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Abstract—To develop a three-dimensional (3D) imaging SAR
algorithm, a theoretical expression for Fourier transform of
data cube is required. In this paper, we introduce a function
representing the Fourier transform of 3D SAR data cube. The
function is derived using the method of stationary phase and
similar to the one used for two-dimensional (2-D) data matrix.
For verification and evaluation, a 3D range migration algorithm
using this function for bulk compression is examined. The
simulation results based on the parameters of an experimental
THz indoor SAR testbed show that the algorithm can well focus
the 3D image and, hence, verify the derived function. The image
quality assessments such as spatial resolutions and peak sidelobe
ratio (PSLR) are used to further evaluate the function and the
algorithm. The measured results are compare with the ones
provided by a backprojection algorithm.

Index Terms—Resolution, SAR, 3D, indoor, THz, UWB.

I. INTRODUCTION

SAR is a radar technique synthesizing large aperture based
on the movement of the radar platform. The synthesized aper-
ture is usually much larger than the physical radar aperture.
This radar technique has been used for a wide range of
applications such as change detection, ground moving target
indication (GMTI), traffic monitoring and so forth. These
applications are mainly outdoor applications and based on two-
dimensional (2D) SAR imaging. One of the important factors
in SAR system design is spatial resolution. The desired reso-
lution will decide which frequency range or center frequency
and bandwidth that a SAR system should operate. The airborne
systems such as CARABAS operating in the frequency range
20−90 MHz (VHF band) can provide the spatial resolution in
the order of m [1]. The spaceborne systems such as TerraSAR-
X/TanDEM-X operating at the center frequency 9.65 GHz with
the bandwidth 300 MHz (X band) can provide the spatial
resolution in the order of cm [2],[3].

For the applications that require spatial resolution in the
order of mm, the terahertz (THz) region seems to be a
promising spectrum in this regards. Although the spectrum is
known from many decades [4] for various applications such
as astronomy [5], the major challenge in the wide-adoption
of this spectrum in the past are the high-complexity and cost
of the devices. In addition, the spectrum suffers from high
atmospheric absorption [6] that limits the propagation range.
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Hence, the spectrum is suitable for short range applications
and currently being investigated in many applications such as
defense [7], automobile [8], non-destructive testing [9], space-
debris observation [10] and road mapping [11]. Therefore,
THz SAR can be suitable for short range applications that
require high resolution in the order of mm. Short radar range
leads to the possibility that a THz SAR system can form an
aperture plane with elevation passes and this facilitates three-
dimensional (3D) SAR imaging. It is worth to highlight that
forming an aperture plane with elevation passes for 3D SAR
imaging is a difficult task for airborne and spaceborne systems.
With 3D SAR imaging, the short range applications such as
sub-mm localization can provide the exact position of object
of interest in space that is unfeasible with 2D SAR imaging.

To form 3D images from SAR data cube measured by a
SAR system, 3D image formation algorithms are necessary.
Theoretically, 3D SAR algorithms can be developed from
the available 2D algorithms. For the time-domain algorithms,
such as the backprojection algorithm [12], the modifications
from 2D to 3D are simple. The first modification comes
from the fact that we need an image space instead of a
traditional image plane to be defined where the radar signal is
projected and superposed. The second one is that the basis for
backprojection will be changed from the circle of a sphere to
the surface of the sphere. From a mathematical point of view,
the backprojection integral is modified from a single integral
to a double integral. For frequency-domain algorithms, the
modifications require more efforts, but the key modification
is to replace 2D Fourier transform by 3D Fourier transform.
This is because of that Fourier transform is always utilized
in frequency-domain algorithms. Regardless of the limits of
the frequency-domain algorithms in e.g. signal bandwidth,
pulse repetition frequency (PRF), integration time and so forth,
the frequency-domain algorithms, such as Range Doppler and
Chirp Scaling, are always a good choice for SAR image
formation, due to its benefit of processing time. A function
representing 3D Fourier transform of representing of 3D SAR
data cube will be the base for frequency-domain algorithm
development and is therefore desired.

The aim of this study is to derive a function representing
3D Fourier transform of representing of 3D SAR data cube.
The derivation is based on the method of stationary phase.
For verifying and evaluating the derived function, we use
this function for bulk compression in a 3D Range Migration
algorithm. This can also be seen as an application of the
function. The verification and evaluation are based on the
3D image quality assessments such as spatial resolutions and



This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAES.2021.3134724, IEEE
Transactions on Aerospace and Electronic Systems

2

Fig. 1. SAR geometry and 3D SAR image space.

peak sidelobe. The measured values are compared with the
theoretical values.

The rest of this paper is organized as follows: the function
representing 3D Fourier transform of representing of 3D SAR
data cube is proposed in Section II. The verification and
evaluation of the proposed function are presented in Section
III. Because the function is verified and evaluated by a 3D
Range Migration algorithm, the details of the algorithm, such
as processing scheme and 3D interpolation, are also provided
in this section. Section IV presents some conclusions.

II. 3D FOURIER TRANSFORM OF DATA CUBE

We consider here a common SAR geometry that is sketched
in the upper part of Fig. 1. The radar aperture, a combination
of a set of linear apertures, is arranged in a plane, i.e.,
Synthetic Planar Aperture Radar (SPAR). There are M linear
apertures (y− direction) and each linear aperture has N
aperture positions (x−direction). The total number of aperture
positions is therefore M×N . The aperture step in both x− and
y− directions are set in the principle that the pulse repetition
frequency (PRF) must not be less than two times the maximum
Doppler frequency.

The SAR scene is simulated by a point-like scatterer placed
symmetrically in front of the aperture plane. The reflection
from the scatterer s (t, τ) will be recorded at each aperture
position and can be expressed by

s (tx, ty, τ) = (1)

exp

{
− j4πνcr (tx, ty)

c
+ jπκ

(
τ − 2r (tx, ty)

c

)2
}

where tx, ty are the slow time concerning the platform
movement in x− and y− directions, respectively, τ is the

fast time associated with the radar signal propagation, c is
the speed of propagation, νc is the radar center frequency and
κ is the chirp rate. The envelops are ignored in (2). The time-
dependent range r (t) is calculated for each aperture position
by

r (tx, ty) =

√
(δxtx)

2 + (δyty)
2 + z2t (2)

where δxtx and δyty give the platform coordinates (x, y). In
(2), the coordinates of the scatterer is (0, 0, zt) due to the
initial assumption of symmetry. If the data recorded at each
aperture position is stored in a 3D cube, the dimensions of the
data cube will be M × N × K , where K is the number of
range samples.

The 3D Fourier transform of data cube is the three Fourier
transform along τ−, tx− and ty− axes. Because the Fourier
transform along the fast time axis τ of (2) using the method
of stationary phase is independent of tx and ty, it will be
identical to the 2D case [13], i.e.,

S̃ (tx, ty, ν) = exp

{
− j4π (νc + ν) r (tx, ty)

c
− jπν2

κ

}
(3)

The Fourier transform of (3) along tx− axis is defined by

Ŝ (fx, ty, ν) =

∫
S̃ (tx, ty, ν) exp

{
− j2πfxtx

}
dtx (4)

According to the method of stationary phase, the stationary
point t∗x is retrieved from equation φ

′
x (t

∗
x) = 0, where

φx (tx) = − j4π (νc + ν) r (tx, ty)

c
− jπν2

κ
− j2πfxtx (5)

The equation φ
′
x (t

∗
x) = 0 is shown to be

2 (νc + ν)

c
v2xt

∗
x√

(δxt∗x)
2
+ (δyty)

2
+ z2t

+ fx = 0 (6)

or

t∗x = −
fxc

√(
(δyty)

2
+ z2t

)

2v2x

√√√√(νc + ν)
2 −

(
fxc

2δx

)2
(7)

Armed with the stationary point, the Fourier transform (4) is
calculated by Ŝ (fx, ty, ν) = exp {φx (t

∗
x)}, i.e.,

Ŝ (fx, ty, ν) =

exp

{
− j4π (νc + ν) r (t∗x, ty)

c
− jπν2

κ
− j2πfxt

∗
x

}
(8)

or

Ŝ (fx, ty, ν) = exp

{
− jπν2

κ
(9)

−
j4π
√
(δyty)

2
+ z2t

c

√√√√(νc + ν)
2 −

(
fxc

2δx

)2}

In the same manner, the integral defining the Fourier trans-
forms of (10) along ty axis is expressed by

S (fx, fy, ν) =

∫
Ŝ (fx, ty, ν) exp

{
− j2πfyty

}
dty (10)
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where the phase of the integral is

φy (ty) = −
j4π
√
(δyty)

2 + z2t

c

√√√√(νc + ν)
2 −

(
fxc

2δx

)2

− jπν2

κ
− j2πfyty (11)

To calculate the integral (10) using the method of stationary
phase, the first derivative of the phase (11) with respect to ty
is required and it is given by

2

c

√√√√(νc + ν)
2 −

(
fxc

2δx

)2
v2yty√

(δyty)
2 + z2t

+ fy = 0 (12)

We solve the equation φ
′ (
t∗y
)
= 0 to retrieve the stationary

point

t∗y = − fyczt

2v2y

√√√√(νc + ν)2 −
(
fxc

2δx

)2

−
(
fyc

2δy

)2
(13)

The Fourier transform (10) is obtained by S (fx, fy, ντ ) =
exp

{
φ
(
t∗y
)}

, i.e.,

S (fx, fy, ντ ) = exp

{
− jπν2

κ
− j2πfyt

∗
y

−
j4π
√(

δyt∗y
)2

+ z2t

c

√√√√(νc + ν)
2 −

(
fxc

2δx

)2}
(14)

or

S (fx, fy, ντ ) = exp

{
− jπν2

κ

− j4πzt
c

√√√√(νc + ν)
2 −

(
fxc

2δx

)2

−
(
fyc

2δy

)2}
(15)

We can see that the different between the mathematical rep-
resentations of 2D Fourier transform of the data matrix and
3D Fourier transform of the data cube is the last term inside
the squared root term in (15). It relates to the extra dimension
given by the data cube in comparison to the data matrix.

III. VERIFICATION

To verify the function representing the 3D Fourier transform
of data cube given by (15), we use this function for processing
data cube in a 3D range migration algorithm for SAR image
formation. First, we simulate a THz indoor SAR system and
a SAR scene with a several point-like scatterers. Then, we
form a 3D SAR image from the simulated data cube using the
3D range migration algorithm. Finally, we examine the SAR
image of the scatterers. If the scatterers are focused in the
SAR image, located at the correct positions, and the measured
values of the quality assessments are close to the theoretical
values, the function (15) is said to be verified. Fig. 2 presents
the proposed processing scheme for the algorithm where the

Fig. 2. Processing scheme of 3D range migration algorithm.

reference function will used in the second processing block
(bulk compression).

It is worth mentioning that the 3D range migration proposed
here is different from the one introduced in [14],[15], in which
no reference function is required.

The proposed scheme for 3D range migration algorithm
is the same as a processing scheme for 2D range migration
algorithm [16]. The differences come the 3D input and the 3D
output leading to the modifications of the reference function,
that is the subject for verification, and the interpolation.

A. 3D interpolation

If we call (ξ, η, ζ) image space surrounding (0, 0, zt) as
illustrated in the lower part of Fig. 1, the wavenumbers k ξ , kη
and kζ are derived by (see Appendix)

kξ =
4πν

c

⎛
⎝ ξ − x√

(ξ − x)2 + (η − y)2 + ζ2

⎞
⎠ (16)

kη =
4πν

c

⎛
⎝ η − y√

(ξ − x)
2
+ (η − y)

2
+ ζ2

⎞
⎠ (17)

kζ =
4πν

c

⎛
⎝ ζ√

(ξ − x)
2
+ (η − y)

2
+ ζ2

⎞
⎠ (18)

The relationship between the radar signal frequency and the
wavenummbers, i.e. the ω − k relationship, is retrieved by
calculating √

k2ξ + k2η + k2ζ =
4πν

c
(19)
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TABLE I
SIMULATION PARAMETERS.

Parameter Value

Frequency span 220GHz−330GHz

Minimum range 2m

Aperture step in x− direction 0.002 m

Aperture step in y− direction 0.002 m

Aperture positions in x− direction 101

Aperture positions in y− direction 101

First aperture coordinates (−0.1,−0.1)

Last aperture coordinates (0.1, 0.1)

Scatterer’s coordinate (−0.02,−0.02, 1.98)

(0.00, 0.00, 2)

(0.02, 0.02, 2.02)

We can rewrite (23) in the traditional form as

ω =
c
2

√
k2ξ + k2η + k2ζ (20)

where ω = 2πν is the angular frequency of the radar signal.
A remark is that the ω − k relationship for 3D interpolation
is also similar to the one for 2D interpolation. The difference
is the middle term inside the squared root of (20) that relates
to the extra dimension.

B. Simulated SAR system and SAR scene

The main parameters for the simulations are summarized in
the upper part of Table I. The frequency span for the simu-
lations 220GHz − 330GHz are chosen by the parameters of
the experimental THz indoor testbed [17] and [18]. With this
frequency span, the fractional bandwidth is B/f c = 0.4 and
larger the limit for ultrawideband (B/fc ≥ 0.25). Therefore,
the simulated system is seen as an ultrawideband system.

The lower parts of Table I provides the supplement pa-
rameters for the simulation. The second part is with the
information on platform coordinates whereas the last part
is with the coordinates of the scatterers in the simulated
SAR scene. The aperture step and the number of aperture
positions in x− direction are selected by Δlx = 2 × 10−3

and M = 101, respectively. The aperture step and the number
of aperture positions in y− direction are simply selected
identically to the ones in x− direction, i.e., Δly = 2 × 10−3

and N = 101. The aperture lengths are therefore 0.2m for both
x− and y− directions. The corresponding integration angles
are 2θmax ≈ 5.72o.

The SAR scene is simulated with three scatterers symmet-
rically placed in front of the aperture plane. The scatterers are
the point-like scatterers placed at three different positions in
space.

C. 3D image formation

The dimensions of simulated SAR data cube are given by
M × N × K = 101 × 101 × 265. The sampling frequency
is selected by νs = 2B = 220GHz, where B is the signal
bandwidth. The data cube in time-domain is transformed to

Fig. 3. Bulk-compressed data cube, i.e., data after the bulk compression step
in Fig. 2.

Fig. 4. Interpolated data cube, i.e., data after the differential compression
step in Fig. 2..

3D frequency-domain by three Fourier transforms along the
time axes tx, ty and τ . The data cube in frequency-domain
fx, fy and ν is then multiplied with the conjugate complex of
the function (15) for bulk compression. In theory, after bulk
compression, the scatterer associated with the range z t, i.e.,
in the middle of the SAR scene, should be focused. However,
the other scatterers beyond this range are still unfocused and
an interpolation is required to focus them. The 3D image
of the bulk-compressed data cube is approximately in the
form of 3D isosceles trapezoid where the parallel sides are
parallel to the x− y plane. Fig. 3 provides given by the slices
S (kx, ky, [kr,min, kr,c, kr,max]), S (0, ky, kr) and S (kx, 0, kr)
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Fig. 5. Slices of 3D SAR image.

where the wavenumbers are defined in the intervals

− π

Δlx
≤ kx ≤ π

Δlx

− π

Δly
≤ ky ≤ π

Δly
4πνmin

c
≤ kr ≤ 4πνmax

c

(21)

The 3D interpolation is based on the ω − k relationship
(20). It is interpreted that the 3D isosceles trapezoid will be
interpolated to a 3D space limited by two concentric spheres
of radii 4πνmin/c and 4πνmax/c, and a cone of slant length
4πνmax/c and apex angle 2θmax, where 2θmax has been
known as the integration angles of the system. We get the
interpolated data in the new wavenumber space (kξ, kη, kζ)
where kζ is defined in the interval

−4πνmax

c
= −2πνs

c
≤ kζ ≤ 2πνs

c
=

4πνmax

c
(22)

A part of the 3D interpolated data cube given by the slices is
shown in Fig. 4. In this plot, we zoom in the positive values
of kζ and plot also the slices S (kξ, kη, [kr,min, kr,c, kr,max]),
S (0, kη, kζ) and S (kξ, 0, kζ) for visually comparing the data
before and after interpolation.

In the last processing step in Fig. 2, we transform the
3D interpolated data cube to the image domain using three
inverse Fourier transforms along the wavenumber axes k ξ , kη
and kζ . We get the 3D SAR image of the simulated scene
� (ξ, η, ζ) after this processing step. The 3D SAR image is
plotted in Fig. 7 considering the slices � (ξ, η, [1.98 0 2.02]),
� (−0.02, η, ζ) and � (ξ,−0.02, ζ). All scatterers are seen
to be well focused and placed at the correct positions and
this verifies the proposed function, i.e., the function (15)
representing the 3D Fourier transform of data cube.

D. Evaluation

To evaluate the accuracy of the function (15), we measure
the resolutions and the peak sidelobes in ξ−, η− and ζ−
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Fig. 6. Cuts of the 3D SAR image.

directions. Then we compare the measured values with the
theoretical values. Due to the lack of the available formulas
for 3D SAR imaging, it is reasonable to compare the measured
values with the values retrieved with the 3D backprojection
algorithm (BP) modified from [12] and consider them as the
theoretical values. For measuring the resolutions and the peak
sidelobes in ξ−, η− and ζ−, we consider the cuts � (ξ, 0, 0),
� (0, η, 0) and � (0, 0, ζ). These cuts are the impulse responses
of the middle scatterer in ξ−, η− and ζ− directions. These
cuts are plotted in Fig. 6. The SAR geometry is symmetrical in
both x− and y− directions, the cuts in ξ and η are therefore
identical. The resolutions are given by the −3dB widths of
the mainlobes. The measured −3dB widths are Δξ = Δη ≈
4.83×10−3m and Δζ ≈ 1.21×10−3m, whereas the resolution
values measured on the cuts and the ones provided by 3D
backprojection algorithm in are Δξ = Δη ≈ 4.82 × 10−3m
and Δζ ≈ 1.21 × 10−3m [19]. These values summarized
in the first two columns of Table II while the third column
provides the relative error given by the differences between the
measurements and estimations. The maximum relative error
are much less 1% that might be caused by upsampling for
plot and, therefore, can be ignored.

The first column of the right part of Table provides the
measured PSLR values. If we assumed that the 3D spectrum of
SAR image is approximated by a rectangular cuboid, the SAR
image of a point-like scatterer will be a 3D sinc function. The
first sidelobe is about 13.3 dB. In practice, the 3D spectrum of
SAR is a space bounded by two concentric spheres and a cone
as mentioned in Section III-C. The sidelobes are not fixed and
depend on SAR geometry. For verification and evaluation, it
is reasonable to compare the measured values with the values
obtained with the backprojection algorithm. As provided in
Table II, the measured values and the ones obtained with the
backprojection algorithm are very similar. The small difference
is negligible.
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TABLE II
MEASUREMENT AND ESTIMATION.

Axis Resolution PSLR

Meas. BP Error Meas. BP Error

×10−3[m] ×10−3[m] [%] [dB] [dB] [dB]

ξ 4.83 4.82 0.2 14.3 14.3 0

η 4.83 4.82 0.2 14.3 14.3 0

ζ 1.21 1.21 0 13.2 13.3 0.1

E. Computational complexity

Generally, frequency-domain algorithms always have ad-
vantage in computational complexity over time-domain algo-
rithms. This statement is also valid for 3D SAR imaging.

For BP, if we assume that N = M = K , then the number of
operations required to form a 3D image will be proportional
to N5, where N 3 is counted for the number of samples of
SAR image and N 2 is counted for the number of apertures.
Comparing to a 2D backprojection algorithm, the processing
time required by a 3D backprojection algorithm increases
about N 2 times.

For the proposed 3D Range Migration algorithm, the num-
ber of operations is counted for

• 3D FFT N3 log2
(
N3
)

• Bulk compression N 3

• Interpolation N 3

• 3D IFFT N 3 log2
(
N3
)

This results in the following number

O = 2N3
[
1 + log2

(
N3
)]

(23)

This number of operations is standard for a 3D Range Mi-
gration algorithm in the simplest case, where the nearest
neighbor is used for the interpolation step. A more complicated
interpolation such as nearest neighbor in combination with
upsampling, linear, quadratic, cubic or sinc, will change the
number of operations counted for the interpolation. Comparing
with a 2D Range Migration algorithm, the processing time
required by a 3D Range Migration algorithm increases only
about 1.5N times.

F. Simulated 3D object and imaging 3D object

For further evaluating the function representing the 3D
Fourier transform of data cube given by (15), we present here
another simulation result with a 3D object. Hence, the SAR
scene is now simulated with a cubic frame and this object is
symmetrically placed in front of the aperture plane. The same
parameters of the SAR system including the frequency range
and the aperture plane are maintained in this simulation.

The 3D SAR image of the object � (ξ, η, ζ) is plotted in
Fig. 7 considering the some slices. The slices � (ξ, η, 2.02)
and � (ξ, η, 1.98) show the top and bottom parts of the cubic
frame, respectively. The squares can be observed in the slices
and these squares are the 2D images of the object. Other
slices � (ξ, η, (2.02, 1.98)) show the body of the cubic frame.
Therefore, we can observe four point-like scatterers from each
slice.

Fig. 7. 3D SAR image of cubic frame.

IV. CONCLUSION

A function representing 3D Fourier transform of the 3D
SAR data cube were proposed in this paper. The function
forms the base to develop the 3D SAR image formation
algorithms such as Range Doppler and Chirp Scaling. The
proposed function has been verified and evaluated through
considering it as a reference function in the 3D Range Migra-
tion algorithm. The measured values including resolutions and
PSLR are similar to the ones obtained with 3D backprojection
algorithm. A simulation with a 3D object, a cubic frame, is
also provided.

APPENDIX - LOCAL FREQUENCY RATIO METHOD

A SAR image can be written in the form of backprojection
by the following intergral

� (ξ, η, ζ) =

∫∫
s

(
(x, y) ,

2ρ

c

)
dxdy (A-1)

where � (ξ, η, ζ) denotes an image pixel in the defined image
space and

ρ =

√
(ξ − x)2 + (η − y)2 + ζ2 (A-2)

In (A-2), it is interpreted that x = δxtx and y = δyty .
On the one hand, we can always write the integrand

s ((x, y) , 2ρ/c) in (A-1) in the form of inverse Fourier trans-
form of S ((x, y) , ν). In this case, (A-1) is given by

� (ξ, η, ζ) =

∫∫ ∫
S ((x, y) , ν) exp

(
i4πνρ

c0

)
dνdxdy

(A-3)
On the other hand, a 3D Fourier transform of � (ξ, η, ζ) results
in the spectrum of the 3D SAR image

I (kξ, kη, kζ) = (A-4)∫∫∫
h (ξ, η, ζ) exp (−ikξξ − ikηη − ikζζ)dξdηdζ
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This transform can be computed quite accurately using the
method of stationary phase. Hence, the phase term in this
function is stationary when

∂

∂ξ

{
4πνρ

c
− kξξ

}
= 0 (A-5)

∂

∂η

{
4πνρ

c
− kηη

}
= 0 (A-6)

∂

∂ζ

{
4πνρ

c
− kηζ

}
= 0 (A-7)

By taking derivative of ρ with respect to ξ, η and ζ and then
substituting to (A-5), (A-6) and (A-7), we get the wavenum-
bers (16), (17) and (18), respectively.
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