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CONSTRUCTING CONSERVATION LAWS

NAIL H. IBRAGIMOV

Department of Mathematics and Science,
Blekinge Institute of Technology,
SE-371 79 Karlskrona, Sweden

Abstract. The general concept of nonlinear self-adjointness of differential equations is intro-
duced. It includes the linear self-adjointness as a particular case. Moreover, it embraces the
previous notions of self-adjoint [1] and quasi self-adjoint [2] nonlinear equations. The class
of nonlinearly self-adjoint equations includes, in particular, all linear equations. Conservation
laws associated with symmetries can be constructed for all nonlinearly self-adjoint differential
equations and systems. The number of equations in systems can be different from the number
of dependent variables.

Keywords: Nonlinear self-adjointness, Strict and quasi self-adjointness, Conservation laws,
Kompaneets equation, Reaction-diffusion model, Short pulse equation, Chaplygin gas.

PART 1
Nonlinear self-adjointness

1 Preliminaries
The concept of self-adjointness of nonlinear equations was introduced [1, 3] for con-
structing conservation laws associated with symmetries of differential equations. To
extend the possibilities of the new method for constructing conservation laws the no-
tion of quasi self-adjointness was suggested in [2]. I introduce here the general con-
cept of nonlinear self-adjointness. It embraces the previous notions of self-adjoint and
quasi self-adjoint equations and includes the linear self-adjointness as a particular case.
But the set of nonlinearly self-adjoint equations is essentially wider and includes, in
particular, all linear equations. The construction of conservation laws demonstrates
a practical significance of the nonlinear self-adjointness. Namely, conservation laws
can be associated with symmetries for all nonlinearly self-adjoint differential equa-
tions and systems. In particular, this is possible for all linear equations and systems.

c© 2010 N.H. Ibragimov
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2 Nail H. Ibragimov

1.1 Notation
We will use the following notation. The independent variables are denoted by

x = (x1, . . . , xn).

The dependent variables are
u = (u1, . . . , um).

They are used together with their first-order partial derivatives u(1) :

u(1) = {u
α
i }, uαi = Di(u

α),

and higher-order derivatives u(2), . . . , u(s), . . . , where

u(2) = {u
α
ij}, uαij = DiDj(u

α), . . . ,

u(s) = {u
α
i1···is
}, uαi1···is = Di1 · · ·Dis(u

α).

Here Di is the total differentiation with respect to xi :

Di =
∂

∂xi
+ uαi

∂

∂uα
+ uαij

∂

∂uαj
+ · · · . (1.1)

A locally analytic function f(x, u, u(1), . . . , u(k)) of any finite number of the vari-
ables x, u, u(1), u(2), . . . is called a differential function. The set of all differential func-
tions is denoted by A. For more details see [4], Chapter 8.

1.2 Linear self-adjointness
Recall that the adjoint operator F ∗ to a linear operator F in a Hilbert space H with a
scalar product (u, v) is defined by

(Fu, v) = (u, F ∗v), u, v ∈ H. (1.2)

Let us consider, for the sake of simplicity, the case of one dependent variable u
and denote by H the Hilbert space of real valued functions u(x) such that u2(x) is
integrable. The scalar product is given by

(u, v) =

∫

IRn

u(x)v(x)dx.

Let F be a linear differential operator in H. Its action on the dependent variable u is
denoted by F [u]. The definition (1.2) of the adjoint operator F ∗ to F,

(F [u], v) = (u, F ∗[v]),

2



Nonlinear self-adjointness in constructing conservation laws 3

can be written, using the divergence theorem, in the simple form

vF [u]− uF ∗[v] = Di(p
i), (1.3)

where v is a new dependent variable, and pi are any functions of x, u, v, u(1), v(1), . . . .
It is manifest from Eq. (1.3) that the operators F and F ∗ are mutually adjoint,

(F ∗)∗ = F. (1.4)

In other words, the adjointness of linear operators is a symmetric relation.
The linear operator F is said to be self-adjoint if F ∗ = F. In this case we say that

the equation F [u] = 0 is self-adjoint. Thus, the self-adjointness of a linear equation
F [u] = 0 can be expressed by the equation

F ∗[v]
∣∣∣
v=u

= F [u]. (1.5)

1.3 Adjoint equations to nonlinear differential equations
Let us consider a system of m differential equations (linear or nonlinear)

Fα
(
x, u, u(1), . . . , u(s)

)
= 0, α = 1, . . . ,m, (1.6)

withm dependent variables u = (u1, . . . , um). Eqs. (1.6) involve the partial derivatives
u(1), . . . , u(s) up to order s.

Definition 1.1. The adjoint equations to Eqs. (1.6) are given by

F ∗

α

(
x, u, v, u(1), v(1), . . . , u(s), v(s)

)
= 0, α = 1, . . . ,m, (1.7)

with
F ∗

α

(
x, u, v, u(1), v(1), . . . , u(s), v(s)

)
=

δL

δuα
, (1.8)

where L is the formal Lagrangian for Eqs. (1.6) defined by 1

L = vβFβ ≡

m∑

β=1

vβFβ. (1.9)

Here v = (v1, . . . , vm) are new dependent variables, v(1), . . . , v(s) are their derivatives,
e.g. v(1) = {vαi }, v

α
i = Di(v

α). We use δ/δuα for the Euler-Lagrange operator

δ

δuα
=

∂

∂uα
+

∞∑

s=1

(−1)sDi1 · · ·Dis

∂

∂uαi1···is
, α = 1, . . . ,m,

1See [1]. An approach in terms of variational principles is developed in [5].
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4 Nail H. Ibragimov

so that

δ(vβFβ)

δuα
=
∂(vβFβ)

∂uα
−Di

(
∂(vβFβ)

∂uαi

)
+DiDk

(
∂(vβFβ)

∂uαik

)
− · · · .

The total differentiation (1.1) is extended to the new dependent variables:

Di =
∂

∂xi
+ uαi

∂

∂uα
+ vαi

∂

∂vα
+ uαij

∂

∂uαj
+ vαij

∂

∂vαj
+ · · · . (1.10)

The adjointness of nonlinear equations is not a symmetric relation. In other words,
nonlinear equations, unlike the linear ones, do not obey the condition (1.4) of mutual
adjointness. Instead, the following equation holds:

(F ∗)∗ = F̂ (1.11)

where F̂ is the linear approximation to F defined as follows. We use the temporary
notation F [u] for the left-hand side of Eq. (1.6) and consider F [u + w] by letting
w ¿ 1. Then neglecting the nonlinear terms in w we define F̂ by the equation

F [u+ w] ≈ F [u] + F̂ [w] (1.12)

For linear equations we have F̂ = F, and hence Eq. (1.11) is identical with Eq. (1.4).
Let us illustrate Eq. (1.11) by the equation

F ≡ uxy − sinu = 0. (1.13)

Eq. (1.8) yields

F ∗ ≡
δ

δu
[v(uxy − sin u)] = vxy − v cosu (1.14)

and
(F ∗)∗ ≡

δ

δv
[w(vxy − v cos u)] = wxy − w cos u. (1.15)

Let us find F̂ by using Eq. (1.12). Since sinw ≈ w, cosw ≈ 1 when w ¿ 1, we have

F [u+ w] ≡ (u+ w)xy − sin(u+ w)

= uxy + wxy − sinu cosw − sinw cos u

≈ uxy − sinu+ wxy − w cosu,

= F [u] + wxy − w cos u.

Hence, by (1.12) and (1.15), we have

F̂ [w] = wxy − w cos u = (F ∗)∗ (1.16)

in accordance with Eq. (1.11).

4



Nonlinear self-adjointness in constructing conservation laws 5

1.4 The case of one dependent variable
Let us consider the differential equation

F
(
x, u, u(1), . . . , u(s)

)
= 0 (1.17)

with one dependent variable u and any number of independent variables. In this case
Definition 1.1 of the adjoint equation is written

F ∗
(
x, u, v, u(1), v(1), . . . , u(s), v(s)

)
= 0, (1.18)

where

F ∗
(
x, u, v, u(1), v(1), . . . , u(s), v(s)

)
=
δ(vF )

δu
· (1.19)

1.5 Construction of adjoint equations to linear equations
The following statement has been formulated in [1, 3].

Proposition 1.1. In the case of linear differential equations and systems, the adjoint
equations determined by Eq. (1.8) and by Eq. (1.3) coincide.

Proof. The proof is based on the statement (see Proposition 7.1 in Section 7.2) that a
function Q(u, v) is a divergence, i.e. Q = Di(h

i), if and only if

δQ

δuα
= 0,

δQ

δvα
= 0, α = 1, . . . ,m. (1.20)

Let the adjoint operator F ∗ be constructed according to Eq. (1.3). Let us consider the
case of many dependent variables and write Eq. (1.3) as follows:

vβFβ[u] = uβF ∗

β [v] +Di(p
i). (1.21)

Applying to (1.21) the variational differentiations and using Eqs. (1.20) we obtain

δ(vβFβ[u])

δuα
= δβαF

∗

β [v] ≡ F ∗

α[v].

Hence, (1.8) coincides with F ∗

α[v] given by (1.3).
Conversely, let F ∗[v] be given by (1.8),

F ∗

β [v] =
δ(vγFγ[u])

δuβ
·

Consider the expression Q defined by

Q = vβFβ[u]− u
βF ∗

β [v] ≡ vβFβ[u]− u
β δ(v

γFγ[u])

δuβ
·

5



6 Nail H. Ibragimov

Applying to the first expression for Q the variational differentiations δ/δuα we obtain

δQ

δuα
=
δ(vβFβ[u])

δuα
− δβαF

∗

β [v] ≡ F ∗

α[v]− δ
β
αF

∗

β [v] = 0.

Applying δ/δvα to the second expression for Q we obtain

δQ

δvα
= δβαFβ[u]−

δ

δvα

[
uβ
δ(vγFγ [u])

δuβ

]
≡ Fα[u]−

δ

δvα

[
uβ
δ(vγFγ[u])

δuβ

]
·

The reckoning shows that

δ

δvα

[
uβ
δ(vγFγ [u])

δuβ

]
= Fα[u]. (1.22)

Thus Q solves Eq. (1.20) and hence Eq. (1.21) is satisfied. This completes the proof.

Remark 1.1. Let us discuss the proof of Eq. (1.22) in the case of a econd-order linear
operator for one dependent variable:

F [u] = aij(x)uij + bi(x)ui + c(x)u.

Then we have:

u
δ(vF [u])

δu
= u

[
cv − vDi(b

i) + vDiDj(a
ij)− bivi + 2viDj(a

ij) + aijvij
]
.

Whence, after simple calculations we obtain

δ

δv

[
u
δ(vF [u])

δu

]
=
[
cu+ biui + aijuij

]
+
{
DiDj(a

iju)−Di(a
ijuj)−Di[uDj(a

ij)]
}

and, noting that the expression in the braces vanishes, arrive at Eq. (1.22).

Let us illustrate Proposition 1.1 by the following simple example.

Example 1.1. Consider the heat equation

F [u] ≡ ut − uxx = 0 (1.23)

and construct the adjoint operator to the linear operator

F = Dt −D
2
x (1.24)

by using Eq. (1.3). Noting that

vut = Dt(uv)− uvt,

vuxx = Dx(vux)− vxux = Dx(vux − uvx) + uvxx

6



Nonlinear self-adjointness in constructing conservation laws 7

we have:

vF [u] ≡ v(ut − uxx) = u(−vt − vxx) +Dt(uv) +Dx(uvx − vux).

Hence,
vF [u]− u(−vt − vxx) = Dt(uv) +Dx(uvx − vux).

Therefore, denoting t = x1, x = x2, we obtain Eq. (1.3) with F ∗[v] = −vt − vxx and
p1 = uv, p2 = uvx − vux. Thus, the adjoint operator to the linear operator (1.24) is

F ∗ = −Dt −D
2
x (1.25)

and the adjoint equation to the heat equation (1.23) is written −vt − vxx = 0, or

vt + vxx = 0. (1.26)

The derivation of the adjoint equation (1.26) and the adjoint operator (1.25) by the
definition (1.19) is much simpler. Indeed, we have:

F ∗ =
δ(vut − vuxx)

δu
= −Dt(v)−D

2
x(v) = −(vt + vxx).

1.6 Self-adjointness and quasi self-adjointness
Recall that a linear differential operator F is called a self-adjoint operator if it is iden-
tical with its adjoint operator, F = F ∗. Then the equation F [u] = 0 is also said to
be self-adjoint. Thus, the self-adjointness of a linear differential equation F [u] = 0
means that the adjoint equation F ∗[v] = 0 coincides with F [u] = 0 upon the substitu-
tion v = u. This property has been extended to nonlinear equations in [1]. It will be
called here the strict self-adjointness and defined as follows.

Definition 1.2. We say that the differential equation (1.17) is strictly self-adjoint if the
adjoint equation (1.18) becomes equivalent to the original equation (1.17) upon the
substitution

v = u. (1.27)

It means that the equation

F ∗
(
x, u, u, . . . , u(s), u(s)

)
= λF

(
x, u, . . . , u(s)

)
(1.28)

holds with a certain (in general, variable) coefficient λ.

Example 1.2. The Korteweg-de Vries (KdV) equation

ut = uxxx + uux

is strictly self-adjoint [3]. Indeed, its adjoint equation (1.18) has the form

vt = vxxx + uvx

and coincides with the KdV equation upon the substitution (1.27).

7



8 Nail H. Ibragimov

In the case of linear equations the strict self-adjointness is identical with the usual
self-adjointness of linear equations.

Example 1.3. Consider the linear equation

utt + a(x)uxx + b(x)ux + c(x)u = 0. (1.29)

According to Eqs. (1.18)-(1.19), the adjoint equation to Eq. (1.29) is written

δ

δu
{v[utt + a(x)uxx + b(x)ux + c(x)u]} ≡ D2

t (v) +D2
x(av)−Dx(bv) + cv = 0.

Upon substituting v = u and performing the differentiations it becomes

utt + auxx + (2a′ − b)ux + (a′′ − b′ + c)u = 0. (1.30)

According to Definition 1.2, Eq. (1.29) is strictly self-adjoint if Eq. (1.30) coincides
with Eq. (1.29). This is possible if

b(x) = a′(x). (1.31)

Definition 1.2 is too restrictive. Moreover, it is inconvenient in the case of systems
with several dependent variables u = (u1, . . . , um) because in this case Eq. (1.27) is
not uniquely determined as it is clear from the following example.

Example 1.4. Let us consider the system of two equations

u1y + u2u2x − u
2
t = 0,

u2y − u
1
x = 0 (1.32)

with two dependent variables, u = (u1, u2), and three independent variables t, x, y.
Using the formal Lagrangian (1.9)

L = v1(u1y + u2u2x − u
2
t ) + v2(u2y − u

1
x)

and Eqs. (1.8) we write the adjoint equations (1.7), changing their sign, in the form

v2y + u2v1x − v
1
t = 0,

v1y − v
2
x = 0. (1.33)

If we use here the substitution (1.27), v = u with v = (v1, v2), i.e. let

v1 = u1, v2 = u2,

8



Nonlinear self-adjointness in constructing conservation laws 9

then the adjoint system (1.33) becomes

u2y + u2u1x − u
1
t = 0,

u1y − u
2
x = 0,

which is not connected with the system (1.32) by the equivalence relation (1.28). But
if we set

v1 = u2, v2 = u1,

the adjoint system (1.33) coincides with the original system (1.32).

The concept of quasi self-adjointness generalizes Definition 1.2 and is more con-
venient for dealing with systems (1.6). This concept was formulated in [2] as follows.

The system (1.6) is quasi self-adjoint if the adjoint system (1.7) becomes equivalent
to the original system (1.6) upon a substitution

v = ϕ(u) (1.34)

such that its derivative does not vanish in a certain domain of u,

ϕ′(u) 6= 0, where ϕ′(u) =
∣∣∣
∣∣∣
∂ϕα(u)

∂uβ

∣∣∣
∣∣∣. (1.35)

Remark 1.2. The substitution (1.34) defines a mapping

vα = ϕα(u), α = 1, . . . ,m,

from the m-dimensional space of variables u = (u1, . . . , um) into the m-dimensional
space of variables v = (v1, . . . , vm). It is assumed that this mapping is continuously
differentiable. The condition (1.35) guarantees that it is invertible, and hence Eqs.
(1.7) and (1.6) are equivalent. The equivalence means that the following equations
hold with certain coefficients λβα :

F ∗

α

(
x, u, ϕ, . . . , u(s), ϕ(s)

)
= λβα Fβ

(
x, u, . . . , u(s)

)
, α = 1, . . . ,m, (1.36)

where

ϕ = {ϕα(u)}, ϕ(σ) = {Di1 · · ·Diσ

(
ϕα(u)

)
}, σ = 1, . . . , s. (1.37)

It can be shown that the matrix ‖λβα‖ is invertible due to the condition (1.35).

Example 1.5. The quasi self-adjointness of nonlinear wave equations of the form

utt − uxx = f(t, x, u, ut, ux)

9



10 Nail H. Ibragimov

is investigated in [6]. The results of the paper [6] show that, e.g. the equation

utt − uxx + u2t − u
2
x = 0 (1.38)

is quasi self-adjoint and that in this case the substitution (1.34) has the form

v = eu. (1.39)

Indeed, the adjoint equation to Eq. (1.38) is written

vtt − vxx − 2vutt − 2utvt + 2vuxx + 2uxvx = 0. (1.40)

After the substitution (1.39) the left-hand side of Eq. (1.40) takes the form (1.36):

vtt − vxx − 2vutt − 2utvt + 2vuxx + 2uxvx = −e
u[utt − uxx + u2t − u

2
x]. (1.41)

It is manifest from Eq. (1.41) that v given by (1.39) solves the adjoint equation (1.40)
if one replaces u by any solution of Eq. (1.38).

In constructing conservation laws one can relax the condition (1.35). Therefore I
generalize the previous definition of quasi self-adjointness as follows.

Definition 1.3. The system (1.6) is said to be quasi self-adjoint if the adjoint equations
(1.7) are satisfied for all solutions u of the original system (1.6) upon a substitution

vα = ϕα(u), α = 1, . . . ,m, (1.42)

such that
ϕ(u) 6= 0. (1.43)

In other words, the equations (1.36) hold after the substitution (1.42), where not all
ϕα(u) vanish simultaneously.

Remark 1.3. The condition (1.43), unlike (1.35), does not guarantee the equivalence
of Eqs. (1.7) and (1.6) because the matrix ‖λβα‖ may be singular.

Example 1.6. It is well known that the linear heat equation (1.23) is not self-adjoint
(not strictly self-adjoint in the sense of Definition 1.2). It is clear from Eqs. (1.23) and
(1.26). Let us test Eq. (1.23) for quasi self-adjointness. Letting v = ϕ(u), we obtain

vt = ϕ′ut, vx = ϕ′ux, vxx = ϕ′uxx + ϕ′′u2x,

and the condition (1.36) is written:

ϕ′(u)[ut + uxx] + ϕ′′(u)u2x = λ[ut − uxx].

10
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Whence, comparing the coefficients of ut in both sides, we obtain λ = ϕ′(u). Then the
above equation becomes

ϕ′(u)[ut + uxx] + ϕ′′(u)u2x = ϕ′(u)[ut − uxx].

This equation yields that ϕ′(u) = 0. Hence, Eq. (1.23) is quasi self-adjoint with the
substitution v = C, where C is any non-vanishing constant. This substitution does not
satisfy the condition (1.35).

Example 1.7. Let us consider the Fornberg-Whitham equation [7]

ut − utxx − uuxxx − 3uxuxx + uux + ux = 0. (1.44)

Eqs. (1.18)-(1.19) give the following adjoint equation:

F ∗ ≡ −vt + vtxx + uvxxx − uvx − vx = 0. (1.45)

It is manifest from the equations (1.44) and (1.45) that the Fornberg-Whitham equation
is not strictly self-adjoint. Let us test it for quasi self-adjointness. Inserting in (1.45)
the substitution v = ϕ(u) and its derivatives

vt = ϕ′ut, vx = ϕ′ux, vxx = ϕ′uxx + ϕ′′u2x, vtx = ϕ′utx + ϕ′′utux, . . . ,

then writing the condition (1.36) and comparing the coefficients for ut, utx, uxx, . . .
one can verify that ϕ′(u) = 0. Hence, Eq. (1.44) is quasi self-adjoint but does not
satisfy the condition (1.35).

2 Strict self-adjointness via multipliers
It is commonly known that numerous linear equations used in practice, e.g. linear evo-
lution equations, are not self-adjoint in the classical meaning of the self-adjointness.
Likewise, useful nonlinear equations such as the nonlinear heat equation, the Burgers
equation, etc. are not strictly self-adjoint. We will see here that these and many other
equations can be rewritten in a strictly self-adjoint equivalent form by using multipli-
ers. The general discussion of this approach will be given in Section 3.7.

2.1 Motivating examples
Example 2.1. Let us consider the following second-order nonlinear equation

uxx + f(u)ux − ut = 0. (2.1)

Its adjoint equation (1.18) is written

vxx − f(u)vx + vt = 0. (2.2)

11



12 Nail H. Ibragimov

It is manifest that the substitution v = u does not map Eq. (2.2) into Eq. (2.1). Hence
Eq. (2.1) is not strictly self-adjoint.

Let us clarify if Eq. (2.1) can be written in an equivalent form

µ(u)[uxx + f(u)ux − ut] = 0 (2.3)

with a certain multiplier µ(u) 6= 0 so that Eq. (2.3) is strictly self-adjoint. The formal
Lagrangian for Eq. (2.3) is

L = vµ(u)[uxx + f(u)ux − ut].

We have:
δL

δu
= D2

x[µ(u)v]−Dx[µ(u)f(u)v] +Dt[µ(u)v]

+ µ′(u)v[uxx + f(u)ux − ut] + µ(u)f ′(u)vux ,

whence, upon performing the differentiations,

δL

δu
= µvxx + 2µ′vuxx + 2µ′uxvx + µ′′vu2x − µfvx + µvt .

The strict self-adjointness requires that

δL

δu

∣∣∣∣
v=u

= λ[uxx + f(u)ux − ut].

This provides the following equation for the unknown multiplier µ(u) :

(µ+ 2uµ′)uxx + (2µ′ + uµ′′)u2x − µfux + µut = λ[uxx + f(u)ux − ut]. (2.4)

Since the right side of Eq. (2.4) does not contain u2x we should have 2µ′ + uµ′′ = 0,
whence µ = C1u

−1 + C2. Furthermore, comparing the coefficients of ut in both sides
of Eq. (2.4) we obtain λ = −µ. Now Eq. (2.4) takes the form

(C2 − C1u
−1)uxx − (C1u

−1 + C2)fux = −(C1u
−1 + C2)[uxx + f(u)ux]

and yields C2 = 0. Thus, µ = C1u
−1. We can let C1 = −1 and formulate the result.

Proposition 2.1. Eq. (2.1) becomes strictly self-adjoint if we rewrite it in the form

1

u
[ut − uxx − f(u)ux] = 0. (2.5)

Example 2.2. One can verify that the nth-order nonlinear evolution equation

∂u

∂t
− f(u)

∂nu

∂xn
= 0, f(u) 6= 0, (2.6)

with one spatial variable x is not strictly self-adjoint. The following statement shows
that it becomes strictly self-adjoint after using an appropriate multiplier.

12
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Proposition 2.2. Eq.(2.6) becomes strictly self-adjoint upon rewriting it in the follow-
ing equivalent form:

1

uf(u)

[
∂u

∂t
− f(u)

∂nu

∂xn

]
= 0. (2.7)

Proof. Multiplying Eq. (2.6) by µ(u) and taking the formal Lagrangian

L = vµ(u)[ut − f(u)un],

where un = Dn
x(u), we have:

δL

δu
= −Dt[µ(u)v]−D

n
x [µ(u)f(u)v] + vµ′(u)ut − v[µ(u)f(u)]

′un.

Noting that −Dt[µ(u)v] + vµ′(u)ut = −µ(u)vt and letting v = u we obtain

δL

δu

∣∣∣∣
v=u

= −µ(u)ut −D
n
x [µ(u)f(u)u]− [µ(u)f(u)]′uun.

If we take µ(u) = [uf(u)]−1, then µ(u)f(u)u = 1, µ(u)f(u) = u−1, and hence

δL

δu

∣∣∣∣
v=u

= −
1

uf(u)
[ut − f(u)un].

Thus, Eq. (2.7) satisfies the strict self-adjointness condition (1.28) with λ = −1.

2.2 Linear heat equation
Taking in (2.5) f(u) = 0, we rewrite the classical linear heat equation ut = uxx in the
following strictly self-adjoint form:

1

u
[ut − uxx] = 0. (2.8)

This result can be extended to the heat equation

ut −∆u = 0, (2.9)

where ∆u is the Laplacian with n variables x = (x1, . . . , xn). Namely, the strictly
self-adjoint form of Eq. (2.9) is

1

u
[ut −∆u] = 0. (2.10)

Indeed, the formal Lagrangian (1.9) for Eq. (2.10) has the form

L =
v

u
[ut −∆u].

13
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Substituting it in (1.19) we obtain

F ∗ = −Dt

(v
u

)
−∆

(v
u

)
−

v

u2
[ut −∆u].

Upon letting v = u it becomes

F ∗ = −
1

u
[ut −∆u].

Hence, Eq. (2.10) satisfies the condition (1.28) with λ = −1.

2.3 Nonlinear heat equation
Consider the nonlinear heat equation ut −Dx (k(u)ux) = 0, or

ut − k(u)uxx − k
′(u)u2x = 0. (2.11)

Its adjoint equation has the form

vt + k(u)vxx = 0.

Therefore it is obvious that (2.11) does not satisfy Definition 1.2. But it becomes
strictly self-adjoint if we rewrite it in the form

1

u

[
ut − k(u)uxx − k

′(u)u2x
]
= 0. (2.12)

Indeed, the formal Lagrangian (1.9) for Eq. (2.12) is written

L =
v

u

[
ut − k(u)uxx − k

′(u)u2x
]
.

Substituting it in (1.19) we obtain

F ∗ = −Dt

(v
u

)
−D2

x

(v
u
k(u)

)
+ 2Dx

(v
u
k′(u)ux

)

−
v

u
k′(u)uxx −

v

u
k′′(u)u2x −

v

u2
[
ut − k(u)uxx − k

′(u)u2x
]
.

Letting here v = u we have:

F ∗ = −
1

u

[
ut − k(u)uxx − k

′(u)u2x
]
.

Hence, Eq. (2.10) satisfies the strict self-adjointness condition (1.28) with λ = −1.

14
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2.4 The Burgers equation
Taking in (2.5) f(u) = u we obtain the strictly self-adjoint form

1

u
[ut − uxx]− ux = 0 (2.13)

of the Burgers equation ut = uxx + uux.

2.5 Heat conduction in solid hydrogen
According to [8], the heat conduction in solid crystalline molecular hydrogen at low
pressures is governed by the nonlinear equation (up-to positive constant coefficient)

ut = u2∆u. (2.14)

It is derived from the Fourier equation

ρ c∗
∂T

∂t
= ∇ · (k∇T )

using the empirical information that the density ρ at low pressures has a constant value,
whereas the specific heat c∗ and the thermal conductivity k have the estimations

c∗ ∼= T 3, k ∼= T 3
(
1 + T 4

)
−2
.

It is also shown in [8] that the one-dimensional equation (2.14),

ut = u2uxx , (2.15)

is related to the linear heat equation by a non-point transformation (Eq. (5) in [8]). A
similar relation was found in [9] for another representation of Eq. (2.15). The non-
point transformation of Eq. (2.15) to the linear heat equation

ws = wξξ (2.16)

is written in [10] as the differential substitution

t = s, x = w, u = wξ. (2.17)

It is also demonstrated in [10], Section 20, that Eq. (2.15) is the unique equation with
nontrivial Lie-Bäcklund symmetries among the equations of the form

ut = f(u) + h(u, ux), f ′(u) 6= 0.

The connection between Eq. (2.15) and the heat equation is treated in [11] as a re-
ciprocal transformation [11]. It is shown in [12] that this connection, together with

15
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its extensions, allows the analytic solution of certain moving boundary problems in
nonlinear heat conduction.

Our Example 2.2 from Section 2.1 reveals one more remarkable property of Eq.
(2.15). Namely, taking n = 2 and f(u) = u2 in Eq. (2.7) we see that Eq. (2.15)
becomes strictly self-adjoint if we rewrite it in the form

ut
u3

=
uxx
u
· (2.18)

2.6 Harry Dym equation
Taking in Example 2.2 from Section 2.1 n = 3 and f(u) = u3 we see that the Harry
Dym equation

ut − u
3uxxx = 0 (2.19)

becomes strictly elf-adjoint upon rewriting it in the form

ut
u4
−
uxxx
u

= 0.

2.7 Kompaneets equation
The equations considered in Sections 2.1 - 2.6 are quasi self-adjoint. For example, for
Eq. (2.6) we have

F ∗ = −vt −D
n
x(f(u)v)− vf

′(u)un,

whence making the substitution

v =
1

f(u)

we obtain

F ∗ =
f ′

f 2
ut −

f ′

f
un =

f ′

f 2
[ut − f(u)un].

Hence, Eq. (2.6) is quasi self-adjoint.

Example 2.3. The Kompaneets equation

ut =
1

x2
Dx

[
x4(ux + u+ u2)

]
(2.20)

provides an example of an equation that is not quasi self-adjoint. Indeed, Eq. (2.20)
has the formal Lagrangian

L = v[−ut + x2uxx + (x2 + 4x+ 2x2u)ux + 4x(u+ u2)].

The calculation yields the following adjoint equation to (2.20):

δL

δu
≡ vt + x2vxx − x

2(1 + 2u)vx + 2(x+ 2xu− 1)v = 0. (2.21)

16
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Letting v = ϕ(u) one obtains:

δL

δu

∣∣∣∣
v=ϕ(u)

= ϕ′(u)[ut + x2uxx − x
2(1 + 2u)ux]

+ ϕ′′(u)x2u2x + 2(x+ 2xu− 1)ϕ(u).

Writing the quasi self-adjointness condition (1.36) in the form

δL

δu

∣∣∣∣
v=ϕ(u)

= λ[−ut + x2uxx + (x2 + 4x+ 2x2u)ux + 4x(u+ u2)]

and comparing the coefficients for ut in both sides one obtains λ = −ϕ′(u), so that the
quasi self-adjointness condition takes the form

ϕ′(u)[ut + x2uxx − x
2(1 + 2u)ux] + ϕ′′(u)x2u2x + 2(x+ 2xu− 1)ϕ(u)

= ϕ′(u)[ut − x
2uxx − (x2 + 4x+ 2x2u)ux − 4x(u+ u2)].

Comparing the coefficients for uxx in both sides we obtain ϕ′(u) = 0. Then the above
equation becomes (x+2xu−1)ϕ(u) = 0 and yields ϕ(u) = 0.Hence the Kompaneets
equation is not quasi self-adjoint because the condition (1.43) is not satisfied.

But we can rewrite Eq. (2.20) in the strictly self-adjoint form by using a more
general multiplier than above, namely, the multiplier

µ =
x2

u
· (2.22)

Indeed, upon multiplying by this µ Eq. (2.20) is written

x2

u
ut =

1

u
Dx

[
x4(ux + u+ u2)

]
.

Its formal Lagrangian

L =
v

u

{
−x2ut +Dx

[
x4(ux + u+ u2)

]}

satisfies the strict self-adjointness condition (1.28) with λ = −1 :

δL

δu

∣∣∣∣
v=u

= −
1

u

{
−x2ut +Dx

[
x4(ux + u+ u2)

]}
.

Remark 2.1. Note that v = x2 solves Eq. (2.21) for any u. The connection of this
solution with the multiplier (2.22) is discussed in Section 3.7. See also Section 4.

17



18 Nail H. Ibragimov

3 General concept of nonlinear self-adjointness
Motivated by the examples discussed in Sections 1 and 2 as well as other similar ex-
amples, I suggest here the general concept of nonlinear self-adjointness of systems
consisting of any number of equations with m dependent variables. This concept en-
capsulates Definition 1.2 of strict self-adjointness and Definition 1.3 of quasi self-
adjointness. The new concept has two different features. They are expressed below by
two different but equivalent definitions.

3.1 Two definitions and their equivalence
Definition 3.1. The system of m differential equations (compare with Eqs. (1.6))

Fᾱ
(
x, u, u(1), . . . , u(s)

)
= 0, ᾱ = 1, . . . ,m, (3.1)

with m dependent variables u = (u1, . . . , um) is said to be nonlinarly self-adjoint if
the adjoint equations

F ∗

α

(
x, u, v, u(1), v(1), . . . , u(s), v(s)

)
≡
δ(vβ̄Fβ̄)

δuα
= 0, α = 1, . . . ,m, (3.2)

are satisfied for all solutions u of the original system (3.1) upon a substitution

vᾱ = ϕᾱ(x, u), ᾱ = 1, . . . ,m, (3.3)

such that
ϕ(x, u) 6= 0. (3.4)

In other words, the following equations hold:

F ∗

α

(
x, u, ϕ(x, u), . . . , u(s), ϕ(s)

)
= λβ̄α Fβ̄

(
x, u, . . . , u(s)

)
, α = 1, . . . ,m, (3.5)

where λβ̄α are undetermined coefficients, and ϕ(σ) are derivatives of (3.3),

ϕ(σ) = {Di1 · · ·Diσ

(
ϕᾱ(x, u)

)
}, σ = 1, . . . , s.

Here v and ϕ are the m-dimensional vectors

v = (v1, . . . , vm), ϕ = (ϕ1, . . . , ϕm),

and Eq. (3.4) means that not all components ϕᾱ(x, u) of ϕ vanish simultaneously.

Remark 3.1. If the system (3.1) is over-determined, i.e. m > m, then the adjoint
system (3.2) is sub-definite since it contains m < m equations for m new dependent
variables v. Vise versa, if m < m, then the system (3.1) is sub-definite and the adjoint
system (3.2) is over-determined.

18
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Remark 3.2. The adjoint system (3.2), upon substituting there any solution u(x) of
Eqs. (3.1), becomes a linear homogeneous system for the new dependent variables v ᾱ.
The essence of Eqs. (3.5) is that for the self-adjoint system (3.1) there exist functions
(3.3) that provide a non-trivial (not identically zero) solution to the adjoint system
(3.2) for all solutions of the original system (3.1). This property can be taken as the
following alternative definition of the nonlinear self-adjointness.

Definition 3.2. The system (3.1) is nonlinearly self-adjoint if there exist functions v ᾱ

given by (3.3) that solve the adjoint system (3.2) for all solutions u(x) of Eqs. (3.1)
and satisfy the condition (3.4).

Proposition 3.1. The above two definitions are equivalent.

Proof. Let the system (3.1) be nonlinearly self-adjoint by Definition 3.1. Then, ac-
cording to Remark 3.2, the system (3.1) satisfies the condition of Definition 3.2.

Conversely, let the system (3.1) be nonlinearly self-adjoint by Definition 3.2. Namely,
let the functions vᾱ given by (3.3) and satisfying the condition (3.4) solve the adjoint
system (3.2) for all solutions u(x) of Eqs. (3.1). This is possible if and only if Eqs.
(3.5) hold. Then the system (3.1) is nonlinearly self-adjoint by Definition 3.1.

Example 3.1. It has been mentioned in Example 1.2 that the KdV equation

ut = uxxx + uux (3.6)

is strictly self-adjoint. In terms of Definition 3.2 it means that v = u solves the adjoint
equation

vt = vxxx + uvx (3.7)

for all solutions of the KdV equation (3.6). One can easily verify that the general
substitution of the form (3.3), v = ϕ(t, x, u), satisfying Eq. (3.7) for all solutions of
the KdV equation is given by

v = A1 + A2u+ A3(x+ tu), (3.8)

where A1, A2, A3 are arbitrary constants. The solution v = x + tu is an invariant of
the Galilean transformation of the KdV equation and appears in different approaches
(see, e.g. [10], Section 22.5, and [13]).

Proposition 3.2. Any linear equation is nonlinearly self-adjoint.

Proof. This property is the direct consequence of Definition 3.2 because the adjoint
equation F ∗[v] = 0 to a linear equation F [u] = 0 does not involve the variable u.
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3.2 Remark on differential substitutions
One can further extend the concept of self-adjointness by replacing the point-wise
substitution (3.3) with differential substitutions of the form

vᾱ = ϕᾱ(x, u, u(1), . . . , u(r)), ᾱ = 1, . . . ,m. (3.9)

Then Eqs. (3.5) will be written, e.g. in the case r = 1, as follows:

F ∗

α

(
x, u, ϕ, . . . , u(s), ϕ(s)

)
= λβ̄α Fβ̄ + λjβ̄α Dj(Fβ̄). (3.10)

Example 3.2. The reckoning shows that the equation

uxy = sinu (3.11)

is not self-adjoint via a point-wise substitution v = ϕ(x, y, u), but it is self-adjoint in
the sense of Definition 3.1 with the following differential substitution:

v = ϕ(x, y, ux, uy) ≡ A1[xux − yuy] + A2ux + A3uy, (3.12)

where A1, A2, A3 are arbitrary constants. The adjoint equation to Eq. (3.11) is

vxy − v cos u = 0,

and the self-adjointness condition (3.10) with the function ϕ given by (3.12) is satisfied
in the form

ϕxy − ϕ cos u = (A1x+ A2)Dx(uxy − sin u) + (A3 − A1y)Dy(uxy − sin u). (3.13)

3.3 Nonlinear heat equation
3.3.1 One-dimensional case

Let us apply the new viewpoint to the nonlinear heat equation (2.11), ut = (k(u)ux)x,
discussed in Section 2.3. We will take it in the expanded form

ut − k(u)uxx − k
′(u)u2x = 0, k(u) 6= 0. (3.14)

The adjoint equation (1.18) to Eq. (3.14) is

vt + k(u)vxx = 0. (3.15)

We take the substitution (3.3) written together with the necessary derivatives:

v = ϕ(t, x, u),

vt = ϕuut + ϕt, vx = ϕuux + ϕx,

vxx = ϕuuxx + ϕuuu
2
x + 2ϕxuux + ϕxx,

(3.16)
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and arrive at the following self-adjointness condition (3.5):

ϕuut + ϕt + k(u)[ϕuuxx + ϕuuu
2
x + 2ϕxuux + ϕxx]

= λ[ut − k(u)uxx − k
′(u)u2x].

(3.17)

The comparison of the coefficients of ut in both sides of Eq. (3.17) yields λ = ϕu.
Then, comparing the terms with uxx we see that ϕu = 0. Hence Eq. (3.17) reduces to

ϕt + k(u)ϕxx = 0 (3.18)

and yields ϕt = 0, ϕxx = 0, whence ϕ = C1x + C2, where C1, C2 = const. We have
demonstrated that Eq. (3.14) is nonlinearly self-adjoint by Definition 3.1 and that the
substitution (3.3) has the form

v = C1 x+ C2. (3.19)

The same result can be easily obtained by using Definition 3.2. We look for the
solution of the adjoint equation (3.15) in the form v = ϕ(t, x). Then Eq. (3.15) has
the form (3.18). Since it should be satisfied for all solutions u of Eq. (3.14), we obtain
ϕt = 0, ϕxx = 0, and hence Eq. (3.19).

3.3.2 Multi-dimensional case

The similar analysis can be applied to the nonlinear heat equation with several variables
x = (x1, . . . , xn) :

ut = ∇ · (k(u)∇u) , (3.20)

or
ut − k(u)∆u− k

′(u)|∇u|2 = 0. (3.21)

The reckoning shows that the adjoint equation (1.18) to Eq. (3.21) is written

vt + k(u)∆v = 0. (3.22)

It is easy to verify the nonlinear elf-adjointness by Definition 3.2. Namely, searching
the solution of the adjoint equation (3.22) in the form v = ϕ(t, x1, . . . , xn), one obtains

ϕt + k(u)∆ϕ = 0,

whence
ϕt = 0, ∆ϕ = 0.

We conclude that Eq. (3.21) is self-adjoint and that the substitution (3.3) is given by

v = ϕ(x1, . . . , xn), (3.23)

where ϕ(x1, . . . , xn) is any solution of the n-dimensional Laplace equation ∆ϕ = 0.
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3.4 Anisotropic nonlinear heat equation
3.4.1 Two-dimensional case

Consider the heat diffusion equation

ut = (f(u)ux)x + (g(u)uy)y (3.24)

in an anisotropic two-dimensional medium (see [14], Section 10.8) with arbitrary func-
tions f(u) and g(u). The adjoint equation is

vt + f(u)vxx + g(u)vyy = 0. (3.25)

Using Definition 3.2 we obtain the following equations for nonlinear self-adjointness
of Eq. (3.24):

ϕt = 0, ϕxx = 0, ϕyy = 0. (3.26)

Integrating Eqs. (3.26) we obtain the following substitution (3.3):

v = C1 xy + C2 x+ C3 y + C4. (3.27)

3.4.2 Three-dimensional case

The three-dimensional anisotropic nonlinear heat diffusion equation has the following
form (see [14], Section 10.9):

ut = (f(u)ux)x + (g(u)uy)y + (h(u)uz)z . (3.28)

Its adjoint equation is

vt + f(u)vxx + g(u)vyy + h(u)vzz = 0. (3.29)

Eq. (3.28) is nonlinearly self-adjoint. In this case the substitution (3.27) is replaced by

v = C1 xyz + C2 xy + C3 xz + C4 yz + C5 x+ C6 y + C7 z + C8. (3.30)

3.5 Nonlinear wave equations
3.5.1 One-dimensional case

Consider the following one-dimensional nonlinear wave equation:

utt = (k(u)ux)x, k(u) 6= 0, (3.31)

or in the expanded form

utt − k(u)uxx − k
′(u)u2x = 0. (3.32)
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The adjoint equation (1.18) to Eq. (3.31) is written

vtt − k(u)vxx = 0. (3.33)

Proceeding as in Section 3.3.1 or applying Definition 3.2 to Eqs. (3.32), (3.33)
by letting v = ϕ(t, x), we obtain the following equations that guarantee the nonlinear
self-adjointness of Eq. (3.31):

ϕtt = 0, ϕxx = 0. (3.34)

Integrating Eqs. (3.34) we obtain the following substitution:

v = C1 tx+ C2 t+ C3 x+ C4. (3.35)

3.5.2 Multi-dimensional case

The multi-dimensional version of Eq. (3.31) with x = (x1, . . . , xν) is written

utt = ∇ · (k(u)∇u) , (3.36)

or
utt − k(u)∆u− k

′(u)|∇u|2 = 0. (3.37)

The adjoint equation is
vtt − k(u)∆v = 0. (3.38)

Using Definition 3.2 and searching the solution of the adjoint equation (3.38) in the
form v = ϕ(t, x1, . . . , xν), we obtain the equations

ϕtt = 0, ∆ϕ = 0.

Solving them we arrive at the following substitution (3.3):

v = a(x)t+ b(x), (3.39)

where a(x) and b(x) solve the ν-dimensional Laplace equation,

∆a(x1, . . . , xν) = 0, ∆b(x1, . . . , xν) = 0.

Hence Eq. (3.36) is nonlinearly self-adjoint.
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3.5.3 Nonlinear vibration of membranes

Vibrations of a uniform membrane whose tension varies during deformations are de-
scribed by the following Lagrangian:

L =
1

2

[
u2t − k(u)

(
u2x + u2y

)]
, k′(u) 6= 0. (3.40)

The corresponding Euler -Lagrange equation

∂L

∂u
−Dt

(
∂L

∂ut

)
−Dx

(
∂L

∂ux

)
−Dy

(
∂L

∂uy

)
= 0

provides the nonlinear wave equation

utt = k(u) (uxx + uyy) +
1

2
k′(u)(u2x + u2y). (3.41)

Note that Eq. (3.41) differs from the two-dimensional nonlinear wave equation (3.37)
by the coefficient 1/2. Let us find out if this difference affects self-adjointness.

By applying (3.2) to the formal Lagrangian of Eq. (3.41) we obtain:

F ∗ = vtt− k(u) (vxx+ vyy)− k
′(u)(uxvx+ uyvy + vuxx+ vuyy)−

v

2
k′′(u)(u2x+ u2y).

We take the substitution (3.3) together with the necessary derivatives (see Eqs. (3.16)):

v = ϕ(t, x, y, u), vt = ϕuut + ϕt,

vx = ϕuux + ϕx, vy = ϕuuy + ϕy,

vxx = ϕuuxx + ϕuuu
2
x + 2ϕxuux + ϕxx,

vyy = ϕuuyy + ϕuuu
2
y + 2ϕyuuy + ϕyy,

vtt = ϕuutt + ϕuuu
2
t + 2ϕtuut + ϕtt,

(3.42)

and substitute the expressions (3.42) in the self-adjointness condition (3.5):

F ∗
∣∣
v=ϕ

= λ[utt − k(u) (uxx + uyy)−
1

2
k′(u)(u2x + u2y)].

Comparing the coefficients of utt we obtain λ = ϕu. Then we compare the coeffi-
cients of uxx and obtain ϕk′(u) = 0. This equation yields ϕ = 0 because k′(u) 6= 0.
Thus, the condition (3.4) is not satisfied for the point-wise substitution (3.3). Fur-
ther investigation of Eq. (3.41) for the nonlinear self-adjointness requires differential
substitutions.
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3.6 Anisotropic nonlinear wave equation
3.6.1 Two-dimensional case

The two-dimensional anisotropic nonlinear wave equation is (see [14], Section 12.6)

utt = (f(u)ux)x + (g(u)uy)y . (3.43)

Its adjoint equation has the form

vtt − f(u)vxx − g(u)vyy = 0. (3.44)

Proceeding as in Section 3.4 we obtain the following equations that guarantee the self-
adjointness of Eq. (3.43):

ϕtt = 0, ϕxx = 0, ϕyy = 0. (3.45)

Integrating Eqs. (3.45) we obtain the following substitution (3.3):

v = C1 txy + C2 tx+ C3 ty + C4 xy + C5 t+ C6 x+ C7 y + C8. (3.46)

Remark 3.3. I provide here detailed calculations in integrating Eqs. (3.45). The gen-
eral solution to the linear second-order equation ϕtt = 0 is given by

ϕ = A(x, y)t+B(x, y) (3.47)

with arbitrary functions A(x, y) and B(x, y). Substituting this expression for ϕ in the
second and third equations (3.45) and splitting with respect to twe obtain the following
equations for A(x, y) and B(x, y) :

Axx = 0, Ayy = 0,

Bxx = 0, Byy = 0.

Substituting the general solution

A = a1(y)x+ a2(y)

of the equation Axx = 0 in the equation Ayy = 0 and splitting with respect to x, we
obtain a′′1 = 0, a′′2 = 0, whence

a1 = c11y + c12, a2 = c21y + c22,

where c11, . . . , c22 are arbitrary constants. Substituting these in the above expression
for A we obtain

A = c11xy + c12x+ c21y + c22.

Proceeding likewise with the equations for B(x, y), we have

B = d11xy + d12x+ d21y + d22

with arbitrary constant coefficients d11, . . . , d22. Finally, we substitute the resulting A
and B in the expression (3.47) for ϕ and, changing the notation, arrive at (3.46).
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3.6.2 Three-dimensional case

The three-dimensional anisotropic nonlinear wave equation

utt = (f(u)ux)x + (g(u)uy)y + (h(u)uz)z (3.48)

has the following adjoint equation

vtt − f(u)vxx − g(u)vyy − h(u)vzz = 0. (3.49)

In this case Eqs. (3.45) are replaced by

ϕtt = 0, ϕxx = 0, ϕyy, ϕzz = 0

and yield the following substitution (3.3):

v = C1 txyz + C2 txy + C3 txz + C4 tyz + C5 tx+ C6 ty + C7 tz

+ C8 xy + C9 xz + C10 yz + C11 t+ C12 x+ C13 y + C14 z + C15.
(3.50)

3.7 Nonlinear self-adjointness and multipliers
The approach of this section is not used for constructing conservation laws. But it may
be useful for other applications of the nonlinear self-adjointness.

Theorem 3.1. The differential equation (1.17),

F
(
x, u, u(1), . . . , u(s)

)
= 0, (3.51)

is nonlinearly self-adjoint (Definition 3.1) if and only if it becomes strictly self-adjoint
(Definition 1.2) upon rewriting in the equivalent form

µ(x, u)F
(
x, u, u(1), . . . , u(s)

)
= 0, µ(x, u) 6= 0, (3.52)

with an appropriate multiplier µ(x, u).

Proof. We will write the condition (3.5) for nonlinear self-adjointness of Eq. (3.51) in
the form

δ(vF )

δu

∣∣∣∣
v=ϕ(x,u)

= λ(x, u)F
(
x, u, u(1), . . . , u(s)

)
. (3.53)

Furthermore, invoking that the equations (3.52) and (3.51) are equivalent, we will write
the condition (1.28) for strict self-adjointness of Eq. (3.52) in the form

δ(wµF )

δu

∣∣∣∣
w=u

= λ̃(x, u)F
(
x, u, u(1), . . . , u(s)

)
. (3.54)
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Since w is a dependent variable and µ = µ(x, u) is a certain function of x, u, the
variational derivative in the left-hand side of (3.54) can be written as follows:

δ(wµF )

δu
= w

∂µ

∂u
F + µw

∂F

∂u
−Di

(
µw

∂F

∂ui

)
+DiDj

(
µw

∂F

∂uij

)
− · · ·

= w
∂µ

∂u
F +

δ(vF )

δu
,

where v is the new dependent variable defined by

v = µ(x, u)w. (3.55)

is the new dependent variable instead of w. Now the left side of Eq. (3.54) is written

δ(wµF )

δu

∣∣∣∣
w=u

= u
∂µ

∂u
F +

δ(vF )

δu

∣∣∣∣
v=uµ(x,u)

· (3.56)

Let us assume that Eq. (3.51) is nonlinearly self-adjoint. Then Eq. (3.53) holds
with a certain given function ϕ(x, u). Therefore, we take the multiplier

µ(x, u) =
ϕ(x, u)

u
(3.57)

and reduce Eq. (3.56) to the following form:

δ(wµF )

δu

∣∣∣∣
w=u

=

(
λ+

∂ϕ

∂u
−
ϕ

u

)
F.

This proves that Eq. (3.54) holds with

λ̃ =
∂ϕ

∂u
−
ϕ

u
+ λ.

Hence, Eq. (3.52) with the multiplier µ given by (3.57) is strictly self-adjoint.
Let us assume now that Eq. (3.52) with a certain multiplier µ(x, u) is strictly self-

adjoint. Then Eq. (3.54) holds. Therefore, if we take the function ϕ defined by (see
(3.57))

ϕ(x, u) = uµ(x, u), (3.58)

Eq. (3.56) yields:
δ(vF )

δu

∣∣∣∣
v=ϕ(x,u)

=

(
λ̃− u

∂µ

∂u

)
F.

It follows that Eq. (3.53) holds with

λ = λ̃− u
∂µ

∂u
.

We conclude that Eq. (3.51) is nonlinearly self-adjoint, thus completing the proof.
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Example 3.3. The multiplier (2.22) used in Example 2.3 and the function ϕ = x2

that provides a solution of the adjoint equation (2.21) to the Kompaneets equation are
related by Eq. (3.58).

Example 3.4. Let us consider the one-dimensional nonlinear wave equation (3.32),

utt − k(u)uxx − k
′(u)u2x = 0.

If we substitute in (3.57) the function ϕ given by the right-hand side of (3.35) we will
obtain the multiplier that maps Eq. (3.32) into the strictly self-adjoint equivalent form.
For example, taking (3.35) withC1 = C3 = C4 = 0, C2 = 1 we obtain the multiplier

µ =
t

u
·

The corresponding equivalent equation to Eq. (3.32) has the formal Lagrangian

L =
tv

u
[utt − k(u)uxx − k

′(u)u2x].

We have

δL

δu
= D2

t

(
tv

u

)
−
tv

u2
utt −D

2
x

(
tv

u
k(u)

)
−
tv

u
k′(u)uxx +

tv

u2
k(u)uxx

+ 2Dx

(
tv

u
k′(u)ux

)
−
tv

u
k′′(u)u2x +

tv

u2
k′(u)u2x.

Letting here v = u we see that the strict self-adjointness condition is satisfied in the
following form:

δL

δu

∣∣∣∣
v=u

= −
t

u
[utt − k(u)uxx − k

′(u)u2x].

4 Generalized Kompaneets equation

4.1 Introduction
The equation

∂n

∂t
=

1

x2
∂

∂x

[
x4
(
∂n

∂x
+ n+ n2

)]
, (4.1)

known as the Kompaneets equation or the photon diffusion equation, was derived in-
dependently by A.S. Kompaneets2 [15] and R. Weymann [16]. They take as a starting

2He mentions in his paper that the work has been done in 1950 and published in Report N. 336 of
the Institute of Chemical Physics of the USSR Acad. Sci.
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point the kinetic equations for the distribution function of a photon gas3 and arrive, at
certain idealized conditions, at Equation (4.1). This equation provides a mathemati-
cal model for describing the time development of the energy spectrum of a low energy
homogeneous photon gas interacting with a rarefied electron gas via the Compton scat-
tering. Here n is the density of the photon gas (photon number density), t is time and
x is connected with the photon frequency ν by the formula

x =
hν

kTe
, (4.2)

where h is Planck’s constant and kTe is the electron temperature with the standard
notation k for Boltzmann’s constant. According to this notation, hν has the meaning
of the photon energy. The nonrelativistic approximation is used, i.e. it is assumed that
the electron temperatures satisfy the condition kTe ¿ mc2, where m is the electron
mass and c is the light velocity. The term low energy photon gas means that hν ¿ mc2.

The question arises if the idealized conditions assumed in deriving Eq. (4.1) may be
satisfied in the real world. For discussions of theoretical and observational evidences
for such possibility in astrophysical environments, for example in intergalactic gas, see
e.g. [18], [19] and the references therein. See also the recent publication [20].

4.2 Discussion of self-adjointness of the Kompaneets equation
For unifying the notation, the dependent variable n in Eq. (4.1) will be denoted by u
and Eq. (4.1) will be written further in the form

ut =
1

x2
Dx

[
x4(ux + u+ u2)

]
. (4.3)

Writing it in the expanded form

ut = x2uxx + (x2 + 4x+ 2x2u)ux + 4x(u+ u2), (4.4)

we have the following formal Lagrangian for Eq. (4.3):

L = v[−ut + x2uxx + (x2 + 4x+ 2x2u)ux + 4x(u+ u2)].

Working out the variational derivative of this formal Lagrangian,

δL

δu
= Dt(v) +D2

x(x
2v)−Dx[(x

2 + 4x+ 2x2u)v] + 2x2vux + 4x(1 + 2u)v,

we obtain the adjoint equation to Eq. (4.3):

δL

δu
≡ vt + x2vxx − x

2(1 + 2u)vx + 2(x+ 2xu− 1)v = 0. (4.5)

3Weymann uses Dreicer’s kinetic equation [17] for a photon gas interacting with a plasma which is
slightly different from the equation used by Kompaneets.
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If v = ϕ(u), then

vt = ϕ′(u)ut, vx = ϕ′(u)ux, vxx = ϕ′(u)uxx + ϕ′′(u)u2x.

It follows that the quasi self-adjointness condition (1.36),

δL

δu

∣∣∣∣
v=ϕ(u)

= λ[−ut + x2uxx + (x2 + 4x+ 2x2u)ux + 4x(u+ u2)],

is not satisfied.
Let us check if this condition is satisfied in the more general form (3.5):

δL

δu

∣∣∣∣
v=ϕ(t,x,u)

= λ[−ut + x2uxx + (x2 + 4x+ 2x2u)ux + 4x(u+ u2)]. (4.6)

In this case

vt = Dt[ϕ(t, x, u)] = ϕuut + ϕt,

vx = Dx[ϕ(t, x, u)] = ϕuux + ϕx,

vxx = Dx(vx) = ϕuuxx + ϕuuu
2
x + 2ϕxuux + ϕxx.

(4.7)

Inserting (4.7) in the expression for the variational derivative given by (4.5) and sin-
gling out in Eq. (4.6) the terms containing ut and uxx, we obtain the following equa-
tion:

ϕu[ut + x2uxx] = λ[−ut + x2uxx].

Since this equation should be satisfied identically in ut and uxx, it yields λ = ϕu = 0.
Hence ϕ = ϕ(t, x) and Eq. (4.6) becomes:

ϕt + x2ϕxx − x
2(1 + 2u)ϕx + 2(x+ 2xu− 1)ϕ = 0. (4.8)

This equation should be satisfied identically in t, x and u. Therefore we nullify the
coefficient for u and obtain

xϕx − 2ϕ = 0,

whence
ϕ(t, x) = c(t)x2.

Substitution in Eq. (4.8) yields c′(t) = 0. Hence, v = ϕ(t, x) = Cx2 with arbitrary
constant C. Since λ = 0 in (4.6) and the adjoint equation (4.5) is linear and homoge-
neous in v, one can let C = 1. Thus, we have demonstrated the following statement.

Proposition 4.1. The adjoint equation (4.5) has the solution

v = x2 (4.9)

for any solution u of Equation (4.3). In another words, the Kompaneets equation (4.3)
is nonlinearly self-adjoint with the substitution (3.3) given by (4.9).
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Remark 4.1. The substitution (4.9) does not depend on u. The question arises on ex-
istence of a substitution v = ϕ(t, x, u) involving u if we rewrite Eq. (4.3) in an equiv-
alent form

α(t, x, u)[−ut + x2uxx + (x2 + 4x+ 2x2u)ux + 4x(u+ u2)] = 0 (4.4′)

with an appropriate multiplier α 6= 0. This question is investigated in next section for
a more general model.

4.3 The generalized model
In the original derivation of Eq. (4.1) the following more general equation appears
accidentally (see [15], Eqs. (9), (10) and their discussion):

∂n

∂t
=

1

g(x)

∂

∂x

[
g2(x)

(
∂n

∂x
+ f(n)

)]
(4.10)

with undetermined functions f(u) and g(x). Then, using a physical reasoning, Kompa-
neets takes f(u) = n(1+n) and g(x) = x2. This choice restricts the symmetry proper-
ties of the model significantly. Namely, Equation (4.1) has only the time-translational
symmetry with the generator

X =
∂

∂t
· (4.11)

The symmetry (4.11) provides only one invariant solution, namely the stationary solu-
tion n = n(x) defined by the Riccati equation

dn

dx
+ n2 + n =

C

x4
·

The generalized model (4.10) can be used for extensions of symmetry properties via
the methods of preliminary group classification [21, 22]. In this way, exact solutions
known for particular approximations to the Kompaneets equation can be obtained. This
may also lead to new approximations of the solutions by taking into account various
inevitable perturbations of the idealized situation assumed in the Kompaneets model
(4.1).

So, we will take with minor changes in notation the generalized model (4.10):

ut =
1

h(x)
Dx

{
h2(x)[ux + f(u)]

}
, h′(x) 6= 0. (4.12)

It is written in the expanded form as follows:

ut = h(x)
(
uxx + f ′(u)ux

)
+ 2h′(x)

(
ux + f(u)

)
. (4.13)
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We will write Eq. (4.13) in the equivalent form similar to (4.4′):

α(t, x, u)
[
− ut + h(x)

(
uxx + f ′(u)ux

)
+ 2h′(x)

(
ux + f(u)

)]
= 0, (4.14)

where α 6= 0. This provides the following formal Lagrangian:

L = v α(t, x, u)
[
− ut + h(x)

(
uxx + f ′(u)ux

)
+ 2h′(x)

(
ux + f(u)

)]
, (4.15)

where v is a new dependent variable. For this Lagrangian, we have

δL

δu
= Dt(vα) +D2

x[h(x)vα]−Dx[h(x)f
′(u)vα + 2h′(x)vα]

+ h(x)f ′′(u) v α ux + 2h′(x)f ′(u)vα

+ vαu
[
− ut + h(x)

(
uxx + f ′(u)ux

)
+ 2h′(x)

(
ux + f(u)

)]
.

The reckoning shows that

δL

δu
= Dt(vα) + hD2

x(vα)− hf
′Dx(vα) + (h′f ′ − h′′)vα

+ vαu
[
− ut + (uxx + f ′ux)h+ 2(ux + f)h′]. (4.16)

Now we write the condition for the self-adjointness of Eq. (4.13) in the form

δL

δu

∣∣∣
v=ϕ(t,x,u)

= λ
[
− ut + (uxx + f ′ux)h+ 2(ux + f)h′] (4.17)

with an undetermined coefficient λ. Substituting (4.16) in (4.17) we have:

Dt(ϕα) + hD2
x(ϕα)− hf

′Dx(ϕα) + (h′f ′ − h′′)ϕα

+ ϕαu
[
− ut + (uxx + f ′ux)h+ 2(ux + f)h′]

= λ
[
− ut + (uxx + f ′ux)h+ 2(ux + f)h′].

(4.18)

Here ϕ = ϕ(t, x, u), α = α(t, x, u) and consequently (see (4.7))

Dt(ϕα) = (ϕα)u ut + (ϕα)t,

Dx(ϕα) = (ϕα)u ux + (ϕα)x,

D2
x(ϕα) = (ϕα)u uxx + (ϕα)uu u

2
x + 2(ϕα)xu ux + (ϕα)xx.

(4.19)

We substitute (4.16) in Eq. (4.18), equate the coefficients for ut in both sides of the
resulting equation and obtain (ϕα)u − ϕαu = −λ. Hence,

λ = −αϕu.
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Using this expression for λ and equating the coefficients for huxx in in both sides of
Eq. (4.18) we get (ϕα)u + ϕαu = −αϕu. It follows that (ϕα)u = 0 and hence

αϕ = k(t, x).

Now Eq. (4.18) becomes:

kt + h(x)kxx − h
′′(x)k + f ′(u)[h′(x)k − h(x)kx] = 0.

If f ′′(u) 6= 0, the above equation splits into two equations:

h′(x)k − h(x)kx = 0, kt + h(x)kxx − h
′′(x)k.

The first of these equations yields k(t, x) = c(t)h(x), and then the second equation
shows that c′(t) = 0. Hence, k = C h(x) with C = const. Letting C = 1, we have:

αϕ = h(x). (4.20)

Eq. (4.20) can be satisfied by taking, e.g.

α =
h(x)

u
, ϕ = u. (4.21)

Thus, we have proved the following statement.

Proposition 4.2. Eq. (4.12) written in the equivalent form
h(x)

u
ut =

1

u
Dx

{
h2(x)[ux + f(u)]

}
(4.22)

is strictly self-adjoint. In another words, the adjoint equation to Eq. (4.22) coincides
with (4.22) upon the substitution

v = u. (4.23)

In particular, let us verify by direct calculations that the original equation (4.3)
becomes strictly self-adjoint if we rewrite it in the equivalent form

x2

u
ut =

1

u
Dx

[
x4(ux + u+ u2)

]
. (4.24)

Eq. (4.24) reads

−
x2

u
ut +

x4

u
uxx +

[
(x4 + 4x3)

1

u
+ 2x4

]
ux + 4x3(1 + u) = 0 (4.25)

and has the formal Lagrangian

L = −x2
v

u
ut + x4

v

u
uxx +

[
(x4 + 4x3)

v

u
+ 2x4v

]
ux + 4x3(v + uv).

Accordingly, the adjoint equation to Eq. (4.25) is written

Dt

(
x2
v

u

)
+D2

x

(
x4
v

u

)
−Dx

[
(x4 + 4x3)

v

u
+ 2x4v

]

+ x2
v

u2
ut − x

4 v

u2
uxx − (x4 + 4x3)

v

u2
ux + 4x3v = 0.

Letting here v = u one has v/u = 1 and after simple calculations arrives at Eq. (4.25).
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5 Quasi self-adjoint reaction-diffusion models
Let us consider the one-dimensional reaction-diffusion model described by the follow-
ing system (see, e.g. [23]):

∂u

∂t
= f(u, v) + A

∂2u

∂x2
+

∂

∂x

(
φ(u, v)

∂v

∂x

)
,

∂v

∂t
= g(u, v) +B

∂2v

∂x2
+

∂

∂x

(
ψ(u, v)

∂u

∂x

)
.

(5.1)

It is convenient to write Eqs. (5.1) in the form

Dt(u) = AD2
x(u) +Dx [φ(u, v)Dx(v)] + f(u, v),

Dt(v) = BD2
x(v) +Dx [ψ(u, u)Dx(u)] + g(u, v).

(5.2)

The total differentiations have the form

Dt =
∂

∂t
+ ut

∂

∂u
+ vt

∂

∂v
+ utt

∂

∂ut
+ utx

∂

∂ux
+ vtt

∂

∂vt
+ vtx

∂

∂vx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ utx

∂

∂ut
+ uxx

∂

∂ux
+ vtx

∂

∂vt
+ vxx

∂

∂vx
+ · · ·

(5.3)

and Eqs. (5.2) are written

ut = Auxx + φvxx + [φuux + φvvx] vx + f,

vt = Bvxx + ψuxx + [ψuux + ψvvx] ux + g.
(5.4)

The formal Lagrangian for the system (5.4) is

L = z(Auxx − ut + φvxx + φuuxvx + φvv
2
x + f)

+ w(Bvxx − vt + ψuxx + ψuu
2
x + ψvuxvx + g),

(5.5)

where z and w are new dependent variables. Eqs. (1.8) are written:

F ∗

1 =
δL

δu
= D2

x

(
∂L

∂uxx

)
−Dt

(
∂L

∂ut

)
−Dx

(
∂L

∂ux

)
+
∂L

∂u
,

F ∗

2 =
δL

δv
= D2

x

(
∂L

∂vxx

)
−Dt

(
∂L

∂vt

)
−Dx

(
∂L

∂vx

)
+
∂L

∂v
·

Substituting here the expression (5.5) for L we obtain after simple calculations the
following adjoint equations (3.2) to the system (5.4):

Azxx + zt + ψvvxwx − φuvxzx + ψwxx + zfu + wgu = 0, (5.6)
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Bwxx + wt + φuuxzx − ψvuxwx + φzxx + zfv + wgv = 0. (5.7)

Let us investigate the system (5.4) for quasi self-adjointness (Definition 1.3). We
write the left-hand sides of Eqs. (5.6) and (5.7) as linear combinations of the left-hand
sides of Eqs. (5.4):

Azxx + zt + ψvvxwx − φuvxzx + ψwxx + zfu + wgu (5.8)

= (Auxx − ut + φvxx + φuuxvx + φvv
2
x + f)P

+ (Bvxx − vt + ψuxx + ψuu
2
x + ψvuxvx + g)Q,

Bwxx + wt + φuuxzx − ψvuxwx + φzxx + zfv + wgv (5.9)

= (Auxx − ut + φvxx + φuuxvx + φvv
2
x + f)M

+ (Bvxx − vt + ψuxx + ψuu
2
x + ψvuxvx + g)N,

where P,Q,M and N are undetermined coefficients. We write the substitution (1.42)
in the form

z = Z(u, v), w = W (u, v) (5.10)

and insert in the left-hand sides of Eqs. (5.8)-(5.9) these expressions for z, w together
with their derivatives

zt = Zuut + Zvvt, zx = Zuux + Zvvx,

zxx = Zuuxx + Zvvxx + Zuuu
2
x + 2Zuvuxvx + Zvvv

2
x,

wt =Wuut +Wvvt, wx =Wuux +Wvvx,

wxx = Wuuxx +Wvvxx +Wuuu
2
x + 2Wuvuxvx +Wvvv

2
x.

Equating the coefficients for ut and vt in both sides of Eqs. (5.8)-(5.9) we obtain

P = −Zu, Q = −Zv,

N = −Wv, M = −Wu.
(5.11)

Now we calculate the coefficients for uxx and vxx, take into account Eqs. (5.11) and
arrive at the following equations:

2AZu + ψZv + ψWu = 0,

(A+B)Zv + φZu + ψWv = 0,

2BWv + φZv + ψWu = 0,

(A+B)Wu + φZu + ψWv = 0.

(5.12)
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36 Nail H. Ibragimov

Eqs. (5.12) provide a linear homogeneous algebraic equations for the quantities

Zu, Zv, Wu, Wu

with the matrix 


2A ψ ψ 0
φ A+B 0 ψ
0 φ φ 2B
φ 0 A+B ψ


 .

This matrix has the inverse because its determinant is equal to

4(A+B)2(φψ − AB)

and does not vanish in the case of arbitrary A,B, φ and ψ. Hence, Eqs. (5.12) yield:

Zu = Zv =Wu = Wu = 0. (5.13)

It follows that Z(u, v) = C1, W (u, v) = C2. Thus, the substitution (1.42) has the form

z = C1, w = C2 (5.14)

with arbitrary constants C1, C2. Then Eqs. (5.8)-(5.9) become

(C1f + C2g)u = 0, (C1f + C2g)v = 0

and yield
f̃ + g̃ = C,

where f̃ = C1f, g̃ = C2g, and C = const. Since f̃ and g̃, along with f and g, are
arbitrary functions, we can omit the “tilde” and write

f + g = C. (5.15)

Eq. (5.15) provides the necessary and sufficient condition for the quasi self-adjointness
of the system (5.1). Thus, we have proved the following statement.

Theorem 5.1. The system (5.1) is quasi self-adjoint if and only if it has the form

∂u

∂t
= f(u, v) + A

∂2u

∂x2
+

∂

∂x

(
φ(u, v)

∂v

∂x

)
,

∂v

∂t
= C − f(u, v) +B

∂2v

∂x2
+

∂

∂x

(
ψ(u, v)

∂u

∂x

)
,

(5.16)

where φ(u, v), ψ(u, v), f(u, v) are arbitrary functions and A,B,C are arbitrary con-
stants. The substitution (1.42) is given by (5.14).
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Remark 5.1. If we replace (5.10) by the general substitution (3.3), i.e. take

z = Z(t, x, u, v), w = W (t, x, u, v), (5.17)

then Eqs. (5.14) will be replaced by

z = Z(t, x), w = W (t, x), (5.18)

with functions Z(t, x), W (t, x) satisfying the following equations:

(ψvW − φuZ)x = 0, (5.19)

AZxx + Zt + ψWxx + (fZ + gW )u = 0,

BWxx +Wt + φZxx + (fZ + gW )v = 0.
(5.20)

6 A model of an irrigation system
Let us consider the second-order nonlinear partial differential equation

C(ψ)ψt = [K(ψ)ψx]x + [K(ψ) (ψz − 1)]z − S(ψ). (6.1)

It serves as a mathematical model for investigating certain irrigation systems (see [24],
Section 9.8 and the references therein). The dependent variable ψ denotes the soil
moisture pressure head, C(ψ) is the specific water capacity, K(ψ) is the unsaturated
hydraulic conductivity, S(ψ) is a source term. The independent variables are the time
t, the horizontal axis x and the vertical axis z which is taken to be positive downward.

The adjoint equation (3.2) to Eq. (6.1) has the form

C(ψ)vt +K(ψ) [vxx + vzz] +K ′(ψ)vz − S
′(ψ)v = 0. (6.2)

It follows from (6.2) that Eq. (6.1) is not nonlinearly self-adjoint if C(ψ), K(ψ)
and S(ψ) are arbitrary functions. Indeed, using Definition 3.2 of the nonlinear self-
adjointness and nullifying in (6.2) the term with S ′(ψ) we obtain v = 0. Hence, the
condition (3.4) of the nonlinear self-adjointness is not satisfied.

However, Eq. (6.1) can be nonlinearly self-adjoint if there are certain relations
between the functions C(ψ), K(ψ) and S(ψ). For example, let us suppose that the
specific water capacity C(ψ) and the hydraulic conductivity K(ψ) are arbitrary, but
the source term S(ψ) is related with C(ψ) by the equation

S ′(ψ) = aC(ψ), a = const. (6.3)

Then Eq. (6.2) becomes

C(ψ)[vt − av] +K(ψ) [vxx + vzz] +K ′(ψ)vz = 0
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and yields:
vz = 0, vxx = 0, vt − av = 0. (6.4)

We solve the first two equations (6.4) and obtain

v = p(t)x+ q(t).

We substitute this in the third equation (6.4),

[p′(t)− ap(t)]x+ q′(t)− aq(t) = 0,

split it with respect to x and obtain:

p′(t)− ap(t) = 0, q′(t)− aq(t) = 0,

whence
p(t) = beat, q(t) = leat, b, l = const.

Thus, Eq. (6.1) satisfying the condition Eq. (6.3) is nonlinearly self-adjoint, and the
substitution (3.3) has the form

v = (bx+ l)eat. (6.5)

One can obtain various nonlinearly self-adjoint Equations (6.1) by considering
other relations between C(ψ), K(ψ) and S(ψ) different from (6.3).
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PART 2
Construction of conservation laws using symmetries

7 Discussion of the operator identity

7.1 Operator identity and alternative proof of Noether’s theorem
Let us discuss some consequences of the operator identity (N.H. Ibragimov, 1979)4

X +Di(ξ
i) =W α δ

δuα
+DiN

i . (7.1)

Here
X = ξi

∂

∂xi
+ ηα

∂

∂uα
+ ζαi

∂

∂uαi
+ ζαi1i2

∂

∂uαi1i2
+ · · · , (7.2)

W α = ηα − ξjuαj , α = 1, . . . ,m, (7.3)

δ

δuα
=

∂

∂uα
+

∞∑

s=1

(−1)sDi1 · · ·Dis

∂

∂uαi1···is
, α = 1, . . . ,m, (7.4)

and

N
i = ξi +W α δ

δuαi
+

∞∑

s=1

Di1 · · ·Dis(W
α)

δ

δuαii1···is
, i = 1, . . . , n, (7.5)

where the Euler-Lagrange operators with respect to derivatives of uα are obtained from
(7.4) by replacing uα by the corresponding derivatives, e.g.

δ

δuαi
=

∂

∂uαi
+

∞∑

s=1

(−1)sDj1 · · ·Djs

∂

∂uαij1···js
· (7.6)

The coefficients ξi, ηα of the operator (7.2) are arbitrary differential functions (i.e.
locally analytic functions of any finite number of the variables x, u, u(1), u(2), . . .), and
the other coefficients are determined by the prolongation formulae

ζαi = Di(W
α) + ξjuαij, ζαi1i2 = Di1Di2(W

α) + ξjuαji1i2 , . . . . (7.7)

The operator identity (7.1) and the formal operator (7.5) were obtained in [25] in
order to simplify the proof of Noether’s theorem and, accordingly, they were called
the Noether identity and Noether operator, respectively. The derivation of the identity
(7.1) is essentially based on the prolongation formulae (7.7).

4For more details about this identity see [4], Section 8.4. Possibly, the identity (7.1) was known
before 1979, but I did not see it in the literature.
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Recall that Noether’s theorem, associating conservation laws with symmetries of
differential equations obtained from variational principles, was originally proved by
calculus of variations. The alternative proof of this theorem given in [25] (see also
[10, 4]) is based on the identity (7.1) and is simple. Namely, let us consider the Euler-
Lagrange equations

δL

δuα
= 0, α = 1, . . . ,m. (7.8)

If we assume that the operator (7.2) is admitted by Eqs. (7.8) and that the variational
integral ∫

L(x, u, u(1), . . .)dx

is invariant under the transformations of the group with the generator X then the fol-
lowing equation holds:

X(L) +Di(ξ
i)L = 0. (7.9)

Therefore, if we act on L by both sides of the identity (7.1),

X(L) +Di(ξ
i)L = W α δL

δuα
+Di[N

i(L)] ,

and take into account Eqs. (7.8), (7.9), we see that the vector with the components

C i = N
i(L), i = 1, . . . , n, (7.10)

satisfies the conservation equation

Di(C
i)
∣∣
(7.8)

= 0. (7.11)

For practical applications, when we deal with law order Lagrangians L, it is convenient
to restrict the operator (7.5) on the derivatives involved in L and write the expressions
(7.10) in the expanded form

C i = ξiL+W α

[
∂L

∂uαi
−Dj

(
∂L

∂uαij

)
+DjDk

(
∂L

∂uαijk

)
− . . .

]
(7.12)

+Dj (W
α)

[
∂L

∂uαij
−Dk

(
∂L

∂uαijk

)
+ . . .

]
+DjDk (W

α)

[
∂L

∂uαijk
− . . .

]
.

Thus, Noether’s theorem can be formulated as follows.

Theorem 7.1. If the operator (7.2) is admitted by Eqs. (7.8) and satisfies the condition
(7.9) of the invariance of the variational integral, then the vector (7.12) constructed by
Eqs. (7.12) satisfies the conservation law (7.11).
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Remark 7.1. The identity (7.1) is valid also in the case when the coefficients ξ i, ηα of
the operatorX involve not only the local variables x, u, u(1), u(2), . . . but also nonlocal
variables (see Section 11.5). Accordingly, the formula (7.12) associates conserved
vectors with nonlocal symmetries as well.

Remark 7.2. If the invariance condition (7.9) is replaced by the divergence condition

X(L) +Di(ξ
i)L = Di(B

i),

then the identity (7.1) leads to the conservation law (7.11) where the conserved vector
(7.10) is replaced with

C i = N
i(L)−Bi, i = 1, . . . , n. (7.13)

Remark 7.3. If we write the operator (7.2) in the equivalent form

X = W α ∂

∂uα
+ ζαi

∂

∂uαi
+ ζαi1i2

∂

∂uαi1i2
+ · · · , (7.14)

then the prolongation formulae (7.7) become simpler:

ζαi = Di(W
α), ζαi1i2 = Di1Di2(W

α), . . . . (7.15)

7.2 Test for total derivative and for for divergence
I recall here the well-known necessary and sufficient condition for a differential func-
tion to be divergence, or total derivative in the case of one independent variable.

One can easily derive from the definition (1.1) of the total differentiation Di the
following lemmas (see also [4], Section 8.4.1).

Lemma 7.1. The following infinite series of equations hold:

∂

∂uα
Di = Di

∂

∂uα
,

Dj

∂

∂uαj
Di = Di

∂

∂uα
+DiDj

∂

∂uαj
,

DjDk

∂

∂uαjk
Di = DiDk

∂

∂uαk
+DiDjDk

∂

∂uαjk
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Lemma 7.2. The following operator identity holds for every i and α :

δ

δuα
Di = 0.
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Proof. Using Lemma 7.1 and manipulatinng with summation indices we obtain:

δ

δuα
Di =

(
∂

∂uα
−Dj

∂

∂uαj
+DjDk

∂

∂uαjk
−DjDkDl

∂

∂uαjkl
+ · · ·

)
Di

=
∂

∂uα
Di −Di

∂

∂uα
−DiDj

∂

∂uαj
+DiDk

∂

∂uαk
+DiDjDk

∂

∂uαjk

−DiDkDl

∂

∂uαkl
− · · · = 0.

Proposition 7.1. A differential function f(x, u, u(1), . . . , u(s)) ∈ A is divergence,

f = Di(h
i), hi(x, u, . . . , u(s−1)) ∈ A, (7.16)

if and only if the following equations hold identically in x, u, u(1), . . . :

δf

δuα
= 0, α = 1, . . . ,m. (7.17)

The statement that (7.16) implies (7.17) follows immediately from Lemma 7.2.
Proof of the inverse statement that (7.17) implies (7.16) is more sophisticated (see, e.g.
[26]; a simple proof when s = 1 is given in [4], Section 8.4.1).

We will use Proposition 7.1 also in the particular case of one independent variable
x and one dependent variable u = y. Then it is formulated as follows.

Proposition 7.2. A differential function f(x, y, y ′, . . . , y(s)) ∈ A is total derivative,

f = Dx(g), g(x, y, y′, . . . , y(s−1)) ∈ A, (7.18)

if and only if the following equation holds identically in x, y, y ′, . . . :

δf

δy
= 0. (7.19)

Here δf/δy is the Euler-Lagrange operator (7.6):

δ

δy
=

∂

∂y
−Dx

∂

∂y′
+D2

x

∂

∂y′′
−D3

x

∂

∂y′′′
+ · · · . (7.20)

7.3 Adjoint equation to linear ODE
Let us consider an arbitrary sth-order linear ordinary differential operator

L[y] = a0y
(s) + a1y

(s−1) + · · ·+ as−2y
′′ + as−1y

′ + asy, (7.21)

where ai = ai(x). We know from Section 1.5 that the adjoint operator to (7.21) can be
calculated by using Eq. (1.8). I give here the independent proof based on the operator
identity (7.1).
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Proposition 7.3. The adjoint operator to (7.21) can be calculated by the formula

L∗[z] =
δ(zL[y])

δy
· (7.22)

Proof. Let

X = w
∂

∂y
+ w′

∂

∂y′
+ w′′

∂

∂y′′
+ · · · (7.23)

be the operator (7.14) with one independent variable x and one dependent variable
u = y, where the prolongation formulae (7.15) are written using the notation

w′ = Dx(w), w′′ = D2
x(w), . . . . (7.24)

In this notation the operator (7.5) is written

N = w
δ

δy′
+ w′

δ

δy′′
+ w′′

δ

δy′′′
+ · · · .

Having in mind its application to the differential function L[y] given by (7.21) we
consider the following restricted form of N :

N = w
δ

δy′
+ w′

δ

δy′′
+ · · ·+ w(s−1) δ

δy(s)
. (7.25)

The identity (7.1) has the form

X = w
δ

δy
+DxN . (7.26)

We act by both sides of this identity on zL[y], where z is a new dependent variable:

X(zL[y]) = w
δ(zL[y])

δy
+DxN(zL[y]) . (7.27)

Since the operator (7.23) does not act on the variables x and z, we have

X(zL[y]) = zX(L[y]). (7.28)

Furthermore we note that
X(L[y]) = L[w]. (7.29)

Inserting (7.28) and (7.29) in Eq. (7.27) we obtain

zL[w]− w
δ(zL[y])

δy
= Dx(Ψ) , (7.30)
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where Ψ is a quadratic form Ψ = Ψ[w, z] defined by

Ψ = N(zL[y]). (7.31)

After replacing w with y Eq. (7.30) coincides with Eq. (1.3) for the adjoint operator,

zL[y]− yL∗[z] = Dx(ψ), (7.32)

where L∗[z] is given by the formula (7.22) and ψ = ψ[y, z] is defined by

ψ[y, z] = Ψ[w, z]
∣∣
w=y
≡ N(zL[y])

∣∣
w=y

. (7.33)

Remark 7.4. Let us find the explicit formula for ψ in Eq. (7.32) We write the operator
N given by Eq. (7.25) in the expanded form

N = w

[
∂

∂y′
−Dx

∂

∂y′′
+ · · ·+ (−Dx)

s−1 ∂

∂y(s)

]

+ w′

[
∂

∂y′′
−Dx

∂

∂y′′′
+ · · ·+ (−Dx)

s−2 ∂

∂y(s)

]
+ · · ·

+ w(s−2)

[
∂

∂y(s−1)
−Dx

∂

∂y(s)

]
+ w(s−1) δ

δy(s)
,

act on zL[y] written in the form

zL[y] = asyz + as−1y
′z + as−2y

′′z + · · ·+ a1y
(s−1)z + a0y

(s)z,

and obtain Ψ. We replace w with y in Ψ = Ψ[w, z] and ψ = ψ[y, z] :

ψ[y, z] = y
[
as−1 z − (as−2 z)

′ + · · ·+ (−1)s−1(a0 z)
(s−1)

]

+ y′
[
as−2 z − (as−3 z)

′ + · · ·+ (−1)s−2(a0 z)
(s−2)

]
+ · · ·

+ y(s−2) [a1 z − (a0 z)
′] + y(s−1) a0 z.

(7.34)

The expression (7.34) is obtained in the classical literature using integration by
parts (see, e.g. [27], Chapter 5, §4, Eq. (31′)).

7.4 Conservation laws and integrating factors for linear ODEs
Consider an sth-order homogeneous linear ordinary differential equation

L[y] = 0, (7.35)

where L[y] is the operator defined by Eq. (7.21). If L[y] is a total derivative,

L[y] = Dx

(
ψ(x, y, y′, . . . , y(s−1))

)
, (7.36)
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Eq. (7.35) is written as a conservation law

Dx

(
ψ(x, y, y′, . . . , y(s−1))

)
= 0,

whence upon integration one obtains a linear equation of order s− 1 :

ψ(x, y, y′, . . . , y(s−1)) = C1. (7.37)

We can also reduce the order of the non-homogeneous equation

L[y] = f(x) (7.38)

by rewriting it in the the conservation form

Dx

[
ψ(x, y, y′, . . . , y(s−1))−

∫
f(x)dx

]
= 0. (7.39)

Integrating it once we obtain the non-homogeneous linear equation of order s− 1 :

ψ(x, y, y′, . . . , y(s−1)) = C1 +

∫
f(x)dx.

Example 7.1. Consider the second-order equation

y′′ + y′ sin x+ y cos x = 0.

We have
y′′ + y′ sinx+ y cos x = Dx(y

′ + y sin x).

Therefore the second-order equation in question reduces to the first-order equation

y′ + y sinx = C1.

Integrating the latter equation we obtain the general solution

y =

[
C2 + C1

∫
e− cosx dx

]
ecosx

to our second-order equation. Dealing likewise with the non-homogeneous equation

y′′ + y′ sin x+ y cos x = 2x

we obtain its general solution

y =

[
C2 +

∫ (
C1 + x2

)
e− cosx dx

]
ecosx.
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If L[y] in Eq. (7.35) is not a total derivative, one can find an appropriate factor
φ(x) 6= 0, called an integrating factor, such that φ(x)L[y] becomes a total derivative:

φ(x)L[y] = Dx

(
ψ(x, y, y′, . . . , y(s−1))

)
. (7.40)

A connection between integrating factors and the adjoint equations for linear equations
is well known in the classical literature (see, e.g. [27], Chapter 5, §4). Proposition 7.2
gives a simple way to establish this connection and prove the following statement.

Proposition 7.4. A function φ(x) is an integrating factor for Eq. (7.35) if and only if

z = φ(x), φ(x) 6= 0, (7.41)

is a solution of the adjoint equation 5 to Eq. (7.35):

L∗[z] = 0. (7.42)

Knowledge of a solution (7.41) to the adjoint equation (7.42) allows to reduce the order
of Eq. (7.35) by integrating Eq. (7.40):

ψ(x, y, y′, . . . , y(s−1)) = C1. (7.43)

Here C1 is an arbitrary constants and ψ defined according to Eqs. (7.31)-(7.32), i.e.

ψ = N(zL[y])
∣∣
w=y

. (7.44)

Proof. If (7.41) is a solution of the adjoint equation (7.42), we substitute it in Eq.
(7.32) and arrive at Eq. (7.40). Hence φ(x) is an integrating factor for Eq. (7.35).
Conversely, if φ(x) is an integrating factor for Eq. (7.35), then Eq. (7.40) is satisfied.
Now Proposition 7.2 yields

δ(φ(x)L[y])

δy
= 0.

Hence (7.41) is a solution of the adjoint equation (7.42). Finally, Eq. (7.44) follows
from (7.32).

Example 7.2. Let us apply the above approach to the first-order equation

y′ + P (x)y = Q(x). (7.45)

Here L[y] = y′ + P (x)y. The adjoint equation (7.42) is written

z′ − P (x)z = 0.

5This statement is applicable to nonlinear ODEs as well, see [28].
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Solving it we obtain the integrating factor

z = e
∫
P (x)dx.

Therefore we rewrite Eq. (7.45) in the equivalent form

[y′ + P (x)y] e
∫
P (x)dx = Q(x)e

∫
P (x)dx, (7.46)

and compute the function Ψ given by Eq. (7.31):

Ψ = N(zL[y]) = w
∂

∂y′
[z(y′ + P (x)y)] = wz = we

∫
P (x)dx.

Eq. (7.44) yields
ψ = ye

∫
P (x)dx. (7.47)

Now we can take (7.46) instead of Eq. (7.38) and write it in the form (7.39) with ψ
given by (7.47). Then we obtain

Dx

[
ye

∫
P (x)dx −

∫
Q(x)e

∫
P (x)dxdx

]
= 0,

whence
ye

∫
P (x)dx = C1 +

∫
Q(x)e

∫
P (x)dxdx.

Solving the latter equation for y we obtain the general solution of Eq. (7.45):

y =

[
C1 +

∫
Q(x)e

∫
P (x)dxdx

]
e−

∫
P (x)dx. (7.48)

Example 7.3. Let us consider the second-order homogeneous equation

y′′ +
sin x

x2
y′ +

(
cos x

x2
−

sin x

x3

)
y = 0. (7.49)

Its left-hand side does not satisfy the total derivative condition (7.19) because

δ

δy

[
y′′ +

sinx

x2
y′ +

(
cos x

x2
−

sinx

x3

)
y

]
=

sinx

x2
·

Therefore we will apply Proposition 7.4. The adjoint equation to Eq. (7.49) is written

z′′ −
sinx

x2
z′ +

sin x

x3
z = 0.

We take its obvious solution z = x, substitute it in Eq. (7.31) and using (7.33) find

Ψ = N

[
xy′′ +

sin x

x
y′ +

(
cos x

x
−

sinx

x2

)
y

]
=

sinx

x
w − w + xw′.
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Therefore Eq. (7.43) is written

xy′ +

(
sin x

x
− 1

)
y = C1.

Integrating this first-order linear equation we obtain the general solution of Eq. (7.49):

y =

(
C2 + C1

∫
1

x2
e
∫

sin x
x
2 dxdx

)
xe−

∫
sin x
x
2 dx. (7.50)

7.5 Application of the operator identity to linear PDEs
Using the operator identity (7.1) one can easily extend the equations (7.32)-(7.33) for
linear ODEs to linear partial differential equations and systems. Let us consider the
second-order linear operator

L[u] = aij(x)uij + bi(x)ui + c(x)u (7.51)

considered in Section 1.5, Remark 1.1. The adjoint operator is

L∗[v] ≡
δ(vF [u])

δu
= DiDj(a

ijv)−Di(b
iv) + cv. (7.52)

Let us take the operator identity (7.1),

X = W
δ

δu
+DiN

i, (7.53)

where X is the operator (7.14) with one dependent variable u,

X =W
∂

∂u
+Wi

∂

∂ui
+Wij

∂

∂uij
,

and N
i are the operators (7.5),

N
i =W

δ

δui
+Wj

δ

δuij
= W

[
∂

∂ui
−Dj

∂

∂uij

]
+Wj

∂

∂uij
·

We use above the notation Wi = Di(W ), Wij = DiDj(W ). Now we proceed as in
Section 7.3. Namely, we act on vL[u] by both sides of the identity (7.53),

X(vL[u]) = W
δ(vL[u])

δu
+DiN

i(vL[u]),

take into account thatX does not act on the variables xi, v, and thatX(L[u]) = L[W ],
use Eq. (7.52) and obtain:

vL[W ])−WL∗[v] = DiN
i(vL[u]).

48



Nonlinear self-adjointness in constructing conservation laws 49

Letting here W = u we arrive at the following generalization of the equation (7.32):

vL[u]− uL∗[v] = Di(ψ
i), (7.54)

where ψi are defined as in (7.33)-(7.34):

ψi = N
i(vL[u])

∣∣
W=u

≡ aij(x)[vui − uvi] + [bi(x)−Di

(
aij(x)

)
]uv. (7.55)

7.6 Application of the operator identity to nonlinear equations
Let us apply the constructions of Section 7.5 to nonlinear equations (1.6),

Fα
(
x, u, u(1), . . . , u(s)

)
= 0, α = 1, . . . ,m. (7.56)

We write the operator (7.14) in the form

X =W α ∂

∂uα
+W α

i

∂

∂uαi
+W α

ij

∂

∂uαij
+ · · · ,

where W α
i = Di(W

α), W α
ij = DiDj(W

α), . . . . Then the operator (7.5) is written

N
i = W α

j

δ

δuαi
+W α δ

δuαij
+ · · · .

We act on vβFβ by both sides of the operator identity (7.1)

X =W α δ

δuα
+DiN

i ,

denote by F ∗

α[v] the adjoint operator defined by Eq. (1.8) and obtain

vβF̂β[W ]−W αF ∗

α[v] = Di(Ψ
i), (7.57)

where
Ψi = N

i(vβFβ)

and F̂β[W ] is the linear approximation to Fβ defined by (see also Section 1.3)

F̂β[W ] = X(Fβ) ≡ W α∂Fβ
∂uα

+W α
i

∂Fβ
∂uαi

+W α
ij

∂Fβ
∂uαij

+ · · · .

Remark 7.5. Eq. (7.57) shows that F ∗

α[v] = F̂ ∗

β [W ], i.e. the adjoint operator F ∗

α to
nonlinear Eqs. (7.56) is the usual adjoint operator F̂ ∗

β to the linear operator F̂β[W ] (see
also [29]). But the linear self-adjointness of F̂β[W ] is not identical with the nonlinear
self-adjointness of Eqs. (7.56). For example, the KdV equation F ≡ ut − uxxx −
uux = 0 is nonlinearly self-adjoint (see Example 1.2 in Section 1.6). But its linear
approximation F̂ [W ] = Wt−Wxxx−uWx−Wux is not a self-adjoint linear operator.
Moreover, all linear equations are nonlinearly self-adjoint.
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8 Conservation laws: Generalities and explicit formula

8.1 Preliminaries
Let us consider a system of m differential equations

Fᾱ
(
x, u, u(1), . . . , u(s)

)
= 0, ᾱ = 1, . . . ,m, (8.1)

with m dependent variables u1, . . . , um and n independent variables x1, . . . , xn.
A conservation law for Eqs. (8.1) is written

[
Di(C

i)
]
(8.1)

= 0. (8.2)

The subscript |(8.1) means that the left-hand side of (8.2) is restricted on the solutions
of Eqs. (8.1). In practical calculations this restriction can be achieved by solving Eqs.
(8.1) with respect to certain derivatives of u and eliminating these derivatives from the
left-hand side of (8.2). For example, if (8.1) is an evolution equation

ut = Φ(t, x, u, ux, uxx),

the restriction |(8.1) can be understood as the elimination of ut. The n-dimensional
vector

C = (C1, . . . , Cn) (8.3)

satisfying Eq. (8.2) is called a conserved vector for the system (8.1). If its components
are functions C i = C i(x, u, u(1), . . .) of x, u and derivatives u(1), . . . of a finite order,
the conserved vector (8.3) is called a local conserved vector.

Since the conservation equation (8.2) is linear with respect to C i, any linear com-
bination with constant coefficients of a finite number of conserved vectors is again a
conserved vector. It is obvious that if the divergence of a vector (8.3) vanishes identi-
cally, it is a conserved vector for any system of differential equations. This is a trivial
conserved vectors for all differential equations. Another type of trivial conserved vec-
tors for Eqs. (8.1) are provided by those vectors whose components C i vanish on the
solutions of the system (8.1). One ignores both types of trivial conserved vectors. In
other words, conserved vectors (8.3) are simplified by considering them up to addition
of these trivial conserved vectors.

The following less trivial operation with conserved vectors is particularly useful in
practice. Let

C1
∣∣
(8.1)

= C̃1 +D2(H
2) + · · ·+Dn(H

n) (8.4)

the conserved vector (8.3) can be replaced with the equivalent conserved vector

C̃ = (C̃1, C̃2, . . . , C̃n) = 0 (8.5)
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with the components

C̃1, C̃2 = C2 +D1(H
2), . . . , C̃n = Cn +D1(H

n). (8.6)

The passage from (8.3) to the vector (8.5) is based on the commutativity of the total
differentiations. Namely, we have

D1D2(H
2) = D2Dt(H

2), D1Dn(H
n) = DnDt(H

n),

and therefore the conservation equation (8.2) for the vector (8.3) is equivalent to the
conservation equation [

Di(C̃
i)
]
(8.1)

= 0

for the vector (8.5). If n ≥ 3, the simplification (8.6) of the conserved vector can be
iterated: if C̃2 contains the terms

D3(H̃
3) + · · ·+Dn(H̃

n)

one can subtract them from C̃2 and add to C̃3, . . . , C̃n the corresponding terms

D2(H̃
3), . . . , D2(H̃

n).

Note that the conservation law (8.2) for Eqs. (8.1) can be written in the form

Di(C
i) = µᾱFᾱ

(
x, u, u(1), . . . , u(s)

)
(8.7)

with undetermined coefficients µᾱ = µᾱ(x, u, u(1), . . .) depending on a finite num-
ber of variables x, u, u(1), . . . . If C i depend on higher-order derivatives, Eq. (8.7) is
replaced with

Di(C
i) = µᾱFᾱ + µiᾱDi

(
Fᾱ
)
+ µijᾱDiDj

(
Fᾱ
)
+ · · · . (8.8)

It is manifest from Eq. (8.7) or Eq. (8.8) that the total differentiations of a con-
served vector (8.3) provide again conserved vectors. Therefore, e.g. the vector

D1(C) =
(
D1(C

1), . . . , D1(C
n)
)

(8.9)

obtained from a known vector (8.3) is not considered as a new conserved vector.
If one of the independent variables is time, e.g. x1 = t, then the conservation

equation (8.2) is often written, using the divergence theorem, in the integral form

d

dt

∫

IRn−1
C1 dx2 · · · dxn = 0. (8.10)

But the differential form (8.2) of conservation laws carries, in general, more infor-
mation than the integral form (8.10). Using the integral form (8.10) one may even
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lose some nontrivial conservation laws. As an example, consider the two-dimensional
Boussinesq equations

∆ψt − gρx − fvz = ψx∆ψz − ψz∆ψx ,

vt + fψz = ψxvz − ψzvx , (8.11)

ρt +
N2

g
ψx = ψxρz − ψzρx

used in geophysical fluid dynamics for investigating uniformly stratified incompress-
ible fluid flows in the ocean. Here ∆ is the two-dimensional Laplacian,

∆ =
∂2

∂x2
+

∂2

∂z2
,

and ψ is the stream function so that the x, z- components u,w of the velocity (u, v, w)
of the fluid are given by

u = ψz, w = −ψx. (8.12)

Eqs. (8.11) involve the physical constants: g is the gravitational acceleration, f is the
Coriolis parameter, and N is responsible for the density stratification of the fluid. Each
equation of the system (8.11) has the conservation form (8.2), namely

Dt(∆ψ) +Dx(−gρ+ ψz∆ψ) +Dz(−fv − ψx∆ψ) = 0,

Dt(v) +Dx(vψz) +Dz(fψ − vψx) = 0, (8.13)

Dt(ρ) +Dx

(
N2

g
ψ + ρψz

)
+Dz(−ρψx) = 0.

In the integral form (8.10) these conservation laws are written

d

dt

∫ ∫
∆ψ dxdz = 0,

d

dt

∫ ∫
v dxdz = 0, (8.14)

d

dt

∫ ∫
ρ dxdz = 0.

We can rewrite the differential conservation equations (8.13) in an equivalent form by
using the operations (8.4)-(8.6) of the conserved vectors. Namely, let us apply these
operations to the first equation (8.13), i.e. to the conserved vector

C1 = ∆ψ, C2 = −gρ+ ψz∆ψ, C3 = −fv − ψx∆ψ. (8.15)
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Noting that
C1 = Dx(ψx) +Dz(ψz).

and using the operations (8.4)-(8.6) we transform the vector (8.15) to the form

C̃1 = 0, C̃2 = −gρ+ ψtx + ψz∆ψ, C̃3 = −fv + ψtz − ψx∆ψ. (8.16)

The integral conservation equation (8.10) for the vector for (8.16) is trivial, 0 = 0.
Thus, after the transformation of the conserved vector (8.15) to the equivalent form
(8.16) we have lost the first integral conservation law in (8.14). But it does not mean
that the conserved vector (8.16) has no physical significance. Indeed, if write the differ-
ential conservation equation with the vector (8.16), we again obtain the first equation
of the system (8.11):

Dx(C̃
2) +Dz(C̃

3) = ∆ψt − gρx − fvz − ψx∆ψz + ψz∆ψx .

Let us assume that Eqs. (8.1) have a nontrivial local conserved vector satisfying
Eq. (8.7). Then not all µβ̄ vanish simultaneously due to non-triviality of the conserved
vector. Furthermore, since µβ̄Fβ̄ depends on x, u and a finite number of derivatives
u(1), u(2), . . . (i.e. it is a differential function) and has a divergence form, the following
equations hold (for a detailed discussion see [4], Section 8.4.1):

δ

δα

[
µβ̄Fβ̄

(
x, u, u(1), . . . , u(s)

)]
= 0, α = 1, . . . ,m. (8.17)

Note that Eqs. (8.17) are identical with Eqs. (3.2) where the differential substitution
(3.9) is made with ϕᾱ = µᾱ. Hence, the system (8.1) is nonlinearly self-adjoint. I
formulate this simple observation as a theorem since it is useful in applications (see
Section 11).

Theorem 8.1. Any system of differential equations (8.1) having a nontrivial local con-
served vector satisfying Eq. (8.7) is nonlinearly self-adjoint.

8.2 Explicit formula for conserved vectors
Using Definition 3.1 of nonlinear self-adjointness and the theorem on conservation
laws proved in [3] by using the operator identity (7.1), we obtain the explicit formula
for constructing conservation laws associated with symmetries of any nonlinearly self-
adjoint system of equations. The method is applicable independently on the number
of equations in the system and the number of dependent variables. The result is as
follows.

Theorem 8.2. Let the system of differential equations (8.1) be nonlinearly self-adjoint.
Specifically, let the adjoint system (3.2) to (8.1) be satisfied for all solutions of Eqs.
(8.1) upon a substitution (3.3),

vᾱ = ϕᾱ(x, u), ᾱ = 1, . . . ,m. (8.18)
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Then any Lie point, contact or Lie-Bäcklund symmetry

X = ξi(x, u, u(1), . . .)
∂

∂xi
+ ηα(x, u, u(1), . . .)

∂

∂uα
, (8.19)

as well as a nonlocal symmetry of Eqs. (8.1) leads to a conservation law (8.2) con-
structed by the following formula:

C i = ξiL+W α

[
∂L

∂uαi
−Dj

(
∂L

∂uαij

)
+DjDk

(
∂L

∂uαijk

)
− . . .

]
(8.20)

+Dj (W
α)

[
∂L

∂uαij
−Dk

(
∂L

∂uαijk

)
+ . . .

]
+DjDk (W

α)

[
∂L

∂uαijk
− . . .

]
,

where
W α = ηα − ξjuαj (8.21)

and L is the formal Lagrangian for the system (8.1),

L = vβ̄Fβ̄. (8.22)

In (8.20) the formal LagrangianL should be written in the symmetric form with respect
to all mixed derivatives uαij, u

α
ijk, . . . and the “non-physical variables” vᾱ should be

eliminated via Eqs. (8.18).

One can omit in (8.20) the term ξiL when it is convenient. This term provides a
trivial conserved vector mentioned in Section 8.1 because L vanishes on the solutions
of Eqs. (8.1). Thus, the conserved vector (8.20) can be taken in the form

C i =W α

[
∂L

∂uαi
−Dj

(
∂L

∂uαij

)
+DjDk

(
∂L

∂uαijk

)
− . . .

]
(8.23)

+Dj (W
α)

[
∂L

∂uαij
−Dk

(
∂L

∂uαijk

)
+ . . .

]
+DjDk (W

α)

[
∂L

∂uαijk
− . . .

]
.

Remark 8.1. One can use Eqs. (8.23) for constructing conserved vectors even if the
system (8.1) is not self-adjoint, in particular, if one cannot find explicit formulae (8.18)
or (3.9) for point or differential substitutions, respectively. The resulting conserved
vectors will be nonlocal in the sense that they involve the variables v connected with
the physical variables u via differential equations, namely, adjoint equations to (8.1).
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9 A nonlinearly self-adjoint irrigation system
Let us apply Theorem 8.2 to Eq. (6.1) satisfying the condition (6.3):

C(ψ)ψt = [K(ψ)ψx]x + [K(ψ) (ψz − 1)]z − S(ψ), (9.1)

S ′(ψ) = aC(ψ), a = const. (9.2)

The formal Lagrangian (8.22) for Eq. (9.1) has the form

L =
[
−C(ψ)ψt +K(ψ)(ψxx + ψzz) +K ′(ψ)(ψ2

x + ψ2
z − ψz)− S(ψ)

]
v. (9.3)

We will use the substitution (6.5) of the particular form

v = eat. (9.4)

Denoting t = x1, x = x2, z = x3 we write the conservation equation (8.2) in the form

Dt(C
1) +Dx(C

2) +Dz(C
3) = 0. (9.5)

This equation should be satisfied on the solutions of Eq. (9.1).
The formal Lagrangian (9.3) does not contain derivatives of order higher than two.

Therefore in our case Eqs. (8.23) take the simple form

C i = W

[
∂L

∂ψi
−Dj

(
∂L

∂ψij

)]
+Dj(W )

∂L

∂ψij
(9.6)

and yield:

C1 = W
∂L

∂ψt
,

C2 = W

[
∂L

∂ψx
−Dx

(
∂L

∂ψxx

)]
+Dx(W )

∂L

∂ψxx
,

C3 = W

[
∂L

∂ψz
−Dz

(
∂L

∂ψzz

)]
+Dz(W )

∂L

∂ψzz
·

Substituting here the expression (9.3) for L we obtain

C1 = −WC(ψ)v,

C2 = W [2K ′(ψ)vψx −Dx(K(ψ)v)] +Dx(W )K(ψ)v,

C3 = W [K ′(ψ)v(2ψz − 1)−Dz(K(ψ)v)] +Dz(W )K(ψ)v,

where v should be eliminated by means of the substitution (9.4). So, we have:

C1 = −WC(ψ)eat,

C2 = [WK ′(ψ)ψx +Dx(W )K(ψ)]eat,

C3 = [WK ′(ψ)(ψz − 1) +Dz(W )K(ψ)]eat.

(9.7)
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Since Eq. (9.1) does not explicitly involve the independent variables t, x, z, it is
invariant under the translations of these variables. Let us construct the conserved vector
(9.7) corresponding to the time translation group with the generator

X =
∂

∂t
· (9.8)

For this operator Eq. (8.21) yields

W = −ψt. (9.9)

Substituting (9.9) in Eqs. (9.7) we obtain

C1 = C(ψ)ψte
at,

C2 = −[K ′(ψ)ψtψx +K(ψ)ψtx]e
at,

C3 = −[K ′(ψ)ψt(ψz − 1) +K(ψ)ψtz]e
at.

(9.10)

Now we replace in C1 the term C(ψ)ψt by the right-hand side of Eq. (9.1) to obtain:

C1 = −S(ψ)eat +Dx

(
K(ψ)ψxe

at
)
+Dz

(
K(ψ)(ψz − 1)eat

)
.

When we substitute this expression in the conservation equation (9.5), we can write

Dt

(
Dx

(
K(ψ)ψxe

at
))

= Dx

(
Dt

(
K(ψ)ψxe

at
))
.

Therefore we can transfer the terms Dx(. . .) and Dz(. . .) from C1 to C2 and C3, re-
spectively (see (8.6)). Thus, we rewrite the vector (9.10), changing its sign, as follows:

C1 = S(ψ)eat,

C2 = [K ′(ψ)ψtψx +K(ψ)ψtx]e
at −Dt

(
K(ψ)ψxe

at
)
,

C3 = [K ′(ψ)ψt(ψz − 1) +K(ψ)ψtz]e
at −Dt

(
K(ψ)(ψz − 1)eat

)
.

Working out the differentiation Dt in the last terms of C2 and C3 we finally arrive at
the following vector:

C1 = S(ψ)eat,

C2 = aK(ψ)ψxe
at,

C3 = aK(ψ)(ψz − 1)eat.

(9.11)

The reckoning shows that the vector (9.11) satisfies the conservation equation (9.5)
due to the condition (9.2). Note that C1 is the density of the conserved vector (9.11).

The use of the general substitution (6.5) instead of its particular case (9.4) leads to
the conserved vector with the density

C1 = S(ψ)(bx+ l)eat.

This approach opens a new possibility to find a variety of conservation laws for the
irrigation model (6.1) by considering other self-adjoint cases of the model and using
the extensions of symmetry Lie algebras given in [24], Section 9.8.
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10 Utilization of differential substitutions

10.1 Equation uxy = sinu

We return to Section 3.2 and calculate the conservation laws for Eq. (3.11),

uxy = sin u, (10.1)

using the differential substitution (3.12),

v = A1[xux − yuy] + A2ux + A3uy, (10.2)

and the admitted three-dimensional Lie algebra with the basis

X1 =
∂

∂x
, X2 =

∂

∂y
, X3 = x

∂

∂x
− y

∂

∂y
· (10.3)

The conservation equation for Eq. (10.1) will be written in the form

Dx(C
1) +Dy(C

2) = 0.

We write the formal Lagrangian for Eq. (10.1) in the symmetric form

L =

(
1

2
uxy +

1

2
uyx − sinu

)
v. (10.4)

Eqs. (8.23) yield:

C1 =
1

2
Dy(W )v −

1

2
Wvy, C2 =

1

2
Dx(W )v −

1

2
Wvx. (10.5)

where we have to eliminate the variable v via the differential substitution (10.2).
Substituting in (10.5) W = −ux corresponding to the operator X1 from (10.3),

replacing v with (10.2) and uxy with sin u, then transferring the terms of the form
Dy(. . .) from C1 to C2 (see the simplification (8.6)) we obtain:

C1 = A1 cos u, C2 =
1

2
A1u

2
x.

We let A1 = 1 and conclude that the application of Theorem 8.2 to the symmetry X1

yields the conserved vector

C1 = cos u, C2 =
1

2
u2x · (10.6)

The similar calculations with the operator X2 from (10.3) lead to the conserved vector

C1 =
1

2
u2y , C2 = cos u. (10.7)
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The third symmetry, X3 from (10.3), does not lead to a new conserved vector. Indeed,
in this case W = yuy − xux. Substituting it in the first formula (10.5) we obtain after
simple calculations

C1 =
1

2
A3u

2
y − A2 cosu+Dy

[
(A2y + A3x)

(
1

2
uxuy + cosu

)]
.

Hence, upon transferring the term Dy(. . .) from C1 to C2 the resulting C1 will be a
linear combination with constant coefficients of the components C 1 of the conserved
vectors (10.6) and (10.7). The same will be true for C2. Therefore the conserved vector
provided by the symmetry X3 will be a linear combination with constant coefficients
of the conserved vectors (10.6) and (10.7).

One can also use the Noether theorem because Eq. (10.1) has the classical La-
grangian, namely

L = −
1

2
uxuy + cos u. (10.8)

Then the symmetriesX1 andX2 provide again the conserved vectors (10.6) and (10.7),
respectively. But now we obtain one more conserved vector using X3, namely

C1 = x cos u−
y

2
u2y , C2 =

x

2
u2x − y cos u. (10.9)

10.2 Short pulse equation
The differential equation (up to notation and appropriate scaling the physical variables)

DtDx(u) = u+
1

6
D2
x(u

3) (10.10)

was suggested in [30] (see there Eq. (11), also [31]) as a mathematical model for the
propagation of ultra-short light pulses in media with nonlinearities, e.g. in silica fibers.
The mathematical model is derived in [30] by considering the propagation of linearly
polarized light in a one-dimensional medium and assuming that the light propagates in
the infrared range. The final step in construction of the model is based on the method
of multiple scales.

Eq. (10.10) is connected with Eq. (10.1) by a non-point transformation which is
constructed in [32] as a chain of differential substitutions (given also in [31] by Eqs.
(2)). Using this connection, an exact solitary wave solution (a pulse solution) to Eq.
(10.10) is constructed in [31]. One can also find in [32] a Lax pair and a recursion
operator for Eq. (10.10).

Note that Eq. (10.10) does not have a conservation form. I will find a conservation
law of Eq. (10.10) thus showing that it can be rewritten in a conservation form. A
significance of this possibility is commonly known and is not discussed here.
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We write the short pulse equation (10.10) in the expanded form

uxt = u+
1

2
u2uxx + uu2x (10.11)

so that the formal Lagrangian is written

L = v

[
uxt − u−

1

2
u2uxx − uu

2
x

]
. (10.12)

Substituting (10.12) in (3.2) we obtain the following adjoint equation to Eq. (10.11):

vxt = v +
1

2
u2vxx. (10.13)

We first demonstrate the following statement.

Proposition 10.1. Eq. (10.10) is not nonlinearly self-adjoint with a substitution

v = ϕ(t, x, u) (10.14)

but it is nonlinearly self-adjoint with the differential substitution

v = ut −
1

2
u2ux. (10.15)

Proof. We write the nonlinear self-adjointness condition (3.5),
[
vxt − v −

1

2
u2vxx

]

(10.14)

= λ[uxt − u−
1

2
u2uxx − uu

2
x],

substitute here the expression (10.14) for v and its derivatives

vxx = ϕuuxx + ϕuuu
2
x + 2ϕxuux + ϕxx,

vxt = ϕuuxt + ϕuuuxut + ϕxuut + ϕtuux + ϕxt ,
(10.16)

and first obtain λ = ϕu by comparing the terms with the second-order derivatives of u.
This reduces the nonlinear self-adjointness condition to the following equation:

ϕuuuxut + ϕxuut + ϕtuux + ϕxt − ϕ−
1

2
u2(ϕuuu

2
x + 2ϕxuux + ϕxx)

= −ϕu[u+ uu2x].

(10.17)

The terms with ut in Eq. (10.17) yield ϕuu = ϕxu = 0. Then we take the term with u2x
and obtain ϕu = 0. Hence

ϕ = a(t, x).
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Now Eq. (10.17) gives axx = 0, axt − a = 0, whence a = 0. Thus

ϕ = 0,

i.e. the substitution (10.14) is trivial. This proves the first part of Proposition 10.1. Its
second part is proved by similar calculations with the substitution

v = ϕ(t, x, u, ux, ut).

I will not reproduce these rather lengthy calculations, but instead we will verify that
the substitution (10.15) maps any solution of Eq. (10.1) into a solution of the adjoint
equation (10.13). First we calculate

vx = uxt −
1

2
u2uxx − uu

2
x

and see that on the solutions of Eq. (10.1) we have vx = u. Now we calculate other
derivatives and verify that on the solutions of Eq. (10.1) the following equations hold:

vx = u, vt = utt −
1

2
u2uxt − uuxut, vxt = ut, vxx = ux. (10.18)

It is easily seen that Eq. (10.13) is satisfied. Namely, using (10.15) and (10.18) we
have:

vxt − v −
1

2
u2vxx = ut −

(
ut −

1

2
u2ux

)
−

1

2
u2ux = 0.

The maximal Lie algebra of point symmetries of Eq. (10.10) is the three-dimensional
algebra spanned by the operators

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = u

∂

∂u
+ x

∂

∂x
− t

∂

∂t
· (10.19)

Let us construct the conservation laws

Dt(C
1) +Dx(C

2) = 0 (10.20)

for the basis operators (10.19).
Since the formal Lagrangian (10.12) does not contain derivatives of order higher

than two, Eqs. (8.23) are written (see (9.6))

C i = W

[
∂L

∂ui
−Dj

(
∂L

∂uij

)]
+Dj(W )

∂L

∂uij
·

In our case we have:

C1 = −WDx

(
∂L

∂utx

)
+Dx(W )

∂L

∂utx
, (10.21)

C2 = W

[
∂L

∂ux
−Dt

(
∂L

∂uxt

)
−Dx

(
∂L

∂uxx

)]
+Dt(W )

∂L

∂uxt
+Dx(W )

∂L

∂uxx
·
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Substituting in (10.21) the expression (10.12) for L written in the symmetric form

L = v

[
1

2
utx +

1

2
uxt − u−

1

2
u2uxx − uu

2
x

]
(10.22)

we obtain

C1 = −
1

2
Wvx +

1

2
vDx(W ), (10.23)

C2 = −W
[
uvux +

1

2
vt −

1

2
u2vx

]
+

1

2
vDt(W )−

1

2
u2vDx(W ).

Since v should be eliminated via the differential substitution (10.15), we further sim-
plify this vector by replacing vx with u according to the first equation (10.18) and
obtain:

C1 = −
1

2
Wu+

1

2
vDx(W ), (10.24)

C2 = −W
[
uvux +

1

2
vt −

1

2
u3
]
+

1

2
vDt(W )−

1

2
u2vDx(W ),

where v and vt should be replaced with their values given in Eqs. (10.15), (10.18).
Let us construct the conserved vectors using the symmetries (10.19). Their com-

mutators are
[X1, X3] = −X1, [X2, X3] = X2.

Hence, according to [10], Section 22.4, the operator X3 plays a distinguished role.
Namely, the conserved vectors associated with X1 and X2 can be obtained from the
conserved vector provided by X3 using the adjoint actions of the operators X1 and X2,
respectively. Therefore we start with X3. Substituting in (10.24) the expression

W = u+ tut − xux

corresponding to the symmetry X3, eliminating the terms of the form Dx(A) from C1

and adding them to C2 in the form Dt(A) according to the simplification (8.6), we
obtain after routine calculations the following conserved vector:

C1 = u2, (10.25)

C2 = u2uxut − u
2
t −

1

4
u4 −

1

4
u4u2x.

The conservation equation (10.20) for the vector (10.28) holds in the form

Dt(C
1) +Dx(C

2) = 2
(
ut −

1

2
u2ux

)(
u+

1

2
u2uxx + uu2x − uxt

)
. (10.26)
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Let us turn now to the operators X1 and X2 from (10.19). To simplify the calcula-
tions it is useful to modify Eqs. (10.24) as follows. Noting that

vDx(W ) = Dx(vW )−Wvx

we rewrite the vector (10.23) in the form

C1 = −Wvx,

C2 = −W
[
uvux −

1

2
u2vx

]
+ vDt(W )−

1

2
u2vDx(W ).

Then (10.24) is replaced with

C1 = −uW, (10.27)

C2 = −W
[
uvux −

1

2
u3
]
+ vDt(W )−

1

2
u2vDx(W ).

Substituting in the first formula (10.27) to expression W = −ut corresponding the
operator X1 we obtain C1 = uut. This is the time derivative of C1 from (10.25).
Hence the symmetry X1 leads to a trivial conserved vector obtained from the vector
(10.25) by the differentiation Dt, in accordance with [10]. Likewise, it is manifest
from (10.27) that the operator X2 leads to a trivial conserved vector obtained from the
conserved vector (10.25) by the differentiation Dx. Thus we have demonstrated the
following statement.

Proposition 10.2. The Lie point symmetries (10.19) of Eq. (10.11) yield one non-
trivial conserved vector (10.25). Accordingly, the short pulse equation (10.11) can be
written in the following conservation form:

Dt

(
u2
)
+Dx

(
u2uxut − u

2
t −

1

4
u4 −

1

4
u4u2x

)
= 0. (10.28)

11 Gas dynamics

11.1 Classical symmetries and conservation laws
Let us consider the polytropic gasdynamic equations

vt + (v · ∇)v +
1

ρ
∇p = 0,

ρt + v · ∇ρ+ ρ∇ · v = 0, (11.1)
pt + v · ∇p+ γp∇ · v = 0,
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where γ is a constant known as the polytropic (or adiabatic) exponent. The independent
variables are the time and the space coordinates:

t, x = (x1, . . . , xn), n ≤ 3. (11.2)

The dependent variables are the velocity, the density and the pressure:

v = (v1, . . . , vn), ρ, p. (11.3)

Eqs. (11.1) with arbitrary γ have the Lie algebra of point symmetries spanned by

X0 =
∂

∂t
, Xi =

∂

∂xi
, Y0 = t

∂

∂t
+ xi

∂

∂xi
, Yi = t

∂

∂xi
+

∂

∂vi
,

Xij = xj
∂

∂xi
− xi

∂

∂xj
+ vj

∂

∂vi
− vi

∂

∂vj
, (i < j), (11.4)

Z0 = ρ
∂

∂ρ
+ p

∂

∂p
, Z1 = t

∂

∂t
− vi

∂

∂vi
+ 2ρ

∂

∂ρ
, i, j = 1, . . . , n,

and the following classical conservation laws:
d

dt

∫

Ω(t)

ρdω = 0 – Conservation of mass

d

dt

∫

Ω(t)

(
1

2
ρ|v|2 +

p

γ − 1

)
dω = −

∫

S(t)

pv · νdS – Energy

d

dt

∫

Ω(t)

ρvdω = −

∫

S(t)

pνdS – Momentum

d

dt

∫

Ω(t)

ρ(x× v)dω = −

∫

S(t)

p(x× ν)dS – Angular momentum

d

dt

∫

Ω(t)

ρ(tv − x)dω = −

∫

S(t)

tpνdS – Center-of-mass theorem.

The conservation laws are written in the integral form by using the standard symbols:
Ω(t) - arbitrary n-dimensional volume, moving with fluid,
S(t) - boundary of the volume Ω(t),
ν - unit (outer) normal vector to the surface S(t).

If we write the above conservation laws in the general form

d

dt

∫

Ω(t)

Tdω = −

∫

S(t)

(χ · ν)dS, (11.5)
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then the differential form of these conservation laws will be

Dt(T ) +∇ · (χ+ Tv) = 0. (11.6)

11.2 Adjoint equations and self-adjointness when n = 1

Theorem 8.1 from Section 8.1 shows that the system of gasdynamic equations (11.1)
is nonlinearly self-adjoint. Let us illustrate this statement in the one-dimensional case:

vt + vvx +
1

ρ
px = 0,

ρt + vρx + ρvx = 0, (11.7)
pt + vpx + γpvx = 0.

We write the formal Lagrangian in the form

L = U
(
vt + vvx +

1

ρ
px

)
+R(ρt + vρx + ρvx) + P (pt + vpx + γpvx) (11.8)

and obtain the following adjoint system for the new dependent variables U,R, P :

δL

δv
≡ −Ut − vUx − ρRx + (1− γ)Ppx − γpPx = 0,

δL

δρ
≡ −Rt − vRx −

1

ρ2
Upx = 0, (11.9)

δL

δp
≡ −Pt −

1

ρ
Ux +

1

ρ2
Uρx + (γ − 1)Pvx − vPx = 0.

Let us take, e.g. the conservation of energy from Section 8.1. Then we have

T =
1

2
ρv2 +

p

γ − 1
, χ = pv,

and using the differential form (11.6) of the energy conservation we obtain the follow-
ing equation (8.7):

Dt

(
1

2
ρv2 +

p

γ − 1

)
+Dx

(
1

2
ρv3 +

γ

γ − 1
pv

)
(11.10)

= ρv
(
vt + vvx +

1

ρ
px

)
+
v2

2
(ρt + vρx + ρvx) +

1

γ − 1
(pt + vpx + γpvx).

Hence, the adjoint equations (11.9) are satisfied for all solutions of the gasdynamic
equations (11.1) upon the substitution

U = ρv, R =
v2

2
, P =

1

γ − 1
· (11.11)
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This conclusion can be easily verified by the direct substitution of (11.11) in the adjoint
system (11.9). Namely, we have:

δL

δv

∣∣∣∣
(11.11)

= −ρ
(
vt + vvx +

1

ρ
px

)
− v(ρt + vρx + ρvx),

δL

δρ

∣∣∣∣
(11.11)

= −v
(
vt + vvx +

1

ρ
px

)
,

δL

δp

∣∣∣∣
(11.11)

= 0. (11.12)

11.3 Adjoint system to equations (11.1) with n ≥ 2

For gasdynamic equations (11.1) with two and three space variables xi the formal
Lagrangian (11.8) is replaced by

L = U ·
(
vt + (v · ∇)v +

1

ρ
∇p
)
+R(ρt + v · ∇ρ+ ρ∇ · v)

+ P (pt + v · ∇p+ γp∇ · v), (11.13)

where the vectorU = (U 1, . . . , Un) and the scalars R,P are new dependent variables.
Using this formal Lagrangian, we obtain the following adjoint system instead of (11.9):

δL

δv
≡−Ut − (v · ∇)U + (U · ∇)v − (∇ · v)U

− ρ∇R + (1− γ)P∇p− γp∇P = 0,

δL

δρ
≡−Rt − v · ∇R−

1

ρ2
U · ∇p = 0, (11.14)

δL

δp
≡− Pt −

1

ρ
(∇ ·U ) +

1

ρ2
U · ∇ρ+ (γ − 1)P (∇ · v)− v · ∇P = 0.

The nonlinear self-adjointness of the system (11.1) can be demonstrated as in the one-
dimensional case discussed in Section 11.2.

11.4 Application to nonlocal symmetries of the Chaplygin gas
The Chaplygin gas is described by the one-dimensional gasdynamic equations (11.7)
with γ = −1 :

vt + vvx +
1

ρ
px = 0,

ρt + vρx + ρvx = 0, (11.15)
pt + vpx − pvx = 0.
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Eqs. (11.15) have the same maximal Lie algebra of Lie point symmetries as Eqs.
(11.7) with arbitrary γ. This algebra is spanned by the symmetries (11.4) in the one-
dimensional case, namely

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = t

∂

∂x
+

∂

∂v
, X4 = t

∂

∂t
+ x

∂

∂x
,

X5 = ρ
∂

∂ρ
+ p

∂

∂p
, X6 = t

∂

∂t
− v

∂

∂v
+ 2ρ

∂

∂ρ
· (11.16)

But the Chaplygin gas has more symmetries than an arbitrary one-dimensional poly-
tropic gas upon rewriting it in Lagrange’s variables obtained by replacing x and ρ with
y and q, respectively, obtained by the following nonlocal transformation:

τ =

∫
ρdx, q =

1

ρ
· (11.17)

Then the system (11.15) becomes

qt − vτ = 0,

vt + pτ = 0, (11.18)

pt −
p

q
vτ = 0

and admits the 8-dimensional Lie algebra with the basis

Y1 =
∂

∂t
, Y2 =

∂

∂τ
, Y3 =

∂

∂v
, Y4 = t

∂

∂t
+ τ

∂

∂τ
,

Y5 = τ
∂

∂τ
+ p

∂

∂p
− q

∂

∂q
, Y6 = v

∂

∂v
+ p

∂

∂p
+ q

∂

∂q
, (11.19)

Y7 =
∂

∂p
+
q

p

∂

∂q
, Y8 = t

∂

∂v
− y

∂

∂p
−
yq

p

∂

∂q
·

It is shown in [21] that the operators Y7, Y8 from (11.19) lead to the following nonlocal
symmetries for Eqs. (11.15):

X7 = σ
∂

∂x
−

∂

∂p
+
ρ

p

∂

∂ρ
,

X8 =

(
t2

2
+ s

)
∂

∂x
+ t

∂

∂v
− τ

∂

∂p
+
ρ τ

p

∂

∂ρ
,

(11.20)

where τ, s, σ are the following nonlocal variables:

τ =

∫
ρdx, s = −

∫
τ

p
dx, σ = −

∫
dx

p
· (11.21)
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They can be equivalently defined by the compatible over-determined systems

τx = ρ, τt + vτx = 0,

sx = −
τ

p
, st + vsx = 0, (11.22)

σx = −
1

p
, σt + vσx = 0,

or

τx = ρ, τt = −vρ,

sx = −
τ

p
, st =

vτ

p
, (11.23)

σx = −
1

p
, σt =

v

p
·

Let us verify that the operator X7 is admitted by Eqs. (11.15). Its first prolongation
is obtained by applying the usual prolongation procedure and eliminating the partial
derivatives σx and σt via Eqs. (11.23). It has the form

X7 = σ
∂

∂x
−

∂

∂p
+
ρ

p

∂

∂ρ
−
vvx
p

∂

∂vt
+
vx
p

∂

∂vx
−
vpx
p

∂

∂pt
+
px
p

∂

∂px

+

(
ρt
p
−
ρpt
p2
−
vρx
p

)
∂

∂ρt
+

(
2
ρx
p
−
ρpx
p2

)
∂

∂ρx
· (11.24)

The calculation shows that the invariance condition is satisfied in the following form:

X7

(
vt + vvx +

1

ρ
px

)
= 0,

X7(ρt + vρx + ρvx) =
1

p
(ρt + vρx + ρvx)−

ρ

p2
(pt + vpx − pvx),

X7(pt + vpx − pvx) = 0.

One can verify likewise that the invariance test for the operator X8 is satisfied in the
following form:

X8

(
vt + vvx +

1

ρ
px

)
= 0,

X8(ρt + vρx + ρvx) =
τ

p
(ρt + vρx + ρvx)−

ρτ

p2
(pt + vpx − pvx),

X8(pt + vpx − pvx) = 0.

The operators Y1, . . . , Y6 from (11.19) do not add to the operators (11.16) new
symmetries of the system (11.15).

67



68 Nail H. Ibragimov

Thus, the Chaplygin gas described by Eqs. (11.15) admits the eight-dimensional
vector space spanned by the operators (11.16) and (11.20). However this vector space
is not a Lie algebra. Namely, the commutators of the dilation generators X4, X5, X6

from (11.16) with the operators (11.20) are not linear combinations of the opera-
tors (11.16), (11.20) with constants coefficients. The reason is that the operators
X4, X5, X6 are not admitted by the differential equations (11.22) for the nonlocal vari-
ables τ, s, σ. Therefore I will extend the action of the dilation generators to τ, s, σ so
that the extended operators will be admitted by Eqs. (11.22).

Let us take the operator X4. We write it in the extended form

X ′

4 = t
∂

∂t
+ x

∂

∂x
+ α

∂

∂τ
+ β

∂

∂s
+ µ

∂

∂σ
,

where α, β, µ are unknown functions of t, x, v, ρ, p, τ, s, σ. Then we make the prolon-
gation of X ′

4 to the first-order partial derivatives of the nonlocal variables with respect
to t and x by treating τ, s, σ as new dependent variables and obtain

X ′

4 = t
∂

∂t
+ x

∂

∂x
+ α

∂

∂τ
+ β

∂

∂s
+ µ

∂

∂σ

+ [Dt(α)− τt]
∂

∂τt
+ [Dx(α)− τx]

∂

∂τx

+ [Dt(β)− st]
∂

∂st
+ [Dx(β)− sx]

∂

∂sx

+ [Dt(µ)− σt]
∂

∂σt
+ [Dx(µ)− σx]

∂

∂σx
·

Now we require the invariance of Eqs. (11.22):

X ′

4(τx − ρ) = 0, X ′

4(τt + vτx) = 0,

X ′

4

(
sx +

τ

p

)
= 0, X ′

4(st + vsx) = 0, (11.25)

X ′

4

(
σx +

1

p

)
= 0, X ′

4(σt + vσx) = 0.

As usual, Eqs. (11.25) should be satisfied on the solutions of Eqs. (11.22). Let us
solve the equations X ′

4(τx − ρ) = 0, X ′

4(τt + vτx) = 0. They are written

[Dx(α)− τx](11.22) = 0, [Dt(α)− τt + v (Dx(α)− τx)](11.22) = 0. (11.26)

Since τx = Dx(α), the first equation in (11.26) is satisfied if we take

α = τ
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With this α the second equation in (11.26) is also satisfied because τt + vτx = 0. Now
the first equation in the second line of Eqs. (11.25) becomes

[
Dx(β)− sx +

τ

p

]

(11.22)

= Dx(β)− 2sx = 0

and yields
β = 2s.

The second equation in the second line of Eqs. (11.25) is also satisfied with this β.
Applying the same approach to the third line of Eqs. (11.25) we obtain

µ = σ.

After similar calculations with X5 and X6 we obtain the following extensions of
the dilation generators:

X ′

4 = t
∂

∂t
+ x

∂

∂x
+ τ

∂

∂τ
+ 2s

∂

∂s
+ σ

∂

∂σ
,

X ′

5 = ρ
∂

∂ρ
+ p

∂

∂p
+ τ

∂

∂τ
− σ

∂

∂σ
, (11.27)

X ′

6 = t
∂

∂t
− v

∂

∂v
+ 2ρ

∂

∂ρ
+ 2τ

∂

∂τ
+ 2s

∂

∂s
·

The operators (11.20), (11.27) together with the operatorsX1, X2, X3 from (11.16)
span the eight-dimensional Lie algebra L8 admitted by Eqs. (11.15) and Eqs. (11.22).
The algebra L8 has the following commutator table:

X1 X2 X3 X ′

4 X ′

5 X ′

6 X7 X8

X1 0 0 X2 X1 0 X1 0 X3

X2 0 0 0 X2 0 0 0 0

X3 −X2 0 0 0 0 −X3 0 0

X ′

4 −X1 −X2 0 0 0 0 0 X8

X ′

5 0 0 0 0 0 0 −X7 0

X ′

6 −X1 0 X3 0 0 0 0 2X8

X7 0 0 0 0 X7 0 0 0

X8 −X3 0 0 −X8 0 −2X8 0 0
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Let us apply Theorem 8.2 to the nonlocal symmetries (11.20) of the Chaplygin gas.
The formal Lagrangian (11.8) for Eqs. (11.15) has the form

L = U
(
vt + vvx +

1

ρ
px

)
+R(ρt + vρx + ρvx) + P (pt + vpx − pvx). (11.28)

Accordingly, the adjoint system (11.9) for the Chaplygin gas is written

δL

δv
≡ −Ut − vUx − ρRx + 2Ppx + pPx = 0,

δL

δρ
≡ −Rt − vRx −

1

ρ2
Upx = 0, (11.29)

δL

δp
≡ −Pt −

1

ρ
Ux +

1

ρ2
Uρx − 2Pvx − vPx = 0.

Let us proceed as in Section 11.2. Namely, let us first construct solutions to the adjoint
system (11.29) by using the known conservation laws given in Section 8.1. Since the
one-dimensional does not have the conservation of angular momentum, we use the
conservation of mass, energy, momentum and center-of-mass and obtain the respective
differential conservation equations (see the derivation of Eq. (11.10)):

Dt(ρ) +Dx(ρv) = ρt + vρx + ρvx, (11.30)

Dt(ρv
2 − p) +Dx(pv + ρv3) = 2ρv

(
vt + vvx +

1

ρ
px

)

+ v2(ρt + vρx + ρvx)− (pt + vpx − pvx), (11.31)

Dt(ρv) +Dx(p+ ρv2) = ρ
(
vt + vvx +

1

ρ
px

)

+ v(ρt + vρx + ρvx), (11.32)
Dt(tρv − xρ) +Dx(tp+ tρv2 − xρv)

= tρ
(
vt + vvx +

1

ρ
px

)
+ (tv − x)(ρt + vρx + ρvx). (11.33)

Eqs. (11.30)- (11.33) give the following solutions to the adjoint equations (11.29):

U = 0, R = 1, P = 0, (11.34)
U = 2ρv, R = v2, P = −1, (11.35)
U = ρ, R = v, P = 0, (11.36)
U = tρ, R = tv − x, P = 0. (11.37)

The formal Lagrangian (11.28) contains the derivatives only of the first order.
Therefore Eqs. (8.23) for calculating the conserved vectors take the simple form

C i = W α ∂L

∂uαi
, i = 1, 2. (11.38)
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We denote
t = x1, x = x2, v = u1, ρ = u2, p = u3.

In this notation conservation equation (8.2) will be written in the form
[
Dt(C

1) +Dx(C
2)
]
(11.15)

= 0. (11.39)

Writing (11.38) in the form

C1 =W 1 ∂L

∂vt
+W 2 ∂L

∂ρt
+W 3 ∂L

∂pt
,

C2 =W 1 ∂L

∂vx
+W 2 ∂L

∂ρx
+W 3 ∂L

∂px

and substituting the expression (11.28) for L we obtain the following final expressions
for computing the components of conserved vectors:

C1 = UW 1 +RW 2 + PW 3, (11.40)

C2 = (vU + ρR− pP )W 1 + vRW 2 +

(
1

ρ
U + vP

)
W 3, (11.41)

where
W α = ηα − ξiuαi , α = 1, 2, 3. (11.42)

We will apply Eqs. (11.40)-(11.41) to the nonlocal symmetries (11.20). First we
write the expressions (11.42) for the operator X7 from (11.20):

W 1 = −σvx, W 2 =
ρ

p
− σρx, W 3 = −(1 + σpx). (11.43)

Then we substitute (11.43) in (11.40)-(11.41) and obtain four conserved vectors by
replacing U,R, P with each of four different solutions (11.34)-(11.37) of the adjoint
system (11.29). Some of these conserved vectors may be trivial. We select only the
nontrivial ones.

Let us calculate the conserved vector obtained by eliminating U,R, P by using the
solution (11.34), U = 0, R = 1, P = 0. In this case (11.40)-(11.41) and (11.43) yield

C1 = W 2 =
ρ

p
− σρx, (11.44)

C2 = ρW 1 + vW 2 = −σρvx +
ρ

p
v − σvρx.

We write
−σρx = −Dx(σρ) + ρσx,
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replace σx with −1/p according to Eqs. (11.22) and obtain

C1 = −Dx(σρ).

Therefore application of the operations (8.4)-(8.6) yields C̃1 = 0 and

C̃2 = −σρvx +
ρ

p
v − σvρx −Dt(σρ)

= −σρvx +
ρ

p
v − σvρx − σρt − σtρ

= −σ(ρt + vρx + ρvx).

We have replaced σt with v/p according to Eqs. (11.23). The above expression for C̃2

vanishes on Eqs. (11.15). Hence, the conserved vector (11.44) is trivial.
Utilization of the solutions (11.35) and (11.36) also leads to trivial conserved vec-

tors only. Finally, using the solution (11.37),

U = tρ, R = tv − x, P = 0,

we obtain, upon simplifying by using the operations (8.4)-(8.6), the following nontriv-
ial conserved vector:

C1 = σρ, C2 = σρv + t. (11.45)

The conservation equation (11.39) is satisfied in the following form:

Dt(C
1) +Dx(C

2) = σ(ρt + vρx + ρvx). (11.46)

Note that we can write C2 in (11.45) without t since it adds only the trivial con-
served vector with the components C1 = 0, C2 = t. Thus, removing t in (11.45) and
using the definition of σ given in (11.21) we formulate the result.

Proposition 11.1. The nonlocal symmetry X7 of the Chaplygin gas gives the follow-
ing nonlocal conserved vector:

C1 = −ρ

∫
dx

p
, C2 = −ρv

∫
dx

p
· (11.47)

Mow we use the operator X8 from (11.20). In this case

W 1 = t−

(
t2

2
+ s

)
vx,

W 2 =
ρτ

p
−

(
t2

2
+ s

)
ρx,

W 3 = −τ −

(
t2

2
+ s

)
px.

(11.48)
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Substituting in (11.40)-(11.41) the expressions (11.48) and the solution (11.34) of
the adjoint system, i.e. letting U = 0, R = 1, P = 0, we obtain

C1 = W 2 =
ρτ

p
−

(
t2

2
+ s

)
ρx,

C2 = ρW 1 + vW 2 = tρ+
ρvτ

p
−

(
t2

2
+ s

)
(ρvx + vρx).

Noting that

−

(
t2

2
+ s

)
ρx = −

ρτ

p
−Dx

(
t2

2
ρ+ ρs

)

we reduce the above vector to the trivial conserved vector C̃1 = 0, C̃2 = 0.
Taking the solution (11.35) of the adjoint system, i.e. letting

U = 2ρv, R = v2, P = −1,

we obtain

C1 = 2ρvW 1 + v2W 2 −W 3

= 2tρv +
ρτv2

p
+ τ −

(
t2

2
+ s

)
Dx

(
ρv2 − p

)
,

C2 = (3ρv2 + p)W 1 + v3W 2 + vW 3

= t(3ρv2 + p) +
ρτv3

p
− vτ

−

(
t2

2
+ s

)
(3ρv2vx + v3ρx + pvx + vpx).

Then, upon rewriting C1 in the form

C1 = 2tρv + 2τ −Dx

[(
t2

2
+ s

)
(ρv2 − p)

]

and applying the operations (8.4)-(8.6) we arrive at the following conserved vector:

C1 = tρv + τ, C2 = t(ρv2 + p). (11.49)

The conservation equation (11.39) is satisfied for (11.49) in the following form:

Dt(C
1) +Dx(C

2) = tρ

(
vt + vvx +

1

ρ
px

)
+ tv(ρt + vρx + ρvx). (11.50)

Taking the solution (11.36) of the adjoint system, i.e. letting

U = ρ, R = v, P = 0,
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we obtain
C1 = ρW 1 + vW 2, C2 = 2ρvW 1 + v2W 2 +W 3.

Substituting the expressions (11.48) for W 1,W 2,W 3 and simplifying as in the previ-
ous case we obtain the conserved vector

C1 = tρ, C2 = tρv − τ. (11.51)

The conservation equation (11.39) is satisfied for (11.49) in the following form:

Dt(C
1) +Dx(C

2) = t(ρt + vρx + ρvx). (11.52)

Finally, we take the solution (11.37), U = tρ, R = tv − x, P = 0, and obtain

C1 = tρW 1 + (tv − x)W 2, C2(2tρv − xρ)W 1 + (tv2 − xv)W 2 + tW 3.

Simplifying as above, we arrive at the conserved vector

C1 =

(
t2

2
− s

)
ρ, C2 =

(
t2

2
− s

)
ρv − tτ. (11.53)

The conservation equation (11.39) is satisfied for (11.49) in the following form:

Dt(C
1) +Dx(C

2) =

(
t2

2
− s

)
(ρt + vρx + ρvx). (11.54)

Substituting in the conserved vectors (11.49), (11.51) and (11.53) the definition
(11.21) of the nonlocal variables we formulate the result.

Proposition 11.2. The nonlocal symmetry X8 of the Chaplygin gas gives the follow-
ing nonlocal conserved vectors:

C1 = tρv +

∫
ρdx, C2 = t(ρv2 + p); (11.55)

C1 = tρ, C2 = tρv −

∫
ρdx; (11.56)

C1 =

[
t2

2
+

∫
1

p

(∫
ρdx

)
dx

]
ρ,

C2 =

[
t2

2
+

∫
1

p

(∫
ρdx

)
dx

]
ρv − t

∫
ρdx.

(11.57)

Theorem 11.1. Application of Theorem 8.2 to two nonlocal symmetries (11.20) gives
four nonlocal conservation laws (11.47), (11.55)-(11.57) for the Chaplygin gas (11.15).
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11.5 The operator identity for nonlocal symmetries
Example 11.1. Let us verify that the operator identity (7.1) is satisfied for the nonlocal
symmetry X7 of the Chaplygin gas. Specifically, let us check that the coefficients of

∂

∂v
,

∂

∂ρ
,

∂

∂p
,

∂

∂vt
,

∂

∂vx
,

∂

∂ρt
,

∂

∂ρx
,

∂

∂pt
,

∂

∂px
(11.58)

in both sides of (7.1) are equal. Using the first prolongation (11.24) of X7 and the
definition of the nonlocal variable σ given in Eqs. (11.23) we see that the left-hand
side of the identity (7.1) is written

X7 +Di(ξ
i) = σ

∂

∂x
−

∂

∂p
+
ρ

p

∂

∂ρ
−
vvx
p

∂

∂vt
+
vx
p

∂

∂vx
−
vpx
p

∂

∂pt

+
px
p

∂

∂px
+

(
ρt
p
−
ρpt
p2
−
vρx
p

)
∂

∂ρt
+

(
2
ρx
p
−
ρpx
p2

)
∂

∂ρx
−

1

p
· (11.59)

Then we use the expressions (11.43) of W α for the operator X7, substitute them in the
definition (7.5) of N

i and obtain in our approximation:

N
1 = −σvx

∂

∂vt
+

(
ρ

p
− σρx

)
∂

∂ρt
− (1 + σpx)

∂

∂pt
,

N
2 = σ − σvx

∂

∂vx
+

(
ρ

p
− σρx

)
∂

∂ρx
− (1 + σpx)

∂

∂pt
·

Now the right-hand side of (7.1) is written:

W 1 δ

δv
+W 2 δ

δρ
+W 3 δ

δp
+DtN

1 +DxN
2

= −σvx

[
∂

∂v
−Dt

∂

∂vt
−Dt

∂

∂vx

]

+

(
ρ

p
− σρx

)[
∂

∂ρ
−Dt

∂

∂ρt
−Dx

∂

∂ρx

]
(11.60)

− (1 + σpx)

[
∂

∂p
−Dt

∂

∂pt
−Dx

∂

∂px

]

+Dt

[
−σvx

∂

∂vt
+

(
ρ

p
− σρx

)
∂

∂ρt
− (1 + σpx)

∂

∂pt

]

+Dx

[
σ − σvx

∂

∂vx
+

(
ρ

p
− σρx

)
∂

∂ρx
− (1 + σpx)

∂

∂pt

]
·
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Making the changes in two last lines of Eq. (11.60) such as

Dt

[
−σvx

∂

∂vt

]
= −σvxDt

∂

∂vt
−Dt(σvx)

∂

∂vt
= −σvxDt

∂

∂vt
−

(
v

p
vx + σvtx

)
∂

∂vt

one can see that the coefficients of the differentiations (11.58) in (11.59) and (11.60)
coincide. Inspection of the coefficients of the differentiations in higher derivatives
vtt, vtx, vxx, . . . requires the higher-order prolongations of the operator X7.

Exercise 11.1. Verify that the operator identity (7.1) is satisfied in the same approxi-
mation as in Example 11.1 for the nonlocal symmetry operator X8 from (11.20).

12 Comparison with the “direct method”
Theorem 8.2 allows to construct conservation laws for equations with known symme-
tries simply by substituting in Eqs. (8.23) the expressions W α and L given by Eqs.
(8.21) and (8.21), respectively.

The “direct method” means the determination of the conserved vectors (8.3) by
solving Eq. (8.2) for C i. Upon restricting the highest order of derivatives of u involved
in C i, Eq. (8.2) splits into several equations. If one can solve the resulting system, one
obtains the desired conserved vectors. Existence of symmetries is not required.

To the best of my knowledge, the direct method was used for the first time in 1798
by Laplace [33]. He applied the method to Kepler’s problem in celestial mechanics
and found a new vector-valued conserved quantity (see [33], Book II, Chap. III, Eqs.
(P)) known as Laplace’s vector.

The application of the direct method to the gasdynamic equations (11.1) allowed
to demonstrate in [34] that all conservation laws involving only the independent and
dependent variables (11.2), (11.3) were provided by the classical conservation laws
(mass, energy, momentum, angular momentum and center-of-mass) given in Section
11.1 and the following two special conservation laws

d

dt

∫

Ω(t)

{
t(ρ|v|2 + np)− ρx · v

}
dω = −

∫

S(t)

p (2tv − x) · νdS,

d

dt

∫

Ω(t)

{
t2(ρ|v|2 + np)− ρx · (2tv − x

}
dω = −

∫

S(t)

2tp (tv − x) · νdS

that were found in [35] in the case γ = (n+ 2)/n by using the symmetry ideas.
All local conservation laws for the heat equation ut − uxx = 0 have been found

in [36] by the direct method (see also [37]). Namely it has been shown by direct
calculation of the conservation equations of the form

Dt[τ(t, x, u, ux, uxx, . . .)] +Dx[ψ(t, x, u, ux, uxx, . . .)] = 0
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that all such conservation laws are given by

Dt[ϕ(t, x)u] +Dx[uϕx(t, x)− uxϕ(t, x)] = 0,

where v = ϕ(t, x) is an arbitrary solution of the adjoint equation vt + vxx = 0 to
the heat equation. Similar result can be obtained by applying Theorem 8.2 for any
linear equation, e.g. for the heat equation ut − ∆u = 0 with any number of spatial
variables x = (x1, . . . , xn). Namely, applying formula (8.23) to the scaling symmetry
X = u∂/∂u we obtain the conservation law

Dt[ϕ(t, x)u] +∇ · [u∇ϕ(t, x)− ϕ(t, x)∇u] = 0,

where v = ϕ(t, x) is an arbitrary solution of the adjoint equation vt + ∆v = 0 to the
heat equation. This conservation law embraces the conservation laws associated with
all other symmetries of the heat equation.

Various mathematical models for describing the geological process of segregation
and migration of large volumes of molten rock were proposed in the geophysical lit-
erature (see the papers [38], [39], [40], [41], [42] and the references therein). One of
them is known as the generalized magma equation and has the form

ut +Dz

[
un − unDz

(
u−mut

)]
= 0, n,m = const. (12.1)

It is accepted as a reasonable mathematical model for describing melt migration through
the Earth’s mantle. Several conservation laws for this model have been calculated by
the direct method in [39], [41] and interpreted from symmetry point of view in [42]. It
is shown in [43] that Eq. (12.1) is quasi self-adjoint with the substitution (1.34) given
by v = u1−n−m if m + n 6= 1 and v = ln |u| if m + n = 1. These substitutions show
that Eq. (12.1) is strictly self-adjoint (Definition 1.2) if m + n = 0. Using the quasi
self-adjointness, the conservation laws are easily computed in [43].

Some simplification of the direct method was suggested in [29]. Namely, one
writes the conservation equation in the form (8.7),

Di(C
i) = µᾱFᾱ

(
x, u, u(1), . . . , u(s)

)
, (8.7)

and first finds the undetermined coefficients µᾱ by satisfying the integrability condition
of Eqs. (8.7), i.e. by solving the equations (see Proposition 7.1 in Section 7.2)

δ

δuα

[
µβ̄(x, u, u(1), . . .)Fβ̄

(
x, u, u(1), . . . , u(s)

)]
= 0, α = 1, . . . ,m. (12.2)

Then, for each solution µᾱ of Eqs. (12.2), the components C i of the corresponding
conserved vector are computed from Eq. (8.7). In simple situations C i can be detected
merely by looking at the right-had side of Eq. (8.7), see further Example 12.1.
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Remark 12.1. Note that Eq. (12.2) should be satisfied on the solutions of Eqs. (8.1).
Then the left-hand side of (12.2) can be written as

F ∗

α

(
x, u, v, . . . , u(s), v(s)

)∣∣∣
v=µ(x,u,u(1),...)

with F ∗

α defined by Eq. (3.2).

The reader can find a detailed discussion of the direct method in the recent book
[13]. I will compare two methods by considering few examples and exercises.

Example 12.1. (See [13], Sec. 1.3). Let us consider the KdV equation (3.6),

ut = uxxx + uux, (3.6)

and write the condition (12.2) for µ = µ(t, x, u). We have:

δ

δu
[µ(t, x, u)(ut − uxxx − uux)]

= −Dt(µ) +D3
x(µ) +Dx(uµ)− µux + (ut − uxxx − uux)

∂µ

∂u

= −Dt(µ) +D3
x(µ) + uDx(µ) + (ut − uxxx − uux)

∂µ

∂u
·

In accordance with Remark 12.1, we consider this expression on the solutions of the
KdV equation and see that Eq. (12.2) coincides with the adjoint equation (3.7) to (3.6):

Dt(µ) = D3
x(µ) + uDx(µ). (12.3)

Its solution is given in Example 3.1 and has the form (3.8),

µ = A1 + A2u+ A3(x+ tu), A1, A2, A3 = const.

Thus, we have the following three linearly independent solutions of Eq. (12.3):

µ1 = 1, µ2 = u, µ3 = (x+ tu).

and the corresponding three equations (8.7):

Dt(C
1) +Dx(C

2) = ut − uxxx − uux, (12.4)
Dt(C

1) +Dx(C
2) = u(ut − uxxx − uux), (12.5)

Dt(C
1) +Dx(C

2) = (x+ tu)(ut − uxxx − uux). (12.6)
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In this simple example the componentsC1, C2 of the conserved vector can be easily
seen from the right-hand sides of Eqs. (12.4)-(12.6). In the case of (12.4), (12.5) it is
obvious. Therefore let us consider the right-hand side of Eq. (12.6). We see that

(x+ tu)ut = Dt

(
xu+

1

2
tu2
)
−

1

2
u2,

−(x+ tu)uux = −Dx

(
1

2
xu2 +

1

3
tu3
)
+

1

2
u2,

−(x+ tu)uxxx = −Dx (xuxx + tuuxx) + uxx + tuxuxx,

= Dx

(
ux +

1

2
tu2x − xuxx − tuuxx

)
.

Hence, the right-hand side of Eq. (12.6) can be written in the divergence form:

(x+ tu)(ut − uxxx − uux)

= Dt

(
t
u2

2
+ xu

)
+Dx

[
ux + t

(
u2x
2
− uuxx −

u3

3

)
− x

(
u2

2
+ uxx

)]
.

The expressions under Dt(· · · ) and Dx(· · · ) give C1 and C2, respectively, in (12.6).
Note that the corresponding conservation law

Dt

(
t
u2

2
+ xu

)
+Dx

[
ux + t

(
u2x
2
− uuxx −

u3

3

)
− x

(
u2

2
+ uxx

)]
= 0. (12.7)

was derived from the Galilean invariance of the KdV equation (see [10], Section 22.5)
and by the direct method (see [13], Section 1.3.5).

The similar treatment of the right-hand sides of the equations (12.4) and (12.5)
leads to Eq. (3.6) and to the conservation law

Dt(u
2) +Dx

(
u2x − 2uuxx −

2

3
u3
)

= 0, (12.8)

respectively. Theorem 8.2 associates the conservation law (12.8) with the scaling sym-
metry of the KdV equation.

Exercise 12.1. Apply the direct method to the short pulse equation (10.11) using the
differential substitution (10.15). In this case Eq. (8.7) is written

Dt(C
1) +Dx(C

2) = utuxt −
1

2
u2uxuxt

−

(
u+

1

2
u2uxx + uu2x

)
ut +

1

2
u3ux +

1

4
u4uxuxx +

1

2
u3u3x.

(12.9)
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Exercise 12.2. Consider the Boussinesq equations (8.11). Taking its formal Lagrangian

L = ω [∆ψt − gρx − fvz − ψx∆ψz + ψz∆ψx]

+ µ [vt + fψz − ψxvz + ψzvx] + r
[
ρt + (N 2/g)ψx − ψxρz + ψzρx

]
,

where ω, µ, r are new dependent variables, we obtain the adjoint system to Eqs. (8.11):

δL

δψ
= 0,

δL

δv
= 0,

δL

δρ
= 0. (12.10)

It is shown in [44] that the system (8.11) is self-adjoint. Namely, the substitution

ω = ψ, µ = −v, r = −(g2/N2) ρ (12.11)

maps the adjoint system (12.10) into the system (8.11). Using the self-adjointness,
nontrivial conservation laws were constructed via Theorem 8.2. Apply the direct
method to the system (8.11). Note that knowledge of the substitution (12.11) gives
the following equation Eq. (8.7):

Dt(C
1) +Dx(C

2) +Dz(C
3)

= ψ
[
ψtxx + ψtzz − gρx − fvz − ψx

(
ψzxx + ψzzz

)
+ ψz

(
ψxxx + ψxzz

)]

− v [vt + fψz − ψxvz + ψzvx]−
g2

N2
ρ
[
ρt +

N2

g
ψx − ψxρz + ψzρx

]
.

(12.12)

Example 12.2. Let us consider the conservation equation (11.46),

Dt(C
1) +Dx(C

2) = σ(ρt + vρx + ρvx),

where σ is connected with the velocity v and the pressure p of the Chaplygin gas by
Eqs. (11.22),

σx = −
1

p
, σt + vσx = 0.

In this example Eqs. (12.2) are not satisfied. Indeed, we have

δ

δv
[σ(ρt + vρx + ρvx)] = σρx −Dx(σρ) = −ρσ = ρ

∫
dx

p
6= 0,

δ

δρ
[σ(ρt + vρx + ρvx)] = σt −Dx(σv) + σvx = −(σt + vσx) = 0,

δ

δp
[σ(ρt + vρx + ρvx)] = 0.
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Example 12.3. Let us consider the conservation equation (11.50),

Dt(C
1) +Dx(C

2) = tρ

(
vt + vvx +

1

ρ
px

)
+ tv(ρt + vρx + ρvx).

Here Eqs. (12.2) are not satisfied. Namely, writing

tρ

(
vt + vvx +

1

ρ
px

)
+ tv(ρt + vρx + ρvx) = tρvt + 2tρvvx + tpx + tvρt + tv2ρx

we obtain:

δ

δv

[
tρvt + 2tρvvx + tpx + tvρt + tv2ρx

]
= −ρ,

δ

δρ

[
tρvt + 2tρvvx + tpx + tvρt + tv2ρx

]
= −v,

δ

δp

[
tρvt + 2tρvvx + tpx + tvρt + tv2ρx

]
= 0.

Exercise 12.3. Check if Eqs. (12.2) are satisfied for the conservation equations (11.52)
and (11.54).
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PART 3
Utilization of conservation laws

for constructing solutions of PDEs

13 General discussion of the method
As mentioned in Section 7.4, one can integrate or reduce the order of linear ordinary
differential equations by rewriting them in a conservation form (7.39). Likewise one
can integrate or reduce the order of a nonlinear ordinary differential equation as well
as a system of ordinary differential equations using their conservation laws. Namely, a
conservation law

Dx

(
ψ(x, y, y′, . . . , y(s−1))

)
= 0 (13.1)

for a nonlinear ordinary differential equation

F (x, y, y′, . . . , y(s)) = 0 (13.2)

yields the first integral
ψ(x, y, y′, . . . , y(s−1)) = C1. (13.3)

We will discuss now an extension of this idea to partial differential equations.
Namely, we will apply conservation laws for constructing particular exact solutions
of systems of partial differential equations. Detailed calculations are given in exam-
ples considered in the next sections.

Let us assume that the system (8.1),

Fᾱ
(
x, u, u(1), . . . , u(s)

)
= 0, ᾱ = 1, . . . ,m, (13.4)

has a conservation law (8.2),
[
Di(C

i)
]
(13.4)

= 0, (13.5)

with a known conserved vector

C =
(
C1, . . . , Cn

)
, (13.6)

where
C i = C i

(
x, u, u(1), . . .

)
, i = 1, . . . , n.

We write the conservation equation (13.5) in the form (8.7),

Di(C
i) = µᾱFᾱ

(
x, u, u(1), . . . , u(s)

)
. (13.7)

For a given conserved vector (13.6) the coefficients µᾱ in Eq. (13.7) are known func-
tions µᾱ = µᾱ(x, u, u(1), . . .).
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We will construct particular solutions of the system (13.4) by requiring that on
these solutions the vector (13.6) reduces to the following trivial conserved vector :

C =
(
C1(x2, . . . , xn), . . . , Cn(x1, . . . , xn−1)

)
. (13.8)

In other words, we look for particular solutions of the system (13.4) by adding to Eqs.
(13.4) the differential constraints

C1
(
x, u, u(1), . . .

)
= h1(x2, x3, . . . , xn),

C2
(
x, u, u(1), . . .

)
= h2(x1, x3, . . . , xn),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Cn
(
x, u, u(1), . . .

)
= hn(x1, . . . , xn−1),

(13.9)

where C i
(
x, u, u(1), . . .

)
are the components of the known conserved vector (13.6).

Due to the constraints (13.9), the left-hand side of Eq. (13.7) vanishes identically.
Hence the number of equations in the system (13.4) will be reduced by one.

The differential constraints (13.9) can be equivalently written as follows:

D1

[
C1
(
x, u, u(1), . . .

)]
= 0,

D2

[
C2
(
x, u, u(1), . . .

)]
= 0,

· · · · · · · · · · · · · · · · · · · · · · · · ·

Dn

[
Cn
(
x, u, u(1), . . .

)]
= 0.

(13.10)

Remark 13.1. The overdetermined system of m+n equations (13.4), (13.10) reduces
to m+ n− 1 equations due to the conservation law (13.5).

14 Application to the Chaplygin gas

14.1 Detailed discussion of one case
Let us apply the method to the Chaplygin gas equations (11.15),

vt + vvx +
1

ρ
px = 0,

ρt + vρx + ρvx = 0, (14.1)
pt + vpx − pvx = 0.

We will construct a particular solution of the system (14.1) using the simplest conser-
vation law (11.30),

Dt(ρ) +Dx(ρv) = ρt + vρx + ρvx. (14.2)
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The conservation equation (14.2) is written in the form (13.7) with the following con-
served vector (13.6):

C1 = ρ, C2 = ρv. (14.3)

The differential constraints (13.9) are written as follows:

ρ = g(x), ρv = h(t). (14.4)

Thus we look for solutions of the form

ρ = g(x), v =
h(t)

g(x)
· (14.5)

The functions (14.5) solve the second equation in (14.1) because the conservation law
(14.2) coincides with the second equation (14.1) (see Remark 13.1). Therefore it re-
mains to substitute (14.5) in the first and third equations of the system (14.1). The
result of this substitution can be solved for the derivatives of p :

px = −h
′ +

h2g′

g2
,

pt = −
hg′

g2
p+

hh′

g
−
h3g′

g3
·

(14.6)

The compatibility condition pxt = ptx of the system (14.6) gives the equation
(
g′′ − 2

g′2

g

)
p = g2

h′′

h
− 2g′h′ − h2

g′′

g
+ 2h2

g′2

g2
· (14.7)

For illustration purposes I will simplify further calculations by considering the partic-
ular case when the coefficient for p in Eq. (14.6) vanishes:

g′′ − 2
g′2

g
= 0. (14.8)

The solution of Eq. (14.8) is

g(x) =
1

ax+ b
, a, b = const. (14.9)

Substituting (14.9) in Eq. (14.7) we obtain

h′′ + 2ahh′ = 0, (14.10)

whence
h(t) = k tan(c− akt) (14.11)
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if a 6= 0, and
h(t) = A t+B (14.12)

if a = 0.
If the constant a in (14.9) does not vanish, we substitute (14.9) and (14.11) in Eqs.

(14.6), integrate them and obtain

p = k2(ax+ b) +Q cos(c− akt), Q = const. (14.13)

In the case a = 0 the similar calculations yield

p = −Ax+
b

2
A2t2 + ABbt+Q, Q = const. (14.14)

Thus, using the conservation law (14.2) we have arrived at the solutions

ρ =
1

ax+ b
,

v = k(ax+ b) tan(c− akt),

p = k2(ax+ b) +Q cos(c− akt)

(14.15)

and

ρ =
1

b
,

v = b(A t+B),

p = −Ax+
b

2
A2t2 + ABbt+Q.

(14.16)

14.2 Differential constraints provided by other conserved vectors
The conservation laws (11.31)-(11.33) give the following differential constraints (13.9):

ρv2 − p = g(x), pv + ρv3 = h(t), (14.17)

ρv = g(x), p+ ρv2 = h(t), (14.18)

tρv − xρ = g(x), tp+ tρv2 − xρv = h(t). (14.19)

The nonlocal conserved vectors (11.49), (11.51) and (11.53) lead to the following
differential constraints (13.9):

tρv + τ = g(x), p+ ρv2 = h(t), (14.20)

tρ = g(x), tρv − τ = h(t), (14.21)
(
t2

2
− s

)
ρ = g(x),

(
t2

2
− s

)
ρv − tτ = h(t). (14.22)

The constraints (14.20) are not essentially different from the constraints (14.18). It is
manifest if we write them in the form (13.10).
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15 Application to the model of an irrigation system
The method of Section 13 can be used for constructing particular solutions not only of
a system, but of a single partial differential equations as well.

Let us consider the nonlinear equation (6.1),

C(ψ)ψt = [K(ψ)ψx]x + [K(ψ) (ψz − 1)]z − S(ψ), (15.1)

satisfying the nonlinear self-adjointness condition (6.3),

S ′(ψ) = aC(ψ), a = const. (15.2)

and apply the method of Section 13 to the conserved vector (9.11),

C1 = S(ψ)eat, C2 = aK(ψ)ψxe
at, C3 = aK(ψ)(ψz − 1)eat. (15.3)

The conditions (13.9) are written:

S(ψ)eat = f(x, z), aK(ψ)ψxe
at = g(t, z), aK(ψ)(ψz − 1)eat = h(t, x).

These conditions mean that the left-hand sides of the first, second and third equation
do not depend on t, x and z, respectively. Therefore they can be equivalently written
as the following differential constraints (see Eqs. (13.10)):

aS(ψ) + S ′(ψ)ψt = 0,

[K(ψ)ψx]x = 0,

[K(ψ) (ψz − 1)]z = 0.

(15.4)

The constraints (15.4) reduce Eq. (15.1) to Eq. (15.2). Hence, the particular solutions
of Eq. (15.1) provided by the conserved vector (15.3) are described by the system

aC(ψ)− S ′(ψ) = 0,

aS(ψ) + S ′(ψ)ψt = 0,

[K(ψ)ψx]x = 0,

[K(ψ) (ψz − 1)]z = 0.

(15.5)
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Abstract. We compute the equivalence Lie algebra for the generalized Kompaneets equation.
It is shown that knowledge of the equivalence algebra and theorem on projections of equiv-
alence generators allows to approximate the Kompaneets equation by an equation having a
wider class of symmetries. Using an additional symmetry of the approximating equation we
construct an exact non-stationary solution as a group invariant solution.

Keywords: Kompaneets equation, Equivalence algebra, Additional symmetry, Invariant solu-
tion.

1 Introduction
The Kompaneets equation [1]

ut =
1

x2
Dx

[
x4(ux + u+ u2)

]
(1.1)

describes the interaction of a low energy homogeneous photon gas with a low energy
rarefied electron gas via the Compton scattering. It is known also as the photon diffu-
sion equation. The Kompaneets equation admits only the time translation group with
the generator

X1 =
∂

∂t
· (1.2)

Consequently the only group invariant solution of the Kompaneets equation is the
steady-state solution u = u(x). It is shown in [2] that Lie group analysis provides
more invariant solutions for certain approximations of Eq. (1.1).

c© 2010 E.D. Avdonina and N.H. Ibragimov
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The aim of the present paper is to discuss possibilities provided by the equivalence
group analysis applied to the following generalized Kompaneets equation (see [3],
Section 4.3, Equation (4.10)):

ut =
1

h(x)
Dx

{
h2(x)[ux + f(u)]

}
. (1.3)

We will use the equations (1.1) and (1.3) written in the expanded forms

ut = x2[uxx + (1 + 2u)ux] + 4x[ux + u2 + u] (1.4)

and
ut = h(x)[uxx + f ′(u)ux] + 2h′(x)[ux + f(u)], (1.5)

respectively.

2 Equivalence group generators
For calculating the equivalence Lie algebra we write Eq. (1.5) in the form

ut = h
[
uxx + fuux

]
+ 2hx

[
ux + f

]
, (2.1)

ft = fx = 0, ht = hu = 0. (2.2)

The equivalence generators

Y = ξ1
∂

∂t
+ ξ2

∂

∂x
+ η

∂

∂u
+ µ1

∂

∂f
+ µ2

∂

∂h
(2.3)

are obtained from the invariance condition of Eqs. (2.1). The coefficients ξ i and η of
the operator (2.3) depend on the variables t, x, u, whereas the coefficients µα depend
on t, x, u, f, h.

The prolongation of the operator (2.3) to the derivatives of u, f and h involved in
Eqs. (2.1)-(2.2) is written

Ỹ =ξ1
∂

∂t
+ ξ2

∂

∂x
+ η

∂

∂u
+ µ1

∂

∂f
+ µ2

∂

∂h
+ ζ1

∂

∂ut
+ ζ2

∂

∂ux
+ ζ22

∂

∂uxx

+ ω1
1

∂

∂ft
+ ω1

2

∂

∂fx
+ ω1

0

∂

∂fu
+ ω2

1

∂

∂ht
+ ω2

2

∂

∂hx
+ ω2

0

∂

∂hu
·

(2.4)

The invariance of the system (2.1)-(2.2) requires that the following equations should
be satisfied on the manifold given by Eqs. (2.1)-(2.2):

Ỹ
(
− ut + h

[
uxx + fuux

]
+ 2hx

[
ux + f

)]
= 0, (2.5)

Ỹ ft = 0, Ỹ fx = 0, Ỹ ht = 0, Ỹ hu = 0. (2.6)
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Equivalence algebra of the generalized Kompaneets equation 93

The coefficients ζ1, ζ2, ζ22 of the prolonged operator (2.4) are calculated by the
usual prolongation formulae:

ζ1 = Dt(η)− utDt(ξ
1)− uxDt(ξ

2),

ζ2 = Dx(η)− utDx(ξ
1)− uxDx(ξ

2),

ζ22 = D2
x(η)− utD

2
x(ξ

1)− uxD
2
x(ξ

2)− 2utxDx(ξ
1)− 2uxxDx(ξ

2).

(2.7)

In calculating ωαi the independent variables are t, x, u and the dependent vari-
ables are f and h. We consider in these variables the operators of total differentiations
D̃t, D̃x, D̃u with respect to the independent variables t, x, u. Taking into account Eqs.
(2.2), these operators are written in the form

D̃t =
∂

∂t
,

D̃x =
∂

∂x
+ hx

∂

∂h
,

D̃u =
∂

∂u
+ fu

∂

∂f
·

(2.8)

The coefficients ωαi of the prolonged operator (2.4) are given by

ωαi = D̃i(µ
α)− fαu D̃i(η), i = 1, 2, 0, (2.9)

where D̃1 = D̃t, D̃2 = D̃x, D̃0 = D̃u.

Let us begin the analysis of the determining equation by investigating Eqs. (2.6).
They are written

ω1
1 = 0, ω1

2 = 0, ω2
1 = 0, ω2

0 = 0. (2.10)

The equations (2.9) and (2.8) give

ω1
1 = D̃t(µ

1)− fuD̃t(η) =
∂µ1

∂t
− fu

∂η

∂t
,

ω1
2 = D̃x(µ

1)− fuD̃x(η) =
∂µ1

∂x
+ hx

∂µ1

∂h
− fu

∂η

∂x
,

ω2
1 = D̃t(µ

2)− hxD̃t(ξ
2) =

∂µ2

∂t
− hx

∂ξ2

∂t
,

ω2
0 = D̃u(µ

2)− hxD̃u(ξ
2) =

∂µ2

∂u
+ fu

∂µ2

∂f
− hx

∂ξ2

∂u
·

(2.11)
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Substituting (2.11) in Eqs. (2.10) we obtain the following system:

∂µ1

∂t
− fu

∂η

∂t
= 0 ,

∂µ1

∂x
+ hx

∂µ1

∂h
− fu

∂η

∂x
= 0 ,

∂µ2

∂t
− hx

∂ξ2

∂t
= 0 ,

∂µ2

∂u
+ fu

∂µ2

∂f
− hx

∂ξ2

∂u
= 0.

(2.12)

Since these equations should hold identically for all fu and hx, Eqs. (2.12) give rise to
the following system:

∂µ1

∂t
= 0,

∂η

∂t
= 0 ,

∂µ1

∂x
= 0,

∂µ1

∂h
= 0,

∂η

∂x
= 0 ,

∂µ2

∂t
= 0,

∂ξ2

∂t
= 0 ,

∂µ2

∂u
= 0,

∂µ2

∂f
= 0,

∂ξ2

∂u
= 0.

(2.13)

The general solution of Eqs. (2.13) is given by

ξ1(t, x, u), ξ2(x), η(u), µ1(u, f), µ2(h, x). (2.14)

We turn now to Eq. (2.5). It is written

−ζ1+h[ζ22+fuζ2+ω
1
0ux]+[uxx+fuux]µ

2+2hx[ζ2+µ
1]+2[ux+f ]ω

2
2 = 0. (2.15)

Using the formula (2.9) we obtain the coefficients ω involved in Eq. (2.15):

ω1
0 = D̃u(µ

1)− f ′D̃x(η) =
∂µ1

∂u
+ f ′

∂µ1

∂f
− f ′

∂η

∂u
,

ω2
2 = D̃x(µ

2)− h′D̃x(ξ
2) =

∂µ2

∂x
+ h′

∂µ2

∂h
− h′

∂ξ2

∂x
·

(2.16)
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Then we insert the information (2.14) in the prolongation formulae (2.7) and obtain:

ζ1 = η′ut − ut(ξ
1
t + utξ

1
u) ,

ζ2 = η′ux − ut(ξ
1
x + uxξ

1
u)− uxξ

2
x ,

ζ22 = η′uxx + η′′u2x − ut(ξ
1
xx + 2uxξ

1
xu + ξ1uuu

2
x + ξ1uuxx) ,

− uxξ
2
xx − 2utx(ξ

1
x + uxξ

1
u)− 2uxxξ

2
x .

(2.17)

We substitute the expressions (2.16)-(2.17) in the determining equation (2.15) and
first nullify the term with utx :

−2utx(ξ
1
x + uxξ

1
u) = 0.

This give the equations
ξ1x = ξ1u = 0.

Hence,
ξ1 = ξ1(t). (2.18)

Now we substitute ξ1x = ξ1u = 0 in Eqs. (2.16) - (2.17) and obtain:

ω1
o = µ1u + [µ1f − η

′(u)]fu, ω2
2 = µ2x + [µ2h − ξ

2
x]hx ; (2.19)

ζ1 = [η′(u)− ξ1t ]ut, ζ2 = η′(u)ux − ξ
2
xux,

ζ22 = [η′(u)− 2ξ2x]uxx + η′′(u)u2x − ξ
2
xxux.

(2.20)

Upon inserting the expressions in the determining equation (2.15) we obtain

− η′ut + h[η′uxx + η′′u2x − ξ
2
xxux − 2ξ2xuxx + f ′η′ux−

f ′ξ2xux + µ′uux + (µ′f − η
′)f ′ux] + [uxx + f ′ux]µ

2+

2h′[µ′ + η′ux] + 2(ux + f) · [µ2x + (µ2h − ξ
2
x)h

′] = 0.

(2.21)

We replace ut with its expression given by Eq. (2.1) and write the first term in Eq.
(2.21) in the form

−η′[huxx + hfuux + 2hxux + 2hxf ].

Applying to the resulting determining equation (2.21) the usual procedure of solv-
ing determining equations, we arrive at the following general solution of the determin-
ing equations (2.5)-(2.5):

ξ1 = C1 + C2t, ξ2 = C3 + C4x, η = C5 + C6u,

µ1 = (C6 − C4)f, µ2 = (2C4 − C2)h,
(2.22)
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where C1, C2, C3, C4, C5, C6 are arbitrary constants. The general solution of the de-
termining equations provides the following equivalence generator for the generalized
Kompaneets equation (1.5):

Y = C1Y1 + C2Y2 + · · ·+ C6Y6. (2.23)

Thus, the basis of the equivalence Lie algebra for our equation is spanned by the oper-
ators

Y1 =
∂

∂t
, Y2 = t

∂

∂t
− h

∂

∂h
,

Y3 =
∂

∂x
, Y4 = x

∂

∂x
− f

∂

∂f
+ 2h

∂

∂h
,

Y5 =
∂

∂u
, Y6 = u

∂

∂u
+ f

∂

∂f
·

(2.24)

3 A model with additional symmetry
Consider the following projections X and Z of the equivalence generator (2.23):

pr(t,x,u)(Y ) = X ≡ ξ1
∂

∂t
+ ξ2

∂

∂x
+ η

∂

∂u
,

pr(x,u,f,h)(Y ) = Z ≡ ξ2
∂

∂x
+ η

∂

∂u
+ µ1

∂

∂f
+ µ2

∂

∂h
·

(3.1)

We will use the theorem on projections (N.H. Ibragimov, 1986; see Paper 3 in [4]).
In our case, the theorem states that if the equations

f = F (u), h = H(x) (3.2)

are invariant with respect to a group with the generator Z, then the corresponding
equation (1.5) admits the group with the generator X. Let us find the model based on
the operator

Y = Y4 − Y6 − εY5 = x
∂

∂x
− (u+ ε)

∂

∂u
− 2f

∂

∂f
+ 2h

∂

∂h
· (3.3)

Its projection X defined by (3.1) is

X = x
∂

∂x
− (u+ ε)

∂

∂u
(3.4)

whereas the projection Z is identical with the operator (3.3).
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The invariance conditions for the equations (3.2) with respect to Z = Y are written

[Z(f − F (u))]f=F (u) = 0, [Z(h−H(x))]h=H(x) = 0.

These equations are written

−2F + (u+ ε)
dF

du
= 0, 2H − x

dH

dx
= 0

and yield:
f = C(u+ ε)2, h = Kx2.

Let us take C = 1, K = 1 for the sake of simplicity. Thus, the theorem on projections
guarantees that the equation

ut = x2[uxx + 2(u+ ε)ux] + 4x[ux + (u+ ε)2] (3.5)

admits the two-dimensional Lie algebra spanned by

X1 =
∂

∂t
, X2 = x

∂

∂x
− (u+ ε)

∂

∂u
· (3.6)

Let us construct the invariant solution with respect to X2. The invariants for X2 are
determined by the equation

X2J(t, x, u) = 0

which is written

x
∂J

∂x
− (u+ ε)

∂J

∂u
= 0.

One solution is
J1 = t.

By solving the characteristic equation

dx

x
+

du

u+ ε
= 0

we obtain the second solution
J2 = x(u+ ε).

The invariant solution is obtained by letting

J2 = φ(J1).

In other words, we let
x(u+ ε) = φ(t)
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or

u = −ε+
φ(t)

x
· (3.7)

Substituting (3.7) into (3.5), we obtain

φ′ = 2(φ2 − φ),

whence
φ =

1

1− Ce2t
·

Substitution of φ in Eq. (3.7) yields

u = −ε+
1

x(1− Ce2t)
· (3.8)
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Abstract. The paper is devoted to investigation of the group of equivalence transformations for
one-dimensional reaction-diffusion type models described by an evolution system comprising
two second-order nonlinear partial differential equations. The cases of nonlinear and linear
cross-diffusion are considered in two separate parts.
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PART 1
Excitable systems with nonlinear cross-diffusion

1 Introduction

In this part of the paper we will discuss one-dimensional reaction-diffusion type mod-
els with nonlinear cross-diffusion. Specifically, we will consider the system of the
form (see, e.g. [1])

∂u

∂t
= f(u, v) + A

∂2u

∂x2
+

∂

∂x

(
φ(u, v)

∂v

∂x

)
,

∂v

∂t
= g(u, v) +B

∂2v

∂x2
+

∂

∂x

(
ψ(u, v)

∂u

∂x

)
,

(1.1)

where four undetermined functions f, g, φ, ψ of two variables and two undetermined
constants (parameters) A,B provide six “arbitrary elements” of the model.

We identify equivalence transformations of the system (1.1) with changes of the
variables t, x, u, v and transformations of the arbitrary elements mapping the system
(1.1) into a system of the same form. Thus, one-parameter continuous groups of equiv-

c© 2011 N.H. Ibragimov
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alence transformations (depending on a group parameter a) have the form

t̄ = t̄(t, x, u, v, a), x̄ = x̄(t, x, u, v, a),

ū = ū(t, x, u, v, a), v̄ = v̄(t, x, u, v, a),

f̄ = f̄(t, x, u, v, f, g, φ, ψ,A,B, a),

ḡ = ḡ(t, x, u, v, f, g, φ, ψ,A,B, a),

φ̄ = φ̄(t, x, u, v, f, g, φ, ψ,A,B, a),

ψ̄ = ψ̄(t, x, u, v, f, g, φ, ψ,A,B, a),

Ā = Ā(t, x, u, v, f, g, φ, ψ,A,B, a),

B̄ = B̄(t, x, u, v, f, g, φ, ψ,A,B, a)

(1.2)

and map the system (1.1) into the following system:

∂ū

∂t̄
= f̄(ū, v̄) + Ā

∂2ū

∂x̄2
+

∂

∂x̄

(
φ̄(ū, v̄)

∂v̄

∂x̄

)
,

∂v̄

∂t̄
= ḡ(ū, v̄) + B̄

∂2v̄

∂x̄2
+

∂

∂x̄

(
ψ̄(ū, v̄)

∂ū

∂x̄

)
,

(1.1′)

where the functions f̄(ū, v̄), . . . , ψ̄(ū, v̄) and the constants Ā, B̄ may differ from the
corresponding functions and constants in the original system (1.1).

Remark 1.1. Generally speaking, the transformed values t̄, x̄, ū, v̄ of the physical vari-
ables may also depend upon the “arbitrary elements” f, . . . , B. But we will restrict our
consideration to transformations of the form (1.2).

Remark 1.2. The question on nonlinear self-adjointness of the system (1.1) is inves-
tigated in [2], Section 5.

2 Equivalence group and determining equations

2.1 Notation
The following notation will be convenient in general calculations:

x = (x1, x2), u = (u1, u2), y = (x,u), (2.1)

where

x1 = t, x2 = x, u1 = u, u2 = v,

y1 = t, y2 = x, y3 = u, y4 = v.
(2.2)
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The arbitrary elements of the model (1.1) will be written in the form

F = (f 1, f 2, f 3, f 4, f 5, f 6), (2.3)

where
f 1 = f, f 2 = g, f 3 = φ, f 4 = ψ, f 5 = A, f 6 = B. (2.4)

The generator of the group of equivalence transformations (1.2) has the form

Y = ξ1
∂

∂t
+ ξ2

∂

∂x
+ η1

∂

∂u
+ η2

∂

∂v
+ µ1

∂

∂f

+ µ2
∂

∂g
+ µ3

∂

∂φ
+ µ4

∂

∂ψ
+ µ5

∂

∂A
+ µ6

∂

∂B
,

(2.5)

or, using the notation (2.4), in the compact form

Y = ξi
∂

∂xi
+ ηi

∂

∂ui
+ µα

∂

∂fα
, (2.5′)

where the summation is taken over i = 1, 2 and α = 1, . . . , 6. The coefficients are

ξi = ξi(x,u), ηi = ηi(x,u), i = 1, 2,

and
µα = µα(x,u, F ), α = 1, . . . , 6.

2.2 Extended form of Equations (1.1)
It is convenient to write Eqs. (1.1) in the form

Dt(u) = AD2
x(u) +Dx [φ(u, v)Dx(v)] + f(u, v),

Dt(v) = BD2
x(v) +Dx [ψ(u, u)Dx(u)] + g(u, v),

(2.6)

using the operators of total differentiation

Dt =
∂

∂t
+ ut

∂

∂u
+ vt

∂

∂v
+ utt

∂

∂ut
+ utx

∂

∂ux
+ vtt

∂

∂vt
+ vtx

∂

∂vx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ utx

∂

∂ut
+ uxx

∂

∂ux
+ vtx

∂

∂vt
+ vxx

∂

∂vx
+ · · ·

(2.7)

where D2
x is the repeated action of the operator Dx, e.g.

D2
x(u) = Dx

(
Dx(u)

)
= Dx(ux) = uxx.
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Thus, Eqs. (1.1) are written:

ut = Auxx + φ(u, v)vxx + [φuux + φvvx] vx + f(u, v),

vt = Bvxx + ψ(u, u)uxx + [ψuux + ψvvx] ux + g(u, v),
(2.8)

where φu, φv, ψu, ψv denote the partial derivatives, e.g.

φu =
∂φ(u, v)

∂u
, φv =

∂φ(u, v)

∂v
·

Furthermore, in order to calculate the equivalence generators, we write Eqs. (2.8)
in the following extended form:

ut − Auxx − φvxx − φuuxvx − φvv
2
x − f = 0, (2.9)

vt −Bvxx − ψuxx − ψuu
2
x − ψvuxvx − g = 0, (2.10)

ft = fx = 0, gt = gx = 0, (2.11)
φt = φx = 0, ψt = ψx = 0, (2.12)
At = Ax = Au = Av = 0, (2.13)
Bt = Bx = Bu = Bv = 0. (2.14)

Eqs. (2.11)-(2.12) guarantee that the functions f, g, φ, ψ do not depend upon the vari-
ables t, x, whereas Eqs. (2.13)-(2.14) show that A and B are independent on all phys-
ical variables t, x, u, v.

Remark 2.1. Using the notation (2.2), (2.4), Eqs. (2.11)-(2.14) can be written

fασ = 0, (α = 1, 2, 3, 4; σ = 1, 2), (2.15)

fασ = 0, (α = 5, 6; σ = 1, 2, 3, 4). (2.16)

2.3 Determining equations

A convenient approach to calculation of equivalence transformation groups has been
suggested in [3]. According to this approach (see also [4] or [5], Paper 5, and [6], [7]), a
one-parameter group of transformations (1.2) is a group of equivalence transformations
for Eqs. (1.1) if it leaves invariant the extended system (2.9)-(2.14). Then the usual
infinitesimal invariance test yields that the prolonged generator Ỹ of the equivalence
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group (1.2) should satisfy the equations

Ỹ (ut − Auxx − φvxx − φuuxvx − φvv
2
x − f) = 0, (2.17)

Ỹ (vt −Bvxx − ψuxx − ψuu
2
x − ψvuxvx − g) = 0, (2.18)

Ỹ (ft) = Ỹ (fx) = 0, Ỹ (gt) = Ỹ (gx) = 0, (2.19)

Ỹ (φt) = Ỹ (φx) = 0, Ỹ (ψt) = Ỹ (ψx) = 0, (2.20)

Ỹ (At) = Ỹ (Ax) = Ỹ (Au) = Ỹ (Av) = 0, (2.21)

Ỹ (Bt) = Ỹ (Bx) = Ỹ (Bu) = Ỹ (Bv) = 0 (2.22)

on the system (2.9)-(2.14), where

Ỹ = ξ1
∂

∂t
+ ξ2

∂

∂x
+ η1

∂

∂u
+ η2

∂

∂v
+ µ1

∂

∂f
+ µ2

∂

∂g
+ µ3

∂

∂φ
+ µ4

∂

∂ψ

+ µ5
∂

∂A
+ µ6

∂

∂B
+ ζ11

∂

∂ut
+ ζ12

∂

∂ux
+ ζ21

∂

∂vt
+ ζ22

∂

∂vx
+ ζ122

∂

∂uxx

+ ζ222
∂

∂vxx
+ ω1

1

∂

∂ft
+ ω1

2

∂

∂fx
+ ω2

1

∂

∂gt
+ ω2

2

∂

∂gx
+ ω3

1

∂

∂φt
+ ω3

2

∂

∂φx

+ ω4
1

∂

∂ψt
+ ω4

2

∂

∂ψx
+ ω5

1

∂

∂At
+ ω5

2

∂

∂Ax
+ ω5

3

∂

∂Au
+ ω5

4

∂

∂Av

+ ω6
1

∂

∂Bt

+ ω6
2

∂

∂Bx

+ ω6
3

∂

∂Bu

+ ω6
4

∂

∂Bv

·

(2.23)

In computing the coefficients ζ11 , ζ
2
1 , ζ

1
2 , ζ

2
2 , ζ

1
22, ζ

2
22 and ω1

1, . . . , ω
6
4 it is convenient to

use the operator (2.23) in the compact form (see the notation (2.4))

Ỹ = Y + ζ i1
∂

∂uit
+ ζ i2

∂

∂uix
+ ζ i22

∂

∂uixx
+ ωασ

∂

∂fασ
· (2.24)

Here Y is the operator (2.5′) and the coordinates ζ i1, ζ
i
22 (i = 1, 2) are given by the

usual prolongation formulae (see the notation (2.2)):

ζ i1 = Dt(η
i)− uitDt(ξ

1)− uixDt(ξ
2), (2.25)

ζ i2 = Dx(η
i)− uitDx(ξ

1)− uixDx(ξ
2), (2.26)

ζ i22 = Dx(ζ
i
2)− u

i
txDx(ξ

1)− uixxDx(ξ
2)

= D2
x(η

i)− uitD
2
x(ξ

1)− uixD
2
x(ξ

2)− 2uitxDx(ξ
1)− 2uixxDx(ξ

2), (2.27)
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where Dt, Dx are the total differentiations (2.7) and D2
x is the repeated action of the

operator Dx, e.g. D2
x(η

i) = Dx

(
Dx(η

i)
)
.

The coordinates ωασ (α = 1, . . . , 6; σ = 1, . . . , 4) of the operator (2.24) are given
by (compare with the prolongation formulae (2.25)-(2.26))

ωασ = D̃σ(µ
α)− fαt D̃σ(ξ

1)− fαx D̃σ(ξ
2)− fαu D̃σ(η

1)− fαv D̃σ(η
2), (2.28)

where (compare with (2.7) and see the notation (2.2) for yσ)

D̃σ =
∂

∂yσ
+ fασ

∂

∂fα
, σ = 1, . . . , 4. (2.29)

In (2.24) and (2.29) we use the notation

fασ =
∂fα

∂yσ
, σ = 1, . . . , 4,

so that, according to the notation (2.2) for yσ, we have:

fα1 = fαt , fα2 = fαx , fα3 = fαu , fα4 = fαv .

Using the expression (2.23) for the operator Ỹ in Eqs. (2.17)-(2.22) we obtain the
following determining equations for the equivalence generators:

ζ11 − Aζ
1
22 − uxxµ

5 − φζ222 − vxxµ
3 − (vxζ

1
2 + uxζ

2
2 )φu

− ω3
3uxvx − 2φvvxζ

2
2 − v

2
xω

3
4 − µ

1 = 0, (2.30)

ζ21 −Bζ
2
22 − vxxµ

6 − ψζ122 − uxxµ
4 − (vxζ

1
2 + uxζ

2
2 )ψv

− ω4
4uxvx − 2ψuuxζ

1
2 − u

2
xω

4
3 − µ

2 = 0, (2.31)

ωασ = 0, (α = 1, 2, 3, 4; σ = 1, 2), (2.32)

ωασ = 0, (α = 5, 6; σ = 1, 2, 3, 4), (2.33)

where ζ i1, ζ
i
2, ζ

i
22 (i = 1, 2) and ωασ are given by (2.25)-(2.27) and (2.28), respectively.

Eqs. (2.30)-(2.33) are termed the determining equations because they determine the
generators (2.5) of the maximal continuous group of equivalence transformations (1.2)
for the system (1.1).

3 Preliminary analysis of determining equations

3.1 Integration of equations ωα
σ = 0

Since Eqs. (2.17)-(2.22) should be satisfied upon evaluating their left-hand sides on
the system (2.9)-(2.14), it suffices to write the operators (2.29) by taking into account
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the equations (2.11)-(2.14). Then, denoting

D̃1 = D̃t, D̃2 = D̃x, D̃3 = D̃u, D̃4 = D̃v (3.1)

and invoking the notation (2.2), (2.4) we will have:

D̃t =
∂

∂t
, D̃u =

∂

∂u
+ fu

∂

∂f
+ gu

∂

∂g
+ φu

∂

∂φ
+ ψu

∂

∂ψ
,

D̃x =
∂

∂x
, D̃v =

∂

∂v
+ fv

∂

∂f
+ gv

∂

∂g
+ φv

∂

∂φ
+ ψv

∂

∂ψ
·

(3.2)

Therefore, using Eqs. (2.11)-(2.14) and notation (2.4), we obtain from (2.28):

ωασ = D̃σ(µ
α)− fαu D̃σ(η

1)− fαv D̃σ(η
2), (α = 1, 2, 3, 4), (3.3)

ωασ = D̃σ(µ
α), (α = 5, 6). (3.4)

If we take α = 1 and compute (3.3) for σ = 1 and σ = 2 by using Eqs. (2.4), (3.1),
(3.2), we obtain:

ω1
1 = D̃t(µ

1)− fuD̃t(η
1)− fvD̃t(η

2) = µ1t − fuη
1
t − fvη

2
t ,

ω1
2 = D̃x(µ

1)− fuD̃x(η
1)− fvD̃x(η

2) = µ1x − fuη
1
x − fvη

2
x.

Making similar calculations for α = 2, 3, 4, we conclude that

ω1
1 = µ1t − fuη

1
t − fvη

2
t , ω1

2 = µ1x − fuη
1
x − fvη

2
x,

ω2
1 = µ2t − guη

1
t − gvη

2
t , ω2

2 = µ2x − guη
1
x − gvη

2
x,

ω3
1 = µ3t − φuη

1
t − φvη

2
t , ω3

2 = µ3x − φuη
1
x − φvη

2
x,

ω4
1 = µ4t − ψuη

1
t − ψvη

2
t , ω4

2 = µ4x − ψuη
1
x − ψvη

2
x.

(3.5)

Substituting (3.5) in Eqs. (2.32) we obtain:

µ1t − fuη
1
t − fvη

2
t = 0, µ1x − fuη

1
x − fvη

2
x = 0,

µ2t − guη
1
t − gvη

2
t = 0, µ2x − guη

1
x − gvη

2
x = 0,

µ3t − φuη
1
t − φvη

2
t = 0, µ3x − φuη

1
x − φvη

2
x = 0,

µ4t − ψuη
1
t − ψvη

2
t = 0, µ4x − ψuη

1
x − ψvη

2
x = 0.

(3.6)

Since ηi, µi do not depend upon fu, fv, gu, gv, φu, φv, ψu, ψv, Eqs. (3.6) yield

η1t = η1x = 0, η2t = η2x = 0,

µ1t = µ1x = 0, µ2t = µ2x = 0,

µ3t = µ3x = 0, µ4t = µ4x = 0.

(3.7)
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Likewise, using (3.4) and invoking Eqs. (2.4), (3.1), (3.2), one obtains

ωα1 = µαt , ωα2 = µαx ,

ωα3 = µαu + fuµ
α
f + guµ

α
g + φuµ

α
φ + ψuµ

α
ψ,

ωα4 = µαv + fvµ
α
f + gvµ

α
g + φvµ

α
φ + ψvµ

α
ψ

(3.8)

for α = 5, 6. Substituting (3.8) in Eqs. (2.33) and reasoning as above, one obtains:

µαt = µαx = µαu = µαv = µαf = µαg = µαφ = µαψ = 0, (α = 5, 6). (3.9)

Thus, we have completed the integration of Eqs. (2.32), (2.33). The result is given
by Eqs. (3.7) and (3.9). It remains to solve Eqs. (2.30), (2.31).

3.2 Simplifications derived from Equations (2.30), (2.31)
We turn now to Eqs. (2.30), (2.31). First, we will single out in Eqs. (2.30), (2.31)
the terms containing utx and vtx. It is manifest from the prolongation formulae (2.25)-
(2.27) that they are involved only in ζ122 and ζ222 given by (2.27), namely:

ζ122 = −2Dx(ξ
1)utx + · · · , ζ222 = −2Dx(ξ

1) vtx + · · · .

Substituting these expressions in (2.30), (2.31) and nullifying the coefficients for utx
and vtx we obtain the equations

ADx(ξ
1) = 0, BDx(ξ

1) = 0, φDx(ξ
1) = 0, ψDx(ξ

1) = 0.

Since the parameters A, B and functions φ, ψ are arbitrary, these equations yield

Dx(ξ
1) = 0. (3.10)

Writing Eq. (3.10) in the expanded form (see the definition of Dx in (2.7))

ξ1x + uxξ
1
u + vxξ

1
v = 0,

we obtain
ξ1x = ξ1u = ξ1v = 0. (3.11)

Now we will single out in Eqs. (2.30), (2.31) the terms involving

uxuxx, vxuxx, uxvxx, vxvxx. (3.12)

They are contained in ζ122, ζ
2
22 and will also appear in ζ11 , ζ

2
1 after eliminating ut, vt by

using Eqs. (2.9), (2.10). Namely, keeping in (2.27) the terms that may contain the
quantities of our interest and invoking Eq. (3.10), we obtain:

ζ122 = −uxD
2
x(ξ

2)− 2uxxDx(ξ
2) + · · ·

= −ux (uxx ξ
2
u + vxx ξ

2
v)− 2uxx (ux ξ

2
u + vx ξ

2
v) + · · · , (3.13)
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ζ222 = −vxD
2
x(ξ

2)− 2vxxDx(ξ
2) + · · ·

= −vx (uxx ξ
2
u + vxx ξ

2
v)− 2vxx (ux ξ

2
u + vx ξ

2
v) + · · · . (3.14)

Furthermore, we have:

ζ11 = −uxDt(ξ
2) + · · · = −ux (ut ξ

2
u + vt ξ

2
v) + · · ·

= −ux ξ
2
u (Auxx + φvxx)− ux ξ

2
v (Bvxx + ψuxx) + · · · , (3.15)

and likewise

ζ21 = −vx ξ
2
u (Auxx + φvxx)− vx ξ

2
v (Bvxx + ψuxx) + · · · . (3.16)

Substituting (3.13)-(3.16) in the left-hand sides of Eqs. (2.30), (2.31) we obtain the
following terms containing the quantities (3.12):

ζ11 − Aζ
1
22 − φ ζ

2
22 = 3φ ξ2vvxvxx + (2Aξ2u − ψ ξ

2
v)uxuxx

+ (φ ξ2u + 2Aξ2v)vxuxx + [φ ξ2u + (A−B)ξ2v ]uxvxx + · · · , (3.17)

ζ21 −B ζ222 − ψ ζ
1
22 = 3ψ ξ2uuxuxx + (2Bξ2v − φ ξ

2
u)vxvxx

+ (ψ ξ2v + 2Bξ2u)uxvxx + [ψ ξ2v + (B − A)ξ2u]vxuxx + · · · . (3.18)

Eqs. (2.30), (2.31) are satisfied identically upon eliminating ut and vt. Therefore
we nullify the coefficients of quantities (3.12) in (3.17), (3.18) and obtain:

φ ξ2v = 0, φ ξ2u + (A−B)ξ2v = 0,

2Aξ2u − ψ ξ
2
v = 0, φ ξ2u + 2Aξ2v = 0;

(3.19)

ψ ξ2u = 0, ψ ξ2v + (B − A)ξ2u = 0,

2Bξ2v − φ ξ
2
u = 0, ψ ξ2v + 2Bξ2u = 0.

(3.20)

Since A, B, φ, ψ are arbitrary elements, Eqs. (3.19), (3.20) yield

ξ2u = ξ2v = 0. (3.21)

3.3 Results of preliminary analysis
Collecting Eqs. (3.7), (3.9), (3.11) and (3.21), obtained above by a preliminary analysis
of the determining equations (2.30)-(2.33), we obtain the equations

ξ1x = ξ1u = ξ1v = 0, ξ2u = ξ2v = 0,

η1t = η1x = 0, η2t = η2x = 0;
(3.22)

and

µαt = µαx = 0, (α = 1, 2, 3, 4),

µαt = µαx = µαu = µαv = µαf = µαg = µαφ = µαψ = 0, (α = 5, 6).
(3.23)
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Remark 3.1. The equations (3.22), (3.23) yield:

ξ1 = ξ1(t), ξ2 = ξ2(t, x), η1 = η1(u, v), η2 = η2(u, v), (3.24)

µα = µα(u, v, f, g, φ, ψ,A,B), (α = 1, 2, 3, 4),

µα = µα(A,B), (α = 5, 6).
(3.25)

4 Solution of determining equations

4.1 Determining equations after simplification

Substituting (3.24) in the prolongation formulae (2.25), (2.26) we obtain:

ζ11 = Dt(η
1)− utDt(ξ

1)− uxDt(ξ
2) = (η1u − ξ

1
t )ut + η1v vt − ξ

2
t ux,

ζ21 = Dt(η
2)− vtDt(ξ

1)− vxDt(ξ
2) = η2u ut + (η2v − ξ

1
t )vt − ξ

2
t vx,

(4.1)

ζ12 = Dx(η
1)− uxDx(ξ

2) = (η1u − ξ
2
x)ux + η1v vx,

ζ22 = Dx(η
2)− vxDx(ξ

2) = η2u ux + (η2v − ξ
2
x)vx.

(4.2)

The formula (2.27) is simplified likewise. Namely, since Dx(ξ
1) = 0, it is written

ζ i22 = D2
x(η

i)− uixD
2
x(ξ

2)− 2uixxDx(ξ
2). (4.3)

Furthermore, it follows from (3.24) that

Dx(ξ
2) = ξ2x, D2

x(ξ
2) = ξ2xx,

Dx(η
i) = ηiu ux + ηiv vx,

D2
x(η

i) = ηiu uxx + ηiv vxx + ηiuu u
2
x + 2ηiuv uxvx + ηivv v

2
x.

Therefore (4.3) yields:

ζ122 = (η1u − 2ξ2x)uxx + η1v vxx + η1uu u
2
x + 2η1uv uxvx + η1vv v

2
x − ξ

2
xx ux,

ζ222 = η2u uxx + (η2v − 2ξ2x)vxx + η2uu u
2
x + 2η2uv uxvx + η2vv v

2
x − ξ

2
xx vx.

(4.4)

After substituting (4.1), (4.2), (4.4) and eliminating ut, vt by using Eqs. (2.9),
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(2.10), the determining equations (2.30) and (2.31) become

(η1u − ξ
1
t )(Auxx + φvxx + φuuxvx + φvv

2
x + f) (4.5)

+ η1v(Bvxx + ψuxx + ψuu
2
x + ψvuxvx + g)− ξ2t ux

− A [(η1u − 2ξ2x)uxx + η1v vxx + η1uu u
2
x + 2η1uv uxvx + η1vv v

2
x − ξ

2
xx ux]

− φ[η2u uxx + (η2v − 2ξ2x)vxx + η2uu u
2
x + 2η2uv uxvx + η2vv v

2
x − ξ

2
xx vx]

− φu[(η
1
u + η2v − 2ξ2x)uxvx + η1vv

2
x + η2uu

2
x]− 2φv[η

2
uuxvx + (η2v − ξ

2
x)v

2
x]

− µ5uxx − µ
3vxx − ω

3
3uxvx − ω

3
4v

2
x − µ

1 = 0

and

(η2v − ξ
1
t )(Bvxx + ψuxx + ψuu

2
x + ψvuxvx + g) (4.6)

+ η2u(Auxx + φvxx + φuuxvx + φvv
2
x + f)− ξ2t vx

−B [η2u uxx + (η2v − 2ξ2x)vxx + η2uu u
2
x + 2η2uv uxvx + η2vv v

2
x − ξ

2
xx vx]

− ψ[(η1u − 2ξ2x)uxx + η1v vxx + η1uu u
2
x + 2η1uv uxvx + η1vv v

2
x − ξ

2
xx ux]

− ψv[(η
1
u + η2v − 2ξ2x)uxvx + η1vv

2
x + η2uu

2
x]− 2ψu[η

1
vuxvx + (η1u − ξ

2
x)u

2
x]

− µ6vxx − µ
4uxx − ω

4
3u

2
x − ω

4
4uxvx − µ

2 = 0,

respectively. We have to substitute here the expressions for the quantities ω3
3, ω

3
4, ω

4
3

and ω4
4. Using (3.3), (2.4), (3.1), (3.2) and (3.24), (3.25), one obtains

ω3
3 = D̃u(µ

3)− φuD̃u(η
1)− φvD̃u(η

2)

= µ3u + fuµ
3
f + guµ

3
g + φuµ

3
φ + ψuµ

3
ψ − φuη

1
u − φvη

2
u.

The other three quantities are computet likewise, and we have:

ω3
3 = µ3u + fuµ

3
f + guµ

3
g + φuµ

3
φ + ψuµ

3
ψ − φuη

1
u − φvη

2
u,

ω3
4 = µ3v + fvµ

3
f + gvµ

3
g + φvµ

3
φ + ψvµ

3
ψ − φuη

1
v − φvη

2
v ,

ω4
3 = µ4u + fuµ

4
f + guµ

4
g + φuµ

4
φ + ψuµ

4
ψ − ψuη

1
u − ψvη

2
u,

ω4
4 = µ4v + fvµ

4
f + gvµ

4
g + φvµ

4
φ + ψvµ

4
ψ − ψuη

1
v − ψvη

2
v .

(4.7)

Eqs. (4.5)-(4.6) should be satisfied identically in the variables fu, fv, . . . , ψu, ψv
and ux, vx, uxx, vxx. Since the unknown functions ξ, η and µ do not depend upon these
variables, we split Eqs. (4.5) and (4.6) in the usual way. Let us substitute (4.7) in (4.5)
and collect the terms with fu, fv, gu, gv. We have:

−(fuuxvx + fvv
2
x)µ

3
f − (guuxvx + gvv

2
x)µ

3
g.
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The similar terms involved in Eq. (4.6) are

−(fuu
2
x + fvuxvx)µ

4
f − (guu

2
x + gvuxvx)µ

4
g.

Since these terms should vanish identically in fu, fv, gu, gv, ux, vx, we obtain:

µ3f = 0, µ3g = 0, µ4f = 0, µ4g = 0. (4.8)

Likewise, taking into account Eqs. (4.7) and collecting the terms with φu in (4.5), we
see that φu is involved with the coefficient

(η1u − η
2
v + 2ξ2x − ξ

1
t − µ

3
φ)uxvx − η

2
uu

2
x.

Hence, Eq. (4.5) yields:

η2u = 0, µ3φ = η1u − η
2
v + 2ξ2x − ξ

1
t . (4.9)

The terms with φv in (4.5) vanish due to Eqs. (4.9). It is easy to see that the terms with
φu in (4.6) appear now with the coefficient −µ4

φu
2
x, and hence

µ4φ = 0. (4.10)

The terms with φv in (4.6) vanish. The similar inspection of the terms with ψu, ψv
yields the following equations:

η1v = 0, µ3ψ = 0, µ4ψ = η2v − η
1
u + 2ξ2x − ξ

1
t . (4.11)

Eqs. (4.8)-(4.11) reduce the expressions (4.7) for ω3
3, ω

3
4, ω

4
3, ω

4
4 to the following:

ω3
3 = µ3u +

(
2ξ2x − ξ

1
t − η

2
v

)
φu,

ω3
4 = µ3v +

(
2ξ2x − ξ

1
t + η1u − 2η2v

)
φv,

ω4
3 = µ4u +

(
2ξ2x − ξ

1
t + η2v − 2η1u

)
ψu,

ω4
4 = µ4v +

(
2ξ2x − ξ

1
t − η

1
u

)
ψv.

(4.12)

Furthermore, nullifying the terms with uxx and vxx we arrive at the equations

µ3 =
(
2ξ2x − ξ

1
t + η1u − η

2
v

)
φ,

µ4 =
(
2ξ2x − ξ

1
t + η2v − η

1
u

)
ψ,

µ5 =
(
2ξ2x − ξ

1
t

)
A,

µ6 =
(
2ξ2x − ξ

1
t

)
B.

(4.13)

Note that the first two equations (4.13) are compatible with Eqs. (4.9)-(4.11).
Thus we have eliminated in Eqs. (4.5)-(4.6) the terms with

fu, fv, gu, gv, φu, φv, ψu, ψv, uxx, vxx.
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4.2 Integration of determining equations

Using the results of Section 4.1, we can write the determining equations (4.5)-(4.6) as
follows:

(η1u − ξ
1
t )f + (Aξ2xx − ξ

2
t )ux + φξ2xx vx − Aη

1
uu u

2
x

− (φη2vv + µ3v)v
2
x − µ

3
uuxvx − µ

1 = 0,
(4.14)

(η1u − ξ
1
t )g + (Bξ2xx − ξ

2
t )vx + ψξ2xxux −B η2vv v

2
x

− (ψη1uu + µ4u)u
2
x − µ

4
vuxvx − µ

2 = 0.
(4.15)

Since Eqs. (4.14), (4.15) hold identically in uv, vx they provide the equations

Aξ2xx − ξ
2
t = 0, φξ2xx = 0, A η1uu = 0,

φη2vv + µ3v = 0, µ3u = 0, (η1u − ξ
1
t )f − µ

1 = 0

and

Bξ2xx − ξ
2
t = 0, ψξ2xx = 0, B η2vv = 0,

ψη1uu + µ4u = 0, µ4v = 0, (η2v − ξ
1
t )g − µ

2 = 0.

Furthermore, since A,B, φ and ψ are arbitrary elements, these equations yield

ξ2xx = ξ2t = 0, η1uu = η2vv = 0, (4.16)

µ1 = (η1u − ξ
1
t )f, µ2 = (η2v − ξ

1
t )g, (4.17)

and
µ3u = µ3v = 0, µ4u = µ4v = 0.

Differentiating the first equation in (4.17) with respect to t and invoking that µ1
t =

η1t = 0 we obtain
ξ1tt = 0. (4.18)

Summarizing the equations (3.22), (4.9), (4.11), (4.16) and (4.18) we obtain:

ξ1x = ξ1u = ξ1v = 0, ξ1tt = 0,

ξ2t = ξ2u = ξ2v = 0, ξ2xx = 0,

η1t = η1x = η1v = 0, η1uu = 0,

η2t = η2x = η2u = 0, η2vv = 0.

(4.19)
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The integration of Eqs. (4.19) yields (see also Eqs. (3.24)):

ξ1 = C1 + C5 t, ξ2 = C2 + C6 x,

η1 = C3 + C7 u, η2 = C4 + C8 v,
(4.20)

where C1, . . . , C10 = const. Substituting (4.20) in (4.17) and (4.13) we obtain:

µ1 = (C7 − C5)f, µ2 = (C8 − C5)g, (4.21)

µ3 = (2C6 − C5 + C7 − C8)φ, µ4 = (2C6 − C5 + C8 − C7)ψ, (4.22)

µ5 = (2C6 − C5)A, µ6 = (2C6 − C5)B. (4.23)

The functions ξ, η and µ given by (4.20) and (4.21)-(4.23), respectively, provide
the general solution to the determining equations (2.30)-(2.33), and hence define the
most general equivalence generator (2.5) for the system (1.1).

5 Equivalence Lie algebra

5.1 Basis of the equivalence algebra
The operator (2.5) with the coordinates (4.20)-(4.23) is the linear combination of the
following basic equivalence generators:

Y1 =
∂

∂t
, Y2 =

∂

∂x
, Y3 =

∂

∂u
, Y4 =

∂

∂v
,

Y5 = t
∂

∂t
− f

∂

∂f
− g

∂

∂g
− φ

∂

∂φ
− ψ

∂

∂ψ
− A

∂

∂A
−B

∂

∂B
,

Y6 = x
∂

∂x
+ 2φ

∂

∂φ
+ 2ψ

∂

∂ψ
+ 2A

∂

∂A
+ 2B

∂

∂B
,

Y7 = u
∂

∂u
+ f

∂

∂f
+ φ

∂

∂φ
− ψ

∂

∂ψ
,

Y8 = v
∂

∂v
+ g

∂

∂g
− φ

∂

∂φ
+ ψ

∂

∂ψ
·

(5.1)

Thus, the generator of the equivalence group has the form

Y =
8∑

ν=1

CνYν . (5.2)
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5.2 Projections

We will use the following projections of the equivalence operator (5.2):

pr(x,u)(Y ) = X ≡ ξi
∂

∂xi
+ ηi

∂

∂ui
,

pr(u,F )(Y ) = Z ≡ ηi
∂

∂ui
+ µα

∂

∂fα
·

(5.3)

Taking the projections (5.3) of the basis operators (5.1), writing operators up to
constant factors and denoting Zµ = pr(u,F )(Y2+µ), µ = 1, . . . , 8, we obtain

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 =

∂

∂u
, X4 =

∂

∂v
,

X5 = t
∂

∂t
, X6 = x

∂

∂x
, X7 = u

∂

∂u
, X8 = v

∂

∂v

(5.4)

and

Z1 =
∂

∂u
, Z2 =

∂

∂v
,

Z3 = f
∂

∂f
+ g

∂

∂g
+ φ

∂

∂φ
+ ψ

∂

∂ψ
+ A

∂

∂A
+B

∂

∂B
,

Z4 = φ
∂

∂φ
+ ψ

∂

∂ψ
+ A

∂

∂A
+B

∂

∂B
,

Z5 = u
∂

∂u
+ f

∂

∂f
+ φ

∂

∂φ
− ψ

∂

∂ψ
,

Z6 = v
∂

∂v
+ g

∂

∂g
− φ

∂

∂φ
+ ψ

∂

∂ψ
, ·

(5.5)

Remark 5.1. See Remark (10.1) for the commutator table of the operators (5.5).

5.3 Principal Lie algebra

One can see from (5.5) that pr(u,F )(Y ) = 0 only if Y = C1Y1 +C2Y2. Hence (see [5],
Paper 3, Corollary 3.1), the principal Lie algebra for the system (1.1), i.e. the algebra
admitted by Eqs. (1.1) with arbitrary f, g, φ, ψ, is the two-dimensional Lie algebra
spanned by X1, X2 from (5.4).
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PART 2
Excitable systems with linear cross-diffusion

6 Introduction
The systems (1.1) with linear cross-diffusion are obtained by assuming that φ and ψ
are arbitrary constants. Thus, we will consider now the system

∂u

∂t
= f(u, v) + A1

∂2u

∂x2
+B1

∂2v

∂x2
,

∂v

∂t
= g(u, v) + A2

∂2v

∂x2
+B2

∂2u

∂x2

(6.1)

containing two arbitrary functions f, g and four arbitrary constants A1, A2, B1, B2.
We will again use the notation (2.1)-(2.2), namely

x = (x1, x2), u = (u1, u2), y = (x,u), (6.2)

where

x1 = t, x2 = x, u1 = u, u2 = v,

y1 = t, y2 = x, y3 = u, y4 = v.
(6.3)

The notation (2.3)-(2.4) for the arbitrary elements will be modified as follows:

F = (f 1, f 2, f 3, f 4, f 5, f 6), (6.4)

where
f 1 = f, f 2 = g, f 3 = A1, f

4 = B1, f
5 = A2, f

6 = B2. (6.5)

7 Determining equations for equivalence group

7.1 Equivalence group
We identify equivalence transformations of the system (6.1) with non-degenerate changes
of the variables t, x, u, v and transformations of the arbitrary elements f, g, Ai, Bi (i =
1, 2) mapping the system (6.1) into a system of the same form. Thus, continuous
groups of equivalence transformations (depending on a group parameter a) have the
form

t̄ = t̄(x,u, a), x̄ = x̄(x,u, a),

ū = ū(x,u, a), v̄ = v̄(x,u, a),

f̄ 1 = f̄ 1(x,u, F, a), . . . , f̄ 6 = f̄ 6(x,u, F, a).

(7.1)
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They map the system (6.1) into the following system:

∂ū

∂t̄
= f̄(ū, v̄) + Ā1

∂2ū

∂x̄2
+ B̄1

∂2v̄

∂x̄2
,

∂v̄

∂t̄
= ḡ(ū, v̄) + Ā2

∂2v̄

∂x̄2
+ B̄2

∂2ū

∂x̄2
,

(6.1′)

where the functions f̄(ū, v̄), ḡ(ū, v̄) and the constants Ā1, Ā2, B̄1, B̄2 may differ from
the corresponding functions and constants in the original system (6.1).

The generator of the group of equivalence transformations (7.1) has the form

Y = ξ1
∂

∂t
+ ξ2

∂

∂x
+ η1

∂

∂u
+ η2

∂

∂v
+ µα

∂

∂fα
, (7.2)

or

Y = ξi
∂

∂xi
+ ηi

∂

∂ui
+ µα

∂

∂fα
, (7.2′)

where the summation is taken over i = 1, 2 and α = 1, . . . , 6. The coefficients are

ξi = ξi(x,u), ηi = ηi(x,u), i = 1, 2,

and
µα = µα(x,u, F ), α = 1, . . . , 6.

In order to calculate the equivalence generators, we write Eqs. (6.1) in the form

ut − A1uxx −B1vxx − f = 0, (7.3)
vt − A2vxx −B2uxx − g = 0, (7.4)
ft = fx = 0, gt = gx = 0, (7.5)
(A1)t = (A1)x = (A1)u = (A1)v = 0, (7.6)
(B1)t = (B1)x = (B1)u = (B1)v = 0, (7.7)
(A2)t = (A2)x = (A2)u = (A2)v = 0, (7.8)
(B2)t = (B2)x = (B2)u = (B2)v = 0, (7.9)

where Eqs. (7.5)-(7.9) guarantee that the functions f, g do not depend upon the vari-
ables t, x and that A1, B1, A2, B2 do not depend on all physical variables t, x, u, v.

Remark 7.1. Using the notation (6.3), (6.5), Eqs. (7.5)-(7.9) can be written

fασ = 0, (α = 1, 2; σ = 1, 2), (7.10)

fασ = 0, (α = 3, 4, 5, 6; σ = 1, 2, 3, 4). (7.11)
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7.2 Determining equations
A convenient approach to calculation of equivalence transformation groups has been
suggested in [3]. According to this approach (see also [4] or [5], Paper 5, and [6], [7]), a
one-parameter group of transformations (7.1) is a group of equivalence transformations
for Eqs. (6.1) if it leaves invariant the “extended system” (7.4)-(7.9). Then the usual
infinitesimal invariance test yields that the prolonged generator Ỹ of the group (7.1)
should satisfy the following equations on the system (7.4)-(7.9):

Ỹ (ut − A1uxx −B1vxx − f) = 0, (7.12)

Ỹ (vt − A2vxx −B2uxx − g) = 0, (7.13)

Ỹ (ft) = Ỹ (fx) = 0, Ỹ (gt) = Ỹ (gx)) = 0, (7.14)

Ỹ
(
(A1)t

)
= Ỹ

(
(A1)x

)
= Ỹ

(
(A1)u

)
= Ỹ

(
(A1)v

)
= 0, (7.15)

Ỹ
(
(B1)t

)
= Ỹ

(
(B1)x

)
= Ỹ

(
(B1)u

)
= Ỹ

(
(B1)v

)
= 0, (7.16)

Ỹ
(
(A2)t

)
= Ỹ

(
(A2)x

)
= Ỹ

(
(A2)u

)
= Ỹ

(
(A2)v

)
= 0, (7.17)

Ỹ
(
(B2)t

)
= Ỹ

(
(B2)x

)
= Ỹ

(
(B2)u

)
= Ỹ

(
(B2)v

)
= 0, (7.18)

where (see the notation (6.5))

Ỹ = Y + ζ11
∂

∂ut
+ ζ21

∂

∂vt
+ ζ122

∂

∂uxx
+ ζ222

∂

∂vxx
+ ωασ

∂

∂fασ
· (7.19)

Here Y is the operator (7.2) and the coordinates ζ i1, ζ
i
22 (i = 1, 2) are given by the usual

prolongation formulae (see the notation (6.3)):

ζ i1 = Dt(η
i)− uitDt(ξ

1)− uixDt(ξ
2), (7.20)

ζ i2 = Dx(η
i)− uitDx(ξ

1)− uixDx(ξ
2), (7.21)

ζ i22 = Dx(ζ
i
2)− u

i
txDx(ξ

1)− uixxDx(ξ
2)

= D2
x(η

i)− uitD
2
x(ξ

1)− uixD
2
x(ξ

2)− 2uitxDx(ξ
1)− 2uixxDx(ξ

2), (7.22)

where

Dt =
∂

∂t
+ ut

∂

∂u
+ vt

∂

∂v
+ utt

∂

∂ut
+ utx

∂

∂ux
+ vtt

∂

∂vt
+ vtx

∂

∂vx
+ · · · ,

Dx =
∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ utx

∂

∂ut
+ uxx

∂

∂ux
+ vtx

∂

∂vt
+ vxx

∂

∂vx
+ · · ·

(7.23)

and D2
x is the repeated action of the operator Dx, e.g. D2

x(η
i) = Dx

(
Dx(η

i)
)
.
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The coordinates ωασ (α = 1, . . . , 6; σ = 1, . . . , 4) of the operator (7.19) are given
by (compare with the prolongation formulae (7.20)-(7.21))

ωασ = D̃σ(µ
α)− fαt D̃σ(ξ

1)− fαx D̃σ(ξ
2)− fαu D̃σ(η

1)− fαv D̃σ(η
2), (7.24)

where (compare with (7.23) and see the notation (6.3) for yσ)

D̃σ =
∂

∂yσ
+ fασ

∂

∂fα
, σ = 1, . . . , 4. (7.25)

In (7.19) and (7.25) we use the notation

fασ =
∂fα

∂yσ
, σ = 1, . . . , 4,

so that, according to the notation (6.3) for yσ, we have:

fα1 = fαt , fα2 = fαx , fα3 = fαu , fα4 = fαv .

Using the expression (7.19) for the operator Ỹ and invoking the notation (6.5) we
write Eqs. (7.12)-(7.18) in the following form (see also Eqs. (7.10), (7.11)):

ζ11 − A1ζ
1
22 − uxxµ

3 −B1ζ
2
22 − vxxµ

4 − µ1 = 0, (7.26)
ζ21 − A2ζ

2
22 − vxxµ

5 −B2ζ
1
22 − uxxµ

6 − µ2 = 0, (7.27)
ωασ = 0, (α = 1, 2; σ = 1, 2), (7.28)
ωασ = 0, (α = 3, 4, 5, 6; σ = 1, 2, 3, 4), (7.29)

where ζ i1, ζ
i
22 (i = 1, 2) and ωασ are given by (7.20), (7.22) and (7.24), respectively.

Eqs. (7.26)-(7.29) determine the generators (7.2) of the maximal continuous group
of equivalence transformations (7.1) for the system (6.1). Therefore Eqs. (7.26)-(7.29)
are called the determining equations for the equivalence generators.

8 Preliminary analysis of determining equations

8.1 Integration of equations ωα
σ = 0

Since Eqs. (7.12)-(7.18) should be satisfied upon evaluating their left-hand sides on
the system (7.3)-(7.9), it suffices to write the operators (7.25) by taking into account
the equations (7.5)-(7.9). Then, denoting

D̃1 = D̃t, D̃2 = D̃x, D̃3 = D̃u, D̃4 = D̃v (8.1)
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and invoking the notation (6.3), (6.5) we will have:

D̃t =
∂

∂t
, D̃u =

∂

∂u
+ fu

∂

∂f
+ gu

∂

∂g
,

D̃x =
∂

∂x
, D̃v =

∂

∂v
+ fv

∂

∂f
+ gv

∂

∂g
·

(8.2)

Furthermore, it follows from Eqs. (6.5), (7.5)-(7.9) and (7.24) that

ωασ = D̃σ(µ
α)− fαu D̃σ(η

1)− fαv D̃σ(η
2), (α = 1, 2), (8.3)

ωασ = D̃σ(µ
α), (α = 3, 4, 5, 6). (8.4)

For example, taking α = σ = 1 in (8.3) and using Eqs. (6.5), (8.1), (8.2) we have:

ω1
1 = D̃t(µ

1)− fuD̃t(η
1)− fvD̃t(η

2) = µ1t − fuη
1
t − fvη

2
t .

Thus, taking σ = 1 and σ = 2 in (8.3) we obtain:

ω1
1 = µ1t − fuη

1
t − fvη

2
t , ω2

1 = µ2t − guη
1
t − gvη

2
t ,

ω1
2 = µ1x − fuη

1
x − fvη

2
x, ω2

2 = µ2x − guη
1
x − gvη

2
x.

Hence, Eqs. (7.28) are written as follows:

µ1t − fuη
1
t − fvη

2
t = 0,

µ2t − guη
1
t − gvη

2
t = 0,

µ1x − fuη
1
x − fvη

2
x = 0,

µ2x − guη
1
x − gvη

2
x = 0.

(8.5)

Since ηi, µi do not depend upon fu, fv, gu, gv, Eqs. (8.5) yield

η1t = η1x = 0, η2t = η2x = 0,

µ1t = µ1x = 0, µ2t = µ2x = 0.
(8.6)

Likewise, using (8.4) and invoking Eqs. (6.5), (8.1), one obtains

ωα1 = D̃t(µ
α) = µαt ,

ωα2 = D̃x(µ
α) = µαx ,

ωα3 = D̃u(µ
α) = µαu + fuµ

α
f + guµ

α
g ,

ωα4 = D̃v(µ
α) = µαv + fvµ

α
f + gvµ

α
g

(8.7)
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for α = 3, . . . , 6. Therefore Eqs. (7.29) yield:

µαt = µαx = µαu = µαv = µαf = µαg = 0, (α = 3, 4, 5, 6). (8.8)

Thus, we have completed the integration of Eqs. (7.28), (7.29). The result is given
by Eqs. (8.6) and (8.8). It remains to solve Eqs. (7.26), (7.27).

8.2 Simplifications derived from equations (7.26), (7.27)
We turn now to Eqs. (7.26), (7.27),

ζ11 − A1ζ
1
22 − uxxµ

3 −B1ζ
2
22 − vxxµ

4 − µ1 = 0, (7.26)
ζ21 − A2ζ

2
22 − vxxµ

5 −B2ζ
1
22 − uxxµ

6 − µ2 = 0. (7.27)

Let us single out in Eqs. (7.26), (7.27) the terms containing utx and vtx. It is
manifest from (7.20)-(7.22) that they are involved only in ζ 122 and ζ222 given by (7.22).
Collecting these terms and nullifying them we obtain the equations

A1Dx(ξ
1) = 0, B1Dx(ξ

1) = 0, A2Dx(ξ
1) = 0, B2Dx(ξ

1) = 0.

Since Ai, Bi are arbitrary parameters, these equations yield

Dx(ξ
1) = 0. (8.9)

Writing Eq. (8.9) in the expanded form (see the definition of Dx in (7.23))

ξ1x + uxξ
1
u + vxξ

1
v = 0,

we obtain
ξ1x = ξ1u = ξ1v = 0. (8.10)

Now we will single out in Eqs. (7.26), (7.27) the terms involving

uxuxx, vxuxx, uxvxx, vxvxx. (8.11)

They are contained in ζ122, ζ
2
22 and will also appear in ζ11 , ζ

2
1 after eliminating ut, vt by

using Eqs. (7.3), (7.4). Namely, keeping in (7.22) the terms that may contain the
quantities of our interest and invoking Eq. (8.9), we obtain:

ζ122 = −uxD
2
x(ξ

2)− 2uxxDx(ξ
2) + · · ·

= −ux (uxx ξ
2
u + vxx ξ

2
v)− 2uxx (ux ξ

2
u + vx ξ

2
v) + · · · , (8.12)

ζ222 = −vxD
2
x(ξ

2)− 2vxxDx(ξ
2) + · · ·

= −vx (uxx ξ
2
u + vxx ξ

2
v)− 2vxx (ux ξ

2
u + vx ξ

2
v) + · · · . (8.13)
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Furthermore, we have:

ζ11 = −uxDt(ξ
2) + · · · = −ux (ut ξ

2
u + vt ξ

2
v) + · · ·

= −ux ξ
2
u (A1uxx +B1vxx)− ux ξ

2
v (A2vxx +B2uxx) + · · · , (8.14)

and likewise

ζ21 = −vx ξ
2
u (A1uxx +B1vxx)− vx ξ

2
v (A2vxx +B2uxx) + · · · . (8.15)

Substituting (8.12)-(8.15) in the left-hand sides of Eqs. (7.26), (7.27) we obtain the
following terms containing the quantities (8.11):

ζ11 − A1 ζ
1
22 −B1 ζ

2
22 = 3B1ξ

2
vvxvxx + (2A1ξ

2
u −B2ξ

2
v)uxuxx

+ (B1ξ
2
u + 2A1ξ

2
v)vxuxx + [B1ξ

2
u + (A1 − A2)ξ

2
v ]uxvxx + · · · , (8.16)

ζ21 − A2 ζ
2
22 −B2 ζ

1
22 = 3B2ξ

2
uuxuxx + (2A2ξ

2
v −B1ξ

2
u)vxvxx

+ (B2ξ
2
v + 2A2ξ

2
u)uxvxx + [B2ξ

2
v + (A2 − A1)ξ

2
u]vxuxx + · · · . (8.17)

Eqs. (7.26), (7.27) are satisfied identically upon eliminating ut and vt. Therefore
we nullify the coefficients of quantities (8.11) in (8.16), (8.17) and obtain:

B1ξ
2
v = 0, B1ξ

2
u + (A1 − A2)ξ

2
v = 0,

2A1ξ
2
u −B2ξ

2
v = 0, B1ξ

2
u + 2A1ξ

2
v = 0;

(8.18)

B2ξ
2
u = 0, B2ξ

2
v + (A2 − A1)ξ

2
u = 0,

2A2ξ
2
v −B1ξ

2
u = 0, B2ξ

2
v + 2A2ξ

2
u = 0.

(8.19)

Since Ai, Bi are arbitrary parameters, Eqs. (8.18), (8.19) yield that

ξ2u = ξ2v = 0. (8.20)

8.3 Results of preliminary analysis
Collecting Eqs. (8.6), (8.8), (8.10) and (8.20), obtained above by a preliminary analysis
of the determining equations (7.26)-(7.29), we obtain the equations

ξ1x = ξ1u = ξ1v = 0, ξ2u = ξ2v = 0,

η1t = η1x = 0, η2t = η2x = 0;
(8.21)

and

µ1t = µ1x = 0, µ2t = µ2x = 0,

µαt = µαx =µαu = µαv = µαf = µαg = 0, (α = 3, 4, 5, 6).
(8.22)
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The equations (8.21) and (8.22) yield that

ξ1 = ξ1(t), ξ2 = ξ2(t, x),

η1 = η1(u, v), η2 = η2(u, v)
(8.23)

and

µα = µα(u, v, f, g, A1, A2, B1, B2), (α = 1, 2),

µα = µα(A1, A2, B1, B2), (α = 3, 4, 5, 6),
(8.24)

respectively.

9 Solution of determining equations

9.1 Determining equations after simplification

Substituting (8.23) in the prolongation formula (7.20), we obtain:

ζ11 = Dt(η
1)− utDt(ξ

1)− uxDt(ξ
2) = (η1u − ξ

1
t )ut + η1v vt − ξ

2
t ux,

ζ21 = Dt(η
2)− vtDt(ξ

1)− vxDt(ξ
2) = η2u ut + (η2v − ξ

1
t )vt − ξ

2
t vx.

(9.1)

The formula (7.22) is simplified likewise. Namely, since Dx(ξ
1) = 0, it is written

ζ i22 = D2
x(η

i)− uixD
2
x(ξ

2)− 2uixxDx(ξ
2). (9.2)

Furthermore, invoking (8.23), we have:

Dx(ξ
2) = ξ2x, D2

x(ξ
2) = ξ2xx,

Dx(η
i) = ηiu ux + ηiv vx,

D2
x(η

i) = ηiu uxx + ηiv vxx + ηiuu u
2
x + 2ηiuv uxvx + ηivv v

2
x.

Therefore (9.2) yields:

ζ122 = (η1u − 2ξ2x)uxx + η1v vxx + η1uu u
2
x + 2η1uv uxvx + η1vv v

2
x − ξ

2
xx ux,

ζ222 = η2u uxx + (η2v − 2ξ2x)vxx + η2uu u
2
x + 2η2uv uxvx + η2vv v

2
x − ξ

2
xx vx.

(9.3)

Substituting (9.3) in the determining equations (7.26), (7.27), eliminating ut, vt by
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using Eqs. (7.3), (7.4) and collecting the like terms we obtain:

[(2ξ2x − ξ
1
t + η1u − η

2
v)B1 + (A2 − A1)η

1
v − µ

4]vxx

+ [(2ξ2x − ξ
1
t )A1 +B2η

1
v −B1η

2
u − µ

3]uxx

− [A1 η
1
uu +B1 η

2
uu]u

2
x − [A1 η

1
vv +B1 η

2
vv]v

2
x

− 2[A1 η
1
uv +B1 η

2
uv]uxvx

+ [A1ξ
2
xx − ξ

2
t ]ux +B1ξ

2
xx vx

+ (η1u − ξ
1
t )f + gη1v − µ

1 = 0 (9.4)

and

[(2ξ2x − ξ
1
t + η2v − η

1
u)B2 + (A1 − A2)η

2
u − µ

6]uxx

+ [(2ξ2x − ξ
1
t )A2 +B1η

2
u −B2η

1
v − µ

5]vxx

− [A2 η
2
uu +B2 η

1
uu]u

2
x − [A2 η

2
vv +B2 η

1
vv]v

2
x

− 2[A2 η
2
uv +B2 η

1
uv]uxvx

+ [A2ξ
2
xx − ξ

2
t ]vx +B2ξ

2
xx ux

+ (η2v − ξ
1
t )g + fη2u − µ

2 = 0. (9.5)

Noting that the equations (9.4)-(9.5) should be satisfied identically in the variables
uxx, . . . , vx and that the unknown functions ξ, η and µ do not depend upon these vari-
ables, we split Eqs. (9.4) and (9.5) into the equations

(2ξ2x − ξ
1
t + η1u − η

2
v)B1 + (A2 − A1)η

1
v − µ

4 = 0, (9.6)

(2ξ2x − ξ
1
t )A1 +B2η

1
v −B1η

2
u − µ

3 = 0, (9.7)

A1 η
1
uu +B1 η

2
uu = 0, A1 η

1
vv +B1 η

2
vv = 0, A1 η

1
uv +B1 η

2
uv = 0, (9.8)

A1ξ
2
xx − ξ

2
t = 0, B1 ξ

2
xx = 0, (9.9)

(η1u − ξ
1
t )f + gη1v − µ

1 = 0 (9.10)

and

(2ξ2x − ξ
1
t + η2v − η

1
u)B2 + (A1 − A2)η

2
u − µ

6 = 0, (9.11)

(2ξ2x − ξ
1
t )A2 +B1η

2
u −B2η

1
v − µ

5 = 0, (9.12)

A2 η
2
uu +B2 η

1
uu = 0, A2 η

2
vv +B2 η

1
vv = 0, A2 η

2
uv +B2 η

1
uv = 0, (9.13)

A2ξ
2
xx − ξ

2
t = 0, B2 ξ

2
xx = 0, (9.14)

(η2v − ξ
1
t )g + fη2u − µ

2 = 0, (9.15)
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respectively.

9.2 Integration of determining equations

Since ξ and η do not depend on the parameters Ai, Bi, Eqs. (9.8), (9.9) yield

ηiuu = ηiuv = ηivv = 0, (i = 1, 2), (9.16)

ξ2t = 0, ξ2xx = 0. (9.17)

Differentiating (9.10) with respect to t and invoking Eqs. (8.6) we obtain

ξ1tt = 0. (9.18)

Eqs. (9.13), (9.14) are satisfied due to (9.16), (9.17). Integrating Eqs. (9.16), (9.17)
and (9.18) one obtains:

ξ1 = C5 t+ C1, ξ2 = C6 x+ C2,

η1 = C7 u+ C9 v + C3, η2 = C10 u+ C8 v + C4,
(9.19)

where C1, . . . , C10 = const.
Substituting (9.19) in (9.10), (9.15), (9.7), (9.6), (9.12) and (9.11) we obtain:

µ1 = (C7 − C5)f + C9 g, µ2 = C10 f + (C8 − C5)g, (9.20)

µ3 = (2C6 − C5)A1 − C10B1 + C9B2, (9.21)

µ4 = C9 (A2 − A1) + (2C6 − C5 + C7 − C8)B1, (9.22)

µ5 = (2C6 − C5)A2 + C10B1 − C9B2, (9.23)

µ6 = C10 (A1 − A2) + (2C6 − C5 + C8 − C7)B2. (9.24)

The functions ξ, η and µ given by (9.19) and (9.20)-(9.24), respectively, provide
the general solution to the determining equations (7.26)-(7.29), and hence define the
most general equivalence generator (7.2) for the system (6.1).
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10 Equivalence Lie algebra

10.1 Basis of the equivalence algebra

The operator (7.2) with the coordinates (9.19)-(9.24) is the linear combination of the
following basic equivalence generators:

Y1 =
∂

∂t
, Y2 =

∂

∂x
, Y3 =

∂

∂u
, Y4 =

∂

∂v
,

Y5 = t
∂

∂t
− f

∂

∂f
− g

∂

∂g
− Ai

∂

∂Ai
−Bi

∂

∂Bi

,

Y6 = x
∂

∂x
+ 2Ai

∂

∂Ai
+ 2Bi

∂

∂Bi

,

Y7 = u
∂

∂u
+ f

∂

∂f
+B1

∂

∂B1

−B2
∂

∂B2

,

Y8 = v
∂

∂v
+ g

∂

∂g
−B1

∂

∂B1

+B2
∂

∂B2

,

Y9 = v
∂

∂u
+ g

∂

∂f
+B2

(
∂

∂A1

−
∂

∂A2

)
+ (A2 − A1)

∂

∂B1

,

Y10 = u
∂

∂v
+ f

∂

∂g
+B1

(
∂

∂A2

−
∂

∂A1

)
+ (A1 − A2)

∂

∂B2

·

(10.1)

Thus, the generator of the equivalence group has the form

Y =
10∑

ν=1

CνYν . (10.2)

Remark 10.1. The operators Y9 and Y10, unlike the generators Y1, . . . , Y8 of usual
translations and dilations, generate interesting equivalence transformations. For ex-
ample, integrating the Lie equations for Y9, one obtains the following one-parameter
group with the group parameter a :

t̄ = t, x̄ = x, ū = u+ av, v̄ = v,

f̄ = f + ag, ḡ = g,

Ā1 = A1 + aB2, Ā2 = A2 − aB2,

B1 = B1 + a (A2 − A1)− a
2, B2, B2 = B2.

(10.3)
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10.2 Projections

We will use the following projections of the equivalence operator (10.2):

pr(x,u)(Y ) = X ≡ ξi
∂

∂xi
+ ηi

∂

∂ui
,

pr(u,F )(Y ) = Z ≡ ηi
∂

∂ui
+ µα

∂

∂fα
·

(10.4)

Taking the projections (10.4) of the basis operators (10.1), writing operators up to
constant factors and denoting Zµ = pr(u,F )(Y2+µ), µ = 1, . . . , 8, we obtain

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 =

∂

∂u
, X4 =

∂

∂v
, X5 = t

∂

∂t
,

X6 = x
∂

∂x
, X7 = u

∂

∂u
, X8 = v

∂

∂v
, X9 = v

∂

∂u
, X10 = u

∂

∂v

(10.5)

and

Z1 =
∂

∂u
, Z2 =

∂

∂v
, Z3 = f

∂

∂f
+ g

∂

∂g
+ Ai

∂

∂Ai
+Bi

∂

∂Bi

,

Z4 = Ai
∂

∂Ai
+Bi

∂

∂Bi

, Z5 = u
∂

∂u
+ f

∂

∂f
+B1

∂

∂B1

−B2
∂

∂B2

,

Z6 = v
∂

∂v
+ g

∂

∂g
−B1

∂

∂B1

+B2
∂

∂B2

,

Z7 = v
∂

∂u
+ g

∂

∂f
+B2

(
∂

∂A1

−
∂

∂A2

)
+ (A2 − A1)

∂

∂B1

,

Z8 = u
∂

∂v
+ f

∂

∂g
+B1

(
∂

∂A2

−
∂

∂A1

)
+ (A1 − A2)

∂

∂B2

·

(10.6)

10.3 Principal Lie algebra

One can see from (10.6) that pr(u,F )(Y ) = 0 only if Y = C1Y1 + C2Y2. Hence (see
[5], Paper 3, Corollary 3.1), the principal Lie algebra for the system (6.1) is the two-
dimensional Lie algebra spanned by X1, X2 from (10.5).
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10.4 Commutator table for operators (10.6)
Computing the commutators of the operators (10.6) one obtains the following commu-
tator table:

Z1 Z2 Z3 Z4 Z5 Z6 Z7 Z8

Z1 0 0 0 0 Z1 0 0 Z2

Z2 0 0 0 0 0 Z2 Z1 0

Z3 0 0 0 0 0 0 0 0

Z4 0 0 0 0 0 0 0 0

Z5 −Z1 0 0 0 0 0 Z7 Z8

Z6 0 −Z2 0 0 0 0 Z7 −Z8

Z7 0 −Z1 0 0 −Z7 −Z7 0 Z6 − Z5

Z8 0 −Z2 0 0 0 −Z8 Z5 − Z6 0

(10.7)

Remark 10.1. The commutator table for the operators (5.5) is obtained by removing
from Table (10.7) the columns and rows corresponding to the operators Z7, Z8.
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Abstract. The method of nonlinear self-adjointness is applied to the Kadomtsev-Petviashvili
equation. The infinite set of conservation laws associated with the infinite algebra of Lie point
symmetry of the KP equation is constructed.

Keywords: KP equation, nonlinear self-adjointness, Lie point symmetries, Conservation laws.

1 Lie point symmetries of the KP equation
It is convenient for our purposes to write the Kadomtsev-Petviashvili [1] equation

Dx(ut − uux − uxxx) = uyy, (1.1)

or
utx − uuxx − u

2
x − uxxxx = uyy,

in the form of the system (see [2] and the references therein)

ut − uux − uxxx − ωy = 0, ωx − uy = 0. (1.2)

The Lie algebra of the infinitesimal symmetries of the KP equation (1.1) as well as
of the system (1.2) is quite similar to the infinite-dimensional symmetry Lie algebra of
the Lin-Reissner-Tsien equation [3]

2ϕtx + ϕxϕxx = ϕyy, (1.3)

describing the non-steady state gas flow with transonic velocities. The symmetry Lie
algebra of Eq. (1.3) has been obtained in [4] (see also [5], §28). It involves five
arbitrary functions of t and contains, in particular the following operators:

Xf = 3f(t)
∂

∂t
+ (f ′(t)x+ f ′′(t)y2)

∂

∂x
+ 2f ′(t)y

∂

∂y

+
[
f ′′(t)x2 + 2f ′′′(t)xy2 +

1

3
f (4)(t)y4 − f ′(t)ϕ

] ∂
∂ϕ

,

(1.4)

c© 2011 N.H. Ibragimov
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Xg = g(t)
∂

∂y
+ g′(t)y

∂

∂x
+
[
2g′′(t)xy +

2

3
g′′′(t)y3

] ∂
∂ϕ

, (1.5)

Xh = h(t)
∂

∂x
+
[
2h′(t)x+ 2h′′(t)y2

] ∂
∂ϕ
· (1.6)

The system (1.2) admits the following operators (compare with (1.4)-(1.6)):

Xf = 3f
∂

∂t
+ (f ′x+

1

2
f ′′y2)

∂

∂x
+ 2f ′y

∂

∂y

−
[
2f ′u+ f ′′x+

1

2
f ′′′y2

] ∂
∂u
−
[
3f ′ω + f ′′yu+ f ′′′xy +

1

6
f (4)y3

] ∂
∂ω

,

(1.7)

Xg = 2g
∂

∂y
+ g′y

∂

∂x
− g′′y

∂

∂u
−
[
g′u+ g′′x+

1

2
g′′′y2

] ∂
∂ω

, (1.8)

Xh = h
∂

∂x
− h′

∂

∂u
− h′′y

∂

∂ω
, (1.9)

where f, g, h are three arbitrary functions of t. We will ignore the obvious symmetry

Xα = α(t)
∂

∂ω

of the system (1.2) describing the addition to ω an arbitrary function of t.
Note, that the operators (1.7)-(1.9) considered without the term ∂

∂ω
span the infinite-

dimensional Lie algebra of symmetries of the KP equation (1.1). They coincide (up
to normalizing coefficients) with the symmetries of the KP equation that were first
obtained by F. Schwarz in 1982 (see also [6] and [7]).

2 Nonlinear self-adjointness
The Kadomtsev-Petviashvili equation written in the form (1.1) or in the form of the
system (1.2) does not have a Lagrangian. Let us investigate the KP equation for non-
linear self-adjointness [8].

The formal Lagrangian for the system (1.2) is written

L = v(ut − uux − uxxx − ωy) + z(ωx − uy). (2.1)

The reckoning shows that

δL

δu
= −vt + uvx + vxxx + zy,

δL

δω
= vy − zx.
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Hence we can write the adjoint system to (1.2) in the form

vt − uvx − vxxx − zy = 0, zx − vy = 0. (2.2)

Eqs. (2.2) become identical with the KP equations (1.2) upon the substitution

v = u, z = ω. (2.3)

It means that the system (1.2) is nonlinearly self-adjoint, specifically it is quasi self-
adjoint ([8], Section 1.6, Definition 1.3).

3 Conservation laws provided by Lie point symmetries
Let us introduce the notation

x1 = t, x2 = x, x3 = y, u1 = u, u2 = ω

and write conservation laws in the form of the differential equation
[
Dt(C

1) +Dx(C
2) +Dy(C

3)
]
(1.2)

= 0, (3.1)

where |(1.2) means that the equation holds on the solutions of the system (1.2).
We will use the general formula given in [8] for constructing the conserved vector

associated with symmetry

X = ξi
∂

∂xi
+ ηα

∂

∂uα

of a system of differential equations with a classical or formal Lagrangian L. Since the
maximum order of derivatives involve in formal Lagrangian L given by Eq. (2.1) is
equal to three, this formula is written

C i = ξiL+W α

[
∂L

∂uαi
−Dj

(
∂L

∂uαij

)
+DjDk

(
∂L

∂uαijk

)]

+Dj (W
α)

[
∂L

∂uαij
−Dk

(
∂L

∂uαijk

)]
+DjDk (W

α)
∂L

∂uαijk
,

where
W α = ηα − ξjuαj .

We will apply the above formula to the symmetries (1.7)-(1.9). Invoking that the
system (1.2) is nonlinearly self-adjoint with the substitution (2.3), we will replace in
C i the non-physical variables v and z with u and ω, respectively, thus arriving to
conserved vectors for the KP system. Since the formal Lagrangian (2.1) vanishes on
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the solutions of the system (1.2), we can omit the term ξ iL and take the formula for
the conserved vector in the following form:

C i = W α
[ ∂L
∂uαi
−Dj

( ∂L
∂uαij

)
+DjDk

( ∂L

∂uαijk

)]
(3.2)

+Dj

(
W α
) [ ∂L
∂uαij

−Dk

( ∂L

∂uαijk

)]
+DjDk

(
W α
) ∂L
∂uαijk

,

where
W α = ηα − ξjuαj , α = 1, 2. (3.3)

Using in (3.2) the expression (2.1) for L and eliminating v and z by mans of Eqs.
(2.3) we obtain

C1 = uW 1,

C2 = −(u2 + uxx)W
1 + ωW 2 + uxDx(W

1)− uD2
x(W

1),

C3 = −ωW 1 − uW 2.

(3.4)

The expressions (3.3) for the operator (1.7) are written:

W 1 = −3fut − (2u+ xux + 2yuy)f
′ −
(
x+

1

2
y2ux

)
f ′′ −

1

2
y2f ′′′, (3.5)

W 2 = −3fωt − (3ω + xωx + 2yωy)f
′ −
(
yu+

1

2
y2ωx

)
f ′′ − xyf ′′′ −

1

6
y3f (4).

Substituting W 1 given by (3.5) in the first equation (3.4) and eliminating ut by
using the first equation (1.2) we obtain

C1 =− 3(u2ux + uuxxx + uωy)f − (2u2 + xuux + 2yuuy)f
′

−
(
xu+

1

2
y2uux

)
f ′′ −

1

2
y2uf ′′′.

(3.6)

Now we single out the total derivatives with respect to x and y, by taking into account
the second equation (1.2), and rewrite (3.6) in the form

C1 = −
1

2
f ′u2 −

(
xf ′′ +

1

2
y2f ′′′

)
u+Dx(P ) +Dy(Q), (3.7)

where

P =

[
3

2
u2x +

3

2
ω2 − u3 − 3uuxx

]
f −

1

2
f ′xu2 −

1

4
f ′′y2u2,

Q = −3fuω − f ′yu2. (3.8)
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Thus, the first component of the conserved vector can be reduced to the form

C̃1 = −
1

2
f ′u2 −

(
xf ′′ +

1

2
y2f ′′′

)
u. (3.9)

Remark 3.1. In reducing (3.6) to the form (3.7) we use simple identities such as

uuxxx = Dx(uuxx)− uxuxx = Dx

(
uuxx −

1

2
u2x

)
,

uωy = Dy(uω)− ωuy = Dy(uω)− ωωx = Dy(uω)−Dx

(1
2
ω2
)
,

2yuuy = Dy(yu
2)− u2.

To find the second component of the conserved vector, we substitute the expres-
sions (3.5) of W 1,W 2 in the second equation (3.4), add Dt(P ) with P defined in (3.8)
and obtain:

C̄2 = C2 +Dt(P )

=
(
uuxx +

1

3
u3 −

1

2
u2x −

1

2
ω2
)
f ′ +

(
xuxx +

1

2
xu2 − ux

)
f ′′

+
1

4
(y2u2 + 2y2uxx − 4xyω)f ′′′ −

1

6
y3ωf (4) +Dy(R),

where
R =

(
2yuuxx +

2

3
yu3 − yu2x − yω

2 − xuω
)
f ′ −

1

2
y2uωf ′′. (3.10)

Thus, the second component of the conserved can be reduced to

C̃2 =
(
uuxx +

1

3
u3 −

1

2
u2x −

1

2
ω2
)
f ′ +

(
xuxx +

1

2
xu2 − ux

)
f ′′

+
1

4
(y2u2 + 2y2uxx − 4xyω)f ′′′ −

1

6
y3ωf (4). (3.11)

Finally, the third component of the conserved vector is obtained by substituting the
expressions (3.5) ofW 1,W 2 in the third equation (3.4) and addingDt(Q), Dx(R) with
Q,R defined in (3.8), (3.8):

C̃3 = C3 +Dt(Q) +Dx(R).

The reckoning yields:

C̃3 = uωf ′ + xωf ′′ +
(
xyu+

1

2
y2ω
)
f ′′′ +

1

6
y3uf (4). (3.12)

Ignoring the tilde in the quantities (3.9), (3.11), (3.12), we summarize the result in
the following statement.
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Proposition 3.1. The infinitesimal symmetry (1.7) of the Kadomtsev-Petviashvili equa-
tions (1.1) provides the conserved vector C = (C1, C2, C3) with the components

C1 = −
1

2
f ′u2 −

(
xf ′′ +

1

2
y2f ′′′

)
u,

C2 =
(
uuxx +

1

3
u3 −

1

2
u2x −

1

2
ω2
)
f ′ +

(
xuxx +

1

2
xu2 − ux

)
f ′′

+
1

4
(y2u2 + 2y2uxx − 4xyω)f ′′′ −

1

6
y3ωf (4),

C3 = uωf ′ + xωf ′′ +
(
xyu+

1

2
y2ω
)
f ′′′ +

1

6
y3uf (4).

(3.13)

Remark 3.2. The validity of the conservation equation (3.1) for the vector (3.13) fol-
lows from the following equation:

Dt(C
1) +Dx(C

2) +Dy(C
3)

= (uf ′ + xf ′′ +
1

2
y2f ′′′)(uxxx + uux + ωy − ut)

+ (ωf ′ + xyf ′′′ +
1

6
y3f (4))(uy − ωx).

(3.14)

The similar calculations for the operators (1.8) and (1.9) yield the following.

Proposition 3.2. The symmetry (1.8) of the system (1.1) provides the conserved vec-
tor C = (C1, C2, C3) with the components

C1 = yug′′,

C2 =

(
xω − yuxx −

1

2
yu2
)
g′′ +

1

2
y2ωg′′′,

C3 = −(xu+ yω)g′′ −
1

2
y2ug′′′.

(3.15)

Proposition 3.3. The symmetry (1.9) of the system (1.1) provides the conserved vec-
tor C = (C1, C2, C3) with the components

C1 = uh′,

C2 = yωh′′ −

(
uxx +

1

2
u2
)
h′,

C3 = −ωh′ − yuh′′.

(3.16)
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Different approaches to construction of conservation laws for the KP equation can
be found, e.g. in [9, 10, 11]. In particular, the Lagrangian approach and the Noether
theorem are used in the paper [11] which contains an interesting discussion of the
infinite set of conservation laws. Note that the second equation of the system (1.2)
guarantees that the vector field (u, ω) has the potential φ defined by u = φx, ω = φy.
Then the system (1.2) is replaced by the potential KP equation

φxt − φxφxx − φxxxx − φyy = 0 (3.17)

which, unlike equation (1.1) or the system (1.2), has a Lagrangian, namely

L = −
1

2
φxφt +

1

6
φ3x +

1

2
φ2y −

1

2
φ2xx . (3.18)

Now the Noether theorem can be used upon rewriting the symmetries of the KP equa-
tion in terms of the potential φ. This approach is used in the paper [12] which contains
profound results on the conservation laws associated the infinite algebra of Lie point
symmetries of Eq. (3.17). In particular, it is demonstrated their that the differential
and integral forms of the conservation laws are equivalent only when the functions
f(t), g(t), h(t) in the symmetries (1.7)-(1.9) are low-order polynomials. For the de-
tails I refer the reader to [12].
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NONLINEAR SELF-ADJOINTNESS
AND CONSERVATION LAWS OF

THE THOMAS EQUATION
NAIL H. IBRAGIMOV AND RAISA KHAMITOVA

Department of Mathematics and Science,
Blekinge Institute of Technology, SE-371 79 Karlskrona, Sweden

Abstract. It is shown that the Thomas equation is nonlinearly self-adjoint. Using this property
and applying the theorem on nonlocal conservation laws the conservation laws corresponding
to the symmetries of the equation in question are computed.

Keywords: Thomas equation, Nonlinear self-adjointness, Symmetry, Conservation law.

1 Introduction
The Thomas equation has the form (see [1], [2] and references therein)

ψτσ + αψτ + βψσ + γψτψσ = 0. (1.1)

It is written in a moving coordinate system

τ = t̄−
x̄

V
, σ =

x̄

V
, V = const. 6= 0,

where t̄ is the time, x̄ is the spatial coordinate. Eq. (1.1) appears in a theory of chemical
exchange processes. The coefficients α, β, γ are constants satisfying the conditions

α > 0, β > 0, γ 6= 0.

Eq. (1.1) can be reduced to the linear equation

ztx + αzt + βzx = 0 (1.2)

by the so-called Thomas-Rosales transformation

ψ =
1

γ
ln z. (1.3)

But for physical purposes it is interesting to find conservation laws for the nonlinear
equation (1.1).

c© 2011 N.H. Ibragimov and R. Khamitova

138



Nonlinear self-adjointness and conservation laws of the Thomas equation 139

2 Nonlinear self-adjointness
We will write Eq. (1.1) in the notation used in [3]:

F ≡ utx + αut + βux + γutux = 0. (2.1)

The adjoint equation F ∗ = 0 is defined according to [3]:

F ∗ ≡
δ

δu
(vF ) = 0. (2.2)

Here v = v(t, x) is a new dependent variable and

δ

δu
=

∂

∂u
−Di

∂

∂ui
+DiDj

∂

∂uij
−DiDjDk

∂

∂uijk
+ · · ·

is the variational derivative, where

D1 = Dt =
∂

∂t
+ ut

∂

∂u
+ utj

∂

∂uj
+ utjk

∂

∂ujk
+ · · · ,

D2 = Dx =
∂

∂x
+ ux

∂

∂u
+ uxj

∂

∂uj
+ uxjk

∂

∂ujk
+ · · ·

are the operators of total differentiation with respect to t and x respectively. The adjoint
equation has the following form

F ∗ ≡ vtx − (α+ γux)vt − (β + γut)vx − 2γutxv.

According to [4] (see also [5]) Eq.(2.1) is nonlinearly self-adjoint, if there exits a sub-
stitution

v = ϕ(t, x, u), ϕ(t, x, u) 6= 0, (2.3)

such that
F ∗ = λF, (2.4)

where λ is an undetermined coefficient. The closed concept was suggested indepen-
dently in [6].

Let us investigate Eq.(2.1) for nonlinear self-adjointness. We insert the derivatives

vt = ϕt + ϕuut,

vx = ϕx + ϕuux,

vtx = ϕtx + ϕtuux + (ϕxu + ϕuuux)ut + ϕuutx

of the substitution (2.3) in Eq.(2.4) and obtain the equation

(ϕu − 2γϕ)utx + (ϕxu − αϕu − γϕx)ut + (ϕtu − γϕt − βϕu)ux

+ (ϕuu − 2γϕu)utux + ϕtx − αϕt − βϕx = λ(utx + αut + βux + γutux).

139



140 N.H. Ibragimov and Raisa Khamitova

It splits into the following system:

ϕu − 2γϕ = λ, (2.5)
ϕxu − αϕu − γϕx = αλ, (2.6)
ϕtu − γϕt − βϕu = βλ, (2.7)
ϕuu − 2γϕu = γλ, (2.8)
ϕtx − αϕt − βϕx = 0. (2.9)

Eq. (2.5) determines λ. Substituting it in Eqs. (2.6)-(2.8) we obtain

ϕxu − 2αϕu − γϕx + 2αγϕ = 0,

ϕtu − γϕt − 2βϕu + 2βγϕ = 0, (2.10)
ϕuu − 3γϕu + 2γ2ϕ = 0.

The last equation in (2.10) has the solution

ϕ(t, x, u) = A(t, x)e2γu +B(t, x)eγu, (2.11)

therefore Eq. (2.9) splits into 2 equations:

Atx − αAt − βAx = 0, (2.12)

Btx − αBt − βBx = 0. (2.13)

Substituting (2.11) in the first two equations (2.10) we obtain the equations

Ax − 2αA = 0, At − 2βA = 0.

whence
A(t, x) = Ke2(βt+αx), K = const.

This function also satisfies Eq.(2.12). Thus we have arrived at the following result.

Theorem 2.1. Eq.(2.1) is nonlinearly self-adjoint. The substitution (2.3) has the form

v(t, x, u) = Ke2(βt+αx+γu) +B(t, x)eγu

where K is an arbitrary constant and B(t, x) is any solution of Eq.(2.13).

Remark 2.1. Since Eq.(2.13) and Eq.(2.12) represent one and the same equation, the
function B(t, x) = e2(βt+αx) provides one of particular solutions of Eq.(2.13).
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Nonlinear self-adjointness and conservation laws of the Thomas equation 141

3 Symmetries of the Thomas equation
We choose an infinitesimal generator X admitted by (2.1) in the form

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
· (3.1)

Eq.(2.1) admits X if the condition

XF = 0 (3.2)

is satisfied on solutions of Eq.(2.1). We prolong the generator X according to the Eq.
(2.1):

X = ξ1
∂

∂t
+ ξ2

∂

∂x
+ η

∂

∂u
+ ζ1

∂

∂ut
+ ζ2

∂

∂ux
+ ζ12

∂

∂utx
where

ζi = Di(η)− ujDi(ξ
j) = Di(η)− utDi(ξ

1)− uxDi(ξ
2),

ζ12 = Dx(ζ1)− uttDx(ξ
1)− utxDx(ξ

2),

Then the determining equation (3.2) will have the form:

XF
∣∣
F=0

= [ζ12 + αζ1 + βζ2 + γ(ζ1ux + utζ2)]F=0 = 0.

Here
ζ1 = ηt + (ηu − ξ

1
t )ut − ξ

2
t ux − ξ

2
uutux − ξ

1
uu

2
t , (3.3)

ζ2 = ηx − ξ
1
xut + (ηu − ξ

2
x)ux − ξ

1
uutux − ξ

2
uu

2
x, (3.4)

ζ12 = ηtx + (ηxu − ξ
1
tx)ut + (ηtu − ξ

2
tx)ux + (ηuu − ξ

1
tu − ξ

2
xu)utux

− ξ1xuu
2
t − ξ

2
tuu

2
x − ξ

1
uuu

2
tux − ξ

2
uuutu

2
x − (ξ1x + ξ1uux)utt − (ξ2t + ξ2uut)uxx (3.5)

+ [ηu − ξ
1
t − ξ

2
x − 2ξ1uut − 2ξ2uux]utx

and utx = −(αut+ βux+ γutux) should be substituted into (3.5). Since the functions
ξ1, ξ2, η depend only on t, x, u, the determining equation can be split into several
equations. Terms with the derivatives utt and uxx are only in ζ12, therefore we obtain
the following equations:

utt : ξ
1
x = 0, ξ1u = 0; uxx : ξ

2
t = 0, ξ2u = 0. (3.6)

Hence ξ1 = ξ1(t), ξ2 = ξ2(x). The use of Eqs. (3.6) helps to simplify the formulae
(3.3)-(3.5). The remaining equations are

utux : ηuu + γηu = 0, (3.7)
ut : ηxu + γηx + αξ2x = 0, (3.8)
ux : ηtu + γηt + βξ1t = 0, (3.9)

ηtx + αηt + βηx = 0. (3.10)
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Eq.(3.7) yields η = f(t, x)e−γu + g(t, x). Then it follows from (3.8),(3.9) that

γgt + βξ1t = 0 and γgx + βξ2x = 0.

Hence
g(t, x) = −

β

γ
ξ1(t)−

α

γ
ξ2(x).

Eq.(3.10) splits into 2 equations:

ftx + αft + βfx = 0 (3.11)

and
ξ1t + ξ2x = 0. (3.12)

Thus

ξ1 = C1t+ C2, ξ2 = −C1x+ C3, η = f(t, x)e−γu + C1

(
α

γ
x−

β

γ
t

)
+ C4.

Hence the Lie algebra of the Thomas equation consists of the following generators:

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 =

∂

∂u
, X4 = γt

∂

∂t
− γx

∂

∂x
+ (αx− βt)

∂

∂u
(3.13)

and
X5 = f(t, x)e−γu

∂

∂u
(3.14)

where f(t, x) satisfies Eq.(3.11).

4 Conservation laws
According to [3] we introduce a formal Lagrangian L ≡ vF. We write it in the sym-
metrized form:

L = v

[
1

2
(utx + uxt) + αut + βux + γutux

]
. (4.1)

A conservation law corresponding to the operator (3.1) has the form

Dt(C
1) +Dx(C

2) = 0

which is satisfied on solutions of both equations F = 0 and F ∗ = 0. Here

C i = ξiL+W
[ ∂L
∂ui
−Dj

( ∂L
∂uij

)]
+Dj(W )

∂L

∂uij
, W = η−ξiui, i = 1; 2. (4.2)
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4.1 Case 1: v = eφ, φ = 2(βt+ αx+ γu)

For this choice of v we obtain

∂L

∂ui
−Dj

( ∂L
∂uij

)
= 0,

therefore
C1 = ξ1L+

1

2
eφDx(W ), (4.3)

C2 = ξ2L+
1

2
eφDt(W ).

The generator X1, corresponding to the translation in t, gives W = −ut. It follows
from Eq.(4.3) that

C1 =
−αβ

γ
eφ +Dx

[
1

2

(
ut +

β

γ

)
eφ
]
.

Transferring the second term in C1 to C2 in the form Dt

[
1
2

(
ut +

β

γ

)
eφ
]

we arrive at

C2 =
1

2
eφDt(W ) +Dt

[
1

2

(
ut +

β

γ

)
eφ
]
.

Hence

C1 = −
αβ

γ
eφ, C2 =

(
γu2t + 2βut +

β2

γ

)
eφ. (4.4)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 = [Dt(e
φ)F ]F=0 = 0.

Other conservation laws can be calculated in a similar way.
For the translation in x with the generator X2 we have W = −ux. Eq.(4.3) yields

C1 =
1

2
eφDx(W ) =

(
γu2x −

α2

γ

)
eφ +Dx

[
1

2

(
α

γ
− ux

)
eφ
]
.

Thus

C1 =

(
γu2x −

α2

γ

)
eφ, C2 =

(
2αut +

αβ

γ

)
eφ. (4.5)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 = [Dx(e
φ)F ]F=0 = 0.
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We can simplify the vector (4.5),C = (C1, C2), further. Denoting the vectors (4.4),(4.5)
by C̄ and Ĉ, respectively, we take the linear combination

C =
1

γ

(
Ĉ −

α

β
C̄

)

and obtain the new vector with the components

C1 = u2xe
φ, C2 = −

α

β
u2t e

φ. (4.6)

Now the conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 =

[
2

(
ux −

α

β
ut

)
eφF

]

F=0

= 0.

The translation in u with the generator X3 gives a trivial conservation law, its den-
sity C1 can be incorporated in C2.

For X4 we have W = η − ξiui = αx− βt− γtut + γxux. Eq.(4.3) yields:

C1 = [−γ2xu2x + α(αx− βt+ 1)]eφ +Dx

{
1

2
[γ (tut + xux) + βt− αx] eφ

}
.

Hence

C1 = [−γ2xu2x + α(αx− βt+ 1)]eφ,

C2 = [γ2tu2t + 2γ(βt− αx)ut + β(βt− αx)]eφ. (4.7)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 = [−2γWeφF ]F=0 = 0.

The generator (3.14), X5, gives W = f(t, x)e−γu, where f(t, x) is any nontrivial
(f(t, x) 6= 0) solution of Eq.(3.11). Invoking Eq.(4.3) we obtain

C1 = (fx + αf)eφ +Dx

(
−
1

2
feφ
)
.

Thus
C1 = (fx + αf)eφ, C2 = −(γut + β)feφ. (4.8)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 = [−γfeφF + (ftx + αft + βfx)e
φ]F=0 = 0.

It is easy to show that fx + αf 6= 0 for any nontrivial solution of Eq.(3.11).
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4.2 Case 2: v = B(t, x)eγu

Here B(t, x) is any nontrivial (B(t, x) 6= 0) solution of Eq.(2.13),

Φ ≡ (Btx − αBt − βBx) = 0.

Eqs.(4.2) yield the following formulae for C1, C2 :

C1 = ξ1L+W

[(γ
2
ux + α

)
B −

1

2
Bx

]
eγu +

1

2
BeγuDx(W ) , (4.9)

C2 = ξ2L+W

[(γ
2
ut + β

)
B −

1

2
Bt

]
eγu +

1

2
BeγuDt(W ) .

Using Eq.(4.9) we obtain for the symmetry X1

C1 = −
β

γ
Bxe

γu +Dx

[(
1

2
ut +

β

γ

)
Beγu

]
.

Hence

C1 = −
β

γ
Bxe

γu, C2 =

(
ut +

β

γ

)
Bte

γu, B 6= const. (4.10)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 = [BeγuF + ute
γuΦ]F=0 = 0.

For the particular solution of Eq.(2.13) (see Remark 2.1), B(t, x) = e2(βt+αx), we can
choose

C1 = −
α

γ
eφ̃, C2 =

(
ut +

β

γ

)
eφ̃, φ̃ = 2(βt+ αx) + γu.

For the generator X2 Eq.(4.9) yields

C1 =
1

γ
(αBx −Bxx)e

γu +Dx

{[(
−
1

2
ux −

α

γ

)
B +

1

γ
Bx

]
eγu
}
.

It is easy to show that αBx − Bxx 6= 0 for any solution B(t, x) 6= const. of Eq.(2.13).
Using Eq.(2.13) we obtain

C1 =
1

γ
(αBx −Bxx)e

γu, C2 =

(
ut +

β

γ

)
Bxe

γu, B 6= const. (4.11)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 = [Bxe
γuF −

1

γ
uxe

γuDx(Φ)]F=0 = 0.
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In Case 2 the generator X3 produces a nontrivial conservation law. Invoking
Eq.(4.9) we obtain

C1 = (αB −Bx)e
γu +Dx

(
1

2
Beγu

)
.

Thus
C1 = (αB −Bx)e

γu, C2 = (γut + β)Beγu, B 6= 0. (4.12)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 = [BeγuF − eγuΦ]F=0 = 0.

For calculating the conservation law corresponding to the generator X4 we will
further simplify Eq.(4.9) by excluding the trivial conservation law with the density
ξ1L. Then we obtain

C1 = [xBxx + (1− 2αx)Bx + α(αx− βt− 1)B] eγu

+Dx

{[
1

2
B(3αx+ βt+ γtut + γxux)− xBx

]
eγu
}
.

Thus

C1 = [xBxx + (1− 2αx)Bx + α(αx− βt− 1)B] eγu,

C2 = (γut + β)[tBt − xBx + (αx− βt)B]eγu, (4.13)

where xBxx + (1− 2αx)Bx + α(αx− βt− 1)B 6= 0. (4.14)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 =
[
γ[tBt − xBx + (αx− βt)B]eγuF

+ (γtut + βt− αx+ 1)eγuΦ + xeγuDx(Φ)
]
F=0

= 0.

Invoking Eq.(4.9) we obtain for the generator (3.14), X5,

C1 = f(αB −Bx) +Dx

(
1

2
Bf

)
.

Hence
C1 = f(αB −Bx), C2 = B(ft + βf), B 6= 0, f 6= 0. (4.15)

The conservation law has the form

[Dt(C
1) +Dx(C

2)]F=0 = [B(ftx + αft + βfx)− f(Btx − αBt − βBx)e
γu]F=0 = 0.

It is a trivial conservation law.
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5 Summary

In this section all conservation laws are written in terms of the variables τ, σ and ψ.
The functions f(τ, σ), B(τ, σ) solve the equations

fτσ + αfτ + βfσ = 0, (3.11′)

Bτσ − αBτ − βBσ = 0, (2.13′)

respectively, φ = 2(βτ + ασ + γψ). We have calculated nontrivial conservation laws
corresponding to the symmetries

X1 =
∂

∂τ
, X2 =

∂

∂σ
, X3 =

∂

∂ψ
, (3.13′)

X4 = γτ
∂

∂τ
− γσ

∂

∂σ
+ (ασ − βτ)

∂

∂ψ
,

X5 = f(τ, σ)e−γψ
∂

∂ψ
· (3.14′)

of the Thomas equation (1.1). The conservation laws are:

X1 : C1 = −
αβ

γ
eφ, C2 =

(
γψ2

τ + 2βψτ +
β2

γ

)
eφ, (4.4′)

and

C1 = −
β

γ
Bσe

γψ, C2 =

(
ψτ +

β

γ

)
Bτe

γψ, B 6= const. (4.10′)

X2 : C1 =

(
γψ2

σ −
α2

γ

)
eφ, C2 =

(
2αψτ +

αβ

γ

)
eφ (4.5′)

and

C1 =
1

γ
(αBσ −Bσσ)e

γψ, C2 =

(
ψτ +

β

γ

)
Bσe

γψ, B 6= const.

(4.11′)

We have simplified the vector (4.5′) and obtained the new vector with the components

X2 : C1 = ψ2
σe
φ, C2 = −

α

β
ψ2
τe
φ. (4.6′)
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X3 : C1 = (αB −Bσ)e
γψ, C2 = (γψτ + β)Beγψ, B 6= 0; (4.12′)

X4 : C1 = [−γ2σψ2
σ + α(ασ − βτ + 1)]eφ, (4.7′)

C2 = [γ2τψ2
τ + 2γ(βτ − ασ)ψτ + β(βτ − ασ)]eφ

and

C1 = [σBσσ + (1− 2ασ)Bσ + α(ασ − βτ − 1)B] eγψ, (4.13′)

C2 = (γψτ + β)[τBτ − σBσ + (ασ − βτ)B]eγψ,

where σBσσ + (1− 2ασ)Bσ + α(ασ − βτ − 1)B 6= 0;

X5 : C1 = (fσ + αf)eφ, C2 = −(γψτ + β)feφ, f 6= 0. (4.8′)
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