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NONLINEAR SELF-ADJOINTNESS IN
CONSTRUCTING CONSERVATION LAWS

NAIL H. IBRAGIMOV
Department of Mathematics and Science,
Blekinge Institute of Technology,
SE-371 79 Karlskrona, Sweden

Abstract. The general concept of nonlinear self-adjointness of differential equations is intro-
duced. It includes the linear self-adjointness as a particular case. Moreover, it embraces the
previous notions of self-adjoint [1] and quasi self-adjoint [2] nonlinear equations. The class
of nonlinearly self-adjoint equations includes, in particular, all linear equations. Conservation
laws associated with symmetries can be constructed for all nonlinearly self-adjoint differential
equations and systems. The number of equations in systems can be different from the number
of dependent variables.

Keywords: Nonlinear self-adjointness, Strict and quasi self-adjointness, Conservation laws,
Kompaneets equation, Reaction-diffusion model, Short pulse equation, Chaplygin gas.

PART 1
Nonlinear self-adjointness

1 Preliminaries

The concept of self-adjointness of nonlinear equations was introduced [1, 3] for con-
structing conservation laws associated with symmetries of differential equations. To
extend the possibilities of the new method for constructing conservation laws the no-
tion of quasi self-adjointness was suggested in [2]. I introduce here the general con-
cept of nonlinear self-adjointness. It embraces the previous notions of self-adjoint and
quasi self-adjoint equations and includes the linear self-adjointness as a particular case.
But the set of nonlinearly self-adjoint equations is essentially wider and includes, in
particular, all linear equations. The construction of conservation laws demonstrates
a practical significance of the nonlinear self-adjointness. Namely, conservation laws
can be associated with symmetries for all nonlinearly self-adjoint differential equa-
tions and systems. In particular, this is possible for all linear equations and systems.

(© 2010 N.H. Ibragimov



2 Nail H. Ibragimov

1.1 Notation

We will use the following notation. The independent variables are denoted by

The dependent variables are
u=(u',... u™).

They are used together with their first-order partial derivatives u ) :
u = {ui'}, ui = Di(u®),
and higher-order derivatives u(y), . .., U(s), - . . , Where
u@) = {ug}, ug = DiDj(u®),. ..,

U(s) = {uiz}7 Uiz =D, - D (u”).

Here D; is the total differentiation with respect to z° :

0 0 0
D; = —— +u® a 9 4 11
ox? R ou® e us + (1.D
A locally analytic function f(z,u,uq), ..., uy)) of any finite number of the vari-

ables x, u, w1y, w(2), . . . is called a differential function. The set of all differential func-
tions is denoted by .A. For more details see [4], Chapter 8.

1.2 Linear self-adjointness

Recall that the adjoint operator F'* to a linear operator F' in a Hilbert space /' with a
scalar product (u, v) is defined by

(Fu,v) = (u, F*v), wu,v € H. (1.2)

Let us consider, for the sake of simplicity, the case of one dependent variable
and denote by H the Hilbert space of real valued functions u(x) such that u?(z) is
integrable. The scalar product is given by

(u,v) :/nu(x)v(x)dx.

Let F' be a linear differential operator in /. Its action on the dependent variable u is
denoted by F'[u]. The definition (1.2) of the adjoint operator F'* to F,

(F[u],v) = (uv F*[U])a

2



Nonlinear self-adjointness in constructing conservation laws 3

can be written, using the divergence theorem, in the simple form
vF[u] — uF*[v] = D;(p"), (1.3)

where v is a new dependent variable, and p* are any functions of z, u, v, u(), v(1), - - - .
It is manifest from Eq. (1.3) that the operators F' and F'* are mutually adjoint,

(F*) =F. (1.4)

In other words, the adjointness of linear operators is a symmetric relation.

The linear operator [ is said to be self-adjoint if F'* = F. In this case we say that
the equation F'[u] = 0 is self-adjoint. Thus, the self-adjointness of a linear equation
F[u] = 0 can be expressed by the equation

= F[u]. (1.5)

1.3 Adjoint equations to nonlinear differential equations

Let us consider a system of m differential equations (linear or nonlinear)

Fo(z,u,uqy, ... ,ue) =0, a=1,...,m, (1.6)
with m dependent variables v = (u',... u™). Egs. (1.6) involve the partial derivatives
U(1), - - -, U(s) UP to order s.

Definition 1.1. The adjoint equations to Egs. (1.6) are given by

Fof(x,u,v,u(l),v(l),...,u(s),v(s)) =0, a=1,...,m, (1.7)
with 5e
FX(,u, 0,00y, 00y, - Us)s Us)) = S (1.8)

where L is the formal Lagrangian for Egs. (1.6) defined by !

L=v"F;=) v'Fj (1.9)
B=1
Here v = (v!,...,v™) are new dependent variables, v(1), - - -, U(s) are their derivatives,

e.g. vy = {vi'}, vf = D;(v*). We use 6/du® for the Euler-Lagrange operator

J 0 > , P
%:aua—i_z(_l) Dil"'D’isauT’ a=1,...,m,

s=1 11l

'See [1]. An approach in terms of variational principles is developed in [5].

3



4 Nail H. Ibragimov

so that

SRy _0WFy) <M) +Dka(M) L

ou ou® ’ oug ou,

The total differentiation (1.1) is extended to the new dependent variables:

d i, d o
a o o~ [ —— . 1.10
+%§p+%aw+%w@+qwﬁ+ (1.10)

D=+~
oxt

The adjointness of nonlinear equations is not a symmetric relation. In other words,
nonlinear equations, unlike the linear ones, do not obey the condition (1.4) of mutual
adjointness. Instead, the following equation holds:

(F*)" = F (1.11)

where F is the linear approximation to I’ defined as follows. We use the temporary
notation F'[u| for the left-hand side of Eq. (1.6) and consider F [u + w] by letting
w < 1. Then neglecting the nonlinear terms in w we define F’ by the equation

Flu+w] ~ Flu] + Fu] (1.12)

For linear equations we have F= F, and hence Eq. (1.11) is identical with Eq. (1.4).
Let us illustrate Eq. (1.11) by the equation

F=uy —sinu=0. (1.13)
Eq. (1.8) yields
J
F* = 6—[v(uxy —sinu)] = vy, —vcosu (1.14)
u
and 5
(F*)" = 5—[w(vxy — V COS U)| = Wyy — W COS U. (1.15)
v

Let us find F° by using Eq. (1.12). Since sinw ~ w, cosw ~ 1 when w < 1, we have
Flu+w] = (u+ w)yy — sin(u + w)
= Ugy + Wyy — SINUCOS W — SINW COS U
R Ugy — SINU + Wy — W COSU,

= Flu] + wy, — wcosu.

Hence, by (1.12) and (1.15), we have

A

Flw] = wyy, —wcosu = (F*)* (1.16)

in accordance with Eq. (1.11).



Nonlinear self-adjointness in constructing conservation laws 5

1.4 The case of one dependent variable
Let us consider the differential equation
F(z,u,uqy, ..., ue) =0 (1.17)

with one dependent variable » and any number of independent variables. In this case
Definition 1.1 of the adjoint equation is written

F*(:C,U,U,U(l),v(l),...,U(S),U(S)) = 0, (1.18)
where 5(oF)
* v
F (x,u,v,u(l),v(l),...,u(s),v(s)) = Su : (1.19)

1.5 Construction of adjoint equations to linear equations
The following statement has been formulated in [1, 3].

Proposition 1.1. In the case of linear differential equations and systems, the adjoint
equations determined by Eq. (1.8) and by Eq. (1.3) coincide.

Proof. The proof is based on the statement (see Proposition 7.1 in Section 7.2) that a
function Q(u,v) is a divergence, i.e. Q = D;(h"), if and only if

0@ o 0@y st (120)
du® o™

Let the adjoint operator /' be constructed according to Eq. (1.3). Let us consider the
case of many dependent variables and write Eq. (1.3) as follows:

VP Fglu] = w’ F[v] + Di(p'). (1.21)
Applying to (1.21) the variational differentiations and using Eqs. (1.20) we obtain

0(v7 Fy[u])

= 6P Fxu] = F*[u].
Suc 604 ﬁ[v] a[v}

Hence, (1.8) coincides with F*[v] given by (1.3).
Conversely, let F'*[v] be given by (1.8),

* 5(U7F’Y [U])

Filv] = 50

Consider the expression () defined by

S8 P [u])

Q:vﬂFg[u]—uﬁFg[v] = v Fy[u] — u 50°

5



6 Nail H. Ibragimov

Applying to the first expression for () the variational differentiations 6 /0u® we obtain

0Q  8(vPFplu])
Sue ou®

- (55[75[1)] = Fv] — 55FE[’U] = 0.

Applying ¢ /dv® to the second expression for () we obtain

The reckoning shows that

(;;ia {MW} ~ Rl (1.22)

Thus @ solves Eq. (1.20) and hence Eq. (1.21) is satisfied. This completes the proof.

Remark 1.1. Let us discuss the proof of Eq. (1.22) in the case of a econd-order linear
operator for one dependent variable:

Flu] = a”(z)u; + b'(x)u; + c(z)u.

Then we have:

u(UT[u]) = u [cv — vD;(b) + vD;D;(a”) — b'v; + 2v;D;(a”) + a¥vy] .
Whence, after simple calculations we obtain
) O(vF A g y y .
5 [“%} = [cu+ b'u; + auy ] +{DiDy(au) — Dy(au;) — DifuD;(a”)]}

and, noting that the expression in the braces vanishes, arrive at Eq. (1.22).
Let us illustrate Proposition 1.1 by the following simple example.

Example 1.1. Consider the heat equation
Flu) = u; — uze =0 (1.23)
and construct the adjoint operator to the linear operator
F=D, - D (1.24)
by using Eq. (1.3). Noting that
vuy = Dy(uv) — uwy,

Vg = Dyp(vuy) — vpuy = Dy(vuy, — uvy) + Uy,
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we have:
vFu] = v(uy — Ugz) = u(—v¢ — Vgr) + Di(uv) + Dy (uv, — vuy).
Hence,
vF[u] — u(—vy — vgy) = Diy(uv) + Dy (uv, — vuy).
Therefore, denoting ¢t = x!, x = x?, we obtain Eq. (1.3) with F*[v] = —v; — v, and
p! = wv, p* = wv, — vu,. Thus, the adjoint operator to the linear operator (1.24) is

F*=-D, - D? (1.25)
and the adjoint equation to the heat equation (1.23) is written —v; — v, = 0, or
Ut + Ve = 0. (1.26)

The derivation of the adjoint equation (1.26) and the adjoint operator (1.25) by the
definition (1.19) is much simpler. Indeed, we have:

F* — W - _Dt(v) — Di(v) = —(Ut +U;mc)-

1.6 Self-adjointness and quasi self-adjointness

Recall that a linear differential operator F' is called a self-adjoint operator if it is iden-
tical with its adjoint operator, /' = F*. Then the equation F'[u] = 0 is also said to
be self-adjoint. Thus, the self-adjointness of a linear differential equation F|u] = 0
means that the adjoint equation F™*[v] = 0 coincides with F'[u] = 0 upon the substitu-
tion v = w. This property has been extended to nonlinear equations in [1]. It will be
called here the strict self-adjointness and defined as follows.

Definition 1.2. We say that the differential equation (1.17) is strictly self-adjoint if the
adjoint equation (1.18) becomes equivalent to the original equation (1.17) upon the

substitution
v =U. (1.27)

It means that the equation
F (x, U, U, . .. ,U(S),U(S)> = )\F(a:, u,. .. ,u(s)) (1.28)
holds with a certain (in general, variable) coefficient \.
Example 1.2. The Korteweg-de Vries (KdV) equation
Ut = Uggy + Uy
is strictly self-adjoint [3]. Indeed, its adjoint equation (1.18) has the form
V¢ = VUggg + UV

and coincides with the KdV equation upon the substitution (1.27).

7



8 Nail H. Ibragimov

In the case of linear equations the strict self-adjointness is identical with the usual
self-adjointness of linear equations.

Example 1.3. Consider the linear equation
Ut + () Uz + () Uy + c(x)u = 0. (1.29)

According to Egs. (1.18)-(1.19), the adjoint equation to Eq. (1.29) is written

)
E{v[utt + a(2) gy + b()uy + c(x)u]} = D?(v) + D2(av) — D, (bv) + cv = 0.
Upon substituting v = u and performing the differentiations it becomes
Uge + AUy + (20" — b)u, + (a” — 0 + c)u = 0. (1.30)

According to Definition 1.2, Eq. (1.29) is strictly self-adjoint if Eq. (1.30) coincides
with Eq. (1.29). This is possible if

b(z) = d'(x). (1.31)

Definition 1.2 is too restrictive. Moreover, it is inconvenient in the case of systems
with several dependent variables u = (u!,..., u™) because in this case Eq. (1.27) is

not uniquely determined as it is clear from the following example.

Example 1.4. Let us consider the system of two equations

ul + vt —ui =0,

<N -

—ul=0 (1.32)

U x

with two dependent variables, u = (u',u?), and three independent variables ¢, z, y.
Using the formal Lagrangian (1.9)

L =0 (uy +vPul —ui) + v (u) —uy)

and Egs. (1.8) we write the adjoint equations (1.7), changing their sign, in the form
vz + v} — v} =0,
v; — vz =0. (1.33)

If we use here the substitution (1.27), v = u with v = (v}, v?), i.e. let
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then the adjoint system (1.33) becomes

u? +utul —uy =0,

N
SIS
|
I
o
Il
=

which is not connected with the system (1.32) by the equivalence relation (1.28). But

if we set

vt =u?, 0P =l

the adjoint system (1.33) coincides with the original system (1.32).

The concept of quasi self-adjointness generalizes Definition 1.2 and is more con-
venient for dealing with systems (1.6). This concept was formulated in [2] as follows.

The system (1.6) is quasi self-adjoint if the adjoint system (1.7) becomes equivalent
to the original system (1.6) upon a substitution

v = p(u) (1.34)
such that its derivative does not vanish in a certain domain of w,

¢ (u)

WH (1.35)

O'(u) #0, where ¢'(u)= H

Remark 1.2. The substitution (1.34) defines a mapping

from the m-dimensional space of variables v = (u!, ..., u™) into the m-dimensional

space of variables v = (v!,...,v™). It is assumed that this mapping is continuously

differentiable. The condition (1.35) guarantees that it is invertible, and hence Egs.
(1.7) and (1.6) are equivalent. The equivalence means that the following equations
hold with certain coefficients \? :

F;(x,u,gp, e U, gp(s)) = )\g Fg(x,u, e ,u(s)), a=1,...,m, (1.36)
where
o ={¢"(W}, 0w ={Di-Di(¢"(W)}, o=1,....s (1.37)
It can be shown that the matrix | \?|| is invertible due to the condition (1.35).
Example 1.5. The quasi self-adjointness of nonlinear wave equations of the form
Ut — Uge = f(t, 2,0, ug, uy)

9



10 Nail H. Ibragimov

is investigated in [6]. The results of the paper [6] show that, e.g. the equation
Upp — Ugy + uf — ui =0 (1.38)
is quasi self-adjoint and that in this case the substitution (1.34) has the form
v=-e". (1.39)
Indeed, the adjoint equation to Eq. (1.38) is written
Vgt — Ugp — 20Uy — 2UVy + 20Uy, + 2uzv, = 0. (1.40)
After the substitution (1.39) the left-hand side of Eq. (1.40) takes the form (1.36):
Vgt — Vg — 20Uy — 2UgVp + 20Uy + 2UpVy = —€“[Uyr — Upe +u? —uZ].  (1.41)

It is manifest from Eq. (1.41) that v given by (1.39) solves the adjoint equation (1.40)
if one replaces u by any solution of Eq. (1.38).

In constructing conservation laws one can relax the condition (1.35). Therefore I
generalize the previous definition of quasi self-adjointness as follows.

Definition 1.3. The system (1.6) is said to be quasi self-adjoint if the adjoint equations
(1.7) are satisfied for all solutions u of the original system (1.6) upon a substitution

vt =*(u), a=1,...,m, (1.42)

such that
o(u) # 0. (1.43)

In other words, the equations (1.36) hold after the substitution (1.42), where not all
©*(u) vanish simultaneously.

Remark 1.3. The condition (1.43), unlike (1.35), does not guarantee the equivalence
of Egs. (1.7) and (1.6) because the matrix ||\? || may be singular.

Example 1.6. It is well known that the linear heat equation (1.23) is not self-adjoint
(not strictly self-adjoint in the sense of Definition 1.2). It is clear from Egs. (1.23) and
(1.26). Let us test Eq. (1.23) for quasi self-adjointness. Letting v = ¢(u), we obtain

2
Ut = Spluh Uy = @,uz’ Vgy = Qolum + Qaﬂugm
and the condition (1.36) is written:

(W) + o] + " (Wiy = Aty — Uaa)]-

10
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Whence, comparing the coefficients of u, in both sides, we obtain A = ¢’(u). Then the
above equation becomes

@ (w)[ue + ttao] + " (W = @ (u) [ty — Usa]-

This equation yields that ¢'(u) = 0. Hence, Eq. (1.23) is quasi self-adjoint with the
substitution v = C, where C' is any non-vanishing constant. This substitution does not
satisfy the condition (1.35).

Example 1.7. Let us consider the Fornberg-Whitham equation [7]
Up — Uppy — Ulgpy — SUpUze + UlU, + Uy = 0. (1.44)
Eqgs. (1.18)-(1.19) give the following adjoint equation:
F* = —0p 4+ Uy + W0gpp — UV, — Uy = 0. (1.45)

It is manifest from the equations (1.44) and (1.45) that the Fornberg-Whitham equation
is not strictly self-adjoint. Let us test it for quasi self-adjointness. Inserting in (1.45)
the substitution v = ¢(u) and its derivatives

/ / / "2 ! "
UV = @ Uy, Vg = P Ug, Uxngpumc—‘_spuxa Utx:@utx+gputuxa--'7

then writing the condition (1.36) and comparing the coefficients for u;, wi, Uzy, - ..
one can verify that ¢’'(u) = 0. Hence, Eq. (1.44) is quasi self-adjoint but does not
satisfy the condition (1.35).

2 Strict self-adjointness via multipliers

It is commonly known that numerous linear equations used in practice, e.g. linear evo-
lution equations, are not self-adjoint in the classical meaning of the self-adjointness.
Likewise, useful nonlinear equations such as the nonlinear heat equation, the Burgers
equation, etc. are not strictly self-adjoint. We will see here that these and many other
equations can be rewritten in a strictly self-adjoint equivalent form by using multipli-
ers. The general discussion of this approach will be given in Section 3.7.

2.1 Motivating examples
Example 2.1. Let us consider the following second-order nonlinear equation

Uze + f(u)uy —up =0, 2.1
Its adjoint equation (1.18) is written

Vzz — f(w)vy + v, = 0. 2.2)

11



12 Nail H. Ibragimov

It is manifest that the substitution v = u does not map Eq. (2.2) into Eq. (2.1). Hence
Eq. (2.1) is not strictly self-adjoint.
Let us clarify if Eq. (2.1) can be written in an equivalent form

p(u)[tge + fu)ug, —u) =0 (2.3)
with a certain multiplier p(u) # 0 so that Eq. (2.3) is strictly self-adjoint. The formal
Lagrangian for Eq. (2.3) is

L =vp(u)|tg + fu)u, —u.
We have:

3 = D] — Dulp(u)f(u)e] + Dyfu(w)e]
ol + s — ] + () (o,

whence, upon performing the differentiations,

oL
= W + 20 VU + 20 U0, + pVUE — pfvy + pvy

ou
The strict self-adjointness requires that
oL
Su v=u = Altar + f(u)te — w].

This provides the following equation for the unknown multiplier z(u) :
(4 2up Yuge + (20 + up 2 — pfug + pry = Mgy + f(w)ue —ug.  (2.4)

Since the right side of Eq. (2.4) does not contain u? we should have 2y’ + up” = 0,
whence 1 = Ciu~! + C,. Furthermore, comparing the coefficients of u, in both sides
of Eq. (2.4) we obtain A = —u. Now Eq. (2.4) takes the form

(Cy — Clu_l)umm - (C1U_1 + ) fu, = —(C1U_1 + C3) [tge + f(u)uy)
and yields Cy = 0. Thus, pt = C u~*. We can let C; = —1 and formulate the result.

Proposition 2.1. Eq. (2.1) becomes strictly self-adjoint if we rewrite it in the form
1

" [up — Ugy — f(u)ug] = 0. (2.5)
Example 2.2. One can verify that the nth-order nonlinear evolution equation
ou J"u
- _ =0 0 2.6
= )= 0, fu) £0, 2.6)

with one spatial variable z is not strictly self-adjoint. The following statement shows
that it becomes strictly self-adjoint after using an appropriate multiplier.

12



Nonlinear self-adjointness in constructing conservation laws 13

Proposition 2.2. Eq.(2.6) becomes strictly self-adjoint upon rewriting it in the follow-
ing equivalent form:

1 ou o"u
i) {a — f(u)%} =0. 2.7

Proof. Multiplying Eq. (2.6) by u(u) and taking the formal Lagrangian
L =vp(u)lus — flu)un),
where u,, = D! (u), we have:

oL

5. = ~Dilu(w)o] = D [u(u) f (o] +vp' (wuy — vfp(w) f(u)) un.

Noting that — D, [p(u)v] + vp/(u)uy = —p(u)vy and letting v = u we obtain

5_£
ou

= —p(w)ue — Dy [p(u) f(u)u] — [p(u) f ()] vt

If we take p(u) = [uf(u)] 7, then p(u) f(u)u = 1, p(u)f(u) = u~!, and hence

%
ou

1
v~ ufay e Sl

Thus, Eq. (2.7) satisfies the strict self-adjointness condition (1.28) with A = —1.

2.2 Linear heat equation

Taking in (2.5) f(u) = 0, we rewrite the classical linear heat equation u; = u,, in the
following strictly self-adjoint form:

1
- [ug — tgy] = 0. (2.8)

This result can be extended to the heat equation

uy — Au =0, (2.9)
where Au is the Laplacian with n variables z = (z!,..., z"). Namely, the strictly
self-adjoint form of Eq. (2.9) is

1
— [uy — Au] = 0. (2.10)
u

Indeed, the formal Lagrangian (1.9) for Eq. (2.10) has the form

u

13



14 Nail H. Ibragimov

Substituting it in (1.19) we obtain

F*=—-D, <E> —A(E) —i[ut—Au].

U U u2

Upon letting v = w it becomes

F* = 1 [u; — Aul.
u

Hence, Eq. (2.10) satisfies the condition (1.28) with A = —1.

2.3 Nonlinear heat equation

Consider the nonlinear heat equation u; — D, (k(u)u,) = 0, or
uy — k(u) gy — k' (u)u2 = 0. (2.11)
Its adjoint equation has the form

vy 4+ k(u) vy, = 0.

Therefore it is obvious that (2.11) does not satisfy Definition 1.2. But it becomes
strictly self-adjoint if we rewrite it in the form

[ur — k(u)ug, — K (w)ul] = 0. (2.12)

S|

Indeed, the formal Lagrangian (1.9) for Eq. (2.12) is written

L=

xT

[ur — k(u)ug, — K (w)u?] .

(Y
u

Substituting it in (1.19) we obtain

F* =D, (%) _ D2 (% k(u)) 42D, (% k’(u)ux)

v v 5 U 9
- K (u)tg, — " K (w)u; — = [ur — k(u)uge — K (w)u?] .
Letting here v = u we have:
1
F* = —— [u — k(w)ug, — K (u)ul] .

u

Hence, Eq. (2.10) satisfies the strict self-adjointness condition (1.28) with A = —1.

14



Nonlinear self-adjointness in constructing conservation laws 15

2.4 The Burgers equation
Taking in (2.5) f(u) = u we obtain the strictly self-adjoint form

1
" (U — Upy] —up =0 (2.13)

of the Burgers equation u; = g, + ut,.

2.5 Heat conduction in solid hydrogen

According to [8], the heat conduction in solid crystalline molecular hydrogen at low
pressures is governed by the nonlinear equation (up-to positive constant coefficient)

up = u?Au. (2.14)

It is derived from the Fourier equation

or
pesgy = V- (EVT)

using the empirical information that the density p at low pressures has a constant value,
whereas the specific heat ¢, and the thermal conductivity k£ have the estimations

=T k=T (1+TY 7%
It is also shown in [8] that the one-dimensional equation (2.14),
Up = Uty (2.15)

is related to the linear heat equation by a non-point transformation (Eq. (5) in [8]). A
similar relation was found in [9] for another representation of Eq. (2.15). The non-
point transformation of Eq. (2.15) to the linear heat equation

Ws = Wee (216)
is written in [10] as the differential substitution
t=s, xT=w, u=uwe. 2.17)

It is also demonstrated in [10], Section 20, that Eq. (2.15) is the unique equation with
nontrivial Lie-Béacklund symmetries among the equations of the form

u = f(u) + h(u,u,), f'(u) #0.

The connection between Eq. (2.15) and the heat equation is treated in [11] as a re-
ciprocal transformation [11]. It is shown in [12] that this connection, together with

15



16 Nail H. Ibragimov

its extensions, allows the analytic solution of certain moving boundary problems in
nonlinear heat conduction.

Our Example 2.2 from Section 2.1 reveals one more remarkable property of Eq.
(2.15). Namely, taking n = 2 and f(u) = u? in Eq. (2.7) we see that Eq. (2.15)
becomes strictly self-adjoint if we rewrite it in the form

Uy o Ugy

(2.18)

u3 U

2.6 Harry Dym equation

Taking in Example 2.2 from Section 2.1 n = 3 and f(u) = u> we see that the Harry
Dym equation

U — Uy = 0 (2.19)
becomes strictly elf-adjoint upon rewriting it in the form
u u

2.7 Kompaneets equation

The equations considered in Sections 2.1 - 2.6 are quasi self-adjoint. For example, for
Eq. (2.6) we have
F* = —vy = Dy(f(u)v) — v f (u)un,

whence making the substitution

b L

 fu)

we obtain I f 7
* = ﬁut— 7@6“ - F[ut_f(u)un]

Hence, Eq. (2.6) is quasi self-adjoint.
Example 2.3. The Kompaneets equation

1

up = s D, [31:4(10z +u+ uQ)} (2.20)

provides an example of an equation that is not quasi self-adjoint. Indeed, Eq. (2.20)
has the formal Lagrangian

L = v[—uy + 2%Upe + (2% + 4z + 20%0)u, + da(u + u?)].
The calculation yields the following adjoint equation to (2.20):

oL
5 = v + 2%05p — 2%(1 + 2u)v, + 2(x 4 22u — 1)v = 0. (2.21)
U

16
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Letting v = () one obtains:

oL

= = ' (w)[ug + 2%Upe — 27 (1 + 2u)uy,)

v=p(u)
+ ¢ (u)r*u? + 2(z + 2zu — 1)p(u).

Writing the quasi self-adjointness condition (1.36) in the form

oL
S0 = AN~ + 2%Uyy + (2° + 42 + 22%u)u, + 42 (u + u?)]
Ulv=g(u)
and comparing the coefficients for u; in both sides one obtains A = —¢’(u), so that the

quasi self-adjointness condition takes the form
¢ (W)[ur + 2*uzp — 2%(1 + 2u)ug] + ¢ (w)aug + 2(z + 2zu — 1)¢(u)
= ' (u)[uy — T*Uge — (2° + 42 + 227U )u, — 42 (u + u?)).

Comparing the coefficients for u,, in both sides we obtain ¢’(u) = 0. Then the above
equation becomes (z +2zu—1)¢(u) = 0 and yields ¢(u) = 0. Hence the Kompaneets
equation is not quasi self-adjoint because the condition (1.43) is not satisfied.

But we can rewrite Eq. (2.20) in the strictly self-adjoint form by using a more
general multiplier than above, namely, the multiplier

h=—": (2.22)
u
Indeed, upon multiplying by this ;¢ Eq. (2.20) is written

1,2

1
;ut = ED“T [x”‘(ux —|—u—|—u2)] )

Its formal Lagrangian

L= % {—2*u; + D, [2*(us + u+u?)] }

satisfies the strict self-adjointness condition (1.28) with A = —1:

oL

1
L N P Y

U

Remark 2.1. Note that v = 22 solves Eq. (2.21) for any . The connection of this
solution with the multiplier (2.22) is discussed in Section 3.7. See also Section 4.

17



18 Nail H. Ibragimov

3 General concept of nonlinear self-adjointness

Motivated by the examples discussed in Sections 1 and 2 as well as other similar ex-
amples, I suggest here the general concept of nonlinear self-adjointness of systems
consisting of any number of equations with m dependent variables. This concept en-
capsulates Definition 1.2 of strict self-adjointness and Definition 1.3 of quasi self-
adjointness. The new concept has two different features. They are expressed below by
two different but equivalent definitions.

3.1 Two definitions and their equivalence
Definition 3.1. The system of m differential equations (compare with Egs. (1.6))

Fa(:c,u,u(l),...,u(s)) =0, a=1,...,m, (3.1)

with m dependent variables u = (u', ..., u™) is said to be nonlinarly self-adjoint if

the adjoint equations

F;‘(x,u,v,u(l),v(l),...,u(s),v(s))E 0o =0, a=1,...,m, (3.2)

are satisfied for all solutions w of the original system (3.1) upon a substitution
a

v =% (z,u), a=1,...,m, (3.3)

such that
@(x,u) # 0. (3.4)

In other words, the following equations hold:
Fof(x,u, oz, u), ..., ue), 90(3)) = )\g FB(a:,u, - ,u(s)), a=1,....,m, (3.5
where )\g are undetermined coefficients, and ¢, are derivatives of (3.3),

Plo) = {Di, -+ Dy, (@d(l’,u))}, c=1,...,s.

Here v and ¢ are the m-dimensional vectors

and Eq. (3.4) means that not all components ¢®(x, u) of ¢ vanish simultaneously.

Remark 3.1. If the system (3.1) is over-determined, i.e. m > m, then the adjoint
system (3.2) is sub-definite since it contains m < m equations for m new dependent
variables v. Vise versa, if m < m, then the system (3.1) is sub-definite and the adjoint
system (3.2) is over-determined.

18
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Remark 3.2. The adjoint system (3.2), upon substituting there any solution u(x) of
Egs. (3.1), becomes a linear homogeneous system for the new dependent variables v?.
The essence of Egs. (3.5) is that for the self-adjoint system (3.1) there exist functions
(3.3) that provide a non-trivial (not identically zero) solution to the adjoint system
(3.2) for all solutions of the original system (3.1). This property can be taken as the
following alternative definition of the nonlinear self-adjointness.

Definition 3.2. The system (3.1) is nonlinearly self-adjoint if there exist functions v
given by (3.3) that solve the adjoint system (3.2) for all solutions u(z) of Egs. (3.1)
and satisfy the condition (3.4).

Proposition 3.1. The above two definitions are equivalent.

Proof. Let the system (3.1) be nonlinearly self-adjoint by Definition 3.1. Then, ac-
cording to Remark 3.2, the system (3.1) satisfies the condition of Definition 3.2.

Conversely, let the system (3.1) be nonlinearly self-adjoint by Definition 3.2. Namely,
let the functions v* given by (3.3) and satisfying the condition (3.4) solve the adjoint
system (3.2) for all solutions u(z) of Eqs. (3.1). This is possible if and only if Egs.
(3.5) hold. Then the system (3.1) is nonlinearly self-adjoint by Definition 3.1.

Example 3.1. It has been mentioned in Example 1.2 that the KdV equation
Up = Uggr + Ul (3.6)

is strictly self-adjoint. In terms of Definition 3.2 it means that v = u solves the adjoint
equation
Vg = Vgga + UV, (3.7

for all solutions of the KdV equation (3.6). One can easily verify that the general
substitution of the form (3.3), v = (¢, x, u), satisfying Eq. (3.7) for all solutions of
the KdV equation is given by

v=A; + Ayu + Az(x + tu), (3.8)
where A;, Ay, Az are arbitrary constants. The solution v = x + tu is an invariant of
the Galilean transformation of the KdV equation and appears in different approaches

(see, e.g. [10], Section 22.5, and [13]).

Proposition 3.2. Any linear equation is nonlinearly self-adjoint.

Proof. This property is the direct consequence of Definition 3.2 because the adjoint
equation "*[v] = 0 to a linear equation F'[u] = 0 does not involve the variable w.

19



20 Nail H. Ibragimov

3.2 Remark on differential substitutions

One can further extend the concept of self-adjointness by replacing the point-wise
substitution (3.3) with differential substitutions of the form

v = (@, u uay, L uey), a=1,...,m. (3.9)
Then Egs. (3.5) will be written, e.g. in the case r = 1, as follows:

Fi(z,u,p,. .. u), o) = Y Fg+ AIF D;(Fp). (3.10)
Example 3.2. The reckoning shows that the equation

Ugy = SINU 3.11)

is not self-adjoint via a point-wise substitution v = ¢(x,y, u), but it is self-adjoint in
the sense of Definition 3.1 with the following differential substitution:

v=(2,y, Uy, uy) = Ar[ru, — yu,] + Asu, + Asuy, (3.12)
where A;, Ay, Aj are arbitrary constants. The adjoint equation to Eq. (3.11) is
Ugy —VCOSU = 0,

and the self-adjointness condition (3.10) with the function ¢ given by (3.12) is satisfied
in the form

Ouy — pecosu = (Ayx + Ag)Dy(uyy —sinu) + (As — Ayy) Dy (uyy — sinu). (3.13)

3.3 Nonlinear heat equation
3.3.1 One-dimensional case

Let us apply the new viewpoint to the nonlinear heat equation (2.11), u; = (k(u)uy),,
discussed in Section 2.3. We will take it in the expanded form

uy — k(u) gy — k' (u)u? =0, k(u) #0. (3.14)
The adjoint equation (1.18) to Eq. (3.14) is
vy 4+ k(u)vg = 0. (3.15)
We take the substitution (3.3) written together with the necessary derivatives:
v=p(t,z,u),
Vg = Pully + P, Vp = Pulle + P, (3.16)

20
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and arrive at the following self-adjointness condition (3.5):

= Muy — k(u)uge — K (w)u?].

T

(3.17)

The comparison of the coefficients of u; in both sides of Eq. (3.17) yields A = ¢,.
Then, comparing the terms with u,, we see that ¢, = 0. Hence Eq. (3.17) reduces to

and yields ¢, = 0, ¢, = 0, whence p = Cix 4+ Cs, where C, Cy = const. We have
demonstrated that Eq. (3.14) is nonlinearly self-adjoint by Definition 3.1 and that the
substitution (3.3) has the form

v=Croz+ Ch. (3.19)

The same result can be easily obtained by using Definition 3.2. We look for the
solution of the adjoint equation (3.15) in the form v = ¢(t, z). Then Eq. (3.15) has
the form (3.18). Since it should be satisfied for all solutions u of Eq. (3.14), we obtain
vy =0, vz = 0, and hence Eq. (3.19).

3.3.2 Multi-dimensional case

The similar analysis can be applied to the nonlinear heat equation with several variables
r=(z'.. .. 2"):

u =V - (k(u)Vu), (3.20)

or
uy — k(u) Au — k' (v)|Vul? = 0. (3.21)

The reckoning shows that the adjoint equation (1.18) to Eq. (3.21) is written
v + k(u) Av = 0. (3.22)

It is easy to verify the nonlinear elf-adjointness by Definition 3.2. Namely, searching
the solution of the adjoint equation (3.22) in the form v = (¢, 2!, ..., z"), one obtains

o + k(u) Ap =0,

whence
v =0, Ap=0.

We conclude that Eq. (3.21) is self-adjoint and that the substitution (3.3) is given by
v=p(x .. . "), (3.23)

where p(z!, ... x™) is any solution of the n-dimensional Laplace equation Ay = 0.
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3.4 Anisotropic nonlinear heat equation
3.4.1 Two-dimensional case

Consider the heat diffusion equation

in an anisotropic two-dimensional medium (see [14], Section 10.8) with arbitrary func-
tions f(u) and g(u). The adjoint equation is

v+ () vy + g(w)vy, = 0. (3.25)

Using Definition 3.2 we obtain the following equations for nonlinear self-adjointness
of Eq. (3.24):
et =0, oz =0, @y =0. (3.26)

Integrating Eqgs. (3.26) we obtain the following substitution (3.3):

v:Clxy+C'2x+ng+C4. (327)

3.4.2 Three-dimensional case

The three-dimensional anisotropic nonlinear heat diffusion equation has the following
form (see [14], Section 10.9):

ue = (f(u)uz)e + (9(uw)uy)y + (h(u)us). . (3.28)

Its adjoint equation is
v+ f(u)ve + g(w)vy, + h(uw)v,, = 0. (3.29)
Eq. (3.28) is nonlinearly self-adjoint. In this case the substitution (3.27) is replaced by

v=Crayz+ Cory+ Cyxz+ Chyz+ Csx + Cogy + Cr 2z + Cs. (3.30)

3.5 Nonlinear wave equations
3.5.1 One-dimensional case

Consider the following one-dimensional nonlinear wave equation:
u = (k(u)ug)e, k(u) #0, (3.31)
or in the expanded form

Uy — k(u) gy — K (w)u2 = 0. (3.32)

T

22



Nonlinear self-adjointness in constructing conservation laws 23

The adjoint equation (1.18) to Eq. (3.31) is written
vy — k(u)vge = 0. (3.33)

Proceeding as in Section 3.3.1 or applying Definition 3.2 to Egs. (3.32), (3.33)
by letting v = ¢(t, x), we obtain the following equations that guarantee the nonlinear
self-adjointness of Eq. (3.31):

=0, @z =0. (3.34)
Integrating Eqgs. (3.34) we obtain the following substitution:

v=Crtr+ Cyt+ Csx + Cy. (3.35)

3.5.2 Multi-dimensional case

The multi-dimensional version of Eq. (3.31) with z = (x!,... x") is written
uy = V- (k(u)Vu) , (3.36)
or
uy — k(u) Au — K (u)|Vul® = 0. (3.37)

The adjoint equation is
vy — k(u) Av = 0. (3.38)

Using Definition 3.2 and searching the solution of the adjoint equation (3.38) in the
form v = (¢, x!,... "), we obtain the equations

oy =0, Ap=0.
Solving them we arrive at the following substitution (3.3):
v =a(x)t+b(x), (3.39)
where a(z) and b(x) solve the v-dimensional Laplace equation,
Aa(zt,...,2") =0, Ab(z',...,z")=0.
Hence Eq. (3.36) is nonlinearly self-adjoint.
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3.5.3 Nonlinear vibration of membranes

Vibrations of a uniform membrane whose tension varies during deformations are de-
scribed by the following Lagrangian:

L= % [uf — k(u) (ui + ui)} , K(u)#0. (3.40)

The corresponding Euler -Lagrange equation

oL oL oL oL

— — Dy — | -D, |\ =— | —-D,(=— ) =0

ou ! (But) (0%) Y <8uy)
provides the nonlinear wave equation

o = b{u) (e 1) 5 K () 02, (3.1

Note that Eq. (3.41) differs from the two-dimensional nonlinear wave equation (3.37)
by the coefficient 1/2. Let us find out if this difference affects self-adjointness.
By applying (3.2) to the formal Lagrangian of Eq. (3.41) we obtain:

F* = vy — k(u) (Vg + vyy) — K (1) (Ugvy + Uyvy + 0y + vy, ) — % K’ (u)(u? + uz)

We take the substitution (3.3) together with the necessary derivatives (see Egs. (3.16)):

v=p(t,x,y,u), v = QU+ @,
Uz = Pully + Pz, Uy = Pully + @y,
Ve = Pullzs + Puutlly + 2000t + oo, (3.42)
Vyy = Pullyy + Souuuz + 2pyutly + Pyy,
Uit = Pulli + Pually + 200 + P,
and substitute the expressions (3.42) in the self-adjointness condition (3.5):
"

e = M () (0 1,) = 5 K ()02 + 2]

Comparing the coefficients of u;,, we obtain A = ¢,. Then we compare the coeffi-
cients of u,, and obtain ¢ k'(u) = 0. This equation yields ¢ = 0 because k'(u) # 0.
Thus, the condition (3.4) is not satisfied for the point-wise substitution (3.3). Fur-

ther investigation of Eq. (3.41) for the nonlinear self-adjointness requires differential
substitutions.
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3.6 Anisotropic nonlinear wave equation
3.6.1 Two-dimensional case

The two-dimensional anisotropic nonlinear wave equation is (see [14], Section 12.6)

Its adjoint equation has the form
vy — f(u)vge — g(u)vy, = 0. (3.44)

Proceeding as in Section 3.4 we obtain the following equations that guarantee the self-
adjointness of Eq. (3.43):

V=10, Yze=0, @y =0. (3.45)
Integrating Egs. (3.45) we obtain the following substitution (3.3):
v=Crtey+ Cotx +Csty + Cypay+ Cst+ Csgx + Cry + Cs. (3.46)

Remark 3.3. I provide here detailed calculations in integrating Eqgs. (3.45). The gen-
eral solution to the linear second-order equation ¢4 = 0 is given by

o = Az, y)t + B(z,y) (3.47)

with arbitrary functions A(z,y) and B(x,y). Substituting this expression for ¢ in the
second and third equations (3.45) and splitting with respect to ¢ we obtain the following
equations for A(x,y) and B(z,y) :

Substituting the general solution

A= ay(y)r + as(y)

of the equation A,, = 0 in the equation A,, = 0 and splitting with respect to =, we
obtain a] = 0, aj = 0, whence

a1 = C11Y + C12, Q2 = C21Y + Cog,

where ci1, ..., coo are arbitrary constants. Substituting these in the above expression
for A we obtain

A = ciizy + 12T + co1y + Cao.
Proceeding likewise with the equations for B(z,y), we have

B = dy1xy + diox + dory + doo

with arbitrary constant coefficients d;1, . . ., deo. Finally, we substitute the resulting A
and B in the expression (3.47) for ¢ and, changing the notation, arrive at (3.46).
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3.6.2 Three-dimensional case
The three-dimensional anisotropic nonlinear wave equation
up = (f (W)tie)o + (9(u)uy)y + (h(w)us). (3.48)
has the following adjoint equation
vy — f(u)vge — g(w)vyy — h(uw)v,, = 0. (3.49)
In this case Egs. (3.45) are replaced by

Pt = O, Prx = 07 Pyy» Pzz = 0
and yield the following substitution (3.3):
v=Citeyz + Cytaey + Csytrz + Cytyz + Cste + Coty + Cr tz

(3.50)
+Cg$y+ ngz+C’wyz—|—C’llt+012x+013y—|—0142+015.

3.7 Nonlinear self-adjointness and multipliers

The approach of this section is not used for constructing conservation laws. But it may
be useful for other applications of the nonlinear self-adjointness.

Theorem 3.1. The differential equation (1.17),
F(z,u,uqy, ..., ue) =0, (3.51)

is nonlinearly self-adjoint (Definition 3.1) if and only if it becomes strictly self-adjoint
(Definition 1.2) upon rewriting in the equivalent form

p(x, u)F(x, U, U1, - - - ,u(s)) =0, plx,u)#0, (3.52)
with an appropriate multiplier p(x, u).
Proof. We will write the condition (3.5) for nonlinear self-adjointness of Eq. (3.51) in

the form
S(vF)

ou

= Az, u)F(x, U, U1y - - - ,u(s)). (3.53)

v=¢p(z,u)

Furthermore, invoking that the equations (3.52) and (3.51) are equivalent, we will write
the condition (1.28) for strict self-adjointness of Eq. (3.52) in the form
S(wpF)
ou

= \(z, u)F(m, U, Uy - - - ,u(s)). (3.54)

w=u
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Since w is a dependent variable and p = pu(x,u) is a certain function of x,u, the
variational derivative in the left-hand side of (3.54) can be written as follows:

OlwpF) = w%F—i-,uwa—F —D; (uwaF> + D;D; (uw 8F> —

ou ou ou ou; Ouyj
o S(vF)
=w—F
Y ou + ou
where v is the new dependent variable defined by
v = p(x,u)w. (3.55)

is the new dependent variable instead of w. Now the left side of Eq. (3.54) is written

O(wuF 0 o(vF

Swpk) | Oy OWF) (3.56)

U | ou ou i)

Let us assume that Eq. (3.51) is nonlinearly self-adjoint. Then Eq. (3.53) holds
with a certain given function ¢(x, u). Therefore, we take the multiplier

ol u)

pl,u) = (3.57)

and reduce Eq. (3.56) to the following form:

O(wpk) de ¢
A+ ——=)F
TR * ou wu
This proves that Eq. (3.54) holds with
v Op
A=——L1 4+
du u

Hence, Eq. (3.52) with the multiplier iz given by (3.57) is strictly self-adjoint.

Let us assume now that Eq. (3.52) with a certain multiplier y(z, u) is strictly self-
adjoint. Then Eq. (3.54) holds. Therefore, if we take the function ¢ defined by (see
(3.57))

o(x,u) = up(z,u), (3.58)
Eq. (3.56) yields:
6(§F) = (5\ — ug—'u> F.
U () ou

It follows that Eq. (3.53) holds with
N ou
A=A—u—.
“ou

We conclude that Eq. (3.51) is nonlinearly self-adjoint, thus completing the proof.
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28 Nail H. Ibragimov

Example 3.3. The multiplier (2.22) used in Example 2.3 and the function ¢ = 2

that provides a solution of the adjoint equation (2.21) to the Kompaneets equation are
related by Eq. (3.58).

Example 3.4. Let us consider the one-dimensional nonlinear wave equation (3.32),

Uy — k() gy — K (u)u? = 0.

If we substitute in (3.57) the function ¢ given by the right-hand side of (3.35) we will

obtain the multiplier that maps Eq. (3.32) into the strictly self-adjoint equivalent form.
For example, taking (3.35) withC'; = C'3 = Cy = 0, C5 = 1 we obtain the multiplier
t

B=—"
u

The corresponding equivalent equation to Eq. (3.32) has the formal Lagrangian

L= %[utt k() — K ()],

We have
oL tv tv tv tv tv
— =D} (— |- —uy—D|— —— K —
S B (u) 3 Uu M (u k(u)) " k' (u)tg, + " (u)ug,

tv tv 9
+2D, (; k’(u)ux) — K" (w)ui + e K (w)us.

Letting here v = u we see that the strict self-adjointness condition is satisfied in the
following form:

oL

du

—_ —%[Utt — k() uge — K (u)u?].

v=Uu

4 Generalized Kompaneets equation

4.1 Introduction

The equation

on 1 0| ,(0n 9
E_ﬁ@x{x <ax+n+n)1, 4.1)

known as the Kompaneets equation or the photon diffusion equation, was derived in-
dependently by A.S. Kompaneets? [15] and R. Weymann [16]. They take as a starting

2He mentions in his paper that the work has been done in 1950 and published in Report N. 336 of
the Institute of Chemical Physics of the USSR Acad. Sci.
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Nonlinear self-adjointness in constructing conservation laws 29

point the kinetic equations for the distribution function of a photon gas® and arrive, at
certain idealized conditions, at Equation (4.1). This equation provides a mathemati-
cal model for describing the time development of the energy spectrum of a low energy
homogeneous photon gas interacting with a rarefied electron gas via the Compton scat-
tering. Here n is the density of the photon gas (photon number density), ¢ is time and
x 1s connected with the photon frequency v by the formula
hv
T = VT 4.2)
where h is Planck’s constant and k7T, is the electron temperature with the standard
notation & for Boltzmann’s constant. According to this notation, hv has the meaning
of the photon energy. The nonrelativistic approximation is used, i.e. it is assumed that
the electron temperatures satisfy the condition k7., < mc?, where m is the electron
mass and cis the light velocity. The term low energy photon gas means that hv < mc?.
The question arises if the idealized conditions assumed in deriving Eq. (4.1) may be
satisfied in the real world. For discussions of theoretical and observational evidences
for such possibility in astrophysical environments, for example in intergalactic gas, see
e.g. [18], [19] and the references therein. See also the recent publication [20].

4.2 Discussion of self-adjointness of the Kompaneets equation

For unifying the notation, the dependent variable n in Eq. (4.1) will be denoted by
and Eq. (4.1) will be written further in the form

1
Uy = 2 D, [$4(Ux +u+ UQ)] ) 4.3)
Writing it in the expanded form
Up = T Ugy + (2% 4 4o + 22%0)u, + 4z (u + u?), 4.4)

we have the following formal Lagrangian for Eq. (4.3):
L = v[—us + 2%Upy + (2 + 4o + 20%0)u, + 4z (u + u?))].

Working out the variational derivative of this formal Lagrangian,

oL
5= Dy(v) + D2(2*v) — D,[(2* + 4z + 22°u)v] + 22°vu, + 4a(1 + 2u)v,
u
we obtain the adjoint equation to Eq. (4.3):
5, =Vt TV — (14 2u)v, + 2(x + 2zu — 1)v = 0. 4.5)
u

3Weymann uses Dreicer’s kinetic equation [17] for a photon gas interacting with a plasma which is
slightly different from the equation used by Kompaneets.

29



30 Nail H. Ibragimov

If v = ¢(u), then

Uy = QDI(U)uta Vg = @l(u)uxv Vpy = go’(u)um + 90//(“)“;273-

It follows that the quasi self-adjointness condition (1.36),
oL

5 = ANy + 2%Uyp + (2% + 42 + 20%u)u, + 4o (u + u?)],
u

v=p(u)

is not satisfied.
Let us check if this condition is satisfied in the more general form (3.5):

oL

Su = A=y + 2%Uyp + (2 + 42 + 20%u)u, + 4o (u + u?)]. (4.6)
u

’U:SO(tvxﬂl/)

In this case

U = Dt[‘p(ta xz, U)] = Pl + Pty

= Dy[p(t, z,u)] = puts + ¢u, 4.7)
Inserting (4.7) in the expression for the variational derivative given by (4.5) and sin-
gling out in Eq. (4.6) the terms containing w,; and u,,, we obtain the following equa-
tion:

Oultty + 22 Upe] = N~y + T%Usy).

Since this equation should be satisfied identically in u; and u,,, it yields A = ¢,, = 0.
Hence ¢ = (¢, x) and Eq. (4.6) becomes:

1+ 220pe — 22 (1 + 2u) @, + 2(x + 2200 — 1) = 0. (4.8)

This equation should be satisfied identically in ¢, x and u. Therefore we nullify the
coefficient for u and obtain

TP, — 20 =0,
whence

o(t,r) = c(t)z?
Substitution in Eq. (4.8) yields ¢/(t) = 0. Hence, v = ¢(t,z) = Cxz? with arbitrary
constant C. Since A = 0 in (4.6) and the adjoint equation (4.5) is linear and homoge-
neous in v, one can let C' = 1. Thus, we have demonstrated the following statement.

Proposition 4.1. The adjoint equation (4.5) has the solution
v =21’ (4.9)

for any solution u of Equation (4.3). In another words, the Kompaneets equation (4.3)
is nonlinearly self-adjoint with the substitution (3.3) given by (4.9).
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Remark 4.1. The substitution (4.9) does not depend on u. The question arises on ex-
istence of a substitution v = (¢, z, u) involving u if we rewrite Eq. (4.3) in an equiv-
alent form

alt, z,u)[—u; + Uy + (2% + 42 + 220%u)u, + 4o (u + u?)] = 0 4.4

with an appropriate multiplier o # 0. This question is investigated in next section for
a more general model.

4.3 The generalized model

In the original derivation of Eq. (4.1) the following more general equation appears
accidentally (see [15], Egs. (9), (10) and their discussion):

=L@ (G s @.10)

with undetermined functions f(u) and g(z). Then, using a physical reasoning, Kompa-
neets takes f(u) = n(1+n) and g(z) = 2. This choice restricts the symmetry proper-
ties of the model significantly. Namely, Equation (4.1) has only the time-translational
symmetry with the generator

0
X=o .11

The symmetry (4.11) provides only one invariant solution, namely the stationary solu-
tion n = n(x) defined by the Riccati equation

dn 9 C
pra iR
The generalized model (4.10) can be used for extensions of symmetry properties via
the methods of preliminary group classification [21, 22]. In this way, exact solutions
known for particular approximations to the Kompaneets equation can be obtained. This
may also lead to new approximations of the solutions by taking into account various
inevitable perturbations of the idealized situation assumed in the Kompaneets model
4.1).

So, we will take with minor changes in notation the generalized model (4.10):

1

=gy Do AR (@)[u, + f(u)]}, W(x) #0. (4.12)

It is written in the expanded form as follows:
up = h(x) (uge + f'(w)ug) + 20 (x) (us + f(w)). (4.13)
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32 Nail H. Ibragimov

We will write Eq. (4.13) in the equivalent form similar to (4.4"):
alt,z,u) [ — u + h(2) (tze + [ (w)ug) + 20 (2) (us + fuw))] =0, (4.14)
where o # 0. This provides the following formal Lagrangian:
L=va(t,z,u)[ —u+ k() (v + f(Wu,) + 20 (z) (us + f(u)],  (4.15)

where v is a new dependent variable. For this Lagrangian, we have

% = D;(va) + D2[h(z)va] — Dy[h(z)f (u)va + 2K (z)val

+ h(z)f"(u)vau, + 20 (z) f'(u)va
+va | = w4 7(2) (ae + [ (W)ts) + 20 (2) (ug + f(u)]-
The reckoning shows that

e _
ou

+ ooy | — up + (g + flug)h +2(u, + )R] (4.16)

Dy(va) + hD?(va) — hf' D, (va) + (W f — h")va

Now we write the condition for the self-adjointness of Eq. (4.13) in the form

%
ou

= A = ws + (taw + f'ua)h+ 2(ug + f)I] (4.17)

v=p(t,z,u)

with an undetermined coefficient A. Substituting (4.16) in (4.17) we have:
Dy(pa) + hD3(pa) — hf'Dy(ipa) + (W' f' — h")pa
+ o[ = + (taw + flua)h + 2(us + fN) (4.18)
=M = w4 (Uge + fuz)h+ 2(ug + f)I].

Here ¢ = ¢(t,z,u), o = a(t, x,u) and consequently (see (4.7))

Di(pa) = (pa)y us + (pa)s,
D, (pa) = (pa)y sz + (), (4.19)
D2(pa) = (00)y Ugy + (00) s U + 2(PQ) gy Uz + () -

We substitute (4.16) in Eq. (4.18), equate the coefficients for u; in both sides of the
resulting equation and obtain (pa),, — v, = —A. Hence,

A= —p,.
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Using this expression for A and equating the coefficients for hu,, in in both sides of
Eq. (4.18) we get (va), + @, = —ap,. It follows that (pa), = 0 and hence

ap = k(t,x).
Now Egq. (4.18) becomes:
ki + h(x)kpw — 0" (2)k + f'(w)[W (2)k — h(z)k,] = 0.
If f”(u) # 0, the above equation splits into two equations:
h'(x)k — h(z)k, =0, Ky + h(x)ke — B (2)k.

The first of these equations yields k(¢,z) = ¢(t)h(z), and then the second equation
shows that ¢/(t) = 0. Hence, k = C' h(x) with C' = const. Letting C' = 1, we have:

ap = h(z). (4.20)
Eq. (4.20) can be satisfied by taking, e.g.
h
a:ﬂ, = u. 4.21)
u

Thus, we have proved the following statement.

Proposition 4.2. Eq. (4.12) written in the equivalent form

h(x 1

= 2 DR @ + )]} “22)
is strictly self-adjoint. In another words, the adjoint equation to Eq. (4.22) coincides
with (4.22) upon the substitution

v =u. (4.23)

In particular, let us verify by direct calculations that the original equation (4.3)
becomes strictly self-adjoint if we rewrite it in the equivalent form

x? 1

— oy = = Dy[r*(ug + u +u?)]. (4.24)
u u
Eq. (4.24) reads
a? at 4 gy 1 4 3
——ut+—um+[(:€ + 4z )—+2x]ux+4x (1+u)=0 (4.25)
u u u

and has the formal Lagrangian
L= —xQE up + m4% (T— [(m4 + 4:133)% + 23541)} Uy + 42° (v + uw).
Accordingly, the adjoint equation to Eq. (4.25) is written
D, <x23> + D? <m4g> - D, [(x4 + 4:163)E + 2x4v}
u u u

v v v
+ 2 — uy — 2t — Uy — (2t 4 42%) = u, + 420 = 0.
u? u? u?

Letting here v = u one has v/u = 1 and after simple calculations arrives at Eq. (4.25).
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34 Nail H. Ibragimov

5 Quasi self-adjoint reaction-diffusion models

Let us consider the one-dimensional reaction-diffusion model described by the follow-
ing system (see, e.g. [23]):

ou Pu 0 ov
T f(u,v) +A@ 97 <¢( ,U)%) ;
0 v 0 0 G-b
v v U
5 = o)+ Bk o (w3t )
It is convenient to write Egs. (5.1) in the form
Dy(u) = ADZ(u) 4 Dy [¢(u, v) Dy ()] + f(u,v),
5.2)
Dy(v) = BD2(v) + D, [th(u, u) D, (w)] + g(u,v).
The total differentiations have the form
D, = a+ua+va+ua+ua+va+va+
8 ta ta tt aut tx 8U tt a tx avx )
(5.3)
D —2+u g%—v g—i—u 0 +u 0 +o 0 +v i+
T Cou Cov | Tow | Tou,  Tov,  ov,
and Eqgs. (5.2) are written
Uy = Auxa: + ¢vxz + [¢uux + ¢vvx] Vg + f:
5.4
Vg = Bvx:c + d]uxx + [wuua: + 'va’Ux] Uy + .
The formal Lagrangian for the system (5.4) is
L= 2(Algy — U + QUzp + Oz Vs + vvfc—l—
( ¢+ 0 ¢ f) 5.5)

+ w<Bvxm — U + wu:m: + wuu?; + wvuxvz + g>7

where z and w are new dependent variables. Egs. (1.8) are written:

0L (oL o oL\ oc
= ou D (Gum) Dt(@ut) Dx(@ux)+8u’

5L or or oL\  oC
Ff==-—==D? -D,(=)-D
2= 5 w(avm) t(@vt) ""f(a )+8v

Substituting here the expression (5.5) for £ we obtain after simple calculations the
following adjoint equations (3.2) to the system (5.4):

Azxx + 2+ wvvxwx - ¢uvx'zx + ¢wm + qu +wg, = Oa (56)
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Let us investigate the system (5.4) for quasi self-adjointness (Definition 1.3). We
write the left-hand sides of Egs. (5.6) and (5.7) as linear combinations of the left-hand
sides of Egs. (5.4):

Azxr + Zt + z/Jvawm - qbuva:zx + l/Jwa:m + qu + WGy, (58)
- (Aum;t — Uy + ¢Uzz + Qbuuzva: + stvi + f)P
+ (Bvxa: — V¢ + wuaz:p + Q/Juui + Q/Jvu:pvm + g)Q7

- (Auxx — U+ ¢er + Qbuuxvm + ¢UU§ + f)M
+ (szx — U + wuxm + wuui + wvuzvx + g)N7

where P, (), M and N are undetermined coefficients. We write the substitution (1.42)
in the form

z=Z(u,v), w=W(u,v) (5.10)

and insert in the left-hand sides of Egs. (5.8)-(5.9) these expressions for z, w together
with their derivatives

2 = ZyUy + Zyvy,  Ze = Lyl + Ly,

2w = Zuligy + LUz + Zuutly + 2 ZuizVe + Zo U,

wy = Wyuy + Wyvy,  w, = Wyu, + Wyv,,

Wep = Wallyy + Wotpg + Watty + 2Woytzvy + Wv3.
Equating the coefficients for u; and v; in both sides of Egs. (5.8)-(5.9) we obtain

P = _Zua Q = _Zva

(5.11)
N=-W, M=-W,.

Now we calculate the coefficients for u,, and v,,, take into account Egs. (5.11) and
arrive at the following equations:

2AZ, + pZy + bW, =0,
(A+ B)Zy + ¢Zy + W, = 0,
2BW, + ¢Z, + VW, = 0,
(A+ B)W, + ¢Z, + bW, = 0.

(5.12)
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36 Nail H. Ibragimov

Egs. (5.12) provide a linear homogeneous algebraic equations for the quantities
Zuy, Ly, Wu, Wy

with the matrix

24 4 v 0
¢ A+B 0 @
0 ¢ 6 2B
6 0 A+B

This matrix has the inverse because its determinant is equal to
A(A+ B)*(¢v — AB)
and does not vanish in the case of arbitrary A, B, ¢ and . Hence, Egs. (5.12) yield:
Zy=lLy=W,=W,=0. (5.13)
It follows that Z (u, v) = Cy, W (u,v) = Cs. Thus, the substitution (1.42) has the form
z=C1, w=0, (5.14)
with arbitrary constants C7, Cs. Then Egs. (5.8)-(5.9) become
(Cif +Cag)u =0, (Cif +Cag)y =0

and yield .

f+9=0C,
where f = C,f, § = Chbg, and C' = const. Since f and g, along with f and g, are
arbitrary functions, we can omit the “tilde” and write

f+g=C. (5.15)

Eq. (5.15) provides the necessary and sufficient condition for the quasi self-adjointness
of the system (5.1). Thus, we have proved the following statement.

Theorem 5.1. The system (5.1) is quasi self-adjoint if and only if it has the form

0 0? 0 0
Y flu,v) + A% + P <¢(u,v)8—2) ,

ot or2 0

, (5.16)
ov 0°v 0 ou
ETi C = f(u,v) tBo st o (W%’U)a—x> :

where ¢(u,v), ¥(u,v), f(u,v) are arbitrary functions and A, B, C' are arbitrary con-
stants. The substitution (1.42) is given by (5.14).
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Remark 5.1. If we replace (5.10) by the general substitution (3.3), i.e. take
z=Z(t,x,u,v), w=W(t x u,v), (5.17)
then Eqgs. (5.14) will be replaced by
z=Z(t,x), w=WI(, ), (5.18)
with functions Z (¢, z), W(t, x) satisfying the following equations:
YW —6,2), =0, (5.19)
AZyy + Zy + v Wao + (fZ + gW)u = 0,

(5.20)
BWyw + Wi+ ¢Zyw + (fZ + gW), = 0.

6 A model of an irrigation system

Let us consider the second-order nonlinear partial differential equation

CW)hr = [K()al, + [K () (¢ = 1], = S(¢). (6.1)

It serves as a mathematical model for investigating certain irrigation systems (see [24],

Section 9.8 and the references therein). The dependent variable i) denotes the soil

moisture pressure head, C'(¢) is the specific water capacity, K (1)) is the unsaturated

hydraulic conductivity, S(¢) is a source term. The independent variables are the time

t, the horizontal axis x and the vertical axis z which is taken to be positive downward.
The adjoint equation (3.2) to Eq. (6.1) has the form

C(W) vy + K(¥) [vge + v22]) + K'(Y)v, — S’ (¥)v = 0. (6.2)

It follows from (6.2) that Eq. (6.1) is not nonlinearly self-adjoint if C'(¢), K (v)
and S(v) are arbitrary functions. Indeed, using Definition 3.2 of the nonlinear self-
adjointness and nullifying in (6.2) the term with S’(1)) we obtain v = 0. Hence, the
condition (3.4) of the nonlinear self-adjointness is not satisfied.

However, Eq. (6.1) can be nonlinearly self-adjoint if there are certain relations
between the functions C'(¢), K (¢)) and S(¢). For example, let us suppose that the
specific water capacity C'(¢)) and the hydraulic conductivity K (1)) are arbitrary, but
the source term S(v)) is related with C'(¢) by the equation

S'() =aC(y), a= const. (6.3)
Then Eq. (6.2) becomes

C()[vy — av] + K(¥) [Vge + v22]) + K'(Y)v, =0
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and yields:
v, =0, v,=0, v,—av=0. (6.4)

We solve the first two equations (6.4) and obtain
v =p(t)r +q(t).
We substitute this in the third equation (6.4),
[p'(t) — ap(t)]z + ¢'(t) — aq(t) = 0,
split it with respect to x and obtain:
p'(t) —ap(t) =0, ¢'(t) —aq(t) =0,

whence
p(t) = be™, q(t) =1e™, b,1= const.

Thus, Eq. (6.1) satisfying the condition Eq. (6.3) is nonlinearly self-adjoint, and the
substitution (3.3) has the form

v = (bz + 1)e™. (6.5)

One can obtain various nonlinearly self-adjoint Equations (6.1) by considering
other relations between C' (1)), K (¢) and S(¢) different from (6.3).
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PART 2
Construction of conservation laws using symmetries

7 Discussion of the operator identity

7.1 Operator identity and alternative proof of Noether’s theorem

Let us discuss some consequences of the operator identity (N.H. Ibragimov, 1979)*

- )

X+ D) = 6_a + D;N" . (7.1)

Here 5 9 8 5
5 8 "‘77 a a +C’L 7,1120 ?”2 + ) ( )
Wa:no‘—é'ju?, azl,...,m, (7.3)

(o] i 8
%_au(x—i_;(_l) D“D“Ww’ a—l,...,m, (74)
and
—§—|—Wa i .- (W) 0 1=1,...,n (7.5)
: Zg 5u ) ) ) )

011l

where the Euler-Lagrange operators with respect to derivatives of ©“ are obtained from
(7.4) by replacing u® by the corresponding derivatives, e.g.

4] 0 = 0
— = —1)°Dj, --- D; . 7.6
s =T (F)D Dy o (7.6)
¢ v s=1 ij1 s
The coefficients £, n® of the operator (7.2) are arbitrary differential functions (i.e.
locally analytic functions of any finite number of the variables x, u, u), v ..), and
the other coefficients are determined by the prolongation formulae

Cz D(Wa)+€] Ui i :Di1D12(Wa)+€J

1112

(7.7)

j211/27 e e

The operator identity (7.1) and the formal operator (7.5) were obtained in [25] in
order to simplify the proof of Noether’s theorem and, accordingly, they were called
the Noether identity and Noether operator, respectively. The derivation of the identity
(7.1) is essentially based on the prolongation formulae (7.7).

4For more details about this identity see [4], Section 8.4. Possibly, the identity (7.1) was known
before 1979, but I did not see it in the literature.
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Recall that Noether’s theorem, associating conservation laws with symmetries of
differential equations obtained from variational principles, was originally proved by
calculus of variations. The alternative proof of this theorem given in [25] (see also
[10, 4]) is based on the identity (7.1) and is simple. Namely, let us consider the Euler-
Lagrange equations

oL
— =0, a=1,...,m. (7.8)
ou®
If we assume that the operator (7.2) is admitted by Eqs. (7.8) and that the variational
integral

/,C(x, u, Uy, - . .)dr

is invariant under the transformations of the group with the generator X then the fol-

lowing equation holds: .
X(L)+ D;(&")L =0. (7.9)

Therefore, if we act on £ by both sides of the identity (7.1),

X(£) + D)L = W= 1 DIN(L)]

and take into account Egs. (7.8), (7.9), we see that the vector with the components
C'=N(L), i=1,...,n, (7.10)
satisfies the conservation equation

Di(Ci)](m) =0. (7.11)

For practical applications, when we deal with law order Lagrangians L, it is convenient
to restrict the operator (7.5) on the derivatives involved in £ and write the expressions
(7.10) in the expanded form

o oL oL oL

i i a [~ _D. [ =—/ D.D — ... 7.12

C'=¢L+W Pus J(m;;)* j k<au%k> (7.12)
o | oc oL oy | 9L

+ D; (W*) au%—Dk <8U%k>+... + D; Dy (W*) au%k—---]‘

Thus, Noether’s theorem can be formulated as follows.

Theorem 7.1. If the operator (7.2) is admitted by Egs. (7.8) and satisfies the condition
(7.9) of the invariance of the variational integral, then the vector (7.12) constructed by
Eqgs. (7.12) satisfies the conservation law (7.11).
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Remark 7.1. The identity (7.1) is valid also in the case when the coefficients £?, n® of
the operator X involve not only the local variables x, u, w1y, u), . . . but also nonlocal
variables (see Section 11.5). Accordingly, the formula (7.12) associates conserved
vectors with nonlocal symmetries as well.

Remark 7.2. If the invariance condition (7.9) is replaced by the divergence condition
X(L) + Di(€")L = Dy(BY),

then the identity (7.1) leads to the conservation law (7.11) where the conserved vector
(7.10) is replaced with

C'=N(L)—B', i=1,....n. (7.13)

Remark 7.3. If we write the operator (7.2) in the equivalent form

0 0 0
X = Wo— 4@ a T L. 14
W aua + CZ aula 1112 auzal22 + Y (7 )

then the prolongation formulae (7.7) become simpler:

Cia = Di<Wa)7 Ca = Dilpiz(Wa)7 T (7.15)

1112

7.2 Test for total derivative and for for divergence

I recall here the well-known necessary and sufficient condition for a differential func-
tion to be divergence, or total derivative in the case of one independent variable.

One can easily derive from the definition (1.1) of the total differentiation D; the
following lemmas (see also [4], Section 8.4.1).

Lemma 7.1. The following infinite series of equations hold:

0 0

D= D,
ou® ou®
0 0 0
Di— D, =D; — + D;D;——,
jau?‘ ou® + J@u?
0 0 0
D;D,—— D; = D;D}, — + D;D;D},—— ,
J k@u?‘k k ouy + J k(‘?u;"k

Lemma 7.2. The following operator identity holds for every ¢ and « :

)
- D, =
du
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Proof. Using Lemma 7.1 and manipulatinng with summation indices we obtain:

gpi:(i_D 9 b~ o )D
uOc

ou® T ou Ouy, ! dusy

0 0 0 0
=—D,—D;— —D;,Dj— + D;D D;D;D

Jus qus T gug T g “Bus,
0
— D; DD, — .. =0.
oug,
Proposition 7.1. A differential function f(z,u,uq), ..., u)) € Ais divergence,
f=Di(h"), h(z,u,...,us1) € A, (7.16)

if and only if the following equations hold identically in x, u, u(), . . . :

O o a=1...m. (7.17)

The statement that (7.16) implies (7.17) follows immediately from Lemma 7.2.
Proof of the inverse statement that (7.17) implies (7.16) is more sophisticated (see, e.g.
[26]; a simple proof when s = 1 is given in [4], Section 8.4.1).

We will use Proposition 7.1 also in the particular case of one independent variable
x and one dependent variable © = y. Then it is formulated as follows.

Proposition 7.2. A differential function f(z,y,v’,...,y") € Ais total derivative,
f=Du(9), glz,y, 4/ ...,y V) e A, (7.18)
if and only if the following equation holds identically in z,y, vy, ... :
)
of _y (7.19)
0y

Here 6 f /dy is the Euler-Lagrange operator (7.6):
6o 0 D 0 2 0 5 0

—=——D,— — 7.20
5y ay 6y/ + z ay// way/// + ( )
7.3 Adjoint equation to linear ODE
Let us consider an arbitrary sth-order linear ordinary differential operator
Lyl = aoy®™ +ary®™ ™V + -+ a2y + a1y + agy, (7.21)

where a; = a;(z). We know from Section 1.5 that the adjoint operator to (7.21) can be
calculated by using Eq. (1.8). I give here the independent proof based on the operator
identity (7.1).
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Proposition 7.3. The adjoint operator to (7.21) can be calculated by the formula

C0)) 0o
oy
Proof. Let 3 3 3
X=w—+w—+uw'—+--- (7.23)

dy oy’ oy

be the operator (7.14) with one independent variable x and one dependent variable
u = y, where the prolongation formulae (7.15) are written using the notation

w' = Dy(w), w”"=D3(w),.... (7.24)

In this notation the operator (7.5) is written

0 )
N:w(s—y/jtw’wjtw” 5y///

Having in mind its application to the differential function L[y] given by (7.21) we
consider the following restricted form of N :

) , 0 )
= w — — ... (s=1)
N=w 5y + w 5y 4+ 4w 5y (7.25)
The identity (7.1) has the form
0
X=w—+ D,N. (7.26)
oy

We act by both sides of this identity on zL[y|, where z is a new dependent variable:

d(=L[y])
0y

X(zL[y]) = w + D N(zL[y]) . (7.27)

Since the operator (7.23) does not act on the variables x and 2, we have
X(=Lly)) = =X (Lly). (7.28)

Furthermore we note that
X(Lly)) = Lluw]. (7.29)

Inserting (7.28) and (7.29) in Eq. (7.27) we obtain

= D, (V) , (7.30)
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where W is a quadratic form ¥ = U[w, z| defined by
U = N(zL[y]). (7.31)
After replacing w with y Eq. (7.30) coincides with Eq. (1.3) for the adjoint operator,
zLly] — yL*[z] = Da(v), (7.32)
where L*[z] is given by the formula (7.22) and ¢) = v [y, 2] is defined by
Yly, 2] = Clw, 2|, =N(L[y])|,_, . (7.33)

Remark 7.4. Let us find the explicit formula for ¢ in Eq. (7.32) We write the operator
N given by Eq. (7.25) in the expanded form

0 0 0
N=w|——D,— 4+ (=D,)* ' ——
v {03/ wgy T D) 8y(3)1
0 o) o)
! —Dy—— 4+ (=D, ) ——
tw |:ay// xay/// + + ( "E) ay(s):| +

0 0 )
(s—2) _ (s—1)
tw [ay(s—l) D: ay<s>] T S

act on zL[y| written in the form
2L[y] = asyz + as_1y 2 + as_oy"z + - + a1y Vz 4+ agy®z,
and obtain W. We replace w with y in ¥ = W[w, z| and ¢ = ¢y, 2] :

Vly, 2] =y [as—12 — (a2 2)" + (=1)5 ao z)(s_l)}
+y [ag 02— (ass2) +- 4 (=1)(ag2)* ] + - (7.34)
+yt7 la1z — (ap2)] + y Y g 2.
The expression (7.34) is obtained in the classical literature using integration by

parts (see, e.g. [27], Chapter 5, §4, Eq. (31")).

7.4 Conservation laws and integrating factors for linear ODEs

Consider an sth-order homogeneous linear ordinary differential equation
Lly] =0, (7.35)
where L[y| is the operator defined by Eq. (7.21). If L|y] is a total derivative,
Llyl = Do (d(x,9,9, ...,y ™Y)), (7.36)
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Eq. (7.35) is written as a conservation law

D, (Y(z,y,y/s...,y" ™)) =0,

whence upon integration one obtains a linear equation of order s — 1 :

w(ma Y, yla <. >y(571)) = (. (7.37)

We can also reduce the order of the non-homogeneous equation

Lly] = f(=) (7.38)

by rewriting it in the the conservation form

Daz ¢($7yay/7"'>y(s_1)) _/f($)d$:| =0. (739)

Integrating it once we obtain the non-homogeneous linear equation of order s — 1 :

¢@%%WWWWZQ+/ﬂ@M
Example 7.1. Consider the second-order equation
y" +y'sinz +ycosx = 0.

We have
y'+y sinz+ycosz = D,(y +ysinz).

Therefore the second-order equation in question reduces to the first-order equation
y +ysinx = C}.

Integrating the latter equation we obtain the general solution

y — [02 +01/e—COS$ dx} eCOS.Z’

to our second-order equation. Dealing likewise with the non-homogeneous equation
y" +y'sinz +ycosx = 2z

we obtain its general solution

y = |:CQ+/(01+1'2) @ COST Jo.| oCOST
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If L[y] in Eq. (7.35) is not a total derivative, one can find an appropriate factor
¢(z) # 0, called an integrating factor, such that ¢(z)L[y| becomes a total derivative:

o(z)Lly] = Dy (V(z, .9/, ...,y ). (7.40)

A connection between integrating factors and the adjoint equations for linear equations
is well known in the classical literature (see, e.g. [27], Chapter 5, §4). Proposition 7.2
gives a simple way to establish this connection and prove the following statement.

Proposition 7.4. A function ¢(z) is an integrating factor for Eq. (7.35) if and only if

z=¢(z), ¢x)#0, (7.41)
is a solution of the adjoint equation > to Eq. (7.35):
L*[z] = 0. (7.42)

Knowledge of a solution (7.41) to the adjoint equation (7.42) allows to reduce the order
of Eq. (7.35) by integrating Eq. (7.40):

w('xa Y, y/7 tet 79(8_1)) = C’1‘ (743)
Here (' is an arbitrary constants and 1) defined according to Egs. (7.31)-(7.32), i.e.

¥ = N(zL[y])| (7.44)

w=y"’

Proof. If (7.41) is a solution of the adjoint equation (7.42), we substitute it in Eq.
(7.32) and arrive at Eq. (7.40). Hence ¢(x) is an integrating factor for Eq. (7.35).
Conversely, if ¢(x) is an integrating factor for Eq. (7.35), then Eq. (7.40) is satisfied.
Now Proposition 7.2 yields

Hence (7.41) is a solution of the adjoint equation (7.42). Finally, Eq. (7.44) follows
from (7.32).

Example 7.2. Let us apply the above approach to the first-order equation
vy + P(z)y = Q(z). (7.45)
Here L[y] = y' + P(z)y. The adjoint equation (7.42) is written

2 — P(x)z=0.

>This statement is applicable to nonlinear ODEs as well, see [28].
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Solving it we obtain the integrating factor
s—e Ik P(:v)dx.
Therefore we rewrite Eq. (7.45) in the equivalent form

W'+ Pla)y] e/ PO = Q(x)el T, (7.46)
and compute the function ¥ given by Eq. (7.31):

U = N(zL[y]) = waiy/[z(y' + P(z)y)] = wz = wel P@4z,

Eq. (7.44) yields
o = yel @ (7.47)

Now we can take (7.46) instead of Eq. (7.38) and write it in the form (7.39) with ¥
given by (7.47). Then we obtain

D, |:yefP(x)dz o /Q(x)efP(x)dxdx] =0,

whence

yel P@dr — o 4 /Q(x)ef P@de gy,

Solving the latter equation for y we obtain the general solution of Eq. (7.45):

y = [01 + /Q(:E)ef P(x)dxd:v] e~/ Pz, (7.48)

Example 7.3. Let us consider the second-order homogeneous equation

sin cosx sinzx
Y+ 3 y’+< 2 - )y:O. (7.49)

Its left-hand side does not satisfy the total derivative condition (7.19) because

o ,,+Sinx - cosr sinw _ sinx
oy Y 2 7 x? 2 )Y

xr2

Therefore we will apply Proposition 7.4. The adjoint equation to Eq. (7.49) is written

Z,,_sm:r: ,  sinx

Z + z=0.
2 3

We take its obvious solution z = x, substitute it in Eq. (7.31) and using (7.33) find

B , . sinx cosr sinw _ sinx
ven s S ()] =

w—w~+ xw'.
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Therefore Eq. (7.43) is written
xy’ + (Sll’lx B 1) y = Cy.
x
Integrating this first-order linear equation we obtain the general solution of Eq. (7.49):

1 sin & sin x
Yy = (Cg—l—Cl/?ef 22 dxdx) ge~ ) SE A, (7.50)

7.5 Application of the operator identity to linear PDEs

Using the operator identity (7.1) one can easily extend the equations (7.32)-(7.33) for
linear ODEs to linear partial differential equations and systems. Let us consider the
second-order linear operator

L[u] = a"(z)u;; + b'(x)u; + c(z)u (7.51)

considered in Section 1.5, Remark 1.1. The adjoint operator is

O(vF g ,
L*v] = (UTM) = D;D;(a"v) — D;(b'v) + cw. (7.52)
u
Let us take the operator identity (7.1),
o
X =W—+ DN, (7.53)
ou
where X is the operator (7.14) with one dependent variable w,
0 0 0
X=W—4+W,—+W,;
o0 T o T gy,
and N are the operators (7.5),
’ ) ) 0 0 0
N =W —+ W, =W |——-Dj— |+ W,
su ' Suy [8% Jauij W

We use above the notation W; = D;(W), W,;; = D,;D;(W). Now we proceed as in

Section 7.3. Namely, we act on vL[u] by both sides of the identity (7.53),

0(vL[u])
ou

take into account that X does not act on the variables z*, v, and that X (L[u]) = L[W],
use Eq. (7.52) and obtain:

X(vL[u]) =W + DiN'(vL[u]),

vL[W]) — W L*[v] = D;N*(vL[u]).
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Letting here W = u we arrive at the following generalization of the equation (7.32):
vL[u] — uL*[v] = D;(y"), (7.54)
where 9" are defined as in (7.33)-(7.34):
Yt = Ni(vL[u])‘W:u a” (z)[vu; — uv;] + [V () — D;(a”(x))]uv. (7.55)

7.6 Application of the operator identity to nonlinear equations
Let us apply the constructions of Section 7.5 to nonlinear equations (1.6),
Fa(x,u,u(l),...,u(s)) =0, a=1,...,m. (7.56)

We write the operator (7.14) in the form

x=we L pwe 2 el

ou® b oud Y oug;
where W = D;(W®), W = D;D;(W®),... . Then the operator (7.5) is written

Nizwai_,_wai_i_..._

Tdud oug,

_i_...?

We act on v” Fj3 by both sides of the operator identity (7.1)
) )
X =W 4+ DN,
ou®
denote by F*[v] the adjoint operator defined by Eq. (1.8) and obtain
VP E3[W] — WeE*[v] = D;(T%), (7.57)
where A ’
U = N'(v7 F)
and F}3[W] is the linear approximation to F defined by (see also Section 1.3)

. OF; OF; OF;
FslW| = X(Fg) =W*® we W<
ﬁ[ ] ( ﬁ) uc + Wi au? + ij au%

R

Remark 7.5. Eq. (7.57) shows that F*[v] = F 5[W], ie. the adjoint operator F; to

A

nonlinear Eqs. (7.56) is the usual adjoint operator F; to the linear operator F 3[W] (see

also [29]). But the linear self-adjointness of F3[W] is not identical with the nonlinear
self-adjointness of Eqs. (7.56). For example, the KdV equation F' = u; — Ugpe —
uu,; = 0 1s nonlinearly self-adjoint (see Example 1.2 in Section 1.6). But its linear
approximation F (W] = W, — Wype — uW, — Wu, is not a self-adjoint linear operator.
Moreover, all linear equations are nonlinearly self-adjoint.
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8 Conservation laws: Generalities and explicit formula

8.1 Preliminaries

Let us consider a system of m differential equations

Fy (x,u,u(l),...,u(s)) =0, a=1,...,m, (8.1)
with m dependent variables !, ..., ™ and n independent variables x!, ..., a".
A conservation law for Egs. (8.1) is written
[Di(C”)} 81) = 0. (8.2)
The subscript |(8,1) means that the left-hand side of (8.2) is restricted on the solutions
of Egs. (8.1). In practical calculations this restriction can be achieved by solving Egs.
(8.1) with respect to certain derivatives of u and eliminating these derivatives from the
left-hand side of (8.2). For example, if (8.1) is an evolution equation

Uy = q)(tv T, U, Uy, uxw)a

the restriction |(s.1) can be understood as the elimination of w,. The n-dimensional
vector

C= (.. ..,C" (8.3)

satisfying Eq. (8.2) is called a conserved vector for the system (8.1). If its components
are functions C* = C'(x, u, Uy, - - .) of z, u and derivatives u(1), - - - of a finite order,
the conserved vector (8.3) is called a local conserved vector.

Since the conservation equation (8.2) is linear with respect to C'%, any linear com-
bination with constant coefficients of a finite number of conserved vectors is again a
conserved vector. It is obvious that if the divergence of a vector (8.3) vanishes identi-
cally, it is a conserved vector for any system of differential equations. This is a trivial
conserved vectors for all differential equations. Another type of trivial conserved vec-
tors for Egs. (8.1) are provided by those vectors whose components C* vanish on the
solutions of the system (8.1). One ignores both types of trivial conserved vectors. In
other words, conserved vectors (8.3) are simplified by considering them up to addition
of these trivial conserved vectors.

The following less trivial operation with conserved vectors is particularly useful in
practice. Let B

Clhg.l) =C'+ Dy(H?) + -+ D, (H") (8.4)

the conserved vector (8.3) can be replaced with the equivalent conserved vector
C=(C",C?...,.C")=0 (8.5)
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with the components

C', C?=C?+Dy(H?), ..., C"=C"+ Di(H"). (8.6)

The passage from (8.3) to the vector (8.5) is based on the commutativity of the total
differentiations. Namely, we have

D1 Dy(H?) = DyD,(H?), D1D,(H") = D,D,(H"),

and therefore the conservation equation (8.2) for the vector (8.3) is equivalent to the
conservation equation

[Di(éi)} ~0

(8.1)

for the vector (8.5). If n > 3, the simplification (8.6) of the conserved vector can be
iterated: if C? contains the terms

Ds(H?) + -+ Dy, (H")
one can subtract them from C? and add to 53, cee C™ the corresponding terms
Dy(H®)..... Dy(H").

Note that the conservation law (8.2) for Egs. (8.1) can be written in the form

Di(C") = p® Fa(x,u,uy, - ugs)) (8.7)
with undetermined coefficients ;® = pu®(z,u,u(q),...) depending on a finite num-
ber of variables x, u, u(y, ... . If C* depend on higher-order derivatives, Eq. (8.7) is
replaced with

Di(C*) = p*Fa + i D; (Fs) + p9* DiD; (Fa) + -+ . (8.8)

It is manifest from Eq. (8.7) or Eq. (8.8) that the total differentiations of a con-
served vector (8.3) provide again conserved vectors. Therefore, e.g. the vector

Di(C) = (D1 (CY), ..., Dy (C™)) (8.9)

obtained from a known vector (8.3) is not considered as a new conserved vector.
If one of the independent variables is time, e.g. x! = ¢, then the conservation
equation (8.2) is often written, using the divergence theorem, in the integral form

d

— Ctda?- - da™ = 0. (8.10)
dt JrR™!

But the differential form (8.2) of conservation laws carries, in general, more infor-
mation than the integral form (8.10). Using the integral form (8.10) one may even
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lose some nontrivial conservation laws. As an example, consider the two-dimensional
Boussinesq equations

Awt — 9Pz — fUz = "pmAl/}z - %A% )
vt + f¢z - %Uz - wsz , (8.11)

N2
pt + ? Ve = Yap. — Vupo

used in geophysical fluid dynamics for investigating uniformly stratified incompress-
ible fluid flows in the ocean. Here A is the two-dimensional Laplacian,

0*  0?

=ozt oz

and 1) is the stream function so that the x, z- components u, w of the velocity (u, v, w)
of the fluid are given by

u=1,, w=—1,. (8.12)

Egs. (8.11) involve the physical constants: g is the gravitational acceleration, f is the
Coriolis parameter, and NNV is responsible for the density stratification of the fluid. Each
equation of the system (8.11) has the conservation form (8.2), namely

Dy(v) + Dy(vip,) + D.(fY — vip,) = 0, (8.13)

N2
Dt(p) + Dz <?¢ +p¢z) + Dz(—p%) = 0.

In the integral form (8.10) these conservation laws are written

d

%//Awdxdz—o,
i//vdxdz—o (8.14)
dt - '
%//pd:pdz:o.

We can rewrite the differential conservation equations (8.13) in an equivalent form by
using the operations (8.4)-(8.6) of the conserved vectors. Namely, let us apply these
operations to the first equation (8.13), i.e. to the conserved vector

Cl = Ay, C? = —gp + VA, C® = —fv— A, (8.15)
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Noting that
C' = Dx(@zja:) + DZ(@Z)Z)

and using the operations (8.4)-(8.6) we transform the vector (8.15) to the form
C'=0, C=—gp+tu+00, C°=—fotip. - (8.16)

The integral conservation equation (8.10) for the vector for (8.16) is trivial, 0 = 0.
Thus, after the transformation of the conserved vector (8.15) to the equivalent form
(8.16) we have lost the first integral conservation law in (8.14). But it does not mean
that the conserved vector (8.16) has no physical significance. Indeed, if write the differ-
ential conservation equation with the vector (8.16), we again obtain the first equation
of the system (8.11):

DI(62) + DZ(és) = Awt — 9Pz — fvz - wa¢z + %A% .

Let us assume that Eqs. (8.1) have a nontrivial local conserved vector satisfying
Eq. (8.7). Then not all 1° vanish simultaneously due to non-triviality of the conserved
vector. Furthermore, since F depends on z,u and a finite number of derivatives

U1y, W(2), - - - (€. it is a differential function) and has a divergence form, the following
equations hold (for a detailed discussion see [4], Section 8.4.1):
5t -
=~ [uﬁFg(x,u,u(l), o ,u(s))] —0, a=1,....m. (8.17)
o

Note that Egs. (8.17) are identical with Egs. (3.2) where the differential substitution
(3.9) is made with ©® = u®. Hence, the system (8.1) is nonlinearly self-adjoint. I
formulate this simple observation as a theorem since it is useful in applications (see
Section 11).

Theorem 8.1. Any system of differential equations (8.1) having a nontrivial local con-
served vector satisfying Eq. (8.7) is nonlinearly self-adjoint.

8.2 Explicit formula for conserved vectors

Using Definition 3.1 of nonlinear self-adjointness and the theorem on conservation
laws proved in [3] by using the operator identity (7.1), we obtain the explicit formula
for constructing conservation laws associated with symmetries of any nonlinearly self-
adjoint system of equations. The method is applicable independently on the number
of equations in the system and the number of dependent variables. The result is as
follows.

Theorem 8.2. Let the system of differential equations (8.1) be nonlinearly self-adjoint.
Specifically, let the adjoint system (3.2) to (8.1) be satisfied for all solutions of Egs.
(8.1) upon a substitution (3.3),

a —

vt = *(z,u), a=1,...,m. (8.18)
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Then any Lie point, contact or Lie-Bicklund symmetry

0

ou®’

X =&z, u,uq), >8

1
ox’ .19

+n*(x, u, uqy, .. .)

as well as a nonlocal symmetry of Egs. (8.1) leads to a conservation law (8.2) con-
structed by the following formula:

oL oL oL
! @ — D, D;D - ... 2
=L+ W 8a ]<8uw)+ k(@ufﬂ) (8.20)
oL oL oL
D; (W« — Dy e D;D @ —...
where

W =n* —&u? (8.21)

and L is the formal Lagrangian for the system (8.1),
L=1v"F; (8.22)

In (8.20) the formal Lagrangian £ should be written in the symmetric form with respect
to all mixed derivatives u;, ugy,... and the “non-physical variables” v® should be
eliminated via Eqgs. (8.18).

One can omit in (8.20) the term ¢°£ when it is convenient. This term provides a
trivial conserved vector mentioned in Section 8.1 because £ vanishes on the solutions
of Egs. (8.1). Thus, the conserved vector (8.20) can be taken in the form

oL oL oL
@ -D D,D _ 2
o 2 (25 o (25) ) .
| oc oL | oc
+D; (W) s~ D <a %k>+... + D; Dy (W) 6u,jk_"’]’

Remark 8.1. One can use Egs. (8.23) for constructing conserved vectors even if the
system (8.1) is not self-adjoint, in particular, if one cannot find explicit formulae (8.18)
or (3.9) for point or differential substitutions, respectively. The resulting conserved
vectors will be nonlocal in the sense that they involve the variables v connected with
the physical variables u via differential equations, namely, adjoint equations to (8.1).
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9 A nonlinearly self-adjoint irrigation system

Let us apply Theorem 8.2 to Eq. (6.1) satisfying the condition (6.3):

O = [K ()], + K@) (. — 1)), — S(&), ©.1)
S'(¢) =aC(), a = const. (9.2)

The formal Lagrangian (8.22) for Eq. (9.1) has the form
L= [-CW)th + K@) (¢ur + 1) + K'(0) (07 + 02 = 10.) = S()] v (9.3)

We will use the substitution (6.5) of the particular form
v =" 9.4)
Denoting t = x!, x = 2%, z = 23 we write the conservation equation (8.2) in the form
Dy(C") + D,(C?) + D.(C?) = 0. 9.5)

This equation should be satisfied on the solutions of Eq. (9.1).
The formal Lagrangian (9.3) does not contain derivatives of order higher than two.

Therefore in our case Eqs. (8.23) take the simple form

4 oL oL oL
' = — —D; | — D;(W)— 9.6
¢ W[Wi ’ <3¢z‘j>} + Dl )3% ©0
and yield:
oL
Ct=w=—",
Oy
oL oL oL
2
= — D
= g5 =2 (i) + P
oL oL oL
3 _ _ .
0 =W |55 =0 ()| + PV
Substituting here the expression (9.3) for £ we obtain
Cl=-WC()w,

C? = WK ()vis, — Do(K()0)] + Do(W)K ()0,
C* = WK ()0(20. — 1) — Du(K ()0)] + D.(W)K(&)o,

where v should be eliminated by means of the substitution (9.4). So, we have:

C' = —WC(¢)e™,
C? = [WK' (), + Do (W) K (1)]e™, (9.7)
C® = [WK'(¢)(¢. = 1) + Do(W) K (¢)]e™.
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Since Eq. (9.1) does not explicitly involve the independent variables ¢, z, z, it is
invariant under the translations of these variables. Let us construct the conserved vector
(9.7) corresponding to the time translation group with the generator

0
X=—: .
T (9.8)
For this operator Eq. (8.21) yields
W = —y. 9.9)

Substituting (9.9) in Egs. (9.7) we obtain
Cl — C(w)wteat7
C? = —[K' (V) + K () 0]e", 9.10)
C? = —[K"()¢e(1h: — 1) + K (¢)ihr]e.

Now we replace in C'! the term C'(1))); by the right-hand side of Eq. (9.1) to obtain:

Ct = =S(W)e™ + D, (K (¥)vze™) + D, (K(¥) (. — 1)e™).
When we substitute this expression in the conservation equation (9.5), we can write
Dt (Dm (K<¢)wxeat)> = Dac (Dt (K(¢)¢meat)) .

Therefore we can transfer the terms D,(...) and D,(...) from C" to C* and C?, re-
spectively (see (8.6)). Thus, we rewrite the vector (9.10), changing its sign, as follows:

' = S()e,
C? = [K' () dhths + K () th)e™ — Dy (K (4)th,e) |
C% = [K'()du(th. — 1) + K ()ale® — Dy (K () (. — 1)e™).

Working out the differentiation D, in the last terms of C? and C* we finally arrive at
the following vector:

C' = S()e”,
C? = aK ()., (9.11)
C? = aK (1) (¢, — 1)e.

The reckoning shows that the vector (9.11) satisfies the conservation equation (9.5)
due to the condition (9.2). Note that C'! is the density of the conserved vector (9.11).

The use of the general substitution (6.5) instead of its particular case (9.4) leads to
the conserved vector with the density

C' = S()(bx + 1)e™.

This approach opens a new possibility to find a variety of conservation laws for the
irrigation model (6.1) by considering other self-adjoint cases of the model and using
the extensions of symmetry Lie algebras given in [24], Section 9.8.
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10 Utilization of differential substitutions

10.1 Equation u,, = sinu

We return to Section 3.2 and calculate the conservation laws for Eq. (3.11),
Ugy = SIN U, (10.1)
using the differential substitution (3.12),
v = Ai[ruy — yu,] + Asu, + Asuy, (10.2)

and the admitted three-dimensional Lie algebra with the basis

0 0 0 0
Xi=—, Xo=—, Xy=a——y—- 10.

The conservation equation for Eq. (10.1) will be written in the form
D.(CY) + D,(C?) = 0.

We write the formal Lagrangian for Eq. (10.1) in the symmetric form

1 1
L= (5 Ugy + 3 Uyy — SIN u) v. (10.4)

Eqgs. (8.23) yield:

1 1 1

where we have to eliminate the variable v via the differential substitution (10.2).
Substituting in (10.5) W = —u, corresponding to the operator X; from (10.3),
replacing v with (10.2) and u,, with sinw, then transferring the terms of the form

D,(...) from C" to C? (see the simplification (8.6)) we obtain:

1
Wu,, C? =

1
Cl = Ajcosu, C?= 3 Alui.

We let A; = 1 and conclude that the application of Theorem 8.2 to the symmetry X
yields the conserved vector

1
C!' =cosu, C?= 3 u? (10.6)
The similar calculations with the operator X, from (10.3) lead to the conserved vector
1
Ct = 3 ufj, C? = cosu. (10.7)
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The third symmetry, X3 from (10.3), does not lead to a new conserved vector. Indeed,
in this case W = yu, — xu,. Substituting it in the first formula (10.5) we obtain after
simple calculations

1 1
Ol = §A3u§ — Aycosu+ D, [(Aﬂ/ + Asx) (§uxuy + cos U)} :

Hence, upon transferring the term D, (...) from C! to C? the resulting C* will be a
linear combination with constant coefficients of the components C'* of the conserved
vectors (10.6) and (10.7). The same will be true for C'?. Therefore the conserved vector
provided by the symmetry X3 will be a linear combination with constant coefficients
of the conserved vectors (10.6) and (10.7).

One can also use the Noether theorem because Eq. (10.1) has the classical La-

grangian, namely

1
L= —3 Uy Uy + COS U. (10.8)

Then the symmetries X; and X5 provide again the conserved vectors (10.6) and (10.7),
respectively. But now we obtain one more conserved vector using X3, namely

Clzxcosu—%uz, C’Q:gui—ycosu. (10.9)

10.2 Short pulse equation

The differential equation (up to notation and appropriate scaling the physical variables)

DD, (u) = u + % D2(u?) (10.10)
was suggested in [30] (see there Eq. (11), also [31]) as a mathematical model for the
propagation of ultra-short light pulses in media with nonlinearities, e.g. in silica fibers.
The mathematical model is derived in [30] by considering the propagation of linearly
polarized light in a one-dimensional medium and assuming that the light propagates in
the infrared range. The final step in construction of the model is based on the method
of multiple scales.

Eq. (10.10) is connected with Eq. (10.1) by a non-point transformation which is
constructed in [32] as a chain of differential substitutions (given also in [31] by Egs.
(2)). Using this connection, an exact solitary wave solution (a pulse solution) to Eq.
(10.10) 1s constructed in [31]. One can also find in [32] a Lax pair and a recursion
operator for Eq. (10.10).

Note that Eq. (10.10) does not have a conservation form. I will find a conservation
law of Eq. (10.10) thus showing that it can be rewritten in a conservation form. A
significance of this possibility is commonly known and is not discussed here.
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We write the short pulse equation (10.10) in the expanded form

1
Ugr = U+ 5 WPy + un’ (10.11)

so that the formal Lagrangian is written

1
L=v|uy —u-— 3 Uyy — uui . (10.12)

Substituting (10.12) in (3.2) we obtain the following adjoint equation to Eq. (10.11):

1
Vgt = U+ 5 UV (10.13)

We first demonstrate the following statement.

Proposition 10.1. Eq. (10.10) is not nonlinearly self-adjoint with a substitution
v =t z,u) (10.14)

but it is nonlinearly self-adjoint with the differential substitution

1
V= U — 5 wu,. (10.15)

Proof. We write the nonlinear self-adjointness condition (3.5),

1 1
2 2 2
Vst = U = 5 U Vg :)\[uxt—u—§uum—uux],
(10.14)

substitute here the expression (10.14) for v and its derivatives

(10.16)
Vgt = PuUgt + PuuUg Ut + Prult + Ptu Uy + Pt

and first obtain A = ¢, by comparing the terms with the second-order derivatives of w.
This reduces the nonlinear self-adjointness condition to the following equation:

1
PunlzUt + PryUs + Prully + Ot — @ — 5 UQ(cpuuui + 290xuuz + prx) (10 17)

= —pulu+ uui]

The terms with u; in Eq. (10.17) yield ¢, = ¢, = 0. Then we take the term with u2
and obtain ¢, = 0. Hence

v =a(t,z).
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Now Egq. (10.17) gives a,, = 0, a,; — a = 0, whence a = 0. Thus

v =0,

i.e. the substitution (10.14) is trivial. This proves the first part of Proposition 10.1. Its
second part is proved by similar calculations with the substitution

v =p(t, T, u, Uy, Uy).

I will not reproduce these rather lengthy calculations, but instead we will verify that
the substitution (10.15) maps any solution of Eq. (10.1) into a solution of the adjoint
equation (10.13). First we calculate

1
Vp = Ugp — 5 Uty — uu?
and see that on the solutions of Eq. (10.1) we have v, = u. Now we calculate other
derivatives and verify that on the solutions of Eq. (10.1) the following equations hold:

1

2
Vg = U, V= U — 5 U Uzt — UUgUt, Uyt = Ut, Ugg = Ug. (1018)

It is easily seen that Eq. (10.13) is satisfied. Namely, using (10.15) and (10.18) we
have:

1 1 1
Vgt — VU — §u2vm = U — (ut — §u2u$) — §u2u$ =0.

The maximal Lie algebra of point symmetries of Eq. (10.10) is the three-dimensional
algebra spanned by the operators

0 0 0 0 0
X =— Xy = — Xy =u— — — = 10.1
S T gp T U T T (10.19)
Let us construct the conservation laws
Dy(C") + D,(C*) =0 (10.20)

for the basis operators (10.19).
Since the formal Lagrangian (10.12) does not contain derivatives of order higher
than two, Egs. (8.23) are written (see (9.6))

, oL oL oL
L — — D. | — D. .

In our case we have:

oL oL
'— _wbD, [ — D 10.21
¢ = WD, () 4 DAW) S 1021)
oL oL oL oL oL
2 o= o= _ = o= .
=W {8% D (0um) De <8um)] + D) Oy + Dx(W)@um
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Substituting in (10.21) the expression (10.12) for £ written in the symmetric form

1 1 1
L=uv {5 Ui + 5 U — U= 5 Uy, — uu? (10.22)
we obtain
L 1 1
Cc = —§va + 5 vD (W), (10.23)
9 1 1, 1 1,
C* = —W[uvux + JU T U + §th(W) —gu vD (W).

Since v should be eliminated via the differential substitution (10.15), we further sim-
plify this vector by replacing v, with u according to the first equation (10.18) and
obtain:

1 1
Ch = —sWu+3 vD (W), (10.24)

C? = —W[uvux + lvt — 1u?’] + 1th(I/V) — 1u2va(W),
2 2 2 2
where v and v; should be replaced with their values given in Egs. (10.15), (10.18).
Let us construct the conserved vectors using the symmetries (10.19). Their com-
mutators are
[X1,X3] = —X, [X27X3] = Xo.

Hence, according to [10], Section 22.4, the operator X3 plays a distinguished role.
Namely, the conserved vectors associated with X; and X, can be obtained from the
conserved vector provided by X5 using the adjoint actions of the operators X; and X,
respectively. Therefore we start with X3. Substituting in (10.24) the expression

W =u+ tu; — xuy,

corresponding to the symmetry X3, eliminating the terms of the form D, (A) from C!
and adding them to C? in the form D;(A) according to the simplification (8.6), we
obtain after routine calculations the following conserved vector:

Ct =2, (10.25)

1 1
2 _ 2 2 4 4,2
C = Ulgplly = Up U= Uy

The conservation equation (10.20) for the vector (10.28) holds in the form

1 1
1 2y _ L9 19 2
Dy(CH) + D, (C?) = 2<ut 5 U ux> <u+ 5 U s + uu;, um>. (10.26)
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Let us turn now to the operators X; and X, from (10.19). To simplify the calcula-
tions it is useful to modify Eqs. (10.24) as follows. Noting that

vD (W) = Dy(vW) — Wu,
we rewrite the vector (10.23) in the form
Cl = —Wu,,

1 1
C? = —W[uvux ~ 5 u%aj} +vD (W) — 3 w*v D, (W).

Then (10.24) is replaced with
Cl = —uW, (10.27)
1 1
C? = —W[uvux ~3 uﬂ +ovDy(W) — 5 w*v D, (W).

Substituting in the first formula (10.27) to expression W = —u, corresponding the
operator X; we obtain C! = wu,. This is the time derivative of C! from (10.25).
Hence the symmetry X leads to a trivial conserved vector obtained from the vector
(10.25) by the differentiation D;, in accordance with [10]. Likewise, it is manifest
from (10.27) that the operator X, leads to a trivial conserved vector obtained from the
conserved vector (10.25) by the differentiation D,. Thus we have demonstrated the
following statement.

Proposition 10.2. The Lie point symmetries (10.19) of Eq. (10.11) yield one non-
trivial conserved vector (10.25). Accordingly, the short pulse equation (10.11) can be
written in the following conservation form:

1 1
D, (u2> + D, (uQuzut — uf — ZU4 — Zu‘lui) =0. (10.28)

11 Gas dynamics

11.1 Classical symmetries and conservation laws
Let us consider the polytropic gasdynamic equations
1
vt+(v-V)v+;Vp:0,

pr+v-Vp+pV-v=0, (11.1)
pe+v-Vp+ypV-v =0,
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where - is a constant known as the polytropic (or adiabatic) exponent. The independent
variables are the time and the space coordinates:

t, x=(2'...,2"), n<3. (11.2)

0 0 0 - 0 0 0
X:— Xi:_-a Y:t— ! = }/z:t - "y
= bt gr 0T o T b 9z | dv
. 0 -0 .0 .0
Xij=0——2"—+vV——v'—, (<), 11.4
Yoz " fad v dui " i (i <) (114
Z 0 + 0 12y 0 + 0 1
=p—+p— =t— — A —, ] = n
0 pap p@ ) 1 at a/UZ pap ) 7] ) ) Y
and the following classical conservation laws:
7 pdw =0 — Conservation of mass
Q)
d 1
7 (5 p\v|2+%) dw = — /p'v-udS — Energy
Q(t) S(t)
d
7 pvdw = — / prdS — Momentum
0 S(t)
d
7 plx X v)dw = — /p(:l: X v)dS — Angular momentum
Q(t) S(t)
g7 ptv — x)dw = — / tpvdS —  Center-of-mass theorem.

Q(t) 5(t)
The conservation laws are written in the integral form by using the standard symbols:

Q(t) - arbitrary n-dimensional volume, moving with fluid,
S(t) - boundary of the volume (),
v - unit (outer) normal vector to the surface S(t).

If we write the above conservation laws in the general form

d
< [ Tao= - /(X-u)dS, (11.5)

Q(t) 5(t)
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then the differential form of these conservation laws will be

D(T)+V - (x +Tv) = 0. (11.6)

11.2 Adjoint equations and self-adjointness when n = 1

Theorem 8.1 from Section 8.1 shows that the system of gasdynamic equations (11.1)
is nonlinearly self-adjoint. Let us illustrate this statement in the one-dimensional case:

1
vy + 00y + —pp =0,
p

pr +vpe + pvy =0, (11.7)
Pt + vpe + Ypue = 0.

We write the formal Lagrangian in the form
1
L= U(vt + v, + ;px> + R(ps +vpz + pvg) + P(pr + vps + ypuy) (11.8)

and obtain the following adjoint system for the new dependent variables U, R, P :

oL
E E_Ut_UUx_pRz+(1_7)pr_7pr :07
oL 1
— =—Ry—vR, — 5 Up, =0, (11.9)
op p
oL 1 1
—=-PF—-U,+—5Up:+ (v = 1)Pv, —vP, = 0.
op p P
Let us take, e.g. the conservation of energy from Section 8.1. Then we have
1 D
T==p?+ 21— =
L R S L

and using the differential form (11.6) of the energy conservation we obtain the follow-
ing equation (8.7):

1 P 1
D, | = pv* + —— D, | = pv®
t<2pv +7_1>+ (va—i—

7_1pv) (11.10)

1 v? 1
= p?)(’l}t +vv; + ;px> + 5<pt + Upy + pvx) + ﬁ(pt + vp, + Pypvx)

Hence, the adjoint equations (11.9) are satisfied for all solutions of the gasdynamic
equations (11.1) upon the substitution

U=p, R=—, P=—"": (11.11)
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This conclusion can be easily verified by the direct substitution of (11.11) in the adjoint
system (11.9). Namely, we have:

oL
ov
oL
op (11.11)
oL
op (11.11)

1
= —p(vt + Vv, + —pz) —v(p + vpg + pus),
(11.11) P

1
= —v<vt+vvx+ —px>,
P

= 0. (11.12)

11.3 Adjoint system to equations (11.1) with n > 2

For gasdynamic equations (11.1) with two and three space variables x* the formal
Lagrangian (11.8) is replaced by

1
LzU-(vt+(v-V)v+;Vp>+R(pt+v-Vp+pV-v)

+ P(py +v - Vp+pV - v), (11.13)
where the vector U = (U!, ..., U™) and the scalars R, P are new dependent variables.
Using this formal Lagrangian, we obtain the following adjoint system instead of (11.9):

oL
%E—Ut—(v~V)U—|—(U-V)v—(V~v)U
—pVR+ (1 —~)PVp—~pVP =0,
oL 1
—=-R—v-VR—=U-Vp=0, (11.14)
op P’
oL

1 1
%:—Pt—;(V-U)%—;U-Vp—k(v—1)P(V-v)—v-VP:0.

The nonlinear self-adjointness of the system (11.1) can be demonstrated as in the one-
dimensional case discussed in Section 11.2.

11.4 Application to nonlocal symmetries of the Chaplygin gas

The Chaplygin gas is described by the one-dimensional gasdynamic equations (11.7)
withy = —1:

1
U + 00 + —pr =0,
p
pr +vpy + pvy =0, (11.15)

Pt +Vpy — puy = 0.
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Egs. (11.15) have the same maximal Lie algebra of Lie point symmetries as Eqs.
(11.7) with arbitrary ~y. This algebra is spanned by the symmetries (11.4) in the one-
dimensional case, namely

Xl_a, X2_8 ; X3—t%+%, 4 ta—ﬁ?ﬁ%,
0 0 0 0 0

But the Chaplygin gas has more symmetries than an arbitrary one-dimensional poly-
tropic gas upon rewriting it in Lagrange’s variables obtained by replacing = and p with
y and ¢, respectively, obtained by the following nonlocal transformation:

1
o /pdx7 g= 2. (11.17)
p
Then the system (11.15) becomes

qt — Ur = 07

v+ pr =0, (11.18)

p—Lu. =0

q

and admits the 8-dimensional Lie algebra with the basis

0 0 0 0 0
YI_E’ BZE’ Y?’:%’ Y4=t§+75,
0 0 0 0 0 0
o ¢ 0 0 J yq 0
Y:— —_——_— Y:t—— -_— — — —
! 3p+p@q’ ST 0 op T p g

It is shown in [21] that the operators Y7, Y5 from (11.19) lead to the following nonlocal
symmetries for Eqs. (11.15):

Xo_g 0 00
or OJdp pOap
(11.20)
X t2—|—s 8+t€9 8+p78
_ (= AL R
® 2 or  Ov dp p Op
where 7, s, o are the following nonlocal variables:
d
T:/pdl‘, s:—/zdx, o—— | 2. (11.21)
p p
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They can be equivalently defined by the compatible over-determined systems

Te = P, Tt +v7, = 0,
5= —L . s +ws, =0, (11.22)
p
1
Oy =——, 0+vo, =0,
or
T.=p,  T=-—Up,
sp=—L. g=2L (11.23)
p p
1 v
Op =——, 0Op=—
p p

Let us verify that the operator X7 is admitted by Eqgs. (11.15). Its first prolongation
is obtained by applying the usual prolongation procedure and eliminating the partial
derivatives o, and o; via Egs. (11.23). It has the form

0 g pd v 0 vy O vpy O pe O

X —g—r — — 2 - = - 4 2 P Z P
"= %o (9p+p8p P (9vt+p3vx D 0pt+pﬁpx
+(ﬁ—p—%—%>—+<2p——m’2) : (11.24)
p p p ) Op p P ) Ops

The calculation shows that the invariance condition is satisfied in the following form:
1
X7 (Ut + vy + —m) =0,
P
1
Xalpe 4 vpat poz) =
Xz(pe + vpz — pvg) = 0.

p
Pt +vpg + pvm) — Z? (pt + UPz — pUm)7

One can verify likewise that the invariance test for the operator Xy is satisfied in the
following form:

1
Xs (Ut + v, + —px) =0,
p
T pT
Xs(pt +vpg + pvg) = ; (pt + vps + pvg) — 7 (pr + vpy — pUg),
Xs(pe +vpe — pvg) = 0.

The operators Y7,...,Ys from (11.19) do not add to the operators (11.16) new
symmetries of the system (11.15).
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Thus, the Chaplygin gas described by Eqs. (11.15) admits the eight-dimensional
vector space spanned by the operators (11.16) and (11.20). However this vector space
is not a Lie algebra. Namely, the commutators of the dilation generators X, X5, Xg
from (11.16) with the operators (11.20) are not linear combinations of the opera-
tors (11.16), (11.20) with constants coefficients. The reason is that the operators
X4, X5, X are not admitted by the differential equations (11.22) for the nonlocal vari-
ables 7, s, 0. Therefore I will extend the action of the dilation generators to 7, s, ¢ so
that the extended operators will be admitted by Eqgs. (11.22).

Let us take the operator X ;. We write it in the extended form

0 0 0 0 0
Xi=t—+r—+a—+ +
o or T s T as
where «, 3, ;1 are unknown functions of £, x, v, p, p, 7, s, 0. Then we make the prolon-
gation of X} to the first-order partial derivatives of the nonlocal variables with respect

to ¢t and x by treating 7, s, o as new dependent variables and obtain

0 0 0 8
0 8
+ [Dyi(c )—Tt]a—TtJF[D( )—Tx]a—Tx
0 0
+ [D(B) — St]a—& + [Da(8) — Sx]a—sx
0 0
+ [Dt(ﬂ) - Ut}a—at + [D (N) - UI]E

Now we require the invariance of Eqs. (11.22):

Xi(me —p) =0, X (1 +v1) =0,

X! (sx + Z) =0, X)(si+vsy) =0, (11.25)
p

1
X (O’x - —) =0, Xj(oy+wvo,) =0.
p

As usual, Egs. (11.25) should be satisfied on the solutions of Eqgs. (11.22). Let us
solve the equations X} (7, —p) =0, Xj(7 + v7,) = 0. They are written

[Da(a) — 7-1:](11.22) =0, [Di(a) =7 +v (D) - 7—»’tr)](11.22) =0. (11.26)
Since 7, = D, («), the first equation in (11.26) is satisfied if we take

a=T
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With this « the second equation in (11.26) is also satisfied because 7; + v7, = 0. Now
the first equation in the second line of Egs. (11.25) becomes

{wa) s+ L = D,(3) — 25, =0

p] (11.22)

and yields
0 = 2s.

The second equation in the second line of Eqs. (11.25) is also satisfied with this /3.
Applying the same approach to the third line of Egs. (11.25) we obtain

U =o0.

After similar calculations with X5 and X we obtain the following extensions of
the dilation generators:

xi= 2,9 .0 99, ,90
ot " or T Tor T %05 " %00

, 9 9 2 5,
=P P T T " 05y (11.27)

Xg,_1t2—v£+2,0§+272+252
P

X

ot ov 0 0s

The operators (11.20), (11.27) together with the operators X, X5, X3 from (11.16)
span the eight-dimensional Lie algebra Lg admitted by Eqgs. (11.15) and Egs. (11.22).
The algebra Lg has the following commutator table:

X, | X | X5 X
X, [ 0 0 | X2] X,

X X X7 | Xs
0

Xo 0 0 0| Xo 0 0 0 0
0
0
0
0

Xs | -X2| 0 [ 0] 0 “X; | 0 | 0
X =X [ =X, 0] 0 0 0 | Xs
X[ 0 0 [ 0] 0 0 | —X:| 0
X, =X 0 [X5] 0 0 0 | 2Xs
X: [ 0 0 |0 0 |X;| O 0 | 0
Xs | -X5| 0 | 0| —-Xs| 0] —2Xs| 0 | 0
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Let us apply Theorem 8.2 to the nonlocal symmetries (11.20) of the Chaplygin gas.
The formal Lagrangian (11.8) for Egs. (11.15) has the form

1
L= U(vt + vv, + ;px> + R(pt + vpz + pvz) + P(pr + vpe — pvg).  (11.28)

Accordingly, the adjoint system (11.9) for the Chaplygin gas is written

oL

S0 =-U, —vU, — pR, +2Pp, + pP, =0,

0L 1

—=-R—vR, — - Up, =0, (11.29)
op p

) 1 1

—/: =-F—-U,+ 5 Ups —2Pv, —vP, = 0.

op P p

Let us proceed as in Section 11.2. Namely, let us first construct solutions to the adjoint
system (11.29) by using the known conservation laws given in Section 8.1. Since the
one-dimensional does not have the conservation of angular momentum, we use the
conservation of mass, energy, momentum and center-of-mass and obtain the respective
differential conservation equations (see the derivation of Eq. (11.10)):

Di(p) + Dz(pv) = pt + vps + pua, (11.30)
Dy(pv® = p) + Du(pv + pv®) = 2pv (vt + Vv, + %pm)

+ 0% (e 4 vp + pv2) — (4 VP — PUL), (11.31)
Dilpo) + Dalp+ po?) = pl(ve + oo, + %px)

+ v(pe + vpy + pvy), (11.32)
Dy(tpv — xp) + Dy (tp + tpv* — zpv)

1
= tp(vt + Vv, + ;px> + (tv — x)(pr + vz + pug). (11.33)

Egs. (11.30)- (11.33) give the following solutions to the adjoint equations (11.29):

U=0, R=1, P =0, (11.34)
U=2pw, R=1v% P=—1, (11.35)
U =p, R=uv, P=0, (11.36)
U=tp, R=tv—z, P=0. (11.37)

The formal Lagrangian (11.28) contains the derivatives only of the first order.
Therefore Egs. (8.23) for calculating the conserved vectors take the simple form

oL

C«i — Wa
dug’

i=1,2. (11.38)
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We denote

t=x, x=21a", v:ul, p:uQ, p:u3.

In this notation conservation equation (8.2) will be written in the form

[Dy(C") 4+ D, (C?)] =0. (11.39)

(11.15)
Writing (11.38) in the form

oL oL oL
Cl=W'= 4+ W?= 4y w32
Ovy Opy Opy

OL | 12 0L gL

2 1
= T s T o

and substituting the expression (11.28) for £ we obtain the following final expressions
for computing the components of conserved vectors:

C' =UW!'+ RW? + PW3, (11.40)
1
C? = (U + pR — pP)W* + vRW? + (;U—HJP) w3, (11.41)
where '
W =n*—=&u, a=1,23. (11.42)

We will apply Eqgs. (11.40)-(11.41) to the nonlocal symmetries (11.20). First we
write the expressions (11.42) for the operator X7 from (11.20):

Wl =—ov,, W?= Z_IZ —0ps, W3=—(1+o0p,). (11.43)

Then we substitute (11.43) in (11.40)-(11.41) and obtain four conserved vectors by
replacing U, R, P with each of four different solutions (11.34)-(11.37) of the adjoint
system (11.29). Some of these conserved vectors may be trivial. We select only the
nontrivial ones.

Let us calculate the conserved vector obtained by eliminating U, R, P by using the
solution (11.34), U =0, R =1, P = 0. In this case (11.40)-(11.41) and (11.43) yield

ct=w?="_qp, (11.44)
p
C?* = pW!' +0W? = —opu, + Py oV,
p

We write
—O0Pg = _Dx(ap> + POy,

71



72 Nail H. Ibragimov

replace o, with —1/p according to Egs. (11.22) and obtain
C' = —D,(op).

Therefore application of the operations (8.4)-(8.6) yields C' = 0 and

C? = —opv, + Lo — ovp, — Dy(op)
p
_ P
= —0pUz + =V — OVUPg — 0Pt — Ot
p
= _U(pt +Upy + pvx)

We have replaced o, with v/p according to Egs. (11.23). The above expression for C?
vanishes on Egs. (11.15). Hence, the conserved vector (11.44) is trivial.

Utilization of the solutions (11.35) and (11.36) also leads to trivial conserved vec-
tors only. Finally, using the solution (11.37),

U=tp, R=tv—z, P=0,

we obtain, upon simplifying by using the operations (8.4)-(8.6), the following nontriv-
ial conserved vector:
Ct=o0p, C*=opv+t. (11.45)

The conservation equation (11.39) is satisfied in the following form:
Dy(CY) + D,(C?) = o(p; + vps + pvg). (11.46)

Note that we can write C? in (11.45) without ¢ since it adds only the trivial con-
served vector with the components C! = 0, C? = t. Thus, removing ¢ in (11.45) and
using the definition of ¢ given in (11.21) we formulate the result.

Proposition 11.1. The nonlocal symmetry X of the Chaplygin gas gives the follow-
ing nonlocal conserved vector:

d
ol = — — 2 = —pu ;x- (11.47)

Mow we use the operator Xg from (11.20). In this case

== (5+9)
W=t-— E—i—s Vg,

t2

W2 — % — <§ n s) Do, (11.48)
t2

W3 =—7— (E—I—s)px.
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Substituting in (11.40)-(11.41) the expressions (11.48) and the solution (11.34) of
the adjoint system, i.e. letting U = 0, R =1, P = 0, we obtain

t2
01:W2:%——(5+5)p$,

2

t° pT t?
— [ = y=———D, | =
(§+2)or= 5 -0. (502

we reduce the above vector to the trivial conserved vector C'! = 0, C? = 0.
Taking the solution (11.35) of the adjoint system, i.e. letting

v t?
C?* = pW' +oW? =tp+ p]TT — (— + s) (pvz + vpy).

Noting that

U=2p, R=v? P=—1,
we obtain
Ct = 2p0W? +0*W? — W3

2 t2
_2tpv+p7;) + 7 — <§+s> Dm(pv2—p),

C? = (3pv® + p)W!' + v*W? + oW
3
v

— T

|
VR
~
[N}

B) + s) (3pv2v, + VP py + pug + vp,).
Then, upon rewriting C'! in the form
t2
C!' =2tpv + 27 — D, [(E + S) (pv? —p)]
and applying the operations (8.4)-(8.6) we arrive at the following conserved vector:

Cl=tpv+7, C*=t(p* +p). (11.49)

The conservation equation (11.39) is satisfied for (11.49) in the following form:
1
D,(CH) 4+ D,(C?*) =tp (Ut + v, + ;px> + to(pr + vz + pug). (11.50)

Taking the solution (11.36) of the adjoint system, i.e. letting

U=p, R=v, P=0,
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we obtain
Ct=pW'+oW?  C? =2p0W!' +0*W?2 + W3,

Substituting the expressions (11.48) for W, W?2 W3 and simplifying as in the previ-
ous case we obtain the conserved vector

Ct=tp, C*=tpv—r1. (11.51)
The conservation equation (11.39) is satisfied for (11.49) in the following form:
D(CH) 4+ D,(C?) = t(p; + vpe + pvg). (11.52)
Finally, we take the solution (11.37), U =tp, R =tv —z, P = 0, and obtain
C'=tpW' + (tv —2)W?,  C*(2tpv — zp)W* + (tv* — 20)W? + tW3.

Simplifying as above, we arrive at the conserved vector

1 t? 2 t?
C" = CR L C* = 375 pv — 1T (11.53)

The conservation equation (11.39) is satisfied for (11.49) in the following form:

2

Dy(CY) + D,(C?) = (% — s> (pr +vps + pvg). (11.54)

Substituting in the conserved vectors (11.49), (11.51) and (11.53) the definition
(11.21) of the nonlocal variables we formulate the result.

Proposition 11.2. The nonlocal symmetry Xg of the Chaplygin gas gives the follow-
ing nonlocal conserved vectors:

Ct =tpv + /,ada:, C?* = t(pv* + p); (11.55)

Ct = tp, C?* =tpv — /pdx; (11.56)

=[5 [ me)u]o
C? = [g—f—/;—)(/pdm)dw} pv—t/pdx.

Theorem 11.1. Application of Theorem 8.2 to rwo nonlocal symmetries (11.20) gives
four nonlocal conservation laws (11.47), (11.55)-(11.57) for the Chaplygin gas (11.15).

(11.57)
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11.5 The operator identity for nonlocal symmetries

Example 11.1. Let us verify that the operator identity (7.1) is satisfied for the nonlocal
symmetry X7 of the Chaplygin gas. Specifically, let us check that the coefficients of

0 0 0 9 o 9 9 o 0
ov’ 9p’ Op  Ov Ov, Op.’ Op,  Op  Ops

(11.58)

in both sides of (7.1) are equal. Using the first prolongation (11.24) of X, and the
definition of the nonlocal variable o given in Eqgs. (11.23) we see that the left-hand
side of the identity (7.1) is written

. g p0d wu, 0 v, O vp, O
X7+Dl(€)_08x 8p+p8p p 3Ut+]9 dv,  p Op

1
+&£+(&_@_%)i+(2&_%> 0 1 (159
p Opy p D p ) Op p D

Then we use the expressions (11.43) of W for the operator X7, substitute them in the
definition (7.5) of N and obtain in our approximation:

Now the right-hand side of (7.1) is written:

ng + WQ% + W3% + D,N' + D_N?

0 0 0
= —0Ug |:% — Dtﬁ—yt — Dt@vx:|

p ) ) B ]
+(2-6p )| L DL —p, L 11.60
(P P ) [3/) "op; Ops (11.60)
0 0 0
—(top)| L —pL _p, L
(L+op:) [829 "Op, 0px}

0 ) 0 0
Dy |—ov,—+ (£ —0p, ) == — (1 + op,) —
+ t[ avwavtvL(p Up)@pt <+Up)8pj

8  (p B B
_ — r_ — (1 —_ .
+ D, [0 oy Do + (p pr> o (1+op,) 5pt}
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Making the changes in two last lines of Eq. (11.60) such as

0 0 0 0 v 0
D, |- x| — — zD—_D )8 — :):D—_ — Ug x | §
; [ ov ﬁvt] ov Do t(ov )avt ov ‘T (pv + ovy ) o
one can see that the coefficients of the differentiations (11.58) in (11.59) and (11.60)
coincide. Inspection of the coefficients of the differentiations in higher derivatives
Vtt, Utz Ugz, - - - TEQUIres the higher-order prolongations of the operator X7.

Exercise 11.1. Verify that the operator identity (7.1) is satisfied in the same approxi-
mation as in Example 11.1 for the nonlocal symmetry operator Xg from (11.20).

12 Comparison with the ‘“‘direct method”

Theorem 8.2 allows to construct conservation laws for equations with known symme-
tries simply by substituting in Eqs. (8.23) the expressions W and £ given by Egs.
(8.21) and (8.21), respectively.

The “direct method” means the determination of the conserved vectors (8.3) by
solving Eq. (8.2) for C'. Upon restricting the highest order of derivatives of u involved
in C?, Eq. (8.2) splits into several equations. If one can solve the resulting system, one
obtains the desired conserved vectors. Existence of symmetries is not required.

To the best of my knowledge, the direct method was used for the first time in 1798
by Laplace [33]. He applied the method to Kepler’s problem in celestial mechanics
and found a new vector-valued conserved quantity (see [33], Book II, Chap. III, Egs.
(P)) known as Laplace’s vector.

The application of the direct method to the gasdynamic equations (11.1) allowed
to demonstrate in [34] that all conservation laws involving only the independent and
dependent variables (11.2), (11.3) were provided by the classical conservation laws
(mass, energy, momentum, angular momentum and center-of-mass) given in Section
11.1 and the following two special conservation laws

d
o / {t(p|lv]* + np) —px-v}dw = — /p(2t'v —x) - vdS,
Q(t) S(t)

d
pr / {(plv|” +np) — px - 2tv — x} dw = — / 2tp (tv — x) - vdS
Q(t) 5(t)

that were found in [35] in the case v = (n + 2)/n by using the symmetry ideas.

All local conservation laws for the heat equation u; — u,, = 0 have been found
in [36] by the direct method (see also [37]). Namely it has been shown by direct
calculation of the conservation equations of the form

Dy[T(t, &, 0, gy Ugge, - . )] + D[0(t, 2,0, gy Uy, .. .)] =0
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that all such conservation laws are given by
Dt[@(ta x)u] + DA“%(@ T) — ux‘p(t’ ZE)] =0,

where v = ¢(t, ) is an arbitrary solution of the adjoint equation v; + v,, = 0 to
the heat equation. Similar result can be obtained by applying Theorem 8.2 for any
linear equation, e.g. for the heat equation u; — Au = 0 with any number of spatial
variables x = (z!,... z"). Namely, applying formula (8.23) to the scaling symmetry
X = ud/0u we obtain the conservation law

Dt[90<t7 x)u] +V- [chp(t, ZE) - @(tﬂ I)VU] =0,

where v = (¢, x) is an arbitrary solution of the adjoint equation v; + Av = 0 to the
heat equation. This conservation law embraces the conservation laws associated with
all other symmetries of the heat equation.

Various mathematical models for describing the geological process of segregation
and migration of large volumes of molten rock were proposed in the geophysical lit-
erature (see the papers [38], [39], [40], [41], [42] and the references therein). One of
them is known as the generalized magma equation and has the form

u + D, [u” —u"D, (u’mut)} =0, n,m = const. (12.1)

It is accepted as a reasonable mathematical model for describing melt migration through
the Earth’s mantle. Several conservation laws for this model have been calculated by
the direct method in [39], [41] and interpreted from symmetry point of view in [42]. It
is shown in [43] that Eq. (12.1) is quasi self-adjoint with the substitution (1.34) given
by v =u!""""if m +n # 1 and v = In|u| if m + n = 1. These substitutions show
that Eq. (12.1) is strictly self-adjoint (Definition 1.2) if m + n = 0. Using the quasi
self-adjointness, the conservation laws are easily computed in [43].

Some simplification of the direct method was suggested in [29]. Namely, one
writes the conservation equation in the form (8.7),

Di(C") = p® Fs(z,u,u)y, . . ., ug)), (8.7)

and first finds the undetermined coefficients ;* by satisfying the integrability condition
of Egs. (8.7), i.e. by solving the equations (see Proposition 7.1 in Section 7.2)

J

§pDﬁQWerJFH%MWm~wWM]=Q a=1,....m (122

Then, for each solution u® of Egs. (12.2), the components C* of the corresponding
conserved vector are computed from Eq. (8.7). In simple situations C*? can be detected

merely by looking at the right-had side of Eq. (8.7), see further Example 12.1.
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Remark 12.1. Note that Eq. (12.2) should be satisfied on the solutions of Egs. (8.1).
Then the left-hand side of (12.2) can be written as

F;(ZE,U,U, s 7u(5)’v(5))

v=p(T,u,u(1),---)
with F; defined by Eq. (3.2).

The reader can find a detailed discussion of the direct method in the recent book
[13]. T will compare two methods by considering few examples and exercises.

Example 12.1. (See [13], Sec. 1.3). Let us consider the KdV equation (3.6),
Up = Ugge + UUy, (36)

and write the condition (12.2) for u = u(t, z,u). We have:

[p(t, z,u) (U — Ugpe — wtiy)]

ou
3 ol
= —Dy(p) + D3(p) + Daup) — pug + (up — tges — uux)%
3 op

In accordance with Remark 12.1, we consider this expression on the solutions of the
KdV equation and see that Eq. (12.2) coincides with the adjoint equation (3.7) to (3.6):

Dy(p) = D3(n) + uDy(p). (12.3)
Its solution is given in Example 3.1 and has the form (3.8),
= A1+ Asu+ As(z +tu), Ay, As, A3 = const.
Thus, we have the following three linearly independent solutions of Eq. (12.3):
=1, po=mu, pz=(x+tu).

and the corresponding three equations (8.7):

Dy(CH) 4 D, (C?) = uy — Uggy — Ully, (12.4)
Dy(CH) 4 D, (C?) = u(uy — Upge — Utly), (12.5)
Di(CH) + D, (C?) = (x + tu) (us — Ugpe — Ully). (12.6)
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In this simple example the components C'', C? of the conserved vector can be easily
seen from the right-hand sides of Egs. (12.4)-(12.6). In the case of (12.4), (12.5) it is
obvious. Therefore let us consider the right-hand side of Eq. (12.6). We see that

1 1
(x + tu)uy = Dy (:Eu + 5 tuQ) ~ 3 u?,

1 1 1
—(x + tu)uu, = —D, (5 zu® + 3 tu3) + 3 u?,

—(T + tu)Ugrr = — Dy (TUzy + tUULy) + Ugy + UL Uy,
L 5
=D, | u, + 3 tuy, — TUgy — tUUy | -

Hence, the right-hand side of Eq. (12.6) can be written in the divergence form:

(x4 tw) (U — Upge — UUL)

2 2 3 2
=D (t%—i—xu) + D, [ux+t(%—uum—%) —x(%—l—um)]

The expressions under Dy(---) and D,(---) give C' and C?, respectively, in (12.6).
Note that the corresponding conservation law

2 2 3 2
D, (t% + :L‘u) + D, [uw +t <% — Ulbgy — %) —x (% + um>} =0. (12.7)

was derived from the Galilean invariance of the KdV equation (see [10], Section 22.5)
and by the direct method (see [13], Section 1.3.5).

The similar treatment of the right-hand sides of the equations (12.4) and (12.5)
leads to Eq. (3.6) and to the conservation law

2
Dy(u*) + D, (ai = 2uttyy — 3 u3) =0, (12.8)

respectively. Theorem 8.2 associates the conservation law (12.8) with the scaling sym-
metry of the KdV equation.

Exercise 12.1. Apply the direct method to the short pulse equation (10.11) using the
differential substitution (10.15). In this case Eq. (8.7) is written

1
Dt(Cl) + .Dm(Cz) = UtUgt — 5 u2uxuxt
(12.9)

1 1 1 1
— (U + 5 UQUxx + UIU?E) Uy + 5 u3ux + 1 u4ua:uarac + § usui‘
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Exercise 12.2. Consider the Boussinesq equations (8.11). Taking its formal Lagrangian
L=w {Awt — 9pr — fU. — P2 AP, + szwx]
+ N [Ut + f% - ¢xvz + wzvx] + r [pt _I' (NQ/g) wx - %:Pz _I' wsz] )

where w, 1, 7 are new dependent variables, we obtain the adjoint system to Egs. (8.11):

oL _, 0L _, L _

= = _ — =0. 12.1

It is shown in [44] that the system (8.11) is self-adjoint. Namely, the substitution

w=1v¢, p=-v, r=—(g"/N*p (12.11)

maps the adjoint system (12.10) into the system (8.11). Using the self-adjointness,
nontrivial conservation laws were constructed via Theorem 8.2. Apply the direct
method to the system (8.11). Note that knowledge of the substitution (12.11) gives
the following equation Eq. (8.7):

Dy(CY) 4+ D, (C?) + D, (C?)

2 N2
_U[Ut‘i‘fl/}z _wmvz"_wzvx] - %p[pt‘i‘ ?% _Q/prz_'_wzpm]

Example 12.2. Let us consider the conservation equation (11.46),
Dt<Cl) + D$(02> = U(pt +Vpz + pvx)v

where o is connected with the velocity v and the pressure p of the Chaplygin gas by
Egs. (11.22),

Opr=——, 03+ vo, =0.

In this example Eqgs. (12.2) are not satisfied. Indeed, we have

0 dx
%[O(pt+vpx+pvx)] :pr—Dx(Up) =—po=p ?7&07
% [U(pt + vpy + /)Ux)] =0t — Dx<0'1}) +ov, = —(at + ng) — O’
2 ol + vpa + pua)] = 0

5p O(pt T VP + PUz)] = U.
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Example 12.3. Let us consider the conservation equation (11.50),
1
D,(CH) 4+ D,(C?*) =tp (Ut + Vv, + ;px) + tu(py + vps + pug).
Here Eqgs. (12.2) are not satisfied. Namely, writing
1 2
tp | vy +vv, + ;pm + tv(py + vpe + pvg) = tpvy + 2tpvv, + tp, + tvp, + tv°p,

we obtain:

0 2

50 [tpvt + 2tpvv, + tp, + tvpy + tv px} = —p,

0 2
% [tpvt + 2tpvvg + tpy + tvp + tv pm] = —,

)
5D [tpvt + 2tpvv, + tp, + tvps + tv2pm] =0.
D

Exercise 12.3. Check if Egs. (12.2) are satisfied for the conservation equations (11.52)
and (11.54).

81



82 Nail H. Ibragimov

PART 3
Utilization of conservation laws
for constructing solutions of PDEs

13 General discussion of the method

As mentioned in Section 7.4, one can integrate or reduce the order of linear ordinary
differential equations by rewriting them in a conservation form (7.39). Likewise one
can integrate or reduce the order of a nonlinear ordinary differential equation as well
as a system of ordinary differential equations using their conservation laws. Namely, a
conservation law

D, ((x,y,y/, ...,y ) =0 (13.1)
for a nonlinear ordinary differential equation
F(z,y,y,....y*) =0 (13.2)
yields the first integral
Oy Y.yt Y) = O (13.3)

We will discuss now an extension of this idea to partial differential equations.
Namely, we will apply conservation laws for constructing particular exact solutions
of systems of partial differential equations. Detailed calculations are given in exam-
ples considered in the next sections.

Let us assume that the system (8.1),

Fy (m,u,u(l),...,u(s)) =0, a=1,...,m, (13.4)
has a conservation law (8.2),
=0, (13.5)
with a known conserved vector
C=(C' ....,C", (13.6)

where
C'=C" (x,u,u(l),...), 1=1,...,n.

We write the conservation equation (13.5) in the form (8.7),
D;(C") = u*Fy (z, U, U1, - - - ,u(s)). (13.7)

For a given conserved vector (13.6) the coefficients p® in Eq. (13.7) are known func-
tions pu® = p®(z,u,ugy, .. .).
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We will construct particular solutions of the system (13.4) by requiring that on
these solutions the vector (13.6) reduces to the following trivial conserved vector :

C=(C'a*....2"), ..., C™(a',...,a"")). (13.8)

In other words, we look for particular solutions of the system (13.4) by adding to Egs.
(13.4) the differential constraints
Cct (x,u,u(l), . ) = h'(2® 2%, 2"),
C? (x,u, U1y, - - ) = h*(2',2®, ... 2"),

(13.9)

where O (x, U, U1y, - - ) are the components of the known conserved vector (13.6).
Due to the constraints (13.9), the left-hand side of Eq. (13.7) vanishes identically.
Hence the number of equations in the system (13.4) will be reduced by one.

The differential constraints (13.9) can be equivalently written as follows:

’ (13.10)

Remark 13.1. The overdetermined system of m + n equations (13.4), (13.10) reduces
to m + n — 1 equations due to the conservation law (13.5).

14 Application to the Chaplygin gas

14.1 Detailed discussion of one case

Let us apply the method to the Chaplygin gas equations (11.15),

1
vy + 00y + —py =0,
p

Pt + vpg + pvg, =0, (14.1)
Dt +Vpy — puy = 0.

We will construct a particular solution of the system (14.1) using the simplest conser-
vation law (11.30),

Dy(p) + Dy(pv) = pi + vpy + py. (14.2)
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The conservation equation (14.2) is written in the form (13.7) with the following con-

served vector (13.6):
Ct=p, C?=pv. (14.3)

The differential constraints (13.9) are written as follows:
p=g(x), pv=nh(t). (14.4)

Thus we look for solutions of the form
p=g(z), v=—=" (14.5)

The functions (14.5) solve the second equation in (14.1) because the conservation law
(14.2) coincides with the second equation (14.1) (see Remark 13.1). Therefore it re-
mains to substitute (14.5) in the first and third equations of the system (14.1). The
result of this substitution can be solved for the derivatives of p :

h2 /
Pz = _h/ + g 5
9
(14.6)
hg/ hh/ h3g/
pe=——SpPt— ——5
g g g
The compatibility condition p,; = p;, of the system (14.6) gives the equation
12 h// i /2
<g” —2 g—> p=g— —2gk —h2 L 1 op? 9—2 : (14.7)
g h g g

For illustration purposes I will simplify further calculations by considering the partic-
ular case when the coefficient for p in Eq. (14.6) vanishes:

g/2
¢ —27-=0. (14.8)
g

The solution of Eq. (14.8) is

1
g(x) = P a,b = const. (14.9)

Substituting (14.9) in Eq. (14.7) we obtain
R" + 2ahh’ = 0, (14.10)

whence
h(t) = ktan(c — akt) (14.11)
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if a # 0, and
h(t) = At+ B (14.12)
ifa=0.
If the constant a in (14.9) does not vanish, we substitute (14.9) and (14.11) in Egs.
(14.6), integrate them and obtain

p = k*(ax +b) + Qcos(c — akt), (@ = const. (14.13)
In the case a = 0 the similar calculations yield
b
p=—Ax+ B A%t + ABbt + @, (@Q = const. (14.14)
Thus, using the conservation law (14.2) we have arrived at the solutions
1
P e+ b
v = k(ax + b) tan(c — akt), (14.15)
p = k*(az + b) + Q cos(c — akt)
and
1
p - b )
v=>b(At+ B), (14.16)

b
p=—Azr+ §A2t2 + ABbt + Q.

14.2 Differential constraints provided by other conserved vectors

The conservation laws (11.31)-(11.33) give the following differential constraints (13.9):

pv’ —p=g(x), pv+pv® = h(t), (14.17)
pv = g(x), p+ pv? = h(t), (14.18)
tpv —xp = g(x), tp+tpv® —xpv = h(t). (14.19)

The nonlocal conserved vectors (11.49), (11.51) and (11.53) lead to the following
differential constraints (13.9):

tpv + 1 = g(x), p+ pv® = h(t), (14.20)

tp = g(x), tpv — 7 = h(t), (14.21)
t? t?

(5 - s) p=g(z), (5 — s) pv —tT = h(t). (14.22)

The constraints (14.20) are not essentially different from the constraints (14.18). It is
manifest if we write them in the form (13.10).
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15 Application to the model of an irrigation system

The method of Section 13 can be used for constructing particular solutions not only of
a system, but of a single partial differential equations as well.
Let us consider the nonlinear equation (6.1),

satisfying the nonlinear self-adjointness condition (6.3),
S'(¢) =aC(y), a = const. (15.2)
and apply the method of Section 13 to the conserved vector (9.11),
C' =S, C*=aK(p)ee™, C%=aK(@)(th, — 1)e™. (15.3)
The conditions (13.9) are written:

S(W)e" = f(z.2), aK@).e" =g(t,2), aK(¥)(Y. —1)e™ = h(t,z).

These conditions mean that the left-hand sides of the first, second and third equation
do not depend on ¢, x and z, respectively. Therefore they can be equivalently written
as the following differential constraints (see Eqgs. (13.10)):

aS(y) + S () = 0,
K (¥),], =0, (15.4)
(K (¥) (v, — 1)], = 0.

The constraints (15.4) reduce Eq. (15.1) to Eq. (15.2). Hence, the particular solutions
of Eq. (15.1) provided by the conserved vector (15.3) are described by the system

aC() - §'() =0,

aS(¥) + ' () =0,
(15.5)
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Abstract. We compute the equivalence Lie algebra for the generalized Kompaneets equation.
It is shown that knowledge of the equivalence algebra and theorem on projections of equiv-
alence generators allows to approximate the Kompaneets equation by an equation having a
wider class of symmetries. Using an additional symmetry of the approximating equation we
construct an exact non-stationary solution as a group invariant solution.

Keywords: Kompaneets equation, Equivalence algebra, Additional symmetry, Invariant solu-
tion.

1 Introduction

The Kompaneets equation [1]

w= "D, [z (ue + u + u?)] (1.1)

22
describes the interaction of a low energy homogeneous photon gas with a low energy
rarefied electron gas via the Compton scattering. It is known also as the photon diffu-
sion equation. The Kompaneets equation admits only the time translation group with
the generator

0
=2
Consequently the only group invariant solution of the Kompaneets equation is the
steady-state solution u = wu(x). It is shown in [2] that Lie group analysis provides
more invariant solutions for certain approximations of Eq. (1.1).

X, (1.2)

(© 2010 E.D. Avdonina and N.H. Ibragimov
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The aim of the present paper is to discuss possibilities provided by the equivalence
group analysis applied to the following generalized Kompaneets equation (see [3],
Section 4.3, Equation (4.10)):

1
= ) D {h*(2)u, + f(u)]}. (1.3)
We will use the equations (1.1) and (1.3) written in the expanded forms
Uy = 2% [Ugy + (1 + 2u)ug] + 4xfu, + u? + 1 (1.4)
and
we = h(z)[uze + f'(uw)us] + 20" (2)[us + f(w)], (1.5)
respectively.

2 Equivalence group generators

For calculating the equivalence Lie algebra we write Eq. (1.5) in the form
U = hlugs + fuus] + 2hy [us + f], 2.1)
fe=1.=0, hi=h,=0. (2.2)

The equivalence generators

0 0 0
v=gd el 4yl

2.
9 +M8f+u8h (2.3)

are obtained from the invariance condition of Egs. (2.1). The coefficients ¢ and 7 of
the operator (2.3) depend on the variables ¢, x, u, whereas the coefficients 4* depend
ont,x,u, f,h.

The prolongation of the operator (2.3) to the derivatives of u, f and h involved in
Egs. (2.1)-(2.2) is written

~ 0 ) ) ) , 0 ) ) 0
Y =¢! +§—+77—+M +M +C1 +C2 + (oo
ot af du, Uy 2.4
L0 0 0 B, 0 ) '
+

16‘ft +w28fx +w°afu J””laht “"Zah +‘”Oah

The invariance of the system (2.1)-(2.2) requires that the following equations should
be satisfied on the manifold given by Egs. (2.1)-(2.2):

V(= + htgy + fuug] + 20, [ug + )] =0, (2.5)

Yf,=0, Yf,=0, Yh,=0, Yh,=0. (2.6)
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The coefficients (7, (2, (o2 of the prolonged operator (2.4) are calculated by the
usual prolongation formulae:

G = Dy(n) — UtDt(fl) - Uth(§2)>
G2 = Dy(n) — wp Dy (€') — ua Dy
(€Y —u. DX(

2

) 2.7

£)
(oo = D3(n) — wD €%) = 2ute Dy (€1) — 2u4 Do (E7).
In calculating w;* the independent variables are ¢,z,u and the dependent vari-
ables are [ and h. We consider in these variables the operators of total differentiations
Dy, D,, D, with respect to the independent variables ¢, x, u. Taking into account Egs.

(2.2), these operators are written in the form

~ 0

Dt aa
~ 0 o)
D, = %+h$8h’ (2.8)
D, = vy

*hugg

The coefficients w;* of the prolonged operator (2.4) are given by

w = Di(p*) — feDyi(n), i=1,2,0, (2.9)

where D; = D,, Dy = D,, Dy = D,,.
Let us begin the analysis of the determining equation by investigating Eqgs. (2.6).
They are written

w=0, w,=0, wi=0, wi=0. (2.10)
The equations (2.9) and (2.8) give

= Dy(1") — fuDi(n) = 58_111 3 u%,
wy = Do(pt) — fuDa(n) = %im ou'! fu |
Di(i?) — haDy(€2) % _ "”aa_f 2.11)
wy = Du(p?) = haDy(€?) = 6’u +fua,} x%—f
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Substituting (2.11) in Egs. (2.10) we obtain the following system:

ot on

E_fu__ov

ot

Ox

a—“z—ha—g—o 2.12)
ot ot

0 0 0€?

“+fu’} hxa—fu:o.

Since these equations should hold identically for all f,, and h,, Egs. (2.12) give rise to
the following system:

ot B on
e
ot o' on
R T T
2 2 (2.13)
o _y X _y
ot ot
2 2 2
Oy, Oy O
ou af ou
The general solution of Egs. (2.13) is given by
Slta), @), nw), g f), pAha). (2.14)

We turn now to Eq. (2.5). It is written

—C1+h[Con+ fulo+whtie] + [Uge + futte] i + 20 [Co+ '] + 2wy + flws = 0. (2.15)

Using the formula (2.9) we obtain the coefficients w involved in Eq. (2.15):

~ )= o’ ,0
wh = Du(n') = 'Dal) = 51— +f8—f— oL
) , (2.16)
w; _ ﬁx(,UQ) . h'f?x(éQ) _ ai + h/a:u h/ag
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Then we insert the information (2.14) in the prolongation formulae (2.7) and obtain:

Go=n'u —w (& +wéy),

Co = Nua — () + ualy) — uall,

Coo = Ny +1"u5 — u(Eyp + 200y, + Eu s + Elae)
— upE3, = 2upe (& + UaE,) — el

2.17)

We substitute the expressions (2.16)-(2.17) in the determining equation (2.15) and
first nullify the term with uy,, :

This give the equations

Hence,
gh=¢(). (2.18)
Now we substitute {1 = ¢! = 0in Egs. (2.16) - (2.17) and obtain:

wy = o+ [y — (W) fay,  ws = p2+ [ — Ry s (2.19)

Go=['(u) = &lur, G =1 (wuy — Eoug,
G2 = W(U) - 2§£]uﬂcx + n//(u)ui - gizux

Upon inserting the expressions in the determining equation (2.15) we obtain

(2.20)

—n'ug + h[n Uz + n”ui — fﬁxux — 2§§um + f'n'u,—

F'€uq + plug + (1 — 1) fta] + [tae + flug]p’+ 2.21)
20 [+ 1'ug) 4 2(ug + f) - 13+ (i — E2)R'] = 0.

We replace u; with its expression given by Eq. (2.1) and write the first term in Eq.
(2.21) in the form
—0' Mg + hfutiy + 2hpu, + 2k, f].

Applying to the resulting determining equation (2.21) the usual procedure of solv-
ing determining equations, we arrive at the following general solution of the determin-
ing equations (2.5)-(2.5):

=01+ GCot, € =Cs+Cux, n=Cs+ Ceu,
(2.22)
pt = (Co— Ca)f, p*=(2Cy— Ca)h,
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where C1, Csy, C5,Cy, Cs5, Cg are arbitrary constants. The general solution of the de-
termining equations provides the following equivalence generator for the generalized
Kompaneets equation (1.5):

Y =CY, + oY + - - - + CpYs. (2.23)

Thus, the basis of the equivalence Lie algebra for our equation is spanned by the oper-
ators

) 0 o)

=g =ty
0 a

Ys=o1 n—xax—fa—fmh (2.24)
o) a J

3 A model with additional symmetry

Consider the following projections X and Z of the equivalence generator (2.23):

0
pr(t,m,u) (Y) X = f ar + 52 Uau

o 0 0 0
Ve 7z =9 o 1Y 22
pr(m,u,f,h)( ) § Oxr +n8u TH aof o oh

3.1

We will use the theorem on projections (N.H. Ibragimov, 1986; see Paper 3 in [4]).
In our case, the theorem states that if the equations

f=F(u), h=H() (3.2)

are invariant with respect to a group with the generator Z, then the corresponding
equation (1.5) admits the group with the generator X. Let us find the model based on
the operator

Y—n—%—a%—x%—(uﬂ)g 2f—f+2h2 (3.3)
Its projection X defined by (3.1) is

s, s,
X — g2
o (u+e)=—

whereas the projection Z is identical with the operator (3.3).

(3.4)
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The invariance conditions for the equations (3.2) with respect to Z = Y are written

Z(f = F(u))j=riy = 0. [2(h— H(@))eri) = 0.

These equations are written

dF
—2F — =0, 2H—2—=0
+ (u+e€) T , z—
and yield:
f=Cu+e? h=Kz>

Let us take C' = 1, K = 1 for the sake of simplicity. Thus, the theorem on projections
guarantees that the equation

Uy = 22Uy + 2(u + €)uy] + 4x[u, + (u + €)?] (3.5)

admits the two-dimensional Lie algebra spanned by

0 X2:x3—(u+g>%-

Xi = ot’ ox

(3.6)

Let us construct the invariant solution with respect to X,. The invariants for X are
determined by the equation

XoJ(t,z,u) =0
which is written
xg — (u+ e)a—J =0
ox ou
One solution is
J=t

By solving the characteristic equation

dx du
— +
x U+ e

=0

we obtain the second solution
Jo = x(u+¢).

The invariant solution is obtained by letting
Jo = ¢(Jy).

In other words, we let

2(u+e) = o(t)
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or .
u=—c+ M . 3.7
x
Substituting (3.7) into (3.5), we obtain
Qb, = 2(¢2 - gb)v
whence
b1
1 —Ce
Substitution of ¢ in Eq. (3.7) yields
= + ! 3.8)
v=F x(1 —Ce?) '
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Abstract. The paper is devoted to investigation of the group of equivalence transformations for
one-dimensional reaction-diffusion type models described by an evolution system comprising
two second-order nonlinear partial differential equations. The cases of nonlinear and linear
cross-diffusion are considered in two separate parts.

Keywords: Excitable systems, Cross-diffusion, Equivalence transformations

PART 1
Excitable systems with nonlinear cross-diffusion

1 Introduction

In this part of the paper we will discuss one-dimensional reaction-diffusion type mod-
els with nonlinear cross-diffusion. Specifically, we will consider the system of the
form (see, e.g. [1])

ou Pu 0 ov
T flu,v) + A@ + 7 (¢(Uav)%> ;

(1.1)
O v 0

ou
5 g(u,v) + B@ + O (1?(“7“)%) ;

where four undetermined functions f, g, ¢, of two variables and two undetermined
constants (parameters) A, B provide six “arbitrary elements” of the model.

We identify equivalence transformations of the system (1.1) with changes of the
variables ¢, x, u, v and transformations of the arbitrary elements mapping the system
(1.1) into a system of the same form. Thus, one-parameter continuous groups of equiv-

(© 2011 N.H. Ibragimov
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Group analysis of excitable systems with cross-diffusion 101

alence transformations (depending on a group parameter a) have the form
t=1t(t,z,u,v,a), ===z, x,u,v,a),
u=u(t,x,u,v,a), v=70(tz,umv,a),
f=Fftzu0, f.g9,6,9, A B,a),
g=g(t,z,u,v, f 9,00, A B,a),

o (1.2)
=0t z,uv, f,9,.0,¢,4, B,a),
=Ptz u v, f,9,0,9, A, B, a),
A= A(t,z,u,v, f,g,¢,%, A B,a),
B = B(t,z,u,v, f,g,¢,%, A, B,a)
and map the system (1.1) into the following system:
- Tan+agts 2 (smag).
) N ) (1.1
a0+ 855+ 2 (dwng).
where the functions f(i,), ..., %(u,v) and the constants A, B may differ from the

corresponding functions and constants in the original system (1.1).

Remark 1.1. Generally speaking, the transformed values ¢, z, u, v of the physical vari-
ables may also depend upon the “arbitrary elements” f, ... B. But we will restrict our
consideration to transformations of the form (1.2).

Remark 1.2. The question on nonlinear self-adjointness of the system (1.1) is inves-
tigated in [2], Section 5.

2 Equivalence group and determining equations

2.1 Notation

The following notation will be convenient in general calculations:

x=(z',2%), w=(' ), y=(z,u), 2.1)
where

xlzt, :(:2:35, ulzu, u2:v, 2.2)

y'=t Y=z y=u y' = '
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The arbitrary elements of the model (1.1) will be written in the form
F=(f" 02000 1, 10, (2.3)

where
f1:f7f2:gaf3:¢7f4:¢7f5:A7f6:B‘ (2.4)

The generator of the group of equivalence transformations (1.2) has the form

0 0 0 0 0
Y:€1§+£2_+nl_+n2%+ulw

ox ou
(2.5)
NPT e )
Hag ™ as ™oy Faa"t an
or, using the notation (2.4), in the compact form
.0 )
Y =¢— f— ¢ 2.5
5axl+”auz+“ fa (2.5%)
where the summation is taken over - = 1,2 and o = 1,. .., 6. The coefficients are
¢=¢&(xu), n=r(=u), i=12
and
p = p(e,u, F), a=1,...,6.
2.2 [Extended form of Equations (1.1)
It is convenient to write Egs. (1.1) in the form
Dy(u) = AD}(u) + Dy [¢(u, v) Dy (v)] + f(u,v),
(2.6)
Dy(v) = BD;(v) + Dy [¥(u, u) Do(u)] + g(u, v),
using the operators of total differentiation
D —2+u£+v2+u i—|—u i+v i+v i—l—
ot ou v Mou, T Mo, "ow | o, ’
2.7)
0 0 0 0 0 0 0
Dx = _+ux_ +Um_ +utx—+umz— +Ut:v— +Ux:r— + -

ox ou ov Ouy Ou,, vy

where D? is the repeated action of the operator D, e.g.
D(u) = Dy (Dy(u)) = Dy(uy) = tgg.
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Group analysis of excitable systems with cross-diffusion 103

Thus, Egs. (1.1) are written:

Up = Aty + G(U, V)V + [Putly + Ppva] V2 + f(u, ),
(2.8)
UV = szx + 2/)(16, u)uxz + [¢uux + ¢vvx] Uy + g(u7 U)a

where ¢, ¢,, ¥y, 1, denote the partial derivatives, e.g.

_ 0¢(u,v) B
Pu = ou ' P =

9 (u,v)
o

Furthermore, in order to calculate the equivalence generators, we write Egs. (2.8)
in the following extended form:

U — Algy — Pz — Pulias — Gy — f =0, (2.9)
U — BUgy — VUgy — wuui — Pz, — g =0, (2.10)
fi=l:=0, g=9g:.=0, (2.11)
ot =09, =0, Yp=1,=0, (2.12)
A=A, =A,=A, =0, (2.13)
B,=B,=B,=DB,=0. (2.14)

Egs. (2.11)-(2.12) guarantee that the functions f, g, ¢, ) do not depend upon the vari-
ables t, x, whereas Eqs. (2.13)-(2.14) show that A and B are independent on all phys-
ical variables ¢, x, u, v.

Remark 2.1. Using the notation (2.2), (2.4), Egs. (2.11)-(2.14) can be written

fe=0, (a=1,2,34 oc=1,2), (2.15)
fo=0, (a=56 o=1,234). (2.16)

2.3 Determining equations

A convenient approach to calculation of equivalence transformation groups has been
suggested in [3]. According to this approach (see also [4] or [5], Paper 5, and [6], [7]), a
one-parameter group of transformations (1.2) is a group of equivalence transformations
for Egs. (1.1) if it leaves invariant the extended system (2.9)-(2.14). Then the usual
infinitesimal invariance test yields that the prolonged generator Y of the equivalence
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group (1.2) should satisfy the equations

Y (= Aty — Py — iy, — G072 — f) =0, (2.17)
Y (0, — By — Yty — a2 — yugv, — g) = 0, (2.18)
Y(fi) =Y(f:) =0, Y(g)=Y(g)=0, (2.19)
Y(¢) =Y(¢a) =0, Y(th)=Y(tp;) =0, (2.20)
Y(A) =Y(A,) =Y(A) =Y (A4,) =0, 2.21)
Y(B) =Y (B,) =Y(B,) =Y(B,) =0 (2.22)

on the system (2.9)-(2.14), where

}?_512+£2£+13+ a+ 8+ 3+ 8+ 0
TS e T “af “a ”a¢ ”aw

0 0 0
+ i aA"‘M 8B+C13t+C28 +C18_t+<23 +C22a

+§2—+w1—+w1i+w2£+w2i+w3i+w3a
228Uxx laft 28fx lagt Qag:c 18¢t 28¢x
9 9 9 9
4 4 5 5 5 5
T, T2, TYiga, T Y04, T, TYiga,

+w68 + w8 0 + w8 0 + W 0 :
‘oB,  *0B, " ’0B, 0B,

(2.23)

In computing the coefficients ({, (%, (5, (3, (o, (5% and wi, ..., w? it is convenient to
use the operator (2.23) in the compact form (see the notation (2.4))

~ -0 ) -0 0
Y:Y+C{%+C§aul +C§28ul +w?afa
t T TT o

(2.24)

Here Y is the operator (2.5') and the coordinates (i, (i, (i = 1,2) are given by the
usual prolongation formulae (see the notation (2.2)):

(i = Di(n') — upDy(€") — ul,Dy(&?), (2.25)
Gy = Da(n') — ug Do (€') — ul Dy (€7), (2.26)

CéZ (CQ) ut:p (61) - u;mD$(€2)
= D3(n") — i D3(€") — up D3(€7) — 2u, Da(§') — 2up, Du(€7),  (2.27)
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Group analysis of excitable systems with cross-diffusion 105

where Dy, D, are the total differentiations (2.7) and D? is the repeated action of the
operator D, e.g. D2(n') = D, (D, (n")).

The coordinates w$ (a« = 1,...,6; 0 = 1,...,4) of the operator (2.24) are given
by (compare with the prolongation formulae (2.25)-(2.26))
wg = Do(u®) = [ Do(€") = f2 Do(€%) = fiDos(n') = [0 Do), (228)
where (compare with (2.7) and see the notation (2.2) for y7)
~ 0 0
D, = a , o=1,...,4. (2.29)
y° afe«
In (2.24) and (2.29) we use the notation
ofe
o= =1,...,4
fU 8y0 ) g ) )

so that, according to the notation (2.2) for y°, we have:
= =5 5=n mn=n

Using the expression (2.23) for the operator Y in Egs. (2.17)-(2.22) we obtain the
following determining equations for the equivalence generators:

Cll - AC212 - uxx,u5 - ¢C222 - Ux:czu?’ - (Ux§21 + UICQQ)¢u

— wguwi 2(;51,%(’2 v? w4 put =0, (2.30)

Gt =BG = Vaaht® — ¥ — Ugaht” — (v2Cy + 13,
—w4uxvx 21/Juux(’2 u? w3 u =0, (2.31)
wy =0, (o =1,2,3,4; o0=1,2), (2.32)
wy =0, (a=5,6; o=1,2,34), (2.33)

where (i, ¢4, (4 (1 = 1,2) and w? are given by (2.25)-(2.27) and (2.28), respectively.
Eqgs. (2.30)-(2.33) are termed the determining equations because they determine the
generators (2.5) of the maximal continuous group of equivalence transformations (1.2)
for the system (1.1).

3 Preliminary analysis of determining equations

3.1 Integration of equations w) = 0

Since Egs. (2.17)-(2.22) should be satisfied upon evaluating their left-hand sides on
the system (2.9)-(2.14), it suffices to write the operators (2.29) by taking into account
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the equations (2.11)-(2.14). Then, denoting

Dy=D, Dy=D,, Ds=D, Di=D, 3.1)
and invoking the notation (2.2), (2.4) we will have:
~ 0 ~ 6 0 0

D, = — D u u u u
0 a 0 0 2
Ew N 51} + v + g + @y + Py
- gy + g + gl g
Therefore, using Eqgs. (2.11)-(2.14) and notation (2.4), we obtain from (2.28):
W =Dy (1) = foDa(n') — foDa(n?), (a=1,2,3,4), (3.3)
WS = Dy (i), (a =5,6). (3.4)

If we take o = 1 and compute (3.3) for ¢ = 1 and 0 = 2 by using Eqgs. (2.4), (3.1),
(3.2), we obtain:

wl = Di(u") = fuDe(n") = £uDe(0) = i = fumi — fumi
W; = Dz(,ul) - qux<771) - fvﬁx(n2) = ,uglc - fuﬁi - fvni

Making similar calculations for a = 2, 3,4, we conclude that

wi = g = funt = oty ws = g — fuly — fonis

Wi = [ = Gully — Gy Wh = M3 — Gully — Gulas
3 3 1 2 3 3 1 2 3-5)
WY =y — Gully — Qullys Wy = Hiy — Pully — Pullys
wl = :ut %m Qﬁﬂ]?, wg = Mi - %77910 - %ﬁi-
Substituting (3.5) in Egs. (2.32) we obtain:
pi— fant = fonp =0, ph— fums — foms =0,
1= gunt — gom; =0, p2 — guns — gum2 =0,
3 1 2 3 1 2 (3.6)
py — Qutly — Gumy =0, py — Gully, — Gty = 0,
pf = bunt —emy =0, gy — Yuns — s = 0.
Since 7‘, ;¢ do not depend upon £, fv, Gu, Guos Gus Go, Yu, ¥y, Egs. (3.6) yield
n=mn,=0, nj=n=0,
pp=py =0, pf=pi=0, 3.7)

=y =0, g =py =0
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Likewise, using (3.4) and invoking Egs. (2.4), (3.1), (3.2), one obtains

wi

= s Wy =
Wy = fly + full} + Gutty + Gupty + Vuply, (3.8)
wi = py + foll} + Gully + Guptg + Yoy
for a = 5, 6. Substituting (3.8) in Egs. (2.33) and reasoning as above, one obtains:
[y = pg =y = py = pf = pg = pg =iy, =0, (a=25,6). (3.9)

Thus, we have completed the integration of Egs. (2.32), (2.33). The result is given
by Egs. (3.7) and (3.9). It remains to solve Egs. (2.30), (2.31).

3.2 Simplifications derived from Equations (2.30), (2.31)

We turn now to Egs. (2.30), (2.31). First, we will single out in Egs. (2.30), (2.31)
the terms containing u;, and vy,. It is manifest from the prolongation formulae (2.25)-
(2.27) that they are involved only in (J, and (3, given by (2.27), namely:

G2 = —2Du(§) e + -+, Gy = —2Du(§") vya + -+

Substituting these expressions in (2.30), (2.31) and nullifying the coefficients for w;,
and v, we obtain the equations

AD,(€") =0, BD.(¢") =0, 6D.(")=0, ¥D,(¢')=0.
Since the parameters A, B and functions ¢, 1) are arbitrary, these equations yield
D,(¢') =0. (3.10)
Writing Eq. (3.10) in the expanded form (see the definition of D, in (2.7))
&g + Uz, + 0,6, =0,

we obtain

& =6 =6=0. (3.11)

Now we will single out in Egs. (2.30), (2.31) the terms involving

UplUpg, Vplzg, UgUzz, UgUgg. (3.12)

They are contained in (1,, (2, and will also appear in (i, (? after eliminating u;, v; by
using Eqgs. (2.9), (2.10). Namely, keeping in (2.27) the terms that may contain the
quantities of our interest and invoking Eq. (3.10), we obtain:

Gy = —uzD2(E) = 2u4e Dy(§?) + -+
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(2, = —0,D2(6%) — 20,0 Dy (€%) + - - -

= — 0y (U £ 4 Vi €2) — 205 (Ug €2 + 0, E2) + -+ - . (3.14)
Furthermore, we have:
(= —ue Dy(€%) + -+ = —uy (ur & + 0, 6)) + -+
= Uy & (Al + PVpz) — Uy &2 (BUgy + Uyy) + -+, (3.15)

and likewise

C12 = —Ug fi (Asy + PV2e) — Vg 512; (BUgg + Ytlag) + -+ - . (3.16)

Substituting (3.13)-(3.16) in the left-hand sides of Egs. (2.30), (2.31) we obtain the
following terms containing the quantities (3.12):

(L — Ay — 0 CEy = 30 E20,05, + (2AE2 — ) ED)uptiy,
+ (&) + 2A8) ptiar + [ € + (A — B)Euglag + -+ - (3.17)

Egs. (2.30), (2.31) are satisfied identically upon eliminating u; and v;. Therefore
we nullify the coefficients of quantities (3.12) in (3.17), (3.18) and obtain:

¢ =0, o&+(A-DB)g =0,

3.19
2N HE =0, O + 2461 =0 G
2=0, 2+ (B— A =0,
vE =0, Ve + (B A = 520
2BE — €2 =0, e +2BE = 0.
Since A, B, ¢, v are arbitrary elements, Egs. (3.19), (3.20) yield
& =6 =0. (3.21)

3.3 Results of preliminary analysis

Collecting Egs. (3.7), (3.9), (3.11) and (3.21), obtained above by a preliminary analysis
of the determining equations (2.30)-(2.33), we obtain the equations

G=6=6=0 &=¢6=0,

L . (3.22)
n; =1, =0, n; =n; =0;

and

(3.23)
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Remark 3.1. The equations (3.22), (3.23) yield:
g=¢(), €=, n=n(uv), n°=n(uv),
/’La /J/ (uvf7g7¢ w?AB) (a:1?27374>7
p® = p*(A, B), (a=5,6).
4 Solution of determining equations

4.1 Determining equations after simplification

Substituting (3.24) in the prolongation formulae (2.25), (2.26) we obtain:

¢ = Dy(n") — wDy(€") — up Dy(€2) = (my, — & uy + 1y v — & s,
G = D) — vDy(€") — v Dy(€%) = mih wy + (m; — &)ve — & vg,

§21 = Dw(nl) - uwa(52) = (7711L - fi)uw + 771% Vg,
€22 = Dw(nz) - UmDm(€2) = 773 Uy + (775 - fg)vx

(3.24)

(3.25)

4.1)

(4.2)

The formula (2.27) is simplified likewise. Namely, since D, (£') = 0, it is written

Goo = Da(n') — uu D3(€7) — 2ug, Da(€7).
Furthermore, it follows from (3.24) that
D$(£2) :giv D?c(fz) :€§x7

D2(n") = 0}y s + 1y Vo + Mo U3 + 20 UgVs + 100, V2
Therefore (4.3) yields:

= 7]1 —2 2 Ugy + 7]1 Uy + 771 U2 + 2771 Ug Vg + 771 UQ - & Ug,
22 [ x v uu uv v YT xT
C222 = 773 Ugg + (7712; - 255)”:606 + niu Ui + 27751; Uy Uy + 7712;1; Ui - giz Ug-

After substituting (4.1), (4.2), (4.4) and eliminating u;, v; by using Egs.
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(2.10), the determining equations (2.30) and (2.31) become
(7 — &) (Atigg + PVgp + Gutiay + 02 + f) (4.5)
+ 1y (BUzy + Yty + ot + Yotz + g) — Eluy
— A1y = 263 taa + My Vag + My W5+ 20, gV + 1y, V5 — 5, U]
— B0 g+ (11 — 263 Ve + Moy U + 2005, UgVy + 1o, U — €2y Ve
— Gul(y + 07 — 280 ugvy + 1,07 + T] = 20, [Mugve + (05 — E3)07)
— ;L5um — ,u%m — wg’uxvx wi’vQ — p,l =0
and
(M7 — &) (Bugy + Yty + 1hutil + otz + g) (4.6)
+ o (Allag + PVag + GulicVe + Guv2 + f) — &0,
B 1 g + (07 — 262)Vng + Moy, U 4 2, UV + 1o, V2 — €2y V]
— (1 = 262 U + 70y Vi Mgy U A+ 200 UV + My Vi — €5, U]
— o[ (M + 7% = 26 U0ty + 1y07 + Motid] = 20u[myuav, + (1, — E3)ul]

6 4,2 4 2
— Vg — ,u Ugy — Wally — WyUyVy — 1~ = 0,

respectively. We have to substitute here the expressions for the quantities w3, w3, w3

and wj. Using (3.3), (2.4), (3.1), (3.2) and (3.24), (3.25), one obtains
wg = Du(:ug) - ¢uDu(771) - vaDu(nQ)
= 115+ fupth + Guptd + dud + Vutid, — dumy — dum.
The other three quantities are computet likewise, and we have:
Wg = :ui + fu“? + guﬂg + qu/iz + ¢uﬂ?p - gbuni - %7]3,
Wy = 1+ folt + gopts + Gupt + Yopil, — duny — durs,
4 4 4 4 4 4 1 2 @.7)
W3 = [y, + fUNf + Gulty + Qbu/%s + %Mw = Vully — Yoty
Wi = iy + fult} + Gobty + Guptly + upty, — uny — Vo1

Eqgs. (4.5)-(4.6) should be satisfied identically in the variables f,, f,, ..., ¥y, ¥y
and Uy, Uy, Ugy, Vze. Since the unknown functions &, n and ¢ do not depend upon these
variables, we split Egs. (4.5) and (4.6) in the usual way. Let us substitute (4.7) in (4.5)
and collect the terms with f,, f., gu, g,- We have:

—(futtaVe + foV2) 17 — (GullaVa + Guv3) tiy-
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The similar terms involved in Eq. (4.6) are
—(futi + fotzva) s — (gutil + gutiava) .
Since these terms should vanish identically in fy, f,, 9u, v, Uz, Uz, We Obtain:
pp=0, pyg=0, py=0, py=0. (4.8)

Likewise, taking into account Egs. (4.7) and collecting the terms with ¢, in (4.5), we
see that ¢, is involved with the coefficient

(Mo — 15 + 263 — & — pi Yuav, — M.
Hence, Eq. (4.5) yields:
M =0, pg=mn,—n+25 & (4.9)

The terms with ¢, in (4.5) vanish due to Egs. (4.9). It is easy to see that the terms with
¢, in (4.6) appear now with the coefficient —piju2, and hence

pig = 0. (4.10)

The terms with ¢, in (4.6) vanish. The similar inspection of the terms with v, 1,
yields the following equations:

my=0, =0, gy =1 —n,+285 & (4.11)
Egs. (4.8)-(4.11) reduce the expressions (4.7) for w3, w3, w3, wi to the following:
Wi = gy + (267 = & —02) dus
wi = py + (262 = & +n, — 207) b,
wy = iy, + (262 = & + 0% — 20,) Y,
Wi = py + (260 — & — mu) e
Furthermore, nullifying the terms with u,, and v,, we arrive at the equations
= (288 =&+ — ) o,
pt = (260 = & 0l —m,) v,
W= (26— &) A
p = (262 - &) B.

Note that the first two equations (4.13) are compatible with Egs. (4.9)-(4.11).
Thus we have eliminated in Egs. (4.5)-(4.6) the terms with

fu> f’UJ g’lL7 g7.)7 ¢ua ¢U7 w’UJ w’LH uCEQH U{E{L’

4.12)

(4.13)
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4.2 Integration of determining equations

Using the results of Section 4.1, we can write the determining equations (4.5)-(4.6) as
follows:

2 3y,.2 3 1 (4.14)
- ((b%u + :ufu)vz — Ry UV — b = 07

(1, = &)g + (BE, — &)ve + &, us — By, v s
(] 4y, 2 4 9 (4.15)

Since Egs. (4.14), (4.15) hold identically in u,, v, they provide the equations
Oy + 15 =0, =0, (g —&)f—p'=0

and

Uy + 1y, =0, iy =0, (g2 —&)g—p* =0.
Furthermore, since A, B, ¢ and v are arbitrary elements, these equations yield

oo =& =0, 1y, =15, =0, (4.16)

pt =y —ENf 1= —¢&)g, (4.17)
and
fo =ty =0, piy =, =0.

Differentiating the first equation in (4.17) with respect to ¢ and invoking that p} =
n; = 0 we obtain

& = 0. (4.18)
Summarizing the equations (3.22), (4.9), (4.11), (4.16) and (4.18) we obtain:
=6 =6=0, & =0,
g=6=6=0, &, =0,
(4.19)
no=mny=1y=0, ny, =0,
mo=m=n=0, =0
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The integration of Egs. (4.19) yields (see also Egs. (3.24)):

51201+C5t, 522024—061‘,

n'=Cs+Cru, n*=Cyi+ Cyo, (%20
where (1, ..., C1g = const. Substituting (4.20) in (4.17) and (4.13) we obtain:
pt=(Cr=Cs)f, p*=(Cs—Cs)g, (4.21)
p? = (205 — Cs + Cr — Cg)pp,  p* = (2Cs — Cs + Cs — C7), (4.22)
p’ = (2Cs — C5)A, u® = (2Cs — C5)B. (4.23)

The functions &, 7 and p given by (4.20) and (4.21)-(4.23), respectively, provide
the general solution to the determining equations (2.30)-(2.33), and hence define the
most general equivalence generator (2.5) for the system (1.1).

5 Equivalence Lie algebra

5.1 Basis of the equivalence algebra

The operator (2.5) with the coordinates (4.20)-(4.23) is the linear combination of the
following basic equivalence generators:

0 0 0 0
}/l_atv )/2_8_377 }/3_%7 5/4:%;
0 0
Y; = 8t f7_ga__¢_¢_w_¢_ 8—A_B(9—B’
0 0 0
Yﬁ_x—+2¢ ¢+2¢_¢;+2A_+2383 (5.1
Y; = u2 + f— + ¢— — w
T T
0 0
Ys = Lrw +98— —¢a—¢ ‘Hﬁ%
Thus, the generator of the equivalence group has the form
8
Y=Y GV, (5.2)
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5.2 Projections

We will use the following projections of the equivalence operator (5.2):

;0 ; 0
pr(w,u) (Y) = = T oui’
(5.3)
P (Y) =2 = X i + Maa—fa :
Taking the projections (5.3) of the basis operators (5.1), writing operators up to
constant factors and denoting Z,, = pr(,, p)(Yo4,), ¢ =1,...,8, we obtain
0 0 0 0
Xl & 3 X2 % ) X3 % ) X4 % )
) 0 ) 0 e
X5_t&’ Xﬁ—xa—, X7_U%, Xg_U%
and
0 0
Zl - % ) Z2 % )
0 0 0 0 0
Z3 = — — — A— B—
3 faf+ +¢¢+¢¢+ +Bor
0 0 0 0
Zy = ¢p— — A— B—
4 ¢a¢+w(w+ +Bax, (5.5)
Zs il =
a 1y af + ¢a¢ w o0
0 o
A
5=V 9%, a¢ + ¢a¢

Remark 5.1. See Remark (10.1) for the commutator table of the operators (5.5).

5.3 Principal Lie algebra

One can see from (5.5) that pr,, r) (Y)=0onlyif Y = C1Y; + C5Y5. Hence (see [5],
Paper 3, Corollary 3.1), the principal Lie algebra for the system (1.1), i.e. the algebra
admitted by Egs. (1.1) with arbitrary f, g, ¢, 1, is the two-dimensional Lie algebra
spanned by X, X5 from (5.4).

114



Group analysis of excitable systems with cross-diffusion 115

PART 2
Excitable systems with linear cross-diffusion

6 Introduction

The systems (1.1) with linear cross-diffusion are obtained by assuming that ¢ and v
are arbitrary constants. Thus, we will consider now the system

ou 0%u 0%v
BN —f(U7U)+A1@+B1@,
2 2 6.1)
ov 0“v 0“u
or ~ ) g+ B

containing two arbitrary functions f, g and four arbitrary constants A, Ay, By, Bs.
We will again use the notation (2.1)-(2.2), namely

x=(z'2%), u=@"'v), y=(z u), (6.2)
where

:clzt, :c2::c, ulzu, u2zv,

y' =t yY=x y=u y' = 63
The notation (2.3)-(2.4) for the arbitrary elements will be modified as follows:
F=(f' 50 1 0, (6.4)
where
fl=f =9 P=A, f' =B, [° =4, [°=B,. (6.5)

7 Determining equations for equivalence group

7.1 Equivalence group

We identify equivalence transformations of the system (6.1) with non-degenerate changes
of the variables ¢, x, u, v and transformations of the arbitrary elements f, g, A;, B; (i =
1,2) mapping the system (6.1) into a system of the same form. Thus, continuous
groups of equivalence transformations (depending on a group parameter a) have the
form

t=t(x,u,a), T==1(x, u,a),
u=u(x,u,a), v=0(x,u,a), (7.1)

ff=fY(z,u,Fa),... [f°"=f(xu,Fa).
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They map the system (6.1) into the following system:

on . . 0w - 0%
ﬁ—f(u,v)+A1ﬁ+Blﬁ,

) , 6.1
o _,_ _ — 00 - 0°u
ar = IO A+ D

where the functions f(i, ), g(u, v) and the constants A;, Ay, By, By may differ from
the corresponding functions and constants in the original system (6.1).
The generator of the group of equivalence transformations (7.1) has the form

0 0 0 0 0
Y =& =+ &'+ o+ 7.2
ST e e T e T G 7.2)
> 0 0 0
Y =& s+ 7.2/
£'axl%—n 5 T H afa (7.2)
where the summation is taken over - = 1,2 and o = 1, ..., 6. The coefficients are
¢ =¢(z,u), n'=n(x,u), i=12,
and
pt = pu(x,u, F), a=1,...,6.
In order to calculate the equivalence generators, we write Egs. (6.1) in the form
Uy — AyUyy — Bivg, — [ =0, (7.3)
vy — AgUyy — Batgy — g = 0, (7.4)
ft:fx:Oa gt:ngoa (75)
(A1) = (A1)e = (A1) = (A1) = 0, (7.6)
(B1)e = (B1)z = (B1)u = (B1), = 0, (1.7)
(A2); = (A2)s = (A2)u = (A2), = 0, (7.8)
(B2): = (B2)s = (B2)u = (B2), =0, (7.9)

where Eqs. (7.5)-(7.9) guarantee that the functions f, g do not depend upon the vari-
ables t, x and that A,, By, Ay, By do not depend on all physical variables ¢, z, u, v.

Remark 7.1. Using the notation (6.3), (6.5), Egs. (7.5)-(7.9) can be written

=0, (a=1,2; o=1,2), (7.10)
fo=0, (0=3,4,56 o=1,234). (7.11)
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7.2 Determining equations

A convenient approach to calculation of equivalence transformation groups has been
suggested in [3]. According to this approach (see also [4] or [5], Paper 5, and [6], [7]), a
one-parameter group of transformations (7.1) is a group of equivalence transformations
for Egs. (6.1) if it leaves invariant the “extended system” (7.4)-(7.9). Then the usual
infinitesimal invariance test yields that the prolonged generator Y of the group (7.1)
should satisfy the following equations on the system (7.4)-(7.9):

Y (u; — Ajtigy — Bivge — f) =0, (7.12)
Y (v — Agvgy — Bottgy — g) = 0, (7.13)
Y(fi) =Y(f) =0, Y(g)=Y(g)) =0, (7.14)
Y ((Ar)) =Y ((A1)e) = Y ((A1)u) = Y ((A1)s) =0, (7.15)
Y ((Bi)) =Y ((By)) = Y ((B1)u) =Y ((B1)) =0, (7.16)
Y ((A2)i) = Y ((A2):) = Y ((A2)u) = Y ((42),) =0, (7.17)
Y ((Ba)i) =Y ((Ba)a) = Y ((Ba)u) =Y ((B2).) =0, (7.18)
where (see the notation (6.5))
V=Y lgn gt Gt G et (19)

Here Y is the operator (7.2) and the coordinates (i, ¢i, (i = 1,2) are given by the usual
prolongation formulae (see the notation (6.3)):

(i = Dy(n') — uiDy(€) — ulDy(€%), (7.20)
¢y = D.(n") — uiD,(¢") — ulD,(€%), (7.21)

Go2 = DalGy) = g Du(€') — iy Du(€7)

where
D—g—l—ug—irvg—irui%—u i—l—vi—l—v i—l—
ot tou T o T M ou T Mou, | "ou, T o, ’
(7.23)
0 0 0 0 0 0 0
Dx__+um_+Ux_+utm—+umx—+vtm—+vwm—+"'

Oz ou ov Ouy Oy N 0V,

and D? is the repeated action of the operator D, e.g. D2(n') = D, (D.(n")).
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The coordinates w2 (o = 1,...,6; 0 = 1,...,4) of the operator (7.19) are given
by (compare with the prolongation formulae (7.20)-(7.21))

wg = Do) = [ Do(€") = 2 Do(€%) = [ Do(n') = [0 Do(n®),  (7:24)
where (compare with (7.23) and see the notation (6.3) for y?)

0 | 00 _
ayo+fffa—fa’ o=1,...,4 (7.25)

B,

In (7.19) and (7.25) we use the notation

so that, according to the notation (6.3) for y°, we have:
=1 =L K=rn n=n

Using the expression (7.19) for the operator Y and invoking the notation (6.5) we
write Egs. (7.12)-(7.18) in the following form (see also Egs. (7.10), (7.11)):

¢ — AiQly — Ugept® — Bi(3y — vgup* — p =0, (7.26)
(7 — As(3y — Vuupt® — Baly — tugepl® — pi> =0, (7.27)
we =0, (a=1,2; o=1,2), (7.28)
w =0, (. =3,4,5,6; o=1,234), (7.29)

where (}, (%, (1 = 1,2) and w? are given by (7.20), (7.22) and (7.24), respectively.

Eqgs. (7.26)-(7.29) determine the generators (7.2) of the maximal continuous group
of equivalence transformations (7.1) for the system (6.1). Therefore Eqgs. (7.26)-(7.29)
are called the determining equations for the equivalence generators.

8 Preliminary analysis of determining equations

8.1 Integration of equations w_ = 0

Since Egs. (7.12)-(7.18) should be satisfied upon evaluating their left-hand sides on
the system (7.3)-(7.9), it suffices to write the operators (7.25) by taking into account
the equations (7.5)-(7.9). Then, denoting

Dy=D,, Dy=D, Ds=D, Dy=D, (8.1)
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and invoking the notation (6.3), (6.5) we will have:

~ 0 ~ 0 0 0
Dt_g, D, = +f“8f+g" ,
0 0 0 9 (82
-9 B -
2 =5 Do +ﬁf+%
Furthermore, it follows from Eqgs. (6.5), (7.5)-(7.9) and (7.24) that

wy = Do) = f2Do(n') = [ Do(n®),  (a=1,2), (8.3)
w® = Dy (u®), (@ =3,4,5,6). (8.4)

For example, taking @ = 0 = 1 in (8.3) and using Eqgs. (6.5), (8.1), (8.2) we have:

wi = Dy(pt) — fuDe(n') — fuDe(n?) = 11y — funi — fomii.

Thus, taking 0 = 1 and 0 = 2 in (8.3) we obtain:

L=y — fund = fomis Wi =g — gunt — gumis

Wy = g — fuy — Jo W3 = 4G — gunly — Gully-
Hence, Eqs. (7.28) are written as follows:
py = funy = foni =0,
1 = gl — gum; =0,
— funly = forz =0,

12 = gutly — gorla = 0.

(8.5)

Since 7‘, ;1¢ do not depend upon £, fy, Gu, g». Eqs. (8.5) yield

m=nl=0 n=n’=0,
(8.6)

pe=py =0, pi=pu;=0.
Likewise, using (8.4) and invoking Egs. (6.5), (8.1), one obtains

_Dt a) :/'L:tla

«

w@
Il
o v o

xT

(1
D, (
D, (
D, (

N’Q

x

©)

(8.7)
1) = py + full} + gupy,
©e)

«

v

'BQ

= py + foll§ + guity
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for a = 3, ..., 6. Therefore Egs. (7.29) yield:
M?:Mg:lﬁg:ﬂg:ll?:ﬂg:oa (a:37475’6)' (8.8)
Thus, we have completed the integration of Egs. (7.28), (7.29). The result is given
by Eqgs. (8.6) and (8.8). It remains to solve Eqgs. (7.26), (7.27).

8.2 Simplifications derived from equations (7.26), (7.27)
We turn now to Egs. (7.26), (7.27),

G — A1y — Ugapt® — BiCy — Vappt — it =0, (7.26)
C12 - A2C222 - sz,u5 - B2C212 - uzx,MG - /LZ = O (727)

Let us single out in Egs. (7.26), (7.27) the terms containing wu;, and vy,. It is
manifest from (7.20)-(7.22) that they are involved only in (4, and (2, given by (7.22).
Collecting these terms and nullifying them we obtain the equations

AD, (£ =0, BiD,() =0, AyD,(¢")=0, ByD,(£")=0.
Since A;, B; are arbitrary parameters, these equations yield
D,(&') =0. (8.9)
Writing Eq. (8.9) in the expanded form (see the definition of D, in (7.23))
& + €y + vy =0,

we obtain
L=8&=6&=0. (8.10)
Now we will single out in Egs. (7.26), (7.27) the terms involving

They are contained in (3,, (3, and will also appear in ({, (? after eliminating u;, v; by
using Eqgs. (7.3), (7.4). Namely, keeping in (7.22) the terms that may contain the
quantities of our interest and invoking Eq. (8.9), we obtain:

Gop = —us D7) = 2upu Dy (€) + - -
= Uy (Uae & + Voo §) = 2 (U0 &y +028)) + -+, (8.12)

Gr = —vs D3(E%) = 2040 Do(€%) + -+
= s (s 6+ 020 €)= 20 (0 G 0 ) o (B13)
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Furthermore, we have:
(= —ueDy(€%) + -+ = —uy (ur & + 0, 6)) + -+
= —Uy & (Attyy + Bivgg) — up & (Asvyy + Botgy) + -+ (8.14)
and likewise
(F = =02 & (AU + Bivgs) — 0 &7 (Agay + Batlge) + -+ - - (8.15)

Substituting (8.12)-(8.15) in the left-hand sides of Eqs. (7.26), (7.27) we obtain the
following terms containing the quantities (8.11):

Cll - Al C212 - Bl §222 = 3Bl€gvxvxx + (2A1§3 - BQSg)uazumx

(= As (5 — Ba (3y = 3Bo&lugtiyy + (2A58] — B1&)) U0y
+ (B2 4 2496 UgVpy + [Bo€2 + (Ag — A))E2|vpttgy + -+ - . (8.17)

Eqgs. (7.26), (7.27) are satisfied identically upon eliminating u; and v;. Therefore
we nullify the coefficients of quantities (8.11) in (8.16), (8.17) and obtain:

Bi& =0, Bi&+ (A —A)E =0,

. 8.18
24182 — Bl =0, Bi&l 4+ 24,8 = 0; (8.18)
Bof2 =0, Bof2+ (Ay— A))EX =0, ©.19)
24,62 — Bi&, =0, Bofl + 2458, = 0. :
Since A;, B; are arbitrary parameters, Egs. (8.18), (8.19) yield that
&=¢=0 (8.20)

8.3 Results of preliminary analysis

Collecting Egs. (8.6), (8.8), (8.10) and (8.20), obtained above by a preliminary analysis
of the determining equations (7.26)-(7.29), we obtain the equations

G=&=6§=0 &=£=0,
1_ 1 2_ 2 _ (. (8.21)
,r]t_,r]m_v nt_n:p_7

and

=ty =0, i =i =0,
(8.22)

«

e = pg =y = py = pf = pg =0, (a=3,4,5,6).
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The equations (8.21) and (8.22) yield that
(8.23)

and
/j’a:/’La(u7vvfuguA17A27BluBQ)7 (0621,2),

(8.24)
/’l’a ::ua<A17A27BlaB2>7 <05:3747576)7

respectively.

9 Solution of determining equations

9.1 Determining equations after simplification
Substituting (8.23) in the prolongation formula (7.20), we obtain:
G = Di(n') = wDy(€') = up Dy(€%) = (1, — & Yur + 1y 01 — & g,
2 1 2 2 2 1 2 ©.D
(¢ = Di(n”) = viDy(€") — v Di(€?) = m g + (0 — & )vr — &7 v

The formula (7.22) is simplified likewise. Namely, since D, (£') = 0, it is written
52 = Dy (') — uy D3(&%) — 2ug, Do (€7). (9.2)
Furthermore, invoking (8.23), we have:
D$(£2) :fiv D§(€2) :fim
D3(0") = 0, W + 1y Vaw + Moy U + 21y, UaVy + 1, V2
Therefore (9.2) yields:

<212 = (1, — 252)%&2? + 7711; Ugg + Thlm anc + 2777iv Uy Uy + 7711;1; Ug - gix Uz,
9.3)
C22 = nu Ugg + ( - 25 )Umﬂ? + T]uu ux + 277uv Ug Uy + T]v'u Um - gm:r Vg -

Substituting (9.3) in the determining equations (7.26), (7.27), eliminating u¢, v; by
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using Eqgs. (7.3), (7.4) and collecting the like terms we obtain:

and

uCEZ

(262 — & + 0L —nP) By + (A — Al — 1*|ves
+ (282 — €) Ay + Bonh — Bin? — 1]y,

— [Av g, + BumJui — [Avy, + Big,Ju;

— 2[Ay 0y, + Bigi, Juave

+ (A2, — Eluw + Bi&l, v,

+ (=& +gny —p' =0

(262 — &/ + 15 — n3) Ba + (A1 — A)i — pi°]utae
+[(282 — &) Az + Bin, — Banp — p°]vg,

— [As i, + Bamy,Jul — [Ag s, + Bamy, vl

— 2[Az 15, + Ba 1y, |uzv,

+ [As€], — Elve + Boll, uy

+ (2 —&)g+ fnl— ' =0,

9.4)

9.5)

Noting that the equations (9.4)-(9.5) should be satisfied identically in the variables

9 .

ables, we split Egs. (9.4) and (9.5) into the equations

and

(262 — & +nt —nH) By + (A — At — u* =0,
(262 — &) A1+ Bomy — Bim — ii* = 0,

Ay mlw + By ﬁiu =0, 44 77;, + By 773@ =0, A 7711w + By 7712w =0,

Alg?cx - gt2 = 07 Bl giac = 07

(L =& f+gnt —pu' =0

(262 — & 4+ n2 — 1) Ba + (A1 — Ag)nf — p® = 0,

(262 — &) Ay + Bin — Bamy — 1i° = 0,

APy + Bonl, =0, Ayn?, + By, = 0, Ay, + Baml, =0,
Al — & =0, By, =0,

(2 — &g+ fnl —p* =0,

123

.., v, and that the unknown functions &, 7 and x do not depend upon these vari-

(9.6)
9.7)
(9.8)
9.9)
(9.10)

(9.11)
(9.12)
(9.13)
(9.14)
(9.15)
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respectively.

9.2 Integration of determining equations

Since ¢ and 7 do not depend on the parameters A;, B;, Egs. (9.8), (9.9) yield

Mo = T = Ty = 0, (i =1,2), (9.16)

&=0, &, =0 9.17)

xrx

Differentiating (9.10) with respect to ¢ and invoking Eqs. (8.6) we obtain
& =0. 9.18)

Eqgs. (9.13), (9.14) are satisfied due to (9.16), (9.17). Integrating Eqgs. (9.16), (9.17)
and (9.18) one obtains:

61:C5t+01, 522061'+02,
(9.19)
n'=Cru+Cyv+Cs, 1n*=Ciou+ Csv+ Cy,

where (', ...,y = const.
Substituting (9.19) in (9.10), (9.15), (9.7), (9.6), (9.12) and (9.11) we obtain:

pt=(Cr = Cs)f +Cog, p*=Ciof+(Cs—Cs)g, (9.20)
p? = (2Cs — Cs) Ay — Oy By + Co By, (9.21)
pt = Cy(Ay — Ay) + (2Cs — Cs + C7 — Cg) By, (9.22)
1’ = (205 — Cs) Ay + C19 By — Cy B, (9.23)
1’ = Co (A — Ay) + (205 — Cs + Cg — C7) Bs. (9.24)

The functions £, n and p given by (9.19) and (9.20)-(9.24), respectively, provide
the general solution to the determining equations (7.26)-(7.29), and hence define the
most general equivalence generator (7.2) for the system (6.1).
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10 Equivalence Lie algebra

10.1 Basis of the equivalence algebra

The operator (7.2) with the coordinates (9.19)-(9.24) is the linear combination of the
following basic equivalence generators:

e e e e

Y5 = at fa—f_ %_Aiai&_&a%ﬁ

o a2

Y7—ug+faaf 8 _B2ai327 (10.1)
}@:v%+g§g—31ai31+32ai327

0 0 0 0 0

0 0 0 0 0
Ylo—U%—i-fa—g—i-Bl (8—142_3—141)—’_(141_142)8—32‘

Thus, the generator of the equivalence group has the form

Y = Z cY,. (10.2)

v=1

Remark 10.1. The operators Yy and Y7o, unlike the generators Y7, ..., Ys of usual
translations and dilations, generate interesting equivalence transformations. For ex-
ample, integrating the Lie equations for Yy, one obtains the following one-parameter
group with the group parameter « :

=t IT=x, u=utav, V=,

=f+ag, g=g,
Al :A1+CLB2, AQZAQ_CLBQ,

El :Bl+G<A2—A1) —GZ,BQ, EQ :BZ'

S~ H

(10.3)
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10.2 Projections

We will use the following projections of the equivalence operator (10.2):

pr(:c,u) (Y) - X = 5 axl + n 0'&7’ )
(10.4)
0 0

DIy ) (Y) = Z = " B + Maa—fa :

Taking the projections (10.4) of the basis operators (10.1), writing operators up to

constant factors and denoting Z,, = pr,, p)(Yo4,), 4 =1,...,8, we obtain
0 0 0 0 0
Xl—a, X oz’ X3 o X, ERE X ta,
) ) ) ) 0 (102
Xﬁzxa—,X7:u%,X8_U%,Xg_Ua 7X10 U%
and
0 0 0 0 0
Zi=2 Zy=2L . Zy=fL gl 1A B,
1 auy 2 (91}’ 3 faf+gag+ laAl ZaBiu
0 0 0 0 0 0
Z — A~ B2 il -
1= Aigp T Bag BT g, e T BigE ~ Pag,
0 0 0 0
ZG—U%+98—9—318—BI+B28—B2, (10.6)
0 0 0 0 0
Zi=0=—+g=— + By | — — —— Ay — A))—
TV, T8 T 2(8A1 8A2)+( >~ A)3E
0 0 0 0 0

10.3 Principal Lie algebra
One can see from (10.6) that pr(, »(Y) = O only if Y = C1Y; + C»Y>. Hence (see

[5], Paper 3, Corollary 3.1), the principal Lie algebra for the system (6.1) is the two-
dimensional Lie algebra spanned by X, X5 from (10.5).
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10.4 Commutator table for operators (10.6)

Computing the commutators of the operators (10.6) one obtains the following commu-

tator table:

A Zy | Zs | Zy | Zs Zs Z7 Zs
Z 0 0 0110 %4 0 0 Zy
Lo 0 0 010 0 Ly Z 0
L3 0 0 010 0 0 0 0
Ly 0 0 010 0 0 0 0
Zs || =21 O 010 0 0 Z7 Zs
Zg 0 | =%, 0|0 0 0 Zy —Zg
Z7 0O |21 0] 0| -4 % 0 Zg — Ly
Zg 0 | —Z2| 0|0 0 | —Zs| 45— Zs 0

(10.7)

Remark 10.1. The commutator table for the operators (5.5) is obtained by removing

from Table (10.7) the columns and rows corresponding to the operators Z7, Zs.
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AND CONSERVATION LAWS

NAIL H. IBRAGIMOV
Department of Mathematics and Science,
Blekinge Institute of Technology, SE-371 79 Karlskrona, Sweden

Abstract. The method of nonlinear self-adjointness is applied to the Kadomtsev-Petviashvili
equation. The infinite set of conservation laws associated with the infinite algebra of Lie point
symmetry of the KP equation is constructed.

Keywords: KP equation, nonlinear self-adjointness, Lie point symmetries, Conservation laws.

1 Lie point symmetries of the KP equation

It is convenient for our purposes to write the Kadomtsev-Petviashvili [1] equation
Dx(ut — UlUy — ua::cx) = Uyy, (1.1)

or
2 —
Uty — Ulgy — Uy — Ugggs = uyyy

in the form of the system (see [2] and the references therein)
Up — Uy — Upgy — Wy = 0,  wy —uy = 0. (1.2)

The Lie algebra of the infinitesimal symmetries of the KP equation (1.1) as well as
of the system (1.2) is quite similar to the infinite-dimensional symmetry Lie algebra of
the Lin-Reissner-Tsien equation [3]

2SDtI + QOIQO:ELE — @yy; (13)

describing the non-steady state gas flow with transonic velocities. The symmetry Lie
algebra of Eq. (1.3) has been obtained in [4] (see also [5], §28). It involves five
arbitrary functions of ¢ and contains, in particular the following operators:

0

Xy = 3f(t)% +(f'(O)z + f”(t)yQ)g + 2f’(t)y8—y

ox
(1.4)

0
+ [0 21" (05? + 31000~ £ (O] 5

(© 2011 N.H. Ibragimov

129



130 N.H. Ibragimov

0 0 2 0
X, = g(t)=— ty—— + [29"(¢ =g" )y =— 1.5
g ()8y+g()yax+[9()wy+3g()y]agp, (1.5)
X, = h(t )2 + [20/ (t)z + 21" (t)y?] 9. (1.6)
o %) '
The system (1.2) admits the following operators (compare with (1.4)-(1.6)):
0 0
X — " 2 2 !/ .
f= 3t et 5 P52
(1.7)
. [Qf'U—i—f"x—l—lf'”yQ]g o [Bf/w_'_f//yu_'_f///xy_i_1f(4)y3}£
2 ou 6 Ow’
0 0 0 1 0
X, =2 — —g'y=— — " 1.
g gay+gya 9"Yyge — lgutd"v+ 59"y 5 (1.8)
0 , 0 "y 0
Xh—h%—h%—h %0 (1.9)
where f, g, h are three arbitrary functions of ¢. We will ignore the obvious symmetry
0
Xo=at)—
alt)5-

of the system (1.2) describing the addition to w an arbitrary function of t.

Note, that the operators (1.7)-(1.9) considered without the term -~ span the infinite-
dimensional Lie algebra of symmetries of the KP equation (1.1). They coincide (up
to normalizing coefficients) with the symmetries of the KP equation that were first
obtained by F. Schwarz in 1982 (see also [6] and [7]).

2 Nonlinear self-adjointness

The Kadomtsev-Petviashvili equation written in the form (1.1) or in the form of the
system (1.2) does not have a Lagrangian. Let us investigate the KP equation for non-
linear self-adjointness [8].

The formal Lagrangian for the system (1.2) is written

L= v(up — Ully — Uygy — wy) + 2(ws — Uuy). 2.1

The reckoning shows that

oL

5u — _Ut + uvx + UCEQ?(E + Zy,
oL

b T
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KP equation: Nonlinear self-adjointness and conservation laws 131

Hence we can write the adjoint system to (1.2) in the form
Vp — UV — Uy — 2y = 0, 2, — v, = 0. 2.2)
Egs. (2.2) become identical with the KP equations (1.2) upon the substitution
v=u, Z=uw. (2.3)

It means that the system (1.2) is nonlinearly self-adjoint, specifically it is quasi self-
adjoint ([8], Section 1.6, Definition 1.3).

3 Conservation laws provided by Lie point symmetries

Let us introduce the notation

and write conservation laws in the form of the differential equation

[Dt(C'l) + D,(C?) + Dy(c?))] (1.2

2 =0, 3.1)

where |(1.9) means that the equation holds on the solutions of the system (1.2).
We will use the general formula given in [8] for constructing the conserved vector
associated with symmetry

0 o 0

ox! T ou*

of a system of differential equations with a classical or formal Lagrangian £. Since the
maximum order of derivatives involve in formal Lagrangian £ given by Eq. (2.1) is
equal to three, this formula is written

oL oL oL
s~ D (g ) +0 (au—>

ij ijk

X=¢

Ct=¢L+we

ot oL oL
+D; (W) [au;;. — Dy <8u%k> + D, Dy, (W )8u%k’

where .
W =n®* —uj.
We will apply the above formula to the symmetries (1.7)-(1.9). Invoking that the
system (1.2) is nonlinearly self-adjoint with the substitution (2.3), we will replace in

C' the non-physical variables v and z with v and w, respectively, thus arriving to
conserved vectors for the KP system. Since the formal Lagrangian (2.1) vanishes on

131
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the solutions of the system (1.2), we can omit the term £°L and take the formula for
the conserved vector in the following form:

Ci = we [(% - Dj(%) + DjDk(a(zgkﬂ (3.2)
#0,77) [ = Du()] + DDk
where
We=n*—=&uf, a=12 (3.3)

Using in (3.2) the expression (2.1) for £ and eliminating v and z by mans of Egs.
(2.3) we obtain

C = uWl,
C? = —(U® + Upe )W + wW? + 1, D (W) — uD2(WH), (3.4)
C? = —wW?t —ulW?.

The expressions (3.3) for the operator (1.7) are written:

1 1
W= =3fu — (2u+ zu, + 2yu,) f' — (z + 3 yiu,) [ — 3 Tl (3.5)
1 1
W? = —3fw; — (3w + zw, + 2yw,) f' — (yu + 3 yw,) f" — ayf" — G 3 f&.

Substituting W given by (3.5) in the first equation (3.4) and eliminating u; by
using the first equation (1.2) we obtain

C! = — 3(uPuy + Ulyey + uw,) f — (20 + zun, + 2yuu,) f’
_ 1 2 "n_ 1 2, ¢ (36)
(xu+ yuugc) yiuf.
2 2
Now we single out the total derivatives with respect to x and y, by taking into account
the second equation (1.2), and rewrite (3.6) in the form

1 1
Cl = =5 fu? = (2f" + 5y*f")u+ Du(P) + Dy(Q), 37
where
3 3 1 1
P = 5“3 + 5&)2 o U3 . 3UU$$ f o 5 f,I'U2 o Zf//y2u27
Q = —3fuw — flyu’. (3.8)
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Thus, the first component of the conserved vector can be reduced to the form

~ 1 1

Cl — _5 f/u2 _ (If// _|_ 5 y2f///)u. (39)
Remark 3.1. In reducing (3.6) to the form (3.7) we use simple identities such as

1
2

1
uwy = Dy(uw) — wuy, = Dy(uw) — ww, = Dy(uw) — D, (5 w2>,

2yuu, = D, (yu®) — u®.

To find the second component of the conserved vector, we substitute the expres-
sions (3.5) of W, W2 in the second equation (3.4), add D,(P) with P defined in (3.8)
and obtain:

C? = C? + Dy(P)
1 1 1 1
= (utiy, + 3 u® — 3 u? — §w2)f' + (TUgs + §xu2 —ug) f”
1

1
+7 (°u® + 29Uy — day) f7 — 5 y*wf® + Dy(R),

where 5 )
R = (2yuug, + 3 yu® — yul — yw® — zuw) f — 5 yuw f. (3.10)

Thus, the second component of the conserved can be reduced to

~ 1 1 1 1
C? = (uum + 3 ud — 3 u? — §w2)f' + (xum + imﬂ — ux)f”
1 1
+7 (y2u? + 292Uy, — dayw) f" — 5 PwfW. (3.11)

Finally, the third component of the conserved vector is obtained by substituting the
expressions (3.5) of W, T2 in the third equation (3.4) and adding D;(Q), D,(R) with
@, R defined in (3.8), (3.8):

C* = C% + Dy(Q) + D.(R).

The reckoning yields:

~ 1 1
C* =wwf +awf" + (zyu + 5 yw) [+ 5 yufW. (3.12)

Ignoring the tilde in the quantities (3.9), (3.11), (3.12), we summarize the result in
the following statement.
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Proposition 3.1. The infinitesimal symmetry (1.7) of the Kadomtsev-Petviashvili equa-
tions (1.1) provides the conserved vector C = (C'', C? C?) with the components

1 1
Olz_éfIUQ_ (xf,/+§y2f/”)u,
1 1 1 1
C? = (uum R T —wQ)f’ + (mum + —zu® — ux)f”
3 2 2 2 (3.13)
1 1 '
5 W0+ 2% — dayw) [ — S yiwf @,

1 1
C* =uwwf' +awf” + (zyu + 3 yiw) [+ G yuf®.

Remark 3.2. The validity of the conservation equation (3.1) for the vector (3.13) fol-
lows from the following equation:

Di(C") + D,(C?) + D,(C?)

1
= (f' + 2 f"+ Sy ") (tawe + vtz + w0y — ) (3.14)
+f 2yl + 2y )y — )

The similar calculations for the operators (1.8) and (1.9) yield the following.

Proposition 3.2. The symmetry (1.8) of the system (1.1) provides the conserved vec-
tor C = (C', C?%, C?) with the components

C" = yug”,
02_ TW — YU _1 u2 //+1 2w///
= Ylow = YU ) G+ Y WG (3.15)
1
CS — —(:vu—l—yw)g”— §y2ug”’.

Proposition 3.3. The symmetry (1.9) of the system (1.1) provides the conserved vec-
tor C = (C', C?%, C?) with the components

C = ul,

1
C? = ywh' — (um + = u2> N, (3.16)
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Different approaches to construction of conservation laws for the KP equation can
be found, e.g. in [9, 10, 11]. In particular, the Lagrangian approach and the Noether
theorem are used in the paper [11] which contains an interesting discussion of the
infinite set of conservation laws. Note that the second equation of the system (1.2)
guarantees that the vector field (u,w) has the potential ¢ defined by u = ¢, w = ¢,.
Then the system (1.2) is replaced by the potential KP equation

gbxt - ¢x¢x$ - ¢$$$LK - gbyy =0 (317)

which, unlike equation (1.1) or the system (1.2), has a Lagrangian, namely

1 1 1 1
L=——¢, A R L 3.18

Now the Noether theorem can be used upon rewriting the symmetries of the KP equa-
tion in terms of the potential ¢. This approach is used in the paper [12] which contains
profound results on the conservation laws associated the infinite algebra of Lie point
symmetries of Eq. (3.17). In particular, it is demonstrated their that the differential
and integral forms of the conservation laws are equivalent only when the functions
f(t),g(t), h(t) in the symmetries (1.7)-(1.9) are low-order polynomials. For the de-
tails I refer the reader to [12].
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Abstract. It is shown that the Thomas equation is nonlinearly self-adjoint. Using this property
and applying the theorem on nonlocal conservation laws the conservation laws corresponding
to the symmetries of the equation in question are computed.
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1 Introduction

The Thomas equation has the form (see [1], [2] and references therein)

77Z}’rz7 + Oz@/].r + ﬁ% + 7¢T¢a = 0. (11)

It is written in a moving coordinate system

z z
V7 0 = Va
where t is the time, 7 is the spatial coordinate. Eq. (1.1) appears in a theory of chemical
exchange processes. The coefficients «, (3, v are constants satisfying the conditions

T=1—

V' = const. # 0,

a>0, >0 ~v#0.
Eq. (1.1) can be reduced to the linear equation
Ziz +zy + Bz =0 (1.2)

by the so-called Thomas-Rosales transformation
1
Y =—lInz. (1.3)
8

But for physical purposes it is interesting to find conservation laws for the nonlinear
equation (1.1).

(© 2011 N.H. Ibragimov and R. Khamitova
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Nonlinear self-adjointness and conservation laws of the Thomas equation 139

2 Nonlinear self-adjointness
We will write Eq. (1.1) in the notation used in [3]:
F = uy + auy + Bug + yupu, = 0. 2.1

The adjoint equation F* = 0 is defined according to [3]:

J
F*=—(F)=0. 22
ou (vF) = (2-2)
Here v = v(t, z) is a new dependent variable and
J 0 0 0
2 - Y p2 4+ DD~ —D;D:D
ou  Ou ou; + ]auij ! kauijk *

18 the variational derivative, where

0 0 0 0
Dlth at—i—uta +Ut]a +Ut]]€aujk+"',
0 0 0 0
Dy =D, =
2 = o +uxa +u”8 +ux]kaujk +

are the operators of total differentiation with respect to ¢ and z respectively. The adjoint
equation has the following form

F* = — (a0 + yug)vy — (B 4 yuy) vy — 27U,0.

According to [4] (see also [5]) Eq.(2.1) is nonlinearly self-adjoint, if there exits a sub-
stitution

v=(t,z,u), @t xu)#0, (2.3)
such that
F* = \F, (2.4)

where )\ is an undetermined coefficient. The closed concept was suggested indepen-
dently in [6].
Let us investigate Eq.(2.1) for nonlinear self-adjointness. We insert the derivatives
UVt = Pt + Py,
Vp = P + Puly,
Viz = Ptz + Ptu Uy + (Soxu + quuux)ut + Py Uty

of the substitution (2.3) in Eq.(2.4) and obtain the equation

(qu - 2’790)1/4}3: + (szu - O‘SOU - fﬂpx)ut + (Qotu - ’YSOt - ﬂ%ou)u:p
+ (Puu = 270Uty + Prp — o — By = MUz + iy + By + Yusuy).

139
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It splits into the following system:

Pu— 27p = A,

Pru — WPy — VPz = QA,
Otu — VPr — Bou = BA,
Puu — 270u = VA,

Prw — Qpy — Bz = 0.

Eq. (2.5) determines A. Substituting it in Egs. (2.6)-(2.8) we obtain

Peu — 200y — VP + 2079 =0,
O — YPr — 280y + 2879 = 0,
Puu — 37Pu + 2770 = 0.

The last equation in (2.10) has the solution
o(t,z,u) = A(t,z)e*™ + B(t,z)e™,
therefore Eq. (2.9) splits into 2 equations:
Ay — aAy — A, =0,

Btz — OéBt — 6Ba: =0.

Substituting (2.11) in the first two equations (2.10) we obtain the equations

A, —2aA =0, A, —28A=0.

whence
A(t,z) = Ke2PFen) K — const.

(2.5)
(2.6)
(2.7)
(2.8)
(2.9)

(2.10)

@2.11)

(2.12)

(2.13)

This function also satisfies Eq.(2.12). Thus we have arrived at the following result.

Theorem 2.1. Eq.(2.1) is nonlinearly self-adjoint. The substitution (2.3) has the form

o(t, x,u) = KeProstrw) 4 Bt z)e

where K is an arbitrary constant and B(t, x) is any solution of Eq.(2.13).

Remark 2.1. Since Eq.(2.13) and Eq.(2.12) represent one and the same equation, the

function B(t,z) = e?#*+2%) provides one of particular solutions of Eq.(2.13).
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3 Symmetries of the Thomas equation

We choose an infinitesimal generator X admitted by (2.1) in the form

0 0 0
_ el 2
Eq.(2.1) admits X if the condition
XF=0 3.2)

is satisfied on solutions of Eq.(2.1). We prolong the generator X according to the Eq.

(2.1):
0 0

ou. + Ci2 Dur

Xga

0 0
5 f—+778—+C1—+C2

where .
i = Di(n) — u;Di(&7) = Di(n) — wDi(€") — uaDy(€2),
C12 - D:E(Cl) - utth(gl) - utsz(é.Q)v

Then the determining equation (3.2) will have the form:

XF|py =[Gz +aCi+ BG + (G + )] g = 0.
Here
G=n+ (nu — &y — Euy — Euguy, — Egus, (3.3)
G =1 — Sous + (nu — )y — Eouguy — U2, (3.4)

G2 = New + (e — gtlz>ut + (New — gfx)uw + (M — ftu - 5 ) Uty
- gzvuut ftuuzp - guuut Uy — guuutu (5 +§ ufﬁ)utt - (51‘, +§ ut)uzw (3 5)
+ [nu - ft - gm - zfuut - 2£uu$]ut$

and uy, = —(au; + Suy + yugu,) should be substituted into (3.5). Since the functions
£, €2 1 depend only on t,x,u, the determining equation can be split into several
equations. Terms with the derivatives u and u,, are only in (32, therefore we obtain
the following equations:

i EE=0, & =0;  ug: =0 £=0. (3.6)

Hence ¢! = £1(t), €% = £%(x). The use of Egs. (3.6) helps to simplify the formulae
(3.3)-(3.5). The remaining equations are

Uglg * Ny + Vu = 0, (3.7
Uy < Nou + V1l + €7 = 0, (3.8)
Uyt e + Y0+ BE = 0, (3.9)

New + any + 81 = 0. (3.10)
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Eq.(3.7) yields n = f(t,z)e™ " + g(t, ). Then it follows from (3.8),(3.9) that

Yo+ B4 =0 and g, + 667 = 0.

Hence 3
o
g(t,x) = == €Ht) — = €2(x).
(t,x) S (t) S (z)
Eq.(3.10) splits into 2 equations:
Jiz +afi +8fe=0 (3.11)
and
§+&E=0. (3.12)
Thus

g =Cit+Cy, &=-Ciz+Cs, n=f(t,x)e "™ +C (%x—§t>+04.

Hence the Lie algebra of the Thomas equation consists of the following generators:

0 0 0 0 0 0
and 5
X5 = f(ta)e ™ o (3.14)

where f(t, z) satisfies Eq.(3.11).

4 Conservation laws

According to [3] we introduce a formal Lagrangian £ = vF. We write it in the sym-
metrized form:

1
L= é(um + Ug) + auy + Buy + yuguy | 4.1)
A conservation law corresponding to the operator (3.1) has the form
Dy(C") + D,(C*) =0
which is satisfied on solutions of both equations /' = 0 and ['* = 0. Here
oL ( oL oL
J

142



Nonlinear self-adjointness and conservation laws of the Thomas equation 143

4.1 Casel: v =e¢? ¢ =2(pt+ ax + yu)

For this choice of v we obtain

%—Dj<8£>20,

8’&2' 8U,Z’j
therefore .
Cl=¢'L+ §e¢Dx(W), (4.3)
1
C? =L+ §e¢Dt(W).
The generator X, corresponding to the translation in ¢, gives W = —u,. It follows
from Eq.(4.3) that

ct = —aﬁ€¢ + D, F <ut + é) eﬂ .
gl 2 gl

Transferring the second term in C'! to C? in the form D, [% (ut + g) e¢] we arrive at

2 _ L 1 BY ¢
C = 3¢ Dy(W) + D, l2 (ut+7>e}.

Hence ,
Ol = _%6057 C? = <7u? + 28u; + ﬁ_) e?. (4.4)
Y Y
The conservation law has the form
[Dt(C'l) + DI(CQ)}F:() = [Dt(€¢)F]F:0 = 0

Other conservation laws can be calculated in a similar way.
For the translation in x with the generator X, we have W = —u,. Eq.(4.3) yields

1 2 1
C' = —e?’D (W) = (”yui - a_) e’ + D, {— (g - ux) e¢] :
2 v 2 \v

2
cl = (’yui - %) e?, C?= <2aut + %ﬂ) e?. 4.5)

The conservation law has the form

Thus

[Di(C") + Dy (C?)] peo = [Da(e?) Flp—g = 0.
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We can simAplify the vector (4.5), C' = (C!, C?), further. Denoting the vectors (4.4),(4.5)
by C and C, respectively, we take the linear combination

1/, o=
C=—-(C—-=C
7( 5)

and obtain the new vector with the components

Cl = u§e¢, C? = —%ufe¢. (4.6)
Now the conservation law has the form
[D,(C) 4+ Do (C*)]p—o = [2 (ux — gut) equ} =0.
&) F=0

The translation in v with the generator X3 gives a trivial conservation law, its den-
sity C'! can be incorporated in C2.
For X, we have W = n — &'u; = ax — Bt — ytuy + yru,. BEq.(4.3) yields:

C' = [—v*zu? + a(ax — Bt + 1)]e® + D, {% [y (tug + zuy) + Ot — ax] e¢} )

Hence

C' = [—y2ru? + a(ax — Bt +1)]e?,

C? = [V*tu? + 2v(Bt — ax)u, + B(Bt — ax)]e?. 4.7
The conservation law has the form

[D,(CH) 4+ Do (C*)|p—o = [-29W el Flp—o = 0.

The generator (3.14), X5, gives W = f(t,x)e™ ", where f(¢,x) is any nontrivial
(f(t,z) # 0) solution of Eq.(3.11). Invoking Eq.(4.3) we obtain

C' = (fo +af)e’ + D, (—%f&) .

Thus
C' = (fo +af)e?, OC? = —(yu + B)fe?. (4.8)

The conservation law has the form
[Dt<Cl) + DIE(CQ)]F:O = [_foed)F + (ft:]c + aft + ﬁfx)e¢]F=0 =0.

It is easy to show that f, + o f # 0 for any nontrivial solution of Eq.(3.11).
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4.2 Case2: v = B(t,z)e™
Here B(t,x) is any nontrivial (B(t, x) # 0) solution of Eq.(2.13),

Egs.(4.2) yield the following formulae for C*, C? :

1 1
Cl=€lL+W [(%uw + a) B- 534 U4 SBEDW), (49)
2 2 v 1 U 1 U
O :5 E—f—W <§Ut+ﬁ>B— §Bt 67 +§B€’Y Dt(W)
Using Eq.(4.9) we obtain for the symmetry X
1
Ccl = —éBer + D, [(—ut + é) Be”“} .
g 2 7
Hence
Cl = —éBer, C? = (ut + é) B,e™, B # const. (4.10)
v g

The conservation law has the form
[Dt(Cl) + DI(CQ)]FZO = [Be"™F + ue"" P p_yg = 0.

For the particular solution of Eq.(2.13) (see Remark 2.1), B(t, ) = ¢2(%+2®) we can
choose

C! = —gqu, C? = (uﬁ—é) e‘g’, ¢ = 2(pt + ax) + yu.
g g
For the generator X, Eq.(4.9) yields

1 1 1
m:_m&_gmauu%{K@mfigB+_&%w}
g 2 v g

It is easy to show that a B, — B,, # 0 for any solution B(t, z) # const. of Eq.(2.13).
Using Eq.(2.13) we obtain

1
C' = —(aB, — By)e™, C* = (ut + é) B.e™, B # const. 4.11)
Y Y

The conservation law has the form

[DA(CY) + Do(C?)) g = [Boc™F — %uxe”“Dx(fb)]F_o 0.
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In Case 2 the generator X3 produces a nontrivial conservation law. Invoking
Eq.(4.9) we obtain

1
SRR ()

Thus
C'=(aB — B,)e™, C? = (yu;+ B)Be™, B #N0. (4.12)

The conservation law has the form
[Dy(CY) + Dy (C?)] o = [Be™F — 7"®] 5y = 0.

For calculating the conservation law corresponding to the generator X, we will
further simplify Eq.(4.9) by excluding the trivial conservation law with the density
£'L. Then we obtain

C' = [2Bys + (1 — 2a2) B, + a(ax — Bt — 1)B] ™

1
+ D, { {iB(Sowc + [t + vytug + yru,) — me] e”“} )

Thus
C!' = [xB,, + (1 — 202) B, + a(ax — 8t — 1)B] ™",
C? = (yu, + B)[tB; — 2B, + (ax — Bt)Ble™, (4.13)
where zB,, + (1 — 2ax)B, + a(ax — ft — 1)B # 0. (4.14)
The conservation law has the form

[D,(CY) + Do (C)]pg = [7[tBt — 2B, + (ax — Bt)Bl]e™F

+ (ytuy + Bt — ax + 1) d + erDm(CI))] = 0.
F=0

Invoking Eq.(4.9) we obtain for the generator (3.14), X5,

C' = f(aB — B,) + D, (%Bf) .

Hence

C'= f(aB—B,), C?>=DB(f;+8f), B#0, f#0. (4.15)

The conservation law has the form
[D:(CY) + Dy (C*)]peo = [B(fie + afy + Bfs) — f(Biw — By — BB,)e"| o = 0.

It is a trivial conservation law.
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S Summary

In this section all conservation laws are written in terms of the variables 7, o and ).
The functions f(7,0), B(T, o) solve the equations

fTG'—i_OéfT—i_ﬁfG':O? (311/)

B,, —aB, — 3B, =0, (2.13')

respectively, ¢ = 2(67 + ao + 1)). We have calculated nontrivial conservation laws
corresponding to the symmetries

0 0 0
Xi=—, Xo=—, X3=— 137
0 0 0
X4—77'E—708—0+(040—ﬁ7')@7
Xs = f(r.0)e 2. (3.14')
Y aw
of the Thomas equation (1.1). The conservation laws are:
2
X, = —%eﬂ C? = (wi + 269, + 5—) e, (4.4
v v
and
1 _ B VY 2 _ g Y /
C' = —;Bae , Cr= (v, + ; B.e™, B # const. (4.10")
1 2 o? é 2 af ¢ '
Xy C = \(w,—— e’ C°=|(2a0,+—|e 4.5
v g
and
11 T p v
C" = —(aB, — Byy )™, C°=|(v,.+ — | B,e™, B # const.
g v

.11

We have simplified the vector (4.5") and obtained the new vector with the components

«

Xy Cl=ylet CP= g

Pre?. 4.6")
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Xgi

X4Z

X5I

C' = (aB — B,)e", C? = (y.+ B)Be’”, B #0; 4.12)

C' = [7?0? + alaoc — Br + 1)]e?, 4.7
C? = [y*1¢2 + 2¢(B7 — ao)y- + B(BT — ao)]e?

and

C!' = [0Bys + (1 — 200)B, + a(ac — 7 — 1)B] e, (4.13)

C? = (v, + B)[TB; — 0B, + (a0 — B1)Ble™,
where 0By, + (1 —2a0)B, + a(ac — 7 —1)B # 0;

C'=(f, +af)e?, C*=—(y-+B)fe?, f#0. 4.8)
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