equation (11). The functions of fill factor estimation, 𝑌, for the presented data in 

Figure 5 are shown in Figure 7. The conditional minimum of each function of the FFE 

is shown with red in the figure for Teli and SONY cameras on the left and right, 

respectively.

Figure 5. Two example results of the sensor irradiance 𝐸𝑖 calculations according to 

Equation (7). Left: Teli dataset; right: SONY dataset. The black circles represent the 

estimated sensor irradiance 𝐸𝑖 for the respective pixel position index of 𝑖. Each set 

of ten or twelve intensity values for each pixel position; obtained from fill factor 

variation, are shown with certain color and shape respectively from Teli or SONY 

dataset.

Figure 6. The examples of inliers (left) and outliers (right) of image irradiance 

points. The black circles represent the estimated sensor irradiance 𝐸𝑖 for the 

respective pixel position index of 𝑖. Each set of ten intensity values for each pixel 

position; obtained from fill factor variation, are shown with certain color and shape.
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Figure 7. Two example results of fill factor estimation function, 𝑌. Left: Teli dataset; 

right: SONY dataset. The red stars show the estimated fill factors.

According to Section 4, the new pixel intensity values of each image are 

proportional to the fill factor. Thus, the ratio of intensities at the same pixel position 

is the same as the ratio of the fill factors of the corresponding pixel intensities. By 

applying the inverse of the fill factor as the weighting factor in the computation of 

the FFE, according to Section 4, we should expect a constant function of the FFE. 

However, as the two examples of both of the FFEs in Figure 7 show the same pattern, 

that when the assumed fill factor is far away from the actual one, the value of 𝑌 is 

over- or under-estimated. When it is close to the actual sensor fill factor, the FFE 

becomes flat. For the estimation of the fill factor, we used this pattern by computing 

a conditional minimum of the FFE where the maximum of the local standard 

deviation of the FFE is the condition.

The results of estimated fill factors for Teli dataset (from ten images) are shown 

in Tables 1 and 2, showing part of the results for the SONY dataset (only from ten 

images). The results in the two tables show that, for each camera, the estimated fill 

factor varies between two fill factors’ values, which are 40%, 44%, and 59%, 64% for 

Teli and SONY cameras, respectively. For the Teli camera, the results of 29% of the 

tests show an estimated fill factor of 40%, and 71% of which the estimated fill factor 

is 44%. Then the following equation is used for calculating the final estimation of the 

fill factor: 

𝐹𝐹 = ∑𝑓(𝑛) ∗ 𝑃𝑟(𝑛)

𝑁

𝑛=1

, (4)

where 𝐹𝐹 is the final estimated fill factor, 𝑓(𝑛) and 𝑛 represent the fill factor and its 

sequence number which varies from one to ten, 𝑃𝑟(𝑛) represents the probability of 

each fill factor, and N is the number of used images from a dataset. The results shown 

in Tables 1 and 2, for each of the images, are obtained by applying the estimation 



P a g e  |  8 8

process on each image 30 times, pursuing more solid statistical results. It should be 

noted that a generated virtual image varies in each time of the generation. Then the 

estimated fill factor from each image, which is shown in the row labeled as ‘Final’ in 

Tables 1 and 2, is calculated using Equation (12). The final estimated fill factors from 

every image in the SONY dataset are plotted in Figure 8. According to the estimation 

from all of the images of each camera dataset, the fill factor of the Teli camera and 

SONY XC-77 are estimated as 43% and 63%, respectively. These fill factors were 

estimated as close to 39% and 70% for the Teli [19] and SONY camera [20], 

respectively. The standard deviations of the estimated fill factor from the whole 

image dataset of the Teli dataset and SONY dataset are 0.4% and 0.5%, respectively, 

which indicate that the results of the estimation are highly stable. The response 

functions estimated from the images of the SONY dataset show a larger range of 

irradiance, shown in Figure 4, indicating that the camera sensor from the SONY-XC77 

is more sensitive than the Teli CS8620HCi, due to it having a larger fill factor.

Figure 8. The results of the fill factor estimation for the SONY dataset.

Table 1. Part of the results of fill factor estimation for the Teli dataset.

Images No. 1 No. 2 No. 3 No. 4 No. 5 No. 6 No. 7 No. 8 No. 9 No. 10 Total Percent

FF 40% 5 8 10 9 12 11 7 8 15 4 88 29%

FF 44% 25 22 20 21 18 19 23 22 15 26 212 71%

Final 43% 43% 43% 43% 42% 42% 43% 43% 42% 43% 43%

Table 2. Part of the results of fill factor estimation for the SONY dataset. 

Images No. 1 No. 2 No. 3 No. 4 No. 5 No. 6 No. 7 No. 8 No. 9 No. 10 Total Percent

FF 59% 13 11 8 15 10 5 6 18 11 13 110 37%

FF 64% 17 19 22 15 20 25 24 12 19 17 190 63%

Final 62% 62% 63% 62% 62% 63% 63% 61% 62% 62% 62%
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8. Conclusions 

In this paper, we propose a method to estimate the fill factor of a camera sensor 

from an arbitrary single image. In our method, the virtual response function of the 

imaging process is recovered from a set of images which are generated by a set of 

assumed fill factors using the proposed method in [14]. Then, by using the inverse of 

the virtual response function and the sensor irradiance, the global intensity values of 

the virtual images are obtained, which are the results of fusing the virtual images into 

a single, high dynamic range radiance map. A non-linear function is inferred from 

the original and global intensity values of the virtual images. The fill factor is 

estimated by the conditional minimum of the inferred function. The method is 

verified by using images of two datasets, captured by Teli CS8620HCi and SONY XC-

77 cameras. The results show that our method is able to estimate the fill factor 

correctly with significant stability and accuracy from one single arbitrary image. The 

low standard deviation of the estimated fill factors from each image, and for each 

camera, confirms the stability of our method. At the same time, the experimental 

results also prove the feasibility of the estimation of the camera response function (a 

virtual one) with a single image, which can be useful for extending dynamic range of 

an image in the future. The images used in this work are all monochrome and 

captured by CCD cameras, and the investigation of the current problem using color 

images and CMOS cameras will be very interesting in the future. 
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Abstract. The quality assessment of a high dynamic image is a challenging task. The 
few available no reference image quality methods for high dynamic range images are 
generally in evaluation stage. The most available image quality assessment methods are 
designed to assess low dynamic range images. In the paper, we show the assessment of 
high dynamic range images which are generated by utilizing a virtually flexible fill factor 
on the sensor images. We present a new method in the assessment process and evaluate 
the amount of improvement of the generated high dynamic images in comparison to 
original ones. The results show that the generated images not only have more number of 
tonal levels in comparison to original ones but also the dynamic range of images have 
significantly increased due to the measurable improvement values. 

Keywords: Image Quality Assessment, High Dynamic Range Image, Tonal levels, 
Tone Mapping, Fill Factor. 

1 Introduction 

There is no doubt about the versatility of human vision. Our eyes sense the optical information 
of a scene with over 5 orders of magnitude in real time and up to 8 orders with long time 
adaption [1]. This high dynamic range (HDR) of intensity sensing of the optical information 
has been a model for our achievements in making new image sensory devices. The HDR 
sensing generally but necessarily corresponds to having rich number of tonal levels (nTLs) in 
which each tonal level represents a distinguishable intensity of luminance. The current 
standard image sensors are not able to perform as what the human eye can sense through 
adaption of the iris; i.e. the nTLs of the standard image sensors are much lower than human 
eye. However, it is possible to merge multiple low or standard dynamic range images to obtain 
a HDR image [2-4]. Pursuing real time eye performance modeling; i.e. without long time 
adaption, has caused developments of hardware and software solutions to obtain enriched 
nTLs images. Recently our group has shown such a software solution by utilizing a virtually 
flexible fill factor parameter [5, 6]. 

The performance evaluation of HDR techniques from their achieved enriched nTLs images is 
not only an obvious issue but rather a challenging task. There are few No-reference image 
quality assessment (IQA) methods which can work directly on the enriched nTLs images. 
Also, there are few display systems with rich nTLs capability for eventual subjective 
evaluation of the enriched nTLs image. Therefore, such images are generally mapped by tone 
mapping methods to standard low dynamic range (SDR) images which have at most 256 tonal 
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levels. Then subjective evaluation, using standard display systems, or objective evaluation by 
implementing reference, reduced reference, and No-reference IQAs are possible to be 
performed which are highly dependable on the chosen tone mapping method. 

In this paper, we show our investigation in finding an evaluation frame work, in general, for 
HDR and enriched nTLs images, specifically for the generated enriched nTLs images utilizing 
a virtually flexible fill factor parameter [5, 6]. The paper is organized as follows. In Sections 
2, the related works are explained. Then the generation of the enriched nTLs Images is 
presented in Section 3. Section 4 presents two evaluation methods including our new proposed 
method for evaluating the enriched nTLs Images. Then the results are shown and discussed in 
Section 5. Finally, we summarized our work in this paper in Section 6. 

2 Related works 

The image quality is not affected only by the pixel size or quantum efficiency of a sensor [7]. 
An effective method to improve the performance of an image sensor is to increase the sensor 
fill factor, e.g., by arranging an array of microlenses on the sensor array [8, 9]. However, due 
to the physical limitation in practical development and manufacturing, the fill factor of an 
image sensor cannot be 100% [10]. Recently a new approach was presented [5] in which the 
fill factor was increased virtually, resulting in enriched nTLs image and widening of the 
dynamic range. In the approach, the original fill factor is assumed to be known. In [5]a method 
was proposed to estimate the fill factor using a single arbitrary image.  

A HDR or enriched nTLs image is transformed to SDR image utilizing tone mapping. There 
is a huge amount of tone-mapping work which to review of such methods more information 
is referred to (e.g. [11, 12]). In this paper, we implement four state-of-the-art tone mapping 
operators (TMOs) which are a simple logarithmic mapping, Banterle TMO, Krawczyk TMO, 
and Fattal TMO. Banterle TMO [13] reconstructs data that are not recorded by the image 
sensor; i.e. the lost information in saturated areas is recovered. This is achieved by using 
expansion maps to represent the low frequency version of an image in areas of high luminance. 
Krawczyk TMO [14] utilizes perceptually effect by building a Gaussian pyramid for deriving 
local adaptation levels in the tone-mapping, and additional effects e.g. visual acuity and 
veiling luminance are added based on this construction. Furthermore, the loss of color 
perception in the range of scotopic vision is modeled and temporal adaptation is performed 
using an exponentially decaying function; i.e. for filtering the adaptation level over time. 
Fattal TMO [15] is a gradient domain tone mapping method in which the gradient field of the 
luminance image is manipulated by attenuating the magnitudes of large gradients. A new SDR 
image is then obtained by solving a Poisson equation on the modified gradient field.  

There are few no-reference HDR IQA methods and to best of our knowledge they are still 
under evaluation using different databases; e.g. [16, 17]. The available full reference and no 
reference IQAs are used for SDR images; for further information, the interested reader is 
referred to (e.g.[18, 19]). In this paper, we implement two state-of-the-art IQAs which are fast 
image sharpness (FISH) and multi scale structural similarity measure (MS-SSIM). They are 
used to measure the quality of SDR images which are tone mapped from their respective HDR 
images. The no reference FISH [20] is an effective wavelet-based algorithm for estimating 
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both global and local image sharpness where the image’s overall sharpness is computed via a 

weighted average of the log-energies of the three-level separable discrete wavelet transform 
subbands. The full reference MS-SSIM [21] compares two images using information about 
luminous, contrast and structure in multi scale levels; i.e. utilizing Gaussian pyramid.

3 Generation of the enriched nTLs Images

The CID2013 database [22] is used in which there are 480 color jpg images captured from 79 
different cameras. For the experiments, 14 Images of the database are chosen which have the 
same content and resolution of 1600 by 1200 in jpeg format. The images are captured by 14 
different cameras, including the cell phone cameras, digital compact cameras and DSLR 
camera. From each image, the following steps are applied, the luminance channel is extracted, 
a grid of sub pixel is generated, the value of sub pixel is calculated and deformed image with 
the luminance is combined and evaluated.

1. Each image is either directly down sampled (DDS) or by Gaussian pyramid down 
sampled (PDS) which generates DDS image and PDS image.

2. For each DDS or PDS image the RGB color space is converted to YUV color space. The 
mathematical relationship between RGB and YUV can be found in [23-26].The 
luminance component of the YUV space is chosen for further processing due to its 
significant quality impact on the image.

3. The grid pixel of the luminance image is extended to sub pixel level. By using the concept 
of fill factor FF, every pixel is extended to 30 by 30 square sub pixel, in which the active 
area S is deduced from S = 30 × √𝐹𝐹 [5]. The intensity value of every pixel in the 
luminance image is dispatched to the active area and the value of non-sensitive area is 
zero. For instance, the former is composed by 24×24 sub pixels, hereby the value of S is 
24 with the FF equals to 0.64.

4. Next processing step is the computation of the intensity values of the extended sub pixels. 
Due to statistical fluctuation of the incident photons and their conversion to electrons on 
the sensor, a Bayesian inference statistical model is applied in intensity estimating of each 
extended subpixel. In realization of the model, the initiate seed has a Gaussian distribution 
characteristic which is propagated through the extended sub pixels. The subpixels are 
projected back to the original grid and new enriched nTLs luminance image is obtained.

Fig. 9. Original 14 images captured by different cameras with same comment.
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4 Evaluation of the enriched nTLs Images 

The 28 generated nTLs luminance images are evaluated by following methods. 

4.1 Method-1 

The nTLs luminance images are tone mapped by normalization, a simple logarithmic 
mapping, Banterle TMO, Krawczyk TMO, and Fattal TMO which generates 5 × 28 SDR 
images. The IQAs of FISH and MS-SSIM are used to measure the quality of the SDR images 
without any reference and with comparison to the original DDS or PDS image respectively.  

4.2 Method-2 

The enriched nTLs luminance images are compared to the original DDS or PDS image 
respectively by computing 

 𝜌 =
𝑣𝑎𝑟(𝐼𝑖𝐽𝑖)

𝑣𝑎𝑟(𝐼)𝑣𝑎𝑟(𝐽)
     𝑓𝑜𝑟  𝑖 = 1  𝑡𝑜  𝑆              (1) 

where 𝐼 is the original image, 𝐽 is the respective enriched nTLs image, the 𝑖 is image index, 
𝑣𝑎𝑟  is variance, 𝑆  is the size of image. Then the original images are tone mapped by 
normalization, a simple logarithmic mapping, Banterle TMO, Krawczyk TMO, and Fattal 
TMO to generate SDR images. Each of generated SDR images is compared to the respective 
enriched nTLs images according to Eq. 1. Finally, by computing 

 𝑚𝑖𝑛(∑ (𝜌(𝑜𝑟𝑔,   ℎ𝑑𝑟) − 𝜌𝑗)
𝑁
𝑘=1 )   𝑓𝑜𝑟  𝑗 = 1  𝑡𝑜  5              (2) 

the ton mapping method among the five methods which is closest to the HDR computation is 
found; where in Eq.2,  𝜌(𝑜𝑟𝑔,   ℎ𝑑𝑟) is the comparison of the respective enriched nTLs image to 
the original image according to Eq.1, 𝜌𝑗 is the comparison of the respective enriched nTLs 
image to one of five tone mapping methods according to Eq.1, 𝑗 is index of tone mapping 
method. The IQA of MS-SSIM is used to measure the quality of the PDS and DDS images in 
comparison to the reference SDR image which is found from Eq. 2. The quality of a HDR 
image in comparison to the respective PDS or DDS image is also measured by 

 𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 𝑓𝑎𝑐𝑡𝑜𝑟 = 𝜌(𝑜𝑟𝑔,   ℎ𝑑𝑟) 𝑈              (3) 

where 𝑈 is the average of unsatisfactory factor of subjects’ opinion score which is highest 

possible score (i.e. it is 5 in 5 levels of inquiry) mins mean opinion score (MOS) of the subjects 
in subjective test. 

5. Result and Discussion 

Evaluation results are presented and discussed in this section. 
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5.1 Result of Evaluation Method-1 

The 14 images of the CID2013 database; shown in Fig. 1, are down sampled in two ways and 
generated DDS and PDS images as it is described in section 4.1. Then the nTLs luminance 
images of these 28 images are generated; see section 3 for details of the generation process. 
Each nTLs image (HDR) is tone mapped by normalization (Nor), a simple logarithmic 
mapping (L-TMO), Banterle TMO (B-TMO), Krawczyk TMO (K-TMO), and Fattal TMO 
(F-TMO) which generates 5 SDR images; Totally 5 × 28 SDR images are generated. The 
result of no reference IQA of FISH for original PDS (Org) and related HDR, Nor, L-TMO, 
B-TMO, K-TMO, and F-TMO are presented in Table 1. The Table 2 shows the same 
evaluation process as Table 1 but for DDS images. 

Table 4. FISH scores on PDS related images. 

Index Org HDR K-TMO B-TMO F-TMO L-TMO Nor 
1 1.515 1.381 2.457 2.695 1.875 2.317 1.381 
2 1.546 1.339 2.354 3.230 1.710 2.247 1.339 
3 1.655 1.432 2.433 2.455 1.807 2.307 1.435 
4 2.050 1.447 2.463 2.432 1.926 2.406 1.447 
5 1.378 1.228 2.083 2.443 1.657 2.044 1.228 
6 2.702 1.471 2.458 3.233 2.072 2.514 1.473 
7 1.286 1.137 1.950 2.584 1.566 1.940 1.137 
8 1.764 1.355 2.264 2.717 1.764 2.252 1.355 
9 1.395 1.176 1.990 2.793 1.512 1.986 1.176 
10 1.511 1.265 2.136 2.790 1.607 2.136 1.265 
11 1.540 1.371 2.324 2.747 1.804 2.277 1.371 
12 1.919 1.513 2.586 2.611 2.001 2.500 1.513 
13 1.620 1.373 2.354 3.107 1.733 2.326 1.373 
14 1.591 1.383 2.306 3.323 1.769 2.403 1.383 

Table 5. FISH scores on DDS related images. 

Index Org HDR K-TMO B-TMO F-TMO L-TMO Nor 
1 2.314 1.348 2.368 2.627 1.839 2.178 1.348 
2 2.237 1.310 2.340 2.293 1.704 2.171 1.310 
3 2.319 1.398 2.372 2.468 1.831 2.231 1.401 
4 2.739 1.455 2.474 2.379 1.846 2.412 1.455 
5 2.018 1.161 1.962 2.405 1.578 1.938 1.161 
6 3.696 1.445 2.407 2.615 2.012 2.513 1.445 
7 1.955 1.109 1.887 2.371 1.539 1.816 1.109 
8 2.314 1.303 2.166 2.459 1.797 2.129 1.303 
9 2.127 1.182 2.003 2.482 1.506 2.023 1.182 
10 2.141 1.237 2.085 2.675 1.617 2.071 1.237 
11 2.184 1.330 2.254 2.656 1.736 2.214 1.330 
12 1.919 1.513 2.586 2.611 2.001 2.500 1.513 
13 1.620 1.373 2.354 3.107 1.733 2.326 1.373 
14 1.591 1.383 2.306 3.323 1.769 2.403 1.383 
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The results in Table 1 and Table 2 indicate that the B-TMO (Banterle tone mapping) is more 
successful to represent the enriched nTLs image in low dynamic rang. However, by simple 
observation of the B-TMO images we consider that the images are worse than any other 
generated SDR images. Thus, our conclusion is that the no reference IQA of FISH is not 
suitable for evaluation of our HDR images. However, the IQA method is used for comparison 
between DDS and PDS images, the results show consistency to the expectation, see Fig. 2.

Fig. 10. Comparison between DDS and PDS image using IQA of FISH

The result of full reference IQA of MS-SSIM for PDS images (i.e. the reference images) and 
related HDR, Nor, L-TMO, B-TMO, K-TMO, and F-TMO are presented in Table 3. The Table 
4 shows the same evaluation process as Table 3 but for DDS images.

Table 6. The result of full reference IQA of MS-SSIM for PDS images. The bold and red values show 
the maximum and minimum similarity respectively.

Index HDR Nor K-TMO B-TMO F-TMO L-TMO
1 0.48 0.93 0.55 0.48 0.70 0.42
2 0.34 0.96 0.92 0.57 0.92 0.41
3 0.48 0.82 0.49 0.43 0.61 0.41
4 0.51 0.60 0.22 0.22 0.33 0.27
5 0.41 0.89 0.67 0.59 0.74 0.47
6 0.18 0.39 0.17 0.13 0.19 0.22
7 0.36 0.96 0.82 0.69 0.88 0.46
8 0.45 0.51 0.30 0.27 0.36 0.34
9 0.22 0.93 0.77 0.61 0.86 0.45
10 0.46 0.80 0.56 0.49 0.73 0.46
11 0.47 0.84 0.56 0.51 0.66 0.47
12 0.47 0.68 0.25 0.24 0.36 0.27
13 0.52 0.85 0.69 0.58 0.83 0.47
14 0.46 0.81 0.81 0.55 0.80 0.46
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Table 7. The result of full reference IQA of MS-SSIM for DDS images. The bold and red values show 
the maximum and minimum similarity respectively.

Index HDR Nor K-TMO B-TMO F-TMO L-TMO
1 0.44 0.92 0.56 0.55 0.69 0.41
2 0.32 0.95 0.92 0.22 0.89 0.39
3 0.45 0.82 0.49 0.47 0.60 0.40
4 0.47 0.60 0.22 0.18 0.32 0.26
5 0.38 0.88 0.68 0.59 0.73 0.45
6 0.16 0.39 0.18 0.01 0.18 0.22
7 0.34 0.95 0.82 0.64 0.87 0.45
8 0.42 0.51 0.33 0.16 0.37 0.34
9 0.20 0.93 0.77 0.39 0.85 0.43
10 0.43 0.80 0.57 0.42 0.73 0.45
11 0.44 0.85 0.56 0.41 0.66 0.45
12 0.43 0.68 0.26 0.26 0.36 0.27
13 0.48 0.85 0.70 0.43 0.82 0.45
14 0.43 0.83 0.78 0.32 0.80 0.45

The results in Table 3 and Table 4 show inconsistency to draw any conclusion from them. The 
Normalized (Nor) in both tables is most similar image to the original respective image which 
makes doubt if the Nor is appropriate method for the tone mapping of the HDR images. The 
red values in the tables show dissimilarity of the images to the respective reference image. 
Both tables show inconsistency in dissimilarity results.  Thus, our conclusion is that no 
reference IQA of MS-SSIM is not suitable for evaluation of our HDR images when the 
reference images are DDS or PDS.

5.2 Result of Evaluation Method-2

The same as evaluation method-1, 5 × 28 SDR images are generated from the original PDS 
and DDs images. For each set of 5 × 14 images related to PDS or DDS, the 𝝆 (see Eq. 1) of 
each two images in a set is computed. The results of average of the 𝝆 (i.e. for 14 image) for 
original PDS (Org) and related HDR, Nor, L-TMO, B-TMO, K-TMO, and F-TMO are 
presented in Table 5. The Table 6 shows the same evaluation process as Table 5 but for DDS 
images.

Table 8. The mean values of 𝜌 for PDS related images.

Org HDR K-TMO B-TMO F-TMO L-TMO Nor
Org NaN 25.21 25.06 57.83 35.97 159.62 19.00
HDR 25.21 NaN 25.00 57.72 35.89 159.47 18.94
K-TMO 25.06 25.00 NaN 57.77 35.80 159.42 18.81
B-TMO 57.83 57.72 57.77 NaN 73.45 229.48 48.10
F-TMO 35.97 35.89 35.80 73.45 NaN 183.84 28.63
L-TMO 159.62 159.47 159.42 229.48 183.84 NaN 143.22
Nor 19.00 18.94 18.81 48.10 28.63 143.22 NaN
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Table 9. The mean values of 𝜌 for DDS related images.

Org HDR K-TMO B-TMO F-TMO L-TMO Nor
Org NaN 23.97 23.84 22.72 34.48 158.71 17.82
HDR 23.97 NaN 25.00 23.79 35.88 161.56 18.79
K-TMO 23.84 25.00 NaN 23.55 35.80 161.51 18.67
B-TMO 22.72 23.79 23.55 NaN 34.11 156.97 17.60
F-TMO 34.48 35.88 35.80 34.11 NaN 186.09 28.45
L-TMO 158.71 161.56 161.51 156.97 186.09 NaN 144.83
Nor 17.82 18.79 18.67 17.60 28.45 144.83 NaN

The results in Table 5 and Table 6 show that the HDR image has average 𝜌 values of 25.21 
and 23.97 to the original image of PDS and DDS respectively. The tone mapping method 
which has almost the same average 𝜌 values; blue values, to the original images is K-TMO 
(Krawczyk tone mapping). This is also verified by computing of Eq. 2 for each set of 14 
images which is shown in Table 7.

Table 7. Computation of Eq. 2 for each set of DDS and PDS images.

Nor Ori B-TMO F-TMO L-TMO
DDS image 6.144 0.131 2.456 10.512 134.737
PDS image 6.210 0.152 32.617 10.761 134.405

The above results show that the SDR images by Krawczyk tone mapping is good 
representation of the HDR images; in low dynamic range. Fig. 3 shows the normalized 𝜌
values between HDR images and original images (𝜌(𝑜𝑟𝑔, ℎ𝑑𝑟), blue lines) and between K-
TMO and original images (𝜌(𝑜𝑟𝑔, 𝐾−𝑇𝑀𝑂), red lines) for set of DDS (in the left) and PDS (in 
the right) images respectively.

Fig. 11. The normalized 𝜌(𝑜𝑟𝑔, ℎ𝑑𝑟) and 𝜌(𝑜𝑟𝑔, K−TMO) of each set of DDS and PDS are shown in left 
and right respectively. 
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The full reference IQA of MS-SSIM for PDS and DDS images is used when the reference 
images are the respective K-TMO images. The Tables 8 and 9 show the score results.

Table 8. The result of full reference IQA of MS-SSIM for PDS images when the reference images are 
the respective K-TMO images. The bold and red values show the maximum and minimum similarity 
respectively.

Index HDR Nor Ori B-TMO F-TMO L-TMO
1 0.985 0.554 0.555 0.769 0.839 0.422
2 0.540 0.962 0.919 0.624 0.850 0.335
3 0.996 0.752 0.490 0.754 0.848 0.454
4 0.795 0.542 0.224 0.650 0.844 0.462
5 0.885 0.857 0.673 0.828 0.874 0.420
6 0.999 0.631 0.169 0.504 0.911 0.461
7 0.696 0.835 0.817 0.846 0.856 0.383
8 0.948 0.829 0.304 0.722 0.884 0.456
9 0.538 0.868 0.768 0.820 0.849 0.349
10 0.982 0.866 0.562 0.798 0.828 0.421
11 0.985 0.817 0.556 0.804 0.878 0.413
12 0.878 0.509 0.250 0.673 0.849 0.449
13 0.950 0.895 0.692 0.791 0.818 0.396
14 0.814 0.919 0.808 0.743 0.899 0.422

Table 9. The result of full reference IQA of MS-SSIM for PDS images when the reference images are 
the respective K-TMO images. The bold and red values show the maximum and minimum similarity 
respectively.

Index HDR Nor Ori B-TMO F-TMO L-TMO
1 0.971 0.545 0.559 0.970 0.840 0.418
2 0.499 0.964 0.916 0.353 0.851 0.333
3 0.992 0.750 0.494 0.974 0.848 0.450
4 0.835 0.535 0.222 0.891 0.847 0.460
5 0.849 0.856 0.677 0.969 0.876 0.418
6 0.997 0.624 0.180 0.284 0.914 0.463
7 0.655 0.841 0.819 0.921 0.857 0.381
8 0.980 0.835 0.330 0.830 0.891 0.460
9 0.500 0.870 0.769 0.759 0.851 0.346
10 0.964 0.862 0.571 0.935 0.828 0.418
11 0.972 0.807 0.557 0.938 0.874 0.408
12 0.913 0.510 0.257 0.924 0.849 0.447
13 0.922 0.892 0.701 0.856 0.823 0.394
14 0.805 0.910 0.781 0.652 0.891 0.410
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The results in Table 8 and 9 show more consistency to observation in comparison to the results 
from Tables 3 and 4. The bold and red values show the maximum similarity and dissimilarity 
respectively. These results are more consistent than the similar results in Tables 3 and 4. 
However, the scores show the similarity/dissimilarity between K-TMO and original SDR 
images of DDS or PDS. Our conclusion is that it is ambiguous to know the relation of a HDR 
image and its original SDR image when we use the representative of the HDR image (i.e.  the 
respective K-TMO image) and utilizing MS-SSIM. Thus, we used the result of subjective tests 
in relation to the original images which are available from the CID2013 database. The MOS 
values of the subjective tests are between 0 and 100 in the database. We changed the value to 
the original 5 levels inquiry; i.e. between 0 and 5. Then the highest value of 5 is subtracted 
from actual MOS value for each image; i.e. to find average unsatisfactory of subjects for each 
image. Then the 𝝆 value between each HDR image and the respective original PDS or DDS 
is computed according to Eq. 1. Each  𝝆 value is weighted by the average of unsatisfactory of 
subjects; i.e. see Eq. 3. Accordingly, the result of the normalized improvement factor for each 
set of DDS and PDS images is shown in Fig. 4 in the left and right respectively.

Fig. 12. The normalized improvement factors of the DDS and PDS images are shown in the left and 
right respectively. 

To this end we have shown that the image quality of the enriched nTLs images in comparison 
to the respective original SDR images (i.e. set of the PDS and DDS images) are measurable 
in term of variation measurement by MS-SSIM and quantity of improvement by implementing 
Eq. 3. To visualize the improvement, we argue to show SDR images by Krawczyk tone 
mapping in comparison to the respective original SDR images of DDS and PDS sets. This is 
due to that the SDR images by Krawczyk tone mapping are the most representative of the 
enriched nTLs images, see Table 5 and 6. The Fig. 5 and 6 show the comparison of K-TMO 
images to the respective DDS and PDS set of images respectively. In the figures the 
normalized improvement factors; shown in Fig. 4, are shown in percentage values.
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DDS
image

27% 4% 23% 49%
31% 100% 31%

K-TMO

DDS
image

31% 5%              20% 11%
48% 8% 19%

K-TMO

Fig. 13. The comparison of K-TMO images to the respective DDS set of images. The percentage values 
show the normalized improvement.

PDS 
image

26% 4% 23% 50%
31% 100% 30%

K-TMO

PDS 
image

31% 5%              20% 12%
47% 9% 20%

K-TMO

Fig. 14. The comparison of K-TMO images to the respective PDS set of images. The percentage values 
show the normalized improvement.

6. Conclusion

The quality assessment of a nTLS or a HDR image is a challenging task. The few available 
no reference IQA methods for HDR images are generally in evaluation stage. The most 
available IQA methods; i.e. full reference, reduced reference, and no reference methods, are 
designed to assess SDR images. In the paper, we show the difficulty of assessment process 
when the generated nTLs images are tone mapped to low dynamic range. We show that the 
no reference IQAs of FISH and MS-SSIMM; two popular IQAs, are not adequate tools for 
assessment of SDRs tone mapped images. We propose a new method to compare the 
generated nTLs image with its original one; see section 5.2. We show how to find the best 
tone mapping method (K-TMO) among chosen TMO methods. Implementing this strategy 
makes the IQA of MS-SSIM more useful in which instead of original image, the K-TMO 
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image is used as the reference image. The subjective test data are used to find the amount of 
improvement of a nTLs image in comparison to its original image. The results show that the 
generated nTLs images not only have more number of tonal levels in comparison to original 
ones but also the dynamic range of images have significantly increased due to improvement 
factors. 
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Abstract: The current camera has made huge progress on sensor resolution and low-
luminance performance. However still we are far from having an optimal camera 
as our eye. The study from evolution process of our visual system indicates attention 
to two major issues: the form and dense of the sensor. High contrast and optimal 
sampling properties of our visual spatial arrangement are related directly to the 
densely hexagonal form. In this paper we propose a novel software-based method 
to create images on a compact dense hexagonal grid derived from a simulated 
square sensor array by virtual increase of fill factor and half pixel shifting. Then 
the orbit function is proposed for hexagonal processing of images. The results show 
it is possible to achieve image processing in orbit domain and the generated 
hexagonal images are superior in detection of curvature edges to square-pixel 
images. We believe the orbit domain image processing has great potential to be the 
standard processing for hexagonal images. 

1 INTRODUCTION

Nowadays, the ubiquitous influence of cameras in our life is undoubtable and this is thanks to 
the current camera sensory technique which has made huge progress on increasing sensor 
resolution and low-luminance performance [1]. The progress achievements are due to 
reduction of the sensory element, pixel, size and improving in generation of signal from 
collected light, the quantum efficiency, and using hardware techniques on the sensors [1; 2]. 
However the image quality is not affected only by the pixel size or quantum efficiency of a 
sensor [3]. As the sensor pixel size becomes smaller this results to detect a smaller die size, 
gain higher spatial resolution and obtain lower signal-to-noise ratio; all in cost of lower 
dynamic range and fewer number of tonal levels. The form, arrangement, and inter-element 
distance of sensors play significant roles in the image quality which is verified by comparison 
between current sensor techniques and animals, especially human visual systems. The effect 
of inter-element distance on image quality was studied in [4] which showed that the inter-
element distance could be decreased by means of physical modeling and obtain higher quality 
images; higher dynamic range and more number of tonal levels. Anatomical and physiological 
studies indicate that image quality related issues such as high sensitivity, high speed response, 
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high contrast sensitivity, high signal to noise ratio, and optimal sampling of our visual system 
are related directly to its form and arrangement [5, 6]. In the human eyes three types of color 
photoreceptors, cones, are packed densely with hexagonal pattern form and are located mostly 
in fovea in the center of retina [7]. Figure 1 shows a dramatic increase in cone cross sectional 
area and a decrease in cone density within the eccentricity range represented in a strip of the 
inner segments of photoreceptors from the foveal center along the temporal horizontal 
meridian. Rods, another type of photoreceptors with non-color property, first appear at about 
100 m from the fovea1 center and are smaller than the cones.

Figure 1: The enhanced image of inner segments of a human fovea1 photoreceptor mosaic from the 
original image printed in [7]. The mosaic strip is extending 575 m from the fovea1 center along 
the temporal horizontal meridian; shown from upper left to lower right in the figure. Arrowheads 
indicate the edges of the sampling windows. Brackets, shown as red, indicate a quadrant of the first 
sampling window with the highest density of cones. The midpoint of the boundary of this quadrant 
and a quadrant adjacent to it in the temporal direction (to the right) with similar density and mean 
spacing was considered to be the point of 0.0 eccentricity. The strip contains profiles of only cones 
up to the fifth window, where the small profiles of rods begin to intrude. The large cells are cones 
and the small cells are rods and the bar is 10 m.

Hexagonal photoreceptors arrays are not found only in human but also often in compound 
eyes of insects and other invertebrates. Actually such hexagonal arrays are more commonly 
in animals and plants than any other geometric arrays, such as rectilinear orthogonal arrays. 
This is due to the need of motion detection which is obtained based on the local difference of 
light intensity between adjacent neighboring photoreceptor cells [8-10] using the lateral 
inhibition process [8, 11]. Lateral inhibition is a contrast enhancement computation to 
exaggerate the light intensity differences of the neighboring cells; useful in edge detection. 
The hexagonal array provides the best candidate for contiguous neighboring-cell computation 
of local light intensity difference between adjacent cells [12]. By using the contiguous 
neighboring cells at 60o angles the first-order computation of light intensity differences is 
computed and for computation of finer angular differences, such as 30o angles, the second-
order adjacent cells are used. Thus, this provides a means for symmetric computation using 
one set of computational algorithms to compute the light intensity difference of exactly 6 
contiguous neighbors. Each successive higher-order neighbor will compute the light intensity 
difference with the angular direction rotated by 30o successively. In gradient based edge 
detection, a local process at pixel level, the edges are discriminated by comparing the light 
intensity gradient of neighboring cells to find sudden changes of light intensity in adjacent 
pixels. The hexagonal pixel-arrays are shown in numerous studies that are more efficient for 
edge detection instead of rectilinear arrays by using spatial computation [12-18]. There is a 
40% computational efficiency using a hexagonal edge detection operator [13, 16] and it can
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efficiently detect motion in six different directions at 60 degree [6]. Due to biological 
inspiration and aforementioned beneficial of hexagonal sensory arrays implementation; 
generally two main approaches are followed by researchers to acquire hexagonal sampled 
images.  The first approach is to manipulate the result of conventional acquisition sampling 
devices using square sensor arrays, via software, to generate a hexagonally sampled image. 
The second approach is to use dedicated hardware to acquire the image such as the super CCD 
from Fujifilm whose sensor structure is hexagonal [19] or color filters in hexagonal shape for 
image sensors [20] to improve the quality of the acquired color by the sensor.

In this paper we propose a novel software-based method to create images on a dense hexagonal 
sensor grid by shifting the sensor array virtually. This is derived from a simulated camera 
sensor array by virtual increase of fill factor and transferring the shifted square pixel grid into 
a virtual hexagonal grid. In our method, the images are firstly rearranged onto a new grid of 
virtual square grid composed by subpixels with the estimated value of fill factor. A statistical 
framework proposed in [4], consisting of local learning model and Bayesian inference, is used 
to estimate new subpixel intensities. Then the subpixels are projected onto the square grid, 
shifted and resampled in hexagonal grid. Unlike the previous hexagonal image processing 
methods the intensity of each hexagonal image pixel in our method is estimated which results 
to maintaining the dense of arrangement. To the best of our knowledge, our approach is the 
first work that tries to create a hexagonal image by virtual increase of a fill factor. After the 
hexagonal image is generated, type A2 orbit function from Weyl group is used to map the 
image into the orbit domain. Then smoothing and gradient filtering, as typical image proccing 
operations, are done in the orbit domain on the hexagonal images. We believe such hexagonal 
image processing has great potential to be the standard processing for hexagonal arrangement 
due to its practical usage. Such processing is surprisingly more genuine and close to the way 
how human brain works.  

This paper is organized as follow. In section 2 and 3, the related works to hexagonal 
resampling and the methodology are discussed more in detail. The fourth section presents the 
experiment setup. Then the results are shown and analyzed in fifth section. Finally, we 
summarized and discussed our work in this paper in section seven.

2 RELATED WORKS TO HEXAGONAL RESAMPLING

The software based approaches rearrange the conventional square pixel grids to generate the 
hexagonal images and there are three most common methods for simulating hexagonal 
resampling [21].  
1) The hexagonal grid is mimicked by half-pixel shift which is derived from delaying 
sampling by half pixel on the horizontal direction as it is shown in Figure 2 [22]. In Figure 2, 
the left and right patterns are showing the conventional square lattice and the new pseudo-
hexagonal sampling structure whose pixel shape is still square; see the six connected pixels 
by the dash lines. In such sampling structure the distance between two sampling points, pixels, 
are not the same; they are one or √5 2⁄ . 
2) The hexagonal pixel is simulated by a set of square pixel, called hyperpel [23] which is 
widely used for displaying a hexagonal image on normal monitor. Figure 3 shows an example 
of the hyperpel, composed of 20 by 20 square sub-pixels. 
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3)  The hexagonal pixel is generated by mimic Spiral Architecture method [24] by averaging 
pixel grey level values of four square pixels in the structure. The method preserves the 
hexagonal arrangement as each hexagonal pixel is surrounding by six neighbor pixels. A 
reduction in resolution of the resulted hexagonal image is expected due to averaging of four 
pixels for each hexagonal generated pixel. Also in this method the distance between each of 
the six surrounding pixels and the central pixel is not the same as it should be in a hexagonal 
structure. 

The spiral architecture is a common method for hexagonal addressing and processing of the 
hexagonal images [25]. In the spiral architecture, all the hexagonal pixels are arranged on a 
spiral; it maps the hexagonal image into a one-dimensional vector. There are still many 
problems related to hexagonal arrangement and computation that cannot be solved with all 
these approaches, e.g. the image resolution and pixel intensity values are changed during the 
resampling from square grid to hexagonal grid. When it is about hexagonal computation, the 
hexagonal image still has to be mapped to certain architecture form; as far as the Cartesian 
indexing and coordinate is not yield in hexagonal computation. For example, in spiral 
architecture, hexagonal image is mapped into a one-dimensional vector, to achieve faster 
addressing and processing. However, such mapping results to a complicated computation 
process for each image processing operation; e.g. due to reduction of neighbor pixels from six 
to two in spiral architecture.  

1

√5
2
 

Figure 2: The procedure from square pixels to hexagonal pixels by half-pixel shifting method.

Figure 3: an example of hyperpel.



P a g e  |  1 1 1

3 METHODOLOGY

3.1 HEXAGONAL PIXEL

In this section, the method for generating a hexagonal image by resampling and half-pixel 
shifting a square-pixel image is explained. According to resampling process in [4], the process 
is divided into three steps of (a) Projecting the sampled signal to a new grid of sub-pixels, (b) 
Estimating the values of subpixels at the resampling positions, (c) Estimating the new pixel 
intensity and arranging the data to the hexagonal grid. The three steps are elaborated in the 
following, see as well the Algorithm 1.

Begin

Is <- Select Pixel Matrix 

F <- Fill factor

S <- Active Area Size (F)

G <- Gaussian Distribution Estimation (Is)

Inoise <- Introduce Gaussian Noise (G)

P <- Active Area Size of Middle pixel

While P <= S

Inoise <- Interpolation (Inoise)

X <- Subpixel Intensity (Inoise)

End while 

Evalue <- Subpixel Gaussian Estimation (X)

H <- Hexagonal grid projection (Is)

Ehist <- Histogram Distribution (Evalue)

Esub <- Subpixel Intensity Estimation (Ehist)

I <- Pixel Intensity Estimation (Esub)

End.
Algorithm 1: Resampling process.

(a) A grid of virtual CMOS sensor pixels is designed. Each pixel is divided into 20 by 
20 subpixels. According to the known fill factor, the size of the active area is SS by 
SS, where 𝑆𝑆 = 20 × √𝐹𝐹. The intensity value of every pixel in the CMOS sensor 
array is assigned to the virtual active area in the new grid. The intensities of subpixels 
in the non-sensitive areas are assigned to be zero. An example of such sensor 
rearrangement on sub-pixel level is presented in left of Figure 4, where there is a 3 
by 3 pixels grid, and the light and dark grey areas represent the active and non-active 
areas in each pixel. The active area is composed by 12 by 12 subpixels so that the fill 
factor will be 36% according to the above equation.

(b) The second step is to estimate the values of subpixels in the new grid of subpixels.
Considering the statistical fluctuation of income photons and their conversion to 
electrons on the sensor, there is a need for a statistical model to estimate the original 
signal. The Bayesian inference is used for estimating every subpixel’s intensity 
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which is considered to be in the new position of resampling. Therefore, the more 
subpixels are used to present one pixel, the more accurate the resampling will be. By 
introducing the Gaussian noise into a matrix of selected pixels and estimating the 
intensity values of the subpixels at the non-sensitive area with different sizes of 
active area by interpolation, a vector of intensity values for each subpixel are created. 
Then the subpixel’s intensity will be estimated by the maximum likelihood. 

(c) In the third step, the subpixels are projected back to the original grid and then 
transformed onto a hexagonal grid as shown in Figure 4. The red grid is the new grid 
for estimating pixel intensity of hexagonal image. The middle row of pixels is shifted 
to right about a half pixel. On subpixel level, it can be considered as the sampling 
position is shifted for a half pixel as the method in [22]. In comparison to the method 
in [22], in our method the square pixels are resampled with virtual increase of fill 
factor. To obtain the intensity value of the pixels in hexagonal grid, the maximum 
value in the histogram of the subpixels that belongs to one hexagonal pixel is 
obtained. The corresponding intensity is divided by the fill factor for removing the 
FF effect to obtain the hexagonal pixel intensity.  

3.2 HEXAGONAL COMPUTATION 

The discrete transform on Lie group provides a possibility for Frequency analysis of discrete 
functions defined on triangle or hexagonal grids [26]. Figure 5 shows an example of 
fundamental domain F, the fundamental weights (ω1, ω2) of orbit function in the form of a 
hexagon. The similarity of the grid in fundamental domain of certain orbit function from Weyl 
group to the grid of hexagonal images makes the orbit functions interesting for hexagonal 
computation in which it becomes possible to process hexagonal images without any further 
transformation. In [27], the discrete orbit functions convolution was defined and was used for 
image processing in spatial domain. Here we propose hexagonal computational for image 
processing operation using directly the orbit domain. The flow chart of such hexagonal 
computation for typical operations are shown in Figure 6. A hexagonal image, generated by 
the proposed method in section 3.1, is transformed to orbit domain using the hexagonal grid 
related to the image. Then two filter kernels, constructed in the spatial domain, are 
transformed to the orbit domain using the sane hexagonal grid related to the image. The 
process of convolution in orbit domain is a multiplication operation, shown as X in the middle 
dash box in Figure 6. According to the convolution theory in orbit domain, the multiple 
convolutions can be combined to be one by multiplication operations, which implies that all 
the image processing operations are remained in orbit domain and using the same hexagonal 
grid. . The hexagonal image is obtained by the inverse transformation of results in the orbit 
domain in which the scaling factor plays a key role and it is defined by Sn where the S is the 
constant scaling factors for each operation and the n is number of operations. 
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Figure 4: The sensor rearrangement onto the subpixel and the projection of the square pixels onto 
the hexagonal grid by half pixel shifting.

ω1

ω2

α1

α2

F

Figure 5: The fundamental domain F, fundamental weights (ω1, ω2), and simple roots (α1, α2).
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Figure 6: The flow chart of hexagonal computation of image processing operations. 

4 EXPERIMENTAL SETUP

A group of optical images with assumption of known fill factor were simulated using our own 
codes and Image Systems Evaluation Toolbox (ISET) [28] in MATLAB. The ISET is designed 
to evaluate how image capture components and algorithms influence image quality, and has 
been proved to be an effective tool for simulating the sensor and image capturing [29]. The fill 
factor value of 36% was chosen for simulated image sensor, having the resolution of 128 by 
128 and 8-bits quantization levels. The sensor had a pixel area of 8 by 8 square microns, with 
well capacity of 10000 e-. The read noise and the dark current noise were set to 1 mV and 1 
mV/pixel/sec respectively. The image sensor was rearranged to a new grid of virtual sensor 
pixels, each of which was composed of 20-by-20 subpixels. All the image simulation setup is 
the same as in [4]. The optical images are from COIL-20 (Columbia University Image Library) 
[30], which is a database of grayscale images of 20 objects. For generation of sensor images, 
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the luminance of optical images was set to 200 cd/m2 and the diffraction of the optic system 
was considered limited to ensure to obtain the brightness of the output as close as possible to 
the brightness of scene image. The exposure time was also set to what is used for the sensor 
with 100% fill factor correspondingly for the simulated sensor. For capturing images, the sensor 
exposure time is set at 1ms. All the processing is programmed and done by Matlab2015 in a 
HP laptop with an Intel i7-5600U CPU and 16GB RAM memory so as to keep the process 
stable and fast. 

5 RESULTS AND DISCUSSION

Three of hexagonal images generated according to the proposed method mentioned in section 
3.1 are shown in next to the right column of Figure 7, where the corresponding optical images, 
simulated sensor images, recovered square-pixel images are shown from left to right columns 
respectively. The right column in Figure 7 shows the images that are zoomed in the red 
rectangle area. For visualization purposes each pixel in the hexagonal images are mapped 
according to the hyperpel method in [23] and is composed of 20 by 20 subpixels. The 
corresponding logarithm of histograms of the hexagonal and square-pixel images in Figure 7 
are shown in Figure 8 which indicate that in both recovered square-pixel images and generated 
hexagonal images the tonal levels are extended and also the tonal ranges are widen in 
comparison to the simulated camera sensor image. The generated hexagonal images are quite 
similar to the square-pixel images in relation to intensity values according to their histograms 
shown in Figure 8. This is reasonable as far as the hexagonal images are obtained by half-
pixel shifting of the recovered square-pixel images.

Figure 7: From left to right, the optical images, simulated sensor images, recovered square-pixel 
images, hexagonal images and the zoomed regions, shown with red rectangles, in hexagonal images.
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Figure 8: From left to right, the log of histograms of the three object images which are shown in 
Figure 7 in the left column from top to bottom respectively.
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In our test, the type A2 orbit function from Weyl group is used for transform of the hexagonal 
image to orbit domain. By using the orbit functions, there is no need to map the hexagonal 
image to certain coordinates system or addressing system. We believe such hexagonal image 
processing has great potential to be the standard processing for hexagonal arrangement due to 
its practical usage. Such processing is surprisingly more genuine and close to the way how 
human brain works [31]; considering certain pathway of mapping of the information from the 
hexagonal grid in visual system.   

In our experiment, three basic filter kernels in spatial domain are used to operate on the 
generated hexagonal images. These filters are a mean filter, a gradient or an edge detector 
filter, and the combination of the two mentioned filters. According to orbit convolution 
definition and a hexagonal grid, the mean and edge detector filter kernels are as follows,  

𝑓𝑚𝑒𝑎𝑛 =
1

3
(
1
1

1)  and  𝑓𝑒𝑑𝑔𝑒 = (
0
3

−1), 

where the two filter kernels in spatial domain are  

𝑓𝑚𝑒𝑎𝑛 =
1

9
(
1 1 1
1 1 1
1 1 1

)  and  𝑓𝑒𝑑𝑔𝑒 = (
0 0 −1
−1 3 0
0 0 −1

). 

The filtering results according to the hexagonal computation, see section 3.2, are shown in 
Figure 9. From the left to right, the filtered images by the mean, the edge detector, and the 
combination filters are shown, where the edges are shown as binary image. The results of the 
edge detector filter are improved by the smoothing filter duo to the used edge detector filter 
which is a first order gradient computation.  

Each pixel in the hexagonal image has six contiguous neighbors which results to more 
effective and efficient respond to gradient-based edge detection. To show this respond two 
different mean filters whose sizes are 3 by 3 and 5 by 5 are used for smoothing the optical 
square-pixel images, recovered square-pixel images and hexagonal images, then the edge 
detector is used on the smoothed images to detect the edges in the images. The two resulted 
edge detected images, using the two smoothing filters on each optical square-pixel images or 
recovered square-pixel images or hexagonal images, are gray level images. The pixel based 
intensity ratio of each pair of edge detected images is computed and finally the sum of such 
ratio images is obtained. Apparently the blurring effect of more smoothed images reduces the 
detected edges.  In table 1, the result of the ratio images for different type of images is shown. 
According to the table the hexagonal images preserve the edges superior in comparison to the 
square-pixel images. According to the table, although it is still impossible to detect the vertical 
edges due to the hexagonal form, the hexagonal images still can preserve the edges superior 
in comparison to the square-pixel images. 
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Figure 9: From the left to right, the filtered images by the mean filter, the edge detector filter, 
and the combination filter.

Table1: The result of ratio images for different type of images. 

Object 1

Bird

Object 2

Cylinder

Object 3

Car

Optical square-pixel image 4858.47 3528.32 1997.91

Recovered square-pixel image 3169.41 2357.06 1275.19

Generated hexagonal image 5135.44 3295.61 3436.53

6 CONCLUSION

In this paper, a novel approach is proposed for generating hexagonal images from a simulated 
sensor based on a known fill factor of the sensor. The results show that the generated 
hexagonal images have the same tonal range and tonal levels as the square-pixel image. Also 
their histogram distribution is very similar, indicating that our approach keeps the source 
information as much as possible during the generation. The orbit functions from Weyl group 
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are used for hexagonal computation. Using orbit functions it is possible to process hexagonal 
images with multiple operators and at the same time in orbit domain without further need of 
mapping to different coordinate system or addressing system. Although the processing speed 
of orbit function convolution is still very slow, but it provides a special domain for hexagonal 
computation and for image processing operations. The results also show that edge detection 
on hexagonal images preserves superiorly the edges in comparison to square-pixel images; 
with significant curvature detection ability. In the future our work would be to improve the 
processing speed of orbit functions and testify our hexagonal images generation method with 
real cameras so as to develop a way to create hexagonal image from conventional rectangle 
image sensor.
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Abstract: The arrangement and form of the image sensor have a fundamental effect 

on any further image processing operation and image visualization. In this paper, 

we present a software-based method to change the arrangement and form of pixel 

sensors that generate hexagonal pixel forms on a hexagonal grid. We evaluate four 

different image sensor forms and structures, including the proposed method. A set 

of 23 pairs of images; randomly chosen, from a database of 280 pairs of images are 

used in the evaluation. Each pair of images have the same semantic meaning and 

general appearance, the major difference between them being the sharp transitions 

in their contours. The curviness variation is estimated by effect of the first and 

second order gradient operations, Hessian matrix and critical points detection on 

the generated images; having different grid structures, different pixel forms and 

virtual increased of fill factor as three major properties of sensor characteristics. The 

results show that the grid structure and pixel form are the first and second most 

important properties. Several dissimilarity parameters are presented for curviness 

quantification in which using extremum point showed to achieve distinctive results. 

The results also show that the hexagonal image is the best image type for 

distinguishing the contours in the images. 

Keywords: software-based; virtual; hexagonal image; grid structure; pixel form; fill 

factor; curviness quantification; Hessian matrix; critical points 

 

1. Introduction 

The arrangement and form of photoreceptors vary from the fovea to the 

periphery of the retina. This is a consequence of evolution which argues that the 

arrangement and form of camera pixel sensors should be variable as well. However 

practical issues and history of camera development have made us to use fixed 

arrangements and forms of pixel sensors. Our previous works [1,2] showed that 

despite the limitations of hardware, it is possible to implement a software method to 

change the size of pixel sensors. In this paper, we present a software-based method 

to change the arrangement and form of pixel sensors. 
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The pixel sensor arrangement is often referred to as the grid structure. Most 

available cameras have rectangular grid structures. Previous works [3,4] have shown 

the feasibility of converting the rectangular to hexagonal grid structure by a half pixel 

shifting method (i.e., a software-based approach). Generation of the hexagonal pixel 

form is generally achieved by interpolation of intensity values of the rectangular pixel 

form. In this paper, we present a method, based on our previous works, for 

maximizing the size of rectangular pixel forms, that generates a hexagonal pixel form 

on a hexagonal grid. Each original rectangular pixel form is deformed to a hexagonal 

one using modelling of the incident photons onto the senor surface. To the best of our 

knowledge, there is no previous method which can offer hexagonal deformation of 

pixel form on a hexagonal grid. 

The comparison of different grid structures or different pixel forms is a 

challenging task and should be directed to a more specific task. Inasmuch as human 

vision is highly evolved to detect objects in a dynamic natural scene, the gradient 

computation as an elementary operation in object detection becomes interesting and 

appropriate candidate for this specific task. We have focused our investigation on the 

effect of the sharp transitions in the contour of objects which is estimated by first and 

second order of gradient computation on the images generated by different grid 

structures and different pixel forms. Two categories of images having curved versus 

linear edges of the same object in a pair of images, are used to estimate the 

detectability of each of the four considered sensor structures for curviness. 

This paper is organized as follows: in Section 2, related research on hexagonal 

grid resampling and form is explained. Then the four types of image generations are 

explained in Section 3. Section 4 and Section 5 present the methodology of curviness 

quantification and the experiment setup, respectively, then the results are shown and 

discussed in Section 6. Finally, we summarize the work described in this paper in 

Section 7. 

2. Background 

Due to a higher sampling efficiency, consistent connectivity and higher angular 

resolution of hexagonal grids [3] in comparison to square grids, in the last four 

decades hexagonal grids have been investigated in numerous methods and 

applications [3,5–7], which include image reconstruction [5], edge detection [7,8], 

image segmentation [9], and motion estimation [10]. Different algorithms and 

mathematical models have emerged in recent years to acquire hexagonal grids. For 

example, the rectangular grid can be suppressed in rows and columns alternatively 

and be sub-sampled; i.e., by a half-pixel shifting method [11]. In this way, a bigger 

hexagonal pixel is generated at the cost of obtaining lower resolution in comparison 

to the original rectangular grid. In the method, the distance between rows is changed 

by √3/2 and the pixel shifting can be achieved e.g., by implementing normalized 

convolution [12]. The significances of such a structure are the equidistant and 60 
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degrees intersection of the sampling points. In Yabushita et al. [5], the 

pseudohexagonal elements are composed of small square pixels with an aspect ratio 

of 12:14, which was later implemented by Jeevan et al. with a different ratio of 9:8 

[13]. In the spiral architecture of He et al. [14] four square pixels are averaged and 

generate a hexagonal pixel. Based on the spiral architecture, a design procedure for 

the development of hexagonal tri-directional derivative operators is present in [15], 

that can be applied directly to hexagonal images and can be used to improve both the 

efficiency and accuracy with respect to feature extraction on conventional intensity 

images. Although the architecture preserves the main properties of object, it loses 

some degree of resolution, which has an impact, especially on the result of edge 

detection applications [8]. Later this architecture was improved by Wu et al. [16], by 

mapping the rectangular grids to hexagonal ones, processing images on hexagonal 

grids, and remapping the results to the square grids. By processing images on a 

hexagonal grid less distortion was observed [3]. All above software-based methods 

have one major common property: they convert the rectangular grid to the hexagonal 

one using a linear combination of rectangular pixels. The technique of resampling 

digital images on this pseudohexagonal grid by using three interpolation kernels is 

proposed in [17] and one blurring kernel have been demonstrated. Then a new spline 

based on a least-squares approach is presented in [18], used for converting to a 

hexagonal lattice and has been demonstrated to achieve better quality than 

traditional interpolative resampling. In the most recent research, [19] introduced a 

method to convert images from square to hexagonal lattices in the frequency domain 

using the Fourier transform. However, in our approach, the rectangular pixels initiate 

a non-linear learning model based on the photons incident onto the senor surface. 

The approach is based on our earlier works [20,21] where the fill factor of an arbitrary 

image was estimated and used to obtain an enhanced image, as captured by a 100% 

fill factor sensor. 

Recently as image quality and preserving of the quality during operations such 

as translation, rotation, and super resolution have become important issues to the 

research community, implementing a hexagonal grid has been shown to be one of 

the alternative solutions [12,22]. The hexagonal grid is our visual system solution for 

observing our complex environmental scenes. Believing that such natural scenes 

have had a great impact on the evolution of our visual system; i.e., in the creation of 

hexagonal grid in the fovea of the retina, then the justified question is which features 

in a natural scene and in its dynamical alteration cause such an impact. The 

pioneering work was done by Gestalt psychologists and, more in detail, by Rubin 

[23], who first demonstrated that contours contain most of the information related to 

object perception, like the shape, the color and the depth. In fact, by investigating 

simple conditions like those used by Gestalt psychologists, mostly consisting of 

contours only, Pinna et al.[24] demonstrated that the phenomenal complexity of the 

material attributes emerges through appropriate manipulation of the contours. Bar 

et al. [16] showed in their psychological study that our visual system prefers curved 
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visual objects; i.e., the physical property of objects in a scene, which is manifested in 

sharp transitions in the contour of objects, has a critical influence on our perception 

of that object. Other studies such as [25] show the capacity of the hexagonal grid on 

detection of the sharp transitions in contour of objects. In this paper, we implement 

the curviness; i.e., the sharp transitions in contour of objects, as a comparison feature 

to evaluate four different grid structures. 

3. Image Generation 

In this section, we explain the generation of hexagonal enriched, square 

enriched, haft pixel shift enriched, and half pixel shift images from an original image 

which has a square pixel form on a square grid. 

3.1. Generation of the Hexagonal Enriched Image (Hex_E) 

The hexagonal enriched image has a hexagonal pixel form on a hexagonal grid. 

The generation process is similar to the resampling process in [1], which has three 

steps: projecting the original image pixel intensities onto a grid of sub-pixels; 

estimating the values of subpixels at the resampling positions; estimating each new 

hexagonal pixel intensity in a new hexagonal arrangement. The three steps are 

elaborated in the following. 

 

3.1.1. A Grid of Virtual Image Sensor Pixels Is Constructed. Each pixel is projected 

onto a grid of 𝐿 ×  𝐿 square subpixels. By using the fill factor 𝐹𝐹 value, the size of the 

active area is defined as S × S, where 𝑆 = 𝐿 × √𝐹𝐹. The intensity value of every pixel 

in the image sensor array is assigned to the virtual active area in the new grid. The 

intensities of subpixels in the non-sensitive areas are assigned to be zero. An example 

of such sensor rearrangement on a sub-pixel level is presented on the left in Figure 1, 

where there is a 3 × 3 pixel grid, and the light and dark grey areas represent the active 

and non-active areas in each pixel. Assuming 𝐿 = 30 and the active area is composed 

by 18 × 18 subpixels, and thereby the fill factor becomes 36% according to the above 

equation, and the intensities of active areas are represented by different grey level 

values. The size of the square subpixel grid for one pixel is examined from 20 × 20 to 

40 × 40, the intensity in the generated images show no further significant changes 

after the size is 30 × 30. Thus, in the experiment, 𝐿 is set to 30. 

 

3.1.2. The Second Step Is to Estimate the Values of Subpixels in the New Grid of 

Subpixels. Considering the statistical fluctuation of incident photons and their 

conversion to electrons on the sensor, a local Gaussian model is estimated by 

maximum likelihood method from each certain neighborhood area of pixels. Using 

each local model, a local noise source is generated and introduced to each certain 

neighborhood. Then inspired by Monte Carlo simulation, all subpixels in each certain 

neighborhood are estimated in an iteration process using the known pixel values (for 
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sub-pixels in the active area) or by linear polynomial reconstruction (for subpixels in 

non-sensitive area). In each iteration step the number of subpixels of the active area 

in the actual pixel is varied from zero to total number of subpixels of active area (i.e., 

the total sub-pixel number is defined by the fill factor). By estimating the intensity 

values of the subpixels during the iteration process, a vector of intensity values for 

each subpixel is created from which the final subpixel value is optimally predicted 

using Bayesian inference method and maximum likelihood of Gaussian distribution.

3.1.3. In the Third Step, the Subpixels Are Projected back to a Hexagonal Grid Shown 

as Red Grids on the Right of Figure 1, Where the Distance between Each Two 

Hexagonal Pixels Is the Same. Then the subpixels in each hexagonal area are 

estimated with respect to the virtual increase of the fill factor. The intensity value of 

a hexagonal pixel in the grid is the intensity value which has the strongest 

contribution in the histogram of belonging subpixels. The corresponding intensity is 

divided by the fill factor for removing the fill factor effect to obtain the hexagonal 

pixel intensity.

Figure 1. From left to right: the sensor rearrangement onto the subpixel, the 

projection of the square pixels onto the hexagonal grid by half pixel shifting method 

and the projection of the square pixels onto the hexagonal grid in generation of 

hexagonal image.

3.2. Generation of the Square Enriched Image (SQ_E)

The estimated square images are generated by three steps where the two steps 

explained in 3.1.1 and 3.1.2 are followed by a third step as follows. The subpixels are 

projected back to the original square grid shown as red grids on the left of Figure 1. 

The intensity value of each pixel in the square grid is the intensity value which has 

the strongest contribution in the histogram of its belonging subpixels. Then the 

corresponding intensity is divided by the fill factor to obtain the square pixel 

intensity by virtual increase of fill factor to 100% as the work in [1].

3.3. Generation of the Half Pixel Shift Image (HS) and Half Pixel Shift Enriched Image 

(HS_E)

https://en.wikipedia.org/wiki/Linear_polynomial
https://en.wikipedia.org/wiki/Linear_polynomial
https://en.wikipedia.org/wiki/Linear_polynomial
https://en.wikipedia.org/wiki/Linear_polynomial
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The hexagonal grid in the previous work [3,4] is mimicked by a half-pixel shift 

which is derived from delaying sampling by half a pixel in the horizontal direction. 

The red grid, which is presented in the middle of Figure 1, is the new 

pseudohexagonal sampling structure whose pixel form is still square. The new 

pseudohexagonal grid is derived from a usual 2-D grid by shifting each even row a 

half pixel to the right and leaving odd rows unattached, or of course any similar 

translation. The half pixel shift image (HS) and half pixel shift enriched image (HS_E) 

are both generated from the original image (SQ) and enriched image (SQ_E) on the 

square grid, respectively. 

4. Curviness Quantification 

The curviness is quantified by comparison of the sharp transitions in contour of 

all correspondent objects in pair of images which have exact similar contents but two 

different contours; namely straight or curved contour. We define an image which has 

only straight or only curved contour as SC or CC image respectively. First and second 

order gradient operations are used in the quantification on each original image (i.e., 

SQ image type) and its set of generated images (i.e., Hex_E, SQ_E, HS_E, and HS 

image types). We elaborate these operations in following. 
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4.1. Implementing a First Order Gradient Operation 

The familiar first order gradient ∇𝐽 is defined as:  

∇𝐽(𝑧) = 𝐽(𝑧) − 𝐽(𝑧′) (1) 

where 𝐽 represents the image, 𝑧 and 𝑧′ represent the positions of two adjacent pixels 

which have a common border; i.e., a common side or corner border. The angle 

between orientation of adjacent pixels and horizontal axis represents direction of the 

gradient. The first order gradient values of a pair of images (i.e., even with different 

grids) can be compared by computing and analyzing the eigenvalues and 

eigenvectors which are obtained by solving the expression (𝐴 − 𝜆𝑗𝐼)𝑒𝑗 = 0, where 𝐴 

is the 2 × n matrix with n number of first order gradient values of each of the images, 

𝜆 and 𝑒 are the eigenvalue and the eigenvector respectively, 𝑗 is the index number 

with value of 1 or 2, and 𝐼 is the identity matrix. In the comparison, when two images 

have same contents but different grids, the range of eigenvalues from small to large 

values indicate the similarity to dissimilarity between grid structures. When two 

images have the same content but different contours the curviness can be quantified 

by comparison of the eigenvalues related to the images. 

4.2. Implementing Hessian Matrix on SQ, and SQ_E Images 

Analyzing the second order gradient operation in form of Hessian matrix 

computation has an intuitive justification in the context of curvature quantification. 

The eigenvalues analysis of the Hessian extracts the principle gradient directions in 

which the local second order structure of an image is decomposed. This directly gives 

the direction of smallest curvature (along the contour) [26,27]. The Hessian matrix of:  

𝐻 = [
𝐽𝑥𝑥 𝐽𝑥𝑦
𝐽𝑦𝑥 𝐽𝑦𝑦

] (2) 

is computed from convolution of the image 𝐽 and gradients of the gaussian kernel 

𝐺 =
1

2𝜋𝜎2
𝑒
−
𝑥2+𝑦2

2𝜎2  as follows:  

𝐽𝑥𝑥 = 𝐺𝑥𝑥 ∗ 𝐽,       𝐽𝑦𝑦 = 𝐺𝑦𝑦 ∗ 𝐽,       𝐽𝑥𝑦 = 𝐽𝑦𝑥 = 𝐺𝑥𝑦 ∗ 𝐽,  

where 𝐺𝑥𝑥 , 𝐺𝑥𝑦  and 𝐺𝑦𝑦 represent the gradient kernel on the horizontal, vertical and 

diagonal directions, respectively. 

The eigenvalues and eigenvectors of the Hessian matrix 𝐻  are obtained by 

solving the expression (𝐻 − 𝜆𝑗
ℎ𝑠𝐼)𝑒𝑗

ℎ𝑠 = 0, where 𝜆𝑗
ℎ𝑠 and 𝑒𝑗

ℎ𝑠 are the eigenvalue and 

the eigenvector, respectively, and 𝑗 is the index number with value of 1 or 2. The first 

eigenvector (the one whose corresponding eigenvalue has the largest absolute value) 

is the direction of greatest curvature. The other eigenvector (always orthogonal to the 

first one) is the direction of least curvature. The corresponding eigenvalues are the 

respective amounts of these curvatures. Inspired by earlier work of Frangi et al. [22], 

three measurement parameters are derived from eigenvalues and eigenvectors of 
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Hessian matrix which are used in comparison of the pair of images when they have 

the same content but different contours. The parameters are:  

𝑃1 = 𝑎𝑟𝑐𝑡𝑎𝑛𝑔 (
𝑒2𝑥
ℎ𝑠

𝑒2𝑦
ℎ𝑠
), (3) 

𝑃2 = log (1 + (
𝜆2
ℎ𝑠  

𝜆1
ℎ𝑠  
)

2

) , (4) 

𝑃3 = log(1 + 𝜆1
ℎ𝑠 2 + 𝜆2

ℎ𝑠  2), (5) 

where 𝜆1
ℎ𝑠  (the largest one) and 𝜆2

ℎ𝑠  are the eigenvalues of the Hessian matrix and 

𝑒1
ℎ𝑠 = [𝑒1𝑥

ℎ𝑠, 𝑒1𝑦
ℎ𝑠]  𝑒2

ℎ𝑠 = [𝑒2𝑥
ℎ𝑠, 𝑒2𝑦

ℎ𝑠]  are the related eigenvectors. 𝑃1, 𝑃2, 𝑃3  measure the 

main orientation, the relation of the two principal curvatures (i.e., each of which 

measures amount of curvature bending in different directions), and second order 

structureness respectively. The dissimilarity of each pair of SC and CC images (i.e., 

which are having square grid and the same content but different contours) are 

measured by:  

( , ) ( )
( )* (

·
)j

SC CC
j jSC CC

P SC CC
j j

var P P
D

var P var P
=  (6) 

where 𝑆𝐶 and 𝐶𝐶 are a pair of images which have the same contents but different 

contours and the pair can be the type of SQ or SQ_E images, 𝑗 is the index number 

(which can have values of 1, 2, or 3), 𝑃𝑗 is one of the three parameters according to 

the 𝑗, 𝑃𝑗
𝑆𝐶  and 𝑃𝑗

𝐶𝐶 are the measurement parameters 𝑃𝑗 applied on the pair of images 

of 𝑆𝐶 and 𝐶𝐶, respectively. 

4.3. Implementing Second Order Operation to Detect Saddle and Extremum Points 

The second order gradient operation has been used to detect spatial critical 

points; i.e., saddle and extremum points. The number of critical points in an image 

depends on the contour shape. Thus, a pair of images with the same content but 

different contours can be compared using the detected critical points in each image. 

Generally, the critical points are detected when the gradient is zero. This means the 

Hessian matrix can be used in this relation; the critical points are found by using 

eigenvalues of the Hessian matrix on a square grid. However, on a square grid the 

zeros of gradient will in general not coincide with the grid points, but lie somewhere 

in between them. Kuiiper [28] showed that by converting the square grid to a 

hexagonal grid; implementing a half pixel shifting method, it is possible to detect a 

more accurate number of critical points in a square grid-based image. In his detection 

process based on hexagonal grida, each point has six neighbours. The sign of 

intensity difference for each of these neighbours with respect to the point itself is 

determined which results in its classification into four different points: regular, 
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minimum or maximum (extremum), saddle, and degenerated saddle point. We used 

this detection process not only on square based grid images, but also on hexagonal 

grid based images to detect saddle and extremum points. 

In relation to curvature quantification, pair of SQ, SQ_E, and Hex_E image types 

are compared in relation to the detected critical points. The comparison measurement 

related to the saddle points is defined as:  

𝑅𝑠𝑎𝑑𝑑𝑙𝑒 = 1 − 
𝑐𝑠𝑑
𝑎𝑠𝑑

 ×  
𝑐𝑠𝑑

|𝐴𝑠𝑑 ∪ 𝐵𝑠𝑑|
 ×  

𝑏𝑠𝑑
𝑎𝑠𝑑

,   𝐴𝑠𝑑 ≤ 𝐵𝑠𝑑 (7) 

where 𝐴𝑠𝑑  and 𝐵𝑠𝑑  are two sets of 𝑎𝑠𝑑  and 𝑏𝑠𝑑  saddle points in images A and B 

respectively (where A and B are two types of images), 𝐶𝑠𝑑 = 𝐴𝑠𝑑 ∩ 𝐵𝑠𝑑  is the set of 

the saddle points that are on the same position in the two images with 𝑐𝑠𝑑 = |𝐶𝑠𝑑| =

 |𝐴𝑠𝑑 ∩ 𝐵𝑠𝑑| points, and |𝐴𝑠𝑑 ∪ 𝐵𝑠𝑑| is the number of all points which are in sets of 𝐴𝑠𝑑 

and 𝐵𝑠𝑑 . Equation (7) is a normalized nonlinear dissimilarity measurement function 

based on the common detected saddle points in the two images; see a typical of such 

a function characteristic in top left of Figure 2. The comparison measurement related 

to the extremum points is defined as: 

𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 =  1 − 
𝑎𝑒𝑥
𝑏𝑒𝑥

 ×  
𝑐𝑒𝑥

|𝐴𝑒𝑥 ∪ 𝐵𝑒𝑥|
,   𝐵𝑒𝑥 ≤ 𝐴𝑒𝑥    (8) 

where 𝐴𝑒𝑥 and 𝐵𝑒𝑥 are two sets of 𝑎𝑒𝑥  and 𝑏𝑒𝑥 extremum points where in images A 

and B, respectively (where A and B are two types of images), 𝐶𝑒𝑥 = 𝐴𝑒𝑥 ∩ 𝐵𝑒𝑥  is the 

set of the extremum points that are on the same position in the two images with 𝑐𝑒𝑥 =

 |𝐶𝑒𝑥| =  |𝐴𝑒𝑥 ∩ 𝐵𝑒𝑥| points, and |𝐴𝑒𝑥 ∪ 𝐵𝑒𝑥| is all points which are in sets of 𝐴𝑒𝑥 and 

𝐵𝑒𝑥. Equation (8) is a normalized nonlinear dissimilarity measurement function based 

on the common detected extremum points; see a typical of such a function 

characteristic in top right of Figure 2. The comparison measurement related to the 

saddle points between two pairs of images is defined as: 

𝑅𝑃𝑠𝑎𝑑𝑑𝑙𝑒 =  1 −
𝑐𝑠𝑑

|𝐴𝑠𝑑 ∪ 𝐵𝑠𝑑|
 ×  

𝑓𝑠𝑑
|𝐷𝑠𝑑 ∪ 𝐸𝑠𝑑|

 ×  
𝑚𝑎𝑥(𝑎𝑠𝑑 , 𝑏𝑠𝑑)

𝑚𝑖𝑛(𝑎𝑠𝑑 , 𝑏𝑠𝑑)
 

×  
𝑚𝑎𝑥(𝑑𝑠𝑑 , 𝑒𝑠𝑑)

𝑚𝑖𝑛(𝑑𝑒𝑥 , 𝑒𝑠𝑑)
  

(9) 

where 𝑎𝑠𝑑 𝑏𝑠𝑑 𝑑𝑠𝑑  and 𝑒𝑠𝑑 are the numbers of saddle points in sets of 𝐴𝑠𝑑 𝐵𝑠𝑑  𝐷𝑠𝑑  and 

𝐸𝑠𝑑 in image A, B, D and E, respectively. The two pairs of images are (A, D) and (B, 

E). Each pair of images has the same type and different type from another pair. The 

images A and B are the SC images where the images D and E are CC images. The 

𝐶𝑠𝑑 = 𝐴𝑠𝑑 ∩ 𝐵𝑠𝑑  and 𝐹𝑠𝑑 = 𝐷𝑠𝑑 ∩ 𝐸𝑠𝑑  are the sets of the saddle points that are on the 

same position in each related two images with 𝑐𝑒𝑥 = |𝐶𝑒𝑥| and 𝑓𝑒𝑥 = |𝐹𝑒𝑥|  points 

respectively. Equation (9) is a normalized 2D nonlinear dissimilarity measurement 

function based on the common detected saddle points in each pair of the images; see 

a typical of such a function characteristic in bottom left of Figure 2. The comparison 
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measurement related to the extremum points between two pairs of images is defined 

as: 

𝑅𝑃𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 = 1 −
𝑐𝑒𝑥

|𝐴𝑒𝑥 ∪ 𝐵𝑒𝑥|
×

𝑓𝑒𝑥
|𝐷𝑒𝑥 ∪ 𝐸𝑒𝑥|

×
𝑚𝑎𝑥(𝑎𝑒𝑥 , 𝑏𝑒𝑥)

𝑚𝑖𝑛(𝑎𝑒𝑥 , 𝑏𝑒𝑥)

×
𝑚𝑎𝑥(𝑑𝑒𝑥 , 𝑒𝑒𝑥)

𝑚𝑖𝑛(𝑑𝑒𝑥 , 𝑒𝑒𝑥)

(10)

where 𝑎𝑒𝑥 𝑏𝑒𝑥 𝑑𝑒𝑥 and 𝑒𝑒𝑥 are the numbers of extremum points in sets of 𝐴𝑒𝑥 𝐵𝑒𝑥
𝐷𝑒𝑥 and 𝐸𝑒𝑥 in image A, B, D and E, respectively. The two pairs of images are (A, D) 

and (B, E). Each pair of images has the same type and different type from another 

pair. The images A and B are the SC images where the images D and E are CC images. 

The 𝐶𝑒𝑥 = 𝐴𝑒𝑥 ∩ 𝐵𝑒𝑥 and 𝐹𝑒𝑥 = 𝐷𝑒𝑥 ∩ 𝐸𝑒𝑥 are the sets of the extremum points that are 

on the same position in each two related images with 𝑐𝑒𝑥 = |𝐶𝑒𝑥| and 𝑓𝑒𝑥 =

|𝐹𝑒𝑥| points. Equation (10) is a normalized 2D nonlinear dissimilarity measurement 

function based on the common detected saddle points in each pair of the images; see 

a typical of such a function characteristic in bottom right of Figure 2.

Figure 2. Typical characteristics of 𝑅𝑠𝑑( 𝐶𝑠𝑑 ) in Equation (7), 𝑅𝑒𝑥( 𝐶𝑒𝑥 ) in Equation 

(8), 𝑅𝑃𝑠𝑑( 𝐶𝑠𝑑 , 𝐹𝑠𝑑 ) in Equation (9), 𝑅𝑃𝑒𝑥( 𝐶𝑒𝑥, 𝐹𝑒𝑥 ) in Equation (10) are shown in 

top left, top right, bottom left, and bottom right respectively. 𝐶𝑠𝑑, 𝐶𝑒𝑥, 𝐹𝑠𝑑 , and 𝐹𝑒𝑥
are sets of possible values of 𝑐𝑠𝑑, 𝑐𝑒𝑥, 𝑓𝑠𝑑 , and 𝑓𝑒𝑥 , respectively.

5. Experimental Setup

An image dataset from [29] is used for our experiments. The database was used 

earlier to investigate human visual preference of curved versus linear edges to find 

the physical elements in a visual stimulus which cause like or dislike of objects. The 
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database is composed of 280 pairs of images, each pair of images have the same 

semantic meaning and general appearance. We found 51 image pairs had contour 

curvature differences additionally to the semantic meaning; i.e., straight to curved 

line. Then each pair of images with the same semantic content is defined as straight 

contour (SC) or curved contour (CC) images. Each of the images has the same 

resolution, 256 × 256, and in Uint8 format. Figure 3 shows twenty-three pairs of 

images which are randomly selected from the 51 pairs of images and used for the 

experiment. The images of the database are generated by computer graphic tools (i.e., 

without natural noise). However, they are compressed as jpg format in which noise 

is introduced accordingly as it is shown in Figure 3. It is certain that the noise affects 

the first and second order derivative operation of Equations (1) and (2). Some 

smoothing filters are used to reduce the noise but this significantly change the content 

of the object (straight or curved lines) in the images which is not appreciated due to 

the problematic goal (i.e., to compare straight lines vs curved ones). Instead of 

smoothing of the whole image, a template mask for each of the images is used to 

detect the background which is irrelevant to the object content, as it is shown in 

Figure 4. Each mask is generated automatically using morphological operations. 

When the images with different pixel structure and form are compared they are 

contaminated with the same amount of noise, thus effect of the noise on the results 

considered to be insignificant and the comparison results are obtained only from the 

masked area on the respective images. The images are converted to grayscale images, 

and then the fill factor of images is estimated by the method explained in [20]; fill 

factor value is estimated to be 36%. The impact of curved versus straight edges on 

the enriched hexagonal (Hex_E), enriched estimated square (SQ_E), enriched half 

pixel shifted (HS_E), and original (SQ) images is evaluated by computing the first 

and second order gradient operations; see Sections 4.1 and 4.2, on the images. All 

images have the same resolution to ensure that the resolution is not affecting the 

number of gradients. All the processing is programmed and implemented by 

Matlab2017a on a stationary computer with an Intel i7-6850k CPU (Intel Corporation, 

California, USA, https://ark.intel.com/products/94188/) and a 32 GB RAM memory to 

keep the process stable and fast. 
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Figure 3. Twenty-three pairs of images from the database, where the images in first 

and third rows have sharp contours and the images in the second and fourth rows 

have the curved contours.

Figure 4. One of the database images and its template mask for detecting the 

background.

6. Results and Discussion

One of the original images and the set of enriched related generated images; 

hexagonal, estimated square, and half-pixel shifted images, which were explained in 

Section 3 are shown in Figure 5. The images from left to right in the first row are the 

original image, and the related generated images. The images in the second row of 

Figure 5 are the zoomed region of the images (shown as red square). The generated 

images show better dynamic range in comparison to the original images, as it was 

shown in [21].

Figure 5. One of original images and its set of generated images.
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6.1. First Order Gradient Operation 

The sharp transitions in the contour of each objects in the images—the 

curviness—is quantified by implementing the first and second order gradient 

operations on the pair of original images and their set of generated images; each 

operation process is explained in more details in Section 4. For the images on the 

hexagonal grid; hexagonal and half-pixel shift images, the first order gradients are 

computed at six directions, which are 0, 60, 120, 180, 240, and 300 degrees. Due to 

resolution similarity of the generated images the on hexagonal grid, their number of 

pixels and the computed gradient elements are the same. The top and middle row of 

Figure 6 shows the sorted first order gradient values from the generated Hex_E 

image (i.e., the image shown in Figure 5) in comparison to the generated HS and 

HS_E image at 0, 60 and 120 degrees from left to right respectively. The amount of 

spreading of the gradient values reveals the correlation between the grid structure of 

the images. The more similar the image grids are, the amount of spreading is less. 

The more densely the points are distributed, the less variation from the gradient 

results are expected. Due to the grid similarity of original images and the SQ_E 

images, the correlations of sorted gradient values at 0, 45 and 90 degrees between 

them are linear which are shown in the bottom row of Figure 6. However, the 

correlations of sorted gradient values at 0, 60 and 120 degrees on the pseudo 

hexagonal grid structure and hexagonal grid structure are nonlinear and dissimilar; 

shown in top and middle rows of Figure 6.  
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Figure 6. The gradients correlation between the Hex_E image (second column) and 

HS_E image (fourth column) shown in Figure 5 at directions of 0, 60 and 120 degrees 

(top row). And the gradients correlation between the SQ image (first column) and 

SQ_E image (third column) shown in Figure 5 at directions of 0, 45 and 90 degrees 

(bottom row).

The same is the correlation of sorted gradient values at 0 degree between the SQ 

image grid structure to both the pseudo hexagonal grid structure and hexagonal grid 

structure which are shown in Figure 7 on the first and third columns from left 

respectively; i.e., the correlation is in each case nonlinear and dissimilar.

Figure 7 shows that the gradient results from the four types of generated images 

in comparison to the original SQ image is different from each other; especially the 
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second plot from left. This is because the grids in HS, HS_E and Hex_E images are 

more alike to each other and more different from the square grid (i.e., the grid of SQ

and SQ_E images). The similarity/dissimilarity of each two grid structures are 

possible to visualize; as they are shown in Figures 6 and 7. However, to quantify such 

a similarity/dissimilarity the first order gradient operation can be used as it is 

described in Section 4.1. Accordingly, the covariance of the gradient values of each 

two images are computed where each compared two images have the same contents 

but different grid structures. Then the eigenvalues and eigenvectors of each 

covariance matrix is computed using singular value decomposition (SVD) method.

Figure 7. The gradient cross comparison at 0 degree between one of the original 

images and its generated images: Hex_E image (first), SQ_E image (second), HS_E 

image (third), and HS image (fourth).

The first eigenvalues, which are also the largest ones, of the covariance matrix 

between each pair of the original images and its set of generated images are shown 

in top of Figure 8, and the second eigenvalues are shown in the bottom of Figure 8. 

The blue, red, green and black lines represent the first or second eigenvalues of the 

covariance matrixes with respect to the four types of images presented in Section 3, 

respectively. The continuous lines and dash lines represent the computed first and 

second eigenvalues with respect to the original CC and SC images, respectively. 

Table 1 shows the summary of the comparison results of the two figures in Figure 8. 

The different properties among the types of images are caused by the diversity of 

their grid structure, pixel form or fill factor value. ‘Yes’ and ‘No’ in the table represent 

similarity and dissimilarity of such a property in relation between each generated 

image to the SQ image. The values in the last four columns of Table 1 are the sums of 

the first and second eigenvalues of the respected image type shown in Figure 8. In 

the table, the increase of the first or second eigenvalue indicates the increase of 

similarity or dissimilarity between the generated image and SQ image respectively. 

The SQ_E and HS images in relation to the SQ image show higher similarity than the 

other image types; see the first eigenvalue results in Table 1 and top figure in Figure 

8. The comparison of these two types of images show that the grid structure is more 



P a g e  |  1 3 7

important than pixel form and fill factor value to cause differences between them. 

The Hex_E and HS_E images in relation to the SQ image show higher dissimilarity, 

respectively. The comparison of these two types of images show that when the grid 

structures are the same the pixel form is more important than fill factor value to cause 

differences between them. The results show that the choice of grid structure, pixel 

form, and fill factor value are respectively important in generation of a new type of 

images. Here we should note that these three properties are not quite independent 

from each other. In Table 1, the results related to SC and CC for all four types of 

images show that they are clearly distinctive. However, the detail comparison of SC 

and CC in Figure 8 show that it is not possible to have a clear conclusion between SC 

and CC by first order operation; due to the results variation.

Figure 8. The first (Top) and second (Bottom) eigenvalues of the gradient values in 

a cross comparison between original image and four types of generated images. The 

blue lines represent the Hex_E images; the red lines represent the SQ_E images, the 

green lines represent the HS_E and the black lines represent the HS images. The 

continuous lines and dash lines represent the CC and SC images respectively.
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Table 1. The summery of the comparison results of the two figures in Figure 8. 

 
Grid 

Structure 

Pixel 

Form 

Fill 

Factor 

First Eigenvalue 
Second 

Eigenvalue 

SC CC SC CC 

SQ_E Yes Yes No 272.98 277.86 6.43 8.51 

HS No Yes Yes 260.66 264.52 60.12 61.29 

HS_E No Yes No 210.19 212.98 106.33 107.89 

Hex_E No No No 187.28 190.26 112.32 114.14 

6.2. Hessian Matrix on SQ, and SQ_E Images 

Tables 2 and 3 show the measured 𝑃1, 𝑃2, and 𝑃3 parameters (Equations (3)–(5)) 

between SC and CC images having SQ or SQ_E image type using Hessian matrix; for 

more detail see Section 4.2. The bold result values in the tables show the higher one 

in comparison of each pair of SC and CC images. In Table 2, the results related to the 

CC images have higher values than SC results. 𝐷𝑃𝑗

(𝑆𝐶,𝐶𝐶)
 (𝑗 = 1, 2, 3) indicates that the 

contours in the CC images are distinctively different (have more curviness) than the 

ones in SC images. Table 3 shows the similar results, that the results values are higher 

in majority of CC images in respect to SC results; 94% of measurement values. Table 

4 shows the dissimilarity measurement of 𝐷𝑃𝑗

(𝑆𝐶,𝐶𝐶)
 (𝑗 = 1, 2, 3) in Equation (7). The 

comparison between SQ and SQ_E images using  𝐷𝑃1

(𝑆𝐶,𝐶𝐶)
 and 𝐷𝑃2

(𝑆𝐶,𝐶𝐶)
 values is not 

conclusive due to undistinctive result values. However, using the 𝐷𝑃3

(𝑆𝐶,𝐶𝐶)
 values the 

comparison is possible due to clear distinctive results. According to this comparison 

the SQ_E images have in average 62.5% better performance than SQ images. As far 

as the dissimilarity of the 𝐷𝑃3

(𝑆𝐶,𝐶𝐶)
 measures the second order structureness, we can 

conclude that the SQ_E image type far better can perform in detection of curviness 

than SQ image type. 
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Table 2. The measured 𝑃1, 𝑃2 , 𝑃3 parameters of SQ images using Hessian 

matrix. 

Image 

Index 

𝑷𝟏 𝑷𝟐 𝑷𝟑 

SC CC SC CC SC CC 

1 49.047 50.953 44.121 55.879 45.163 54.837 

2 48.41 51.59 48.407 51.593 48.601 51.399 

3 49.468 50.532 23.679 76.321 28.143 71.857 

4 49.42 50.58 32.887 67.113 46.829 53.171 

5 47.206 52.794 38.418 61.582 37.502 62.498 

6 49.914 50.086 46.71 53.29 47.856 52.144 

7 47.701 52.299 36.29 63.71 46.749 53.251 

8 49.791 50.209 14.97 85.03 46.549 53.451 

9 49.575 50.425 15.392 84.608 48.163 51.837 

10 49.408 50.592 16.171 83.829 48.056 51.944 

11 49.011 50.989 36.452 63.548 49.222 50.778 

12 49.075 50.925 14.809 85.191 43.015 56.985 

13 48.724 51.276 16.613 83.387 45.124 54.876 

14 48.163 51.837 26.797 73.203 44.71 55.29 

15 48.899 51.101 16.959 83.041 46.383 53.617 

16 49.167 50.833 18.203 81.797 46.13 53.87 

17 49.568 50.432 25.92 74.08 45.673 54.327 

18 48.741 51.259 37.231 62.769 45.062 54.938 

19 49.474 50.526 28.151 71.849 48.687 51.313 

20 49.651 50.349 14.972 85.028 44.699 55.301 

21 48.758 51.242 44.467 55.533 42.291 57.709 

22 48.834 51.166 46.471 53.529 45.996 54.004 

23 48.612 51.388 17.293 82.707 46.214 53.786 

Table 3. The measured 𝑃1, 𝑃2 , 𝑃3 values of SQ_E images using Hessian matrix. 

Image 

Index 

𝑷𝟏 𝑷𝟐 𝑷𝟑 

SC 𝐂𝐂 SC 𝐂𝐂 SC CC 

1 49.353 50.647 44.349 55.651 44.976 55.024 

2 49.337 50.663 48.76 51.24 48.343 51.657 

3 51.625 48.375 66.592 33.408 30.413 69.587 

4 50.057 49.943 30.517 69.483 43.874 56.126 

5 47.565 52.435 37.025 62.975 35.033 64.967 

6 50.474 49.526 48.374 51.626 47.124 52.876 

7 48.212 51.788 36.412 63.588 44.62 55.38 

8 49.627 50.373 15.485 84.515 41.143 58.857 

9 49.341 50.659 15.857 84.143 47.783 52.217 

10 49.185 50.815 16.628 83.372 47.98 52.02 

11 49.821 50.179 34.757 65.243 41.404 58.596 

12 48.961 51.039 15.126 84.874 43.718 56.282 

13 48.858 51.142 19.546 80.454 45.803 54.197 

14 48.583 51.417 32.959 67.041 45.682 54.318 



                            P a g e  |  1 4 0  
 
 

  

15 49.016 50.984 17.626 82.374 46.96 53.04 

16 49.262 50.738 23.977 76.023 46.319 53.681 

17 49.564 50.436 25.45 74.55 44.955 55.045 

18 48.858 51.142 35.824 64.176 44.511 55.489 

19 49.473 50.527 33.351 66.649 47.252 52.748 

20 49.399 50.601 19.883 80.117 44.592 55.408 

21 48.437 51.563 43.321 56.679 41.176 58.824 

22 49.108 50.892 46.233 53.767 44.769 55.231 

23 48.605 51.395 17.534 82.466 46.788 53.212 

Table 4. The dissimilarity measurement of 𝐷𝑃𝑗

(𝑆𝐶,𝐶𝐶)
  (𝑗 = 1, 2, 3) for SQ and SQ_E 

image types using Hessian matrix. 

Image 

Index 

SQ SQ_E 

𝑫𝑷𝟏

𝑺𝑪,𝑪𝑪 𝑫𝑷𝟐

𝑺𝑪,𝑪𝑪 𝑫𝑷𝟑

𝑺𝑪,𝑪𝑪 𝑫𝑷𝟏

𝑺𝑪,𝑪𝑪 𝑫𝑷𝟐

𝑺𝑪,𝑪𝑪 𝑫𝑷𝟑

𝑺𝑪,𝑪𝑪 

1 9.475 12.085 19.567 8.504 11.644 31.7 

2 5.942 10.548 10.423 5.117 10.378 19.319 

3 11.581 13.929 18.852 10.244 13.112 28.209 

4 13.036 11.043 16.944 12.121 11.14 27.646 

5 6.784 8.598 7.894 6.535 8.884 14.992 

6 8.807 11.69 14.253 7.345 11.121 23.045 

7 9.523 9.535 12.147 8.68 9.189 20.22 

8 5.967 9.278 9.236 5.789 9.207 17.652 

9 6.01 10.419 8.565 6.001 10.462 15.91 

10 5.019 9.401 9.651 4.979 9.293 18.443 

11 12.695 9.951 11.685 11.886 9.932 19.111 

12 7.973 10.289 11.85 7.81 10.494 18.112 

13 6.344 13.968 13.87 6.164 12.58 23.444 

14 3.615 11.937 12.011 3.496 9.546 19.285 

15 10.371 11.426 11.641 9.43 11.762 15.419 

16 9.994 15.302 17.45 9.42 14.25 25.318 

17 8.455 14.049 17.837 8.149 14.028 28.25 

18 6.252 12.369 14.174 6.28 12.709 19.231 

19 7.297 11.696 11.081 6.889 9.639 15.6 

20 8.232 15.834 17.783 7.755 14.707 29.075 

21 6.396 8.167 7.962 6.236 8.013 15.206 

22 11.36 10.291 16.176 10.966 10.115 28.117 

23 5.759 10.059 9.716 5.709 10.14 17.785 

6.3. Saddle and Extremum Points 

The detected saddle and extremum points from the second order gradient 

operation on the same HS, HS_E and Hex_E images shown in Figure 5 are shown in 

Figure 9, respectively. The HS and HS_E images are generated from its 

corresponding SQ and SQ_E images by converting the square grid to a hexagonal 

grid, implementing the half pixel shifting method proposed in Section 3.3. As it is 
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discussed in Section 4.3, in comparison to SQ and SQ_E images the HS and HS_E 

images are better at detecting the critical points. The number of saddle and extremum 

points in each SC or CC image having Hex_E, SQ_E and SQ image types are shown 

in Figure 10. This shows that in 74% of pairs of CC and SC images of each image type, 

CC images have detected more critical points than SC images. However, in the figure 

the comparison results among Hex_E, SQ and SQ_E image types are still 

undistinctive. The top and middle figures in Figure 11 show that the number of 

common saddle and extremum points respectively, and the bottom figure shows the 

total number of the critical points. The common points are those points which are in 

the same position in each pair of SC and CC images. The results indicate that the SQ 

image type detects more common saddle points; in 87% of SC and CC image pairs, 

and Hex_E image type detects more extremum points; in 74% of image pairs. Due to 

that the critical points in SQ, SQ_E and Hex_E images are detected in the hexagonal 

grid; see Section 4.3, the difference of the results between image types is affected by 

having different pixel form and fill factor value. The results values between SQ_E 

and Hex_E image type in Figure 11 are close to each other; indicating that the pixel 

form has more effect on the second order gradient than the fill factor. 

Figure 9. The detected saddle and extremum points on HS, HS_E and Hex_E 

images.
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Figure 10. The number of the saddle and extremum points in each SC and CC image 

having Hex_E, SQ_E and SQ image types.

Figure 11. The number of the common saddle (Top), extremum points (Middle) and 

the critical points (Bottom) between SC and CC image pairs having Hex_E, SQ_E 

and SQ image types.

The normalized nonlinear dissimilarity measurement values of 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 and 

𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 for SC and CC from three pairs of comparisons between SQ_E, SQ and 
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Hex_E images are computed by Equation (7) and Equation (8) and shown in Table 5, 

where the higher value represents the larger dissimilarity of the contours between 

respected image types. For each pair of SC and CC, the larger value of 𝑅𝑠𝑎𝑑𝑑𝑙𝑒  or 

𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚  is shown bolded. The correlations of the three pairs of comparisons in 

Table 5 are shown in Figure 12, where the points of four colors of blue, red, green and 

black represent the correspondent values of 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 and 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚  for each pair of SC 

and CC images respectively. In the figure, the three axes represent the three pairs of 

comparison between image types. The results of Table 5 show that the 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 values 

for SC and CC images are close to each other, which is also verified in Figure 12; i.e., 

the blue points are mixed with red points. On the contrast, the 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 values for 

SC and CC images in Table 5 are distinctive which is shown in Figure 12 by the green 

and black points. According to these results our conclusion is that only the extremum 

points can be used for quantifying the curviness; i.e.to distinguish a CC image from 

a SC image. Comparing the two comparisons of SQ_E & SQ and Hex_E & SQ_E and 

considering the three properties among the type of images; see Table 1, the measured 

dissimilarity in Table 5 for each of the comparisons is caused by fill factor and pixel 

form respectively. This is due to that SQ_E and SQ images are converted to hexagonal 

grid by half pixel shift for detection of critical points. Thus the grid structures of all 

three types of images in the two comparisons are the same. According to Table 5, the 

dissimilarity comparison values of the Hex_E & SQ_E are higher than the SQ_E & 

SQ, which shows that the pixel form is more important property than the fill factor 

to cause dissimilarity between images. This is consistent with the results which are 

presented in Table 1. Thus, from the results we concluded that the importance of the 

three properties from high to low is the grid structure, the pixel form and the fill 

factor, respectively. 

Table 6 shows the results of the 𝑅𝑃𝑠𝑎𝑑𝑑𝑙𝑒  and 𝑅𝑃𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚  values of three 

comparisons computed by the Equation (9) and Equation (10). The values in each 

column represent dissimilarity values based on the common detected saddle or 

extremum points in each pair of SC and CC images which is used to compare two 

different image types. The dissimilarity values in the table are not consistent for each 

two image types in comparison to previous results, indicating that processing SC and 

CC together is not an adequate way to quantify the difference between two image 

types. By combining the results in Tables 5 and 6, we conclude that according to all 

the measurement the Hex_E image type has the largest dissimilarity in comparison 

to the other image types, which means the Hex_E is the best image type among our 

tested image types for quantifying the curviness of a contour. 
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Table 5. The 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 and 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 values for SC and CC between SQ_E, SQ and 

Hex_E image types.

Image 

Index

SQ_E & SQ Hex_E & SQ_E Hex_E & SQ

𝑹𝒔𝒂𝒅𝒅𝒍𝒆 𝑹𝒆𝒙𝒕𝒓𝒆𝒎𝒖𝒎 𝑹𝒔𝒂𝒅𝒅𝒍𝒆 𝑹𝒆𝒙𝒕𝒓𝒆𝒎𝒖𝒎 𝑹𝒔𝒂𝒅𝒅𝒍𝒆 𝑹𝒆𝒙𝒕𝒓𝒆𝒎𝒖𝒎

SC CC SC CC SC CC SC CC SC CC SC CC

1 0.865 0.754 0.299 0.812 0.940 0.934 0.769 0.814 0.946 0.916 0.596 0.922

2 0.700 0.690 0.394 0.499 0.912 0.922 0.710 0.75 0.909 0.918 0.688 0.781

3 0.866 0.836 0.343 0.868 0.941 0.928 0.756 0.866 0.957 0.954 0.610 0.954

4 0.857 0.820 0.329 0.828 0.948 0.940 0.739 0.811 0.953 0.938 0.620 0.926

5 0.690 0.538 0.328 0.385 0.896 0.890 0.701 0.778 0.923 0.910 0.668 0.801

6 0.786 0.756 0.277 0.915 0.929 0.919 0.767 0.841 0.892 0.893 0.538 0.967

7 0.836 0.731 0.340 0.792 0.931 0.930 0.735 0.802 0.933 0.899 0.638 0.909

8 0.528 0.542 0.342 0.510 0.876 0.867 0.680 0.747 0.871 0.896 0.649 0.797

9 0.886 0.769 0.515 0.792 0.934 0.933 0.763 0.821 0.943 0.902 0.698 0.896

10 0.631 0.524 0.340 0.865 0.894 0.919 0.662 0.786 0.908 0.770 0.613 0.926

11 0.807 0.824 0.292 0.729 0.922 0.932 0.707 0.804 0.948 0.939 0.623 0.878

12 0.877 0.687 0.273 0.898 0.926 0.940 0.734 0.786 0.94 0.805 0.577 0.942

13 0.782 0.757 0.260 0.749 0.928 0.939 0.739 0.798 0.921 0.907 0.608 0.886

14 0.855 0.828 0.324 0.871 0.940 0.949 0.741 0.831 0.943 0.917 0.602 0.928

15 0.893 0.877 0.321 0.830 0.930 0.947 0.725 0.809 0.950 0.944 0.583 0.929

16 0.790 0.744 0.114 0.940 0.926 0.938 0.751 0.798 0.866 0.833 0.478 0.964

17 0.757 0.698 0.149 0.900 0.933 0.942 0.737 0.783 0.865 0.818 0.530 0.944

18 0.877 0.654 0.280 0.921 0.934 0.938 0.729 0.774 0.947 0.784 0.583 0.954

19 0.765 0.671 0.193 0.890 0.925 0.940 0.731 0.772 0.861 0.810 0.522 0.937

20 0.833 0.803 0.187 0.906 0.941 0.948 0.761 0.807 0.908 0.889 0.537 0.952

21 0.683 0.709 0.308 0.704 0.879 0.910 0.692 0.868 0.920 0.932 0.620 0.915

22 0.813 0.784 0.349 0.828 0.941 0.951 0.775 0.822 0.937 0.899 0.673 0.905

23 0.656 0.759 0.319 0.671 0.898 0.932 0.685 0.796 0.913 0.931 0.620 0.859

Figure 12. The co-relation of 𝑅𝑠𝑎𝑑𝑑𝑙𝑒 and 𝑅𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 values for SC and CC images 

from Table 5.



                            P a g e  |  1 4 5  
 
 

  

Table 6. The 𝑅𝑃𝑠𝑎𝑑𝑑𝑙𝑒 and 𝑅𝑃𝑒𝑥𝑡𝑟𝑒𝑚𝑢𝑚 values of three comparisons computed by the 

Equation (9) and Equation (10). 

Image 

Index 

SQ_E vs. SQ Hex_E vs. SQ_E Hex_E vs. SQ 

𝑹𝑷𝒔𝒂𝒅𝒅𝒍𝒆 𝑹𝑷𝒆𝒙𝒕𝒓𝒆𝒎𝒖𝒎 𝑹𝑷𝒔𝒂𝒅𝒅𝒍𝒆 𝑹𝑷𝒆𝒙𝒕𝒓𝒆𝒎𝒖𝒎 𝑹𝑷𝒔𝒂𝒅𝒅𝒍𝒆 𝑹𝑷𝒆𝒙𝒕𝒓𝒆𝒎𝒖𝒎 

1 0.885 0.505 0.963 0.945 0.959 0.850 

2 0.776 0.630 0.949 0.919 0.947 0.907 

3 0.907 0.567 0.961 0.942 0.974 0.843 

4 0.899 0.518 0.967 0.934 0.969 0.841 

5 0.714 0.525 0.933 0.901 0.950 0.886 

6 0.850 0.516 0.954 0.945 0.932 0.819 

7 0.868 0.555 0.958 0.932 0.951 0.863 

8 0.638 0.567 0.919 0.894 0.926 0.875 

9 0.893 0.727 0.960 0.948 0.954 0.897 

10 0.708 0.555 0.942 0.927 0.913 0.856 

11 0.878 0.538 0.955 0.920 0.967 0.845 

12 0.880 0.459 0.960 0.942 0.939 0.825 

13 0.845 0.492 0.960 0.939 0.948 0.858 

14 0.900 0.608 0.967 0.953 0.959 0.862 

15 0.929 0.512 0.963 0.927 0.969 0.826 

16 0.847 0.260 0.960 0.950 0.906 0.738 

17 0.821 0.323 0.963 0.943 0.902 0.791 

18 0.875 0.407 0.961 0.938 0.940 0.802 

19 0.818 0.379 0.960 0.936 0.898 0.781 

20 0.882 0.359 0.967 0.950 0.938 0.794 

21 0.785 0.560 0.935 0.920 0.955 0.864 

22 0.868 0.623 0.967 0.954 0.951 0.880 

23 0.794 0.569 0.948 0.913 0.953 0.860 

7. Conclusions 

In this paper, we present a software-based method to generate images with 

hexagonal pixel form on a hexagonal sensor grid. Each original rectangular pixel 

form is deformed to a hexagonal one using modelling of the incident photons onto 

the sensor surface. Four different image sensor forms and structures, including the 

proposed method, are evaluated by measuring their ability to detect curviness. We 

introduce a method for curviness quantification by comparison of the sharp 

transitions in contour of all correspondent objects in pair of images which have exact 

similar contents but two different contours. The quantification measurements are 

achieved by implementing first and second order gradient operations in form of 

several introduced and defined dissimilarity parameters. We show how first and 

second gradient operations, Hessian matrix computation, and measurement of the 

dissimilarity parameters can be implemented on both square and hexagonal grid 

structures. We pay special attention in detection of critical points (i.e., saddle and 

extremum points) using different image types. 

The grid structure, pixel form and fill factor are proposed for representing the 

three major properties of the sensor characteristics and the results indicate that the 
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grid structure is the most important one that makes difference between the type of 

images, and the pixel form is the second important one. The results of curviness 

quantification indicate that the detection of extremum points can be used to highly 

distinct CC from SC images. We show that enriched hexagonal image (i.e., Hex_E) is 

best in detection of curviness; according to its curviness measurement results, in 

comparison to the other tested image types. In the future, we intend to study other 

grid structures and pixel forms. 
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Abstract: Our vision system has a combination of different sensor arrangements 

from hexagonal to elliptical ones. Inspired from this variation in type of 

arrangements we propose a general framework by which it becomes feasible to 

create virtual deformable sensor arrangements. In the framework for a certain 

sensor arrangement a configuration of three optional variables are used which 

includes the structure of arrangement, the pixel form and the gap factor. We show 

that the histogram of gradient orientations of a certain sensor arrangement has a 

specific distribution (called ANCHOR) which is obtained by using at least two 

generated images of the configuration. The results showed that ANCHORs change 

their patterns by the change of arrangement structure. In this relation pixel size 

changes have 10-fold more impact on ANCHORs than gap factor changes. A set of 

23 images; randomly chosen from a database of 1805 images, are used in the 

evaluation where each image generates twenty-five different images based on the 

sensor configuration. The robustness of ANCHORs properties is verified by 

computing ANCHORs for totally 575 images with different sensor configurations. 

We believe by using the framework and ANCHOR it becomes feasible to plan a 

sensor arrangement in the relation to a specific application and its requirements 

where the sensor arrangement can be planed even as combination of different 

ANCHORs. 

Keywords: framework; sensor grid; pixel form; hexagonal; Penrose; deformable 

sensor; HoG 

 

1. Introduction 

The most dominant grid structure of the image sensor in a digital camera is the 

two-dimensional square grid, where each pixel has a square as its basic form. The 

ease of its implementation in the Cartesian coordinate system is the main reason for 
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its popularity since the invention of the first digital image camera. In recent years, 

the performance of digital cameras has improved drastically due to increase of 

resolution of the image sensors achieved by reducing the pixel size. In some special 

image sensors such as OV5675 from OmniVision [1], the pixel size is as small as 

1.12 μm × 1.12 μm. However, the smaller pixel size results to lower dynamic range 

(DR), lower signal-to-noise ratio (SNR) and lower fill factor (FF) [2], indicating that 

by reducing the pixel size the image quality is reduced. Moreover, the optical 

diffraction limit; which is a constraint by the aperture of optical elements, makes it 

impossible to physically reduce the pixel size less than 1.22 𝜆𝑓/𝐷  according to 

Rayleigh criterion, where 𝜆 is the wavelength of light, 𝑓 is the focal length of lens, 

and 𝐷 is the aperture diameter. The wavelengths of visible light range are between 

390  nm  to 780 nm  for a typical human eye. The Quanta Image Sensor (QIS) is 

proposed to overcome the sub-diffraction-limit [3–5], where each pixel is partitioned 

into thousands of single photon sensitive sub-pixels (e.g.,  

200 nm–1000 nm pitch) referred to as “jots”. The sensor measures light intensity using 

oversampled binary observations which is sensitive to single photon. Its architecture 

allows high spatial (>109/sensor) and temporal resolution (>102–103 Hz) of photon 

strikes on image planes. However, image reconstruction of the sensor remains a 

challenging issue. Anatomical and physiological studies indicate that our visual 

quality-related issues, such as high contrast sensitivity, high SNR, and optimal 

sampling are related directly to the form and arrangement of the sensors in the visual 

system [6], which have a significant role in optimizing the visual acuity [7]. Within 

the retina of our eye, the photoreceptor (the rods and cones) mosaic determines the 

amount of information which is retained or lost by the sampling process, including 

resolution acuity and detection acuity [8]. The photoreceptor layer specialized for 

maximum visual acuity is in the center of the retina; i.e., the fovea. Figure 1 shows 

the distribution of photoreceptors in the areas from the center to the periphery of the 

retina. The shape of cones in the fovea is similar to a hexagonal structure, densely 

packed, with virtually no gap between neighboring cones. However, in the 

periphery, the cones and rods are not packed closely, particularly the cones are far 

apart from each other, and the form of each photoreceptor is closer to elliptical. 
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Figure 1. Distribution of photoreceptors in retina of the eye [9].

Inspired by the visual system, the hexagonal grid structure has been proposed 

and implemented on hardware, since many years ago, as an alternative grid structure 

for image representation instead of the conventional grid, due to its advantages 

compared to the square grid [10–12]. Two examples of such hardware 

implementations are the super CCD from Fujifilm which features an octagonal-

formed pixel in a hexagonal sensor grid [13], and color filters in hexagonal form for 

the image sensors to improve the quality of the acquired information by the sensor 

[14]. The cost of transferring the popular square grid and pixel form to the hexagonal 

ones in camera and display technologies has been one of the issues in today’s 

unpopularity of the hardware hexagonal technique implementation. The other issue 

is the difficulty of image processing of hexagonal images where unlike the square 

grid, the points in a hexagonal grid do not easily lend themselves to be addressed by 

integer Cartesian coordinates; due to that the points are not aligned in two orthogonal 

directions. Besides hardware implementation of the hexagonal grid, several attempts 

at building artificial retinas with electronic hardware are also achieved showing a 

development from implementations with discrete components [15] over first integrated 

versions [16] to high-density arrays [17] with resolutions of up to 48,000 pixels [18].

However, when it is about flexibility, once one image sensor is manufactured, it is 

almost impossible to change the sensor grid and pixel form physically on the 

hardware. To overcome the hardware limitation and deform the current image 

sensor closer to the retina, a software-based framework is necessary to achieve an 
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optimal spatial sampling process. Such a framework can offer flexibility in design of 

pixel form and grid structure of the image sensor. 

Numerous software solutions using image processing algorithms were 

developed to generate a virtual image sensor. Based on the grid pattern, there are 

two types of the virtual sensor grids: periodic tiling grid (i.e., the square or hexagonal 

grids) [7] and aperiodic tiling grid (i.e., Penrose or log-spiral grids) [19,20]. Currently, 

generation of the hexagonal or Penrose sensor grid is generally achieved by having 

larger pixels with linear and non-linear interpolation of intensity values of the square 

pixel form in the Cartesian system, such as the nearest neighbor, bilinear, bicubic and 

the spline based on least-squares [21–23]. In different tiling grids, there are various 

pixel forms which can be fixed and regular, such as square, hexagonal and rhombus, 

or can be dynamic and irregular, such as Voronoi [24,25]. To have a higher fill factor, 

all the pixel forms are used for removing the gap between pixels. However, the 

achievement of the different pixel forms in different grids are still done by 

interpolation. 

In this paper, we propose a general framework towards a virtual deformable 

image sensor in which grid, pixel and the gap (i.e., the empty space among pixels) 

can change their form and size. This facilitates application-based configuration of 

grid, pixel, and gap on the image sensor. In the core framework, we use the idea of 

modelling the incident photons onto the sensor surface which is elaborated in our 

previous works [26,27]. Accordingly, each pixel of a captured image by a traditional 

image sensor (i.e., having square grid and pixel form) is projected onto a grid of 𝐿 × 

𝐿  square subpixels in which the grid is arranged by the known fill factor or its 

estimation value as in [28]. Inspired by Monte Carlo simulation, the intensity values 

of the subpixels are estimated by a statistical resampling process; using a local 

learning model, a Bayesian inference method, and a maximum likelihood estimator 

(of Gaussian distribution). Then the subpixels are projected onto the deformed pixel 

and grid of image sensor; based on the grid and pixel configuration. Certain 

configurations are studied in our previous works: 

(a) The grid and pixel are square and there is no or fixed gap [26,27]. By virtual 

increase of the fill factor to 100%, the gap between actual pixels in a CCD camera 

sensor is removed. The results show the dynamic range is widened and tonal 

level is extended. 

(b) The grid and pixel are hexagonal and square respectively and there is no or fixed 

gap in [29], where the hexagonal grid is generated by a half-pixel shifting, its 

results show that the generated hexagonal images are superior in detection of 

curvature edges to the square images. 

(c) The grid and pixel are hexagonal and there is no gap [30]. In this work, the 

impact of the three sensor properties, the grid structure, pixel form and fill 

factor, is examined by curviness quantification using gradient computation. The 

results show that the grid structure and pixel form are the first and second most 
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important properties and the hexagonal image is the best image type for 

distinguishing the contours in the images. 

In this study we pay attention to two new configurations:  

(d)  The grid and pixel are hexagonal and there is a fixed gap;  

(e)  The grid and pixel are Penrose and there is no or fixed gap. In this paper, the 

feature descriptor, histogram of oriented gradient (HoG), is used for examining 

the impact of the above two configurations to obtain the characteristics of the 

sensor structure. 

This paper is organized as follows: in Sections 2 and 3, periodic and aperiodic 

tiling on an image sensor and the methodology are discussed in more detail. In 

Section 4 the implementation of HoG in relation to the configurations of d and e is 

elaborated. Section 5 presents the experiment setup. Then the results are shown and 

analyzed in Section 6. Finally, we summarized and discussed our work in this paper 

in Section 7. 

2. Virtual Deformable Image Sensor 

The enhanced and zoomed images of four segments of a human foveal 

photoreceptor mosaic from the original image printed in [8] are shown in Figure 2. 

From left to right, the segment is chosen from the center of the fovea, the slope of the 

fovea, and the peripheral areas that are 1.35 mm and 5 mm away from the fovea center, 

respectively. In the fovea center, the photoreceptors are only cones and packed 

densely, the form of each cone is close to hexagonal in shape. When the cones are 

farther far away from the fovea center, the cone size is getting larger, and their form 

is changing from hexagonal to circular, and then to elliptical. Figure 3 shows a 

simulated sensor structure according to the distribution of cones in retina of the eye 

shown in Figure 2. The area in Figure 3 is separated into four areas a, b, c and d, each 

of which corresponds to one segment in Figure 2. The red contours represent the 

active pixels on the image sensor. From the left to right, the gaps between the pixels 

are getting larger as well as the pixel size from dense to sparse, and the form of pixels 

is changing from the hexagon to round and to ellipse. Although densely packed 

sensors without gaps between pixels have higher visual resolution, the pixel size is 

smaller, which limits the visual detection, i.e., the presence of a spatial contrast (tonal 

levels) [31]. To simulate a sensor structure close to the cones distribution in the retina, 

a framework is necessarily for generating image sensors with different configurations 

based on grid structure, pixel form and gap. In this paper, we mainly focus on the 

area a and b shown in Figure 3, where the pixel forms and sensor grids are kept the 

same with no gap and fixed gap. 
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(a) (b) (c) (d)

Figure 2. The enhanced and zoomed images of four segments of a human foveal 

photoreceptor mosaic from the original image printed in [8], From left to right, the 

segment is chosen from (a) the center of fovea, (b) the slope of fovea, and (c-d) the 

peripheral areas that are 1.35mm and 5 mm away from the fovea center respectively.

(a) (b) (c) (d)

Figure 3. A simulated sensor structure according to the distribution of photoreceptors 

in retina of the eye. Each area of a, b, c and d, corresponds to each segment of a to d 

in Figure 2.

The design of the pixel arrangement and pixel form on an image sensor is 

dependent on tiling, which is a way of covering a flat surface with smaller forms or 

tiles without gaps or overlaps. In an image sensor, each pixel is a tile. When the pixels 

are repeating themselves in regular and periodic intervals, it will be called periodic 

tiling. On the contrary, when the pattern of pixels is not repeatable, it will be 

aperiodic or non-periodic tiling. In conventional image sensor systems, the most 

familiar tiling is periodic, e.g., by squares pixels, which form the basic building unit 

of a digital image. Due to the difficulty of physical deformation on image sensors, 

various virtual sensor grids are generated based on the two types of tiling techniques. 

Except the general square pixel tiling sensor, hexagonal tiling and Penrose tiling are 

two most popular representatives for periodic and aperiodic tiling, respectively. 
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2.1. Hexagonal Tiling

In hexagonal tiling, the hexagonal pixels are arranged in a hexagonal grid. A 

hexagonal image is generally generated from an original square image. The half pixel 

shifting method is a popular method in generation of such hexagonal images, which 

is derived from delaying the sampling by a half a pixel on the horizontal direction as 

it is shown in Figure 4 [32]. In Figure 4, the left and right patterns are showing the 

conventional square lattice and the new pseudo-hexagonal sampling structure, 

whose pixel form is still square; see the six connected pixels by the dashed lines. In 

such sampling structure, the distance between the two sampling points, pixels, are 

not the same; they are one or √5 2⁄ . Another well-known way of hexagonal image 

generation upsamples firstly the original square lattice data to a much denser square 

sub-pixels by interpolation [33], and then cluster a group of sub-pixels of the 

intermediate data together into an equivalent hexagonal pixel. By this way a pseudo 

hexagonal pixel, known as a hyperpel, is generated from a cluster of square pixels 

[34], which is widely used for displaying a hexagonal image on normal monitor. In 

Figure 5b, each area surrounding with red boundary is a cluster of square subpixels 

represented by a hyperpel. In this method, the distance between each two adjacent 

hexagonal pixels is almost the same, and the form of each pixel is close to a hexagon. 

In both methods, the new pixel intensity in the hexagonal grid has the average 

intensity value of a group of square pixels, as it is done in Figures 4 and 5.

Figure 4. The procedure from square pixels to hexagonal pixels by half-pixel 

shifting method.
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(a)              (b)

Figure 5. Illustration of the square to hexagonal lattice conversion by the hyperpel 

method (a) the sub-pixels in each surrounded area by red boundary are clustered 

together for the corresponding hexagonal pixel and (b) the value of each hexagonal 

pixel is the average intensity of the sub-pixels within each cluster [35].

2.2. Penrose Pixel Arrangment

Although the hexagonal structure is very close to the true structure of human 

vision system in the fovea, however it is still far away from a perfect and real model 

of it. The truth is that photoreceptors in the human fovea are arranged non-

periodically, due to that each of photoreceptors as a tile is not repeatable in the region 

of human retina. One way to construct the aperiodic pixel grid is to use Penrose tiling, 

which was presented by Penrose in 1973 [36], and has been used for building the 

models of the sensor pixel layout [24]. Figure 6 shows the rhombus Penrose tiling, 

which consists of two types of rhombuses, each placed at five different orientations 

by specific rules [36]. The two types of Penrose rhomb tiles can be divided into two 

groups of thin and thick rhombuses. The thin rhomb has four corners with angles of 

36, 144, 36, and 144 degrees, and the thick rhomb has angles of 72, 108, 72, and 108 

degrees. The ratio of the number of thick to thin rhombi is the Golden Number 
1+√5

2
, 

which is also the ratio of their area. Unlike the periodic tiling, Penrose tiling has no 

translational symmetry; it never repeats itself exactly. This means that it is 

theoretically possible to integrate and sample the infinite plane indefinitely without 

repeating the same pixel structure. In practice, this allows to virtually sample a 

significantly larger number of different images than is possible with a regular, square 

grid. In the method presented in [24], the Penrose tiling is achieved by the process of 

upsampling and resampling. The upsampling is done by placing the regular pixel 

intensities over a new grid of square subpixel and implementing the nearest neighbor 

interpolation. Then the new grid of subpixels is projected onto the grid of Penrose 

pixels. Each of Penrose pixel, the thin or thick rhombus, is composed by a cluster of 

subpixels. The Penrose pixel intensity is the average intensity value of the subpixel 

intensities that belong to its cluster.
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Although the virtual sensor can be generated with hexagonal or Penrose 

structures; i.e., by interpolation means as it was discussed above, however the 

problems related to the upsampling process are remained in these arrangements. We 

believe by implementation of reconstruction instead of interpolation process it is 

possible to solve this challenging problem. In a reconstruction process new data (i.e., 

for the non-available subpixels intensities) is added to the current one (i.e., the 

available subpixels intensities) using a resampling model; e.g., a model based on 

incidental photons onto sensor surface. An interpolation process is using the current 

data to predict non-available subpixels intensities; e.g., by using a local mean filter. 

Thus, it is reasonable to use the reconstruction process in a framework of a 

deformable sensor grid which it is elaborated in Section 3.

Figure 6. An example of the rhombus Penrose tiling.

3. Image Generation on Deformable Grid

In this section, the process of generating an image using the virtual deformable 

sensor under the framework is explained. According to the model of the incident 

photons onto the sensor surface presented in [26], the reconstruction process is 

divided into three steps of: (a) projecting each original pixel intensity onto a new grid 

of subpixels based on the gap size and form in the configuration; (b) estimating the 

values of subpixels based on a local learning model; and (c) estimating the new pixel 

intensity by decision-making based on the grid structure and pixel form in the 

configuration. The three steps are elaborated below:

(a) A grid of virtual image sensor pixels is constructed. Each original pixel, 

having square pixel form and arranged in square grid is projected onto a 

grid of 𝐿 × 𝐿 square subpixels. According to the configuration size of the gap 

𝐺 between the pixels, the size of the active pixel area is defined as 𝑆 × 𝑆, 

where 𝑆 = 𝐿 − 𝐺 . The intensity value of every pixel in the image sensor 
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array is assigned to the virtual active pixel area in the new grid. The 

intensities of subpixels in the gap areas are assigned to be zero. An example 

of such sensor rearrangement on sub-pixel level is presented in Figure 6, 

where there is a 3 by 3 pixels’ grid, and the light and dark grey areas 

represent the active pixel areas and the gap areas. Assuming 𝐿 = 30 and 𝑆 =

18 , and thereby the gap size becomes 𝐺 = 12  according to the above 

equation.  

(b)  The second step is to estimate the values of subpixels in both pixel areas and 

gap areas. Considering the statistical fluctuation of incident photons and 

their conversion to electrons on the sensor is a random Gaussian process, 

from a certain neighborhood area of each pixel, a local Gaussian model is 

generated by maximum likelihood method. Then a local noise source is 

generated within each local model, and introduced to its certain 

neighborhood. Inspired by Monte Carlo simulation, all subpixels in each 

certain neighborhood are estimated in an iteration process using the known 

pixel values (for subpixels in the active pixel area) or by linear polynomial 

reconstruction (for subpixels in gap area). In each iteration step the number 

of subpixels in the pixel area is varied from zero to total number of subpixels 

in pixel area. After the iteration process, a vector of intensity values for each 

subpixel is generated and the final subpixel value is predicted using 

Bayesian inference method and maximum likelihood of Gaussian 

distribution. 

(c)  In the third step, the subpixels are projected onto the new deformable sensor 

grid with different sensor grid, pixel form and gap size in respective 

configuration proposed in Section 2. In this paper, three sets of 

configurations are considered: (1) square grid and pixel form with or 

without gap; (2) pseudo-hexagonal grid by half-square-pixel shift and 

square pixel form with or without gap; (3) hexagonal grid and pixel form 

with or without gap; and (4) Penrose grid and rhombus pixel form with or 

without gap, where each of the configurations deformability is 

demonstrated. For the image generation in the different grids, the subpixels 

are projected back onto the new sensor grid. The intensity value of each 

pixel in different sets of configurations is the intensity value which has the 

strongest contribution in the histogram of its belonging subpixels. 

4. Implementing Histogram of Gradient in Different Configurations 

In [30], the gradient is proved to be an effective parameter for examining the 

impact of different sensor grids and pixel forms on curviness. In this paper, the 

histogram of gradient (HoG) is used for evaluating the characteristic of the sensors 

having different configurations. The general process of HoG on square images; i.e., 

from extracting features to object detection, is presented in Figure 7, which is divided 
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into four steps. The first step is gradient computation. In [37], it is proved that the 

performance of feature detection is sensitive to the way in which gradients are 

computed, but the simplest scheme turns out to be the best. The most common 

method is to apply the one dimensional centered, point discrete derivative mask in 

both horizontal and vertical directions with the filter kernels of [−1 0 1]𝑇 and 

[−1 0 1]  . The second step in HoG process is spatial/orientation binning. In this step, 

the image is divided into a group of cells, each of which is a local spatial region in the 

image. For pixels within each cell a histogram of gradient directions is compiled 

where each pixel casts a weighted vote (typically as the gradient magnitude itself), 

for an orientation-based histogram based on the computed gradient values and then 

the votes are accumulated into orientation bins over the cell. Cells can be either 

rectangular or radial in shape. The orientation bins are evenly spread over 0 to 180 

degrees (unsigned gradient) or 0 to 360 degrees (signed gradient). In the third step in 

HoG process due to the local variations in illumination and foreground-background 

contrast, the gradient strengths are normalized to reduce the variation. The effective 

local contrast normalization turns out to be essential for good performance [37]. The 

current normalization methods mostly are based on grouping cells into larger spatial 

blocks and contrast normalizing each block separately. The main geometries of the 

blocks are rectangular R-HoG blocks [37], circular C-HoG blocks [38] and hexagonal 

H-HoG blocks [39]. According to the result in [39], the hexagonal structure block is 

more effective and efficient than conventional structure block. The fourth and final 

step in HoG process is generation of feature descriptor which is a concatenated vector 

of all components of the normalized cell histograms from all the blocks. 
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Figure 7. An overview of the feature extraction and object detection chain. 

Due to the fact that the sensor arrangements of hexagonal and Penrose images 

are hexagonal and aperiodic, respectively, the gradient computations in these 

arrangements are different from the square arrangement where the HoG is generally 

implemented. The hexagonal grid is periodic tiling, and each of its pixel has six 

adjacent neighbor pixels within the same distance, which is unlike the pixel in the 

square grid which has four neighbors; i.e., the gradient computation in hexagonal 

grid is done in three directions with the same kernel of [−1 0 1]. 

The gradient computation in Penrose grid is more complex due to the fact the 

pixels are arranged by aperiodic tiling, which the kernel of [−1 0 1]  cannot be 

implemented directly. In a Penrose grid, each pixel has four adjacent neighbor pixels. 

Each pixel has the form of a thin or thick rhombus with two pairs of 36 and 144 or 72 

and 108 degrees, respectively. The slope of the line which connects two corners of 

such rhombi with a smaller pair of angles is used as pixel direction. The directions of 
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each pixel and its adjacent pixel are used to obtain five virtual vectors with the 

respective direction from the same origin where the magnitude of vectors are the 

intensity values of the respective pixel. The gradient between an actual pixel and each 

of its neighboring ones is computed by vector subtraction of the respective vectors 

which allows us to find the orientation and amplitude of the gradient. 

5. Experimental Setup

The dataset used in the experiment is ‘INRIA’ proposed in [37], which contains 

1805 cropped images of humans taken from different sets of personal photos. This 

dataset was produced at beginning for the challenging task of pedestrian detection. 

The people are usually standing, but appear in any orientation and against a wide 

variety of background scenery, including crowds. Each of the cropped human images 

has a resolution of 64  128. For the experiment 23 images were randomly selected 

from this dataset. Each selected image is used to generate four sets of images by 

implementing the process described in Section 3. The four sets differ due to the type 

of grid structure which can be square, half pixel shift, hexagon, or Penrose type. We 

named the generated images in each set based on the type of grid structure, i.e., four 

sets of square enriched (SQ_E), half pixel shift enriched (HS_E), hexagonal enriched 

(Hex_E), and Penrose enriched (Pen_E) images. The “enriched (E)” in the name of 

images refers to tonal enrichment property of images which is obtained by the 

processing, in comparison to non-processed original type of images. The images of 

each four sets differ due to the configuration parameters of pixel form and gap size. 

Figure 8 shows one of the original images (SQ) from the database and one image of 

each four sets of images. From left to right, the types of images are SQ, SQ_E, HS_E, 

Hex_E, and Pen_E. The whole images are shown in the first row and the areas 

marked with red square in each image in the first row are zoomed out and shown in 

the second row. For visualization purposes each pixel in the hexagonal and Penrose 

grids is composed by a group of square pixels. The generated images show better 

dynamic range and higher contrast in comparison to the original images. All the 

processing is programmed and done by Matlab2017b on a stationary computer with 

an Intel i7-6850k CPU (Intel Corporation, Santa Clara, California, United States) and 

a 32 GB RAM memory to keep the process stable and fast.
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Figure 8. One of original images and its set of generated images.

6. Results and Discussion

For each image of the four sets of images HoG is computed as explained in 

Section 4. As the gradient indicates the directional change of intensities in an image, 

the gradient orientation is used to show the difference among different image types. 

Figure 9 shows row-wise histogram of the gradient orientation of five images of the 

database and column-wise image types of SQ, SQ_E, HS_E, Hex_E and Pen_E. In the 

figure considering the results of SQ and SQ_E image types, the peaks of histogram of 

the gradient orientation are close to 0, 90 and −90 degrees, indicating that square 

sensor structure is more sensitive to the vertical and horizontal changes. When the 

sensor structure is hexagonal; having HS_E and Hex_E image types, the result of the 

two types are very close to each other and for both types there are more sensitive 

angles in comparison to the square arrangement; the peaks are at 60, 120 and 180 

degrees. When Penrose structure images are considered, due to their having two 

types of rhombus in the pixel form where the angle between each pixel is either 

around 72 or 144 degrees, the peaks are also close to 72 or 144 degrees. The results 

related to the five images of Figure 8 are verified for all images of the experimental 

dataset. Accordingly, the histogram of gradient orientation shows a specific 

distribution related to each sensor structure with certain gap size. We call this specific 

distribution as the ANgular CHaracteristic of a sensOR structure (ANCHOR). When 

the number of bins for orientation of the gradient is 36, the envelope of a histogram 

becomes smooth as a curve. 

SQ

SQ_E

HS_E

Hex_E

Pen_E

Figure 9. the angular characteristic of sensor grid structure. The five columns of 

figures are the histograms of the gradient orientation from five images in the 

database. From the first to the fourth row, the five image types are SQ, SQ_E, HS_E, 

Hex_E and Pen_E.
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In Figure 10, from top to bottom, the five ANCHOR curves show the normalized 

average values of 23 histograms of the gradient orientation. The result is consistent 

to what we conclude from Figure 9. The right Figure 10 shows the comparison 

between ANCHORs of Pen_E (black) and Hex_E (green). These ANCHORs together, 

representing combination of two types of sensor arrangements, compensate each 

other’s week sensitivity areas and become more sensitive to detect directional 

changes of intensities. Part of the mosaic of photoreceptors in the human retina has 

such a combination of the two types of arrangement.

Figure 10. The histograms of the gradient orientation with 36 bins are shown in the 

(left). From top to bottom, there are results related to SQ, SQ_E, HS_E, Hex_E and 

Pen_E respectively. The ANCHORs show the average values of 23 histograms of 

the gradient orientation. The (right) shows the comparison between ANCHORs of

Pen_E (black) and Hex_E (green). These ANCHORs together, representing 

combination of two types of sensor arrangements, compensate each other’s week 

sensitivity areas and become more sensitive to detect directional changes of 

intensities.

The characteristic robustness of ANCHORs is examined by computing 

averaging of n number of histograms of orientation, where n is varied from two to 

twenty-three; i.e., the computations result to obtain n number of candidates for each 

ANCHOR. Then the Mean Square Error (MSE) between each two candidates of 

certain ANCHOR is computed by:

𝑀𝑆𝐸 =
1

𝑛
∑(𝑌𝑖 − �̅�)2
𝑛

𝑖=2

where i and n represent the number of orientation degree index and the number of 

the averaged histograms respectively. 𝑌𝑖 and �̅� represent the average value from i 
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histograms and 23 histograms. The results for different sensor structure are shown in 

Figure 11, where the five color lines from top to bottom represent five image types, 

SQ, SQ_E, HS_E, Hex_E and Pen_E. The figure shows that each of MSE result 

decreases close to zero after ten combinations; indicating no further changes on the 

respective ANCHOR has occurred. Thus, ten images are enough to obtain a robust 

ANCHOR for each type of arrangement. As the results in the figure show, the MSE 

values reduce to small values after having just two images which indicate that the 

robustness of ANCHORs is strong and almost independent of the number of images. 

Among ANCHORs, the one of Pen_E has the lowest MSE values, indicating the 

strongest robustness of the corresponding ANCHOR. The variance of ANCHORS 

computed from 23 images is shown in Figure 12. It shows that the variance of the 

arrangement type of Pen_E has the lowest variance values in different orientation 

angles between 0 to 360 degrees. However, and the ones of the arrangement types of 

SQ and SQ_E have the highest variance values. The results are consistent with the 

result in Figure 10, that the Penrose sensor structure has the most robust ANCHOR.

Figure 11. MSE results between each two candidates of certain ANCHOR. Each of 

the candidates are computed as average values of orientation of the gradient for 

certain number (n) of images.
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Figure 12. The variance of ANCHORs is demonstrated. The histograms of the 

gradient orientation with 36 bins are used and from top to bottom, there are results 

related to SQ, SQ_E, HS_E, Hex_E and Pen_E respectively. The ANCHOR of Pen_E 

(black) has the lowest variance and the SQ (deep blue) have the highest, indicate the 

Penrose arrangement has more robust ANCHOR in comparison to the others.

The gap factor is defined in relation to the gap size and pixel size by:

𝑔𝑎𝑝 𝑓𝑎𝑐𝑡𝑜𝑟 =
𝑔𝑎𝑝 𝑠𝑖𝑧𝑒

𝑝𝑖𝑥𝑒𝑙 𝑠𝑖𝑧𝑒
× 100%

Assuming the pixel size is 100 and the gap size between the active areas in two 

pixels is 20, the gap factor becomes 20%. In the following experiment, the gap size is 

set at 0, 20, 40 and 60, which is corresponding to gap factor of 0%, 20%, 40% and 60%. 

Figure 13 shows one example of the hexagonal sensor having the gap factor of 0%, 

20% and 60% from left to right where the pixel size is kept the same. Figure 14 shows 

the results of gradient orientation; i.e., the ANCHORs, of four types of images, SQ_E, 

HS_E, Hex_E and Pen_E with different configurations of gap factor. In the figure due 

to that the effect of the gap factors on the SQ image, i.e., the original image, cannot 

be implemented its ANCHOR is the same for different gap factors. Each column 

represents one type of images, and the rows represent the effect of different gap 

factors on the respective ANCHOR. The effect of ANCHOR changes in relation to 

gap factor is investigated by MSE computation between a reference ANCHOR 

(having the same pixel size as the original image and gap factor of 0%) and an 

ANCHOR with the same pixel size but different gap factor in relation to the reference 

one. The mean of MSEs from 23 images for different types of arrangement are shown 

in Table 1. In the table the values of average MSEs increase with increase of the gap 
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factor, however the rate of increase is lowest in the SQ_E arrangement type and 

highest in HS_E and Hex_E ones.

Figure 13. One example of the hexagonal sensor having the gap factor of 0%, 20% 

and 60% from left to right, and the pixel size is kept the same.

Gap
Factor
60%

Gap
Factor 
40%

Gap 
Factor

20%

Gap
Factor 

0%

Figure 14. The results of ANCHORs from different types of images with different 

configurations of gap factor.

Table 1. The average MSE of orientation of four image types with different 

configurations of gap factor referred to the 0% gap factor.

Referred to 0% Gap Factor

Gap Factor SQ_E HS_E Hex_E Pen_E

60% 0.0052 0.0059 0.0078 0.0004

40% 0.0049 0.0029 0.0053 0.00035

20% 0.0050 0.0028 0.0034 0.0003

Figure 15 shows the ANCHORs of five types of images (as in Figure 15) when 

the pixel size is increased by 20% and having gap factor of 0%. All the results show 

that the images of the same sensor structure follow the same specific pattern. Table 2 

shows the MSEs between the reference ANCHOR and ANCHORs of different types 

of arrangements with increased pixel size of 20% (in comparison to as original image) 
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and gap factor of 0%. The table shows that pixel size increase results in 10-fold impact 

on ANCHOR of SQ arrangement in comparison to the other types. The Tables 1 and 

2 show that the impact of pixel size changes is greater that gap factor changes on 

ANCHORs of all involved arrangements.

Figure 15. The ANCHORs of different types of images when the pixel size is 

increased by 20% and gap factor is 0%.

Table 2. The average MSE of orientation of four image types with pixel size increase 

of 20% and 0% gap factor.

Referred to 0% Gap Factor

Gap factor SQ_E HS_E Hex_E Pen_E

0% 0.0039 0.0308 0.0271 0.0036

The HoG is computed for the four set of images in the experiment as explained 

in Section 4, where each HoG result is represented as a vector. In our experiment, the 

block size is set to 4, 8 and 16. The correlation between the results of HoG for SQ 

images and the other four types of images (having the same block size of either 4, 8, 

or 16) are computed for the similarity comparison which are shown in Table 3. The 

HoG in SQ_E image has the highest correlation to SQ image because they have the 

same sensor structure and pixel form. When the block size is increased from 4 to 16, 

the correlation values increase as well. In Table 3, the three block sizes are marked 

with three colors of blue, green and red for block size of 4, 8 and 16. In each row, there 

are four correlation values in relation to each block size, for which the lowest ones 

are marked blue, green, and red. For example, the lowest value in relation to block 

size 16 is marked red. 
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Table 3. The correlation between the results of HoG for SQ images and the other 

four types of images in respect to block size.

Correlation to SQ

SQ_E HS_E Hex_E Pen_E

No. Size 4 Size 8
Size

16
Size 4 Size 8

Size

16
Size 4 Size 8

Size

16
Size 4 Size 8

Size

16

1 0.593 0.799 0.9 0.123 0.097 0.071 0.096 0.072 0.04 0.064 0.072 0.163

2 0.679 0.818 0.907 0.258 0.289 0.341 0.27 0.309 0.369 0.064 0.074 0.106

3 0.627 0.819 0.911 0.155 0.164 0.239 0.149 0.18 0.267 0.001 0.035 0.081

4 0.672 0.809 0.886 0.066 0.131 0.167 0.053 0.12 0.132 0.081 0.114 0.173

5 0.648 0.817 0.929 0.101 0.156 0.097 0.108 0.145 0.107 0.029 0.062 0.072

6 0.676 0.862 0.947 0.074 0.124 0.15 0.066 0.128 0.15 0.042 0.14 0.232

7 0.623 0.822 0.903 0.022 0.111 0.229 0.056 0.126 0.204 0.012 0.015 0.067

8 0.634 0.824 0.912 0.082 0.138 0.107 0.087 0.133 0.113 0.05 0.089 0.121

9 0.65 0.834 0.918 0.01 0.019 0.075 0.018 0.007 0.084 0.018 0.076 0.171

10 0.652 0.858 0.951 0.008 0.006 0.14 0.004 0.002 0.158 0.164 0.243 0.368

11 0.633 0.802 0.907 0.026 0.042 0.045 0.032 0.059 0.058 0.012 0.054 0.126

12 0.604 0.828 0.912 0.039 0.086 0.078 0.053 0.096 0.045 0.026 0.027 0.105

13 0.634 0.815 0.893 0.146 0.216 0.143 0.145 0.217 0.171 0.037 0.08 0.047

14 0.613 0.789 0.88 0.122 0.19 0.154 0.129 0.189 0.165 0.006 0.007 0.01

15 0.629 0.821 0.877 0.053 0.051 0.001 0.065 0.038 0.006 0.013 0.038 0.111

16 0.644 0.81 0.896 0.098 0.111 0.002 0.094 0.093 0.012 0.039 0.063 0.179

17 0.587 0.79 0.889 0.118 0.171 0.072 0.141 0.176 0.122 0.01 0.045 0.017

18 0.612 0.766 0.882 0.063 0.083 0.108 0.036 0.064 0.06 0.096 0.166 0.256

19 0.647 0.809 0.902 0.063 0.133 0.112 0.07 0.124 0.117 0.036 0.026 0.027

20 0.602 0.796 0.885 0.186 0.26 0.275 0.187 0.268 0.284 0.009 0.013 0.001

21 0.636 0.789 0.912 0.027 0.037 0.002 0.029 0.037 0.039 0.09 0.175 0.234

22 0.596 0.795 0.885 0.024 0.055 0.079 0.034 0.045 0.042 0.008 0.018 0.066

23 0.642 0.819 0.894 0.074 0.113 0.17 0.072 0.115 0.132 0.058 0.038 0.015

As Table 3 shows, the lowest correlation values related to block sizes are related 

to the Pen_E and Hex_E arrangements. Such results indicate that one should expect 

most different results of HoG having Pen_E in first place and then Hex_E 

arrangements. The differences among the four types of arrangements are measured 
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by using their correlation to the same reference SQ image type. The cause of such 

differences between each two arrangements is related to the differences between their 

ANCHORs. 

7. Conclusions 

In this paper, we have presented a framework by which it becomes feasible to 

create virtual deformable sensor arrangements. In the framework the structure of the 

arrangement, the pixel form and the gap factor (related to the distance between 

pixels) are the three optional variables in creation of a sensor arrangement. We 

showed that the histogram of gradient orientations is a useful tool in measuring an 

arrangement structure. The envelope of such a histogram is defined as an ordination 

distribution function. In our experiments we observed that for each image type; 

having different arrangement structure, the distribution function is unique. 

Additionally, we showed that a change of pixel size or gap size; i.e., a different sensor 

configuration, generates a specific distribution related to the changes. We called these 

specific orientation distributions ANCHORs. We showed that by using at least two 

generated images of a certain configuration it is possible to obtain the ANCHOR of 

the sensor. The results showed pixel size changes have more impact on ANCHORs 

than gap factor changes. By using 575 different configuration images we verified the 

robustness of ANCHORs and feasibility of the framework. which encourages us to 

think about the possibility of tailored sensor arrangements in relation to a specific 

application and its requirements; our results inspire this idea as well. On the right of 

Figure 10 the ANCHORs of two different sensor arrangements are shown which can 

be combined to a new sensor arrangement in case of an application requirement for 

having both the properties of hexagon and Penrose. We believe this idea may result 

in being able to have a sensor arrangement in the future very alike that of the 

biological vision sensory system. 
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Abstract: The study of the evolution process of our visual system indicates the 

existence of variational spatial arrangement; from densely hexagonal in the fovea to 

a sparse circular structure in the peripheral retina. Today’s sensor spatial 

arrangement is inspired by our visual system. However, we have not come further 

than rigid rectangular and, on a minor scale, hexagonal sensor arrangements. Even 

in this situation, there is a need for directly assessing differences between the 

rectangular and hexagonal sensor arrangements, i.e., without the conversion of one 

arrangement to another. In this paper, we propose a method to create a common 

space for addressing any spatial arrangements and assessing the differences among 

them, e.g., between the rectangular and hexagonal. Such a space is created by 

implementing a continuous extension of discrete Weyl Group orbit function 

transform which extends a discrete arrangement to a continuous one. The 

implementation of the space is demonstrated by comparing two types of generated 

hexagonal images from each rectangular image with two different methods of the 

half-pixel shifting method and virtual hexagonal method. In the experiment, a 

group of ten texture images were generated with variational curviness content 

using ten different Perlin noise patterns, adding to an initial 2D Gaussian 

distribution pattern image. Then, the common space was obtained from each of the 

discrete images to assess the differences between the original rectangular image and 

its corresponding hexagonal image. The results show that the space facilitates a 

usage friendly tool to address an arrangement and assess the changes between 

different spatial arrangements by which, in the experiment, the hexagonal images 

show richer intensity variation, nonlinear behavior, and larger dynamic range in 

comparison to the rectangular images. 

Keywords: software-based; common space; hexagonal image; pixel arrangement; 

pixel form; continuous extension; resampling 
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1. Introduction 

The visual sensory of some of biological species can easily outperform our 

conventional vision technology. Inspired by such efficient machines, we have built 

our electronic systems which aim to capture a scenery with the same efficient style of 

performance by emulating the structure and function of biological counterparts. The 

sensor structure, sensor form, and surface shape of eye show a wide range of 

adaptations to meet the requirements of the organisms which bear them. Eye 

performance of different species vary in their visual acuity—the range of 

wavelengths they can detect, their sensitivity in low light, their ability to detect 

motion or to resolve objects, and whether they can discriminate colors [1]. The spatial 

sensor arrangement of the eyes plays a significant role in such variational 

performances [2]. The study of the evolution process of our visual system indicates 

how our spatial sensor arrangement is evolved and differentiated from other species 

and especially from the closest ones, the primates, which has resulted in the existence 

of variational spatial arrangement; from densely hexagonal in the fovea to a sparse 

circular structure in the peripheral retina. The high contrast and optimal sampling 

properties of our visual system are directly related to the densely hexagonal spatial 

arrangement. 

Today’s sensor spatial arrangement is inspired by our visual system. However, 

we have not come further than rigid rectangular and, on a minor scale, hexagonal 

sensor arrangements. Some of the obstacles in developing new sensor arrangements 

are the difficulty in manufacturing, the cost, and rigidity of hardware components. 

The virtual deformation of the sensor arrangement [3] provides new possibilities for 

overcoming such obstacles. We need strong arguments to convince the involved 

partners in sensor development to implement the virtual deformation ideas. It is not 

enough to only show that the virtual deformation sensor arrangement is feasible, but 

also, that the addressing of new arrangements can be achieved easily and smoothly, 

without need of defining new grid structures which generally results in heavy 

computation. Thus, we propose a new method in the paper which eliminates the need 

for defining new grid structures for addressing different sensor arrangements. One 

direct application of the proposed method is its implementation as an assessment 

tool where different sensor arrangements are compared with each other; i.e., without 

the need for conversion of one arrangement to another one. 

In this paper, we propose a method to create a common space which facilitates 

addressing and assessing different spatial arrangements of sensors, e.g., between the 

rectangular and hexagonal arrangements. Such a space is created by implementing a 

continuous extension of discrete Weyl Group orbit function transform which extends 

a discrete arrangement to a continuous one. The implementation of the space is 

demonstrated by comparing two types of generated hexagonal images from each 

https://en.wikipedia.org/wiki/Visual_acuity
https://en.wikipedia.org/wiki/Colour_vision


                            P a g e  |  1 7 6  
 
 

  

rectangular image with two different methods of the half-pixel shifting and virtual 

hexagonal method. In the experiment, a group of ten texture images are generated 

with variational curviness content using ten different Perlin noise patterns, adding 

to an initial 2D Gaussian distribution pattern image. Then, the common space is 

obtained from each of the discrete images to address and assess the differences 

between the original rectangular image and its corresponding hexagonal image. 

This paper is organized as follows. In Section 2, the addressing of arrangement 

is explained. Then the two types of image generation are explained in Section 3. 

Section 4 and Section 5 present the methodology of the common space and the 

experiment setup, respectively. Then the results are shown and discussed in Section 

6. Finally, we summarize our work in Section 7.  

2. Arrangement Addressing  

In relation to the assessment of two images having two different arrangements; 

e.g., one having square and another hexagonal arrangement, the addressing of 

arrangement is the most important issue by which it becomes possible to access each 

arrangement unit (the pixel). Such access property for any arrangement should be 

easy and fast in implementation, in comparison to the popular square arrangement. 

The problem of any arrangement, beside the square one, is manifested in finding new 

definitions for grid structures. Here, we elaborate on the problem for the hexagonal 

arrangement, which has been studied for more than four decades, and different 

addressing methods are suggested. A hexagonal arrangement is addressed using two 

oblique axes [4], also referred to as skewed coordinate system in [5], and h2 system 

in [6], where two basis vectors are not orthogonal. With such an oblique coordinate 

system, each hexagonal pixel is addressed by an ordered pair of unit vectors. A 

symmetrical hexagonal coordinate frame which uses three coordinates instead of two 

is used to represent each pixel on a grid plane [7,8]. The major advantage of this 

coordinate system is that there is a one-to-one mapping between hexagonal and 

square arrangements. Moreover, in [9], this symmetrical hexagonal coordinate frame 

is used to derive various affine transformations. The geometric transformations on 

the hexagonal grid are conveniently simplified and the symmetry property of the 

hexagonal grid is successfully preserved. The three-axis coordinate system is also 

used in [10] for mathematically handling the hexagonal arrangement. Spiral 

Architecture, inspired from anatomical consideration of the primate's vision system, 

is proposed by [11] which is a one-dimensional addressing system. This address 

grows from the center of image in powers of seven along a spiral-like curve. This 

addressing scheme combined with two later proposed mathematic operations, spiral 

addition and spiral multiplication, is the basic Spiral Architecture [11,12]. A similar 

single-index system for pixel addressing is proposed by modifying the Generalized 

Balanced Ternary system [13,14]. A virtual hexagonal structure is proposed by the 

authors of [15] where the hexagonal pixels do not physically exist but are recorded 
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during image processing in the memory space. The approach demands high 

computation for image conversion (from one arrangement to another) for 

determining the locations (or the areas) of each pixel. A reduced computational 

complexity method is derived from the virtual hexagonal structure proposal by the 

authors of [16].

3. Image Generation

In this section, we explain generation of two types of images which have 

hexagonal arrangements. The images are generated from an original image with 

square arrangement. An example of such images is demonstrated in Figure 1.

(a)             (b)          (c)

Figure 1. The images on three types of sensory arrangements. (a) the original square 

image (SQ); (b) hexagonal image (Hex_E); (c) half-pixel shift image (HS_E).

3.1. Generation of the Virtual Hexagonal Enriched Image (Hex_E)

The virtual hexagonal enriched image has a hexagonal pixel form on a 

hexagonal arrangement. The generation process is similar to the resampling process 

in [17,18], which has three steps: projecting the original image pixel intensities onto 

a grid of sub-pixels; estimating the values of subpixels at the resampling positions; 

estimating each new hexagonal pixel intensity in a new hexagonal arrangement 

where the subpixels are projected back to a hexagonal grid, which are shown as red 

grids in Figure 2. In this arrangement the distance between each two hexagonal pixels 

is the same and the resolution of the generated Hex_E image is the same as the 

original image.

3.2. Generation of the Virtual Half Pixel Shift Enriched Image (HS_E)

The hexagonal grid in previous work [19,20] is mimicked by a half-pixel shift 

which is derived from delaying sampling by a half pixel on the horizontal direction. 

The red grid, which is presented in the middle of Figure 2, is the new pseudo 

hexagonal sampling structure whose pixel form is still square. The new pseudo 

hexagonal grid is derived from a usual 2D grid by shifting each even row a half pixel 

to the right and leaving odd rows unattached, or of course any similar translation. 
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The virtual Half-pixel Shift Enriched image (HS_E) is generated from the original 

enriched image [3] which has a square arrangement.

(a)                        (b)               (c)

Figure 2. Three types of sensory arrangements. (a) the sensor rearrangement onto 

the subpixel; (b) the projection of the square pixels onto the hexagonal arrangement 

by half pixel shifting method (i.e., HS_E image generation); (c) the projection of the 

square pixels onto the hexagonal grid in generation of hexagonal image (Hex_E).

4. Common Space Based on Continuous Extension

To elaborate the common space, let us start with a simple 1D example. Assuming 

we have a continuous 1D signal, it is not difficult to imagine that we can sample the 

signal with different time intervals. However, the opposite way is not so easy; i.e., to 

obtain the continuous signal from different time intervals. Further, this becomes even 

extremely difficult when we have sampled our data by a certain time interval and try 

to use the data to resample according to another time interval. Here, for the common 

space we have the last-mentioned condition where the sampled data is 2D and from 

the image sensor. In this relation, the choice of spatial sensor arrangement affects the 

sampling results as the choice of time interval in the 1D signal example. In the 2D 

sampling the data is sampled from a continuous surface; i.e., each spatial sensor 

arrangement results in certain sampling data from certain points on the continuous 

surface. By common space, we mean such continuous surface which is created by 

continuous extension of spatial data; i.e., from sampling data from certain spatial 

sensor arrangement a common space (a continuous surface) is generated. The 

common space is used to estimate the sampling data according to another spatial 

sensor arrangement; i.e., a common space is created by sampling data from 

hexagonal spatial arrangement and then the sampling data of a rectangular spatial 

arrangement is estimated. In this way, on the common space, we have correspondent 

points of each sampling point related to different spatial arrangements, which 

facilitates the addressing and assessing of different spatial arrangements of sensors. 

The common space is created by implementing a continuous extension of 

discrete Weyl Group orbit function transform. Orbit functions on the Euclidean space 
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are symmetrized exponential functions. The symmetrization is fulfilled by a Weyl 

group corresponding to a Coxeter-Dynkin diagram. The values of orbit functions are 

repeated on copies of a fundamental domain of the affine Weyl group (determined 

by the initial Weyl group) in the entire Euclidean space. Recalling that the 

exponential functions determine the Fourier transform on Euclidean space. 

Correspondingly, orbit functions determine a symmetrized version of the Fourier 

transform which is also called an orbit function transform. One of the key properties 

of orbit transform is that sequence of orbit transform, and inverse orbit transform 

preserve the processed data. This property is preserved even when discrete orbit 

function in the inverse orbit transform is replaced with a continuous orbit function 

of the same family. In other words, for any symmetrical grid such as rectangular or 

hexagonal grid, in frequency domain a continuous spectrum surface can be generated 

from the discrete information of the grid. We call this continuous spectrum surface a 

common space. The creation and proof of such common space is explicated in detail 

in Appendix A for interested readers.  

The creation of continuous extension of the original data is independent of the 

data arrangement; i.e., it is possible to create common space from any spatial 

arrangement, such as square or hexagonal ones. We refer to these common spaces in 

relation to their original data arrangements, such as CSE_sq or CSE_hex for the 

created common spaces from square and hexagonal arrangement, respectively. 

On the common space, any grid structure is applied virtually; i.e., the 

corresponding addressing of each pixel position from different arrangements are 

done on the common space. Thus, by knowing the pixel form of each arrangement, 

the intensity value of each corresponding pixel is determined at the pixel position on 

the common space.  

5. Experimental Setup 

Evaluating the proposed common space method in assessing different sensor 

structures is based on using different generated images. In Section 3, the generated 

procedures of those types of image, which are used in the evaluation, are all types of 

image that are originated from a rectangular arrangement. Thus, generating images 

based on rectangular arrangement is essential for experimental evaluation. On the 

other hand, to evaluate the addressing accuracy of the common space usage, we need 

to generate such images which also have a content with random spatial variation in 

each pixel. This is because by using the common space only one coordinate system is 

used to address each pixel position and obtain its intensity value in two different 

arrangements; i.e., each pixel position and intensity value of the originate 

arrangement to the common space is known, but the correspondent position and 

intensity value on the other arrangement is estimated using the common space 

surface. In relation to this, the evaluation of addressing accuracy can be achieved by 

measuring the estimations error. The statistical validation of the estimations error 
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requires the random spatial variation in each pixel; i.e., as spatial variation in natural 

images. The estimations error can be measured for all pixels of each two experimental 

images, using the common space addressing, or selected amount of their 

correspondent pixels. In the experiments we used the latter option. To ensure that 

the selected pixels represent different intensity levels it requires to generate the 

experimental images with a certain intensity model; e.g., a Gaussian model.   

An image dataset is created which consists of 10 high resolution (4096 by 2160) 

original images (SQs) and their converted ones, of type of HS_E and Hex_E images 

with the same resolution; i.e., the dataset has a total of 30 images, where the interval 

of subpixel is 30. The conversion process is elaborated on in Section 3. Each of the ten 

original images is generated by adding a Gaussian image (GI) to a random Perlin 

noise image (PI). The GI contributes to obtain all possible tonal levels in range of 0–

255 gray levels in each original image. Each GI is generated by 

𝐺𝐼 = 255 ∗ 𝑒
−(

𝑥2

2𝜎1
2 + 

𝑦2

2𝜎2
2)

 
(1) 

where 𝜎1 and 𝜎2 are 1920 and 1280 respectively and the original images SQs is 

obtained by: 

𝑆𝑄𝑗 = 𝐺𝐼 + 𝑃𝐼𝑗  (2) 

where 𝑗 is the image index number. The values of 𝜎1 and 𝜎2 are approximately half 

of the image resolution in each direction. Based on the rule of thumb, GI represents 

fully a Gaussian intensity model where the values of 𝜎1 and 𝜎2 are one third of image 

resolution in each direction. In this relation GI is not fully a representative of a 

Gaussian intensity model. This is to prevent obtaining significantly lower level 

intensity values which can affect evaluation of addressing accuracy. By generating 

the PI image, a pseudo-random spatial variation in each pixel is obtained which 

simulates variational curviness content; i.e., we imitate the appearance of textures in 

natural images by a controlled random process. In this way, using GI and PI, each 

original image of the dataset is generated to have natural images properties and with 

wider range of variation than exists in a captured natural image. Each PI is generated 

by implementing the Perlin noise algorithm [21,22] where each pixel of the image; 

PI(x, y), is computed by two major steps: a) projection of pixel vector position on 

pseudorandom gradients of �⃗�00 = [𝑥00, 𝑦00] , �⃗�01 = [𝑥01, 𝑦01] , �⃗�10 = [𝑥10, 𝑦10] , and 

�⃗�11 = [𝑥11, 𝑦11]  at integer points [0,0], [0,1], [1,0], and [1,1], respectively, b) 

interpolation and smoothing between points ‘value at the integer points by a cubic 

spline function 𝑆(𝑥) = 𝑥2(3 − 2𝑥) and a linear interpolation function 𝐿(휀, 𝑥, 𝑦) = 𝑥 +

휀(𝑦 − 𝑥) as shown in Figure 3 and explained by algorithm steps in Table 1. The PI 

contributes to obtain all possible tonal levels in range of 0–255 gray levels. The range 

of 𝑆𝑄𝑗  images; a combination of GI and PI images where each has a range of 0–255 

tonal levels, are normalized to obtain images with range of 0–255 tonal levels. The 

generation of SQ images is demonstrated in Figure 4. 
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Figure 3. At integer grid points, 2D Perlin noise interpolates and smooths 

between pseudorandom gradients.

Table 1. The algorithm of implemented 2D Perlin noise.

0. Input �⃗⃗⃗� = [𝒙, 𝒚]

1. 𝑺𝒙 = 𝑺(𝒙)

2. 𝑺𝒚 = 𝑺(𝒚)

3. 𝒖𝒂 = �⃗⃗⃗� · �⃗⃗⃗�𝟎𝟎

4. 𝒗𝒂 = �⃗⃗⃗� · �⃗⃗⃗�𝟏𝟎

5. 𝒂 = 𝑳(𝑺𝒙, 𝒖𝒂, 𝒗𝒂)

6. 𝒖𝒃 = �⃗⃗⃗� · �⃗⃗⃗�𝟎𝟏

7. 𝒗𝒃 = �⃗⃗⃗� · �⃗⃗⃗�𝟏𝟏

8. 𝒃 = 𝑳(𝑺𝒙, 𝒖𝒃, 𝒗𝒃)

9. Output 𝑳(𝑺𝒚, 𝒂, 𝒃)

(a)                     (b)       (c)

Figure 4. Generation of an SQ image (a) is added to a Gaussian image: PI; (b): GI; 

(c): a random Perlin noise image.
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6. Results and Analysis 

In this section, we show the addressing and assessment feasibility of three types 

of images of SQ, HS_E, and Hex_E (i.e., having different pixel arrangements) using 

the common space. There are ten of such triple types of images in the dataset and for 

each triple image type the results were obtained in three stages of general 

preparation, case of CSE_sq and case of CSE_hex as it is shown in the flowchart of 

Figure 5. The blue, green and red dash-line squares represent the image dataset 

generation, case of CSE_sq and case of CSE_hex respectively. The dot arrow shows 

the pixels are selected in the Hex_E, HS_E and SQ images. The thick and thin arrows 

represent the process of image generation and applying the selected pixels on the 

images respectively. Table 2 lists the symbols in Figure 5 with their meanings. We 

explain the three stages and then discuss and analyze the obtained results which 

indicate the feasibility and accuracy of addressing and assessment of random pixels 

from one arrangement to another one. 

Hex_E SQHS_E

Hex_Ep

24 × 200 random 
positions

HS_Ep

SQCEhexHS_ECEhexHex_ECEorg SQCEorgHS_ECEsqHex_ECEsq

Conversion

Conversion

CSE_hex CSE_sq

SQp24 sub-
range

Image dataset

Case of 
CSE_sq 

Case of 
CSE_hex 

Figure 5. The flowchart to discuss and analyze the obtained results.
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Table 2. Description of used symbols. 

Symbol Full name and size 
Sensor 

arrangement 

Originated 

from 
Method 

SQ 
Square image  

4096 × 2160 
square - - 

Hex_E 

Hexagonal enriched 

image  

4096 × 2160 

hexagonal SQ  Conversion 

HS_E 
Half pixel shift image  

4096 × 2160 
square SQ  Conversion 

𝑺𝑸𝒑 
Square matrix image  

200 × 24 
square SQ  

Pixel selection 

on SQ 

𝑯𝒆𝒙_𝑬𝒑 

Hexagonal enriched 

matrix image  

200 × 24 

hexagonal Hex_E  
Pixel selection 

on Hex_E 

𝑯𝑺_𝑬𝒑 

Half pixel shift matrix 

image 

200 × 24 

square 
HS_E 

image 

Pixel selection 

on HS_E 

CSE_sq Common Space surface  
continuous 

extension 
SQ image  

New method, 

see Section 4 

CSE_hex Common Space surface  
continuous 

extension 

Hex_E 

image  

New method, 

see Section 4 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈 

Estimated Square matrix 

image  

200 × 24 

square CSE_sq 
Pixel selection 

on the CSE_sq 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 

Estimated Hexagonal 

matrix image 

200 × 24 

hexagonal CSE_sq 
Pixel selection 

on the CSE_sq 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

Estimated Half pixel 

shift matrix image 

200 × 24 

square CSE_sq 
Pixel selection 

on the CSE_sq 

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 

Estimated Square matrix 

image 

200 × 24 

square CSE_hex 

Pixel selection 

on the 

CSE_hex 

𝑯𝒆𝒙𝑪𝑬𝒐𝒓𝒈 

Estimated Hexagonal 

matrix image 

200 × 24 

hexagonal CSE_hex 

Pixel selection 

on the 

CSE_hex 

𝑯𝑺𝑪𝑬𝒉𝒆𝒙 

Estimated Half pixel 

shift matrix image 

200 × 24 

square CSE_hex 

Pixel selection 

on the 

CSE_hex 

6.1. General Preparation 
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Each SQ image in the data set is an eight bits image; i.e., the range of intensity 

values is between 0 to 255. The pixels of each SQ image are partitioned by having 24 

intensity sub-ranges (e.g., 10–19, …, 190–199, 240–250) to investigate in more detail 

the tonal variation. In each sub-range, 200-pixel positions are selected randomly in 

each SQ image; i.e., 24 by 200 pixels are chosen randomly meanwhile assuring to have 

different tonal levels and representative of the whole intensity range. The 24 intensity 

sub-ranges are related to the statistical requirement of having a pixel population in 

which we can select 200 pixels positions. According to our observation from the 

generated images, a binning of 10 tonal levels could fulfill the requirement where 

each intensity sub-range has at least a pixel population of 1%. Figure 6 shows a typical 

pixel population for 25 intensity sub-ranges. The first intensity sub-range; with tonal 

levels between 0–9. And the last sub-range with tonal levels between 251–255 have 

less than the pixel population of 1% which accordingly will be discard in the pixel 

selection process. The 200 random pixels in each intensity sub-range is because they 

contain sufficient spatial intensity variation information in a certain sub-range of 

tonal variations to underpin statistical analysis. Using the pixel positions, the relative 

intensity values from SQ, HS_E and Hex_E images are organized in new images of 

𝑆𝑄𝑝, 𝐻𝑆_𝐸𝑝,and 𝐻𝑒𝑥_𝐸𝑝 respectively; each with size of 200 by 24. The pixels of each 

column of such an image are ordered by sorting the linear indexing of the 200 random 

selected pixels in each intensity-subrange.

Figure 6. A typical pixel population for 25 intensity sub-ranges.

6.2. In Case of CSE_sq 

The common space of each SQ image, CSE_sq, is created according to Section 4. 

Using the common space of CSE_sq and the pixel positions of a SQ image the 



                            P a g e  |  1 8 5  
 
 

  

corresponding pixel positions and the related intensity values are estimated for SQ, 

HS_E, and Hex_E image types. Accordingly, in correspondent to a 𝑆𝑄𝑝, three images 

of 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 , 𝐻𝑆_𝐸𝐶𝐸𝑠𝑞  , 𝑎𝑛𝑑 𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞  are generated.  

6.3. In Case of CSE_hex  

The common space of each Hex_E image, CSE_hex, is created according to 

Section 4. As with Case 6.1, by using the pixel positions of SQ image and the common 

space of CSE_hex,the corresponding pixel positions and the related intensity values 

are estimated for SQ, HS_E, and Hex_E image types. Accordingly, corresponding to 

a 𝐻𝑒𝑥_𝐸𝑝three images of 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 , 𝐻𝑆𝐶𝐸ℎ𝑒𝑥  and 𝐻𝑒𝑥𝐶𝐸𝑜𝑟𝑔 are generated.  

6.4. Analysis of the Two Cases 

In cases of CSE_sq or CE_hex, the images with a square or a hexagonal 

arrangement originate the respective common spaces. Generally, in the process of 

obtaining the results by using a common space and a pixel position in the originated 

image to the common space, the corresponding pixel position and its intensity value 

are estimated for another type of image which has another arrangement in 

comparison to the originated image. Here, we address the three questions of a) How 

different are any two generated common spaces which are originated from two 

different arrangements; e.g., the comparison of generated 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 (representative of 

CSE_sq common space) and 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔 (representative of CSE_hex common space)? 

b) How similar are any generated common space and its originated image; e.g., the 

comparison of 𝑆𝑄𝑝  to 𝑆𝑄𝐶𝐸𝑜𝑟𝑔  or 𝐻𝑒𝑥_𝐸𝑝  to 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔? c) What is the accuracy of 

implementing any common space in addressing and assessment between two types 

of arrangements; e.g., from SQ to Hex_E? 

We generated ten CSE_sq and ten CSE_hex common spaces from the related 

images in the dataset; i.e., each SQ image and its converted Hex_E image were used 

to create each related CSE_sq and CSE_hex (a pair of common spaces). For each pair 

of the common spaces a pixel set of 200 chosen pixels (see Section 6.1 and 6.2) of the 

originated images were chosen and organized as images. In this way, ten 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 and 

ten 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔 images are obtained where each has size of 200 by 24 and represent 

the relative common space. Question (a) is answered by comparison of the 𝑆𝑄𝐶𝐸𝑜𝑟𝑔  

and  𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔 images. Figure 7 shows the results of such comparisons where the 

absolute intensity value difference of ten 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 and 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔 are measured. In 

the figure the colors from blue to yellow indicate that the difference value increases 

from 0 to 0.2. The total mean square error (MSE) between images shown in Figure 7 

is 0.002 and multiple correlation among the images is 99.39%. The low MSE and high 

correlation indicate that it is feasible to create almost the same common space for the 

two arrangements of square and hexagonal. The created common spaces are close, 

but as expected, is not exactly the same; e.g., a hexagonal arrangement has richer 
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frequency spectrum than the square one which contributes to obtain richer frequency 

spectrum on respective common space [23].

Figure 7. Comparison of CSE_sq and CSE_Hex. The absolute intensity value 

difference of ten 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 and 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔 are shown.

Question (b) is answered by the comparison of 𝑆𝑄𝑝 to 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 and 𝐻𝑒𝑥_𝐸𝑝 to 

𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔 images. The results of such comparisons where the absolute intensity 

value difference of ten of 𝑆𝑄𝑝 to 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 and 𝐻𝑒𝑥_𝐸𝑝 to 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔 images are shown 

in Figures 8 and 9 respectively. The total MSE between and multiple correlation 

among the images in Figure 8 is 0.0005 and 99.93% respectively. In Figure 9, the total 

MSE between images is 0.00019 and multiple correlation among them is 99.85%. The 

low MSE and high correlation in the results of the figures indicate that the generated 

common spaces are very alike to their respective originated images but they are not 

strictly the same.

Question (c) is answered by examining each case of CSE_sq and CSE_hex in 

addressing and assessment between different types of arrangements. In case of 

CSE_sq ten of each 𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞, 𝐻𝑆_𝐸𝐶𝐸𝑠𝑞 , and 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 images are obtained, and they 

are compared to 𝐻𝑒𝑥_𝐸𝑝, 𝐻𝑆_𝐸𝑝, and 𝑆𝑄𝑝 (i.e., the representatives of the images of 

Hex_E, Hs_E, and SQ). In case of CSE_hex ten of each 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔, 𝐻𝑆_𝐸𝐶𝐸ℎ𝑒𝑥, and 

𝑆𝑄𝐶𝐸ℎ𝑒𝑥 images are obtained, and they are compared to 𝐻𝑒𝑥_𝐸𝑝 , 𝐻𝑆_𝐸𝑝 , and 𝑆𝑄𝑝 . 

Figures 10 and 11 show two examples of such comparison between 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 to 𝑆𝑄𝑝

and 𝐻𝑒𝑥𝐶𝐸𝑠𝑞 to 𝐻𝑒𝑥_𝐸𝑝 respectively.

In Figure 10, the total MSE between the ten 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 and 𝑆𝑄𝑝 is 0.0059 and 

multiple correlation between them is 99.03%. In Figure 10 the total MSE between the 

ten of 𝐻𝑒𝑥𝐶𝐸𝑠𝑞 and 𝐻𝑒𝑥_𝐸𝑝is 0.0099 and correlation between the pixel sets is 98.26%. 
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The results in the Figures 7–10 show that by implementing the common space, it is 

feasible to address different arrangements where the intensity difference between 

any random pixel which is addressed via common space or via conversion is very 

small.

Figure 8. Comparison of the common space of CSE_sq and its originated image of 

SQ. The absolute intensity value difference of ten 𝑆𝑄𝑝 and 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 are shown.

Figure 9. Comparison of the common space of CSE_hex and its originated image of 

Hex_E. The absolute intensity value difference of ten 𝐻𝑒𝑥_𝐸𝑝 and 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔 are 

shown.
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Figure 10. Comparison of ten 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 and 𝑆𝑄𝑝 images.

Figure 11. Comparison of 𝐻𝑒𝑥𝐶𝐸𝑠𝑞 and 𝐻𝑒𝑥_𝐸𝑝.

In each case of CSE_sq or CSE_hex, the intensity average and variance in the 24 

tonal sub-ranges of ten corresponding pixel sets of each 𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞, 𝐻𝑆_𝐸𝐶𝐸𝑠𝑞 , 𝑆𝑄𝐶𝐸𝑜𝑟𝑔

or 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔, 𝐻𝑆_𝐸𝐶𝐸ℎ𝑒𝑥, 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 are shown in Figures 12 and 13 respectively. The 

figures show that it is feasible to assess pixels on different arrangements due to the 

estimation of pixel position and the intensity value in different arrangement by using 

common space and without the need for any conversion means (see Section 4). The 

pixel sets from hexagonal arrangement show the highest average intensity value and 

variance in each type of common space indicating richer intensity variation and 
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larger dynamic range compared to SQ the other pixel sets. Figure 14 shows the mean 

(a) and variance (b) of ratio values of ten corresponding pixel sets between each SQ 

and 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 to Hex_E image. The mean (a) shows the nonlinear relation between SQ 

to Hex_E which was previously shown in [3,18]. The mean (a) also shows that the 

relation between 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 to Hex_E is similar to the relation between SQ to Hex_E and 

behaves in a nonlinear manner. The variance (b) shows that the relation between SQ 

and 𝑆𝑄𝐶𝐸ℎ𝑒𝑥to Hex_E are similar and nonlinear.

Figure 12. Intensity average of ten corresponding pixel sets of each 𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞 , 

𝐻𝑆_𝐸𝐶𝐸𝑠𝑞, 𝑆𝑄𝐶𝐸𝑜𝑟𝑔 or 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔, 𝐻𝑆_𝐸𝐶𝐸ℎ𝑒𝑥, 𝑆𝑄𝐶𝐸ℎ𝑒𝑥
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Figure 13. Variance of ten corresponding pixel sets of each 𝐻𝑒𝑥_𝐸𝐶𝐸𝑠𝑞 , 𝐻𝑆_𝐸𝐶𝐸𝑠𝑞 , 

𝑆𝑄𝐶𝐸𝑜𝑟𝑔 or 𝐻𝑒𝑥_𝐸𝐶𝐸𝑜𝑟𝑔, 𝐻𝑆_𝐸𝐶𝐸ℎ𝑒𝑥, 𝑆𝑄𝐶𝐸ℎ𝑒𝑥.
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(a)

(b)

Figure 14. The mean (a) and variance (b) of ratio values of ten corresponding pixel 

sets between each SQ and 𝑆𝑄𝐶𝐸ℎ𝑒𝑥 to Hex_E.

The pixel sets on corresponding arrangements via two types of common spaces 

are compared and shown in Table 3. The comparison shows the correlation and MSE 

relation between each pair of pixel sets. The results in the table indicate the feasibility 

of addressing each type of common space to the same type of arrangement due to 

small MSE and high correlation values. The similar results of correlation and MSE in 

Table 4 shows the assessment feasibility of different arrangements by comparison of 

the pixel sets on different arrangement and via two types of common spaces.
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Table 3. Comparison of pixel sets on corresponding arrangements via two types of 

common spaces. 

  Image Index 

 Pair of 

pixel 

sets 

No.1 No.2 No.3 No.4 No.5 No.6 No.7 No.8 No.9 No.10 

Corre-

lation 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 
99.63% 99.63% 99.62% 99.61% 99.66% 99.64% 99.63% 99.63% 99.61% 99.63% 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 
98.25% 98.45% 98.28% 98.39% 98.79% 98.32% 98.41% 97.76% 98.49% 99.79% 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
98.23% 98.44% 98.26% 98.39% 98.78% 98.32% 98.41% 97.77% 98.49% 99.78% 

MSE 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 
0.0024 0.0021 0.0038 0.0046 0.0040 0.0038 0.0038 0.0044 0.0039 0.0005 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 
0.0070 0.0054 0.0092 0.0085 0.0080 0.0091 0.0055 0.0065 0.0060 0.0080 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
0.0104 0.0080 0.0136 0.0125 0.0119 0.0135 0.0081 0.0095 0.0088 0.01193 

Table 4. Assessment by comparison of the pixel sets on different arrangements via 

two types of common spaces. 

  Image Index 

 Pair of 

pixel 

sets 

No.1 No.2 No.3 No.4 No.5 No.6 No.7 No.8 No.9 No.10 

Corre-

lation 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 
98.19% 98.17% 98.00% 98.00% 97.96% 97.89% 98.02% 97.96% 97.99% 98.07% 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑯𝒆𝒙_𝑬𝑪𝑬𝒉𝒆𝒙 
98.23% 98.16% 98.01% 97.94% 97.95% 97.88% 98.04% 97.98% 97.97% 98.07% 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 
95.99% 96.19% 96.12% 96.20% 96.67% 96.16% 96.03% 95.49% 96.08% 97.76% 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
98.22% 98.42% 98.22% 98.37% 98.77% 98.28% 98.39% 97.72% 98.47% 99.75% 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 
95.98% 96.19% 96.13% 96.20% 96.66% 96.18% 96.02% 95.52% 96.07% 97.76% 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 
98.24% 98.46% 98.30% 98.40% 98.79% 98.35% 98.41% 97.79% 98.49% 99.79% 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 
96.43% 96.78% 96.55% 96.51% 96.93% 96.59% 96.55% 96.20% 96.51% 98.05% 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 
96.42% 96.78% 96.56% 96.51% 96.91% 96.59% 96.54% 96.22% 96.50% 98.04% 
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𝑺𝑸𝑪𝑬𝒉𝒆𝒙 

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 
97.93% 97.84% 97.88% 97.86% 97.87% 97.77% 97.68% 97.70% 97.70% 97.99% 

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
97.98% 97.84% 97.90% 97.80% 97.86% 97.76% 97.72% 97.72% 97.68% 97.99% 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
99.98% 99.98% 99.98% 99.98% 99.98% 99.98% 99.98% 99.98% 99.98% 99.98% 

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
99.90% 99.90% 99.89% 99.90% 99.90% 99.89% 99.90% 99.90% 99.89% 99.91% 

MSE 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 
0.0044 0.0037 0.0072 0.0071 0.0075 0.0068 0.0039 0.0047 0.0043 0.0069 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
0.9823 0.9816 0.9801 0.9794 0.9795 0.9788 0.9804 0.9798 0.9797 0.9807 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 
0.0089 0.0080 0.0096 0.0100 0.0086 0.0100 0.0100 0.0107 0.0099 0.0032 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
0.0031 0.0027 0.0032 0.0029 0.0022 0.0031 0.0034 0.0036 0.0034 0.0012 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 
0.0255 0.0236 0.0274 0.0283 0.0259 0.0283 0.0278 0.0288 0.0274 0.0120 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 
0.0238 0.0204 0.0288 0.0274 0.0270 0.0287 0.0201 0.0220 0.0212 0.0279 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 
0.0051 0.0048 0.0049 0.0050 0.0043 0.0049 0.0048 0.0052 0.0050 0.0030 

𝑺𝑸𝑪𝑬𝒐𝒓𝒈  

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 
0.0148 0.0148 0.0136 0.0131 0.0123 0.0141 0.0138 0.0137 0.0135 0.01257 

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 
0.0018 0.0020 0.0021 0.0019 0.0022 0.0021 0.0023 0.0023 0.0021 0.0078 

𝑺𝑸𝑪𝑬𝒉𝒆𝒙 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒉𝒆𝒙 
0.0053 0.0064 0.0042 0.0051 0.0044 0.0046 0.0089 0.0083 0.0079 0.0029 

𝑯𝑺_𝑬𝑪𝑬𝒔𝒒 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒔𝒒 
0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 

𝑯𝑺_𝑬𝑪𝑬𝒉𝒆𝒙 

𝑯𝒆𝒙_𝑬𝑪𝑬𝒐𝒓𝒈 
0.0039 0.0040 0.0036 0.0036 0.0036 0.0036 0.0041 0.0040 0.0041 0.0035 

7. Conclusion 

In the paper we proposed a method to create a common space, which eliminates 

the need for defining new grid structures for addressing different sensor 

arrangements. We showed the feasibility of addressing and assessing different 

spatial arrangements of sensors, specifically between the rectangular and hexagonal 

arrangements. We explained how the common space is created by implementing a 

continuous extension of discrete Weyl Group orbit function transform, which 

extends a discrete arrangement to a continuous one. The results indicate that the 

common space facilitates an easy tool for addressing any pixel position on any 
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arrangement and specifically we showed such facilitation on square and hexagonal 

arrangements. It was also shown that the tool has significant property to assess the 

changes between different spatial arrangements by which, in the experiment, the 

pixel sets on hexagonal images show richer intensity variation, nonlinear behavior, 

and larger dynamic range in comparison to the pixel sets on rectangular images.  
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Appendix A  

A.1 Root System 

A root system is a configuration of vectors in a Euclidean space satisfying certain 

geometrical properties. Let us define a root system as a finite set of non-trivial vectors 

∆= {αi ∈ Rn} that fulfil three conditions:  

• Roots αi ∈ ∆ span Rn 

• If αi ∈ ∆, then λα ∈ ∆⇔ λ ∈ {−1,1}: every root system contains only 

two scalar multiples of each root: the root itself and its reflection, 

• α, β ∈ ∆ ⇒ γαβ∈ ∆ : root system is closed under reflection with 

respect to hyperplanes orthogonal to roots. γαβ denotes reflection of 

root β with respect to hyperplane orthogonal to root α. 

So-called crystallographic root systems also fulfil the fourth condition: ∀α, β ∈ ∆

: 
2(α,β)

(α,α)
 ∈ Z 

We can unambiguously choose a set of simple roots Σ ⊂ Δ. Simple roots fulfil 

two extra conditions: 

• all simple roots are linearly independent, 

• every root αi ∈ ∆, can be expressed as a linear combination of simple 

roots, such that all coefficients of this linear combinations are either all 

non-negative (such root is called positive root), or are all non-positive 

(negative root). 

When each root is expressed as a linear combination of simple roots, we can 

introduce ordering of roots. So-called highest of roots is denoted ξ and is expressed 

as ξ = m1α1 +m2α2 , where α1, α2  are simple roots. Coefficients m1, m2  are called 

marks. There are several significant sets of vectors that are related to each root 
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system: set of co-roots (ai
∨) , weights (ωi)  and co-weights (ωj

∨) . Co-roots and co-

weights are normalized variants of roots and weights, respectively: 

 

ai
∨ =

2αi
〈αi, αi〉

 (A1) 

ωj
∨ =

2ωi

〈ωi, ωi〉
 

(A2) 

 

Roots and weights are dual to each other, in the following sense: 

〈αj, ωj
∨〉 = 〈ai

∨, ωi〉 = δij (A3) 

These four sets of vectors are used to form four lattices (root lattice Q, co-root 

lattice Q∨  weight lattice P and co-weight lattice P∨ ) which will be used in the 

definition of discrete orbit function. All four lattices are defined in the following 

manner: 

Q = Zα1 + Zα2   Q∨ = Zα1
∨ + Zα2

∨ 

P = Zω1 + Zω2   P∨ = Zω1
∨ + Zω2

∨ 

Each of these lattices can have its non-negative part (denoted with superscript +) and 

positive part (denoted with superscript ++). 

A.2 Weyl Groups 

When having root system ∆ composed of roots αi, we define ri, as a reflection 

with respect to root αi. Set of reflections ri will generate so-called Weyl group W. 

Affine Weyl group is an extension of Weyl group, it is generated by reflections ri plus 

reflection  r0, which is a reflection with respect to highest root ξ Weyl group orbit of 

point x is a finite set of points generated by all actions of Weyl group W. Similarly, 

the affine orbit of point x is generated by all actions of Waff on point x, however, affine 

orbit is an infinite set, due to the reflection  r0. Fundamental region of Waff is a closed 

subset of Rn such that it contains exactly one point of each affine Weyl group orbit. 

The fundamental region for affine Weyl groups in R2 space can be chosen a convex 

hull of points {0,
ω1
∨

m1
,
ω2
∨

m2
}.  

The dual root system Δ∨ is obtained as system of co-roots. Reflections related to 

dual root system Δ∨  generate dual Weyl group Ŵ . Dual Weyl group Ŵ  has its 

fundamental region F∨ and can be extended to affine dual Weyl group Waff  ̂. Since 

roots and co-roots differ only with their lengths, both W and Ŵ generated by the 

same sets of reflections. However, highest co-root η = m1
∨α1

∨ +m2
∨α2

∨  differs from 

highest root ξ in both length and direction, and thus the dual affine Weyl group Waff  ̂ 

is not the same as Waff. As a consequence, F ≠ F∨. Root systems are not the only way 

how to generate Weyl groups. Roots of simple Lie algebras coincide with simple 

roots-designation of Lie algebras are often used to designate Weyl groups generated 

by reflections with respect to roots of given Lie algebra. 



                            P a g e  |  1 9 6  
 
 

  

A.3 Orbit Functions and Orbit Transforms 

Weyl group orbit functions were defined for all simple Lie algebras 

(An, Bn, Cn, Dn, G2, F4, E6, E7, and E8 )  and they can be used for generalized 

Fourier analysis of data on the fundamental region F of the corresponding Weyl 

groups. This theory allows for similar discretization as in the case of common Fourier 

discrete analysis studies, and can be used for the analysis of digitized data on the 

fundamental region. 

Sine, cosine functions, plus eix are generalized to systems with nonorthonormal 

basis through orbit functions. Moreover, certain Weyl groups provide more types of 

functions, e.g., C2 and G2 Weyl groups allow us to define Cs, Cl, Sl and Ss functions, as 

described in [23]. A_2 Weyl group provide only straightforward generalization of 

cosine, sine and complex exponential functions. These orbit functions are generally, 

i.e., regardless of underlying Weyl group, defined as: 

Φλ(x) = ∑ ei2π〈ωλ,x〉

ω∈W

 (A4) 

φλ(x) = ∑ det (ω)ei2π〈ωλ,x〉

ω∈W

 (A5) 

Ξλ(x) = ∑ ei2π〈ωλ,x〉

ω∈W

 (A6) 

where parameter x ∈ Rn  and label λ ∈ Q Since the orbit functions are invariant to 

operations of W or We , respectively, we can restrict the parameter x to the 

fundamental region F or even fundamental region Fe , respectively. Since S-orbit 

function φ  is anti-symmetric, it vanishes for x on boundary of F and for λ  on 

reflection hyperplane. Through these two facts, the restriction of x and λ looks as 

follows: 

Φλ(x): x ∈ F, λ ∈ P+, 

φλ(x): x ∈ F̃, λ ∈ P++, 

Ξλ(x): x ∈ Fe, λ ∈ P+ ∪ r1P
++, 

the F̃ denotes the interior of fundamental region F. 

For the discretization of orbit functions, we choose arbitrary fixed positive 

integer M that defines the density of the lattice. The discrete fundamental region FM 

is constructed as an intersection of fundamental region F and stretched subset of 

lattice P∨: 

FM =
1

M
P∨

Q∨ ∩ F = {
s1
M
ω1
∨ +⋯+

sn
M
ωn
∨ |s0 +∑s1mi = M, s0, s1, … , sn ∈ Z≥0

n

i=1

} (A7) 

For discrete orbit functions we use set ΛM , which is a set of discrete labels λ. The 

parameter M has the same meaning as for discrete fundamental region. The set ΛM is 

expressed as follows: 

FM = P
MQ ∩MF∨ = {s1ω1 +⋯+ snωn |s0 +∑s1mi

∨ = M, s0, s1, … , sn ∈ Z≥0
n

i=1

} (A8) 
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Due to the invariance of functions to the actions of Weyl group W, and the (anti-

)symmetry of functions, discrete orbit functions can be restricted in the following 

way:  

Φλ(x): x ∈ FM, λ ∈ ΛM,   

φλ(x): x ∈ FM̃,        λ ∈ ΛM̃, 

Ξλ(x): x ∈ FM
e , λ ∈ ΛM

e ,   

For further relations, scalar product over discrete fundamental region is crucial. 

Having two discrete functions  f(x)  and g(x) , defined over discrete fundamental 

region with density M, we define their scalar product as  

〈f, g〉FM = ∑ ε(x)f(x)g(x)̅̅ ̅̅ ̅̅

x∈FM

 
(A9) 

Note that the region of FM,  may change depending on the used orbit function. E.g., 

when computing 〈f, φλ〉FM , we can omit boundary of FM  since φλ = 0  on the 

boundary of FM, thus 〈f, φλ〉FM = 〈f, φλ〉FM̃. 

For λ, λ′ ∈ ΛM, the orbit functions hold the orthogonality relation: 
〈Φλ, Φλ′〉FM = cM2|W||stabW(λ)|δλλ′ 

〈φλ, φλ′〉FM̃ = cM2|W||stabW(λ)|δλλ′ 

〈Ξλ, Ξλ′〉FM
e , = cM2|We||stabWe(λ)|δλλ′ 

(A10) 

M is the density of the discrete fundamental region, c denotes the determinant of 

Cartan matrix for the underlying group W, Cartan matrix C = (cij)i,j=1
n

, cij = 〈αi, αj〉. 

|W| is the order of group W,  stabW(λ)  is the stabilizer of the point λ  under W. 

Generally speaking, the stabG(x) is a maximum subgroup of G, such that it holds 

g(zx) = x∀g ∈ stabG(x). 

Since orbit functions are pairwise orthogonal over the finite region, we can 

expand the discrete functions f(x), g(x) and h(x) into a finite series of orbit functions: 

f(x) = ∑ Fλ
(Φ)

λ∈ΛM

Φλ(x)      x ∈ FM, Φ − orbit transform 

g(x) = ∑ Gλ
(φ)

λ∈FM̃

φλ(x)      x ∈ FM̃, φ − orbit transform 

h(x) = ∑ Hλ
(Ξ)

λ∈FM
e

Ξλ(x)      x ∈ FM
e , Ξ − orbit transform 

(A11) 

Function f(x) needs to be defined on FM, g(x) must be defined on FM̃ and h(x) is 

defined on FM
e . The F denotes the spectrum of discrete function f. The superscripts Φ, 

φ  and Ξ  are used for distinction between different kinds of spectra and are not 

commonly used. 

The spectra points are given by 

Fλ
(Φ)

=
〈f, Φλ〉FM
〈Φλ, Φλ〉FM

  , λ ∈ ΛM 

Gλ
(φ)

=
〈g, φλ〉FM̃
〈φλ, φλ〉FM̃

 , λ ∈ ΛM̃ 

  (A12) 
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Hλ
(Ξ)

=
〈h, Ξλ〉FM

e

〈Ξλ, Ξλ〉FM
e
 , λ ∈ ΛM

e  

A.4 Continuous Extension 

One of the key properties of orbit transform is that sequence of orbit transform 

and inverse orbit transform preserve the processed data, e.g., f = ∑
〈f,Φλ〉FM
〈Φλ,Φ〉FM

λ∈ΛM Φλ. 

This property is preserved even when discrete orbit function in the inverse orbit 

transform Equation (A11) is replaced with continuous orbit function of the same 

family: 

f(x) = ∑ Fλ
(Φ)

Φλ(z)                            x ∈ Rn

λ∈ΛM

 

g(x) = ∑ Gλ
(φ)

φλ(z)                            x ∈ Rn

λ∈ΛM̃

 

h(x) = ∑ Hλ
(Ξ)
Ξλ(z)                            x ∈ Rn

λ∈ΛM
e

 

(A13) 

In this case, we obtain a continuous extension of the original data. As proven, 

see [2], certain families of orbit functions can provide high-quality approximation 

with quick convergence to the original continuous data. 
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Nowadays, cameras are everywhere thanks to the tremen-
dous progress on sensor technology. However, their per-
formance is far away from what we experience by our eyes. 
The study from evolution process shows how the sensor 
arrangement of retina in human vision has differentiated 
from other species and is formed into a specific combina-
tion of sub-arrangements from hexagonal to elliptical ones. 
There are three major key differences between our visual 
cell arrangement and current camera sensors which are: the 
sub-arrangements, the pixel form and the pixel density.

Despite the advances in sensor technology we face limita-
tions in their further development; i.e. to make the cam-
eras close to the visual system. This is due to the optical 
diffraction limit which prevents us to increase the sensor 
resolution, and rigidity of hardware implementation which 
prevent us to change the image sensor after manufacturing. 
In the thesis the possibilities to overcome such limitations 
are investigated where the intention is to find a closer sen-
sory solution to the visual system in comparison to the 
current ones.

Breaking the diffraction barrier and solving the rigidity 
problem are simultaneously achieved by introducing and es-
timating virtual subpixels. A statistical framework consisting 
of local learning model and Bayesian inference for predicting 
the incident photons captured on each such a subpixel is 
used to resample the captured image by any current cam-
era sensor. By investigating the virtual variation of pixel size 
and fill factor the validity of the proposed idea is proven by 
which the results show significant changes of dynamic range 
and tonal levels in relation to the variation. As an example, 
for both monochrome and color images the results show 
that by virtual increase of fill factor to 100%, the dynamic 
range of the images are widened and the tonal levels are 
enriched significantly over 256 levels for each channel.

The results of virtual variation of the fill factor and pixel 
size indicates that it is feasible to change the rigidity of the 
image sensor using the software-based method. Inspired by 
the mosaic in the fovea, the center of human retina, the 
hexagonal sub-arrangement and pixel form are proposed to 
generate images based on the estimated virtual subpixels. 
Compared to the original square images, not only the dy-
namic range and tonal levels are improved, but also the hex-
agonal images are superior in detection of edges, i.e. more 
edge points on the contour of the objects are detected in 
hexagonal images.

The evaluation of different sub-arrangements or pixel forms 
of the image sensor is a challenging task and should be di-
rected to a more specific task. Since the curvature contours 
contain most of the information related to object percep-
tion and human vision is highly evolved to detect curva-

ture object, the task is focused to investigate the impact 
of the curviness on the different pixel forms and sub-ar-
rangements, by comparing two categories of images; having 
curved versus linear edges of the objects in a pair of images 
which have exact similar contents but different contours. 
The detectability of each of the different sensor structures 
for curviness is estimated and the results show that the 
image on hexagonal grid with hexagonal pixel form is the 
best image type for distinguishing the curvature contours 
in the images.

According to the pattern of pixels tiling, there are two types 
of pixel sub-arrangements, i.e. periodic (e.g. square or hexag-
onal), and aperiodic (e.g. Penrose). Each type of sub-arrange-
ments is investigated where the pixel forms and density are 
variable. By having at least two generated images of one 
configuration (i.e. specific sub-arrangement, pixel form and 
density), the result of histogram of gradient orientation of 
the certain sensor arrangement shows a stable and specific 
distribution which we called it the ANgular CHaracteristic 
of a sensOR structure (ANCHOR). Each ANCHOR has a 
robust pattern which is changed by the change of the sen-
sor sub-arrangement. This makes it feasible to plan a sensor 
sub-arrangement in the relation to a specific application and 
its requirements, and more alike the biological vision senso-
ry. To generate such a flexible sensor, a general framework 
is proposed for virtual deforming the sensor with a certain 
configuration of the sensor sub-arrangement, pixel form 
and pixel density.

Assessing the quality difference between the images gen-
erated by different sensor configuration or addressing 
from on configuration to another one generally needs the 
conversion of one to another. To overcome this problem, a 
common space is proposed by implementing a continuous 
extension of square or hexagonal images based on the or-
bit function, for quality evaluating the images with different 
arrangements and addressing from one type of image to an-
other one. The evaluation results show that the creation of 
such space is feasible which facilitates a usage friendly tool 
to address an arrangement and assess the changes between 
different spatial arrangements, for example, it shows richer 
intensity variation, nonlinear behavior, and larger dynamic 
range in the hexagonal images compared to the rectangular 
images.
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