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Classification of saturated Fell bundles:
the discrete case and beyond

Nata Machado and Stefan Wagner

Abstract. We present a classification framework for saturated Fell bundles over groups, utilizing
data associated with their base group and unit fiber. This framework provides a unified perspective
on the structure and properties of such bundles and yields key insights into their classification. In the
case of discrete groups, we obtain a complete and transparent classification in terms of generalized
factor systems, leading to a cohomological description of equivalence classes. For general locally
compact groups, the situation is more delicate: while our construction extends to this setting, the
classification depends on choices of topology on the underlying Banach bundle.

1. Introduction

Fell bundles. A common way to unravel the structure of an algebra is to equip it with a
grading. This yields a decomposition into homogeneous components, which, while sub-
spaces of the algebra, can also be studied as entities in their own right. Viewed in this way,
a grading disassembles the algebra into simpler pieces, whose individual analysis often
reveals structural features that would otherwise remain hidden.

In this paper, we explore the concept of Fell bundles, introduced by Fell in his founda-
tional works [19,20] under the name of C*-algebraic bundles to deal with disassembled
C*-algebras. Roughly speaking, a Fell bundle 8 over a locally compact group G is a bundle
over G such that the fiber B, over the identity element e of G is a C*-algebra, known as
the unit fiber, and such that the fiber B, over an element g € G is a Hilbert B.-bimodule.
Additionally, 8 is equipped with continuous maps, a multiplication and an involution, that
reflect the group operations: Bg - Bj, C Bgp, for g, h € G, and By C B,-1, for g € G.

Fell bundles are not merely abstract constructs; via their cross-sectional C*-algebras
they provide a unifying perspective on many central examples of C*-algebras that have been
studied intensively in recent decades. A particularly transparent example is the quantum
2-torus ng, 6 € R, which can be obtained as the cross-sectional C*-algebra of a Fell bundle
over Z? with unit fiber C. Other prominent examples, where the Fell bundle structure is
less immediate, include:
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(1) group C*-algebras,

(2) quantum SU(2),

(3) noncommutative Heisenberg manifolds,
(4) AF-algebras,

(5) Cuntz—Krieger algebras,

(6) graph C*-algebras,

(7) and many others.

In addition to their role in generating examples, Fell bundles have attracted significant
attention in their own right. Their internal structure underpins applications in noncom-
mutative geometry, operator algebras, and mathematical physics, and has made them a
central object of study. For instance, Fell bundles provide a natural setting for investigating
structural properties of the C*-algebras they induce, including amenability, approximation
properties, nuclearity, and, more broadly, permanence phenomena determined by their base
groups and unit fibers (see, e.g., [2,9, 10, 15, 16, 26, 34, 35,42] and references therein).
They also furnish a unified framework for extending and proving imprimitivity theorems
and equivalence results for C*-dynamical systems, especially those involving nonabelian
duality (see, e.g., [1, 12,23-25,36] and references therein), with the overarching goal of
reformulating standard constructions for C*-dynamical systems in terms of Fell bundles.
Finally, Fell bundles often arise from partial actions and coactions, thereby linking their
structure directly to crossed products by partial dynamical systems (see, e.g., [ 18] and ref-
erences therein).

In parallel, the scope of Fell bundles has been extended beyond groups. Beginning with
the seminal work of Kumyjian [27], groupoid Fell bundles have become a powerful tool,
and further generalizations have been developed through quantales, inverse semigroups,
and unital based rings (see, e.g., [5, 17,38,42,43] and references therein).

These developments point to a unifying trend: Fell bundles are best understood not in
isolation, but as part of a broader network of interconnected structures. Against this back-
ground, the present work takes up one of the original goals envisaged by Fell, namely the
systematic classification of (saturated) Fell bundles over groups. Already in [20, Chap. VII,
Def. 4.8 & Rem. 4.9], Fell noted that such a classification should be governed by cocycle
data, thereby anticipating the central role of group cohomology in the theory.

Aim of this paper. In this paper, we focus on the classification of saturated Fell bundles
with unital unit fibers, a subclass distinguished by the rich symmetry of their bimodule
structure (see Definition 2.7). Building on recent advancements, our aim is to develop new
methods and tools for understanding their structure and classification, drawing in part on
the framework introduced in [39]. The restriction to unital unit fibers is natural in this
context, as it guarantees a well-behaved bimodule structure and allows the Picard group
formalism to be applied directly (see Sections 2.2, 2.3, and 4.1). We emphasize that our
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strongest results apply to discrete groups, where the classification is complete, while in the
general locally compact setting additional topological subtleties arise.

Organization of this paper. In Section 2, we set out the necessary definitions, notations,
and results that will be referenced throughout the paper.

In Section 3, we present the first key step in our classification procedure, which unfolds
as follows: Let G be a locally compact group and let B be a unital C*-algebra, and let
¥ : G — Pic(B) be a group homomorphism, which serves as an invariant (see Lemma2.17).
While ¢ does not, in general, distinguish all saturated Fell bundles over G with unit fiber
B, nor does it necessarily correspond to one, refining this invariant leads to our classifying
data, which we refer to as a factor system (see Definition 3.1). As a key result, we establish
that every factor system indeed gives rise to a saturated Fell bundles over G with unit fiber
B and Picard homomorphism ¢ (see Theorem 3.4 and Corollary 3.5). The construction of
this Fell bundle constitutes the main focus of Section 3.

In Section 4, we present the second key step in our classification procedure, detailed
as follows: Once again, let G be a locally compact group, let B be a unital C*-algebra, and
let  : G — Pic(B) be a group homomorphism. Initially, in Section 4.1, we treat G as a
discrete group and classify discrete saturated Fell bundles over G with unit fiber B and
Picard homomorphism . The main result establishes that, if such Fell bundles exist, then
they are parametrized - up to 2-coboundaries - by 2-cocycles on G with values in UZ(B),
the group of unitary elements in the center of B (see Corollary 4.5). We further provide a
group-theoretic criterion for the existence of saturated Fell bundles over G with unit fiber
B and Picard homomorphism ¢ (see Theorem 4.10). Finally, in Section 4.2, we extend our
findings to the topological setting (Corollary 4.18). Our strategy therefore involves fixing
a topology and classifying Fell bundles whose underlying Banach bundle structures are
equivalent with respect to it.

In Section 5, we explore a simple yet interesting class of Fell bundles, which we refer
to as crossed product bundles, characterized by the existence of a unitary element in every
fiber. In particular, we illustrate the construction of some of these Fell bundles using clas-
sical factor systems of groups (Theorem 5.6).

Future directions. We wish to mention that, with further technical refinement, the results
presented here can be generalized to saturated Fell bundles over groupoids. Additionally,
general Fell bundles may be classified using functors similar to those introduced in [31].

Furthermore, we would like to point out that this research forms part of a broader
program aimed at systematically studying geometric aspects of Fell bundles - an area that,
despite the widespread use and versatility of Fell bundles, remains largely unexplored.
Future work will focus on advancing the noncommutative geometry aspects of Fell bundles
through the application of spectral triples, which encode geometric phenomena within an
analytic framework.

Relation to noncommutative principal bundles. Principal bundles play a fundamental
role in geometry and mathematical physics, a fact already emphasized in the classical work
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of Hopf, Stiefel, and Whitney. In the noncommutative setting, free actions of quantum
groups on C*-algebras provide a natural framework for noncommutative principal bundles
(see, e.g., [4,14,41] and references therein), which, much like their classical counterparts,
are becoming increasingly important in applications to geometry and mathematical physics.

The classification of actions on C*-algebras is a central theme in noncommutative
geometry and operator algebras, and experience from the commutative case suggests that
free group actions are particularly tractable, as they lack degeneracies. Indeed, in the classi-
cal setting, locally trivial principal bundles are completely classified by Cech cohomology.

In the noncommutative setting, classification results were first established for free and
ergodic actions of compact groups [3, 6,32,45-47], and later extended to free actions of
compact quantum groups on unital C*-algebras [39—41].

Noteworthily, for coactions of discrete groups, free actions are closely related to sat-
urated Fell bundles (see, e.g., [15,34,36]), suggesting that Fell bundles provide a natural
language for formulating noncommutative principal bundles. This perspective underscores
the relevance of classification results for saturated Fell bundles within the broader study of
noncommutative principal bundles.

2. Preliminaries

Our study concerns the classification of saturated Fell bundles via data associated with their
base group and unit fiber as well as cohomological features. In what follows, we collect the
definitions, notations, and results used throughout the paper.

We begin by providing some standard references. For a comprehensive treatment of
operator algebras, we refer to the excellent works of Blackadar [7] and Pedersen [33].
Our approach also deals with imprimitivity bimodules, a.k.a. Morita equivalence bimod-
ules; for an up-to-date account, see Raeburn and Williams [37] and the monograph by
Echterhoff etal. [13]. For the theory of Fell bundles, our primary references are the sem-
inal volumes by Doran and Fell [19, 20]. For background on abstract group cohomology,
particularly cochains, cocycles, and coboundaries, we refer the reader to the influential
exposition [28] by MacLane. For the corresponding topological setting, we refer to the
outstanding paper [44] by Wagemann and Wockel.

From this point forward, all topological spaces are assumed to be Hausdorff. For a map
n: B — X between topological spaces, the fiber at x € X is denoted by B, := 77! (x).

The identity element of a group is written as e.

Let G and N be two groups. Furthermore, let p be a positive integer. Amap f : GP - N
is said to be normalized if it equals ey whenever one of its arguments is e. The space of
all normalized maps G” — N, referred to as the p-cochains, is denoted by CP (G, N).

For a unital C*-algebra B, the identity element is denoted by 15, while UB and UZ(B)
denote the group of unitary elements of B and the group of unitary elements of the center
Z(B), respectively.
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2.1. Bundles
2.1.1. Banach bundles.

Definition 2.1 ([19, Chap. I, Sec. 13.4]). A Banach bundle is a triple (8, X, nr), where
B is a topological space, X is a locally compact space, and 7 : 8 — X is a continuous
open surjection, together with operations and norms making each fiber B,, for x € X, into
a Banach space, and satisfying the following conditions:

(B1) B> s ||s|| € Ris continuous.

B2) {(s,t) e Bx B :n(s) =n(t)} > (s,t) — s+t € B is continuous.

(B3) 8 3 s +— As € B is continuous for every A € C.

(B4) If {s;} is any net of elements in B such that ||s;|| — 0 and (s;) — x, then s; — 0,.
Notably, the topology of B restricted to By, for x € X, coincides with its norm topology.

Furthermore, the space of all continuous sections of (8, X, ) is denoted by I'(X, B).

Example 2.2. Let X be a locally compact space, let B be a Banach space, let 8 := X X B,
endowed with the product topology, and let 7 : 8 — X be the canonical projection onto X.
It is clear that (8B, X, 7r) defines a Banach bundle, referred to as the trivial Banach bundle
over X with constant fiber B.

Remark 2.3. Let (8B, X, ) be a Banach bundle. By [19, Chap. II, Rem. 13.19], (8, X, )
has enough sections, i.e., for each s € B there exists o € I'(X, B) such that o (7 (s)) = s.
In particular, {o(x) : 0 € I'(X, B)} = B, for every x € X.

The construction of specific Banach bundles typically arises in the following setting:

Lemma 2.4 (Fell [19, Sec. 13.18]). Let B be a set and let 1 : B — X be a surjection onto
a locally compact space X such that every By, for x € X, is a Banach space. Furthermore,
let T" be a complex linear space of sections of (B, nr) such that

(1) {f(x): f €'} is dense in By for every x € X, and

) X3x > || f(x)|| € Ris continuous from X to R for every f € T.
Then there exists a unique topology on B that makes the triple (8, X, ) a Banach bundle
such thatT' C T'(X, B).
Definition 2.5. Two Banach bundles (8', 7!, X) and (82, 72, X) are said to be equivalent
if there exists a homeomorphism ¥ : 8! — 82 such that

(1) ¥(BL) c B2 forevery x € X, and

2) ¥y =¥ p Bl — B2 is a linear isometry for every x € X.
Such a map V¥ is called an equivalence between (8!, 7!, X) and (82, 7%, X).
Lemma 2.6 ([19, Chap. II, Sec. 13.16 & 13.17]). Let (8', 7', X) and (8%, 7%, X) be
Banach bundles and let ¥ : 8' — B2 be a bijective map such that

(1) Y(BL) c B2 for every x € X, and
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2) Yy =¥p Bl — B2 is a linear isometry for every x € X.
Furthermore, let T be a family of continuous sections of n : 8" — X such that

(3) {o(x) : o € '} has dense linear span in B.. for every x € X, and

(4) ¥ o o is a continuous sections of 1 : B> — X for every o € T.

Then ¥ : B' — B2 is an equivalence.
2.1.2. Fell bundles.

Definition 2.7 ([20, Chap. VIIL, Sec. 16.2]). A Fell bundle (a.k.a. a C*-algebraic bundle) is
aBanach bundle (8, G, ), where G is alocally compact group, equipped with a continuous
associative multiplication m : 8 X 8 — B, using the notation st := m(s, t) for all s, € B,
and a continuous involution * : 8 — & satisfying the following conditions:

(F1) BgBj C By, and the restriction myg j, : B X By, — Bgp isbilinear forall g, h € G.
(F2) ||st|| < ||s]|||z]| for all 5,7 € B.
(F3) B C B,-1 and the restriction * : By — B,-1 is anti-linear for all g € G.
(F4) (st)* =t*s* forall 5,1 € B.
(F5) (s*)*=sforalls € B.
(F6) ||s*s|| = ||s||® for all s € B.
(F7) s*s 2 0in B, forall s € 8.
A Fell bundle (8, G, r) is called saturated if span{Bg B}, } is dense in By, forall g, h € G.

Remark 2.8. Let (B, G, n) be a Fell bundle.

1. If B is a discrete space and G is a discrete group, the topological requirements are
vacuous. In this case, we occasionally refer to (B, G, ) as a discrete Fell bundle.

2. Conditions (F1)-(F6) imply that B, is a C*-algebra with respect to the restricted
operations, known as the unit fiber, and item (F7) refers to the corresponding stan-
dard order relation on B,.

3. If B, is unital and (8, G, n) is saturated, then span{B;B,-1} = B, forall g € G.

4. Conditions (F1) and (F3) imply that each Bg, g € G, is almost a Morita equiva-
lence B.-bimodule with respect to the canonical left and right actions and the inner
products g, (s,¢) := st" and (s, )p, := 5"t for all 5, € B,. In fact, the only missing
condition is that the linear span of the inner products need not be dense. Therefore,
if (8, G, n) is saturated, then each By, g € G, is a Morita equivalence B.-bimodule.

5. If B, is unital, then 15,5 = s = slp, forall s € B.

6. The map {(s,¢) e Bx B :n(s)=n(t)} 3 (s,t) = p,(s,t) € B, is continuous, as it
is the restriction of the continuous map m o (idg X*) : 8 X B8 — B. Similarly, the
map {(s,1) €e BxB:na(s)=n(t)} 3 (s,t) — (s,t)p, € B, is continuous.
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7. Each map mg , : Bg X B, — Bgy, for g, h € G, in item (F1) factors through a B-
bimodule homomorphism mg j, : B¢ ®p, B, — By (by a slight abuse of notation)
that preserves both the left and right inner products. As a consequence, if (8, G, )
is saturated, then B, ®p, By, = Bgj, as Morita equivalence B-bimodules for all g, .

8. Suppose that B, is unital and that (8, G, rr) is saturated. Let g € G and let s € B,.
According to the previous item, there exist finitely many elements s; € Bg and t; €

Bg-1suchthat 15, = X, mg, -1 (s: ®1;). Hence, 5™ = X, (s, 5:)B,1i-

9. Let I" be family of continuous sections of 7 : 8 — G such that {o(g) : ¢ € '} is
dense in B, for every g € G. By [20, Chap. VIII, Sec. 2.4], the multiplication m :
B x B — B is continuous if and only if the induced mapm o (o,0’) :GXG — B
is continuous for every (o, 0’) € I' X T.

10. LetI be as in the previous item. [20, Chap. VIII, Sec. 3.2] shows that the involution
*: 8 — Bis continuous if and only if the induced map * o o : G — B is continuous
forevery o € I

11. Let A be a left Haar measure on G and let A be the corresponding modular func-
tion. The space I'. (G, B) of continuous, compactly supported sections of m : B —
G forms a *-algebra w.r.t. the multiplication and involution defined for o, o’ €
I'. (G, B) respectively by

(0 #0")(g) = /G oo (h gy dA(h) and o (g) = Ag (g™ )",

Example 2.9. Let G be a locally compact space, let B be a C*-algebra, and let (8, G, )
denote the trivial Banach bundle over G with constant fiber B (see Example 2.2). Equipping
B with the multiplication m : B X B — B, defined by m((g1, b1), (g2,b2)) := (g1&2, b1b2),
and the involution * : 8 — B, defined by (g,b)* := (g~ ', b*), makes it a Fell bundle. Clearly,
(8, G, n) is saturated. This Fell bundle is referred to as the trivial Fell bundle over G with
constant fiber B.

Example 2.10. Let G and H be locally compact groups, let T denote the 1-torus, and let
p : H— G be alocally trivial principal T-bundle (see, e.g., [22]). Define B := H x1 C :=
(H x C)/T as the quotient space of H x C under the left action of T, defined for ¢t € T,
heH,and z € C,by ¢ - (h, z) := (hz, zt). This action is free and proper, and the T-orbit
of (h, z) is denoted by [A, z]. The map 7 : B — G, defined by n[(h, )] := p(h), is a line
bundle over G. To endow 7 : 8 — G with the structure of a Fell bundle, one defines a
multiplication and an involution as follows:

m:Bx8B— B, m([hy1,z1], [h2, 22]) := [h1h2, 2122],
1B -8, (b =072
Itis evident that (8, G, &) is saturated and that B, = C for every g € G. Such Fell bundles

are referred to as Fell line bundles. Notably, any Fell bundle with one-dimensional fibers
is known to be of this type. This example will be utilized multiple times.
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Example 2.11. Let G be adiscrete group. A C*-algebra A is said to be G-graded if it comes
equipped with a linearly independent family (Ag)4ec of closed subspaces of A satisfying
the following conditions:

(1) AgAp C Agp forall g,h € G.
(2) Az C Ag-iforallg € G.
(3) The algebraic direct sum @ZIEG Ag is dense in A.

Some observations are pertinent here:

1. Every graded C*-algebra gives rise to a discrete Fell bundle.

2. Any strongly continuous action of a compact Abelian group on a unital C*-algebra
induces a grading by its dual group (see, e.g., [21, Thm. 4.22]), thereby yielding a
Fell bundle over the latter. In fact, this class of actions exhausts all Fell bundles over
discrete Abelian groups (see, e.g., [36]), with saturation corresponding to the notion
of freeness (see [39]).

Definition 2.12. Two saturated Fell bundles (8!, 7!, G) and (82, n2, G) with unit fiber B
are said to be equivalent if there exists an equivalence ¥ : B! — B2 between the underlying
Banach bundles (see Definition 2.5) that is normalized and preserves their multiplicative
and involutive structures, i. e.,

(1) ¥, =ids,
(2) W (s)Wn(t) = Wen(st) forall g, h € G, s € By, and t € B, and
(3) We(s)" =¥, (s*) forallg € G, s € Bi,.

Such a map W is called an equivalence between (8!, 7!, G) and (82, 72, G). Notably, all of
the maps ¥, for g € G, are necessarily isomorphisms of Morita equivalence B-bimodules.

2.1.3. Constructing Fell Bundles. The process of constructing specific Fell bundles is
typically carried out in the following way: Let 8 be a set and let 7 : 8 — G be a surjec-
tion onto a locally compact group G such that each fiber B, for g € G, is a Banach space.
Assume that 8 is equipped with an associative multiplication m : 8 X 8 — $ and an involu-
tion* : B — B, satisfying all axioms of Definition 2.7 (except the topological requirements).
In other words, when G is considered as a discrete group, the triple (8, G, xr) forms a dis-
crete Fell bundle. Furthermore, let I be a fundamental family of sections of 7 : B — G,
meaning a *-algebra of compactly supported sections of 7 : 8 — G (see Remark 2.8.11)
such that

(1) {o(g) : o €'} is dense in B, for every g € G, and
(2) G > g |lo(g)|l € Ris continuous for every o € T.
Lemma 2.13 ([43, Prop. 2.5]). Under the above hypotheses, there exists a unique topology

on B that makes n : B — G a Fell bundle, and all sections in I" continuous, i.e., I' C
I.(G,8).
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Remark 2.14. Since I is, in particular, a complex linear space, there exists a unique topol-
ogy on B that turns 7 : 8 — G into a Banach bundle (see Lemma 2.4). The condition that I"
is a *-algebra of compactly supported sections of 7 : 8 — G is then employed to establish
the continuity of the multiplication and involution with respect to this topology.

Remark 2.15. Let (8, G, n) be a Fell bundle. Then I'.(G, 8B) is a fundamental family
of sections of (B, G, n) (see Remark 2.8.11). Moreover, one can recover a base for the
topology of B via . (G, B).

2.2. Automorphisms of Morita equivalence bimodules

Let B be a unital C*-algebra and let M be a Morita equivalence B-bimodule. An automor-
phism of M is a B-bimodule isomorphism from M to itself that preserves both the left
and right inner products. We let Aut(M) stand for the group of automorphisms of M. In
this brief section, we present two insightful statements on automorphisms of M, which,
although likely familiar to experts, seem to lack explicit discussion in the literature.

Lemma 2.16 (see, e.g., [39, Prop. 5.4 & Cor. 5.5]). Let B be a unital C*-algebra and let
M be a Morita equivalence B-bimodule. Then the following assertions hold:
(i) Themap ¢y : UZ(B) — Aut(M), defined by op(u)(m) = um, is a group iso-
morphism.
(ii) Foru € UZ(B) consider the map ¥,, € Aut(M) defined by ¥,,(m) := mu for all
m € M. Then the map Yy : UZ(B) — UZ(B), defined by Yy (u) := go;,,l (),
is a group automorphism.

2.3. The Picard group

Let B be a unital C*-algebra. Morita equivalence B-bimodules M and M, are called equiv-
alent if there exists Morita equivalence B-bimodule isomorphism ¥ : M| — M, i.e., a
B-bimodule isomorphism that preserves both the left and right inner products. The equiv-
alence class of a Morita equivalence B-bimodule M is written as [M].

The set of equivalence classes of Morita equivalence B-bimodules forms an Abelian
group with respect to the internal tensor product. This group, denoted by Pic(B), is referred
to as the Picard group of B (see, e.g., [8]).

The group Out(B) := Aut(B)/Inn(B), commonly called the outer automorphism group
of B, is a subgroup of Pic(B). Indeed, for @ € Aut(B) let M, denote the vector space B
endowed with the canonical left Hilbert B-module structure and the right Hilbert B-module
structure defined by s - b := sa(b) and (s, t)p := o~ (s*t) forall s, € M, and b € B. It
is straightforwardly checked that M, is a Morita equivalence B-bimodule. Moreover, for
a, B € Aut(B) we have M, ®p Mg = My.5. We thus get a group homomorphism from
Aut(B) to Pic(B). As M, is equivalent to B if and only if « is inner, it follows that Out(B)
is a subgroup of Pic(B) as claimed. Noteworthily, if B is separable and stable, then the
injection Out(B) — Pic(B) in fact turns out to be an isomorphism (see [8, Sec. 3]).
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The following statement is central to our work and provides an invariant for saturated
Fell bundles, expressed in terms of their underlying group and unit fiber:

Lemma 2.17. If (8, G, r) is a Fell bundle, then the map g : G — Pic(B,), defined by
v 8(g) = [Bgl, is a well-defined group homomorphism.

Proof. By Remark 2.8.4, y g is well-defined. To show that g is a group homomorphism,
let g, h € G. Since (8B, G, n) is saturated, By ®p, By = Bgj, as Morita equivalence B-
bimodules (see Remark 2.8.7). Therefore ¢ g(gh) = [Bgn] = [Bg ®8, Bul = [Bgl[Br] =
va(gys(h). u

Example 2.18. By [8, Sec. 3], Pic(C) is trivial. Therefore, if (8, G, ) is a Fell line bundle
(see Example 2.10), then the induced group homomorphism i g : G — Pic(C) is also trivial.

The group homomorphism g : G — Pic(B,) in Lemma 2.17, henceforth referred to
as the Picard homomorphism associated with (8, G, ), does not determine the Fell bundle
structure of (8B, G, 7r) up to equivalence. The main objective of Section 3 is to identify the
additional data required to fully determine this structure.

2.4. Topological group cohomology

Let G be a topological group and let A be an Abelian topological group equipped with a
continuous G-action G X A — A defined by a group homomorphism S : G — Aut(A). For
a positive integer p let CY (G, A) denote the set of continuous p-cochains G” — A and let
ds : CP(G,A) — CP*'(G, A) be the ordinary group differential given by

(dsf)(8o---»8p) ==S(80)(f(g1:---,8p))
p .
+ D F(80s- 8718755 8p) + (=1 (g0, 8p1).-
j=1
Clearly, ds(C” (G, A)) € CP*'(G, A), so these spaces form a subcomplex (C2(G, A), ds)
of the standard group cohomology complex. The space
ZE(G, A)s =ker(ds|cr (G.a))
of continuous p-cocycles contains the space
BY(G, A)s = ds(CI™ (G, A))
of continuous p-coboundaries. The quotient
HZ (G, A)s = Z{ (G, A)s/B (G, A)s

is the p™ (global) continuous cohomology group of G with values in the G-module A.
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2.5. Summary of notation

For the reader’s convenience, we collect here the main symbols used throughout the paper.

Symbol Meaning

G A locally compact group.

(8,G,n) A Fell bundle over G with projection map 7.

B. The unit fiber (assumed to be a unital C*-algebra).

B, The fiber over g € G, i.e., 17! (g).

B A unital C*-algebra.

Z(B) The center of B.

UZ(B) The unitary group of Z(B).

B, A Morita equivalence B-bimodule (in the abstract setting).
v An isomorphism between Morita equivalences.

Pic(B) The Picard group of a unital C*-algebra B.

Y : G — Pic(B,) The Picard homomorphism associated with a Fell bundle.
(Bg,¥Yg,n)g.heG A factor system for a group homomorphism ¢ : G — Pic(B).
CP(G,N) The space of all normalized maps G” — N (the p-cochains).
H"(G,UZ(B))y The n-th cohomology group of G with coefficients in the G-

module UZ(B), twisted by .

3. Constructing Fell bundles via factor systems

Let G be a locally compact group, let B be a unital C*-algebra, and let ¢ : G — Pic(B)
be a group homomorphism. In this section, we propose a framework for demonstrating the
existence of a saturated Fell bundle (8, G, 7) with unit fiber B and Picard homomorphism
Y (see Lemma 2.17).

For a start, we choose a representative B, of y(g) for every g € G, especially B, := B,
and consider the disjoint union B := UgcG B, together with the canonical projection 7 :
B —-G.

To establish (8B, G, ) as a Fell bundle, we aim to apply Lemma 2.13, which requires, in
particular, the existence of an associative multiplication m : 8 X 8 — B and an involution
*: B — B satisfying Conditions (F1)-(F7). Moving forward, we focus on constructing such
maps, a purely algebraic task, and therefore treat G as a discrete group.

As ¥ is a group homomorphism, we have Morita equivalence B-bimodule isomor-
phisms W, 1, : B ®p Bj, — By, forall g, h € G. In general, ¢ does not impose any specific
relations among the family of maps (W, 1)¢,ne. However, when derived from a saturated
Fell bundle (8, G, r) with unit fiber B, we can set Wq j, 1= mg p, for all g, h € G (see
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Remark 2.8.7). In this case, the associativity of m : 8 X 8 — B implies that
Wonk 0 (W, n ®idy) = W pi 0 (idg ®¥h k) Vg, h,k €G. 3.1)
This motivates the introduction of the following notion:

Definition 3.1. Let G be a discrete group, let B be a unital C*-algebra, and let ¢ : G —
Pic(B) be a group homomorphism. A factor system for s is a family (Bg, Wq.1)e,neG, Where

* By, for g € G, is arepresentative of y/(g), with B, := B, and

* Y., :Bg; ®p B — Bgy, for g, h € G, is a Morita equivalence B-bimodule isomor-
phism, with ¥, ., :=idp,

that satisfies the associativity condition in (3.1).

Remark 3.2. Let G be a discrete group and let B be a unital C*-algebra.

1. Asindicated prior to Definition 3.1, each saturated Fell bundle (8, G, ) allows for
a factor system of the form (B, mg p)g.neG for Y (see Lemma 2.17).

2. Lety : G — Pic(B) be a group homomorphism. The existence of a factor system
for  imposes a non-trivial cohomological condition, which we will characterize in
Section 4.1, along with presenting cohomological methods for the construction of
factor systems, even in the absence of a saturated Fell bundle.

3. Lety : G — Pic(B) be a group homomorphism and let (Bg, g 1), ncG be a factor
system for . For each g € G, the maps ¥, , and ¥, . correspond to the left and
right actions of B on B, respectively.

We now show that each factor system, as defined in Definition 3.1, gives rise to a discrete
saturated Fell bundle with the specified unit fiber C*-algebra and Picard homomorphism. To
this end, let G be a discrete group, let B be a unital C*-algebra, lety : G — Pic(B) be a group
homomorphism, and let (Bg, ¥g 1)g.nec be a factor system for . Define B := Ugeg B,
and let 7 : 8 — G denote the canonical projection.

As the first step, we endow B with the multiplication m : 8 X B8 — B, defined for
s € Bg,forg € G,andt € By, for h € G, by

m(s,t) =¥ n(s®1). (3.2)

It is immediate that m is associative and satisfies Conditions (F1) and (F2). Furthermore,
span{Bg By} is dense in By, for all g, h € G, because we are dealing with isomorphisms.

Next, we equip (8, G, r) with an involution. To achieve this, let g € G and let s € By,
and consider the auxiliary map A : B,-1 — B, defined by A;(f) := ¥, o1 (s ® 7). This map
is adjointable, as it results from composing the left creation operator 6 : Bo-1 — Bg ® By-1,
defined by 6;(¢) = s ® £, with the map ¥, ,-1. Specifically, for b € B, the adjoint takes the
explicit form A5 (b) = X (s, s;)pt;, where ‘P;g_l (b) =2; s; ®t;. With this setup, we define
the involution on B as follows (see Remark 2.8.8):

s = A5(1p) (3.3)
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We see at once that the involution is well-defined and satisfies Condition (F3). Note that
the involution, when restricted to the unit fiber, coincides with the involution on B, as is
easy to check. To verify Condition (F5), we assume that ‘I‘;l g(l B) = 2,; Si ®t;. Then

(s") =25.(1p) = Z(S*,Si)Bti = Z(lB,ﬂs(Si))Bti = Zﬂs(si)ti
i i i
= Z q’g’g—l (s ®s)t; = Z lPe’g(ng,g,l (s®s;)®1;)
= Wego (W o ®idy) (5@ 5; ®1)
i
R Z W 0 (idg ®¥, 1 ) (s ® 5; ®1;)
i
= Z P o(s®Wy1 o(5i®1) =P o(s®1p) =5,
i

which is the desired conclusion. Furthermore, we have
s*'s =(lp,s"s)p = (A5 (1), 8)g = ((s")",s)p = (s, 5) = 0,

and thus ||s*s|| = ||(s, s)s]| = ||s]|?, with the last equality following from the fact that By is
a Morita equivalence B-bimodule. This demonstrates that Conditions (F6) and (F7) hold.
We will prove Condition (F4) by means of the following technical lemma:

Lemma 3.3. Let g, h € G, let s € Bg, and lett € By,. Then the map Qg = Ay 0 lPh—l,g—l
with domain Bj,-1 ®p B,-1 and range B satisfies the following conditions:

(1) Qu(u®v) =As(A (u)v) forall u € By-1 and v € By-1.

(i) QF, (b)) =t* @ A5(b) forall b € B.

Proof. (i) Letu € By-1 andletv € Bg-1. Then

Qu(u®v) = ‘Pgh’h—lg—] o (‘Pg,h ® idh—lg—l)(s Rr® Th—l,g—l (v ®v))

(Sil) ng’g—l (S ® lI’e,g(l‘ ® lPh—l’g—l (M ® U)))

3.0
= Wy ot (5@, o1 (P 1 (@ 1) ®0)) = A5 (A, (u)v).

(i) Let b € B. Furthermore, let u € Bj,-1 and let v € B,-1. Then,

(Qst (u®v), b)p = (A (u)v, 13(b))B
= (v, (A (u))"A5(b))B
= (v, (A (), 1) A5 (D)) B
= (v, {u, 4;(1p))BA5 (b)) B
= (v, (u, 1")pA5 (D))
=u®v,t"®A;(b))s.

It follows that QF, (b) = t* ® A5(b), as claimed. [
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Letg,h € G,lets € By, andlett € By,. By Lemma 3.3.(ii), we have t* ® s* = QF,(1p).
Applying the map W),-1 ,-1 to both sides of this equation yields

t*s* = A5, (1) = (st)*,
and this is precisely the assertion of Condition (F4). Summarizing the above, we have:

Theorem 3.4. Let G be a discrete group, let B be a unital C*-algebra, let y : G — Pic(B)
be a group homomorphism, and let (Bg, Yg n)g.neG be a factor system for . Define 8B :=
UgegBg and let m : B — G denote the canonical projection. Then, with the multiplication
and involution defined by Equations (3.2) and (3.3), respectively, m : B — G acquires the
structure of a (discrete) saturated Fell bundle, denoted by B((Bg, ¥Yg n)g.heG)-

Using Theorem 3.4 in conjunction with Lemma 2.13, we arrive at the desired result:

Corollary 3.5. Under the assumptions of Theorem 3.4 with “discrete” replaced by “locally
compact”, suppose further that I is a fundamental family of sections of m : 8 — G (see
Section2.1.3), then there exists a unique topology on B that makes n : B — G a Fell bundle,
denoted by B((Bg, Yg,n)g,hec)r, and all sections in T" are continuous, i.e., I CT'(G, B).

4. Classification of Fell bundles

In the previous section, we demonstrated how factor systems lead to the construction of
saturated Fell bundles (and vice versa). In this section, we establish a classification theory
for this type of bundles using (topological) group cohomology.

4.1. Classification of Fell bundles: The discrete case

For expediency we begin with the purely algebraic classification. Here and subsequently,
let G be a discrete group and let B be a unital C*-algebra.

To begin with, we denote by Ext(G, B) the set of equivalence classes of saturated Fell
bundles over G with unit fiber B (see Definition 2.12). The equivalence class of a saturated
Fell bundle (8B, G, r) with unit fiber B is denoted by [(B, G, rr)]. It is evident that the map

Ext(G,B) > [(8,G,n)] — ¥ g € Hom(G, Pic(B)),

¥ g being the Picard homomorphism associated with (8, G, 7) (see Lemma 2.17), is well-
defined, yielding a partition of Ext(G, B) into the following subsets:

Definition 4.1. Under the above hypotheses, for € Hom(G, Pic(B)), we define:
Ext(G, B,¥) :={[(B,G,n)] € Ext(G,B) : g = y}.

Noteworthily, if i : G — Pic(B) is the trivial group homomorphism, then Ext(G, B, )
is nonempty, as it contains the class of the trivial Fell bundle G x B (see Example 2.9).
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However, for an arbitrary group homomorphism ¢ : G — Pic(B), the set Ext(G, B, ) may
be empty. We defer addressing this issue until Section 4.1 and focus first on characterizing
Ext(G, B, ) and its elements.

At the outset, we recall from [39, Prop. 5.6] that the map u : Pic(B) 3 [M] + ¥y €
Aut(UZ(B)) is a group homomorphism, where ¢/ is the group automorphism described
in Lemma 2.16.(ii). Consequently, each ¢y € Hom(G,Pic(B)) induces a G-module structure
on UZ(B), defined by u o ¢, which facilitates the use of group cohomology, specifically

HP(G,UZ(B))y := H?(G,UZ(B)) oy

for all positive integers p (for their definition, see, e.g., [28, Chap. IV]). Having disposed
of these preliminary steps, we now proceed as follows:

Definition 4.2. Let G be a discrete group, let B be a unital C*-algebra, and let ¢y : G —
Pic(B) be a group homomorphism. Two factor systems

(B;;aq";,h)g,hec and (Béalpéh)g,heG

are said to be equivalent if there exists a family (W, : By — Bj) e of Morita equivalence
B-bimodule isomorphisms satisfying the following compatibility condition:

W0 (W ®W),)=Weno¥,, Ve heG. .1
Note that, necessarily, ¥, = idg.

The following statement is readily checked, so we leave the details to the reader.

Lemma 4.3. Let G be a discrete group, let B be a unital C*-algebra, let y : G — Pic(B)
be a group homomorphism, and let (Bé, ‘I’é’h)g,hec, (Bé, T;h)g,hec be factor systems
Jor Y. Then the following statements are equivalent:

(a) The factor systems are equivalent.
(b) The Fell bundles B((B}, T;’h)g,hec;) and B((B2, Té’h)g,heG) are equivalent.
Lemma 4.4. Let G be a discrete group and let B be a unital C*-algebra. Suppose that

Y : G — Pic(B) is a group homomorphism such that Ext(G, B,y) # (0. Foreach g € G a
representative By of y(g), with B, := B. Then the following assertions hold:

(i)  Each class in Ext(G, B, ) can be represented by a Fell bundle of the following
form: B((Bg,¥Ye n)g.neG) (see Theorem 3.4).

(ii) If B((Bg, Yg,1)g,nec) and B((Bg, lPig,h)g,hEG) are Fell bundles representing
classes in Ext(G, B, ), then

’

a.h = a)(g, h)q"g,h = ()Dth ((l)(g, h))lpg’h

(see Lemma 2.16.(1)), for g, h € G, where w € Z*(G, UZ(B))y.
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(iii) The Fell bundles B((Bg,¥g 1n)g.hec) and B((Bg, w(g, h)¥e 1)g.heG) are equiv-
alent if and only if w € B*(G, UZ(B))y.

Proof. (i) Let (8’,7’,G) be a saturated Fell bundle representing a class in Ext(G, B, ).
By Remark 3.2.1, it admits a factor system for ¢ of the form (B’ ,m h)g heG-As B’ belongs
to y(g) for each g € G, there exists a family (¥, : By — B; )geg of Morita equ1valence
B-bimodule isomorphisms. This yields a factor system (Bg, ‘Pg n)g.hec for ¥, equivalent
to (B’g,m’g’h)g’he(;, by putting ¥, 5, := ‘Pgh o m 5 © (¥, ®p ¥h), which is easily verified.
Hence, the assertion follows from Lemma 4.3.

(ii) Let B((Bg, ¥g,n)g.nec) and B((By, Té,h)g»’1€G) be Fell bundles representing
classes in Ext(G, B, ). On account of Lemma 2.16.(i), there exists a unique element
w(g,h) € UZ(B) such that ‘I‘;’h =w(g, h)¥y  for all g, h. It is clear that the correspond-
ing map w : G X G — UZ(B) takes the value 15 whenever one of its arguments is e.
Furthermore, from Lemma 2.16.(ii) it follows that

W, i © (idg @Y}, 1) = ¥g 0 (idg ®pw(h, k) Ph k)
=W, i © (idg w(h, k) ®p Ph,k)
=¥, i o Wa, (w(h, k))ide ®5%p k)
=Yg, (w(h, k)Y, 4 0 (idg ®5¥n,k)
=Yg, (w(h, k))w(g, hk)¥g ni o (idg ®¥Yn k)

for all g, h, k € G. On the other hand, it is evident that
Woni o (P, ®ide) = w(g, Mw(gh, k)Penk o (Pg,n ®idy)

for all g, h, k € G. Hence, w € Z*(G, UZ(B))y as claimed.

(iii) First, suppose that w € B*(G,UZ(B))y,, meaning there exists @ € C'(G,UZ(B))
such that w = dyw. Utilizing this element @, a family (¢p, (@(g)) : By — Bg)gec of
Morita equivalence B-bimodules is obtained (see Lemma 2.16.(1)), through which an equiv-
alence between B((Bg, Yg 1)g,nec) and B((Bg, w(g, h)¥g n)g,hec) is implemented, as
can be easily verified. This establishes the “if”” direction.

Conversely, suppose that B((Bg, Wg 1)g.nec) and B((Bg, w(g, h)¥e 1)g.neG) are equi-
valent. Lemma 2.16.(i) guarantees the existence of @ € C! (G, UZ(B)) thatimplements this
equivalence. Moreover, Equation (4.1) implies that w = dy @, i.e., w € B*(G,UZ (B))y.
This proves the “only if” direction. ]

Corollary 4.5. Let G be a discrete group and let B be a unital C*-algebra. Suppose that
¥ : G — Pic(B) is a group homomorphism such that Ext(G, B,y) # 0. Then the map

H*(G,UZ(B))y x Ext(G, B,y) — Ext(G, B, ),
([w], [B((Bg, ¥g.n)g.nec)]) = [B((Bg, w¥e.n)g.neG)]

is a well-defined simply transitive action.
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Example 4.6. Let G be a discrete group and let B = C. By [8, Sec. 3], Pic(C) is trivial,
which implies that there exists only the trivial group homomorphism ¢ : G — Pic(C). Fell
bundles associated with ¢ certainly exist and are characterized by the property that each
fiber is one-dimensional (see Example 2.10). For instance, the trivial Fell bundle over G
with constant fiber C provides an example (see Example 2.9). Thus, Corollary 4.5 shows
that equivalence classes of Fell line bundles over G are parametrized by H> (G, T).

For example, when G =Z, H 2 (Z,T) is trivial (see, e.g., [28, Chap. VI]). Consequently,
up to equivalence, there exists only one Fell line bundle over Z, namely the trivial one. In
contrast, for G = Z?, H> (Zz, T) is isomorphic to T (see, e.g., [30, Prop. 11.4]).

Example 4.7. Let G = Z2, let B = C(T), and consider the trivial group homomorphism
¥ : G — Pic(C(T)). The trivial Fell bundle over Z? with constant fiber C(T) (see Exam-
ple 2.9) is an instance of a Fell bundle associated with . According to Corollary 4.5, the
set Ext(Z2, C(T), ¢) of equivalence classes of saturated Fell bundles over Z> with unit
fiber C(T) is parametrized by H?(Z?, C(T)) = C(T) (see, e.g., [30, Prop. I1.4]).

Using Lemma 4.4, we now construct another, inequivalent Fell bundle associated with
. Consider the C(T)-valued 2-cocycle

w ((my,ny), (mp,ny)) (1) := exp 2mitnymy),

which is not a coboundary. Define the Fell bundle by B, ») := C(T), for (m,n) € Z?, with
multiplication and involution

Simin) - Jomauna) = Fmnn) foma,nny@ ((my,my), (m2, n2))

f(*mhnl) = w ((-my,—ny), (my,n1))" Somi,ny)-

for all (my,ny), (ma, ny) € 7.

Notably, the C*-algebra of the trivial Fell bundle is isomorphic to C(T?), while that
of the cocycle-twisted bundle is isomorphic to the group C*-algebra of the discrete 3-
dimensional Heisenberg group Hs, i.e., the group of upper-triangular integer-valued 3 X 3
matrices with ones on the diagonal.

Non-emptiness of Ext(G, B, )

Let ¢ : G — Pic(B) be a group homomorphism. In this section, we establish a cohomo-
logical criterion ensuring that Ext(G, B, ) is nonempty. As discussed at the beginning of
Section 3, i allows for the choice of a family (Bg, Wg 1)g,neG, Where

* By, for g € G, is arepresentative of y(g), with B, := B, and

e Y. :Bg ®p By — Bgy, for g, h € G, is a Morita equivalence B-bimodule isomor-
phism, with ¥, . :=idp, and such that ¥, ; and ¥, ., for g € G, correspond to the left
and right actions of B on By, respectively.

Notably, this family does not need to form a factor system for ¢ in the sense of Defi-
nition 3.1, i. e., the associativity condition (3.1) need not be satisfied. However, we may
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instead consider the automorphisms
dg¥enk = Wenx o (Pg,n ®1idy) o (idg @Y}, 1) o Wy 41 Bgnk — Bgnik

for all g, h, k € G. The family (dg¥q. n.k)g.n.keG can be interpreted as an obstruction to
the associativity of the multiplication defined in (3.2). On the other hand, Lemma 2.16.(i)
implies that the family (dg¥q n.k)g,n,kcG can also be viewed as a normalized UZ(B)-
valued 3-cochain on G, i. e., an element of C3(G,UZ(B)), say dgW. In fact, even more is
true: dg¥ € Z°(G,UZ (B)), . For brevity, we omit the detailed calculation here and instead
refer to [29, Lem. 1.10(5)], for example.

Lemmad.8. The element [dg¥] € H*(G, UZ(B)), does not depend on any of the choices
made.

Proof. We first show that [dg'¥] does not depend on the choice of the family (W, 1)g,neG-
To this end, let (‘P(’g’ h)g,hEG be another such choice. By Lemma 2.16.(i), there exists a
unique element w (g, h) € UZ(B) such that ‘P;’h = w(g, W)Y n := ¢, (w@(g, h)) for all
g, h. Then

Yon i o (Y, ®pidi) = w(gh, k)@ (g, h)dg¥e nk(Ye,nk © (idg ®5¥n k)

for all g, h, k € G. Moreover, dBlP;;,h,k(\Pé,hk o (idg ®BTZ,1<)) is equal to
dg'¥y ;@ (8 hk)yp, (@ (h, k) (g nk o (idg ®p¥h k)

forall g, h, k € G. Comparing these two expressions clearly establishes that the 3-cocycles
dg¥’ and d g are cohomologous. We now demonstrate that [d g'¥'] does not depend on the
choice of the family (Bg)ge- For this purpose, let (B )gei be another such choice, and let
(¥g : Bg — By)gec be afamily of Morita equivalence B-bimodule isomorphisms. These
induce a new family (‘I"g" nt Bé ®p B), = B’gh)¢. nec of Morita equivalence B-bimodule
isomorphisms, defined by ‘P{’g" ni= ‘I‘; 5 © Won0 (Ve ®p Wh), forg, h e G. Astraightforward
computation, analogously to the previous one, shows that dBIIPé’ nx =Ad8%Ye nk- ]

Definition 4.9. Let G be a discrete group, let B be a unital C*-algebra, and let ¢ : G —
Pic(B) be a group homomorphism. The element

x () = [dg¥] € H(G,UZ(B))y
is called the characteristic class of .

Theorem 4.10. Let G be a discrete group, let B be a unital C*-algebra, and let y : G —
Pic(B) be a group homomorphism. Ext(G, B, ) is nonempty if and only if y () vanishes.

Proof. First, suppose that Ext(G, B, ¢) is nonempty, and let (B, G, ) be a Fell bundle
representing a class in Ext(G, B, ¢). By Remark 3.2.1, (8B, G, 7r) admits a factor system
for ¢ of the form (Bg, mg n)g nec. Since the multiplication is associative, it follows that
x () vanishes, proving the “only if” direction.
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Conversely, suppose that y (), represented by a family (Bg, Wg 1)g,nec Of the above
form, vanishes. Then there exists an element @ € C>(G,UZ(B)) such that dg¥ = dww_l,
which yields a family (‘{‘;’h = ¢p, (@(g, h)¥g.n : Bg ® By — Bgn)g.nec of Morita
equivalence B-bimodule isomorphisms satisfying dglpé nx = 1dgni for all g, h, k € G,
as is straightforwardly checked. Consequently, (By, ‘I’é’ n)g.heG 1s a factor system for ¢,
and hence Ext(G, B, ¥) is nonempty by Theorem 3.4. This establishes the “if”” direction,
completing the proof. |

We conclude this section with the introduction of the following convenient terminology:

Definition 4.11. Let G be a discrete group and let B be a unital C*-algebra. A group
homomorphism ¢ : G — Pic(B) is called a Picard homomorphism if y (i) vanishes, i.e.,
it admits a Fell bundle over G with unit fiber B and Picard homomorphism ¢ .

4.2. Classification of Fell bundles: The topological case

In this section, we address the problem of classifying saturated Fell bundles over locally
compact groups. Guided by Corollary 4.5, our strategy is to fix a topology and classify Fell
bundles whose underlying Banach bundle structures are equivalent with respect to it.

In what follows, let G be a locally compact group, unless explicitly stated otherwise,
and let B be a unital C*-algebra. However, we will sometimes consider G as a discrete group
to apply results from Section 3. It should be clear from the context when G is considered
as discrete, or when it does not affect the discussion. We commence as with the following
observation:

Lemma 4.12. Let (B, G, ) be a Fell bundle. The induced map G Xx UZ(B,) — UZ(B,),
defined by (g,z) — u(Yg(g))(z), is continuous (see the discussion preceding Defini-
tion 4.2). Furthermore, this map depends only on the equivalence class of (B, G, ).

Proof. Let go € G. We show that the map in the lemma is continuous on a set of the form
U x UZ(B,) for some open neighbourhood U of gg. By [41, Lem. A.1], there exist elements

X1,...,Xn € Bg such that
n

Z B, (XK, xx) = 18,.

k=1
Since (8B, G, m) has enough sections (see Remark 2.3), there exist continuous sections o
of : 8 — G, foreach 1 < k < n, such that o (go) = xx. Using these, the maps

FiG—Be  £(2):i= ) 5.Am(0u(2)) ok (2)),
k=1

and
n

F:GxB,—Be,  F(g,h) = 5. (m(ox(2),h), %))
k=1
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are defined. Their continuity follows from Remark 2.8.6 and Remark 2.8.9. Furthermore,
for g € G and 7z € UZ(B,), it is easily verified that F(g, z) := u(¥s(g))(z) - f(g). With
B being open and f(go) = 1p,, one can find an open neighbourhood U around g¢ such
that f(U) C BY. In consequence, on U X UZ(B,), the equality u(ys(g))(z) = F(g,z) -
(f(g))~! holds, and hence the claim follows, as the right-hand side is a product of contin-
uous maps. This completes the proof of the lemma. |

Noteworthy is the fact that Lemma 4.12 enables the application of topological group
cohomology, specifically

HZ(G,UZ(B))y = HZ(G,UZ(B))uoy

for all positive integers p (see Section 2.4).
Next, we present the key concept of this section, which serves as the topological coun-
terpart to Definition 4.11:

Definition 4.13. Let G be a locally compact group and let B be a unital C*-algebra. A
Picard homomorphism ¢ : G — Pic(B) is called topological if it admits a Fell bundle over
G with unit fiber B and Picard homomorphism .

Clearly, a Picard homomorphism i : G — Pic(B) is topological if and only if there
exists a representative (B, G, n) in Ext(G, B, ) that admits a fundamental family of sec-
tions of 7 : B — G (see Section 2.1.3). It should be emphasized, however, that there may
exist multiple nonequivalent fundamental families of sections of 7 : 8 — G, in the sense
that the topologies they induce on 8 may not be equivalent. The equivalence class of a
fundamental family I" of sections of a Fell bundle is denoted by [I'].

Example 4.14. Consider the case where B = C. Since Pic(C) is trivial (see [8, Sec. 3]),
there exists only the trivial group homomorphism ¢ : G — Pic(C) for any locally compact
group G. Fell bundles associated with y are characterized by the property that every fiber
is one-dimensional and are referred to as Fell line bundles (see Example 2.10).

In general, Fell line bundles are locally trivial (see, e.g., [11, Prop. 2.3]). However, the
trivial Fell line bundle also serves as an example (see Example 2.9). This demonstrates
that Fell bundles with the same Picard homomorphism may nevertheless have inequivalent
topologies.

Following this, lety : G — Pic(B) be atopological Picard homomorphism, let (8,G, )
be a saturated Fell bundle with unit fiber B and Picard homomorphism ¢, and let I" be a
fundamental family of sectionsof 7 : 8 — G.

Definition 4.15. Under the above hypotheses, we define Ext(G, B, y, [T']) as the set of
equivalence classes of saturated Fell bundles over G with unit fiber B, Picard homomor-
phism ¢, and whose underlying Banach bundles are equivalent with respect to the topology
determined by I' (see Definition 2.5 and Definition 2.12).

The equivalence class of such a saturated Fell bundle is simply denoted by enclosing it
in square brackets, thereby suppressing [I'] for the sake of notational simplicity.
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We proceed as follows: Let ¢ : G — Pic(B) be a topological Picard homomorphism,
and let (8, G, 7) be a saturated Fell bundle with unit fiber B and Picard homomorphism .
Recall that the topology of 8 is uniquely determined by I" := T’ (G, 8B) (see Remark 2.15),
and that (8B, G, nr) allows for a factor system for ¢ of the form (Bg, mg n)g nec (see
Remark 3.2.1). By Lemma 2.16.(ii), any other class in Ext(G, B, ¢) can be represented
by a Fell bundle of the form B((Byg, (M w)g,h)g,heG), Where (my,)g.n = w(g, h)mg p, for
some w € Z*(G,UZ(B))y.If w € Z*(G, UZ(B))y, then is straightforwardly verified that
I'. (G, B) endowed with the multiplication and involution defined for o, o’ € I'. (G, B) by

(0% 0)(g) = / w(h, ™ g (o (h™'g) dA(h)
G
and
o (g) = Mg s, (w(z™ . 9o (g™’

forms a fundamental family of sections of B((By, (M« )g,h)ge.heG), thereby endowing it
with the structure of a Fell bundle (see Corollary 3.5). Here, A denotes a left Haar measure
on G, and A denotes the corresponding modular function. Notably, the Banach bundles
underlying (8, G, nr) and B((Bg, (M w)g,n)e.nec) are equivalent, as follows easily from
Lemma 2.6. Conversely, consider the multiplication m,, : 8 X 8 — B, defined for s € By,
forg € G,and ¢t € By, for h € G, by

M (8,1) 1= (My)gn(s®t) =w(g, h)mg p(s ®t). 4.2)

Lemma 4.16. Under the above hypotheses, if m, : B X B — B is continuous (see Equa-
tion (4.2)), then w is continuous as well, i. e., w € Z*(G, UZ(B))y.

Proof. Letgo, ho € G.Itsuffices to prove that w is continuous on some open neighbourhood
of (go, hp). Our proof strategy is similar to that of Lemma 4.12: By [41, Lem. A.1], there
exist elements x1, .. .,X, € Bgp, such that

n

Z B, Xk, Xk) = 1p,.

k=1

Since (B, G, n) is saturated, for each 1 < k < n, there exist a finite index set Iy, along with
elements {s¥};c;, C Bg, and {t¥};c, C By, such that 3, m(s¥, t¥) approximates x;
arbitrarily well. The openness of B} guarantees that it is possible to choose the elements
{sX, ¥} such that the sum

n

D000 modm(sE th),m(sk 1))

k=11i,j€l}

is invertible. Given that (8, G, 7) has enough sections (see Remark 2.3), there exist contin-
uous sections oX and 7¥ of 7 : B — G, forall 1 < k < nandi € I, such that 0¥ (go) = s¥



22 N. Machado and S. Wagner

and Tik (ho) = tf. Now, consider the map

n

F:GXxG =B,  Flgh)i=) > simcf (@t (m)maf (@)t} (h)).
k=11i,jely

It follows from Remark 2.8.6 and Remark 2.8.9 that F is continuous. Consequently, there
exist open neighbourhoods U of gy and V of hg such that F(U x V) C B. Next, consider
the map

n

Fo:GXG—Be  Folgh)i= ) > pomo(ef (). 7 (h),m(af(g). 7} (h)).
k=11i,jeli

Using the continuity of m,,,, a similar reasoning as for F above shows that F, is continuous.
Furthermore, forall g, 2 € G, the relation F,, (g, h) = w(g, h) F (g, h) is satisfied. On U X V,
where F (g, h) € B}, this implies that

-1
wuxv = Fojuxy - (Fluxv) ™.

Thus, w is continuous on U X V as it is the product of continuous maps. This is the desired
conclusion, and so the proof is complete. ]

With the groundwork laid, we are now in a position to state the topological versions of
Lemma 4.4 and Corollary 4.5. The proofs, relying on this groundwork, are straightforward
and left to the reader.

Lemma 4.17. Let G be a locally compact group, let B be a unital C*-algebra, and let  :
G — Pic(B) be atopological Picard homomorphism. Moreover, let (8, G, ) be a saturated
Fell bundle with unit fiber B and Picard homomorphism s, and let T" be a fundamental
Sfamily of sections of m : B — G. Then the following assertions hold:
(i)  Each class in Ext(G, B, ¥, [I']) can be represented by a Fell bundle of the fol-
lowing form: B((Bg, Yg.1)e,nec) (see Corollary 3.5).
(ii) If B((Bg, Ye,n)g,nec) and B((Bg, Té’h)g,heG) are Fell bundles representing
classes in Ext(G, B, y, [T']), then

lP(’g,h = w(g’ h)‘Pg,h = QOth ((’-)(g’ h))‘{‘g,h

(see Lemma 2.16.(1)), for g, h € G, where w € Z2(G, UZ(B))y.

(iii) B((Bg,¥Ye,n)g,nec) and B((Bg, w(g, h)¥g 1n)g.neG) are equivalent if and only
ifw € BX(G,UZ(B))y.

Corollary 4.18. Let G be a locally compact group, let B be a unital C*-algebra, and
let  : G — Pic(B) be a topological Picard homomorphism. Moreover, let (8, G, ) be
a saturated Fell bundle with unit fiber B and Picard homomorphism , and let I" be a
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SJundamental family of sections of m : 8 — G. Then the map

H2(G,UZ(B))y x Ext(G, B, [T']) — Ext(G, B,y, [T']),
([‘U]’ [B((Bga \Pg,h)g,heG)]) — [B((Bg’ w‘{lg,h)g,heG)]

is a well-defined simply transitive action.

Example 4.19. Let G be alocally compact group and let (8, G, ) be a Fell line bundle (see
Example 2.10 and Example 4.14). By Corollary 4.18, the equivalence classes of saturated
Fell bundles that are topologically equivalent to (8, G, rr) are parametrized by H>(G, C).
For instance, if G = R, then it is well-known that H2(R, T) = {0}. In contrast, if G = R?,
then H2(R?,T) = R (see, e.g., [29, Rem. 2.16]).

5. Crossed product bundles

In this section, we examine a simple yet intriguing class of Fell bundles:

Definition 5.1 (cf. [20, Chap. VIII, Sec. 2.9]). A Fell bundle (8, G, 7) with unital unit fiber
is called a crossed product bundle if each fiber B, for g € G, contains a unitary element,
i.e., anelement ug € By satisfying uguy = u

%

Uo = 13 .
gYe e
A, possibly noncontinuous, section u# : G — 8 of a crossed product bundle (8, G, r)
is called unitary if each ug := u(g) € By, for g € G, is unitary.

Lemma 5.2. Let (8, G, nt) be a crossed product bundle. Then the following assertions
hold:

(1) Foreachg € G, By =ugB. = Boug.
(i) Forallg,h € G, BgBp, = Bgp. In particular, (8, G, ) is saturated.

(iii) The associated Picard homomorphism takes values in Out(B,).

Proof. (i) Letg € G and letu, € B, be a unitary element. Clearly, uy B, € Bg and Boug C
By For the reverse inclusion, let x € B,. Then x = ugu;x €ugB, and x = xuz

(ii) Letg,h € G,andletug, € B, and uj, € By, be unitary elements. Item 5.2.(i) implies
that Bg, = ugnBe = ugnujugugupBe C BeBgBpBe € BgBj, C Bgp.

(iii) Let g € G, let ug € B, be a unitary element, and let S, € Aut(B,) be defined
by Sg(b) := ugbuy. A straightforward computation shows that the map ¥ : M5, — B,
defined by W, (b) := buy, is an isomorphism of Morita equivalence B.-bimodules. Con-
sequently, [Bg] = [Ms,] € Out(B) (see Section 2.3). [ ]

ug € Beug.

Lemma 5.3. Let (8, G, nr) be a saturated Fell bundle with unital unit fiber such that its
associated Picard homomorphism takes values in Out(B,). Then (B, G, n) is a crossed
product bundle.
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Proof. Let g € G. By assumption, [B,] € Out(B,), meaning there exists S(g) € Aut(B,)
and an isomorphism ¥, : Mg,) — B of Morita equivalence B.-bimodules (see Sec-
tion 2.3). Define v, := W4 (1p,), so that B, = vgB, = B.vg. This gives B, = vgBevy and
B, = U;Be v when combined with Remark 2.8.3. In particular, v, is invertible. Let b :=
vz (vg')*, and define u, := vg|b|, where |b| := Vb*b. Clearly, ug € By. Moreover, Uuglty =
vgbvg = 1p, and ugug = |blvguvg|b| = |b|b~!|b| = 1p,. That s, ug € By is unitary, which
proves the claim. ]

Example 5.4. By Lemma 5.3, every Fell line bundle is a crossed product bundle.

We proceed by considering a crossed product bundle (8, G, ) and choosing for each
g € G aunitary element ug, € Bg, with u, = 1p,. The maps S : G — Aut(B,), defined by
S(g)(b) :==ugbuy, and w : G X G — UB,, defined by w(g, h) := uguhu;‘,h, determine an
element (S, w) € C'(G, Aut(B)) x C?(G, UB) satisfying the conditions

(C1) S(g)(S(h)(b))w(gh) =w(g,h)S(gh)(b) forall g,h € G,and b € B,,

(C2) S(g)(w(h,k))w(g, hk) =w(gh,k)w(g, h) forall g,h, k € G.
Condition (C1) is called the twisted action condition, while Condition (C2) is known as
the rwisted cocycle condition. It is easy to check that

mg pn(bug ®p, cup) = bS(g)(c)w(gh)ug

forall g,h € G and b, ¢ € B,. In order to account for topological considerations, we intro-
duce the following notion:

Definition 5.5. Let G be a locally compact group and let B be a unital C*-algebra.
(CC1) CL(G,Aut(B)) denotes the set of strongly continuous 1-cochains G — Aut(B).
(CC2) C2(G,UB) denotes the set of continuous 2-cochains G x G — UB.

Next, let G be a locally compact group, let B be a unital C*-algebra, let (8, G, 1) be
the trivial Banach bundle over G whose constant fiber is the Banach space underlying B,
and let (S, w) € C1(G, Aut(B)) x C2(G, UB) satisfy Conditions (C1) and (C2). We define
a multiplication m : 8 X 8 — B and an involution * : 8 — B as follows:

m((g,b), (h,c)) :=(gh,bS(g)(c)w(g,h)) 5.1
(8.0) = (g S(gH(b'wig 9 =(g " wg ' g S )b (5.2)

forall b,c € Band g, h € G. Notably, foreach g € G, Bg = My (,) as a Morita equivalences
B-bimodules (see Section 2.3). Using the assumed properties, it is straightforward to show
that (8, G, rr) together with the above multiplication and involution is a crossed product
bundle. For instance, the multiplication is associative due to Conditions (C1) and (C2),
while its continuity follows from the fact that (S, w) € C}(G, Aut(B)) x CE(G, UB). The
remaining conditions are verified similarly to those in Section 3. To document this:
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Theorem 5.6. Let G be alocally compact group, let B be a unital C*-algebra, let (B, G, )
be the trivial Banach bundle over G whose constant fiber is the Banach space underly-
ing B, and let (S, w) € C}(G, Aut(B)) x C2(G, UB) satisfy Conditions (C1) and (C2).
Then (B, G, rr) together with the multiplication and involution defined by (5.1) and (5.2),
respectively, is a crossed product bundle, denoted by (B, G, n, (S, w)).

Remark 5.7. Suppose we are in the setting of Theorem 5.6.

(1) The topology on (8B, G, n) coincides with the topology induced by the *-algebra of
compactly supported sections of 7 : 8 — G, which can be intentionally conflated
with the topology of compactly supported functions f : G — B (see Remark 2.15).

(2) The crossed product bundle (8, G, ) has continuous unitary sections.

Let (8, G, ) be a crossed product bundle, and suppose that u : G — B is a continuous
section thereof. Define ¥, as the map from 8 to the trivial Fell bundle G X B, defined for
s € Bg, for g € G, by W, (s) := (g, ugs) = (g, (ug, s)p,). By Lemma 2.6, Remark 2.8.6,
and the continuity of u, ¥,, is an equivalence between the underlying Banach bundles. We
thus record:

Corollary 5.8. If (B, G, ) be a crossed product bundle with continuous unitary sections,
then it is equivalent to (B, G, , (S, w)) for some (S, w) € C}(G, Aut(B)) x C2(G,UB)
satisfying Conditions (C1) and (C2).
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