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Abstract—This study proposes the inflated modified Ku-
maraswamy (iMK) distribution, a flexible probability model de-
fined on the unit interval [0, 1]. It captures asymmetric behaviors
while accommodating inflation at zero, one, or both boundaries,
as commonly observed in normalized difference vegetation index
(NDVI) data. Based on the iMK distribution, we develop a
new regression model (iMKreg) suitable for double-bounded
responses. From this model, we derive a detection tool for
invasive plant species, particularly applicable to NDVI imagery.
Model performance was evaluated using synthetic NDVI data,
with further assessment of predictive accuracy and detection
efficacy conducted on real-world measured NDVI image. The
application to detecting black-grass (Alopecurus myosuroides) in
wheat crops in southern Sweden shows that the iMKreg model
outperforms both standard Gaussian-based linear regression and
existing inflated Kumaraswamy regression models.

Index Terms—Ground type detection, Inflated modified Ku-
maraswamy distribution, Regression model

I. INTRODUCTION

Normalized difference vegetation index (NDVI) is a useful
tool to monitor vegetation health by measuring the difference
between near-infrared (NIR) and red light reflectance (RED),

normalized by their sum, given by NDVI %.

With values inherently limited to the range of [—1, 1], NDVI
frequently presents a skew toward higher values, indicating
vigorous, healthy, and dense vegetation, which absorbs most
of the red light and reflects a large portion of the NIR light.
In contrast, unhealthy, sparse, and stressed vegetation absorbs
more NIR light and reflects more red light, leading to lower
NDVI values, with a zero value meaning no vegetation [1].
Recent global warming, particularly extreme heat events,
significantly exacerbates the threat of invasive plants in crop
plantations by favoring their spread and competitive advantage
over native crops, while posing new challenges for their
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detection and management. In this context, NDVI images
have become a key component in agricultural applications,
particularly for the early detection and monitoring of invasive
plants [2]. These plants outcompete crops for critical resources
such as light, water, and soil nutrients, and their early detection
protects crop yields, enabling precision herbicide use, which
prevents excessive pollution of soil and water while slowing
the development of chemical resistance in weeds.

From a statistical point of view, NDVI values do not follow
the symmetric bell-shaped curve of a Gaussian distribution,
thereby requiring more flexible distributions to model their
skewness and bounded nature. For asymmetric bounded data
defined on [—1,1], or, without loss of generality, on the
standard unit interval [0, 1], the modified Kumaraswamy (MK)
[3] distribution arises as a suitable and flexible statistical
model. It is a two-parameter probability model, which ac-
commodates density shapes that the classical beta and Ku-
maraswamy distributions cannot capture, such as increas-
ing—decreasing—increasing patterns. However, such a model
does not handle the presence of zeros and/or ones, which
occurs with non-null probability in standardized NDVI data.
By mixing continuous and discrete distributions, it is possible
to accommodate the presence of 0 and 1 in unit-bounded data.
This approach, commonly referred to as inflating the distribu-
tion, allows the model to capture both the continuous behavior
within the open interval and the point-mass probabilities at the
boundaries [4], [5]. Furthermore, image modeling often relies
on the assumption of a constant parameter distribution across
all evaluated pixels [6], [7]. An alternative approach is to adopt
a regression model framework for pixel-by-pixel prediction. In
this context, regression models have been used for vegetation
parameter estimation [8], change detection [9], image filtering
[10], and radar data interpretation [11], [12].

In this letter, our goal is three-fold. First, we propose the
inflated modified Kumaraswamy (iMK) distribution, suitable
for modeling [0, 1), (0, 1], and [0, 1] data. Second, we propose
a regression model for the iMK distribution. For the proposed
model, we introduce parameter estimation, large data record
inference, and goodness-of-fit measures. Third, we propose a
detector based on the asymptotic properties of the estimators,
focusing on detecting invasive plants in NDVI imagery. In
particular, the study targets the identification of black-grass
(Alopecurus myosuroides), a resistant invasive species native to
Eurasia that is currently affecting farmland in southern Sweden
and is known to significantly reduce crop yields, in some cases
by up to half.
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II. THE PROPOSED MODELS

This section introduces the median-based iMK distribution,
and proposes regression models suitable for modeling the
median of MK and iMK distributed data.

A. The iMK Distribution

Based on a mixed continuous—discrete distribution, we
propose the iMK distribution, which combines the unit MK
distribution with a Bernoulli component that assigns proba-
bility mass at zero, one, or both boundaries. The probability
density function (pdf) of a random variable Y, which follows
an iMK distribution is given by:

A(l_p)v if y:O,
fy;9,0) = (1= N f(y;p,a), if 0<y<1, (1)
AP, if y=1,

being 0 < y < 1 the observed signal value, ¥ = (u,)\,p)T,
0 < p < 1 the median parameter of the MK distribution, 0 <
A < 1 is the mixture parameter, representing the probability
that Y is inflated, 0 < p < 1 is the probability that a Bernoulli-
distributed random variable equals one, and f(y; u, «) is the
median-based MK pdf given by:
log(0.5)
alog(0.5)e™ ™ v (1 - e‘“%) "

fysp,a) = ;
( 1% ) ‘u*yQ

where p* = log (1 — ea_%) and o > 0 is a shape parameter.
The iMK cumulative distribution function (cdf) is given by:

F(y; 9, a) =A(1=p)+(Ap) Ly (y) + (L= A F(y; 1, @),

log(0.5)
1—e* % ’
based MK cdf and I 1} (y) 1s an indicator function that equals
one if y = 1, and zero otherwise. The inverse of F'(y; 9, a)
is the quantile function used to generate random observations
of the iMK distribution, and is given by:

where F(y;p,a) = 1 — ( is the median-

0, if u<A(1-0p),
F i) =4 F? (%) L if A(1—p)<u<(1—Ap),
1, if u>(1-Ap).

Notice that, when p = 0, we obtain the iMK distribution
inflated at zero, and when p = 1, we obtain the iMK
distribution inflated at one, as particular cases. Additionally,
when p = A =0, Y follows the MK law [3].

B. Regression Models

Consider a set of N independent random samples, denoted
as Y[1],...,Y[N], where each Y[n], 1 < n < N, assumes
values y[n] and follows the iMK distribution with pdf in (1).
The proposed iMK regression (iMKreg) model is established
by incorporating three regression structures for the mixture
parameters and the median of Y'[n]. The formulation is as
follows:

k c
a(pln)) =3 20l (Al = zilnlvi,
j=1

i=1

m

n]) =Y as[nlps,

where g1 (), g2(+), and g3(+) are strictly monotone and twice
differentiable link functions, such that g4 : (0,1) — R for
d = 1,2,3. For example, g1, g2, and g3 may be chosen
as logit or probit link functions. Additionally, X, Z, and A
are the (N x k), (N x ¢), and (N x m) dimensional full
column rank matrices where x;[n] denotes the (7, j)th element
of X, z;[n] denotes the (n,i)th element of Z, and ap[n]
denotes the (n,b)th element of A; B = (B1,B2,...,58) ",
v=(vi,va,...,v.) ,and p = (p1,p2,...,pm) arethek, c,
and m dimensional vectors of unknown parameters associated
to X, Z, and A, respectively. Usually, z1[n] = z1[n] =
ai[n] = 1 V n, so that 81, v1, and p; are the intercept
parameters for the iMK regression. When the response only
takes values in the open interval (0,1), the MK regression
model arises given by just the p[n] submodel.

The maximum likelihood estimators (MLEs) of the iMK
regression model parameters, & = (B",v7,p",a)", can
be obtained by maximizing the logarithm of the likelihood
function, i.e., where the score function is equal to zero. The
score vector for 6, U(0), is presented in the Appendix A.
The MLEs of 6, 6 = (BT, 07,p",a)T is given by solving
U(#) = 0, where 0 is the (k + ¢ + m + 1)-dimensional
vector or zeros. As the solution has no closed-form, the quasi-
Newton Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
with analytic first derivatives was adopted. Computational
implementations of iMKreg model are available [13].

C. Large Data Record Inference

Under mild regularity conditions, the MLEs are consistent
and asymptotically normal as N — oo. Hence, for large
samples,

6~N(6,K©6)1), )

approximately, where K(8) is the observed information ma-
trix and ' denotes the multivariate normal distribution. The
observed information matrix is presented in the Appendix B.
This asymptotic result is the basis for constructing confidence
intervals and performing hypothesis tests (detection) [14], [15].

The (1 — k)100% confidence interval (CI) for the i-th
parameter 6; is given by:

|:0 — 21— 5/2“ 9 + 21— R/QH :|

where 0; is the i-th component of 6, [ 1(0)} is the i-th

diagonal element of the inverse of K evaluated at 5, and 2()

denotes the quantile of the standard normal distribution.

The Wald test is a common tool for making inferences
about regression parameters. Let the parameter vector 6 be
partitioned into: (i) a vector of parameters of interest 8; of
dimension w, and (ii) a vector of nuisance parameters 0,
of dimension k + ¢ + m + 1 — w. The null and alternative

hypotheses are:
Ho : 01 = 010,
Hi: 01 # 610,
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where 6 is a fixed column vector of length w. The Wald
statistic is given by [14]:

Tw = (611 — 010) " ({K—1(§1)]9101>_1 (611 — 610),

(0],,01,,)7 are the unrestricted MLEs,
denotes the block of the inverse information

where 51 =
x@),,
matrix correls;;onding to 8. From the consistency of the MLEs
and from Equation (2), Tyy is asymptotically distributed as x2.

Hypothesis tests can be applied for ground-type detection, as
discussed in [16]. In this study, we assume that the parameter
wu[n] of an iMK-distributed signal varies according to the
ground type. Under this assumption, the Wald test can be
used for ground-type classification by comparing the computed
Tw statistic with a threshold value v, determined from the
X2 distribution and a predefined probability of false alarm.
This approach adapts the methodology previously proposed for
Rayleigh-based regression models [11] to the iMK regression
framework, leveraging the median u[n| as a robust central
measure for double-bounded NDVI data.

D. Diagnostic Analysis and Model Selection

Randomized quantile residuals [17] of the fitted model are
calculated for diagnostic checks and goodness-of-fit tests. The
residuals are given by:

FJG(lo,l)(uO[n])v if y[n] =0,

[n] = { Fy o) (F(ylnl; Aln], ln], filn], @)), if 0 < y[n] < 1,
by (u'[n), if yln] = 1,

where F1;(10,1) is the standard normal quantile function and

u°[n] and u![n] are uniform random variables in the intervals

(0, A[n)(1 — pln])) and (1 — A[n]pln], 1), respectively. Addi-
tionally, A[n],pin], fi[n], @ are the MLEs of A[n|, p[n], u[n],
and «, respectively.

To check the assumptions of non-autocorrelated and Gaus-
sian distributed residuals, the Durbin-Watson test and the
Shapiro-Wilk test, respectively, are suggested. Those assump-
tions lead to reliable statistical inferences.

For model selection purposes, a set of candidate models
with different covariates can be fitted. Among those that pass
the diagnostic analysis, the Akaike information criterion (AIC)
or the Bayesian information criterion (BIC) can be used for
comparison. The selected model is the one that minimizes the
AIC or BIC. The Vuong test [18] is also suggested for model
selection. AIC and BIC estimate the relative information loss
when approximating the true model from a candidate set, while
the Vuong test statistically compares competing models based
on their relative closeness to the truth.

III. NUMERICAL EXPERIMENTS

In this section, we evaluate the MLEs of the iMK re-
gression model parameters and the performance of the pro-
posed ground-type detector. Two numerical experiments are
conducted: (i) a simulation study to assess the finite sample
properties of the estimators and (ii) an application to real
NDVI data. Without loss of generality, we adopt a linear
transformation of NDVI values from the [—1,1] range to the
unit interval [0, 1] in our analysis.

TABLE I
SIMULATION RESULTS ON POINT AND INTERVAL ESTIMATION OF THE
IMKREG PARAMETER ESTIMATORS FOR A UNIT VARIABLE IN THE
INTERVAL [0, 1), CONSIDERING A SIGNIFICANCE LEVEL OF 0.05.
PARAMETER VALUES ARE PRESENTED INSIDE THE PARENTHESES

B1 2 3 a %1

Measures  6319) (0.?722) (70?7170) (11.3206) (—2.6390)
N =50

RB 0.0053 0.5985  0.0391 _ 5.8021  4.0383

MSE 0.0025 0.0049  0.0029  2.6060  0.3442

CR 0.9350 0.9332  0.9356  0.9402  0.9576
N =100

RB 0.0064 0.4648  0.0207 _ 2.8181  3.5039

MSE 0.0012  0.0024  0.0013  1.0800  0.2162

CR 0.9378  0.9420  0.9382  0.9440  0.9688
N =300

RB 0.0201 0.0208  0.0391 _ 0.8485  0.8290

MSE 0.0004 0.0008  0.0004  0.3089  0.0572

CR 0.9492 0.9512  0.9498  0.9482  0.9538

A. Synthetic Data Modeling

Monte Carlo simulations were performed to evaluate the
finite sample performance of the MLEs on a synthetic unit
variable in the interval [0,1). Synthetic NDVI data were
generated under the scenario 57 = 0.6812, 8y = 0.1722,
Bs = —0.7170, « = 11.3206, and v; = —2.6390. The
scenario and parameter values are based on the model fitted in
the empirical application presented in Section III-B. For this

purpose, two dummy covariates were considered to distinguish
2N

different ground-type, o = 1 for 5 +1 < n < N and
zero otherwise, and x3 = 1 for 1 < n < N — % and zero

otherwise. The logit link function was employed for the p[n]
and A[n] submodels. We ran 5000 replications of unit variables
generated via the inversion method for three different sample
sizes: N € {50,100,300}. In order to numerically evaluate
the point estimators, we computed the percentage relative bias
(RB), and the mean square error (MSE). To evaluate the
interval estimators, we computed the coverage rate (CR) of
the CI with a significance level of 5%.

Table I presents the simulation results. In general, the
MLEs presented small values of RB and MSE. As expected,
increasing the signal length (IV), the RB and the MSE present
lower values, which match the consistency of the MLEs. The
CR is close to the nominal level of 95% for all evaluated
signal lengths. It is noted that @ and v exhibit a higher RB
and MSE than the others, while 5, presents the lowest RB.

B. Analysis with Measured NDVI Data

Table II summarizes the measured NDVI dataset (acqui-
sition and preprocessing). The acquisition objective was to
support detection of black-grass (Alopecurus myosuroides)
in agricultural fields. Black-grass and wheat are mor-
phologically similar, which complicates visual identifica-
tion in RGB imagery. NDVI was computed as NDVI =
(NIR — RED)/(NIR + RED) after multispectral band co-
registration [19].

The employed image is displayed in Fig. 1. In this image,
pixels with zero values are due to image framing issues on
the right and bottom edges and correspond to 0.0330% of
the image pixels. The sampled NDVI values show medians
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TABLE II
NDVI DATA ACQUISITION AND PREPROCESSING SUMMARY.

Item Value

Platform / sensor
Date / coordinates
Altitude / view

DJI Phantom 4 Multispectral (FC6360)
2023-03-27; 56.09811°N, 12.96359°E
~1m AGL; near-nadir

Bands (nm) 450+16 / 56016 / 650+16 / 73016 /
840+26

Image / sampling 16-bit TIFF, 1600x1300; ~0.52 mm/pixel
(center)

Radiometric / atmospheric None (no reflectance calibration; no atmo-
spheric correction)

NDVI scaling Linear transform from [-1,1] to [0,1]

Fig. 1. NDVI image with selected areas, where A is the plant, B is the pest,
and C is the bare soil.

of 0.7196 for plants, 0.6373 for invasive plants, and 0.4941
for bare soil. The close proximity between the plant and
invasive plant medians compared to the bare soil highlights
the challenge in distinguishing these classes.

To evaluate the proposed ground-type detection tool, ten
NDVI pixels were sampled from each of the selected (26 % 26)-
pixel regions representing plant (A), invasive plant (B), and
bare soil (C), using a fixed random seed of 3821. The bare soil
sample contained two zero-valued pixels. In this formulation,
the vectorized NDVI pixel values of the three sampled regions
constitute the response variable y[n], while z3[n] = 1 and
x3[n] = 1 indicate plant and bare soil pixels, respectively, and
are set to zero otherwise. Given that the presence of zero-
valued pixels is independent of the ground type, the inflation
parameter A was estimated considering only the intercept. The
model section follows the methodology suggested in Section
II-D. The estimated parameters of the fitted iMKreg model and
the results of the diagnostic tests are presented in Table III.
None of the residual-based tests reject the null hypothesis,
indicating that the iMKreg model provides an adequate fit for
the NDVI image pixels.

The ground-type discrimination is carried out by testing the
null hypothesis Hg : 3; = 0, for j = 2,3. A ground type is
considered distinct when the null hypothesis is rejected. In this
context, 3; # 0 indicates that the median pixel values of the
evaluated regions exhibit significantly different behavior. For
comparative purposes, a Gaussian-based regression model, as
in [20] for NDVI modeling, and an inflated Kumaraswamy
regression (iKreg) model were also fitted, and the same

TABLE III
FITTED IMKREG FOR THE NDVI IMAGE PIXELS. MLE COEFFICIENTS,
CONFIDENCE INTERVALS, STATISTICS, AND P-VALUE OF THE WALD TEST,
AND THE STATISTICS AND P-VALUES OF DURBIN-WATSON AND
SHAPIRO-WILK TESTS

Parameter MLE Lower bound Upper bound Wald’s Statistic p-value
B1 0.6812 0.5553 0.8071 112.4434 < 0.0001
B2 0.1722 0.0018 0.3426 3.9240 0.0476
B3 —0.7170 —0.8509 -0.5832 110.2145 < 0.0001
« 11.3206 7.8642 14.7770 41.2091 < 0.0001
V1 —2.6390 —4.0735 —1.2045 13.0007 0.0003

Durbin-Watson test statistic = 2.5748 (p-value = 0.1479);
Shapiro-Wilk test statistic = 0.9730 (p-value = 0.6235).

TABLE IV
A SIGNIFICANT TEST, AIC, BIC, AND MDRAE MEASURE FOR IMKREG
MODEL AND COMPETITORS IKREG AND GAUSSIAN-BASED REGRESSION
MODELS FIT OF THE NDVI IMAGE PIXELS DATA. P-VALUES IN BOLD
INDICATE THAT THE NULL HYPOTHESIS IS REJECTED

Model Parameter =~ MLE p-value AIC BIC MdRAE
B1 0.6812 < 0.0001

iMKreg B2 0.1722  0.0476 -76.6715 -69.6656 0.5481
B3 —0.7170 < 0.0001
B1 0.6978 < 0.0001

iKreg B2 0.1664 0.0515  -69.4742 -59.6658 0.5693
53 —0.7454 < 0.0001

Gaussian- 51 0.6349 < 0.0001

based B2 0.0737 0.2135  -32.7197 -27.1149 0.6682

regression 53 —0.2372 0.0003

detection procedure was applied.

The p-values of the Wald test for the 52 and O3 parameters,
shown in Table III, indicate that the iMKreg model success-
fully distinguishes plant and bare soil type areas from pest-
affected areas at the 5% significance level; the plant area has
a larger median NDVT pixel value than the pest area; and bare
soil area has a smaller median NDVI pixel value than the
pest area. The plant, pest, and bare soil detection results of
the competing regression models are presented in Table IV. It
can be seen that iKreg and Gaussian-based regression models
fail to detect the plant type area change from the pest type
area at the 5% significance level. Additionally, the iMKreg
model presents a lower AIC, BIC, and median relative absolute
error (MdRAE) than the competitor models. The Vuong test
also evidences the superiority of iMKreg over the Gaussian-
based regression (statistic = 4.3679, p-value < 0.0001) and
the iKreg (statistic = 2.1645, p-value = 0.0152) models.

IV. CONCLUSION

We introduced the inflated modified Kumaraswamy (iMK)
distribution, which accommodates asymmetry and has double-
bounded support, and proposed an iMK-based regression
model. In summary, the iMKreg model proved effective in
analyzing double-bounded data with inflation, showing reli-
able estimation and superior performance in detecting veg-
etation—pest transitions in NDVI images when compared to
benchmark models.

APPENDIX A
SCORE VECTOR

In matrix form, the score vector for 19 can be written as
U(dq) = R} -T;-vg, where Ry are the X, Z, and A matrices
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for d = 1,2,3, respectively. The diagonal matrices are
T, = diag q&("sld[l])’...’gé(ﬁi[]v] } The working Vectois
are vi = (cu[1] L0, (y [] cu[N]T¢(0,1)} (y[N]))
with  ¢,[n] = o H+y n]) . Y] =
u2[n) [euw —en | (el
log(0.5)y"[n], and y[] = log(1-e i),
v ((1 Aoy (W) = AL 0,1y} (y[1])
2= A[L](1=A[1]) T""’
(A=ANDIgo)13 (YN = AN 0,1)3 (¥[N]) _
= ,}\[N](LA[N]) He ) > and vy o
((1*p[1])11{1}(y[l])*P[l]]Iw}(y[ll)
p[1](1—p[1]) v _l_’
(1_p[N])H{;}[E\Z;}[g]_);&g]H{O}(y[N])) The score component
for a is U(a) = Zg 1 Caln ]]I{(O 13 (y[n]), where
(y[n]—1)[1°g£° 5) 1]5’%[1
_ 1 1% [n] y*[n] _ 1
Colnl =175 yrl—ylnle” 91 EEoREdOL
and ¢ = —Le i
uln] [l e | )
APPENDIX B
OBSERVED INFORMATION MATRIX
The observed information matrix K is expressed as:
KppEpa 0 0
K(0) — Kop K 00
ww) O
0 0 0 Kpp
where K(ﬂd’ﬁd) = R;r -V;l . (Td)2 -Ry +R;— SV gE -Ry,

(D g0,y W) -+ V] Ly 0,0 WIND)
20%2%y ¥ [n] i

Cunl7] N Wl (A )2 ()
oze“{ [2u[n]ea+(a—2u[n])em]yﬁ[n]—&-ae }

]t (w2 [n)? (u* [n])?

ae” {Q,u[n]ea+(a—2/t[n])e uln]

ARG ]
e et v (Al

vl
with

+

. p2[n] = e — e and y»[n]
;o )2 Ioj13 WD+ I 0,003 (WI1])
2= MNP D)2
 (AINI=1)2Igoj1y (WINDHAIN]® T 0,1y (wIND) T v

MNZ(A\[N]=1)2 ’ 3
(_@[11—1)211{1}@[1]) +p[1]% Loy (y[1)

PP (p(T-1)2 A
C GIN=D? I, WIND 4pINP Lo IND | O

PINERINT-1)? ) » 9d -
K(s,q) K. -XTZ(vq)T1, ng(
(Ca#[l]ﬂ{(o,l)}(y[l])w'~vCaM[N]][I{(O,1)}(y[N])) A |
. ¢ log(0.5)[u[n] (—e*)ax(y[n] —1)u* [n]
with cau[n] APy )7y 2 TGt [n])?
oz)em

_ gi(Pa)
[CACHEM

Vl) =

fe

e [ulnle” ~(ulmo+ur]—

(1] = 1)e2
F AR ] T 3

u[n]3 (ua [n])2 (p*[n])?
ey [n] | ulnle® —(u[n]a+pu[n] N 20e2% (un]—1)y¢ [n]
~ u[n]3(pAn])? (pr[n))? plnl? ()2 (u*n])®
1 is the N x 1 vector of ones, Kiqa)y = —U'(a) =
2(u[n]—1)e** (y[n]—1) log(0.5) 2(p[n]—=1)%e**y*[n] +
pn]y[n]p? [n) (eﬁfea>(y*[n])2 w3[n ](NA[R]) (w*[n])3

e 2
7a)e/l[”]

5
e(pln]-1)y*[n] (p[n]=1)e**y*[n] (pln]—1)%e** +
p[n]p=In] p2[n] (A [n])? (u* [n])? 7 p2[n](p [n])? (u*[n])?
(u[n]—1)%e2® _ (y[n]—1)%e" vinl (%71
12 ] (2 ) ] yz[nl(l,ewﬁ)
24 2a—=2_1r (log(0.5)
(vln) 1% (5GP 1) _ 1 eluln)=1)
e 2 a? uln]
2l (79 1)
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