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SIMULATIONS AND IDENTIFICATION OF NON-LINEAR
MODELS FOR CABLES OF CABLE-STAYED BRIDGES

Armando Ledn, Andreas Josefsson, and Kjell Ahlin

School of Engineering, Blekinge Institute of Technology, 37179 Karlskrona, Sweden.
e-mail: armando.leon@bth.se

Simulations and identification of non-linear parameters are applied on two models that de-
scribe the vibration due to parametric resonance in cables of cables-stayed bridges. The aim
of this work is to study the dynamic response predicted by the two models under random ex-
citation, as well as to develop a suitable strategy for system identification from random data.
In one model the parametric excitation is treated as an arbitrary displacement introduced in
one end of the cable. In the second model, such excitation is coming from an external force
acting on the pylon or deck of the bridge to which the cable is coupled. The pylon or deck is
modeled as a Single Degree of Freedom System. In both models the cable response is ob-
tained by a simulation method based on digital filters. The studied identification technique is
based on random excitation. In this method the non-linearity is modeled as a feedback forc-
ing term acting on an underlying linear system or systems and the parameter estimation is
performed in the frequency domain by using conventional MI/SO techniques.

1. Introduction

Cable Parametric Resonance Vibration is a phenomenon characterized by a non-linear rela-
tionship between the cable response and the excitation at the cable supports™** .Under certain con-
ditions, the displacements at the cable supports on the deck and/or the pylon of the bridge can in-
duce tensile oscillation in the cable capable to generate large transversal vibration.

Two models are studied in the present work. In the first model, the parametric excitation is
treated as an arbitrary displacement introduced at the cable-free end®; while in the second model,
the cable end is considered to be coupled with the pylon or deck of the bridge?, which moves as a
consequence of an excitation force acting on it.

The aim of this study is to examine and compare the dynamic response predicted by the two
models under random excitation, as well as to evaluate a suitable identification technique based on
random data. The derivation of equation of motions for the studied system is shown in Section 2;
while system identification techniques are discussed in Section 3. Simulation results are then shown
in Section 4 followed by concluding remarks in Section 5.
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2. Modeling cable-parametric resonance vibration

Two models that describe the cable parametric resonance vibration are studied in this section:
a cable uncoupled to the pylon or deck of the bridge, whose free end is moving according to an arbi-
trary function; and a cable coupled to the pylon or deck of the bridge, which is subjected to an exci-
tation force.

2.1 Uncoupled Model

The first model corresponds to the one proposed by Lilien and Pinto®, in which one cable end
is kept fixed and the other one is free to move according to an arbitrary function, X , as seen in
Fig. 1.

Figure 1. Cable Stay modeled by Lilien and Pinto' where the cable-free end is excited by a given
displacement.

This model is described by a non-linear ordinary differential equation, and it is written as fol-
lows:

2
X, + 280X, + 0312 {1+& + g(ﬁj }xl =0 (1)
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where x; is the cable transversal displacement; ¢ is the inherent relative damping of the cable; w; is

the first natural frequency [rad/s] of the cable; X is the given displacement at the cable end, and xg
is the initial stretching of the cable. In Eq. (1), a is a constant and it is defined as follows:
4 Xl
B 2
a=—\3 )
where | is the original-cable length.

The first-cable natural frequency, w, is obtained from the theory of a taut string* with n=1, as
follows:

0, =2 | ®3)
I\ PA
where Ty is the initial tensile load of the cable; p is the cable mass density and A is the cable
cross section area.
The initial stretching of the cable, Xo, can be determined by applying Hooke’s Law using the
initial tensile load, Ty and the cable-axial stiffness expressed on terms of its original length, 1, its
cross section area, A, and its Young Modulus, E, as follows:

Tl

Xo = E (4)
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2.2 Coupled Model

The second model considers the interaction between the cable and the pylon or deck of the
bridge, through one of the cable ends. The pylon or deck is modeled as a Single Degree of Freedom
(SDOF) system, as seen in Fig. 2. This model is based on the presented one by Sun et al.?, with the
difference that in the present work, the inherent damping of the cable and of the pylon/deck are tak-
en into account.

X,

X |_.

m

Figure 2. Cable interacting with Pylon/Deck of bridge, based on Sun et al model®.

In this case, a system of two equations has to be solved. The motion equation of the mass m,
can be obtained after applying Newton’s second law as follows:

Ty +mX, +CxX, +kx, =F, (5)

where Ty, is the dynamic tension of the cable; F», is the external force acting on the pylon; m
the equivalent mass, ¢ the damping and k the stiffness of the pylon at the location of the respective
cable support.

The dynamic tension of the cable is expressed as:

T, =E(xz + T Xl] )

I 4
As a result a coupled system of two non-linear ordinary equations is obtained as follows:

X +28,m,% +a)12[1+§+[5’fox1 =0
% ™
F
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m m

where £, and , are the relative damping of the cable and pylon/deck, respectively; and £ is a
constant written as:

TCZ

b= 4lx, ®)

The cable expression in Eq. (7) is as the given one in Eq. (1), with the difference that the exci-
tation displacement at the cable end is also an unknown variable, x,, which must be solved through
the system of equations. The first-natural frequency of the cable is as given by Eq. (3) and the re-
sulting natural frequency of the pylon is as follows:

o, = <+ 25 ©
m mi
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3. System Identification Techniques

In order to obtain an accurate estimate of the parameters from input/output data from the stu-
died system, it is necessary to take the non-linear effects into account. A model for parameter esti-
mation can be defined by reformulating the non-linear equations shown in Section 2 into an equiva-
lent Multiple-Input-Single-Output (MI/SO) as initially proposed by Bendat’.

Starting with the cable, a linear transfer function (dynamic stiffness) can be defined as:

Bc(a)): Fl(w) = (— @° + jw2l o, + a)f)ﬁ (20)

2

xl(a)) w,
The system can then be rewritten in frequency domain as shown in Eq. (11). Here, ¥ {.} de-
notes the Fourier transform. Hence, by creating an artificial input and output from measured signals,
standard MI/SO techniques can be used to find the underlying linear system and coefficients for the
non-linear terms.

B (0) X, (0)+7 - F i} =7, ] (11)
For the pylon model, studied in Section 2.2, we can define the following linear transfer func-
tion
F (a)) .
B =22 =0’ 2 Z). 12
P(a)) Xz(a)) ( W+ Jo gzwz"'a)z) m (12)

This transfer function can be identified with standard SI/SO (Single-Input-Single-Output) if
the excitation force can be measured or calculated, and if the interaction between the pylon and the
cable can be neglected. If the latter is not true it is necessary to take the non-linear effects into ac-
count for the pylon as well. Studying the coupled model in Section 2.2 we can formulate this as:

B, (0)-X,(0)+ =7 7} = 0) (13)

Eq. (11) and Eq. (13) are illustrated in Fig. 3. The additional transfer functions for cable and
pylon will, ideally, be real-valued and constant over the entire frequency range since they represent
the coefficients for the non-linear terms. In the proposed analysis technique, any arbitrary linear
transfer function can be identified for both the cable and the pylon. However, in the present study,
both cable and pylon are modeled with only one degree of freedom, respectively as shown in
Eg. (10) and Eq. (12).

Cable Pylon
X, (0)—> B, (@) Xz(a))—}
— G—> —Fix, x| e—» F,(0)

rhel—f T b} 2]
N————

Figure 3. MI/SO models for identification of the linear systems and the non-linear coefficients for the

studied system. The left MI/SO model is valid for both the uncoupled system and the coupled system

studied in Section 2.The right MI/SO model can be used to identify the dynamic properties of pylon
when the interaction with the cable is taken into account (Section 2.2).
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Defining Gyx as the cross-spectral density matrix between output Y and inputs {X}, and Gxx
as the auto-spectral density matrix between inputs (see Fig. 3.), a least-square solution can be de-
termined at each frequency as shown in Eq. (14). H; is the transfer matrix which in this case con-
tains two components at each frequency; the linear system and the non-linear coefficient.

Hl(a))ZGYX 'G;é( (14)

Furthermore, a multiple coherence function® can be calculated as
GYX 'G;é( 'G\ljx

GYY

V(@)= (15)

The latter will be equal to one when the measured response can be totally explained by the
measured inputs and the estimated transfer functions. Hence, the multiple coherence is useful when
investigating the quality of the estimate or when searching for a possible model structure®’. As an
example, the ordinary coherence between the pylon force and the pylon displacement can be com-
pared with the multiple coherence for the model in Fig. 3 to quantify what effect the interaction
with the cable has on the overall behavior.

Eqg. (14) is known as the Hj-estimate which implies that systematic errors due to additive
noise on the output can be avoided. The physical meaning of this can be difficult to interpret if the
output is a synthesized signal created from quantities that are used as both inputs and outputs, as is
the case with the identification of the cable properties. However, studying Eq. (11) it can be seen
that any of the three terms (X1, X1® or X1'x,) may be used as an output in the MI1/SO model. When
analyzing measurement data it may therefore be advisable to try different formulations in order to
examine what effect modeling of the additive noise has on the overall result’.

4. Simulation Results

In the numerical analysis, the cable and pylon characteristics of a bridge-experimental scaled
model used in a previous research by the authors® are considered. Such information is presented in
Table 1.

Table 1. Cable and Pylon/deck properties

Cable Density, p, [kg/m’] 7800
Cable-Young Modulus, E [N/m?] 205x10°
Cable diameter, [m] 3x10™

Cable length, | [m] 1.3

Cable-Relative Damping, ¢, [%] 0.03
Pylon equivalent stiffness, k [N/m] 32848

Pylon relative damping, ¢, [%] 0.22

For the uncoupled model (Section 2.1), the excitation, which is originally represented by an
arbitrary function X, is given here by the displacement of a SDOF system subjected to a force. The
characteristics (stiffness and relative damping) of this SDOF system are given in Table 1.

Then, in order to establish a comparison between the results from both models, common con-
ditions were considered: the cable was tuned at 70 Hz, the frequency ratio (pylon frequency/cable
frequency) was equal to 2. The same excitation force is used for both the coupled and uncoupled
model. This force was random and band-passed filtered between 110 Hz and 170 Hz, i.e. a range
that includes the natural frequency of the SDOF system.

The mass of the SDOF system is different for each model, since the pylon frequency expres-
sion differs, as seen in Egs. (3) & (9), and it is considered a common pylon frequency (140 Hz) for
the simulations.
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4.1 Cable Response Simulations

The Egs. (1) & (7) are solved through a methodology® carried out in MATLAB. In this me-
thodology the non-linear components are treated as external forces acting on the linear systems. The
linear systems are represented by SDOF systems, which are described by digital filters®. For each
time step a non-linear equation or equations are solved recursively.

In Fig. 4 and Fig. 5 are shown the results from both models, given by the cable and pylon dis-
placement and the corresponding kurtosis for several input force levels (N rms).
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Figure 4. Cable (a) and Pylon (b) displacement as function of pylon force rms.
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Figure 5. Kurtosis of Cable (a) and Pylon (b) displacement as function of pylon force rms.

From these results, a clear non-linear relationship between the cable response and the input
force, is observed as seen in Fig. 4a. A sudden increase in the cable-displacement amplitude is
found when a particular force magnitude is reached at the pylon (0.11 N and 0.15 N; according to
the uncoupled model and the coupled model, respectively). This kind of behavior was also noticed
in a previous experimental work developed by the authors®. The high values of the kurtosis for the
cable displacements in Fig. 5a could also confirm the non-linear behavior of the cable within the
force range.

On the other hand, the rms value of the pylon displacement and the corresponding kurtosis,
for the coupled model, did not show a significant evidence of non-linear behavior within the force
range of the simulations, as seen in Fig. 4b and Fig. 5b.
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4.2 System ldentification Test

The identification techniques studied in Section 3 are here demonstrated using simulated time
data. A random force signal, band-passed filtered between 110-170 Hz and amplitude 1 N rms, is
used to excite the coupled pylon model. A sampling frequency of 2000 Hz was used and enough
data was simulated so that the spectral densities could be calculated with 2*° in FFT blocksize and
72 averages with 50% overlap. The estimated linear systems are compared with the theoretical li-
near systems and shown in Fig. 6 together with the multiple coherence functions.

The non-linear effects can clearly be seen when studying the raw FRF and the ordinary cohe-
rence calculated between excitation force and pylon responses. By using the MI/SO models in
Fig. 3 we can identify the true linear system for both cable and pylon (Fig. 6) and achieve a nearly
perfect multiple coherence. The small discrepancy between theory and simulation is due to spectral
leakage which also explains why the multiple coherence is not exactly unity over the frequency
range.

The estimated non-linear coefficients are shown in Table 2 for some different excitation le-
vels. These coefficients are calculated by taking the average value of the real part in the estimated
transfer function (as shown in Fig. 3). As expected, a good estimate of the non-linear coefficients
can be obtained if the force level is large enough to excite the nonlinearities in the system. The re-
sult shown in Table 2 also indicates that the non-linear coefficient for the cable can be found al-
ready at a very low excitation force.
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Figure 6. Simulation results with an excitation force of 1 N rms. (a) Estimated linear system for cable
compared with theory, (b) Estimated linear system for pylon compared with theory together with raw
FRF, (c) Multiple coherence for MI1/SO cable model, (d) Multiple coherence for M1/SO pylon model
together with ordinary coherence between excitation force and pylon response.
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Table 2. Estimated coefficients for cable M1/SO model and pylon MI/SO model at
different excitation levels.

Force Level 0.015 0.020 0.05 0.25 0.75
(N rms)
Non-linear coefficient for cable
n2/(4|) — 186 1.13 1.72 1.85 1.86 1.86
Non-linear coefficient for Pylon
(AEpxo)ll = 20213 -40430 22137 20302 20211 20213

5. Conclusions

The non-linear interaction between a cable and a pylon/deck can lead to large cable vibra-
tions. The pylon/deck displacements produce tensile oscillations in the cable that induce a parame-
tric excitation of the system. This paper has studied two models of cable-parametric resonance vi-
bration. In the first model the excitation at the free cable end is given by an arbitrary displacement,
while in the second model, the cable is considered coupled to the pylon/deck which is excited by a
force. A comparison between the system responses from both models under random excitation was
carried out and an identification technique was evaluated using numerical simulations.

A clear non-linear relationship between the cable response and the input force is observed,
characterized by a sudden increase in the cable displacement amplitude and in the corresponding
kurtosis at a certain excitation force level. Comparing the two models, the pylon response obtained
is similar for a given excitation force. Even though both models predict the instability of the cable
for a similar input force, a lower cable displacement amplitude was observed when the interaction
with the pylon was taken into account. This amplitude difference in the cable response could lead to
important results on modeling the cable parametric resonance, where a complementary experimen-
tal work might be needed in order to obtain more information about this phenomenon under the
conditions considered for the simulations. The non-linear response of the pylon in the coupled mod-
el was most clearly seen when studying the ordinary coherence between excitation force and pylon
response. Furthermore, the studied parameter estimation technique proved to be capable to identify
both the underlying linear system and the non-linear coefficients when tested on numerical data.
Future research and experimental testing will be carried out to validate this approach.
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