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Abstract- An industrially applied LCC power converter
is modelled as a hybrid system. It is found that the hybrid
system with three continuous states and one logic state
given a parameter set up and different initial conditions
has among other solutions one central closed trajectory
and two types of limit cycles, on the left and the right side.
The other solutions are indicated.

I. INTRODUCTION

DC/DC converters are today mainly controlled by switching
devices causing abrupt changes in the converter dynamics.
Modelling the switch devices as ideal, the controlled
converters fall within the group of hybrid dynamical systems,
see [1], [2] and [3]. The variety of topology of DC/DC
converters is huge. In this report the control of an industrially
applied resonant converter is discussed. Resonant converters
have possibly many good properties, i.e. switching losses.

There are several suggestions of how to design a switched
controller for resonant converters. Oruganti and Lee presented
in [4] a set of switched state feedback controllers and since
then several authors have addressed the design and analysis
question of resonant converter controllers. See for instance [5],
[6] and [7]. Some of the control laws suggested generate
piecewise systems, possibly piecewise linear systems and
some of others generate a more general subclass of hybrid
systems.

Careful analysis of switched resonant converters, also when
modelled with only two continuous states and as a piecewise
linear system, can show that the possible solution set can be
very rich. See for instance [8] and [9]. When modelling with
three continuous states the solution set will increase even
more, see [10]. In [11] a controller for an industrially applied
resonant converter is analyzed. The converter is run by a
trinary controller, i.e. the control output is a set with three
values. In the current paper the same resonant converter is
analysed running by a binary controller.

The industrially applied resonant converter, described in
this report, is modeled as a series parallel, LCC, converter, see
the circuit diagram in Fig. 1. The suggested controller is a
switched feedback controller, derived to have high robustness
for load disturbances. The solution set appears to be richer than
expected and is together with the industrial implications
addressed as the main topics in this report.
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The series part of the converter consists of the capacitance,
C, and the inductance, L. The parallel capacitance, C,,, models
parasitic effects in the transformer, TR, and has the size of
about 15% of the series capacitance, C. The resistance R is
neglected in the analysis. The controlled output of the
converter is the current, I, to the load capacitance, Cy, on the
secondary side of the transformer. The resonant converter is
applied in a high voltage equipment. The capacitive load and
high transformer ratio will give a comparatively large effective
load capacitance, making the load voltage, Uy, only slowly
varying. Hence, the load voltage is modeled as a constant
voltage source, with the value Uy’, on the primary side of the
transformer. The converter is supplied by the voltage, E, and a
full transistor bridge is controlling the voltage across the
resonant circuit between junctions A and B, u,z. Assuming
ideal transistor switches, the control signal can then be taken
out of a set of two levels, u ,, € {—E,E} , i.e. the controller

is a binary controller. The resonance frequency is 20 kHz and
the controller is running the converter in a limit cycle above
the resonance frequency, generating low switch-on losses in
the transistors.
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Fig. 1. The resonant converter used in an industrial application

In spite of the large load capacitance there are frequently
load voltage disturbances in the industrial application that the
controller has to cope with. The suggested controller is derived
with the aim of robustness for load voltage disturbances. The
controller is implemented in FPGA technology, implying that
intensive calculations can be performed and that the sampling
interval can be short.
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II.  THE CONVERTER MODEL

A. Choice of controller

Choosing the two most important states as the normalized
series capacitance voltage, ucy, and inductance current, ipy,
which implies easier calculations, the resonant converter is
given by the second order system

1
. 0 — 0
(XJ _ | JLC [x}r s=Upy -sign(y) | (1)
_ Y Jic

— 0
VLC

T
where (X y)T = (uCN Iy )T :(uﬁf llf: é}

and U, =%,s = ug” e{-11}

The system is run in a limit cycle by choosing s=1, each
time the current i; change to positive sign and s=-/ each time
current i; change to negative sign. By means of choosing s = -
1 at a certain state position (x,y) on the upper half plane and s
= | at a certain state position (x,y) on the lower half plane the
size of the limit cycle can be adjusted to stationary fit the
chosen desired load current Ipy and the load voltage Upy. In
Fig. 2 these switching positions on the upper half plane are
shown as stars. The chosen control law for switching to s= -/is
then a switch curve that is the best ellipse that combine all
stationary switch points for a certain load current and all
different load voltages, see curves in Fig. 2. The ellipse radii

are given as a function of the load current setpoint, /jy, in
TABLE L

Fitting to function fitellips/ellips

2

,
P
|
|
|
L
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Fig. 2 Ellipses for different load current are shown in the upper half
plane. The stars on a certain ellipse arc indicate the switch point (intersection
point with the ellipse) for a certain load voltage.

B. Modelling the closed third order system

The chosen controller is evaluated for the third order system
with the third state, z, as the normalized u,,=u,/E. The closed
system will be given by a hybrid dynamic model with three

continuous states and two logic states. The three continuous
states are given by the normalized capacitances voltages and
the normalized inductance current,

Fig. 3. shows a state graph for the logic states given by the
parameter q, ¢ = 1 and q = — 1, for the controlled system.
The closed system is given by the system

1
—_— 0
VLC x 0

X

. -1 -1 1

yiEl-7/— 0 = ——|-sign(y)-q (2)

. VLC VLC VLC

z 0 r 0 [\* 0
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0, when z2>2U,, and y>0orz<-U,, and y<0
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c.JL

Fig. 3 State graph for the controlled converter

If we change the signs of the states, that is replace x with
- x,y with -y and z with - z and consider the property of g we
conclude that the system (2) is invariant and therefore the
vector field of (2) has symmetric properties with respect to the
origin. So called center symmetry.

The transition condition a, shown in Fig 3, is fulfilled if the
state trajectory passes the y=0 plane and the transition
condition £ is fulfilled if the state trajectory projected onto the
xy-plane hits the chosen ellipse in the xy-plane. In the third
order system, xyz, the elliptic switch curves will act as an
elliptic cylinder. Fig. 7 shows the elliptic cylinder surface in
the three dimensional system as indicated by three ellipses.

TABLE I

RADIE a IN x-DIRECTION AND b IN y-DIRECTION FOR THE DIFERENT ELLIPSES
CORRESPONDING TO DIFFERENT LOAD CURRENTS, Iy.

ION Radie a (urN) Radie b (irN)
0.0500 0.0606 0.0999
0.1000 0.1235 0.1991
0.1500 0.1887 0.2972
0.2000 0.2557 0.3939
0.2500 0.3243 0.4890
0.3000 0.3940 0.5827
0.3500 0.4648 0.6750
0.4000 0.5364 0.7659
0.4500 0.6087 0.8557
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0.5000 0.6816 0.9445
0.5500 0.7551 1.0323
0.6000 0.8290 1.1193
0.6500 0.9033 1.2056
0.7000 0.9781 1.2912
0.7500 1.0530 1.3762
0.8000 1.1282 1.4608
0.8500 1.2038 1.5449
0.9000 1.2795 1.6286
0.9500 1.3554 1.7119
1.0000 1.4314 1.7949

C. Following trajectories of the system

In order to easier follow trajectories in the system the over
all valid equation (2) is reformulated for different regions of
the state space.

It is clear by (2) that the trajectories of the system always
reside in between or onto the planes z = Uyy and z = —Uyy
making |z| < Upyy. The system can, when the trajectory resides
in between these planes, be expressed by the following three-

dimensional hybrid system:
L
X vLC x 0
y|= it 0 -1 5 3)
; VLC VLC VJLC

Jo o z 0
c,JL

where s=u,, /E is a switched parameter s € {—1,1}, that is
the normalized control signal.

When the trajectory resides onto the limiting planes
z="Uyyandz = —Uyy the system is given by a two-
dimensional system:

0 1
y -1 0

X 0 .
[ j+ s=Uyy -sign(y) | (4)
Y JLC

Considering the case when the trajectory resides between
the two limiting planes and combining the first and the third

equation of the three-dimensional model (4) we have z = ci .
4
x + D, where D is an integration constant. Putting this in the

second equation we obtain the following two-dimensional
system projected onto the xy-plane:

o L
B JLC | /. 0
U= 1+ € ( J+ﬁ. (5)
Yol 77 \JLe

VLC

2 2
A compact elliptic cylinder is defined by Q: z—z + % <1,
where the half axis a and b are defined in section 1 above and
given in Table 1. Q is divided into the two sub regions Q-+ :
y >0 and Q- : y < 0. Whenever a trajectory moves from Q+

to Q- then s = —1, from Q- to Q+ then s = 1. After impact
2 2

with the ellipse z—z + % =1, above the plane y=0, the control

variable is chosen to s = —1. After impact with the ellipse
2 2

= +2Z =1, below the plane y=0, the control variable is

a b

chosen to s = 1. The switching surfaces are the plane y = 0,

the elliptic cylinder surface, the top of the cylinder z = Uyy

and the bottom of the cylinder z = —Uyy. The fixed points are
the straight line x+2z=3s in the plane y =0 and the

eigenvaluesare ¢ =0 and p = i%- (% + ci)
w
Note that this kind of switched system containing logic
states is quite different from systems defined as piecewise, for

example the LCC — converter defined in Melin et al. (2008).
III. THE SYSTEM TRAJECTORIES

In this section some properties of the trajectories and
possible limit cycles are derived.

Conjecture. A trajectory that starts in the cylinder stays in
the cylinder.

Consider the top of the cylinder, z = Uy, in the upper half
plane, y > 0. Immediately after an intersection between a
trajectory and the ellipse at a point (xg, y) where —a < x; <
a and 0 <y, <b wehave s =0 and from equation (5) we

obtain the system: (X | ./Lc |. The slope of the
)| x+Ugy
NLC
tangent at the intersection point is ) = _LUON, The
dx Yo
2
slope of the tangent of the ellipse is ﬂ = _bi oA
dx a y,

sufficient condition for the trajectory to stay in the cylinder is

) L)
dx trajectory dx ellipse

U,y .Foreach I,y =0.1,0.2,..,0.9 and

U,y =0.1,0.2,..,0.9 simulations of the limit cycle show that

, this leads to the inequality

Xy <

the inequality is satisfied. A corresponding investigation has
been done for limit cycles intersecting the cylinder between the
top and the bottom as well as at the bottom of the cylinder and
the inequality is still satisfied. This affirms the conjecture.

The section will now continue by calculating trajectories
and derive a lemma.

When a trajectory is located in the region|z| < U,y between
the top and the bottom of the cylinder, according to the first
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and third equation of the system a family of planes z = ci .
w

x + D are generated where the trajectory is located. For each
starting point of the trajectory the plane is unique and the
constant D can be calculated. Using the equation of a plane
and projecting the system onto the xy-plane and the trajectory

day (1+&)‘x—s+0
= fe—

is given by the equation = with the solution

»__ ANES _D)-
L= (1+CW) —+(s—D)-x+F.

constant F is depending on the initial value.

The  integration

At the bottom z = —U,y of the cylinder the projected

dy x=Ugn—S

2
equation becomes == with the solution y? =

XZ
—5 +Won+5) x+F.

The corresponding solution at the top z = U,y becomes

2 2
y—=—x7+(s—U0N)-x+F.

2

Considering the region entirely inside the cylinder Q and
chosing a starting point Py: (X, 0, zy), the trajectory follows
the plane z = ci x + D where D =z, — ci Xy and enters
the region Q- and s = —1. The solution is given by y?
—(1+5)x? =20 + Dx+ (1+ =) 63 +2(D + )x,.

Cw. Cw

The trajectory then intersects the switching surface y =0 at

—Z(D—+Cl). The trajectory enters Q+ and follows a
<
Cw
new plane upwards. Considering s = 1 and using the initial
value x =x; when y =0, the solution is given by y? =
—(1+5)x? =20 - D+ (1+ =) x§ +2(D +3)xo +

8(D+1)

X1 = —Xg

—— The trajectory returns to the switching surface y =
Cw
0at x, =x5+ 1% which implies x, # x, The following

Cw
Lemma is proved.

Lemma. The system possesses no limit cycles entirely
inside the cylinder, without intersecting the cylinder hull.

IV. SIMULATIONS

Simulations indicate that the system possesses three
different limit cycles and closed trajectories in the compact
cylinder Q. One of them is unstable and centrally located in
the cylinder. The other two are asymptotically stable and
located to the left respectively to the right, see Fig. 4 .

x uoN

Fig. 4 Three different limit cycles and closed trajectories exist for the
controlled converter, one unstable closed orbit, i.e. a closed trajectory in the
central part and two stable limit cycles.

In Fig. 5 a xy projection of the limit cycles and closed
trajectories are shown. One trajectory has initial values on the
unstable closed trajectory. The other two have initial values
close to them. It can be seen that one trajectory enters the left
limit cycle and one the right limit cycle after some revolutions.

Fig. 5. The three limit cycles and closed trajectories shown in Fig. 4 are
projected into the Xy plane. A projection of part of the cylindric switch surface
is also shown.

A detailed yz projection of the limit cycles and closed
trajectories are given in Fig. 6
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Fig. 6. The three limit cycles and closed trajectories shown in Fig. 4 are
projected into the yz plane.

It can be seen that the limit cycle to the right is in fact a two
revolutions limit cycle, see Fig. 7.

Sith cunes adsimilins, By s conlr
Widondion (0665 0 05 cyncalred

fisindes i in

Fig. 7. One limit cycle to the right is shown together with an indication of
the cylindric switch surface. It can be seen that the limit cycle consists of two
revolutions.

In the figures Fig. 8 and Fig. 9 the limit cycles and closed
trajectories can be seen for slightly different initial conditions.

Fig. 8. Limit cycles and a closed trajectory. The two limit cycles have
different initial conditions compared to the proceeding figures.

Elips binary controler, Imitcycls in he LOG, ILN=05, ULN-0S
T T T

Fig. 9. A Closed trajectory and some trajectories for different initial
conditions compared to the proceeding figures.

The limit cycles to left and to the right are situated very
close to the cylinder boundary. It is possible that the limit
cycle shown contains chattering phenomena.

V. CONCLUSIONS

An industrially applied LCC power converter is modelled as
a hybrid system. It is found that the hybrid system given a
parameter set up and different initial conditions has three
different limit cycles. One central situated symmetrical closed
trajectory and two types of asymmetric limit cycles, on the left
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and on the right. The two asymmetric limit cycles are stable
while the third one is not.

It is judged that when introducing switched controllers in
industrial applications the solution set has to be carefully
analysed. The solution set of hybrid system can be very rich.

The aim in the industrial application is to deliver a certain
rectified current to the load. This can be performed by letting a
controller running the system in a stable limit cycle, symmetric
around the origin. It has been found that the controller will
only give a closed trajectory around the origin, i.e no stable
limit cycle. Instead the suggested controller will give two
highly asymmetric limit cycles. The asymmetric limit cycles
will not generate the correct rectified current to the load.
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